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1. Introduction.

In (7], Donaldson has defined polynomial invariants for smooth simply
connected 4-manifolds with b5 > 3. These invariants have also been defined
for 4-manifolds with b5 = 1 in [25, 17, 18], along lines suggested by the work
of Donaldson in [5]. In this case, however, they depend on an additional piece
of information, namely a chamber defined on the positive cone of H2(X;R)
by a certain locally finite set of walls. Explicitly, let X be a simply connected,
oriented, and closed smooth 4-manifold with b = 1 where b3 is the number
of positive eigenvalues of the quadratic form gx when diagonalized over R.
Let

Qx = {z € H*(X,R) |z >0}

be the positive cone. Fix a class A in H?(X,Z) and an integer c such
that d = 4c — A? — 3 is nonnegative. A wall of type (A,c) is a nonempty
hyperplane:

WS={zeQx|z-¢=0}

in Qx for some class ( € H%(X,Z) with { = A (mod 2) and A? — 4c <
¢%2 < 0. The connected components of the complement in Qx of the walls of
type (A, ¢) are the chambers of type (A, c). Then the Donaldson polynomial
invariants of X associated to A and ¢ are defined with respect to chambers
of type (A,c). The invariants only depend on the class w = A mod 2 €
H?(X;Z/2Z) and the integer p = A% — 4c = —d — 3, and we shall often
refer to walls and chambers of type (w,p) as well. We shall write Df,f’p(C)
for the Donaldson polynomial corresponding to the SO(3) bundle P with
invariants we(P) = w and p;(P) = p, depending on the chamber C.

1The first author was partially supported by NSF grants DMS-90-06116 and
DMS-92-03940. The second author was partially supported by a grant from the
ORAU Junior Faculty Enhancement Award Program and by NSF grants DMS-91-
00383 and DMS-94-00729.
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A basic question is then the following: Suppose that C; and C_ are
separated by a single wall W¢. Here there may be more than one class ¢ of
type (A, c) defining W¢. Then find a formula for the difference

51)11(,p(c+’c—) = D1)u{,p(c+) - D'L)u(,p(c—)

We shall refer to such a difference as a transition formula.

There has been considerable interest in the above problem. The first
result in this direction is due to Donaldson in [5], who gave a formula in
case A = 0 and ¢ = 1. Kotschick [17] showed that, on the part of the
symmetric algebra generated by 2-dimensional classes, 5§,p(C+,C_) = +(4
for (2 = —(4c — A%) = p, and that 65 ,(C4,C-) is in fact always divisible
by ¢, except when p = —5 and (2 = -1 (cf also Mong [25] for some partial
results along these lines). For a rational ruled surface X, all the transition
formulas for A = 0 and 2 < ¢ < 4 have been determined in [25, 35, 22].
Using a gauge-theoretic approach, Yang [37] settled the problem for A =0
and ¢ = 2, and computed the degree 5 Donaldson polynomials for rational
surfaces. The known examples and the work of Kotschick and Morgan [18]
raise the following rather natural conjecture:

Conjecture. The transition formula (SX »(C+,C-) is a homotopy invariant
of the pair (X, (); more precisely, if ¢ is an oriented homotopy equivalence
from X' to X, then

Sgewp($7(C4), 8*(C-)) = ¢765,5(C4,C-).

We remark that this conjecture is essentially equivalent to the following
statement: the transition formula §;X p(C+,C_) is a polynomial in ¢ and the
quadratic form gx with coefficients involving only ¢2, homotopy invariants
of X (i.e. by (X)), and universal constants.

Our goal in this paper is to study the corresponding problem in algebraic
geometry. More precisely, let X be an algebraic surface (not necessarily with
b3 (X) = 1) and let L be an ample line bundle on X. We can then identify
the moduli space of L-stable rank two bundles V on X with ¢;(V) = A and
¢2(V) = ¢ with the moduli space of equivalence classes of ASD connections
on X with respect to a Hodge metric on X corresponding to L. Let My (A,c)
be the Gieseker compactification of this moduli space. It is known that
My (A,c) changes as we change L, and that (A, c) is constant on a set
of chambers for the ample cone of X which are defined in a way analogous
to the definition of chambers for 2x given above. Using the recent result
of Morgan [26] and Li [21] that the Donaldson polynomial of an algebraic
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surface can be evaluated using the Gieseker compactification 9 (A,c) of
the moduli space of stable bundles, we shall work on M (A, c) for suitable
choices of L and in particular analyze the change in 9t1,(A,¢) for L € C4 or
L € C_, where C4 are two adjacent chambers. It turns out that we can obtain
M, (A, c) from Mz_(A,c) by a series of blowups and blowdowns (flips).
‘Our results are thus very similar to those of Thaddeus in [33]. Thaddeus [34]
and also Dolgachev-Hu [3] have developed a general picture for the variation
of GIT quotients after a change of polarization, and although our methods
are somewhat different it seems quite possible that they fit into their general
framework. We have also found it convenient to borrow some of Thaddeus’
notation.

Next we shall apply our results on the change in the moduli spaces to
determine the transition formula for Donaldson polynomials in case X is
a rational surface with —Kx effective. We shall give explicit formulas for
b »(C+,C_) in case the nonnegative integer 4 = (¢* —p)/4 < 2. These
formulas are in agreement with the above conjecture, in the sense that the
transition formula is indeed a polynomial in ¢ and gx with coefficients in-
volving only universal constants, (2, and K% = 9 — b5 (X) = 12 — x(X)
where x(X) is the topological Euler-Poincaré characteristic of X. We shall
also give a formula in principle for 65,(,],(64.,(3_) in general (see Theorem
5.4), but to make this formula explicit involves more knowledge of the enu-
merative geometry of Hilb" X than seems to be available at present. In
case —Kx is effective, the moduli spaces are (essentially) smooth and the
centers of the blowup are smooth as well; in fact they are P*-bundles over
Hilb™ X xHilb™? X for appropriate k, n; and na. In this way, we obtain gen-
eral formulas which can be made explicit for low- values of n. For instance,
adopting Kotschick’s notation [17]

e(¢,8) = (-1) T = (-1)(5)’

?

we show the following (see Theorem 6.4 for details):

Theorem. Assume that the wall W¢ is defined only by +¢ with ¢; =1and
that Cy lies on the +-side of W¢. Then, on the subspace of the symmetric
algebra generated by Hy(X), 55’,,((,'_,6+) is equal to

d—2 d
(-1 e(,A) {d(d— D (5) cax+erk 2o (5) }

Along the direction of the work of Kronheimer and Mrowka [19, 20], we
also consider the difference of Donaldson polynomial invariants involving the
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natural generator z € Hy(X;Z). More precisely, let v be the correspond-
ing 4-dimensional class in the instanton moduli space. For a € Hy(X;Z),
we give a formula for the difference 51)5’,,(0_,C+)(ad"2, v) in Theorem 5.5.
It is worthwhile to point out that the similarity between Theorem 5.4
and Theorem 5.5 may indicate that there exists a deep relation between
b 5(C—,C4)(e?) and 6% ,(C—,C4)(a?"2,v), and suggest a way to generalize
the notion of simple type in [19, 20] from the case of b > 1 to the case of
b = 1. For instance, modulo some lower degree terms, 5o o(C—,Cy) (%72, v)
can be obtained from (—1/4) -5;,’,(’ »(C-,C4) (a?) by replacing d by (d—2) (see
Theorem 5.13 and Theorem 5.14). In fact, based on some heuristic ar-
guments, it seems reasonable to conjecture that 65,p(C_,C+)(ad’2, v) is a
combination of (Sif’p, (C_,C4)(a®*k) for various nonnegative integers k if the
degrees are properly arranged.

Our paper is organized as follows. In section 2, we study rank two torsion
free sheaves which are semistable with respect to ample divisors in C_ but
not semistable with respect to ample divisors in C;. When the surface X
is rational with —K x effective, these sheaves are parametrized by an open
subset of a union of projective bundles over the product of two Hilbert
schemes of points in X. More precisely, if { defines the wall separating
C_ from C,, define E'"™ be the set of all isomorphism classes of nonsplit
extensions of the form

0—>OX(F)®IZ1 —)V—)OX(A—F)®IZZ — 0,

where F is a divisor class such that 2F — A = ¢ and Z; and Z;, are two zero-
dimensional subschemes of X with £(Z;) = n; such that n;+ny = £;. In case
X is rational, Eg“’m is a PY bundle over Hilb™ X x Hilb™ X, and the set of
points of Ez“’"? lying in Mz_(A,c) but not in Mz, (A, c) is a Zariski open
subset of E?l’"z. The main technical difficulty is that it is hard to control
the rational map from E*"™ to M_(A,c), and in particular this map is
not a morphism. The general picture that we establish is the following:
first, the map Eg’ec --+ My_(A,c) is a morphism, and it is possible to
make an elementary transformation, or flip, along its image. The result is
a new space for which the rational map E’é’ec_l -+ My_(A,c) becomes a
morphism, and it is possible to make a flip along its image. We continue in
this way until we reach My (4, c).

It seems rather difficult to see that the above picture holds directly.
Instead we shall proceed as follows. We define abstractly a sequence of
moduli spaces, indexed by an integer k£ with 0 < k < £¢ + 1, such that the
moduli space for k = 0 is My_(A,¢), the moduli space for k = £¢ + 1 is
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M. (A, c), and moreover the Ek*h moduli space contains an embedded copy

of E;“™* such that the flip along this copy yields the (k + 1) moduli
space. Thus the picture is very similar to that developed independently
by Thaddeus in [33]. To define our sequence of moduli spaces, we define
(Lo, ¢, k)-semistability in section 3 for rank two torsion free sheaves, where
Ly is any ample divisor contained in the common face of C; and C_, ( is the
set of classes of type (A, ¢) defining the common wall of C; and C_, and k is

a set of integers. We show that 9t,_ (A, c) and My, (A, c) are linked by the

moduli spaces szf"‘) where the data k is allowed to vary. When the surface
X is rational with —Kx effective, we can obtain My (A, ¢) from My_(A,c)
by a series of flips. The fact that all (Lo, ¢, k)-semistable rank two torsion
free sheaves do form a moduli space ﬂﬁ(()c’k) in the usual sense is proved in
section 4 where we introduce an equivalent notion of stability called mixed
stability. Our method follows Gieseker’s GIT argument in [13]. Roughly
speaking, the goal of mixed stability is to define stability for a sheaf of the
form V ® E, where V is a torsion free sheaf but = is just a Q-divisor. To
make this idea precise, given actual divisors H; and Hj and positive weights
a1 and as, we shall define a notion of stability which “mixes” stability for
V ® H; with stability for V ® Hj, together with weightings of the stability
condition for V ® H;. The effect of this definition will be formally the same
as if we had defined stability of V ® E, where E is the Q-divisor

ai az
H, +
a1 + az aj + ag

After the first draft of this paper was completed, we learned from the
preprint of Ellingsrud and Gottsche [8] that the existence of the relevant
mixed moduli spaces follows from more general results of Maruyama and
Yokogawa [23, 38]. They constructed coarse moduli spaces for semistable
torsion free parabolic sheaves over general smooth projective varieties, using
results of Simpson [32]. However, the proof given here for the special case
that we need is considerably shorter than the general proof and is based on
different ideas, and so will be given in full.

In section 5, using our results on flips of moduli spaces, we give a formula
for the transition formula of Donaldson polynomials when X is rational with
— K x effective, and compute the leading term in the transition formula. In
section 6, we obtain explicit transition formulas when £, < 2.

Some of the material in our section 2 has been worked out independently
by Hu and Li [16] and Gottsche [14]. Moreover Ellingsrud and Géottsche (8]
have recently studied the change in the moduli space by similar methods and
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have obtained results very similar to ours. Using very different methods, the
results in Section 4 have also been obtained by Matsuki and Wentworth [24],
who also consider the case of higher rank. They use branched covers of the
surface X to study the change in the moduli space. We expect that a minor
modification of the arguments in Section 4 of this paper will also handle the
case of higher rank.

Conventions and notations.

We fix some conventions and notations for the rest of this paper. Let
X be a smooth algebraic surface. We shall be primarily interested in the
case where X is simply connected and —Kx is effective and nonzero. Thus
necessarily X is a rational surface. However much of the discussion in sec-
tions 1-4 will also apply to the general case. Stability and semistability
with respect to an ample line bundle L will always be understood to mean
Gieseker stability or semistability unless otherwise noted. We shall not men-
tion the choice of L explicitly if it is clear from the context. Recall that a
torsion free sheaf V of rank two is Gieseker L-stable if and only if, for ev-
ery rank one subsheaf W of V, either pr(W) < pr(V) or pr(W) = pr(V)
and 2x(W) < x(V), where uy, is the normalized degree with respect to L.
Semistability is similarly defined, where the second inequality is also allowed
to be an equality. For a torsion free sheaf V, we use VVV to stand for its
double dual. For two divisors D; and Dy on X, the notation Dy = Dy
means that Dy and D, are numerically equivalent, that is, D; - D = Dy - D
for any divisor D. For a locally free sheaf (or equivalently a vector bundle)
€ over a smooth variety Y, we use P(€) to denote the associated projective
space bundle, that is, P(€) is the Proj of ®4>05%(£).

Fix a divisor A and an integer ¢. Let C_ and C; be two adjacent
chambers of type (A,c) separated by the wall W¢. We assume that
(-C- <0< (-Cqy. Let Ly € C+ be an ample line bundle, so that
L_-¢ <0< Lt - ¢, and denote by M+ the moduli space My, (A,c) of
rank two Gieseker semistable torsion free sheaves V with ¢;(V) = A and
c2(V) = c¢. Let Ly be any ample divisor contained in the interior of the
intersection of W¢ and the closures of C+. Let ¢ = (1,...,(, be all the
positive rational multiples of ¢ such that (; is an integral class of type (w,p)
which also defines the wall W¢. In sections 5-6, we will assume that n = 1
for notational simplicity.

Finally, we point out that our u-map is half of the 4-map used in [17, 18]
(see (viii) and (ix) in Notation 5.1). Thus our transition formula differs from
the one defined in [18] by a universal constant.
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2. Preliminaries on the moduli space.

In this section, we study rank two torsion free sheaves which are re-
lated to walls. These sheaves arise naturally from the comparison of L_-
semistability and L, -semistability. We will show that when the surface X
is rational with —Kx effective, the moduli spaces 9. are smooth at the
points corresponding to these sheaves. We start with the following lemma,
which for simplicity is just stated for L_-stability.

Lemma 2.1. Let V be a rank two torsion free sheaf on X withc;(V) = A
and c3(V) = ¢. IfV is L_-semistable, then exactly one of the following
holds:

(i) Both V and VVV are L_-stable and Mumford L_-stable.
(i) V sits in an exact sequence
00— Ox(Fl) ®Iz1 -V - Ox(Fz) ®I22 -0

where 2F; = A = 2F,, and Z, and Z; are zero-dimensional sub-
schemes of X such that £(Z;) > £(Z3). Moreover in this case V is
L-semistable for every choice of an ample line bundle L and V is
strictly Li-semistable if and only if £(Z1) = £(Z5).

Proof. Suppose that V is (Gieseker) L_-semistable. The vector bundle VVV
satisfies ¢; (VVV) = A and ¢3(VVYV) < ¢. Standard arguments [10] show that
VVV is Mumford L_-semistable. If VVV is strictly Mumford L_-semistable,
then by [10, 31], either L_ must lie on a wall of type (A, c) or if Ox(F1) is
a destabilizing sub-line bundle then A = 2F;. Since by assumption L_ does
not lie on a wall of type (A, c), either VVV is Mumford L_-stable or there
is an exact sequence

0— Ox(F1) — vV 5 Ox(F)® 1z — 0,
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where Fo, = A — F| = F; and Z is a zero-dimensional subscheme of X. If
VVV is Mumford L_-stable, then V is Mumford L_-stable and therefore L _-
stable. Thus case (i) holds. Otherwise Ox (F1) NV is of the form Ox(F;) ®
Iz, for some Z; and V/Ox (F1) ® Iz, is a subsheaf of Ox (F;) ® Iz and thus
of the form Ox (F,) ® Iz, for some Z,. Thus we are in case (ii) of the lemma.
Since u(Ox(F1) ® Iz,) = u(V) and V is semistable, we have

2x(Ox(F1) ® Iz,) < x(V) = x(Ox (F1) ® Iz,) + x(Ox(F2) ® Iz,).

Hence x(Ox (F2)®1Iz,)—x(Ox(F1)®Iz) > 0. As F} = F, and x(Ox(F;)®
I7,) = x(Ox(F;)) — £(Z;), we must then have £(Z;) — £(Z3) > 0. The last
sentence of (ii) is a straightforward argument left to the reader. O

If V satisfies the conclusions of (2.1)(ii), we shall call V universally
semistable.
Next we shall compare stability for L_ and L.

Lemma 2.2. Let V be a torsion free rank two sheaf with ¢;(V) = A and
CQ(V) =_cC.

(i) If V is L_-stable but L -unstable, then there exist a divisor class F
and two zero-dimensional subschemes Z_ and Z, of X and an exact
sequence

0 Ox(F)®Iz. -V = Ox(A—-F)®Iz, —0,

where L_ - (2F — A) < 0 < Ly - (2F — A). Moreover the divisor F,
the schemes Z_ and Z,, and the map F ® Iz_ — V are unique mod
scalars, and ( = 2F — A defines a wall of type (A, c).

(ii) Conversely, suppose that there is a nonsplit exact sequence as above.
Then V is simple. Moreover, V is not L_-stable if and only if it is
L_-unstable if and only if there exist subschemes Z' and Z" and an
exact sequence

03 0x(A-F)®Iz -V = Ox(F)®1Izn =0,

if and only if VVV is a direct sum Ox(F) @ Ox (A — F). In this case
the scheme Z' strictly contains the scheme Z., ¢(Z') > ¢(Z,) and
UZ"Y + (2" = L(Z_) + £(Zy). Finally, if Z_ = () then V is always
L_-stable.
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Proof. We first show (i). Suppose that V is L_-stable but L.-unstable.
Then by (2.1) VVV is also L_-stable and L -unstable. By [31], there is a
uniquely determined line bundle Ox(F) and a map Ox(F) — VVV with
torsion free quotient such that L_-(2F —A) <0 < L, -(2F — A). Moreover
¢ = 2F — A defines a wall of type (A, c). The subsheaf Ox(F) NV of VVV
is a subsheaf of Ox(F) and agrees with it away from finitely many points.
Thus Ox(F) NV = Ox(F) ® Iz_ for some well-defined subscheme Z_.

Moreover the quotient V' / [Ox(F)® Iz_] is a subsheaf of Ox (A — F)® Iz

for some zero-dimensional subscheme Z, and agrees with Ox (A — F') away
from finitely many points. Thus the quotient is of the form Ox(A—~F)®1z,
for some zero-dimensional subscheme Z,. The uniqueness is clear.

To see (ii), suppose that V is given as a nonsplit exact sequence

0+0x(F)®Iz. -V >0x(A-F)®Iz, =0

as above, where L_-(2F —A) <0< Ly -(2F —A). Again by (2.1), Vis L_-
semistable if and only if it is L_-stable if and only if VVV is L_-stable. Now
taking double duals of the above exact sequence, there is an exact sequence

03 Ox(F) = VYW 50x(A-F)®Iz -0

for some zero-dimensional scheme Z. Moreover, by [31], VVV is L_-unstable
if and only if the above exact sequence splits, and in particular if and only if
Z=0and VVV = Ox(F)®Ox(A—F). In this case, the map Ox(A—F) —
VVV induces a map Ox(A — F) ® Iz — V for some ideal sheaf Iz. We
may clearly assume that the quotient is torsion free, in which case it is
necessarily of the form Ox(F) ® Iz with £(Z") + £(Z") = £(Z-) + ¢(Z,).
Using the nonzero map Ox(A — F)® Iz = Ox (A — F) ® Iz, , we see that
there is an inclusion Iz» C Iz, ; moreover this inclusion must be strict since
the defining exact sequence for V' is nonsplit. Thus Z’ strictly contains Z
and in particular £(Z") > £(Z;). Conversely, if there exists a nonzero map
Ox(A — F) ® Iz2 = V, then there is a nonzero map Ox(A — F) — VVV
and thus VVV is the split extension.

We next show that V is simple. If V is stable then it is simple. If V
is not stable, then VVV = Ox(F) ® Ox(A — F). There is an inclusion
Hom(V,V) € Hom(VVV,VVV). If VVV is split, then Hom(VVV,VVV) =
C @ C. In this case, using a nonscalar endomorphism of V, it is easy to see
that we can split the exact sequence defining V.

Finally suppose that Z_ = ( in the notation of (2.2). If V is L_-
unstable, then we can find Z’ with £(Z’) > £(Z,) and a subscheme Z" such
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that £(Z') +£(Z2") = £(Z4). Thus £(Z') < £(Z,), a contradiction. It follows
that V' is L_-stable. O

For the rest of this section, we shall assume that —Kx is effective and
nonzero and that ¢(X) = 0. Thus X is a rational surface.

Lemma 2.3. Suppose that 9 is nonempty. Suppose that (w,p) # (0,0),
or equivalently that 9011 does not consist of a single point corresponding to a
twist of the trivial vector bundle. Then the open subset of M. corresponding
to Mumford stable rank two vector bundles is nonempty and dense. Every
component of My has dimension 4c — A% — 3 = —p — 3. The points of M.
corresponding to L -stable sheaves V are smooth points.

Proof. Suppose that .. is nonempty, and let V' correspond to a point of
9. Then by general theory (e.g. Chapter 7 of [10]), 4 is smooth of
dimension 4c — A2 —3 = —p — 3 at V if V is stable and Ext?(V,V) = 0,
since h?(X;0x) = 0. Moreover, setting W = VVV, there is a surjection
from H2(X; Hom(W,W)) to Ext?(V, V). Thus to show that Ext?(V,V) = 0
it suffices to show that H?(X; Hom(W,W)) = 0. Now H?(X; Hom(W,W))
is dual to H°(X; Hom(W,W) ® Kx). Since —Kx is effective, there is an
inclusion of HO(X; Hom(W,W) ® Kx) in H*(X; Hom(W,W)). If W is
stable, then HY(X; Hom(W,W)) = C and H°(X; Hom(W,W) ® Kx) = 0.
Thus MM, is smooth at V. Standard theory [1, 10] also shows that every
torsion free sheaf V for which VVV is stable is smoothable. Thus the set of
locally free sheaves is nonempty and dense in the component containing V
in this case.

Now consider a V' such that W = VVV is not stable. Using the exact
sequence

0> Ox(F)->W—>0x(F)®Iz—0

for W which was given in the course of the proof of (2.1), it is easy to check
that there is an exact sequence

0 = Hom(Iz,W @ Ox(—F) ® Kx) - Hom(W,W ® Kx) —
- HY (W ® Ox(-F) ® Kx).

Since —Kyx is effective and nonzero, H'(W ® Ox(-F) ® Kx) =
Hom(Iz,W ® Ox(—F) ® Kx) = 0. Thus Hom(W,W ® Kx) = 0 as well.
Once again V is smoothable.
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Now we claim that a general smoothing V'’ of V' is Mumford stable. For
otherwise by the proof of (2.1) there is an exact sequence

05 0x(F)=V 5 0x(F)®Iz—0

as above, with £(Z) < £(0) = 0. In this case V' is an extension of Ox (F) by
Ox(F), forcing w = p = 0 and (since h'(Ox) =0) V' = Ox(F) ® Ox(F).
O

It is natural to make the following conjecture, which is true for geomet-
rically ruled X by [30] and is verified in certain other cases by [36].

Conjecture 2.4. If X is a rational surface with —Kx effective, then for
every choice of L, A and ¢, My (A,c) is either empty or irreducible.

Let us fix some notations for the rest of this paper.

Definition 2.5. Let X be an algebraic surface (not necessarily rational),
and let ¢ be a fixed numerical equivalence class defining a wall of type (A, c).
Set £ = (4c — A? +(?)/4 = (¢®> — p)/4. Choose two nonnegative integers
n_ and ny withn_ +n4 = £, and let E/~"* be the set of all isomorphism
classes of nonsplit extensions of the form

0> Ox(F)®Iz_ —)V—)Ox(A—F)®IZ+—)O

with ( = 2F — A and E(Zi) =MNy.

We remark that since ( = A (mod 2) and A% —4c < (%2 <0, £ is a
nonnegative integer. If V corresponds to a point of E =", then V is L-
unstable since L -¢ > 0. By (2.2)(ii), V is simple, and if it is L_-semistable
then it is actually stable. By (2.3), if X is a rational surface with —Kx
effective, then 9_ is smooth in a neighborhood of a point corresponding to
a sheaf V lying in E?‘ ™+ for some ¢,n_,ny. We shall now study E?“ e+
in more detail for rational surfaces.

Lemma 2.6. Suppose that —Kx is effective and that q(X) = 0. For Z_
and Z two fixed zero-dimensional subschemes of X of lengths n_ and ny
respectively,

dim Ext'(Ox (A — F) ® I, ,0x(F) ® Iz_) = n_ + ny + h(¢) = £ + h(¢),

where

h(¢) = h'(X;0x (2F - A)) =
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Proof. Note that Hom(Ox (A—F)®Iz,,0x(F)®Iz_) C H'(Ox(2F-A)) =
0, since L_ - (2F — A) < 0. Likewise Ext*(Ox(A - F)®Iz,,0x(F)®Iz_)
is Serre dual to Hom(Ox (F)®1Iz_,Ox(A-F)®Iz, ® Kx) C H'(Ox (A -
2F) ® Kx) C H°(Ox(A — 2F)), since —Kx is effective. Thus as L, -
(A —2F) < 0, Ext>(Ox(A - F)® Iz,,0x(F) ® Iz_) = 0 as well. If we
set X(Ox(A—F)®1Iz,,0x(F)®Iz_) =3 ,(~1)'dimExt!(Ox (A — F) ®
Iz, ,0x(F)®Iz_), then

X(Ox(A-F)®1Iz,,0x(F)®Iz_) =
= —dimExt'(Ox(A — F) ® I, , Ox (F) ® Iz_).

Now a standard argument [28] shows that
X(Ox(A-F)®Iz,,0x(F)®1Iz_)
= / Ch(OX(A -F)® IZ+)V -ch(Ox(F)®Iz_)-Toddx .
X

Here given a class a = Y a; € €D, A{(X), we denote by aV the class
Y ;(—1)*a;. An easy computation gives

/ ch(Ox(A—F)®1z,)" - ch(Ox(F) ® Iz_) - Toddx
X
_ / ch(Ox (A — F)Y - ch(Ox (F) - Toddx —8(Z_) — £(Zy).
X
Reversing the above argument, we see that

/ Ch(OX(A - F)v . ch(Ox(F) . TOddX = X(Ox(2F - A))
X

2 .
— _h{(X;0x(2F — A)) = % - (C—;{’Q +1=—h(0).
Putting these together we see that dim Ext'(Ox(A—F)®Iz,,0x(F)®Iz_)
is equal to n_ + ny + h({). O

Let us describe the scheme structure on E.~"™* more carefully. For Z_
and Z, fixed, the set of extensions in E;~"™* corresponding to Z_, Zj,
is equal to PExt!(Ox(A — F) ® Iz,,0x(F) ® Iz_). To make a universal
construction, let H,, = Hilb"* X. Let Z,, be the universal codimension
two subscheme of X x Hy,, . Let 71, w2 be the projections of X x Hy,_ x Hy
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to X, H,_ x Hj,, respectively, and let 71,2, T1,3 be the projections of X x
H,_x Hp, to X X H,_, X x Hy,, respectively. Define

£ = Baty, (11Ox (A = F) @ 17 31z, , 71 Ox(F) @ 11 51z, ).

The previous lemma and standard base change results show that 82 - s

locally free of rank h({)+£ over H,_x Hy,. Weset E{ " = P((£/~"*)Y),
if h(¢)+£; > 0. Moreover by standard facts about relative Ext sheaves there
is an exact sequence

0 — Rlmy.Hom (wi‘(’)X(A — F)®@ni4lz,,,miOx(F) ® 71'{’2]3"_) -
- 82‘""* —

— 7T2*Ea:t1 (ﬂf@x (A-F)® WI’3Izn+ ,m Ox(F) ® 71';,2IZ,,_> — 0.

Corollary 2.7. With X asin (2.6), if (¢)+£; = h}(X; Ox (2F —A)+4; #
0, E?""* is a PN<-bundle over H,_ x H,,, where N; = dimExt' -1 =
h(¢) + £ — 1. Thus if h(C) + £¢ # 0, then dim E{ "™ = 3£ + h(¢) — 1.
Moreover in this case Ef‘c“’"‘ is a PN~¢-bundle over Hy,, x Hy_, and N, +
N_¢+26 = —p—4. Ifh(() + £ =0, then E}° = § and E®) = P73 is
a component of M. Finally this last case arises if and only if (> = p and
(-Kx=C+2=p+2.

Proof. Note that Ny > 0 unless h(¢) + 4 = 0. Under this assumption, we

have
Ne+N_¢+20 =46 —(*—4=—-p—4.

The case where h({) + £, = 0 is similar. Moreover if A(¢) + £; = 0, then
it follows from (2.2)(ii) that all of the sheaves V corresponding to points of
Eg’g are L -stable. By (2.2)(i) the map Eg’g — 90t is one-to-one. Since I,
is of dimension —p — 3 and smooth at points corresponding to the sheaves in
E'O_’g — M, the map Eg’g — M, must be an embedding onto a component
of M. The final statement follows from the formulas ¢? = 4, + p and

(¢ -Kx) (2
h(¢) = 5 5 1. O
If h(¢) +£¢ # 0, then by Lemma 2.2 there is a rational map from Eg' o
to the moduli space 9_ which is birational onto its image. However this
map will not in general be a morphism if n_ > 0 (see [16]). We shall study
this more carefully in the next sections.
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Let us also remark that standard theory gives a universal sheaf V over
)
¢

Proposition 2.8. Let p: X x Eg"m — X X Hp_ x Hy, be the natural
projection, and let 7y : X X Eg' L Eg""’“ be the projection. Then there
is a coherent sheaf V over X X Eg‘ "+ and an exact sequence

0 p* (n1Ox(F) ® o1z, ) @ M50 prns ()

SV p (WIOX(A - F) ®7TT,3IZn+) — 0.

Remark 2.9. Very similar results hold in the case where —Kx is effective
and nonzero (corresponding to certain elliptic ruled surfaces) or Kx = 0
(corresponding to K3 or abelian surfaces). For example, in the case of a K3
surface X, the moduli space is smooth of dimension —p — 6 away from the
sheaves which are strictly semistable for every ample divisor (although there
exist components consisting entirely of non-locally free sheaves for small
values of —p). In this case however h({) = —(?/2—2 and Ny + N_ +2¢, =
—p — 6, which is equal to the dimension d of the moduli space instead of
to d — 1. For example, if {; = 0, then Ny = N_ = d/2. In this case
Eg’o = P4/2 i3 a maximal isotropic submanifold of the symplectic manifold
M_. In other words, the natural holomorphic 2-form w on 9_ vanishes
on E¢° and identifies the normal bundle of E."" in 901 with the cotangent

bundle of E‘g’".

3. Flips of moduli spaces.

In this section, we begin by assuming again that X is an arbitrary al-
gebraic surface. Let ( = (1,...,(, be the positive rational multiples of ¢
such that ¢; is an integral class also defining the wall W¢. Our goal in this
section is to deal with the problem that there is only a rational map in
general from E’Z,‘ "+ to 9M_. We shall do so by finding a sequence of spaces
between M_ and 91, , each one given by blowing up and down the previous
one, such that for an appropriate member of the sequence the rational map
En:‘ M+ __» M_ becomes a morphism (and a smooth embedding in the case
of rational surfaces). Throughout the rest of this paper, Ly shall denote any
ample divisor contained in the interior of the intersection of W¢ and the
closures of C+. Recall that we have defined universal semistability after the
proof of (2.1).
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Definition 3.1. Let k be an integer. A rank two torsion free sheaf
V with ¢;(V) = A and A? — 4¢y(V) = p is (Lo, (, k)-semistable if V is
Mumford Lg-semistable and if it is strictly Mumford semistable, then either
it is universally semistable or, for all divisors F' such that 2F — A = (, we
have the following:

(i) If there exists an exact sequence
0> 0x(F)®Iz -V = 0Ox(A-F)®Iz —0,
then £(Z3) < k and thus £(Z;) > £¢; — k.
(ii) If there exists an exact sequence
02 0x(A-F)QIz, >V = Ox(F)®1Iz —0,
then £(Z;) > k + 1 and thus £(Z;) < ¢ —k — 1.

Likewise, setting ¢ = ((1,...,¢s) and k = (ki1,...,k,), we say that V is
(Lo, ¢, k)-semistable if V' is (Lo, (;, k;)-semistable for every i. Let Dﬁff’k) de-
note the set of isomorphism classes of (Lo, ¢, k)-semistable rank two sheaves
V with ¢;(V) = A and A% — 4cy(V) = p.

Next we give some easy properties of (Lo, ¢, k)-semistability.

Lemma 3.2. (i) Ifk; > £, for all i, and V is not universally semistable,
then V is (Lo, ¢, k)-semistable if and only if it is L_-stable. Likewise
if k; < —1 for all © and V is not universally semistable, then V is
(Lo, ¢, k)-semistable if and only if it is L -stable.

(i) If k; > £, for all i, then M = M_. Likewise if k; < —1 for all i,
then ME™ =, .

(ifi) For ny > k;, ME™ N ™ =,

. . o . . Le.—kik; . . . .« .
(iv) There is an injection ch‘ — Dﬁgc’k). Likewise there is an injec-

. k;+1.8,.—k;—1 . . Le.—k;i k;
tion E—C-: “ — Dﬁ(()c’k). Finally, the images of ngl and
b, —kj k;

G ? are disjoint if i # j.

Proof. If k; > £, for all 4, then the condition that £(Z;) < £, and £(Z;) > 0
are trivially always satisfied and the conditions £(Z;) < —1 and £4(Z;) >
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¢, + 1 are vacuous. A similar argument handles the case k; < —1 for all
i. It is easy to see that this implies (i). Statement (ii) follows from (i),

and (iii) follows from the definitions. As for (iv), let V € Eff"_ki’ki. To

decide if V is in Sﬁ((,c’k), we look for potentially destabilizing subsheaves
with torsion free quotient. Similar arguments as in [31] show that the only
potentially destabilizing subsheaves with torsion free quotient must be either
Ox(F)®Iz, or Ox(A—F)®Iz. By hypothesis, there is a unique subsheaf of
V of the form Ox (F)® Iz, and it is not destabilizing. If there is a subsheaf
of the form Ox (A — F) ® Iz with torsion free quotient, then by Lemma 2.2
we have £(Z) > £(Z3) = k; and so £(Z) > k; + 1. Hence such a subsheaf
is also not destabilizing. Thus by Definition 3.1 V is (Lo, ¢, k)-semistable.

Le. —k,’,ki . £ ~_ki»ki
The fact that the map ch' — im(()c’k) is one-to-one and that E(f'

Lo —kj .k o o . op - . .. .
and E FJ 7™ are disjoint if i # j also follow from similar arguments in [31].
The statement about E_

k+1£ —ki— ..
Tt 1s similar. O

Next suppose that we are given two integral vectors k and k' and a
subset I of {1...,n} such that &} =k;if c¢ T and k} = k; —1if: € I. We

investigate the change as we pass from smgc"" to EDT(()C’RI).

Lemma 3.3. The set of sheaves V in smff"‘) which are not (L, ¢,k')-
lCz ki k;

semistable is exactly the image of U;¢; E, . Likewise the set of V &
ZUI(()C X) which are not (Lo, ¢, k)-semistable is exactly the image of

ki b, —ki
Uier £2;,

Proof. If V is (Lo, ¢, k)-semistable but not (Lg, ¢, k’)-semistable, then V
must be Mumford strictly Lo-semistable. Suppose that the (Ly,¢,k')-
destabilizing subsheaf is of the form Ox(F) ® Iz,, where F corresponds to
¢; for some i € I. Then £(Z5) < k; (since V € ME™) but £(Z,) > k; (since
the subsheaf is (Lo, ¢, k')-destabilizing, for k] = k — 1) so that £(Z3) = k;.
Thus V € Eﬁci_ki’ki The other possibility is that the destabilizing subsheaf
is of the form Ox (A — F)® Iz,. Here we need £(Z;) > k;+1 but £(Z1) < k;

and there are no such sheaves. The statement about smff ) follows by
symmetry. O

We shall now describe a sequence of actual moduli spaces mtff"‘) for
which the integral vector k change in the way described before the statement
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of (3.3).

Definition 3.4. Suppose that {; = r;(1, where r; is a positive rational
be, + 14

number. Given t € Q, let t; = r;t, so that £; = ¢t. Suppose that T 5 is

not an integer for any ¢. In this case, define
le, + ¢
k’L(t) = [ C12 ’LJ’

where [z] is the greatest integer function, and define k(t) to be the vector

formed by the k;(t). A rational number ¢ is (;-critical if bt 5 L € Z and

le. + t;
fathi < 4. We shall also say that #; is (;-critical. Finally ¢ is

¢-critical if it is (;-critical for some i. Note that there are only finitely many
such t¢.

Given t € Q, let I(t) = {4 : t is (j-critical }. Suppose that ¢ is chosen
so that, for every i, either there is no (j-critical rational number in [t; —
Ti€,t; +7Ti€] or ¢; is the unique (;-critical rational number in [¢; — rie, t; + €]
Equivalently either there is no ¢-critical number in [t — €, + €] or ¢ is the
unique ¢-critical number in [t — €,t + ¢]. Then we clearly have:

bt —e) = kit +¢), if 5 ¢ I(t)
' kit +e) =1, ifiel(t).

In particular if there is no {-critical number in [t —¢,t+¢€], so that I(t) = 0,
then k;(t — €) = ki(t + ¢) for every i. Further note that if ¢ > 0, then
ki(t) > £¢, for every i, and if t < 0, then k;(t) < —1 for every i.

We then have the following theorem, whose proof will be given in the
next section:

Theorem 3.5. For allt € Q which are not {-critical, there exists a natural

structure of a projective scheme on DJIf)C’k(t)) for which it is a coarse moduli
space.

The proof of (3.5) will also show that imgc’k(t)) has the usual properties

of a coarse moduli space: all sheaves corresponding to points of szf"‘(t” will
turn out to be simple (as they will turn out to be stable for an appropriate
notion of stability), a classical or formal neighborhood of a point of sz)“‘(*”
may be identified with the universal deformation space of the corresponding
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sheaf, and there exists a universal sheaf locally in the classical or étale
topology around every point of DJT(()C’k(t)).

For the rest of this section, we shall again restrict to the case where X
is a rational surface with —Kx effective, unless otherwise noted. Let ¢ = (;
for some ¢ and let k = k(¢) for some ¢ which is not ¢{-critical. The first step
is to make some infinitesimal calculations concerning the differential of the
map Eéc_k’k — EUI(()C’k) and the normal bundle to its image.

Proposition 3.6. The map Egg_k’k - SDT(()C’k) is an immersion. The nor-

mal bundle N, Ce(_k’k to E?—k’k in mtff"" is exactly p*c‘.’;'f’fc—k ® OEé(—k,k (-1),

in the notation of the previous section.

Proof. Since every sheaf in im((,c’k) is actually stable and therefore simple
(which was also proved in (2.2)) we may identify an analytic neighborhood
of V e zmgc"‘) with the germ of the universal deformation space for V, i.e.
with Ext!(V,V). Let us now calculate the tangent space to Eéc_k’k at V:

suppose that ¢ € Ext!(Ox(A — F)®Iz,,0x(F) ®Iz,) = Ext! is a nonzero
extension class corresponding to V, where £(Z,) = {; —k and £(Z3) = k. Let
Hy ;= Hilb% * X and Hy = Hilb* X. Then there is the following exact

sequence for the tangent space to Eéc—k’k at &:

0 — Ext! /C- & —» TeES ™" — T, Hy_ & Tz, Hy — 0.

Note further that the tangent space to Hilb™ X at Z is equal to Hom(Iz, Oz),
which we may further canonically identify with Ext!(Iz,Iz) since X is ra-
tional and by a local calculation. We then have the following:

Proposition 3.7. For all nonzero ¢ € Ext!, the natural map from a neigh-
borhood of ¢ in Eég_k’k to SDT(()C’k) is an immersion at €. The image of
TEEgc_k’k in Ext}(V, V) is exactly the kernel of the natural map

Ext!(V,V) = Ext}(Ox (F) ® Iz,,0x (A — F) ® Iz,),

and the normal space to Efc_k’k at ¢ in sm((f"‘) may be canonically identified
with Eth(Ox(F) ®Iz,0x(A—-F)®Iz,).
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Proof. Consider the natural map from Ext!(V, V) to
Ext' (Ox(F) ® Iz,,0x(A — F) ® Iz,).

We claim that this map is surjective and will describe its kernel in more
detail. The map factors into two maps:

Ext!(V,V) = Ext}(V,0x (A — F) ® Iz,)
Ext}(V,0x (A — F) ® Iz,) = Ext}(Ox (F) ® Iz, Ox (A — F) ® Iz,).

The cokernel of the first map is contained in Ext?(V,Ox(F) ® Iz,). To
see that this group is zero, apply Serre duality: it suffices to show that
Hom(Ox(F)® Iz,,V @ Kx) = 0. From the defining exact sequence for V,
we have an exact sequence '

0 - Hom(Ox(F)® Iz,,0x(F) ® Iz, @ Kx)
— Hom(Ox(F)®1z,V®Kx) - Hom(Ox (F)®1Iz,,0x(A—-F)Q1Iz,).

The first term is just H(Kx) = 0 and the third is contained in H°(Ox (A —
2F)®Kx) = 0. Thus Hom(Ox (F)®Iz,,V®Kx) = 0. The vanishing of the
cokernel of the second map, namely Ext?(Ox (A—F)®Iz,, Ox(A-F)QIz,),
is similar. Thus Ext!(V,V) — Ext!(Ox(F)®Iz,,0x(A - F)®1z,) is onto.
If K is the kernel, then arguments as above show that there is an exact
sequence

0 = Ext}(V,0x(F)®1Iz) - K —
— Ext!(Ox(A — F) ® I2,,0x (A — F) ® Iz,) — 0.

Here Ext!(Ox (A — F) ® I2,,0x(A — F) ® Iz,) = Ext!(Iz,,1z,) is the
tangent space to Hy. Moreover, there is an exact sequence

Hom(Ox (F) ® Iz,,0x(F) ® Iz,) =
— Ext'(Ox (A — F) ® Iz,, Ox(F) ® Iz,) —
- Ext}(V,0x(F) ® Iz,) =
— Ext!(Ox(F) ® Iz,,O0x(F) ® Iz,) = 0.

The last term is Ext!(Iz,, Iz ) which is the tangent space to Hy, i at Zy,
and the first two terms combine to give Ext! /C-£. Thus the kernel K looks

very much like the tangent space to Efc—k at ¢ and both spaces have the

same dimension.
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Let us describe the tangent space to Eéc Y’ ¢ and the differential of
the map Eg‘ 4o im(()(’k) in more intrinsic terms. It is easy to see that a

Spec Cle]-valued point of Egc_k’k which restricts to ¢ defines two codimension
two subschemes Z; C X x SpecCle], Z2 C X x SpecCle], flat over Spec Cle],
restricting to Z; over X, and an extension V over X x SpecCle| of the form

0 70Ox(F)®Iz,® 2V 23 71i0Ox(A-F)®1Iz, — 0.

Conversely such a choice of Z;, Z; and V define a Spec Cle]-valued point of

E§<_k’k. Thus there is a commutative diagram with exact rows and columns:

0 0 0

! ! !

0 —— Ox(F)®Iz Ox(A-F)®Iz;, —— 0

! ! !

v
~

0 — 7fOx(F)® Iz, > VY » MfOx(A—-F)®Iz, — 0
0 —— Ox(F)®Igz >y V » Ox(A—-F)®Iz, —— 0
0 0 0

Here the extension V of V by V, viewed as a point of Ext!(V, V), corresponds
to the Kodaira-Spencer map of the deformation V of V. Likewise the left
and right hand columns give classes in Ext!(Iz,,Iz) and Ext!(Iz,,1z,)
corresponding to Z; and Z;. A straightforward diagram chase shows that if
VY fits into this commutative diagram then the image of the extension class
¢ € Ext}(V, V) corresponding to V in Ext}(Ox (F) ® Iz, Ox (A - F)®Iz,)
is zero. To see the converse, that every element in the kernel K of the map
Ext'(V,V) = Ext}(Ox (F)®Iz,0x(A—F)®Iz,) is the image of a tangent
vector to E? ko at &, use the arguments above which show that there is a
surjection from K to

Ext!(Ox(A — F) ® Iz,,0x(A = F) ® Iz,) = Ext'(Iz,,12,).

Thus there is an induced extension of Ox (A —F)®1z, by Ox(A—F)®1Iz,,
necessarily of the form Ox (A - F)®Iz,, and a map from V to Ox(A—F)®
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Iz,, necessarily a surjection. The kernel of this surjection then defines an
extension Ox (F)® Iz, of Ox(F)®Iz, by Ox(F)®Iz,. It follows that K is

in the image of the tangent space to Eéc—k’k at £. By counting dimensions

—kk

the map on tangent spaces from TEEZC to Ext!(V, V) is injective, showing

that the map from E?_k’k to imgc’k) is an immersion and identifying the
normal space at &. O

Let us continue the proof of Proposition 3.6. To give a global description
of the normal bundle to Efc_k’k in mtff"‘), recall by standard deformation

theory [10] that the pullback of the tangent bundle of imgc’k) to Eéc—k’k is

just Extl, (V,V), where V is the universal sheaf over X x Efc_k’k described

in (2.8) and 7y : X x Efg—k’k — Eﬁc_k’k is the second projection. Moreover

the calculations above globalize to show that the normal bundle is exactly

Extr, (0" (r{Ox (F) @ 71 512,) ®
T30 gt (1), 6" (7fOx (A - F) ® 7 313,)),

where p : X X Eﬁc_k’k — X x Hy, i, x Hy, is the natural projection. Using

standard base change results and the projection formula, we see that this
sheaf is equal to

p*Exty, (1iOx (F) @ n} 51z, 7 Ox (A — F) @ 1} 31z,) ® O ki (=1),
¢

which is the same as p*é'f’f(_k ® OEtc—k,k(—].). O

¢

Finally, to compare the moduli space Dﬁgc’k(t-"e)) with mth’k“‘E”, where
t is the unique {-critical point in [t — €, + €], we shall need the following
result which is a straightforward generalization of (A.2) of [11].

Proposition 3.8. Let X be a smooth projective scheme or compact com-
plex manifold, and let T be smooth. Suppose that V is a rank two reflexive
sheaf over X x T, flat over T'. Let D be a reduced divisor on T', not neces-
sarily smooth and let i : D — T be the inclusion. Suppose that L is a line
bundle on X and that Z is a codimension two subscheme of X x D, flat
over D. Suppose further that V — i,m]L ® Iz is a surjection, and let V' be
its kernel:

02V 5V simLelz —0.
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Then there is a line bundle M on X and a subscheme Z' of X x D codi-
mension at least two, flat over D, with the following properties:

(i) V' is reflexive and flat over T.
(ii) There are exact sequences

0> M®Iz —»V|D = L& Iz —0;
0> mL®Iz®0Op(—D) >V |D = 1iM® Iz — 0,

which restrict for each t € D to give exact sequences

0 MQRIzy -V, > LeI; —0;
0-LIz —»V) 5> M®Iz —0.

Here Z is the subscheme of X defined by Z for the slice X x {t} and
Z' is likewise defined by Z'.

(iii) If D is smooth, then the extension class corresponding to (V;)' in
Ext!(M ® Iy, L ® I7) is defined by the image of the normal vector to
D at t under the composition of the Kodaira-Spencer map from the
tangent space of T at t to Ext!(V;,V;), followed by the natural map
Ext!(V;,V;) = Ext'{(M ® Iz, L ® Iz).

Here V' is called the elementary modification of V along D. This con-
struction has the following symmetry: if we make the elementary modifi-
cation of V' along D corresponding to the surjection V' — i, (1M ® Iz),
then the result is V ® Oxx7(—(X x D)).

Here is the typical way that we will apply the above: given X, let M
be a smooth manifold and Y a submanifold of M. Let T be the blowup of
M along Y and let D be the exceptional divisor. Let 7 : T — M be the
natural map. Then, given £ € D, the image in the normal space to m(£) of
the normal direction at ¢ to D under . may be identified with the line in
the normal space corresponding to &.

We can now state the main result as follows:

Theorem 3.9. Suppose that t is the unique {-critical point in [t —e,t+€].
If h(£¢) + £ag; # O for every i, then the rational map S)thc’k(t"'s)) -3
mt((f"‘(t‘e” is obtained as follows. For every i, fixing (; = ¢ and k;i(t +¢) =
k, blow up Egc_k’k in DJISC’k(t"'E)). Then the exceptional divisor D is a
PN¢ x PN-¢-bundle over Hilb%~* X x Hilb* X. Moreover this divisor can
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be contracted in two different ways. Contracting the PN-¢ fibers for all
possible ¢ gives DJT(()C’k(HE)). Contracting the PN¢ fibers for all possible (

gives im(()c’k(t_s)). Moreover the morphism from the blowup to zmg"““‘s))
is induced by an elementary modification as in (3.8), and the image of the
e —k,k

the component of the exceptional divisor which is the blowup of E is

v
Ei C( . Finally the construction is symmetric.

Similar statements hold if h(+(;) + £+¢, = 0 for some i, where we must
also add in or delete an extra component coming from +¢;.

Proof. Begin by blowing up Eéc-k’k in !Ulggk(t%n for all possible (. For
simplicity we shall just write down the argument in case there is only one
(; the general case is just additional notation. Let ﬁgc’k(ﬁe)) denote the
blowup and D the exceptional divisor. Note that the normal bundle N bemhok

to E‘fc Rk ﬁ)t(ck(t“Ls)) sp*c‘,"czc ®0 tc-kk( 1), where p : EfC kk —

Hilb%~* X x Hilb* X is the projection. In particular N( k restricts to

each fiber PV¢ to a bundle of the form [O]P N
calculation using (2.7) shows that N = N_ + 1. It follows that the fibers of
the induced map from D to Hilb%* X x Hilb* X are naturally PN¢ x PN-¢,
Moreover it is easy to see that O(D)|PN¢ = Opn,(—1), using for example

the fact that O(D)|PY¢ x PN~¢ = O(a, —1) for some a and the fact that

] ® Opn(—1), and an easy

N{ETFMPNe = ROy, [O(~D)|P™ x PN=¢] = [OP <+1] ® Opn, (—a).

For the rest of the argument, we assume that there exists a universal
family on X x Em(()C’k(He)). Of course, such a family will only exist locally
in the classical or étale topology, but this will suffice for the argument. Let
U be the pullback of the universal family to X x ﬁff"‘(t*s)). Locally again
we may assume that the restriction of  to X x D is the pullback of the
universal extension V of (2.8):

0 p* (TOx(F) @i 1z, ) © 130 (1)
SV ot (w{OX(A _F)® 7Ti3Izn+) 0.

Now Egnsider the effect of making an elementary transformation of &/ on
X x mq‘f"‘“*f” along the divisor D, using the morphism from U to the
pullback of p* (1}Ox(A — F) ® n} 31z,) given by considering the pullback
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of the universal extension. Applying (3.8) to the elementary transformation
U', we see that the fiber of U’ at a point of the fiber PY¢ x PN~¢ lying over
a point (Z1, Z,) € Hilb%~* X x Hilb* X is given by a nonsplit extension of
the form

0>O0x(A-F)®Iz, >U - Ox(F)® Iz — 0.

Moreover the extension class corresponding to U is given by the projectivized
normal vector in PV-¢. Thus it is independent of the first factor PV¢ and
the set of all possible such classes is parametrized by the second factor
PN-¢. There is then an induced morphism from ﬁggk(t%n to QJT(()C’k(t—E))
and clearly it has the effect of contracting D along its first ruling and has
the property that the image of D is exactly Ef’fc—k. We leave the symmetry
of the construction to the reader. This concludes the proof of (3.9). a

Remark 3.10. In the K3 or abelian case, the arguments of this section
show that the rational map mg"’"(t*e” -3 smgc"‘(t‘e” is a Mukai elementary
transformation [27, 29].

We can also use (3.8) to analyze the rational map from Eg"’” to M_,
in the case where it is not a morphism. For simplicity we shall only consider
the case of ECI’O, ie. £ =1. Inthiscase Z_ =p € X and Iz_ = my is
the maximal ideal sheaf of p. Moreover Ext!(Ox (A — F),O0x(F) ® my) =
HY(Ox(2F — A) @ my). There is an exact sequence

0 — HY(C,) —» HY(Ox(2F — A) @ mp) = HY(Ox (2F — A)) — 0.

Moreover, for p fixed, the extensions V corresponding to a split extension
for VVV are exactly the kernel of the map from H!(Ox(2F — A) ® my)
to H'(Ox(2F — A)), i.e. the image of H(C,). The normal space is
thus identified with H'(Ox(2F — A)). Now if the extension for VVV is
split, then there is a map Ox(A — F) ® mp — V with quotient Ox (F).
This way of realizing V as an extension gives a surjection Ext!(V,V) —
Ext'(Ox (A — F) ® m,, Ox(F)), and we must look at the image of the nor-
mal space H!(Ox (2F — A)) in this extension group. On the other hand, we
have an exact sequence

0 = HY(Ox(2F — A)) = Ext}(Ox (A — F) @ m,, Ox (F)) = H°(C,) = 0

coming from the long exact Ext sequence, and it is an easy diagram chase to
see that the induced map Ext!(Ox (A — F), Ox (F) @ mp) — Ext!(Ox (A —
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F)®m,, Ox(F)) factors through the map Ext'(Ox(A-F),Ox(F)®m,) —
H'(Ox(2F—A)) and that the image is exactly the natural subgroup H!(Ox
(2F — A)) of Ext}(Ox(A — F) ® my, Ox (F)).

The above has the following geometric interpretation: the locus U in
Eé’o of L_-unstable sheaves is in fact a section of Eé’o. If we blow up this
section and then make the elementary transformation, the result is exactly
the set of elements of Eg’l corresponding to nonlocally free sheaves. This

set is already a divisor in Eg’l. There is thus a morphism from the blowup
of Eé’o along U to MM _ which is an embedding into 91_. Its image (Eé’o)’ in
M _ meets E?’l exactly along the divisor in Eg’l of nonlocally free sheaves.

We can now give a picture of the birational map from 9_ to 9 in this
case. Begin with the subvariety Eg’l in 9M_ and blow it up. Let D%! be the

exceptional divisor, ruled in two different ways. As Eg’l meets (Ecl’o)’ along
a divisor, the proper transform of (Ecl’o)’ in the blowup is again (EZ’O)’ .
Making the elementary modification along D%!, we then blow down D%!
to get a new moduli space. This moduli space then contains Ecl’o. At this

point we can then blow up ECI’0 and contract the new exceptional divisor
D0 to obtain 91, (a few extra details need to be checked here concerning
the Kodaira-Spencer class). Note again the symmetry of the situation. In
principle we could hope to carry through this analysis to the case where £; >
1 as well, but we run into trouble with the birational geometry of Hilb" X.
Somehow the construction of our auxiliary sequence of moduli spaces has
eliminated the necessity for understanding this birational geometry in detail.

4. Mixed stability and mixed moduli spaces.

Our goal in this section is to give a proof of Theorem 3.5 (for an arbi-
trary algebraic surface X). By way of motivation for our construction, let
us analyze Gieseker semistability more closely. In the notation of the last
section, we suppose that L is an ample line bundle lying on a unique wall
W of type (w,p), and let (i,...,(, be the integral classes of type (w,p)
defining W. Let V be an Ljp-semistable rank two sheaf. Thus either V is
Mumford Ly-stable or it is Mumford strictly semistable. In the second case,
let Ox(F) ® Iz, be a destabilizing subsheaf and suppose that there is an
exact sequence

0>0x(F)®Iz -V =2 0x(A-F)Q®1Iz —0.
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Let { = 2F — A. We shall assume that { = (; for some %, or equivalently that
¢ is not numerically equivalent to zero (i.e., V is not universally semistable).
By assumption pro (V) 2 pr,(Ox(F) ® Iz,), and so x(V) > 2x(Ox(F) ®
Iz,). Since x(V) = x(Ox(F)® Iz,) + x(Ox(A — F)® Iz,), we may rewrite
this last condition as

x(Ox(A - F)® Iz,) — x(Ox(F) ® I,) > 0.
Now from the exact sequence
0 Ox(F)®Iz, » Ox(F) = Oz, — 0,

we see that x(Ox(F) ® Iz,) = x(Ox(F)) — £(Z1), and similarly x(Ox (A —
F)®Iz,) = x(Ox(A — F)) — £(Z;). By Riemann-Roch,

X(Ox(A = F)) - X(Ox(F)) = (A - F) = (A= F) - Kx — F*+ F - Kx)
= %(A2-2A-F+§-Kx)

1
Thus we have the following conditions on Z; and Zs:

U(Zp) - U(Z1) < ¢
UZ2) + U Zy) = ¢,

and so 24(Z;) < £¢ +t. Setting k = Zcz_+t], we have £(Z;) < k. Applying

a similar analysis to a subsheaf of the form Ox (A — F) ® Iz, shows that, if
there is such a subsheaf, with a torsion free quotient Ox (F) ® Iz,, then
ec -t _ ZC +1

17 5

U(Zs) <

b+t
< ;- is not an integer, then this condition becomes £(Z;) <

fc-l-t

In particular, if
¢; — k — 1. Thus, provided
wall W (i.e. t is not (-critical for every (), V is (Lo, (, k)-semistable for
k = btt and indeed V is (Lo, ¢, k)-semistable, where k is defined in

the obvious way. Conversely, assuming that ¢ is not ¢-critical for every (,

is not an integer for every ( defining the
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V is Gieseker Lo-semistable, indeed Gieseker Ly-stable, if it is (Lo, ¢, k)-
semistable for k as above.

We would like to produce a similar condition where ¢ is allowed to be any
rational number which is not (-critical. One way to think of this problem
is to consider the analogous problem where we replace A by A + 2E and
make the corresponding change in ¢, so that A and p remain the same. This
corresponds to twisting V by Ox(E); and ¢ is replaced by t — (- E. In
particular, we see that the notion of Gieseker stability is rather sensitive to
twisting by a line bundle. Moreover if W is defined by exactly one ¢ such
that there exists a divisor Z with - = = 1, for example if ¢ is primitive and
pg(X) = 0, it is easy to see that we can construct the appropriate moduli
spaces as Gieseker moduli spaces corresponding to twists of V by various
multiples of Z. In general however we will need to consider a problem which
is roughly analogous to allowing twists of V' by a Q-divisor Z. This is the
goal of the following definition of mixed stability:

Definition 4.1. Let X be an algebraic surface and let Ly be an ample
line bundle on X. Fix line bundles H; and Hs on X and positive integers
a; and as. For every torsion free sheaf V on X of rank r, define

a a
PVi Hya1,00(n) = —X(V © H1 ® L) + —X(V © Hy ® L),

A torsion free sheaf V' is (H;, H3,a1,a2) Lo-stable if, for all subsheaves W
of V with 0 < rank W < rank V and for all n > 0,

PV;Hy,Hj,a1,02 ('n') > PW;Hy,Hs,01,02 (n)

(H1, Ha,a1,a2) Lo-semistable and unstable are defined similarly.
The usual arguments show the following:

Lemma 4.2. IfV is (Hy, Hs,a1,a2) Ly-stable, then it is simple.

In the case of rank two on a surface X (which is the only case which
shall concern us), V is (Hj, Hy,a1,a2) Lo-stable if and only if, for all rank
one subsheaves W, and for all n > 0, we have

al(x(V ® H1 ® Lg’) - 2X(W ® H] ® Lg’)) +
az(x(V® Hy ® Lg) — 2x(W ® H, ® Lg)) > 0.

In particular, if V is (Hy, Hy, a1, a2) Lo-stable then either V® Hy or V ® Hy
is stable, and a similar statement holds for semistability. A short calculation
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shows that the coefficient of n in the above expression (which is a degree
two polynomial in n) is (a1 + a2)(Lo - (¢1(V) — 2F)) where F = ¢; (W) and
that the constant term is

(a1 +a2)(x(V) = 2x(W)) + a1H; - (c1(V) — 2F) + agH> - (c1(V) — 2F).

Thus V is (Hi, Hg,a1,a2) Lo-stable (resp. semistable) if and only if it is
either Mumford Ly-stable or Mumford strictly semistable and the above
constant term is positive (resp. nonnegative). It is easy to see, comparing
this with the discussion at the beginning of this section, that formally this
is the same as requiring that V' ® E is (Gieseker) Lg-stable or semistable,
where E is the Q-divisor

ai a2
H, +
a + ag a1 + ag

Thus for example taking H, = 0 and replacing H; by a positive integer
multiple we see that we can take for = an arbitrary Q-divisor.

Let us explicitly relate mixed stability to our previous notion of
(Lo, ¢, k)-semistability:

Lemma 4.3. Given A and c and the corresponding w and p, let Ly be
an ample divisor lying on a unique wall of type (w,p) and let V be a rank
two torsion free sheaf with ¢;(V) = A and c3(V) = c¢. Let E be the Q-

1 92 H, and suppose that the rational number t; =
ai + az ai + ag
%Q - (Kx — A) — (; - E is not (;-critical for every (; of type (w,p) defining
W. Then, with t = t;, V is (Lo, (,k(t))-semistable if and only if it is
(H1, Hs,a1,a2) Lo-semistable if and only if it is (Hy, Ha,a1,a2) Lo-stable.

divisor

Proof. Using the additivity of the polynomials pv.x, H,,e,,0, OVer exact se-
quences, it is easy to check that V' is (Hj, Hy,a1,a2) Lo-semistable if and
only if it is Mumford Lo-semistable, and for every Mumford destabilizing
subsheaf of the form Ox(F) @ Iz,, either V is universally semistable or we
have

x(V) = 2x(Ox (F) ® Iz,) — (- E> 0,

where (; = 2F — A. Using our calculations above, this works out to

UZ) ~UZ) < 3G (Kx — 8) ~ G- B =1
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e, + t;
Equivalently since £(Z)+£(Z2) = £, this becomes £(Z3) < fath . Thus
V is (H1, Ha,a1,a3) Lo-semistable if and only if it is (Lo, ¢, k(t))-semistable.
Moreover, since t is not (;-critical, the inequalities are automatically strict,
so that V is also (Hy, Ha,a1,a2) Lo-stable. O

Now choosing a Zy such that (;-Zy # 0, every rational number ¢ is of the
form %(1 - (Kx — A) — (1 - 7Ey for some rational number r. Thus Theorem
3.5 will follow from Lemma 4.3 and from the more general result below:

Theorem 4.4. Let X be an algebraic surface X and let Ly be an ample line
bundle on X. Given a divisor A and an integer ¢, line bundles H, and Hs on
X and positive integers a1 and ag, suppose that every rank two torsion free
sheaf V with ¢ (V) = A, c2(V) = ¢ which is (Hy, Hz,a1,a3) Lg-semistable
is actually (Hy, Hy,a1,a2) Lo-stable. Then there exists a projective coarse
moduli space My, (A, c; Hi, Hz,a1,a2) of isomorphism classes of rank two
torsion free sheaves V with c;(V) = A, ca(V) = ¢, which are (Hy, Hz, a1, a3)
Lg-semistable.

Proof. The argument will follow the arguments in [13] as closely as possible,
and we shall assume a familiarity with that paper.

Suppose that V is (Hi, Hs,a1,a2) Lo-semistable. Then either V ® H;
or V ® Hy is Ly-semistable, and thus by [13], Lemma 1.3 the set of all
such V is bounded. We may thus choose an n such that, for all V' which
are (Hi, Hz,a1,a3) Lo-semistable, V ® H; ® L is generated by its global
sections and has no higher cohomology, for ¢« = 1,2. Fix such an n for
the moment, and let d; = h°(V ® H; ® L}). Then d; is independent of
V and V is a quotient of (H; ' ® L;™)®%. Let Q; be the open subset of
the corresponding Quot scheme associated to (H; ' ® Ly™)®% consisting
of quotients which are rank two torsion free sheaves V; with ¢;(V;) = A
and c2(V;) = ¢, and such that V; ® H; ® Lj is generated by its global
sections and has no higher cohomology. We will write a point of Q; as
Vi, suppressing the surjection (Hi_1 ® Ly m)®di _ V;. Inside Q; x Qa, we
have the closed subscheme I consisting of quotients V; and V, such that
dimHom(Vi, V) > 1. There is also the open subvariety I} of Iy consisting
of (V1,V2) with dimHom(V},V3) = 1. Using the universal sheaves U; over
X x Qi, we can construct a C* bundle I over Ij whose points are (V1, V2, ¢),
where ¢ : V| = V5 is a nonzero homomorphism, unique up to scalars.

For i = 1,2, let E; be a fixed vector space of dimension equal to d;
RO(V ® H; ® L). Fix once and for all an isomorphism (H; ! ® L;™)®%

R
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(H7'® Ly™ ®E;. A surjection (H;'®Ly™)®% — V; then gives a map E; —
HY(V,;® H; ® L) and via such a surjection a basis v, ...,vq, of E; gives d;
sections of V1 ® H; ® L§ and similarly for a basis wy, . .., wq, of E5. Moreover
GL(d;) acts on (H; 1 ® L;™)®% and on Q;. By the universal property of the
Quot scheme, this action extends to a G L(d;)-linearization of the universal
sheaf U; over X x @Q;. Thus there is a right action of GL(d;) x GL(d3) on
I, and it is easy to see that the elements (AId,AId) act trivially. Let F;
be the fixed vector space H'(A ® H? ® L3"), and F the fixed vector space
H°(A® H; ® Hy ® L2"). Let

2 2
U = Hom(/\ E1, Fi) ® Hom(/\ Es, ;) ® Hom(E; ® Ey, F).

(The factor Hom(E; ® Ep, F') is there to make sure that the destabilizing
subsheaves for V® H; and V ® H are in fact the same.) Note that GL(d;) x
G L(d2) operates on the right on U and PU. For example, the pair (AId, 1 Id)
acts on the triple (T1, T3, T) € U via (T1, Tz, T) = (AT, u?Ty, \uT). Thus
(A1, A2) acts trivially on PU if and only if (43, A2) = (A1d, AId). Given a
qUintupleK = (Vl,Vzﬂﬁlﬂﬁz, 50)7 where V; € Qia ¢1, : By — HO(V;,®H1®L'(’)")
is an isomorphism, and ¢ : V; — V5 is a nonzero map, we will define
a point (T1(V),T2(V),T(V)) € PU. To do so, fix an isomorphism az :
det Vo = Ox(A), and set ¢ = ag o dety. (Thus oy = 0 if ¢ is not an
isomorphism.) Given v,v' € E; and w,w’ € E,, identify v,v' with their
images in H%(V; ® Hy ® L?) and similarly for w,w’, and let

Ti(V)(v Av') = g (v Av') = ag odet p(v Av') € H(A ® H? ® LE");
To(V)(w Aw') = ag(w Aw') € H(A ® HZ ® L"),
T(V)(v ® w) = aa(p(v) Aw) € H'(A® Hi ® Hy ® L").

Changing a3 by a nonzero scalar A multiplies (T (V), T2(V), T'(V)) by A, so
that the induced element of PU is well defined. Similarly, if we replace ¢
by Ap, then (Ty(V),T2(V), T(V)) is replaced by (AT (V), To(V), AT(V)).
It is easy to check that the map V — T'(V) induces a morphism from I to
PU which is GL(d;) x GL(dz)-equivariant. Further note that we can define
(Th(V),T2(V),T(V)) more generally if we are given the data V of two rank
two torsion free sheaves V; and V5 with det V; = A, a morphism ¢ : V; — Vs,
and linear maps ¢; : E; - H'(V; ® H; ® Ly), not necessarily isomorphisms,
although it is possible for (T} (V),T2(V),T(V)) to be zero in this case.

We have not yet introduced the extra parameters a; and as. To do so,
define G(a1,a3) C GL(d1) X GL(d2) as follows:

G(al,az) = {(Al,Az) l detA"lll det A% = Id}
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Thus unlike Thaddeus we don’t change the polarization or the linearization
but the actual group which we use to determine stability; still our construc-
tion could probably be interpreted in his general framework. Fixing a; and
ay for the rest of the discussion, we shall denote G(a1,a2) by G. Since a;
and a; are positive, the matrix (AId, AId) lies in G if and only if A is an m*®
root of unity, where m = a;1d; +adz. Thus a quotient of G by a finite group
acts faithfully on PU. Moreover, the problem of finding a good quotient of
PU (for an appropriate open subset of PU) for G is the same as that of
finding a good quotient of PU for GL(d;) x GL(d3), since

G- C*(1d,1d) = GL(d;) x GL(dy).

This last statement follows since G clearly contains SL(d;) x SL(dy) and
since C* x C* is generated by its diagonal subgroup and by the subgroup

{om) s xndhyoade — 1},

We may thus apply the general machinery of GIT to the group G acting
on PU. A one parameter subgroup of G is given by a basis {v;} of E1, a basis
{wy} of E; and weights n;, my, € Z, such that v} = A\™v;, wp = A™kwy, and

aq Zni+a22mk =0.
i k

We shall always arrange our choice of basis so that n; <ng <--- <ny, and
m; <mg <--- <mg,. Given (T1,T>,T) € U and a one parameter subgroup
of G as above, we see that limy_,o(T1, T2, T)* = 0 if and only if T} (v; Av;) = 0
for every pair of indices %, j such that n; +n; < 0, To(wg A wg) = 0 for every
pair of indices k, £ such that my +my < 0, and T'(v; ® w;) = 0 for every pair
i,k such that n; + my < 0. Likewise the condition that limA_,o(Tl,Tg,T))‘
exists is similar, replacing the < by strict inequality. Finally note that if
n; +n; < 0, then n; +n; <0, if mg +my < 0 then my +my < 0, and if
n; + mg < 0 then ny + mg <0 and n; + my <0.
We then have the following:

Lemma 4.5. (i) Suppose that we are given the data V of two rank two
torsion free sheaves V, and V, with detV; = A, a morphism ¢ : V; —
Va, and a linear map E; — H°(V; ® H; ® L), not necessarily an
isomorphism. If E; — H°(V; ® H; ® L}) is not injective for some i or
if ¢ is not an isomorphism, then (T1(V),T5(V),T(V)) is either zero or
G-unstable.
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(ii) For n sufficiently large depending only on A and c and for V a rank two
torsion free sheaf with detV = A and (V) = ¢, V is (Hy, Ha,a1,a3)
Lo-unstable if and only if (T1(V),T5(V),T(V)) is G-unstable for all
choices of data V such that E; — H°(V; ® H; ® Lg) is injective and ¢ :
Vi = Vo 2V is an isomorphism, and V is (Hiy, Hy,a1,a3) Lo-strictly
semistable if and only if (T} (V),T2(V),T(V)) is G-strictly semistable
for all such V. Thus V is (Hy,Hs,a1,a3) Lg-stable if and only if
(Th(V), T5(V), T(V)) is G-stable for all such V.

Proof. First let us prove (i). We may assume that (71 (V),T>(V),T(V)) # 0.
Suppose for example that v; € E; — 0 € HO(V; @ H ® L3). Complete vq
to a basis of E; and choose a basis {wy} for E5. Then T3(V)(vi Av;) =0
for all 4 and T(V)(v1 ® wg) = 0 for all k. Define a one parameter subgroup
of G as follows: let v} = A™Nuy, v} = \; for i > 1, and w) = Nwy, for
all k. Clearly limy_,o(T1(V), T2(V),T(V))* = 0 provided that a and b are
positive, so that (T1(V),T2(V),T(V)) is G-unstable provided that the one
parameter subgroup so constructed lies in G, or on other words provided
that
al(—N +a(d; — 1)) + agbdy = 0.

It thus suffices to take a an arbitrary positive integer, b = a;, and N =
a(d1 - 1) + agdz.

The argument in case ¢ has a kernel is similar: in this case let v; € Ker .
Then T1(V) = 0 and T(V)(vi ® wg) = 0 for all k, so that the previous
argument handles this case also.

Next we show (ii). Let pygm, be the usual normalized Hilbert polynomial
of V ® H;, and similarly for pywgm,, where W is a rank one subsheaf of V.
Thus pygn; and pwes; have the same leading term. Given a polynomial p,
let Ap denote the difference polynomial. In our case, all of the polynomials p
that occur are quadratic polynomials with the same fixed degree two term.
Thus if p; and pe are two such polynomials, then p;(n) > pa(n) for all
n > 0 if and only if the linear term of p; is greater than or equal to the
linear term of po, and if the linear terms are equal then the constant term of
p1 is greater than the constant term of pp. In this last case, where the linear
terms are also equal, we see that p;(n) > pa(n) for all n > 0 if and only if
p1(n) > pa(n) for some n. Finally the linear term of p; is greater than or
equal to the linear term of pj if and only if Ap;(n) > Apa(n) for all n, which
we shall write as Ap; > Aps. Thus if Ap; > Ap, and pi(n) > pa(n) for
some n, then pi(n) > p2(n) for all n > 0. If Ap; = Aps, then pi(n) > pa(n)
for some n if and only if p1(n) > pa(n) for all n.
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We shall show that, for sufficiently large n, if V' is (Hy, H2,a1,a2) Lo-
semistable and V corresponds to data where E; -+ HO(V ® H; ® Ly) is in-
jective and ¢ is an isomorphism, then (T3 (V), T2(V),T(V)) is G-semistable.
Note that V' is Mumford semistable. First we may choose n so that V ® H;
is generated by its global sections and has no higher cohomology, and so
x(VQH;®L}) = h°(VQH;® LY) = d;. Hence, since E; - H*(V®H;®LY)
is injective, it is an isomorphism. Let W be a rank one subsheaf of V.
Since V' @ H; is Mumford semistable, Apwgn, < Apvegr;. Now the proof
of (3) of Lemma 1.2 in [13] shows that there exists an N so that, for all
n > N, with d; as above, if W is a rank one subsheaf of V and such
that hO(W ® H; ® L?) > d;/2 for at least one i (i = 1,2), then in fact
ApygH, = Apwen; for all such W, and thus pur,(V) = pr,(W). It is then
easy to see that there is a twist W @ H; ® Ly k depending only on Lg and A,
such that h((V/W) ® H; ® Ly*) = 0. The proof of Proposition 3.1 in [13]
shows that in this case b} (W @ H; ® L, k) is bounded by Q, where Q is some
universal bound for the numbers h'(V @ H; ® Lg k) as V ® H; ranges over
the appropriate set of Lg-semistable sheaves. Thus by (4) of Lemma 1.2 in
[13], the W satisfying the condition that A®(W ® H; ® L) > d;/2 for at
least one ¢ form a bounded family, and we may choose n so large, depending
only on Lo, A, ¢, such that /(W ® H; ® L?) =0 for j > 1 and i = 1,2.

Now suppose that (T1(V), T2 (V), T(V)) is G-unstable. Then there exists
a one parameter subgroup of G as above such that

lim (71 (V), To(V), T(V)* = 0.

Let

s1=#{j:Ti(V)(vi Avj) =0} >max{j:n; +n; <0};
so=H#{j: To(V)(w1 Awe) =0} > max{£:m; +my<0}.

Since a1y ;n; + az ) ,mp = 0, at least one of nj,m; is negative. By
symmetry we may assume that n; is negative, and that n; < m;. Since
for j < s1, v1 Avj is zero as a section of det(V ® Hy ® Lj), the sections
corresponding to vj, 1 < j < s1, are all sections of a rank one subsheaf W; of
V. Likewise the sections wy, 1 < £ < s9, if there are any such, are all sections
of a rank one subsheaf Wy of V. The condition that T'(V)(v1 ® w1) = 0
insures that W; and Wy are contained in a saturated rank one subsheaf W,
if 8o # 0, otherwise we shall just take for W the saturated rank one subsheaf
containing W;. Moreover h®(W ® H; ® L?) > s; and h®(W ® Ho® L) > so.
Suppose that we show that

al(dl — 231) + ag(dQ — 232) <0.
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Thus in particular s; > d;/2 for at least one i. By our choice of n and the
previous paragraph, if s; > d;/2 for at least one 7, then AO(W ® H; ® L?) =

x(W ® H; ® L) and furthermore pr,(V) = pr,(W). Thus
W@ H;® LY) = x(W @ H; ® L}) > s;

for i = 1,2 and S0 pv.H, Hs,01,02(") < PW;H,,Hz,01,0,(n). On the other
hand, pv.H, H,,a1,0. 30d PW;H, Hz,01,0; ar€ two quadratic polynomials with
the same linear and quadratic terms (since pr, (V) = pr,(W)), and

PV;Hy Hy 01,02 (1) < PW;H) Hy 01,02 (1)

for one value of n. Thus the constant term of pw.w, H, e, 0, must be
larger than that of pv,m, H,e,,0,- This contradicts the (Hy, Hz,a1,a2) Lo-
semistability of V.

To see that a; (d1 - 281) + az(dz - 282) <0, let

t1=#{j:nj+m1 <0} <s1.

Here ¢; < sy since T'(V)(v; ® w1) = 0 implies that v; and w; are contained
in a rank one subsheaf of V', necessarily W, and thus that v; Av; = 0. Let

to=#{l:n1+mp <0} < s9.

We have assumed that n; < m;. Then consider the expression

a z(nl -+ nj) + a2 Z(nl + mg).
J e

On the one hand from the definition of the one parameter subgroup we have

al Z(nl + nj) + ag Z(nl + mg) = a1diny + azdan,.
j £

On the other hand, to estimate }_;(n1 + n;), we can ignore the positive
terms where n; + n; > 0 and each of the s; negative terms are at least
n1 +n1 > 2n;. Thus Zj(nl + n;) > 2sin;. Since n; < 0, this term
is > 2s1n;. Also this inequality is strict or n; + n; < 0 for every ¢, which
would say that every section of V ® H; ® Lj is really a section of W ® H1 ® Ly
contradicting the fact that V ® H; ® L{ is generated by global sections. So
Zj(nl +nj) < 2s1n;. Likewise we claim that ) ,(n; + mg) > 2son;. Here,
to estimate ) ,(n1 + mg), we may ignore the terms with n; + my positive,
leaving t, terms n; + my which are < 0, and moreover each such term is at
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least ny +my > 2ny. Thus ) ,(n1 + myg) > 2t2n;, and since t2 < sy and
n1 < 0, we have 2tyn; > 2s9n;.
Putting this together we have

a1diny + asdon = aq Z(nl + nj) + ag Z(nl + my)
j 4
> a1(2s1n1) + a2(2s9m1),

so that
al (dl — 231)71,1 + GQ(dg — 232)n1 > 0.

As ny < 0, we must have a;(dy — 2s1) + a2(dy — 2s3) < 0, as desired.

We have thus shown that, if (71(V),T>(V),T(V)) is G-unstable, then
V is (Hy, Hy,a1,a2) Lo-unstable. A very similar argument handles the G-
strictly semistable case.

Now we turn to the converse statement, that if V is (Hy, Ha,a1,a2)
Lo-unstable then (T (V),T»(V),T(V)) is G-unstable. Suppose instead that

(T(V), T (V), T(V))
is G-semistable. Let W be a rank one subsheaf of V such that

pW;Hl,HZ)al »@2 (m) > pV;Hl;H2)al sa2 (m)

for all m > 0. We may assume that the quotient W' = V/W is torsion
free. Thus pw'.H, Hya1,0,(M) < DViH,,Hja1,0,(m) for all m > 0, and so
ApwigH; < Apyvgn;- Now we have the map E; — HY(V ® H; ® Ly).
Consider E;NH(W ® H; ® L}) C E;. Let dimE;N H*(W @ H; ® L) = s;.
Suppose first that a;(d; —2s1) +az(d2 —2s2) < 0. We claim that in this case
(Th(V), T2(V),T(V)) is G-unstable, a contradiction. To see this, choose a
basis v1,...,vq, for E; such that

v, € EyNH'(W ® H, ® L})

for ¢« < s1, and similarly choose a basis wy,...,wg, for Ey such that wy €
E;NHY (W Q@ Hy®LY) for i < sp. Thus, if 4,§ < s1 then T1(V)(viAv;) = 0; if
k,€ < sg then To(V)(wx Awg) = 0; if ¢ < s3 and k < s then T'(V) (v; Qwyg) =
0.

We will try to find a one parameter subgroup of G of the form

A A"y, for i < sq;
i = .
A", for i > s1,
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and similarly

’U)k=

N AT My, for 1 < s9;
Awy, for i > s9.

It is easy to check that limy_,o(T1(V),T2(V),T(V))* = 0 if and only if
n > m. What we must arrange is the condition

a1(—ms1 +n(d1 — s1)) + ag(—ms2 + n(dz — s2)) = 0.
Now consider the linear function with rational coefficients
f(t) = a1(—s1 +t(di — 1)) + az(—s2 + t(d2 — s2)).
Since the coefficient of ¢ is strictly positive f(¢) is increasing, and

f(1) = a1(—s1 + (d1 — s1)) + aa(—s2 + (d2 — s2))
= a1(d; — 2s1) + az(dz — 2s2) < 0.

Thus there is a rational number ¢ = n/m > 1 such that f(¢) = 0, and this
gives the desired choice of n and m. Thus if a;(d; — 2s1) + a2(d2 — 2s2) < 0,
then (T1(V),T>(V), T(V)) is G-unstable, contradicting our hypothesis.

The other possibility is that a;(d; —2s1) + a2(d2 — 2s2) > 0. In this case
d; > 2s; for at least one i. Recalling that we have the quotient W’ of V by W,
it then follows that for such an i the image of E; in H(W'® H; ® L?) must
have dimension at least d;/2. Arguing as in Proposition 3.2 of [13], it then
follows from Lemma 1.2 of [13] that Apwien, = Apves; and so that V is
Mumford Lo-semistable and pr, (V) = pr,(W). Moreover, after enlarging n
if necessary (independently of V) we may assume that h/(V ® H; ® L%) = 0
for 5 > 0. In particular, d; = dim HO(V ® H; ® L?) for i = 1,2, and
E; - H°(V ® H; ® L?) is an isomorphism; so s; = h®(W ® H; ® L?). As
iU’LO(V) = /J'Lo(W)) the polynomials pw;H, H; 4,0, and PV;Hy,Hz,a1,a2 have
the same terms in degree one and two, and thus since pw;m; H, 01,0, (M) >
DV;H,,Hz,a1,a, (M) for some m the same is true for all m, in particular for m =
n. Moreover, for a general choice of a smooth curve C in the linear system
corresponding to Lo, there is a fixed bound on the line bundle W ® H;|C. A
standard argument as in the proof of (2) of Lemma 1.2 of [13] shows that,
for n sufficiently large but independent of V, we have H2(W ® H; ® L%) = 0.
Thus s; = h%(W ® H; ® L%) > pwen;(n). It follows that

a1(dy — 2s1) + az(dz — 2s3) < a1(d1 — 2pwemH, (n)) + a2(d2 — 2pweH, (1))
= z(pV;Hl,Hz,al,az (TL) — DW;H1,H2.a1,02 (n)) <0.



Flips and transition formulas 47

This contradicts the assumption that a;(d; — 2s1) + a2(dz — 2s2) > 0. It
then follows that (T1(V),T2(V),T(V)) is G-unstable.

The strictly semistable case is similar. a

We may now finish the proof of Theorem 4.4. Let PUg be the set of
G-semistable points of PU. Let Iy be the inverse image of PUg under the
morphism I — PU. Since every semistable sheaf is stable, Iy is a C*-bundle
over its image in @1 X Q2. Moreover the representable functor corresponding
to I is easily seen to be formally smooth over the moduli functor. Argu-
ments very similar to those for Lemma 4.3 and 4.5 of [13] show that the
morphism I — PUg is one-to-one and proper, and thus in particular fi-
nite. Thus we may construct a quotient My, (A, c; Hy, Ha,a1,a2) of I by
G. This quotient maps in a one-to-one and proper way to the GIT quotient
of PUg and is therefore projective. By the discussion at the beginning of the
proof of Theorem 4.4 the points of My, (A,c; Hy, Hz,a1,a2) may be iden-
tified with isomorphism classes of (Hi, Hs,a1,a3) Lo-semistable rank two
sheaves. Standard arguments then show that M (A, ¢; Hi, Hz,a1,a2) has
the usual properties of a coarse moduli space. d

5. The transition formula for Donaldson polynomial
invariants.

From now on, we will assume that the surface X is rational with —Kx
effective, and will study the transition formula of Donaldson polynomial
invariants:

61)11(,p(c+>c—) = Dﬁ,p(c+) - Di)(,p(c—)

where C_ and C. are two adjacent chambers separated by a single wall W¢
of type (w,p) or equivalently of type (A, c). For simplicity, we assume that
the wall W¢ is only represented by +( since the general case just involves

additional notation. We use smg’“) to stand for the moduli space imﬁf”“).
When £; = 0, we also assume that

B(¢) = h(X; Ox (2F — A) #0

(see Corollary 2.7). The special case when £; = h({) = 0 will be treated in
Theorem 6.1. By Theorem 3.9 and Lemma 3.2 (ii), we have the following
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diagram:
L) O
v N v N
‘) i) m(® (D
I Il
Mm- my

oo~k k
¢~ and

where the morphism 97(8’“) — imgk) is the blowup of Dﬁ((,k) at EC
the morphism 57?8’“) - Sm(()k—l) is the blowup of 931(()’“‘1) at EM5F,

Next, we collect and establish some notations. Recall that in section 2 we
have constructed the bundle Sgc-k’k over Hy i X Hy, where Hy = Hilb* X.

Notation 5.1. Let ¢ define a wall of type (w,p).
(i) A is the tautological line bundle over E- % = P((Sfc—k’k)v); for sim-
plicity, we also use A to denote its first Chern class;

c—k,k

(i) pr: X x Eé — X X Hy,_ X Hy is the natural projection;

(iii) px 35?((116) - img’“) is the blowup of mzf,") at Eéc —k’k;

(iv) ge-1: 51?3") — 932((,’“‘1) is the contraction of E)Jvtf(,k) to smg"‘l);

c—kik .

(v) Ny is the normal bundle of Eg in smg‘“); by Proposition 3.7, we have

Ni = ngffc—’“ ® )\;1;

(vi) Dy =P(N)) is the exceptional divisor in,ﬁgk);

(vii) & = Og (—Di)| Dy is the tautological line bundle on Dy; again, for
0
simplicity, we also use & to denote its first Chern class;

(viii) p®) (@) = —1p1(U®)/o where & € Hz(X;Z) and UP) is a universal
sheaf over X xsmg’“). Let %) (a) = p_(a) and that =Y (a) = py(a).

(ix) v® = —im (U®))/z where z € Hy(X;Z) is the natural generator. Let
&) = py_ and that o) =y,
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Note that, in (viii) and (ix) above, the sheaf U(¥) is only defined locally in
the classical topology. However, since it is defined on the level of the Quot
scheme a straightforward argument shows that p;(U(*)) is a well-defined

element in the rational cohomology of X x Zm(()k), at least in the complement
of the universally semistable sheaves. In case there are universally semistable
sheaves, then the work of Li [21] extends the y-map to s;nf,’“), at least for the
two-dimensional algebraic classes. We can then extend the p-map to the
4-dimensional class via a blowup formula due to O’Grady (unpublished).

Moreover, there is a universal sheaf Vi over X X Egc—k’k. In what follows,

we shall work as if there were a universal sheaf /()| and leave it to the reader
to check that our final Chern class calculations can be verified directly even
when no universal sheaf exists.

In the following lemma, we study the restrictions of p;p(k) (a) and p;V(k)
to Dk

Lemma 5.2. Let a € H3(X;Z) and a = (¢ - @)/2. Let 71 and 72 be the
projections of Egc_k’k to Hy,_ and Hy respectively. Then,
(Id xpg)*er (UP)|(X x Dg) = 71 A + (pi| Di)* s
pii®) (@)D = (pk|Di)* [75 ([Ze —k)/@) + 3 ([Zk] /) — aX]
% 1 * £ 3 *
piv®| Dy = 7 PxlDx) [47} ([Ze,—k)/=) + 475 ([Z)/2) — A7) -

Proof. Note that U (’“)|X X Eég_k’k = V, where the sheaf Vi is constructed

by Proposition 2.8 and sits in the exact sequence:

0— WIOX(F)®pZ7TT,2Ile_k®7T§)\k — Vg = mOx(A-F)®pini 31z, — 0.

Thus, ¢;(Vy) = 7tA + i), and (Id xpg)*c;(UP)|(X x Di) = 7iA +
(k| D)* M- Moreover, ca(Vi) = pimi o[ Ze,—k] + i1 5[ 2k] + (7T F + w5 ) -
7} (A — F). Since

en® (@)|Dk = (pil D) (1P (@) | EF T = (pkwk)*[—ipl (Vi)/al,

we have

pen®(@)| D = Pkl Dr)* [ (Zec-4]/@) + 75 (2] /@) — aki] -
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Similarly, p;v®)| Dy = §(pk|Di)* [477 (22, —k)/z) + 473 ((Ze)/z) — AZ]. O

It follows from the work of Morgan [26] and Li [21], together with un-
published work of Morgan, that DX ,(C+)(a?) = 6(A) - p+(c)? and

Dy ,(C+) (a2, 2) = 6(A) - pa ()% vy

where d = —p — 3, §(A) = (=1)(A*+AKx)/2 g the difference between the
complex orientation and the standard orientation on the instanton moduli
space (see [6]), and z € Hy(X;Z) is the natural generator. Strictly speaking,
their methods only handle the case of Dif, p(Ci)(ad). To handle the case of
Du)f’ p(Ci)(ad‘z, z), one needs a blowup formula in algebraic geometry, which
has been established by O’Grady (unpublished). To compute the differences

d d—2 d-2

pr(@)?—p_ () and pi(@)®? vy —p ()72 v,

we need to know how (¥ (a) and p*~1(a) are related, and also how v(¥)
and v(*-1) are related. The following lemma handles this problem.

Lemma 5.3. For a € Hy(X;Z) and the natural generator z € Hy(X;Z),
we have
gi-11*D(a) = pip®) (@) — aDy
* - 1 *
qk_ll/(k 1) =p;;1/(k) - Z[D’% + 2(Pk|Dk) )\k]-

Proof. From the construction, the sheaf (Id xgx_1)*U*~1 on X x ﬁgk) is the
elementary modification of (Id xpz)*U*) along the divisor X x Dy, using the
surjection from (Id xpg)*U*) to the pullback of p} (17Ox(A—F)® 1 3lz,):

0 — (Id xqr—1)*U*~1 — (1d xpi)*U*)

~ (1d xp|Dy)* A (n{Ox (A — F) @ 71 31z,) = 0

where (2F — A) = ¢ and 7 is the natural projection X x Hy g x Hx — X.
Note that (Id xpx|Dx)*p5(77Ox (A — F) ® 7] 312, ) is a sheaf supported on
X x Dy, and that its first and second Chern classes are equal to (X x D)
and (X x D2) — wf(A — F) - (X x Dy) respectively. It follows that

(1d xgg—1)*e1 (U*~V) = (1d xpg)*er (UP) — (X x Dy)
(Id xgx—1)*c2@*V) = (Id xpg)*c2(U®) — (Id xpi)*er UP)) - (X x Dy,)
+75A = F) - (X x Dy).
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By Lemma 5.2, (Id xpi)*e; (URK) - (X x Di) = (A x Di) + (X x (px| Di)*Ms)-
Thus,
(Id xge—1)"pr U *D) = (1d xpg)*p1 UP) + (X x DE) — 4(A — F) x Dy
+2(1d xpg)*er U®)) - (X x Dy)
= (1d xpy)*p1(U™)) + 2(2F — A) x Dy
+ X X [D§ + 2(px|Dg)* Ae)-

Now the conclusions follow from some straightforward calculations. a

In the next two theorems, we will give formulas for the differences
[+ (@)]? = [p—())* and [p4())*"? - vy — [—()]*2 - v_ in terms of the
intersections in Hp _p X Hg and the Segre classes of the vector bundles
Egc_k’k ® (gffc—k)v on Hy i X Hy, where k =0,1,... ,£;. The arguments
are a little complicated, but the idea is that we are trying to get rid of the
exceptional divisors Dy as well as the Chern classes of the tautological line

bundles &, and Ag.

Theorem 5.4. Let { define a wall of type (w,p), and d = (—p — 3). For
a € Hy(X;Z), put a = (¢ - @) /2. Then, [u4()]? — [u—(a)]¢ is equal to

2[(

A\ O+ L g .
g@)“>g
£
3" (Zeil/a + (20 - s (€L @ (E8ETHY).
k=0

Proof. By Lemma 5.3, we have q,’;_lu(k‘l)(a) = p,’gu(k)(a) — aDy,. Since pg
and ¢x_; are birational morphisms,

™ (@] = [P (@)]? and
(g1 p* D (@) = [ 1) ())?.
Thus, [p*~1(a)]? — [u® ()] is equal to
d . . .
> (%) bis® @I (-DiD - (~a

=1

i()wmwm“ele%

=1



52 Robert Friedman and Zhenbo Qin

By Lemma 5.2, p;®) ()| Dy, = (pk| Di)* ([Ze, ]/ + [2k]/ e — aXk). So we
have

[* D (@) - 1B ()

% ()

2¢;

3 (") @@ dfat Za) - (Can) g ()

i=0 7

E20 ()

j=0 i=1
(=a®) - ([Zeg—rl/a + [Zxl/a) - &1 - (M)

- (") (%) - (Zg_i] e+ 2] )’ -

J

'dZ_f (d;j) R W

=1

=3 (§)- ot (2 + (210

d—1-j .
d—Jj\ ,i d—1—j—i
> (i+1) & - (=)
=0
Now, our formula follows from the following claim by summing & from 0 to

l.

Claim.
A N N
(2e-slfa+ (/) 3 ( N {) €L (a1
= ([Ze—sl/a+ [Za)/a) - (~D)POHHIT 5y, _(efH @ (7)Y,

Proof. For simplicity, on the exceptional divisor Dy, we put

s = (2Zefa+zl/ay -3 (51 1) - (a0

=0
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So we must compute o4_;_;. Notice the relation
s+ A - 051 = ([Ze i)/ + [Zx]/a) - (& — Ae)°.
Thus for 0 <t < s, we have

-1
05 = (=) - o5t + ([Ze -kl /o + [Zr] /) - ) (& — )™ (=)™
i=0
Put s=d-1-jandt=s~-N_¢=d—-1-j— N_¢ where N_; =
£_¢+h(—¢)—1=4£;+ h(—C¢) — 1 as defined in Corollary 2.7. Then, o4
is equal to
(=) TN oy + ((Ze k) + [24]/ @) -
d—2—j—N_¢
Yo (&= M) ()
1=0
Since dim Efc_k’k =d—1—-N_¢, we see that (—Ag)d-1=i-N=¢ “ON_, is equal
- to
N_¢

(AN (Zg il o+ [Z4) ) ; (N;ﬁ l) & ()T
= (M) IV (2 i)+ [ 2]/ -
= ([Ze—kl/o+ [Za) /) - (=)= (g — M) V¢

b}

since the restriction of ¢ to a fiber of Dy, — Egc—k Fisa hyperplane. There-

fore,
d-1-—N¢ N .
oac1-j = ([Ze—il/a+[Z]/a) - Y (=)D (2
i=0

Now, we shall simplify (£, — Ap)@1=9) =%, Since ¢ is the tautological
line bundle on Dy = P(NY), the line bundle (§ ® A;') is the tautological
line bundle on

_ kbe—k\y ok,be—k
PNY @ A1) = P{((ok| B )VES )Y

Since N_¢ + 1 is the rank of Sf’g(—k, it follows that

1+N_(

(€ — M) V=< = — 3™ (R - (6 — M) <
Jj=1
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One verifies that in general, for ' > N_¢, one has

;
(6 = MY = sw-n_ (E5FTF) - (6 = M) + O (& = M)V
where sl(c‘:’c ko= k) is the i*h Segre class of 5_24_ . Therefore, since (d — 1 —
j)—i> N—C’ we see that (£ — /\k)(d"l_j)"i is equal to
Y -
Sd— 1—J—z-N_<(5k Y (& = MV O (& — M) VY

and that ([Zg,—x]/a + [Zk]/a) - (& — A) @194 (= ))¢ is equal to
(Zee—il/a+ (2l /o) - [sa-tojmimn 5T - (€ = M) - (=2)'

= (Ze—il/a+ (210 - sa-1-jmi-n_ (ERLTF) - (=)l

Next, we note that ([Zp,—]/a + [Z]/a) - Sd—1-j—i—N_¢ (85’54_’6) is a cycle
on Eéc_k’k pulled-back from ch_k X Hy. So this term is zero unless d —
1—4—N_¢; <2, that is, 1 > d—1— N_¢ — 2{;. Note that by Corollary
2.7,d—1— N_¢ — 24 = N; and N +1 = h(C) + £ is the rank of £ "*,
Since )y is the tautological line bundle on EeC —kE ]P’((fi'fc “FEVWV), we see
as before that

; Le—k.k \Ne—1
X = sion (BT N 0 (7).
Putting all these together, we conclude that o4—1_; is equal to

([Zec—k) /o + [Zk]/ ) -

d—1-j—N_¢ , ,
kLc—k i —k.k
Yo sa1ion (6007 (F1)Fsion (EST)
1=N¢
2£<—j .
~ i k, Le—kk
= ([Ze—il/a+ [Z)/ay - 3 (=1 sy (€8T - si(€fTH)
=0
= ([Ze,-k)/a+ [Zr]/a) - (~1)7*e.
2. —j
ke —k\v Le—kk
Y S(2te—)-i((EZTT)Y) - saE5T)
i=0
Le—kyk k,8c—k
= ([Ze,-kl/a+ [Zx]/) - (=1)7HN - a0 (€T @ (E2T)Y)
This completes the proof of the Theorem. a

For the difference [p ()]42 vy — [u—()]%2-v_, we have the following.
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Theorem 5.5. Let ( define a wall of type (w,p), and d = —p — 3. For
o € Hy(X;Z), put a = (C - @)/2. Then, [ (a)]*2 - vy — [u_(@)}-2 - v_ is
equal to

2@(
1
t )h(C)+€g—1+J d—2—j,
(50 -
£
D ((Zee—k)/o+ [Zrl/) - [s26,—; — 4 Ze—k] + [2]) [z - 520,—2]
k=0

where s; stands for the i Segre class of Sfc_k k ® (& ek ZC V.

Proof. By Lemma 5.3, we have ¢} _,u*~)(a) = p;u*) (@) — aDy, and
q* V(k 1) _p* (k) _ %[Dlz + 2(Pk,Dk)*)\k]
It follows that [p(¢=1 ()42 . p*=1) — [u*)(@)]42 . v(®) = I} 4 I, where

o 1 "
I = [p®)(a) — aDy)?2. Z[—D,% — 2(pk| D) * Mk

= [u®) ()| Di + agy]?2 - Lll(fk —2Xg)

d—2
IQ = <d - 2) . u(k)(a)d_z_i . (_.aDk)l . I/(k)

- d_l ("77) WP @D 6 (-a)- (I,

First of all, since u® ()| Dy = ([Ze,—k]/x + [Zk]/ — a)g), we see that
I = [([Ze—k)/e + [Zx) /@) +a(&r — M) . 7 (& = 228)

=12 ("57) 0t (Eel/a+ 210y

(& = M) (6 2)

| 2%

-1y (777) a2 (2ol + (232 -
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. [(fk — M) = A (G — M) ]

12 ta—2\ 4, .
- ijo( 27t (2t (23] )
[sd_ 1—j—N_ C(Ekec )—Ak 8d—2—j—-N_ C(gke( )] .

Next, by Lemma 5.2, we have v(F)|D; = 1 1 [4[Ze —k]/z + 4[2) [z — AF).
Thus, as in the proof of Theorem 5.4, we can verify that Iy is equal to

22 )/ + 4{Z4) /o~ ¥ -

d-2
3 (d - 2) O (@D 1 - (=)

]

i=1
2,
=i[4[Zec—k]/$+4[Zk]/a:—,\] Z(d 2) (Cat2)
) 20 +N¢—2— |
(ealfoH B3 tasegesn EETH) (Ao
=0

1% 142 . .
=33 (*7%)  (=a*) - (B o+ (2 )
4].:0( j ) ke

(A1 Za )+ (B - (—1FHe 5
20 +N;—2—j

k b~k ;
— ) Sama-jmimN_ (ELT) - (M)
i=0
Zec

=1 Z ( ) a7 ([Zg i) fa + [Z4) /) -

2e +N, )

e k.lc—k i+2

- Z 3d—3—j—-i—N_¢(8_c ) (=)=
1=0

~A([Ze—k] + [Z]) [z - (-1)7H7e - ]

k,lc—k

where s’ stands for sg¢,—5—; (<5'§(_,C * o (€2, )V). Thus, I; + I is equal to

L 2%

4 z ( ) -7 ([Zlc—k]/a + [Zk]/a)J .
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2+ N, —2—j
[ S saamgion (ESETH) - ()
i=—2
—4([Ze k] + [Z&]) [z - (1) HNe . ]
L 2%

1 Z ( ) T (Bl e+ (2] )

’ [(—1)’+Nc +8" = A([Zg k] + [Zi]) [z - (-1)7 e - ]
2,

4Z(da 2) (—)MOHI L gd-275 (12, ]+ [/ -
=0

8" = 420 —k] + [Ze]) [z - &)

since N¢ = h({) + £¢ — 1, where s” stands for sy, —; (geC‘k * o (gk Le=kyvy.
Letting k£ run from 0 to £;, we obtain the desired formula O

Remark 5.6. For the sake of convenience, we record here the following
relation among the Chern classes and the Segre classes of a vector bundle:

Sp = —C°"Sp—1—C Sp—2—... " Cp

with the convention that sy = 1. We refer to [12] for details.

In the next section, using Theorem 5.4 and Theorem 5.5, we shall com-
pute [p4(a)]? ~ [p—(e)]? and [p4(@)]*? - vy ~ [p—(a)]*? - v_ explicitly
when 0 < £, < 2. In principle, Theorem 5.4 and Theorem 5.5 give formulas
for these differences in terms of certain intersections in ch_k x Hy. How-
ever, it is difficult to evaluate these intersection numbers in general. In the
following, we shall compute the term

£

67 Si= (Ze-i)/a+[Z]/a) - szgc_](f;ec Y o “¢ %)
k=0

in the special cases when j = 2{; and 2{; —1. We start with a simple lemma.
Lemma 5.8. Let o, € Ho(X;Z). Then

(Ze)/0)? = 2 (o2t
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(120" (24]/8) = 2 (@) - (a- B)

(12]/ )2 - ([24]/6)* =

st @ 4 G @ (a2

Proof. The first equality is well-known (see [29] for instance). The other
statements follow from the first one by considering

(2K)!

2k k' ((a + 13)2)k1

([2x)/ e+ [Z:]/B)* =

and formally equating the terms involving (2k — 1) copies of a and one 3 or
(2k — 2) copies of o and two copies of 3. O

The next result computes the term (5.7) when j = 2¢.

Proposition 5.9. Let ¢ define a wall of type (w,p), and a € Hy(X;Z).
Then,

&
o, = I; ([Zeo—k)/ o + [Z4]/@)* = %CT)_' (@),

Proof. This follows in a straightforward way from Lemma 5.8 (i):

&
> okl o+ (2] 2)*
k=0

(221,;5) ((Ze-rl/0)? ™ - (2] /)

> () s ] e ]

&
(2¢;)
__:Z ( ) i C . a2)e(
k=0 2% . eg
(2¢¢)
- G ey
¢!

&
=2
k=0
£
=
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O
To compute the term (5.7) when j = (24, — 1), we study €f’£<_k and

Sgc_k’k, and evaluate their first Chern classes. We begin with a general
lemma.

Lemma 5.10. Let Z,W be codimension 2 cycles in a smooth variety Y.
(i) If Z C W, then Hom(Iw,Iz) = Oy;
(ii) If (Z — ZNW) is open and dense in Z, then Hom(Iyw,Iz) = Iz;

(iii) If Z and W are local complete intersections meeting properly, then
there is an exact sequence:

0— E:Btl(IW,IZ) — Ow ®det Ny — Ownz @ det Ny — 0
where Ny is the normal bundle of W in Y;

(iv) Assume that ZNW is nowhere dense in W and that W is smooth at a
generic point. Then, as a sheaf on W, Ext!(Iw,Iz) is of rank 1; thus,

co(Ezt! (Iw,Iz)) = c1(Ext! (Iw, I2)) = 0, ca(Ext' (Iw, Iz)) = —[W].

Proof. (1) Applying the functor Hom(Iy,-) to the exact sequence
017 -0y -0z —0,

we obtain 0 - Hom(Iw,Iz) - Hom(Iw,Oy) = Oy. Thus, Hom(Iw, Iz)
= Iy for some closed subscheme U of Y. On the other hand, since Z C W,

H(Y; Hom(Iw, Iz)) = Hom(Iw,Iz) # 0.

Thus, U must be empty, and Hom(Iw,Iz) = Oy.
(ii) As in the proof of (i), Hom(Iw,Iz) = Iy for some closed subscheme
U of Y. Applying the functor Hom(-,Iz) to the exact sequence

0— Iy — Oy = Ow — 0,

we get 0 — Iy — Hom(Iw,Iz) = Iy — Ext'(Ow,Iz). Thus, U C Z;
moreover, since Ext!(Ow,Iz) = 0 on (X — W), we have (Z —ZNW) =
(U-UNW). So

(Z—-ZNW)CUC7Z.
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Since (Z — ZNW) is open and dense in Z, it follows that U = Z.

(iif) We begin with the local identification: let R be a regular local
ring, and let Z and W be two codimension 2 local complete intersection
subschemes of R meeting properly. Applying the functor Hompg(-,1z) to
the Koszul resolution of W

0-R—->RO®&R—> Iy —0

gives Iz ® Iz — Iz — Emt}z(Iw,Iz) — 0. It follows that E:ct}z(IW,IZ) =
Iz/(Iz-Iw). Since Z and W are codimension 2 local complete intersections

meeting properly, we have Iz - Iy = Iz N Iy. Thus, Exth(Iw,Iz) =
Iz/(Iz N Iw), and we can fit it into an exact sequence

0 — Exth(Iw,Iz) = R/Iy — R/(Iw + Iz) = 0.

Here (Iw + Iz) corresponds to the intersection W N Z. The identification of
Exth(Iw,Iz) and Iz/(Iz N Iw) is not canonical. Globally we must correct
by det Ny. Thus globally we have an exact sequence:

00— Emtl(Iw,Iz) — Ow @ det Nw —» Ownz ® det Ny — 0.

(iv) It is clear that Ext!(Iy,Iz) is a sheaf supported on W. To show
that it has rank 1 as a sheaf on W, it suffices to verify that it has rank 1 at a
generic point w of W. Since ZNW is nowhere dense in W and W is smooth
at a generic point, we may assume that w ¢ Z and that w is a smooth point
of W. Then it follows from (iii) that Ext!(Iw,Iz) is of rank 1 at w. O

Lemma 5.11. Let Hom = Hom(Izk,Izlc_k), Ext! = Ea:tl(Izk,Iztc_k-),
m) and 7z be the projections from X x (Hg,—x X Hy) to X and (Hg,— X Hy)
respectively.

(i) There exist a row exact sequence and a column exact sequence:

0
l
WZ*(WI OX(C) ® Ozl(-k)
l
0— Rlm, (1j0x(C)® Hom) — £/™"" — m, (170x(¢) ® Ext') — 0;

[OHI(-k XHk]e) h(¢)

0
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(i) c1 (R'mau(m1Ox(¢) ® Hom)) = [Zg—4]/((—Kx /2)+m2ules(Oz, _,)1/2

(iii) 1 (m2(7fOx(C) ® Ext')) = [Z4]/(¢ — Kx/2) + maules(Ext')]/2.

N

Proof. (i) Note that the bundle Sgc_k is defined as

Exty, (1jOx(A — F) ® Iz, 1{Ox(F) ® Iz, _,) =
= Ezt}rz (IZk ) WIOX(C) ® Izzc_k)'
Since R2%m9.(n}Ox(¢) ® Hom) = 0, the row exact sequence follows from

standard facts about relative Ext sheaves. To see the column exact sequence,
we use Lemma 5.10 (ii) and apply the functor w9, to the exact sequence

0—~ ’n’{@x(() ® Iztc_k — WIOX(C) — WIOX(C) ® Ozt(-—k — 0.

(ii) Note that Hom = I Zp and that Rimo,(17Ox(¢) ® Hom) = 0 for
1 = 0,2. By the Grothendieck-Riemann-Roch Theorem, we have
— ch (R'm. (77 Ox (¢) ® Hom))
= oy (Ch(‘n’{OX (C) ® Izlc_k) . 11'{ TOdd(Tx))
= 7o (1 ch(Ox (0)) - eh(Iz,,_,) - 7} Todd(Tx)) .
Now, the conclusion follows by comparing the degree 1 terms and by the
fact that

C3(OZz —k)
Ch(IZtc—k) =1- ch(@ztc__k) =1- [ch_k] — ——2—(;-—

+ (terms with degree > 4).

(iii) We have Rimy, (77Ox(¢) ® Ext!) = 0 for i = 1,2. By Lemma 5.10

(iv),
c3(Ext!)

2
Again, using the Grothendieck-Riemann-Roch Theorem, we obtain

ch(Ezt!) = 2] + + (terms with degree > 4).

ch (mas (1} Ox (¢) ® Ext"))
= 7o« (ch(r}Ox(¢) ® Ext') - 7} Todd(Tx))
= mas (1} ch(Ox(¢)) - ch(Ezt') - n} Todd(Tx)) -
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Then, our conclusion follows by comparing the degree 1 terms. g

' Now, we can compute the term (5.7) for j = 20, — 1.

Proposition 5.12. Let a € Hy(X;Z) and a = ({ - @)/2. Then,

&
SZZC—l = Z ([ch_k]/a + [Zk]/a)%C_l . 31(5§C_k & ( k e( )V)
k=0

= (—4) - (2;;;')' (0?1 q.

Proof. By the symmetry between k and (£ — k), we see that Sa¢,—1 is equal
to

£

> (Bee—i)/a + 2] /)T -

k=0
sEET @ (EETI) + s T 0 (E5TMY)
; .

From Lemma 5.11, we conclude that ¢; (Ecec_k’k) is equal to

(Zos] + 2/ — K f2) 4 O] +esBat Tz, Iz, )]
L.~k k —Kx .

2
Since sl(SfC_k *eoEr “4 W) =ci (&S “ ¢k cl(é'gc_k’k), we see that
—k, Le—kyy k.2 Le—k,kyy
16 @ EEF T + € @ (€5THY)

5 = (=2)-([Ze,—k]+[26])) /S

where the c3’s are cancelled out. Therefore, by Lemma 5.8,

£

Sat-1= 3 (Zag—ilfor + [2x]/a)?5™ - (=2) - ((Zeg—rl/C + [24]/C)
k=0

Z [(2£( ) ZZ;— ]/a 22;—21: 1, [Z ]/a 2Ic [Zlc—k]/c

" (22615— 11) (o=l /@)% - (1Z6] /)7 - [24] /<]
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£ _
=03 (500 - (/e @z 2/
= (—4)- (_2;;!_)1 ()& l.q
O

It is possible, but far more complicated, to compute (5.7) for j = 2, —2.
Next, we shall draw some consequences from our previous computations.
Recall that gx denotes the intersection form of X, and that

aZia-Kx

6(8) = (-1)"2

is the difference between the complex orientation and the standard orienta-
tion on the instanton moduli space (see [6]). Adopting Kotschick’s notation
[17], we put
€-a)Kx ¢=A)2
e¢,A) = (-1 = = (-)(F).
Theorem 5.13 below has already been obtained by Kotschick and Morgan
[18] for any smooth 4-manifold with b5 = 1.

Theorem 5.13. Let ¢ define a wall of type (w,p), and d = —p — 3. Then,

[+ (@)]? = [u—(a)]*
= (—1)MO+E .

d!

L d=26c . (1 2\ d—26c+2
o d—2) a (e®)* (mod a )

for o € Hy(X;Z), where a = (¢ - @)/2. Thus,

X
Jw P

(C—’C+) =

d—-2¢
=) mdd'Tz'@ ' (9 C g (mod ().

Proof. By Theorem 5.4 and our notation (5.7), we have

26,
Z (d> (=1)MO+eH+ . qd=7. 8, (mod a9~ %cH?),
j=2t-1

[+ () = [ ()]
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By Proposition 5.12, Sz, is divisible by a. Therefore,

[ (@) = [u-(a))? = (22) (=1)MOFE L gd-2c Spe, (mod ad-2c+2),

Now, the first conclusion follows from Proposition 5.9, and the second follows
from the facts that v4(a?) = 6(A) - p+ ()¢ and that

A24A Ky

5(A) - (~1)MO+E = (1) () SRS - (L1t (g, A)

We remark that the sign in Jf,p(C_, C4) is indeed a homotopy invariant.
(Note that the sign in Theorem 6.1.1 in [18] is not correct.)
The following is proved by using a similar method.

Theorem 5.14. Let ( define a wall of type (w,p). For a € Hy(X;Z), let
a = ((-@)/2. Then, modulo a® 2%, [u(c)]¢ 2 vy —[u_(a)]?2-v_ is equal
to
1 (_l)h(()+€(-—1 . (d — 2)' . gd—22 (a2)€(.

4 Ll (d—2—26)!

Proof. By Theorem 5.5, [y ()]42 - vy — [u—(@)]42 - v_ is equal to

23(

1 d—2 L
Z . z ( ; ) . (_1)h(C)+£c 145 | ad 2-3 . Sj
j:ch—l

modulo a2, where Sj is the notation introduced in (5.7). By Proposition

5.12, Sa¢,-1 is divisible by a; by Proposition 5.9, we have

20;)!
S, = 5+ (@)%,
Therefore, modulo a®=%¢, [, ()]?"2 - vy — [u—(@)]?"2 - v_ is equal to
(d - 2)!
£l (d—2—2¢£)!

1o+t
7' (1)

. ad—2—2£c . (a2)£¢.
6. The formulas when /; =0, 1, 2.

In this section, we shall compute [u4()]¢ — [u—(a)]¢ and

[ (@))% vy = [u—(@))*2 - 0o
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by assuming that £; = 0,1,2. Our first result, Theorem 6.1 below, was first
obtained by Mong and Kotschick [17].

Theorem 6.1. Let ( define a wall of type (w,p) with £; = 0. Then,

- d
@l - (@l = (-0 - (£52)

for a € Hy(X;Z). In other words, Jf,f’p(C_,C.l.) = (=1)%-¢(¢,A) - (¢/2)%.

Proof. There are two cases: h(¢) > 0 and h(¢) = 0. In the first case when
h(¢) > 0, the formula follows immediately from Theorem 5.4. In the second
case when h(¢) = 0, we must have (2 = pand (- Kx = (2+2=p+2
by Corollary 2.7. Then 91, consists of 91_ and an additional connected

component Eg’g =~ P-P—3, We have constructed a universal sheaf U over

0,0,
X x E%:
0o m0x(A—F)@mA = U — 1t Ox(F) = 0

where F is the unique divisor satisfying (2F — A) = (, ) is the line bundle
corresponding to a hyperplane in Eg’g ~ P~P-3 and m; and 7 are the

natural projections of X x Eg’g. Thus for a € Hy(X;Z), we have

pe(0) = o (0) = 5 - U)o = () + o

where a = (¢ - @)/2. Since h({) = 0, we conclude that

pee) = po(e)? + (%"‘)d = po (@) + (~1)HO. (C—i-of)d

The proof of the next result is similar to the proof of Theorem 6.1.

Theorem 6.2. Let { define a wall of type (w,p) with{; =0, let d = —p—3.
Then, for o € Hy(X;Z), we have

» . 1 B C'a d—2
1] vy = [p—(@))42 0 = i (—1)MO-L. (——2——> :
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O

Next, we shall study the difference &3 ,(C_,C4) when £; = 1. In this
case, we have to know (5.7) for j = 2,1,0. In view of Propositions 5.9 and
5.12, it suffices to calculate (5.7) for j = 0. The following lemma deals with
this.

Lemma 6.3. Let ¢ define a wall of type (w,p) with £; = 1. Then

1
So=Y" sa(6 " @ (EM7F)Y) = (6¢* + 2K%).
k=0

Proof. First, we compute the Chern classes of 82’0. Let notations be as in
Lemma 5.11, and set £ = 1 and ¥ = 0 in Lemma 5.11. Then Ext! = 0.
Since (Hg,— x Hg) = X, the codimension 2 cycle Z; is exactly the diagonal
in X x (Hg,— x Hy) = X x X. Thus, 1r2*(7r{(9x(()®(93[(_k) = 0x(¢). By

Lemma 5.11 (i), the bundle 52’0 sits in an exact sequence:
0— Ox(¢) — 5;’0 = R'my, (1} 0x(¢) ® Hom) — OF A .

Thus, ¢; (82’0) = (¢ and c2(€cl’°) =0. ..

Next, we compute the Chern classes of 8?’1. Let {, =1and k= 1in
Lemma, 5.11. Then, Ext! = det(N) where N is the normal bundle of Z; in
X x X. Thus,

s (11O0x (¢) ® Ext') = Ox (¢ — Kx).
By Lemma 5.11 (i), the bundle 82 ! sits in an exact sequence:
0o 02MI L g2 5 0x(¢—Kx) =0
X ¢ x(¢ x) — 0.

Thus, ¢ (EQ"") = (—Kx and c2(£;"") = 0. Replacing by —( gives ¢1(£%]) =
—( — Kx and c3(£%}) = 0. It follows that c; (£, & (£2{)V) = 2¢ + Kx and
that

(£ ® (€%0)") = ¢ (¢ + Kx) = (*+ (- Kx.

So we conclude that the Segre class 32(62’0 ® (82’(1 )V) is equal to

e1(€1° ® (E2)") —eal€r° @ (€20)") = 37 +3¢ - Kx + K.
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Replacing ¢ by —¢ gives sp(€1) @ (€")") = 3(2 3¢ - Kx + K%. Therefore,

1
So=> w26 @ (E5THY)

k
= 55(E.° @ (E2)Y) + 52(E0" @ (1))
= 53(E° @ (E20)Y) + 52((E01)¥ @ £27)
= (3¢ +3¢- Kx + K%) + (3¢ -3¢ - Kx + K%)
= 6¢% +2K%.

Now we can compute the difference 65,,,((3_,(34_) when £, = 1.
Theorem 6.4. Let ( define a wall of type (w,p) with £, = 1. Then,

[1+(@))? = [p- (@))% =
= (—1)MO+1, {d(d —1)-a%2. 0%+ (2K% +2d + 6) - ad}

for oo € Ho(X;Z), where a = (( - &) /2. In other words, 5§’p(C_,C+) is equal

to

d- d
(=1)4+1 . (¢, A) - {d(d—1)~ (%) 2'QX+(2K;2(+2d—|-6)' (%) }

Proof. From 5.4, 5.9, 5.12, and 6.3, we conclude that

[+ (@) = [p-()]*
= (-1)MO+ . d(d—1)- a2 o? + (-1)MO+L . 84 . o¢
+ (-)MOT o (6¢% + 2K%)
= (=1)MO+1, {d(d ~1)-a2. 0% + (2K% +2d + 6) - ad} :

For [p4 ()42 - vy — [u—(a)]®2 - v_, we have the following.
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Theorem 6.5. Let ( define a wall of type (w,p) with{; =1, let d = —p—3.
For a € Hy(X;Z), let a = ({ - @)/2. Then, [u4(a)]® 2 vy — [u_(a)]*2 v_
is equal to

7 (MO [ -2~ 3) -0t -a? + (2KF +2d - 18) -7

Proof. By Theorem 5.5, [u4()]%2 - v4 — [u—()]%2 - v_ is equal to

2
1 d—2 i d-2—j
4_12 0:( ; ).(_1)h(C)+J,ad 2.8 -
7=

1
— ()M a2 N (21 k] + [Zk]) /=
k=0

2
= i . (d; 2) (—1)MOHT L gd=2-T L g (—1)MO) . 2492,
J=0

By Proposition 5.9, Proposition 5.12, and Lemma 6.3, we have

Sy =202, 8, = —8a, 8y = 6¢2 + 2K%.

]d—2

Therefore, we conclude that [uy(a)]42 - vy — [p_(a)]%2 - v_ is equal to

211‘ (-1)HO. [(d —-2)(d—3)-a%* -+ (2K% +2d - 18) - a‘“] :

a

In the rest of this section, we assume that £; = 2. The following standard
facts about double coverings can be found in [2, 10].

Lemma 6.6. Let ¢ : Y1 — Y2 be a double covering between two smooth
projective varieties with ¢,Oy, = Oy, ® L~ where L is a line bundle on Y>.

(i) Ky, = ¢*(Ky, ® L) and L®? = Oy, (B) where B is the branch locus in
Y5 and is the image of the fixed set of the involution ¢ on Yi;

(ii) If D is a divisor on Y1, then ¢.(Oy, (D)) is a rank 2 bundle on Yo with
c1(¢+(Oy, (D)) = $.D — L and

c2($+(0% (D) = 5 [(4.D)” - 4.(D*) — 4.1 - I]..
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Next, we recall some standard facts about the Hilbert scheme Hy =
Hilb?(X). Let Ag C X x X be the diagonal, and let ¢ be the obvious
involution on Hy = Bla, (X x X), the blowup of X x X along Aq. Let
E be the exceptional divisor of the blowup in H2 Then, Hy = H2 /v and
the branch locus lies under E. Let Z, C X X H2 be the pullback of the
codimension 2 cycle Z; C X X Hy. Then, Z, splits into a union of two
cycles Hyy and His in X x H,, which are the proper transforms in X x Hp
of the two morphisms of X x X into X X (X x X): the first maps the first
factor in X x X diagonally into X x X which is the product of the first and
second factors in X x (X x X), while the second maps the first factor in
X x X diagonally into X x X which is the product of the first and third
factors in X x (X x X). Thus each Hj; is isomorphic to Bla, (X x X), and
the projection of each to Hy is an isomorphism. If a € Hy(X;Z), then

(6.7) [Zo]/a=a®1l+1R@a=a®l+* (a®1)

where a®1 and 1®a are the pull-backs of & by the two projections of Hj to
X. Fixz € X. Let X, bethepull—backofXxxCXxXtng Then, X,
is isomorphic to the blow-up of X at p with the exceptional divisor (X;NE);
moreover,

(6.5) 5]/ = %o + 0 X,

It is known (see p. 685 in [9]) that Z; is smooth. Let B be the branch locus
of the natural double covering from Z5 to Hy. Then, B ~ 2L for some divisor
L on Hs, and the pull-back of B C Hs to H,is 2E. Let i: Z5 — X x Ho
be the embedding, and 7; and 7, be the natural projections of X x H; to
X and H, respectively.

In the following, we compute the Chern and Segre classes of £ 2-kk for
k = 0,1,2. The method is to use Lemma 5.11 together with Lemma 6.6.
We start with £;°.

\

Lemma 6.9. c3(£.°) = cs(€7°) =0, c1(€2°) = [2,]/¢ — L, and

ca(€2° [ [22/¢)? — ¢ - Xo — [25]/¢ - L]

where z is any point on X, and X, stands for [2Z5]/z.

Proof. Let notations be as in Lemma, 5.11, and let £, = 2 and k = 0. Then,
Ext' = 0. By Lemma 5.11 (i), 52 0 sits in an exact sequence

0 = (2 - i)a(m1 - 8)*Ox (() = £2° = [0m,)® MO — 0.
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Since (mg - %)«(71 - 1)*Ox () has rank 2, 03(52 %) = (82 0) = 0. By Lemma
6.6 (ii),
c1(E2°) = (w2 - i)u(m - 4)*¢ = L =[25]/¢ — L

since (mg - )4 (m1 - 2)*¢ = [23]/¢; moreover, we have

1
cz(gg’o) ==

5 [((m2 - 8)a (1 - 1)7€)? = (2 - 8)a((m1 - 1)*C)

—(71'2 . z')*(7r1 'i *C . L]
= 2 [02:1/01 - Xa ~ [Z)/¢ - 1]

since (g - 1) ((m1 - 1)*¢)2 = (2 - (Mg - i)u(my - i)*z =2 [Zo)/z =(%2 - X,. O
The following follows from Lemma 6.9 and Remark 5.6.

Corollary 6.10. The Segre classes of the bundle 8?’0 are given by

s160°) = L= [Z]/¢
52(E2°) = 3 [[Z:)/CP = 3ZI/C - L+202+ - X,
5(E2%) = [Z/CP - L= 2AZ/C - I + 1P = - Xy [2)/C+ - X L

©yr
2

Here we have identified degree 4 classes with the corresponding integers.

sa(€29) = E 1 50 = 3¢ Kox + (6x(0x) — K}).

Proof. Since the computation is straightforward, we only calculate 34(52 ’0).
For simplicity, let ¢; denote the i Chern class of E?’O. Note that c3 =c4 =0
by Lemma 6.9. Thus, 34(8(2 ) = ¢4 — 3c%¢y + & by Remark 5.6. Therefore,

s4(62°) = (Z1/C — 1) - 3(121/C - L>2 5 1121/07 - ¢ X,

()¢ 1+ 5 L [(22/0)? - 2 Xe — [22)/¢ - L)
_ It Z (2,]/¢ - L3+— ([22)/¢)? L2+-2-C2-X2-L2
— 0210 + 7 X2+ (12:)/C)

since ([22]/¢)3 - L =0=[2]/¢- L - X;. Now, we need a claim.
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Claim. Let a, 8 € Hy(X;Z). Then, we have the following:
() [22]/c-[22]/B- Xo = a- B;

(i) X2 =1;

(iii) X, -L? =-1;

(iv) L* = 6x(Ox) — K%;

(v) [22/a-L? = a- Kx;

(vi) [2a)/a-[22]/B- L? = —2(a- B).

Proof. Let m : Hy — Hy = Hy/. be the quotient map. By (6.8), we have
X, = 1°([2)/2) = [Za)/z = (Xs + * Xy).

(i) Recall from (6.7) that 7*([25]/a) = [Z2]/a = a® 1 + 1 ® a. Thus,
-m*([22]/a) - 7*([22]/B) - 77 X
(@®l+1®a) BR1+1®0)- (X, +*X,)
- B.

(ii) Let z; € X be a point different from z. Then,

[Z2]/c- [22]/8 - Xz =

Q NN+

1 * £ 3
X3=X2'le =—2—-7r (Xz) - (Xgy)
1 Y * v v * Y
=§-(X$+L Xz) - ( Xz, + 0" X5,)
=1.

(iii) Since B ~ 2L and 7*(B) = 2E, n*(L) ~ E. Thus,

X, LP== - (Xz+X,) E*=X, - E’=(X,-E)?=-1.

N =

(iv) Since E = P(NV) where N is the normal bundle of Ag in X x X,
—E|E = £ is the tautological line bundle on E. Since N = Tx,,

&2 = —(1|E)* er(N) - € = ca(N) = (7| E)*Ka, - € + (K% — 12x(Ox))-
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It follows that ¢3 = (2K% — 12x(Ox)) - €. Therefore,

1 1
L'=3 B'=—2 £ =6x(0x) - K%.

(v) Note that (¢ ® 1)|E = (n|E)*a since Ay & X. Thus,
1
[ZQ]/a-L3=—2--(a®1+1®a)-E3 (@®1)-E® = (n|E)*a-¢® = a- Kx.
(vi) Again since (@ ® 1)|E = (7|E)*a = (1 ® a)|E, we have

[Zg]/a-[Zg]/,B-LQ=—;--(a®1+1®a)-(ﬁ®1+1®,3)-E2

=—2-(n|E)*a- (7|E)*B- ¢
= =2(a- ).

We continue the calculation of 84(542’0). By Lemma 5.8 (i), ([22]/¢)* =
3(¢?)2. It follows from the above Claim with a straightforward computation
that

2,0 _£C2_)2_ 2__5_ — K2
s4(&) = =5 = 5¢° = 5¢ - Kx + (6x(Ox) — KX)-

Next, we compute the Chern and Segre classes of 82 2 on Hs.
Lemma 6.11. c3(£)%) = ca(£)7) =0, c1(€0?) = [22]/(¢ — Kx) + L, and

ca(€0%) = [L [25)/(¢ — Kx) +[[22)/(¢ — Kx)]? — (¢ — Kx)? - X4] -

Proof. Let £ =2 and k = 2 in Lemma 5.11. By Lemma 6.6 (i),
(dethz)_l = OZZ(KZ2) = (mg - i)*OHz(KHz + L).

Let Nz, be the normal bundle of Z; in X x H,. Since Z, is smooth and has
codimension 2 in X x Hy, Ext! = Ext'(Iz,,Oxxg,) is isomorphic to

det Nz, = i*det Tx xm, ® (det T;g2)_1 = 0g,((m2-1)*L — (m -4)*Kx).

By Lemma, 5.11 (i), Eg 2 sits in an exact sequence

0= [O,]® MO - £2% = (m3 1), 0z, ((m2 - §)* L+ (m1 - i)*({ — Kx)) = 0
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Note that (w2 - 2)«(mg - ©)*L = 2L. Thus, by Lemma 6.6 (ii),
c1(EQ%) = (ma-i)a[(ma - §)"L + (m1 - §)* (¢ — Kx)] - L = [22]/(¢ - Kx) + L.
Also, Lemma 6.6 (ii) together with a straightforward calculation gives

(2" = 3 (L 122/(¢ ~ Kx) +([21/¢ — Kx)P — (¢ — Kx)* - Xa]

where we have used the projection formula
(2 - i)[(mg - 9)*L - (m1 - )*(C — Kx)] = L - (2 - 9)«(m1 - 1) (¢ — Kx)
and the fact that (mo - i), (mg - 4)* L? = 2L2. O
The following follows from Lemma 6.11 and Remark 5.6.

Corollary 6.12. The Segre classes of Eg 2 are given by

s1(€0%) = [22]/(Kx — ) - L
52(60) = 5 [[122)/(¢ - Kx)P+

+3[22]/(¢ — Kx) - L+2L° + ({ - Kx)* - Xo]

s3(E0%) = ~[[22)/(C - Kx)P* - L - 2[Z]/(¢ - Kx) - L* - L?
— (- Kx)? X+ [2)/((-Kx)— ((-Kx)?* Xz L
(Kx —0??

sa(£07) = 5(Kx —¢)? -

(Kx —¢) - Kx + (6x(0Ox) — K%)-

N Ot

Proof. The calculation of 34(82 2) is similar to that of .94(8(2 %) in Corollary
6.10. 0

Note that 34(52’2) may be obtained from 34(82’0) by replacing ¢ by
Kx — (, and indeed this holds more generally for s; when we add the sign
(-1).

Now we compute the Chern and Segre classes of Ecl 1 on X x X.

Lemma 6.13. Let 7; and 19 be the two natural projections of X x X to X,
let Ay be the diagonal in X x X, and let j : Ag = X x X be the inclusion.
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Then

() =m¢+73(¢ - Kx)

ca(€;") = T1¢T3(¢ — Kx) + Ao

es(Eg") = 1C- Do~ 75(¢ ~ Kx) - Do = GuKag
K3,

04(62."1) = 2

Proof. Let £; =2 and k =1 in Lemma 5.11. Recall that m; and 7y are the
natural projections of X x (X x X) to X and (X x X) respectively.

Claim 1. o, (71'{(9}((() ®E:L’t1) =2 130x(C — Kx) Q Ip,-

Proof. Let Ajo be the diagonal in X x X which is formed by the first and
second factors in X x (X x X), and let A;3 be the diagonal in X x X which
is formed by the first and third factors in X x (X x X). Then, Ajs X X and
Aj3 x X are smooth codimension 2 subvarieties in X x (X x X). Here it is
understood that the factor X in A3 x X is embedded as the second factor
in X x (X x X). Moreover, Aj3 X X and A3 x X intersect properly along
the diagonal Aj93 in X x X x X. Thus, from Lemma 5.10 (iii), we conclude
that

Ext! = Ext' (Ingxx, Inpxx) 2 1 ® det N

where N is the normal bundle Aj3 x X in X x (X x X), and [ is the ideal
sheaf of Ajo3 in A3 X X. Now, the restriction of mg to Az x X gives
an isomorphism from Aj;3 X X to X x X. Via this isomorphism, Aje3 in
A13 X X is identified with the diagonal Ay in X x X, det N is identified with
75(—Kx), and the restriction 7} Ox (¢)|(A13 X X) is identified with 75(¢).
Therefore,

mox (T1Ox () ® Ezt') = mo, (miO0x(¢) ® I ® det N) = 130x ((— K x)®In,-
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O

Note that mo,(m7Ox(¢) ® Oaxx) = 77(¢). Thus by Lemma 5.11 (i)
and Claim 1, we have a row exact sequence and a column exact sequence
(6.14)

0

!

1(¢)
!

0— Rlm, (110x(¢) ® Hom) — &' = 1350x(¢ — Kx) ® Ia, = 0.

{
[OXXX]e h(¢)

!
0

In the next claim, we compute the Chern classes of Ia,. Clearly,
Co (I Ao) =1.

Claim 2. ¢1(Ipn,) = 0, c2(In,) = Ao, cs(Iny) = —JuKaoy, ca(ln,) =
K3,/2.

Proof. Note that Todd(Na,)™! = 1+ Ka,/2 + (KZX,/4 — x(On,))- By a
formula on p.288 of [12] (a special case of the Grothendieck-Riemann-Roch
Theorem),

ch(j10n,) = ju(Todd(Nag) ™! - ch(Oag)) = js (Todd(Na,)™)

K, | . KA
:AO'l'ﬂ"'.?* ( Bo _X(OAO)) .

4

Since ch(5!'04a,) is just equal to ch(j.Oa,), we obtain

. WKn, . [ KX
ch(Ip,) = ch(Oxxx)—ch(j«0n,) = 1—A0—J—2A—°—J* ( 4A° - X(OA0)> :

From this, the Chern classes of Ia, follows immediately. In particular,

A2 . [3K% K%
c4(IAo) = TO' + 2« ( 2A0 - 6X(OA0)) = 530
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since Ag? = co(Tx) = 12x(0Ox) — K% (see the Example 8.1.12 in [12]). O

Now the calculation of the Chern classes of Eé ! follows from (6.14) and
Claim 2. In particular,

ca(€!) = =11¢ (¢~ Kx) - Do = miC - juKag + 75 (¢ — Kx)?+ Ao
K3, K},

+275(( — Kx) - 3+ Ka, + 5 = 5

since 77¢ - 75 (¢ — Kx) - Ao =(- (¢ — Kx) and 77¢ - j«Ka, = (- Kx. O

The next result follows immediately from Lemma 6.13 and Remark 5.6.

Corollary 6.15. Let notations be the same as in Lemma 6.13. Then

s1(6;") = =1 — 73(¢ — Kx)

s2(E0") =17 + 11 T3 (¢ — Kx) + 15~ Kx)® — Ao

s3(6") = ~mi¢? - 73(¢ ~ Kx) = ¢ 73(¢ — Kx)?
+71¢- Do+ 315(C — Kx) - Ao+ j«Kn,

sa(E7Y) = (12¢ - Kx — 12¢ — 3K%).

O

We can now work out (5.7) explicitly for 4 = 2 and j = 2,1,0. For
simplicity, let

2 2
(6.16) S; =" Sjx=_ ((Zo-il/a+[Z]/a) - sa_j(E:"* & (EETTF)Y).
k=0 k=0

Lemma 6.17. S; = 64a? + (12¢%2 + 4K% — 20)o? where a = ({ - a)/2.

Proof.  Note that si(ﬁf’g—k) (respectively, S;x) can be obtained from

31(85’2"’“) (respectively, (—1)7 - Sj2—k) by replacing { by —C. Also, Sa2 is
equal to

([22]/a)® - 52(0° @ (€2))") =
= ([Z21/0)? - [32(62%) — 51(62%) - 51(E%0) + 52(E2D)] .
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Therefore, by Corollary 6.10 and Corollary 6.12, we obtain
Spo + Sa0 = 32a2 + (6¢? + 2K% — 12)a® + 2(a - Kx)2.
Let 7 and 79 be the projections of X x X to X. Then, by Corollary 6.15,
Sa1 = (rfa+m3a)? - 526t @ (1))
= (rfa +T5a)?- [32(541’1) —51(EP) - s1(EXD) + 52(5};)]
= 3242 + (6¢2 + 2K% — 8)a? — 2(a - Kx)%.

It follows that Sp = (S22 + Sa,0) + So,1 = 64a% + (12¢2? + 4K% — 20)a?. O

Next, adopting the same method as in the proof of Lemma 6.17, we
compute the values of S; and Sy in the next two lemmas respectively.

Lemma 6.18. S; = —(48¢? + 16K% — 120)a where a = ( - @) /2.

Proof. In view of (6.16), we have to compute S; 2, 51,1, and S1 9. Note that
S1, can be obtained from —S 2 by replacing ¢ by —¢. Using Corollary 6.10
and Corollary 6.12, we see that (S1 2+ S10) = —(24¢2+8K% —72)a — 6(C -
Kx)(a- Kx). Let 71 and 79 be the projections of X x X to X. Then, by
Corollary 6.15,

S11 = (rfa+13a)- 5360 @ (EL)Y)
= —(24¢? + 8K% — 48)a + 6(¢ - Kx)(a - Kx).

It follows that S; = (S1,2 + S1,0) + S1,1 = —(48¢% + 16K% — 120)a. O

Lemma 6.19. Sy = 18(¢?)% + (12K% — 105)¢% + [2(K%)? — 50K % + 96].

Proof. We need to compute Sp2,Sp1, and Sppo. Again, Sop can be obtained
from Sp o by replacing ¢ by —(. Using Corollary 6.10 and Corollary 6.12,
we see that

(So2+ So0) = 9(¢?)? + (6K% —63)¢? + [(K%)% — 43K% + 60).

By Corollary 6.15, So1 = 9(¢?)? + (6K% — 42)¢? + [(K%)? — TK% + 36).
Therefore,

So = (So,2+50,0) +S0,1 = 18(¢?)?+(12K% —105)¢* + [2(K % )* — 50K % +96).
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Now we can calculate the difference (55,1, (C-,C4) when £ =2.

Theorem 6.20. Let { define a wall of type (w,p) with £; = 2. Then

(@) = - (@] = (~1*O - {go- a® + g1 - a2 a2 + g5 - 0874 (0?)}

for a € Hy(X;Z), where a stands for (¢ - &)/2 and

d!
2= (d-a)

d
g = (2) - (4K% +4d + 8)
go =2d% +4d - K% + 2(K%)? + 13d + 10K} + 21.

In other words, the difference 635, »(C-,Cy) is equal to

(1) e(¢, ) {go. () 0 (§) " wrran (5 q}

Proof. In view of Theorem 5.4 and the notation (6.16), we have

4
(@) = (@ = 3 (‘?

]) (=1 L gd—d S;.
=0

Now, S4 and S3 are given by Proposition 5.9 and Proposition 5.12 respec-
tively; Sp,S1, and Sy are computed in the previous three lemmas. So it
follows that the coefficient of (—1)$ - a%~% . (a2)? is equal to

d!
2= @-ar

Similarly, also keeping in mind that ¢2 = (p + 8) = (5 — d), we have
g1 = (g) -(12¢ + 4K% + 16d — 52) = (g) - (4K% + 4d + 8)

go=64- (g) + (48¢? + 16K% —120) -d +

+ [18(¢%)? +12¢? - K% + 2(K%)% — 105¢% — 50K % + 96]
=2d? +4d- K% + 2(K%)? + 13d + 10K% + 21.
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Corollary 6.21. Let ( define a wall of type (w,p) with £ < 2. Then, the
difference <5X »(C—,C,) of Donaldson polynomial invariants is a polynomial
in ¢ and gx W1th coefficients involving only (2, homotopy invariants of X,
and universal constants.

Proof. Follows from Theorems 6.1, 6.4, and 6.20. O

Finally, we compute the difference [y (a)]¢ 2 vy — [p—()]?2 - v_ for

ec=2.

Theorem 6.22. Let { define a wall of type (w,p) with {; = 2, and let
d = —p—3. Then, [u ()2 vy — [p_(a)]?% v_ is equal to

) (_1)h(()+1 ) {éo a2 4G 0%t P+ Gy 0 S (a2)2}

1
4
for o € Ho(X;Z), where a stands for (¢ - &) /2 and

. (d-2)
92 =51 (d - 6)!
G = (d;2) - (4K% + 4d — 40)

Go = 2d? +4d - K% + 2(K%)? — 35d — 38K% — 99.

Proof. By Theorem 5.5, [+ ()2 - vy — [u—(a)]42 - v_ is equal to
d—2 1)MQ+I+i  qd—2- d—2 hQ)+147 - d—2—j
1 2 ( ) (OF+1+1.qd-2-7.5, ]z% ; (1) J.q4=20.Ty

where for simplicity we have defined T; = Z/zczo Tjx as

2
Z [Z2-k)/a+ [Z]/@) - ((Zo-k] + [2e]) /2 - 525 (€77 @ (E527F)Y).

Next, we compute Tj. Using Corollary 6.10 and Corollary 6.12, we obtain
Topo = Xz - 32(5?’0 & (52’(2)\/)
=X, [32(53’0) —51(E2°) - s1(E22) + 32(83’5)]
=(3¢2+3¢-Kx + K% - 3).
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Note that Tp,2 can be obtained from Ty by replacing ¢ by —(. Thus,
Toz = (3¢ -3¢ - Kx + K% - 3).
Similarly, using Corollary 6.15, we get Tp,; = (6¢%> + 2K% — 4). Therefore,

2
Ty=) Tor = (12¢* + 4K% - 10).
k=0

By similar but much simpler arguments, we conclude that T} = —16a and
T2 = 40!2.
From (5.9), (5.12), (6.17), (6.18), and (6.19), we have
Sy = 12(a?)?,
S5 = —48a - 0,
Sp = 64a? + (12¢% + 4K% — 20)0?,
Si = —(48¢% + 16K% — 120)a,
So = 18(¢%)* + (12K% — 105)¢? + [2(K%)? — 50K% + 96].

Putting all these together, we see that [ ()2 vy — [u—(@)]%2 - v_ is
equal to

1
1 (M. {§0 a4 g0t + Gy 0l (02)2}

where §o, g1, and g2 are as defined in the statement of Theorem 6.22 above.
O
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Added in the proof. Recently, Ellingsrud and Géttsche obtained detailed in-
formation on the transition formula, and showed that there is an algorithm that
computes the SU(2) and SO(3) polynomial invariants for the projective plane and
other rational surfaces X as long as the corresponding chamber contains an ample
divisor H with H - Kx < 0.



