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Harmonic maps from the complex plane into
surfaces with nonpositive curvature

ZHENG-CHAO HAN, LUEN-FAI TaM!
ANDREJS TREIBERGS? AND ToM WAN?

We give a characterization for an orientation preserving harmonic
diffeomorphism from C into a complete, simply connected, nega-
tively pinched surface to have a polynomial growth Hopf differen-
tial. In particular, we prove that an orientation preserving har-
monic diffeomorphism from C into the Poincaré disk H has a poly-
nomial growth Hopf differential of degree m if and only if its image
is an ideal polygon with m + 2 vertices on JH, with the assump-
tion that the conformal metric on C with the J-energy density as
the conformal factor is complete. We will describe the geometric
behavior of this harmonic diffeomorphisms in terms of the trajecto-
ries of their Hopf differentials. We will also construct all harmonic
diffeomorphisms in this class, and prove that there is an m — 1 pa-
rameter family of nontrivially distinct harmonic diffeomorphisms
from the complex plane to a fixed ideal polygon with m+2 vertices
in the hyperbolic plane. In particular, such harmonic maps are not
unique, answering a question of Schoen.

0. Introduction.

This paper addresses some questions regarding the geometric behavior of
harmonic maps between surfaces. Harmonic maps are closely related to the
deformation theory of Riemann surfaces. One of the questions that arise
naturally in the deformation theory is: whether Riemann surfaces which
are related by a harmonic diffeomorphism are necessarily quasi-conformally
related? The case of interest is of course non-compact surfaces. See R.
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Schoen’s article [S] for a general discussion of this area, where this and
other questions were discussed. Note that a map between surfaces being
harmonic depends only on the conformal structure of the domain surface,
not on its metric structure, but depends on the metric of the target surface
in an essential way. There is a theorem of Heinz [He] which says that there
is no harmonic diffeomorphism from the unit disk onto the complex plane
C with its flat metric. Later R. Schoen [S] provided a more geometric and
simpler argument for a more general situation, a corollary of which is that
there is mo harmonic diffeomorphism from H onto a complete surface of
nonnegative curvature. One interesting test case to the above question is
the converse: can one map the complex plane C onto the Poincaré disk H
by a harmonic diffeomorphism?

Proper harmonic maps between hyperbolic spaces have many nice and
interesting properties. See, for example, the works of Li and Tam [LT1, LT2,
LT3], Akutagawa [A], and Akutagwa, Nishikawa and Tachikawa [ANTI,
ANT2]. Harmonic maps from a surface into a negatively curved surface
also have very rich geometries. For example, there is a connection between
harmonic maps from a surface into H and spacelike constant mean curvature
surfaces in the Minkowski space E*! through a theorem of T. Milnor [M],
which says that the Gauss map of a spacelike constant mean curvature
surface in E! is a harmonic map from the surface into H. In [CT2], Choi
and Treibergs constructed many entire spacelike constant mean curvature
surfaces in E>»!. The images of the Gauss maps of these surfaces in H are
convex hulls of closed sets on the ideal boundary of H. In general, the
conformal type of the surface is not easy to be determined. However, if the
image of the Gauss map is the convex hull of a finite number > 3 points
on the ideal boundary of H, then the surface has finite total curvature and
is of the conformal type of C. Thus their construction gives examples of
harmonic diffeomorphisms from C into ideal convex polygons in H. In the
case the boundary set on the ideal boundary of H contains an open interval,
they can construct constant mean curvature surfaces of the conformal type
of H.

Another quantity which describes the geometry of a harmonic map be-
tween surfaces is a quadratic differential associated with a harmonic map,
called the Hopf differential. It is a fact that this differential is holomorphic
for a harmonic map [CG]. It was proved in [WA] that given a holomor-
phic quadratic differential ® = ¢dz? in C, there is an orientation preserving
harmonic diffeomorphism from C into H with ® as its Hopf differential, pro-
vided ¢ is not a constant. Note that if ¢ is a constant, then one can still
construct a harmonic map with ® as its Hopf differential, but the harmonic
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map fails to be a diffeomorphism. In any case, the constructed harmonic
maps can be realized as the Gauss maps of constant mean curvature cuts in
the Minkowski three space E>!. The result of [WA] is generalized in [TW]
to the case that the target is a complete, simply connected surface with
nonpositive bounded Gaussian curvature, and with positive first eigenvalue.

In this paper, we will discuss harmonic diffeomorphisms from C into a
complete simply connected surface N such that the Gaussian curvature Ky
of N is bounded between two negative constants. We will address the case
when the associated Hopf differential ¢ is a polynomial. This case can be
considered as a first step to understand the open problem whether there
is a harmonic diffeomorphism from C onto H. We will use a combination
of the approaches mentioned above. First, in section 1 we will prove that
if the Hopf differential ® = ¢dz? of a harmonic diffeomorphism u from C
into N is such that ¢ is a polynomial of degree m, then the integral of Ky
over the image of u is exactly —mm. By abuse of notation, we say that the
differential ® = ¢dz? is polynomial if ¢ is a polynomial.

We will also prove the converse. Namely, if u is a harmonic diffeomor-
phism from C into N such that ||0u||?|dz|? is complete and that the integral
of K over the image of u is —mm, then m is a positive integer and the Hopf
differential of u is a polynomial of degree m. Here ||0u||? is the J-energy
density of u. Combining these two results, if N = H, then we can conclude
that the Hopf differential is a polynomial of degree m if and only if the image
of the harmonic map is an ideal polygon with m + 2 vertices on the ideal
boundary of H. In fact, this is true even if N is only a simply connected
surface with curvature pinched between two negative constants.

We will also answer a uniqueness question. In’ [S], Schoen asked the
following question: Is a harmonic diffeomorphism from C onto an ideal
polygon of the Poincaré disk unique up to composition with a conformal
automorphism of C? In section 2 we will show that, generically, the answer
is negative. In fact, for m > 3, we will construct an m — 3 real parameter
family of nontrivially distinct harmonic diffeomorphisms from C onto a fixed
ideal polygon in H with m vertices. We will show these are all possible
harmonic diffeomorphisms with the fixed ideal polygon as image.

Geometric behavior of harmonic maps between compact hyperbolic sur-
faces has been studied in [Wo] and [My]. By adapting some of their ideas,
as done in [Ha], we will show in section 3 that if the Hopf differential of a
harmonic diffeomorphism from C into NV is a polynomial, then near infinity,
the image of a horizontal trajectory of the Hopf differential is asymptotically
a geodesic in N. See §3 for the precise meaning of this statement. We will
prove that if the Hopf differential is a polynomial, then the image of a har-
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monic diffeomorphism from C into N is the convex hull of the intersection
of the closure of its image and the ideal boundary of N. This gives another
proof and also a generalization of the result in [CT2] for the case that the
Hopf differential is a polynomial. It should be mentioned that using the
idea of trajectories of the Hopf differential, the first author proved part of
the results mentioned above [Ha]. Namely, he proved that the image of a
harmonic diffeomorphism from C into H with polynomial Hopf differential
is a polygon.

The authors would like to thank Shiu-Yuen Cheng, Peter Li and Richard
Schoen for some useful discussions. This project is done partially during the
visit of the first and the fourth authors at Stanford University, invited by
Richard Schoen. They would like to thank his support and interest in the
work.

1. Harmonic diffeomorphisms with polynomial
Hopf differentials.

In this section, we will give a characterization for a harmonic diffeomor-
phism from C into H to have a polynomial Hopf differential. More generally,
we will study harmonic diffeomorphisms from C into a complete surface with
nonpositive curvature. First, let us recall the definition and some proper-
ties of harmonic maps between surfaces. Let X; and X5 be two Riemann
surfaces with conformal metrics p?(z)|dz|? and o (u)|du|? respectively. The
harmonic map equation for maps from ¥; into X3 can be written as

uyz + 2(log o)yu,uz = 0.

Define ||0ul? = ‘—;—;—|uz|2, and ||0u||? = %;—|u;|2. The energy density of u is
given by e(u) = ||0u|? + ||0u||?, and the Jacobian of the map u is J(u) =
|Ou||? — ||Oul|?. At a point where ||Ou|| is not zero, we have the following
Bochner formula for the harmonic map u, see [SY] and [Sal:

Ay, log [|0u|| = —Ka(u)J (u) + K1,

where Ay, is the Laplacian of ¥;, and K; is the Gaussian curvature of 3;,
for i = 1, 2. The Hopf differential of u is defined as ¢dz? = o2(u)u,%,dz%.
It is well known that if u is harmonic then ¢dz? is a holomorphic quadratic
differential defined on X, see [CG]. Let u be an orientation preserving
harmonic diffeomorphism from C into a complete surface N with Gaussian
curvature Ky < 0. Let |dz|> and o2|du|? be the metrics on C and N
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respectively. Then the Bochner formula for v can be written as

Ag‘w = —KNJ(U)

-y — K (27~ [gPe ),

where Ay is the Euclidean Laplacian, w = log ||0u||, and ¢dz? is the Hopf
differential of u. Since u is an orientation preserving diffeomorphism into
N, J(u) > 0, which implies that ||Qu|| > 0 everywhere, and that

(1.2) e > ||

Hence (1.1) holds on the whole complex plane C. We want to prove the
following theorem:

Theorem 1.1. Let u be a harmonic diffeomorphism from C into H such
that e?*|dz|? is a complete metric on C, where w = log||0ul|. Let ¢dz? be
the Hopf differential of u. Then the image of C under u is a generalized
geodesic polygon with m+ 2 vertices on the ideal boundary of H if and only
if ¢ is a polynomial of degree m.

Note that, by [WA], using the fact that e€2*|dz|? is complete on C, the
harmonic diffeomorphism u can be realized as the Gauss map of a constant
mean curvature cut in the Minkowski three space E?!.

We will prove some more general results, from which the theorem will
follow. Let us first give the following Lemma, which is adapted from [Ha):

Lemma 1.2. Let w be a solution of
Agw = h (e — |¢|?e ")

on C such that e™**|¢| < 1, where ¢ is a polynomial, not identically zero,
and h is a smooth function such that h > a? for some constant a > 0. Then

) 1
zl~1_)rxolo <w ~3 log |q’>|) =0.
In fact, there is a constant C > 0, such that
0< (w - %log |¢|> (2) < exp(—Cr(z))

provided r(z) is large enough, where r(z) is the distance of z from the origin
with respect to the metric |||dz|?.
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Proof. By the assumption that e™2*|¢| < 1, we have w — 1log|g| > 0 at
those points where ¢ # 0. By [WA], there is a solution v of

Ao’v — a2 (e2v _ |¢|26—2v)’

such that e72?|¢| < 1, e?’|dz|? is complete. By [W], see also [TW], we have
w < wv. By [Hal,

(v —log|d]) (2) < exp (-Cr(2))

for some constant C' > 0, provided r(z) is large enough. Since w < v, the
lemma, follows. a

Theorem 1.3. Let u be an orientation preserving harmonic diffeomor-
phism from C into N where N is a complete surface with Gaussian curvature
Ky < —a? for some constant a > 0. Let ¢dz? be the Hopf differential of u.
Suppose that ¢ is a polynomial with degree m > 1, then

/ (-=Kn)dVy = mam,
u(C)

where dVy is the volume element of N. In particular, the area of u(C) is
less than or equal to (mm)/a?.

Proof. Let B(R) be the Euclidean ball with radius R centered at the origin.
Since ¢ is a polynomial of degree m > 1, there exists a constant Ry > 0 such
that ¢ has no zero in |z| > Ry. Let w = log ||0ul|. Since u is an orientation
preserving harmonic diffeomorphism from C into N, by the Bochner formula:

Ao’w =—Kxn (e2w _ |¢l2e—2w)
Z a2 (62w _ |¢|26—2w) ,
in C, where we have used the assumption that Ky < —a? and J(u) > 0,

which implies that e™2¥|¢| < 1. Since |¢(z)| — 00, as z — 0o, by Lemma
1.2,

] 1
19 tim (- loglgl) =
Let z1,+ -+ , zyn be the zeroes of ¢ (counted with multiplicity), then

Ao( log|¢|) Zﬂ&zz
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in the distributional sense, where J,, is the point mass at z;. Thus for

R > Ry,
1
mr = / Ao (;og |¢|>
B(R)

0 (1 >
= —(Z1o .
/BB(R) R (2 g9l

Combining with (1.1), we have, for R > Ry,

/ (—Kn)dVN —mm = / (—Kn)J(u)dzdy — mm
u(B(R)) B(R)

= [ 0 (w- g 0g1e]
B(R)
9 1
- 2 (w-z1
/aB(R) OR (w 2 Ogl¢|>

7 oo (*~589)
= 2TR— w— =log|d|) .
aR] onem 5 g |4l

Here JCBB( r) stands for integral average over 0B(R). If fu(c)(—K N)dVN <
mm, then for all R > Ry,

/ (—Kn)dVNy —mm < —€
u(B(R))

(1.4)

for some € > 0, which would imply

7 a2 2161
R— w— =log|p| | < —e.
aE] onem) 5 log ||

Dividing R on both sides of the inequality and integrating implies that

f (w—}-log|¢|) <0
8B(R) 2

for large R, which contradicts w — %log |¢| > 0. On the other hand, if
fu(c)(—K ~N)dVN > mm, then for sufficiently large R,

d 1
— w— —lo > €
dRJ 5B(R) ( 2 g|¢|)

for some € > 0. Again dividing R on both sides of the inequality and
integrating would imply

][ (w—llog|¢|) > elog R+ C,
8B(R) 2
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which contradicts (1.3). This proves fu(c)(—K ~)dVy = mn. The second
part of the theorem then follows from the fact that —Ky > a2. O

Remark. Let u be a harmonic map from C into a complete surface N
with Gaussian curvature pinched between two negative constants, such that
|0u||?|dz|? is complete and ||Qu|| > ||Ou||. If the Hopf differential of u is
cdz? for some non-zero constant c, then u(C) degenerates into a geodesic in
N. In fact, in this case one can conclude that ||0u| is a constant, see [TW].
Hence ||Ou|| is a constant and so is the energy density. As in [Ht], the image
of u is a geodesic.

Theorem 1.4. Let u be an orientation preserving harmonic diffeomor-
phism from C into a complete surface N with Gaussian curvature Ky < 0,
such that e?”|dz|? is a complete metric on C, where w = log||0ul||. Let
¢dz?> be the Hopf differential of u. Let fu(C) (—Kn)dVN = mm for some
0 <m < 0. Ifm < oo, then ¢ is a polynomial with degree < m. If we
assume, in addition, that Ky < —a? for some a > 0, then m is the degree
of ¢, and thus an integer.

Proof. If m < oo, then C with conformal metric e?“|dz|? is a complete
surface of finite total curvature with nonpositive Gaussian curvature. The
first part of the theorem can be deduced from the results in [F]. Here we
will give a much simpler and more direct proof.

First, we argue that ¢ has only finitely many zeroes. The argument again
follows by integrating the Bochner formula. If ¢ has more than [m]+1 zeroes,
then for all sufficiently large R for which 0B(R) does not contain any zero

of ¢,
d

1
R— w——=1lo ) < —€
37] on ( 5 log |¢|

for some € > 0. Since the zeroes of a holomorphic functions are discrete,
this inequality holds for all large R except a possibly countable set of R’s.
Note that faB( R) (w— %log|¢|) is continuous in R, so that by dividing R

and integrating, we again obtain a contradiction with w — %log |¢| > 0.
Next we prove an upper bound for w in the form e*(?) < a;|4|?|2|*, for
all z with large |z|, with some constants a;,b; > 0. It is elementary to see
that if ¢ is not a polynomial, then there is a curve in C diverging to oo
with finite length in the metric |$|?|2|"|dz|? (see, for instance, Lemma 9.6
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in [O]), which would imply that €2|dz|? is not complete. The derivation
of the claimed upper bound follows from the mean value inequality for the
subharmonic function w — 1 log |#|. As in the proof of Theorem 1.3, we first
obtain an upper bound for the spherical average of w — %log |o|:

][ (w—-llog|¢|) <elogR+c
8B(R) 2

for some constants €¢,c > 0. Notice that w — %log |¢| > 0 is subharmonic,
therefore, for any 2 with sufficiently large |z,

1 1
(w g |¢|) @<f o (w g |¢>|)

7l )
< —= w — =log|¢
7|22 JB(3/2020)\B(l21/2) 3 108191

4 3/2|z|
S——z/ (elogR+c) RdR
WIZI |z|/2

< byloglz| +a;

for some constants aj,b; > 0. Exponentiating both sides gives us the desired
upper bound. Thus we conclude that ¢ is a polynomial with degree less than
or equal to m.The second statement of the Theorem follows from Theorem
1.3. O

Combining Theorem 1.3 and Theorem 1.4, we have:

Corollary 1.5. Let v be an orientation preserving harmonic diffeomor-
phism from C into a complete simply connected surface N with its Gaussian
curvature Ky bounded from above by a negative constant —a2. Suppose
that e**|dz|? is a complete metric on C, where w = log||8u||. Let ¢dz? be
the Hopf differential of u. Then ¢ is a polynomial of degree m if and only if
fu((C) (-=Kn)dVn = mm. In particular, under the additional assumption that

Ky is also bounded below by a constant —b?, then ¢ is a polynomial if and
only if u(C) has finite area.

We are now ready to give the
Proof of Theorem 1.1. By Corollary 1.5, and the fact that the Gaussian

curvature of H is —1, we can conclude that ¢ is a polynomial of degree m
if and only if the area of u(C) is mm. By [WA], using the fact that e2*|dz|?
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is a complete metric on C, u can be realized as a constant mean curvature
cut in E>!. By Theorem 4.8 in [CT2], see also Proposition 2.1 in §2, there
is a closed subset L in the ideal boundary of H such that «(C) is equal to
the convex hull of L. From the geometry of H, the area of u(C) is mx if and
only if L consists of exactly m + 2 points. The theorem then follows. g

Remark. A key ingredient in the proof of Theorem 1.1 is Theorem 4.8 in
[CT2], which asserts that u(C) is equal to the convex hull of L for a closed
subset L in thé ideal boundary of H. This is proved in [CT2| by studying
the Gauss map of constant mean curvature cuts in E»!. That method does
not generalize to the case of a negatively curved target surface. In section
3, by a more intrinsic geometric approach of harmonic maps, .we will prove
that Theorem 1.1 is still true if H is replaced by a simply connected surface
with Gaussian curvature pinched between negative constants.

In Theorem 1.3 the integral estimate fu(«:)("K ~)dVy = mm does not
involve the upper bound of Ky in a quantitative way. It seems reasonable
that the assumption on Ky can be relaxed to Ky < 0. In some particular
cases, this can be done. More precisely, in [TW], it was proved that given a
holomorphic quadratic differential ¢dz? in C, one can construct a harmonic
diffeomorphism u from C into a complete simply connected surface N with
positive first eigenvalue, and with the Gaussian curvature bounded between
—b? and 0, such that the Hopf differential of u is ¢dz? and that ||0u||?|dz|?
is complete. In fact, v is the limit of a sequence of harmonic maps u; from
C into N; with Hopf differential ¢dz?. Here each Nj; is a simply connected
surface with Gaussian curvature pinched between two negative constants.
Moreover, each N; can be realized as (D, e**ds3) where ds3 is a Poincaré
metric on D, and A; — A where e”dsf, is the metric of N. Using this
information and Theorem 1.3 and Theorem 1.4, we can conclude that:

Proposition 1.6. Let N be a simply connected surface with Gaussian
curvature Ky satisfying —b*> < Ky < 0 and with positive first eigenvalue.
Given any polynomial ¢ of degree m > 1 on C, there is a harmonic diffeo-
morphism u from C into N with Hopf differential ¢dz? such that

/ (—Kn)dVN = mm.
u(C)
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2. Constant mean curvature cuts.

In [S], Schoen asked the following question: Is a harmonic diffeomor-
phism from C onto an ideal polygon of the Ponincaré disk unique up to
composition with a conformal automorphism of C? By [WA], see also [TW],
given a polynomial ¢ of degree m, there is an orientation preserving har-
monic diffeomorphism u from C into H, with Hopf differential ¢dz2, such
that ||Ou||?|dz|? is complete. The map is unique up to isometry in H. By
the results in §1, we see that the image of the harmonic map is an ideal
polygon with m + 2 vertices. Hence we can establish a correspondence be-
tween the set of polynomials of degree m and the set of ideal polygons in
H with m + 2 vertices. By composition with conformal automorphism of C,
we may consider only the set of polynomials such that the coefficient of the
leading term is 1, and the constant term is 0. Hence that is 2m — 2 real
parameter family of polynomials. An ideal polygon with m + 2 sides in H is
determined by the m+2 vertices. By composition with an isometry of H, we
may assume that three of the vertices are 1, —1, and 7. The family of such
polygons has m —1 parameters. Hence generically, for any fixed m+ 2 points
on the ideal boundary of H, there should be an m — 1 parameter family of
harmonic diffeomorphisms such that the image of each of them is the ideal
polygon with those m + 2 points as vertices. In this section, we will show
that that is the case for every set of m + 2 points. In fact, we will construct
all harmonic diffeomorphisms u with a fixed ideal polygon as image, such
that ||0u||?|dz|? is complete. Equivalently, we will find all parabolic constant
mean curvature cuts with a fixed ideal polygon as the Gauss image.

First, let us review some results in constant mean curvature cuts in
[CT1, CT2, CT3]. Three dimensional Minkowski, E*!, is R3 endowed with
the Lorentz metric

ds® = dz1? + dz,? — das®.

A smooth surface M C E>! is spacelike if the restriction of ds? to M is
a Riemannian metric. If the surface is given locally as a graph z3 = f(z)
where z = (z1,z2) then the induced metric has the form

(-,-) = ds* = gijda; dzj, 9ij = 6ij — fifj.

Thus, being spacelike is equivalent to |[Df| < 1.

A spacelike surface M C E?! is entire if the projection M 3 (z,z3) — z
is onto R?, where £ = (z1,z3). If it is also closed with respect to the
ambient topology we call it a cut. It is well-known that if M is a constant
mean curvature cut then M is the graph of a function f defined over the
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entire R?, see [CT2] for example. Let {e;, ez, e3} be an orthonormal frame
of E>! adapted to M, that is, e3 is the future pointing normal vector field.
The set of all future pointing vectors of E?! of length —1 is a hyperboloid
H which is isometric to that Poincaré disk in the induced metric. The map
G : M — H taking a point to its unit normal translated to the origin gives
the Gauss map

o Df 1
G(x)_%_(\/1—|Df|2’\/1—|Df|2)'

The isometry of H to H = (D,ds?) where D = {z € C : |z| < 1} and ds?
is the Klein metric, is given by (z1,z2,z3) — (z1/z3,z2/z3) so the Gauss
map becomes G(z) = Df(z) : M — H, see [CT2]. The geometric boundary
coincides with the usual topological one H(co) = dD.

The second fundamental form is gotten by covariantly differentiating the
Gauss map hij = (Ve,ej,e3). The mean curvature H is given by

1) He %div( Df ) _ hn +h22_

V1—|Df]2 2

We summarize some facts about constant mean curvature cuts in the fol-
lowing proposition [CT2, T2].

Proposition 2.1. Let M C E™! be an entire spacelike hypersurface whose
mean curvature H is constant and which is closed in the ambient topology.
Then

(i) M is complete [CY]. (In fact, if a closed spacelike constant mean
curvature surface is complete then it is also entire [W].)

(ii) The length of the second fundamental form is bounded, [C, CY]. In

fact, we have Z?le h?j < n?H?2. This implies the Bernstein property:
H = 0 cuts of any dimension are affine subspaces.

(i) If H > 0, then M is convex: h;; > 0 [CY, T1]. If n = 2, by (ii), the
Gaussian curvature satisfies —2H? < K < 0.

(iv) There is a splitting phenomenon [M, CT2]. The matrix (h;;) has
constant rank. If e;(zo) is a null direction of h;; at a point then
M metrically splits a line, e. g., if n = 2 then, up to a rotation,
M =R! x N where N C Eb! is a spacelike constant curvature curve
(a hyperbola).
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(v) By convexity and achronicity, blowing down converges to a convex
achronal homogeneous function, the projective boundary data

V(o) = i, 1)
>0 T

which is lightlike in the following sense [T1]: there is a closed set, the
set of lightlike directions Ly C S! so that Vj(z) = sup{éez : { €
L¢} where “e” is the usual R? inner product. It follows [CT2] that
G(M) = Conv(Ly), the convex hull in H. In fact by (iii) and (iv),
if there are more than two points in Ly then G : M — G(M) is a
diffeomorphism.

(vi) The Gauss map is harmonic [M, I, CT2]. This is the Minkowski Space
version of the Ruh-Vilms result.

There is a corresponding existence theory. We define for each € S"~!
the asymptotic boundary values to be

A4(6) := lim (f(6) —7)
which decreases either to a limit or to —oo.

Proposition 2.2. [CT2, CT3] Let L C S™! be any closed set with at
least two points and t(6) be an upper semicontinuous function defined on L.
Then there exists a unique entire closed spacelike constant mean curvature
H > 0 surface in Minkowski space, f € C*(R") satisfying (2.1) such that
Vi(z) =sup{fex:{ € L} and t(0) = Af(6) for all 6 € L.

Sketch of proof for the present case that n = 2 and L 1is finite. For m > 2 let
L = {0,6,,...,0,} C S! be distinct points taken sequentially around the
circle and ¢t = (t1,... ,tm) € R™. We seek a unique spacelike entire solution
f to (2.1) which satisfies the boundary conditions

tk7 if 0 = 0[;,
2.2 V. = max zed A (0) = :
(2:2) ¥(x) P e 1(6) {-—oo, otherwise.

Our method is based on the construction of supersolutions and subsolutions
which are constructed from (2.2) alone. These upper and lower solutions,
say i > i, respectively, on R? will have the property that

rllglo (a(r8) —a(rd)) =0
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for all @ € S..

The basic building blocks for barrier construction are surfaces of rev-
olution [HN, CT1, CT2, CT3]. The most basic are the hyperboloid and
hyperbolic cylinder

h(z) = v/1+|z|?, 7(z) = /1 + |z2|?.

Another is the semitrough which is asymptotic as |z| — oo to the hyperboloid
for z; < 0 and the cylinder for z; > 0. It has the parametric form

R2 5 (u,v) — (u— -21-cothu,%cothush’u,%—cothuch’u) .
Let z3 = o(z) denote the graph of this solution and v(z) = |z2|. o is

asymptotic to |z| for |z| = oo with z; < 0 and o(z) is asymptotic to 7 as
|z| = co with z; > 0. Hence these solutions satisfy

Vi(z) = |=l, Ap(0) =0
0, if 0= (0,41
Vo(@) = (@) A,(6) = { ©0,1)
—00, otherwise.
v(z), ifz; >0, 0, if e (1,0) <0,
Vg(.’L’) _ ( ) 1 0_(0) — ( . )
lz|, ifz1<0 —o00, otherwise.

The key relation is that for z € R2,
T(z) < oa(z) =0(z1 — A, z2)
for any constant A so that
A-(0) < A5, (0)

for all #. Under Minkowski Space isometries, this relation continues to hold
in the corresponding sector.

Viewing z € C let (Ru)(z) = u(e™*z) denote rotation about the z3-axis
and (Tu)(z) = u(z1 — a,z2 — b) + ¢ denote translation. The isometry of
boosting by angle v around the zs-axis, is

T z1chy+ z3shy
o | —> o
T3 z1shy + z3chy
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Let z3 = (Bu)(z) denote the function whose graph is the boost of the surface
z3 = u(z). Using definitions, we check that any isometry ¢ commutes with
blowing down

(V) (2) = Vig (2).
On the other hand the asymptotic boundary values transform according to
AT'u.(o) = Au(e) - (a, b) o0 +c
(2.3) ARy (0) = Ay (e70)
Apu(0) = chy Ay (%)

where x = x(v, 0) satisfies

0— cosxchy+shy+isiny
B cos xshy 4+ chy
For each k = 1,...,m, by rotating and boosting it is possible to choose

an isometry BR which takes the finite directions {£i} of A; to the pair
{tk—1,tx} where 8y = 0,,. Hence

VBr-(z) = max{xOOk_l, Te Ok}.

Fixing a and choosing b and c appropriately for the translation 7' we can
arrange that the composite ¢, = BRT takes prescribed values at 8 = 0;_
and 0 = Ok,
tg—1, if60=0k_1,
Ayr(0) = S t,  if 6 =6y,

—00, otherwise.

Applying the same isometry to o we have

max{ze0;_1,ze0;}, ifargby_; <argz < argfy

kaa(x) = {

|z], otherwise.

te-1, if 0 = ek—-l)

tk, if 6 = 6,

—o0, ifargfp_1 <argl < argby,
Ax(6), otherwise,

A, o(0) =

where )\ (6) is a continuous function on the closed S! segment from 6 to
Ok—1-
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The isometry ¢ was determined by the prescription of A,, , for arg6x_; <
arg @ < arg 0, and is independent of a. Since there are only finitely many k,
by choosing a sufficiently large we may also arrange ¢xo(z) > to7(z) for all
z, k and £. Let

u(z) = max 7(z), 4(z) = min go(z).
k=1,...,m k=1,...,m

@ and 4 are subsolution and supersolution to (2.1) satisfying the boundary
condition (2.2). By approximation [T1] where a local version of Proposi-
tion 2.1 (2) provides the compactness estimates, there is an entire constant
mean curvature surface 4 > f > 4 with Vy = V; and Ay = A;.

To prove uniqueness, let u be another solution to (2.1) satisfying the
boundary condition (2.2). Since any solution is convex by Proposition 2.1
(3), then £ e6; + ¢t; is a lower barrier for each 7. Hence

(2.4) u(z) > q(z) ;== sup z el +it

k=1,...m

so by achronicity, u(rfy) — q(rfx) — 0 as r — oco. Let (x7 be one of the
subsolutions constructed above. By (2.4) u > 1,7 —¢ if € sufficiently large. In
decreasing €, ¢, 7T — € remains a global subsolution for any solution » and any
€ > 0. If not, let £g > 0 be the infimum of such ¢. Either u touches tx7 — &g
at an interior point which cannot happen by the strong maximum principle,
or by (2.4), it can touch asymptotically at most one possible point at infinity
lim, o0 u(r6) — 447(rf) = —eo where = 3(6;_1 + 61). This cannot happen
either as can be seen by “blowing up” at 6 € H(oo). In fact, if we let
g= l,,jlu, then g > 7 — g for some € > 0, and limg, 400 9(z1,0) = % - €p-
Then the constant mean curvature cut w(z1,z2) = limy00 g(z1 + ¢, z2) is
the monotonic limit of constant mean curvature cuts which depends only
on Ty, and has boundary data V,, = V; and A, = A; but w # 7. This is
impossible by looking at the ordinary differential equation satisfied by both
w and 7. Hence we have u > 1,7 for all k. Hence u > .

To prove @ > u, let us denote by o’ = o[0k_1,0k,tx—1,1] the boosted o
solution that has its Gauss map image G', the convex hull of S — (6;_1, 6%),
and A,/ (6;) = t; for i+ = k — 1,k and which is minimal among those for
which ¢’ > ¢. If we take a subinterval [£1,&2] C (6k—1,0%) then the solution
o" = o[¢1,&2,tk-1, %] has G C G’ C G” where G is the Gauss image of u.
Hence o” > f in the sense that if z € G” — G, 0 = z/|z|, then

o(rf)

lim —~ >0ez> lim y—(ﬂ
T—00 ' T—00 T
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Together with the fact that u is achronal,

: " . > 0.
Tl_l_)rgo o' (rf) —u(rf) >0

Hence also ¢” > u for all z € R2. Now, as for subsolutions, ¢zo is the

infimum of such ¢”. Hence tx0 > u, and 4 > u. Since % — @ tends to 0 as

z — 00, and 4 > u, f > U4, u = f by the maximum principle. O

The constant mean curvature cuts are Hadamard surfaces whose behav-
ior lies between C and H. If L; contains an interval where A; is uniformly
bounded, then M is conformally the disk [Mi]. (For Lipschitz continuous
Aj see [CT3].) Hence there is a uniformizing map ¥ : H — M so that
GoT :H — G(M) is harmonic.

On the other hand, for finite L, by (iv), G(M) = P is a polygon. Since the
cut is complete and has finite total curvature (their Gauss image is diffeo-
morphic to a polygon with finite area), then it must be parabolic according
to the theorem of Blanc and Fiala [BF] and Huber [Hu]. Hence there is a
uniformizing map 7 : C -+ M so that ¥ = Go T : C — P is harmonic. We
say that two harmonic maps u1,us : C — P are nontrivially distinct if there
is no conformal diffeomorphism w : C — C so that us = u; o w.

Theorem 2.3. Let P C H be an ideal polygon in the hyperbolic space with
m > 3 vertices 0 € H(oco). For eacht € R™ let M(t) C E>! be the entire
spacelike surface of constant mean curvature H = 1 whose Gauss image
G(M(t)) = P and Ap)(0k) = tx, which uniquely exists by Proposition
2.2. Let N C R™ be the three dimensional subspace of restrictions of affine
functions,

N={seR":s;=(a,b)eb+c,k=1,...,m, some (a,b,c)€ ]R3}
Then for each class in [{] € R™ /N the harmonic maps
(2.5) u(5t) =G (T(5t);8) :C P

are nontrivially distinct.

Proof. Observe that we do not get more maps. For if t — ¢ € N then
there is a translation T so that Aoy = Ay;. However, by uniqueness in
Proposition 2.2, T'o M = M. Hence T and T o T are uniformizing the same
surface. Therefore u =7"10T o7 : C — C is a conformal diffeomorphism
giving the equivalence GoY =G o T o w.
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On the other hand suppose that the two surfaces M(t) and M (%) with
uniformizations 7'(-,¢) : C — M(t) have equivalent harmonic maps. Then
we will show that these surfaces must differ by rigid motion and so t —% € N
by (2.4). Thus we may assume that, for all { € C,

(2:6) G (X(¢8);8) = G (X(¢59)s52) -

Consider the conformal diffeomorphism @ : M(t) — M (?) defined by ¢ =
T oY1, By (2.6) we also have ® = G~! 0 G so that M and M are parallel
at corresponding points. Let {ei} be an adapted frame near z € M and its
translation the frame for M near ®(z). Let {6} be the dual frame for M
near z and {6'} the dual frame near ®(z). Pulling back, we obtain functions

¢ 07 = &6,
Conformality means for some function p > 0,
o (012 + (62)%) = 3" ((9"1)2 + (52)2) = ¢ ¢ 00 ® 6F.

Hence p‘lgbij is an orthogonal matrix. Thus, if it is also orientation pre-
serving it satisfies

(2-7) ¢11 = ¢22, ¢12 = —¢21-

But we have the description of ® by Gauss maps G = e3 to the hyper-
boloid. Another translate of the frame is adapted to the hyperboloid near
e3. Denoting the coframe by {w“} and connection forms by {6;7} we find,

des = 05'e; = w'e;
so that . . .
hij6® = 03" = G*u’.
Hence, because ® = G~ o G we have
(2.8) ¢t 0F = 8*6' = hihjy, 6F

where h;j(z) is the second fundamental form of M(t) and R (®(z)) is the
inverse of the second fundamental form of M () which is invertible by Propo-
sition 1.4. Thus @ is orientation preserving.

We claim that conformality implies h;;(z) = ﬁij((I)(m)). The easiest way
to see this is to assume that at a point, the second fundamental form is
diagonal h;j(z) = diag(k1,k2). Thus (2.7) implies

hllnl = h22/~f,2, h12ﬁ,2 = —h21/~z1.
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First we have 7113 = 0. To see this, since R is symmetric, the second
equation implies h'?(k1 + k2) = 2HAh'2 = 0. Then constant mean curvature
and the first equation implies

K1 _ 2H — k;
hin  2H —hyy
Hence k; = I~z11 a.nd the .claim follows.
(2.8) implies ¢'; = &*;. Hence @ is a diffeomorphism for which the first
and second fundamental forms agree at the corresponding points. By the

Minkowski Space version of the fundamental theorem of surface theory, the
surfaces are translates of one another. a

If the ideal polygon has two vertices, by uniqueness in Proposition 2.2 it
must be a rigid motion of the cylinder +7. The map i(z,shy,chy) — (z,y)
gives an isometry to C.

We want to show that any harmonic diffeomorphism u from C into H
with the usual assumption and with polygonal image such that ||Ou||?|dz|?
is complete, then it can be realized as a constant mean curvature cut in
the family constructed in Theorem 2.3. That is to say, for any m > 3,
Theorem 2.3 give all the solutions for harmonic diffeomorphisms u from C
into the hyperbolic space so that ||0u||?|dz|? is complete, and that the Hopf
differential of u is ¢dz? with ¢ to be a polynomial of degree m — 2. We
always assume the mean curvature to be H = 1 in the following. According
to Proposition 2.2, it is sufficient to show the following property about cuts
with polygonal G(f).

Proposition 2.4. Let f C E>! be an entire spacelike H = 1 cut such that

(2.9) Vi(z) = max zeby

k=1,...m

for some 0, € S'. Then Aj(0) = —oo for 6 # Ok, and As(6y) is finite for
k=1,...,m.

Proof. Note that by Proposition 2.1(5), if the image is a polygon, then (2.9)
holds with © := {0k }x=1,.. m C S! the vertices of the polygon. Let 8 € S?,
then we have

Vi(6)=1 if6eo,

(2.10) Vi0) <1 if6¢e.
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By the definition of Af, we see that Af(6;) = t for 1 < k < m, where #
might be —oo, and Af(f) = —oo if 6 ¢ ©. Let s be arbitrary real numbers
such that s > . By Proposition 2.2, there is u such that the graph of u is
a constant mean curvature cut with the boundary conditions

Vu(z) =kma,x el

=1,...,

and

A(6) = sk, if0=6,1<k<m
“U77 ) —00  otherwise.

We want to prove, Af(6y,) is finite, for example. Suppose not, then A¢(6,,) =
—o00. Let

0= 1511?53%—1 0, 00y
Then 6 < 1. For any p > 0, let (a,b) = pO,, € C, and let v(z;,z2) =
u(z1 — a,z2 — b) + dp. By (2.3) we have

Ay(0) = Ay(0) — pbm-e 6 + dp.
Hence if 6 # 6, for all k, then A,(f) = —oo, and for 1 <k <m —1,
A(Br) = Ay (ek) —pOn el +dp > s > U

by the definition of s; and 4. Also A,(6,) > —oo. Hence A, > As. By the
proof of Proposition 2.2, we see that the supersolution ¢ for constructing v
satisfies 4 > f. Since 9 — v tends to 0 at infinity, v > f by the maximum
principle. In particular, we have

fpbm) = fla,b) < wv(a,b) = u(0,0)+dp.

Dividing through by p, and letting p — 0o, we have 1 < §, where we have
used (2.10). This is a contradiction. O

Combining Theorem 2.3 and Proposition 2.4, we have

Corollary 2.5. All orientation preserving harmonic diffeomorphism u
from C into an ideal polygon P in H with ||0ul|?|dz|?> complete on C can
be realized as a constant mean curvature cut in the family constructed in
Theorem 2.3
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Proof. First note that any such a harmonic diffeomorphism can be realized
as a constant mean curvature cut in E>!, then use Proposition 2.4 and
uniqueness in Proposition 2.2. O

As mentioned before, for a constant mean curvature cut in E>! which is
the graph of the function f, suppose that Ly contains an interval and that A ¢
is uniformly bounded from below in that interval, then the cut is conformal
to the disk by [Mi]. It is still therefore interesting to see whether Ay is
always uniformly bounded from below. If this is true, then one can conclude
that there is no harmonic diffeomorphism from C onto H. However, even
the question whether Ay is bounded from below pointwise for every point in
Ly is still open. Using the method of proof of Proposition 2.4, at least we
can prove that:

Proposition 2.6. The subset {6 € Ly |Af(0) > —oo} is dense in Ly.

Proof. Suppose Af(f) = —oo for all § € (6 — ¢, 6o + €). For any fixed
k € R, the function tx(#) = max{Af(0), k} is an upper semi-continuous
function defined on L. Therefore, Proposition 2.2 implies that there exists
a function u which graph is a constant mean curvature cut such that

Vu(z) = sup{{ ez : £ € Ly}

and
t(0), iffe Ly,

Au(0) = {—oo, if0¢L;.

Now let
d=sup{feby: £€Lf\(6p—¢ Oh+e€)} <1,

and for any p > 0, let (a, b) = pfy € C. Consider the function v(z;, z2) =
u(z1 — a, 2 — b) + dp which graph is also a constant mean curvature cut.
The rest of the proof is similar to Proposition 2.4. O

3. Geometry of harmonic maps.

In this section, we will give detailed description about the behavior of
the harmonic diffeomorphisms considered in §1 in terms of the trajectories
of holomorphic quadratic differentials. In fact, the original approach that we
took to study the mapping behavior of harmonic maps between surfaces was
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to exploit the geometry of a holomorphic quadratic differential associated
with the map, see [Ha] for a description. That approach suggested Theorem
1.3 and provided a proof. Although we now have a much simpler proof as
presented here in this paper, it is still instructive to see that proof to get
a better picture of the geometry of harmonic maps. Moreover, this will
give another proof of the result by Choi-Treibergs [CT1] that the image
of a harmonic diffeomorphism u from C into H is the convex hull of the
intersection of the closure of the image with the ideal boundary, for the
special case that ||0u||?|dz|? is complete and the Hopf differential of the
harmonic map is a polynomial. In fact we will prove more general results
by allowing the target to be a complete simply connected surface N with
Gaussian curvature bounded between two negative constants.

Let us give a brief summary of the background material on the trajecto-
ries of a holomorphic quadratic differential on C. See [St] for more detailed
information. Let ® = ¢dz? be a holomorphic quadratic differential on C.
Then ¢ induces a “measured foliation structure” and a “singular flat metric
structure” on C. Consider |¢(z)||dz|? as a metric on C. Since ® is holo-
morphic, near a point zy where ¢(29) # 0, we may define w = w(z) by
w(z) = [, :0 V/¢(z)dz. Here we choose a branch of the square root function.
Then |¢(z)||dz|? = |dw|?, which means that |$(z)||dz|? is flat. The preim-
ages of the horizontal lines in the w-plane are called the horizontal foliations
of @, denoted by ®;; the preimages of the vertical lines in the w-plane are
called the vertical foliations of ®, denoted by ®,. It is easy to see that @
and ®, are independent of the choice of the branch of the square root func-
tion, so they are canonically associated with ®. At the zeroes of ®, these
foliations have multiple prong saddle singularities, which metrically corre-
spond to cone-type singularities (with concentrated negative curvature). A
horizontal leaf which is not properly contained in another one is called a
horizontal trajectory. If a horizontal trajectory is parametrized by ¢ € R,
then the half leaf corresponding to ¢ > 0, or ¢ < 0 is called a horizontal
ray. A horizontal ray is said to be diverging if it leaves any compact set
after finite time. Two diverging horizontal rays are said to be in the same
horizontal asymptotic direction if there is a conformal coordinate region of
the form {(z,y) : £ > a,0 < y < h}, with the two rays corresponding to the
top and bottom edges of the region.

Now, let us assume that ¢ is polynomial of degree m > 1. Then the
differential ¢dz? has a pole of order m + 4 near infinity. Hence by well
known results, see [St], in a neighborhood U of the infinity in C, there are
precisely m+2 equivalent horizontal asymptotic directions. We can choose a
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representative in each direction, and label them as Hy,- - - , Hy, 9. Moreover,
the two rays of any trajectory which stays in U will tend to infinity in two
consecutive directions. In fact, for any two such consecutive directions,
there is a family of trajectories which tend to infinity and such that the
two rays of each one of the trajectories will tend to infinity in those two
consecutive directions. We are ready to study the geometry of a harmonic
diffeomorphism from C into N. First we need the following lemma.

Lemma 3.1. Let N be a complete simply connected surface with Gaussian
curvature bounded above by —a? for some a > 0. Let v be a C? curve in
N with geodesic curvature bounded by € > 0, where ¢ < a. Let v* be the
complete geodesic passing through the end points of y. Then there is a
constant C > 0 which is independent of vy such that d(z,v*) < Ce for all =
on 7.

Proof. Let « : [0,1] = M be a C? curve parametrized by arclength. Let v* be
the complete unit speed geodesic passing through «(0) and ~(l). Let (u,v)
be the Fermi coordinates with respect to v* such that v = 0 is the geodesic
~v* and v is the distance from the point (u,v) to 7*. In these coordinates,
the metric of N is given by ds? = f?(u,v)du? + dv?. Direct computation
gives:

0 0 0
V'é%a_u = (logf)ua_u - ffvava
0 0
Vg o= (og flug
0
2500

Let x be the geodesic curvature of y(t) = (u(t),v(t)). From these formulas,
one can compute to obtain

3.1) k2= f2 (i + 42 (log f), + 2i0(log f)o)” + (6 — ffui2)”

where “ * ” is the differentiation with respect to t. We also have
fm) + Kf == 0
(32) flu,0) =1
fu(u,0) =0

Since K < —a?, f, > 0 for v > 0. Suppose the maximum vmayx of v is
attained at ¢t = 0 or ¢ = [, then we have vy, = 0. Otherwise at some
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interior point 0 < ty < | where v attains its maximum, ¥ = 0 and 4 < 0.
Let (u(to),v(t0)) = (uo,vo). Here vy = vmax > 0. Since k2 < €2, by (3.1)

ffv'l.l'2 <e

at (uo,vo). Since || = 1, f?4?+ 92 = 1, hence at the point (ug,vo), we have

(3.3) % <e

Letting g = (log f)» = fu/f, by (3.2) we have

gv=_K“g2

3.4
g > 0 for v > 0 and g(u,0) = 0. Note that since g%(uo,v0) < € < a2,
g%(ug,v) < a? for all 0 < v < vg. This is because at those points (ug,v)
where g2 < a2, g, > 0. By (3.4), for 0 < v < vy,

g(u())v) 2 atanh(a'v),
where we have used the fact that g(up,0) = 0. By (3.3), we have
(3.5) atanh(av) < e.

Since € < a, avp is less than some absolute constant, hence vyax = vo < Ce
for some constant. Similarly, one can prove that vy, > —Ce for some
constant, and the lemma follows. O

In the following, we always assume that u is an orientation preserving
harmonic diffeomorphism from C into a complete simply connected surface
N with Gaussian curvature satisfying —b? < Ky < —a? for some positive
constants a, b. We also assume that ||0ul|?|dz|? is complete on C. Let
® = ¢dz? be the Hopf differential of u. Then ® is holomorphic. We always
assume that ¢ is a polynomial of degree m. As mentioned above, there are
m+2 asymptotic directions for the horizontal rays of ® near infinity. We can
choose a representative in each direction and label them as Hj, ..., Hpno.

The relevance of the geometry of ® to the harmonic map u is revealed
by the following computation: If we use w = = + ¢ y as coordinates on C,
where w = [*/@dz, so that |dw|? = |¢(z)||dz|? is our metric on C, then

(3.6) u* (02 (u)|dul?) = (e + 2)dz® + (e — 2)dy>.
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where 02(u)|du|? is the metric tensor of N, and e is the energy density of u
with respect to the conformal metric |§||dz|?. Thus, ®; corresponds to the
maximal stretch direction of du and @, corresponds to the minimal stretch
direction of du at every point on C. In our notation, we have

Lemma 3.2. For any 1 <i<m+2, let H; ={z(t) : t > 0}. Then
limg_, o0 u(2(t)) = 6; for some 6; in the ideal boundary of N.

Proof. For simplicity, we consider the case ¢ = 1, and assume H; is the curve
z(t), t > 0. Let w = log||0ul|, where ||u||? is the the 0-energy density of u
with respect to the Euclidean metric on C, and let wy = w— %log |¢|. Then
e = 2cosh(2w;). Let y(t) = u(2(t)). The geodesic curvature of the image
of y(t) can be computed as in [Wo] and [My]:

0 1 Oe
— (o _onl/2 9 2 _ _ 1. o\ -1/2 -10€e
(3.7 () (e—2) 39 log(e + 2) 5 (e—2)""*(e+2) 9

By Lemma 1.2, if the distance of z to the zeroes of ¢ is R, then e(z) — 2 is
bounded above by exp(—C}R) for some positive constant Cj, provided R is
large enough. Note that we always have e — 2 > 0. By the Bochner formula

A|¢|w1 = 2sinh(2'w1),

where Ay is the Laplacian for the metric |#||dz|?, which is complete near
infinity of C. By the standard gradient estimate, we see that |Vw;(z)| <
exp(—CyR) for some positive constant Cy, where V is the gradient with
respect to the ¢-metric. Hence as ¢ — oo, the right hand side of (3.7) decays
to zero as t — oo. From this it is easy to see that u(z(¢)) is a diverging
curve in N. Fix a large ¢y, and let -, be the geodesic joining u(z(tp)) and
u(2(t)). Passing to a subsequence ~y; will converge to a ray in N. Let 6; be
the point at the ideal boundary of N corresponding to this ray, then it is
easy to see from Lemma 3.1 that lim; o0 u(2(t)) = 6;. O

Lemma 3.3. For 1 <1 < m+ 2, if L is a horizontal ray with the same
horizontal asymptotic direction as H;, then u(L) is asymptotic to u(H;).
More precisely, if L is given by z(t), t > 0, then u(z(t)) — 6;, where 0; is
the point in the ideal boundary of H in Lemma 3.2.

Proof. If we parametrize L and H; by the arclength parameter ¢, then
L(t) and H;(t) are connected by a vertical line V;(s),0 < s < h for some
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fixed h, where s is the arclength of V;. By (3.6) the length I; of u(V})
is equal to foh ve—2ds. By Lemma 1.2, [; -+ 0 as ¢t — oo. Hence
disty (u(L(t)),u(H;(t)))) — 0 as t — oco. This completes the proof of the
lemma. g

Lemma 3.4. There is a positive function €(R) with limg_, €(R) = 0,
such that if the distance of a horizontal trajectory L from the zeros of ® in
the ¢-metric is R, then there are 6; and 6; in the ideal boundary of N, such
that disty(u(L),7) < €(R), where vy is the geodesic joining 6; and 6;. Here
0; and 6; are the points as in Lemma 3.2.

Proof. By Lemma 3.2 and 3.3, if L is a horizontal trajectory near infinity in
C, and if we parametrized L by z(t), —oo < t < oo, then there is 6; and 0;
such that lim; o u(2(t)) = 6; and lim;, u(2(t)) = 6. As in the proof of
Lemma 3.2, the result follows easily from Lemma 3.1 (]

Lemma 3.5. Let 0y, ...,0,2 be the points in the ideal boundary of N in
Lemma 3.2, and let P be the convex hull of the 6;s. Then u(C) C P.

Proof. For any z € C, we can find a sequence of polygons G containing
z such that the sides of Gy consists of m + 2 horizontal lines and m + 2
vertical lines. We may choose Gy so that each horizontal line is contained
in a horizontal trajectory which is asymptotic to two consecutive directions,
and so that the length of each vertical lines in the ¢-metric is bounded by a
fixed constant. Moreover, the distance of the sides of G from the zeroes of
¢ with respect to the ¢-metric tends to oo as k£ — oo. By Lemma 3.2-3.4,
dist v (P, u(0G)) — 0 as k — oo. By the maximum principle for harmonic
maps, we see that u(z) € P. O

Theorem 3.6. Let u be an orientation preserving harmonic diffeomor-
phism from C into a simply connected surface N with Gaussian curvature
bounded between two negative constants. Suppose ||0u||?|dz|? is a complete
metric on C and the Hopf differential is ¢dz*> where ¢ is a polynomial of
degree m. Then there are exactly m + 2 distinct points 01, ... ,0p 2 in the
ideal boundary of N such that the image of u is the convex hull of the set
{6; :’;41'2 Moreover, the image of a horizontal trajectory of ¢dz? will be
asymptotic to the geodesic joining two consecutive points of {6;} 12
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Proof. Let 6,,...,0mp+2 be the points in Lemma 3.2. Suppose 6;’s are not
distinct, then by Gauss-Bonnet theorem, we have
/ (—Kn) < mm
P

where K is the Gaussian curvature of N. By Lemma 3.4, and Theorem
1.3.
mm = / (—Kn)
u(C)

S/P(—KN) < mm.

This is a contradiction. Therefore, 8;’s are distinct, and u(C) = P. The last

statement follows from Lemma 3.2. O
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