COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 2, Number 4, 593-625, 1994

HARMONIC DIFFEOMORPHISMS INTO
CARTAN-HADAMARD SURFACES WITH
PRESCRIBED HOPF DIFFERENTIALS

LUEN-FAI TAM AND TOM Y. H. WAN

INTRODUCTION

In [22], the second author showed that given a holomorphic quadratic differ-
ential on the unit disk of the complex plane C, one can construct a harmonic
diffeomorphism from the hyperbolic two space H into itself so that its Hopf
differential is equal to the given one. Later, in [4], Au and the second author
generalized the result for holomorphic quadratic differentials on C, provided
the differential is not of the form cdz? for some constant c. Even though it
is not explicitly stated in [22, 4], the harmonic diffeomorphism is unique up
to an isometry in the target. The method of proof in [22, 4] is to construct a
complete constant mean curvature space-like surface (a constant mean curva-
ture cut) in the Minkowski three space from the given holomorphic quadratic
differential. The required harmonic diffeomorphism is just the Gauss map of
the constant mean curvature cut.

On the other hand, Li, Wang and the first author [17] studied a class of
surfaces which is more general than the hyperbolic two space. They studied
complete simply connected surfaces with Gaussian curvatures bounded be-
tween a negative constant and 0, so that the first eigenvalue for the Laplacian
for functions is positive. Following [17], we call such a surface a hyperbolic
Cartan-Hadamard surface, or simply a hyperbolic CH surface. For exam-
ple, a simply connected surface with Gaussian curvature pinched between two
negative constants is a hyperbolic CH surface. It was proved in [17] that a
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hyperbolic CH surface is conformally equivalent to the hyperbolic surface with
a conformal factor bounded between two positive constants. It was proved in
[17], many things that are true for harmonic maps between hyperbolic two
spaces, are still true for harmonic maps between hyperbolic CH surfaces. For
example, in [17], the results in [14,15,16] on the existence, uniqueness and regu-
larity on harmonic maps between hyperbolic spaces with prescribed boundary
data at the geometric boundary are still true for hyperbolic CH surfaces. It
was proved in [22] that a harmonic diffeomorphism between hyperbolic surface
is quasi-conformal if and only if the norm of its Hopf differential is uniformly
bounded. This has also been generalized to hyperbolic CH surfaces in [17].
It is interesting to see whether one can generalize the results in [22, 4] on the
constructions of harmonic diffeomorphisms with prescribed Hopf differential.
More precisely, given a holomorphic quadratic differential on the unit disk in
C or on the whole complex plane C, one would like to construct a harmonic
map, unique up to isometries of the target, from the hyperbolic space or C
into a hyperbolic CH surface, so that its Hopf differential is equal to the
given holomorphic quadratic differential. In this situation, the target is not
the hyperbolic space, and one cannot use the Gauss maps of constant mean
curvature cuts as in [22, 4]. New methods have to be developed. In this paper,
we are able to solve the existence problem completely and obtain the following:

Main Theorem (Theorem 3.2). Let N = (D,e**ds2) be a hyperbolic CH
surface with Gaussian curvature Ky satisfying —b*> < Ky < 0 for some con-
stant b > 0 and A\;(N) > 0. Then given any holomorphic quadratic differential
® = ¢dz? on Dp,, Ry = 1 or oo, there is a harmonic map u from Dg, to N
with Hopf differential given by ®. Moreover, if Ry = 1 or ¢ is not a constant,
then u can be chosen to be a harmonic diffeomorphism into N. Futhermore,
if Rp = 1 and ® € BDQ(D), then u can be chosen to be a quasi-conformal

harmonic diffeomorphism onto N.

Here, D, is the unit disk and D, is the complex plane. Since a hyperbolic
CH surface is conformally equivalent to the hyperbolic space with conformal
factor bounded between two positive constants as mentioned above, and since

a map is harmonic depends only on the conformal structure of the domain
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and not the metric of the domain in dimension two, the theorem is still true if
the domain is a hyperbolic CH surface. In order to prove the theorem without
using the properties of constant mean curvature cuts, we have to obtained
more refined apriori estimates for the energy density and the dilatation of a
harmonic map. One difficulty is that the Gaussian curvature of the target
may be zero at some point. Therefore, one cannot use directly the generalized
maximum principle as in [22] to obtain a bound of the energy density of the
harmonic map in terms of its quadratic differential. However, if the target is
a hyperbolic CH surface, then we can perturb the metric, and use the results
in [17] to prove the theorem.

For the uniqueness, we have some partial results. First, we will reduce the
question on the uniqueness of harmonic diffeomorphisms to the question on
the uniqueness of solutions of the equation satisfied by the 0—energy density

of a harmonic map. Then, we will prove, or example:

Theorem 4.5. LetH = (D, ds2) be the Poincaré disk and let N' be a hyperbolic
CH surface with Gaussian curvature Ky. Let ¢dz? be a holomorphic quadratic
differential in BQD(D). Letu; and uy be two orientation preserving harmonic
diffeomorphisms from H into N with the same Hopf differential ¢dz*. Suppose
e®ids? is complete on D, for i = 1,2, where w; = log||0u|, and suppose
Kn(u1(2)) = Kn(ug(2)) for all z € D. Then there is an isometry vy of N

such that us = u; 0 Ly.

Here again, we cannot use the properties on Gauss maps of constant mean
curvature cuts. One of the main difficulties to prove uniqueness is that the
Gaussian curvature of the target may not be constant. However, even if we
assume Ky (u;) = Kn(ug) as above, it is still not obvious that w; = w,,
because Ky may equal to 0 somewhere.

There are many other methods and results on constructing harmonic maps
on noncompact manifolds, see [2, 3, 6, 7, 9, 14, 15, 16, 17, 23]. On the other
hand, there are applications of harmonic maps to the Teichmiiller theory via
Hopf differentials of harmonic maps, see [24, 11]. One of the basic result in
this direction is the construction of a homeomorphism between the Teichmiiller

space of a compact oriented surface of genus great than one and the space of
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holomorphic quadratic differentials on the same surface endowed with a fixed
conformal structure in [24] (see also [11]). Later, in [22], by solving the pre-
scribed Hopf differential problem for harmonic diffeomorphisms between H the
second author constructed a continuous mapping from the space of bounded
holomorphic quadratic differentials with respect to the Poincaré metric on H
into the universal Teichmiiller space which is an extension of the inverse map-
ping of the homeomorphism constructed in [24]. It was asked by the second
author and conjectured by Schoen [19] that this mapping is bijective. The
injectivity part of Schoen’s conjecture was then proved by Li and the first
author [16], and the surjectivity part is still open. Due to the success of the
application of the restricted map on Teichmiiller spaces of compact surfaces,
this mapping is expected to be very useful in the study of general Teichmiiller
spaces of Fushian groups especially those of noncompact surfaces. Hence, the
generalization of the prescribed Hopf differential problem for harmonic maps
in this paper may give more information in the study of the conjecture of

Schoen and also in the study of noncompact Riemann surfaces.

Here is our plan. In §1, we will improve some of the results in [22] for the
solution of the nonlinear scalar equation satisfied by the 0-energy density of
a harmonic map. In §2, we will prove our main theorem in the particular
case that the domain is H, the norm of the holomorphic quadratic differential
is uniformly bounded, and the Gaussian curvature of the target is pinched
between two negative constants. In §3, we will use compact exhaustion and
perturbation method to prove the main theorem in its full generality. In
84, we will prove various results on uniqueness for harmonic maps with the
same Hopf differential. In the Appendix, we collect some facts about quasi-
conformal maps used in this paper for the convenience of the readers. Every

surface considered in this paper is assumed to be connected and oriented.
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1. THE EQUATION OF J-ENERGY DENSITY

In this paper, D, , will denote the disc centered at z of radius 0 < r < oo in
R2. Here, by convention D, o, is just R%. For 0 < r < 0o, the Poincaré metric
on D, . is denoted by ds2_ = pZ (¢)|d¢|?, where pZ (() = 4r?/(r* — |2 —([*)?.
For simplicity, if z = 0, then we will denote Dy, po,r, and ds2 by D,, pr,
and dsf,r respectively. If we also have r = 1, we simplify the notations further
to write D, p, and dsg instead of Dy, p1, and dsfh, respectively.

Let @D(D,), 0 < r < oo, be the vector space of holomorphic quadratic
differentials on DD, with respect to the standard conformal structure. For
& = ¢(:)d2* € QD(D,), we set [|@l],.(2) = p*(2)I¢(=)] and [®llope.) =
supp_[|®||,,(2). It is easy to see that BQD(D,) = BQD(D,,ds? ) = {® €
QD(D,) : ||®|lopm,) < oo} is a Banach space with the norm || - ||op@,). To
simplify notations, we write BQD, ||®||(2), ||®||qp to denote the corresponding
objects for = 1. Since we have global isothermal coordinate z on D, ® is
represented uniquely by its coefficient ¢(z). So when there is no confusion, we
will not distinguish ® and its coefficient ¢. For example, ||¢]|(z) is the same
as [|2]|(z)-

Let us recall some basic facts about harmonic maps between surfaces. Let
M and N be oriented surfaces with metrics p%|dz|?> and o?|du|?, where z and
u are local complex coordinates of M and N respectively. A C? map u from

M to N is harmonic if and only if u satisfies

0%u 4 2810g0(u(z))@@ —0
020%Z ou 0207

The Hopf differential ® = ¢(z)dz? of u is defined by ¢(z) = 02 (u(2)) u,(2)u.(2).
If u is harmonic, then it is well-known that @ is a holomorphic quadratic dif-
ferential on M. Let

oul?(z) = T =) | Ou

= pz(z) Oz (z)a
and
Fo120 — 02 (u(z)) |Ou|?
”6“'” (z)_ p2(z) % (z),
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be the & and O-energy densities of u respectively. The energy density and the
Jacobian of u are given by

e(u) = [|0ul]* + [|Dul|?

and
J(w) = ||8u]|* — [|0ul?
respectively. If u is harmonic and ||Ou|| # 0, by [20], we have the following

Bochner formula:
Apw = —Ky (u) (€ = |4lI3e7*) + Ku,

where w = log||0u||, Ka and Ky are the Gaussian curvatures of M and
N, Ay is the Laplacian operator on M, and ||@||ss is the norm of the Hopf
differential of u with respect to the metric on M. In our case, M is either H

or R?. In this section, we will study the equation
Dyw = h(z) (2 - 9], ) -1

on a disc D,, 0 < 7 < oo, for some function h(z), where A, is the Laplacian
operator with respect to the Poincaré metric p2(z)|dz|? on D,. The results will
be used in the later sections. The analysis is the same for all r with 0 < r < oo.
Hence we will assume that r = 1 for simplicity.

Let us first recall the following generalized maximum principle of Cheng
and Yau [5].

Lemma 1.1. Let M be a complete noncompact manifold with Ricci curvature
bounded below by —K, for some constant K > 0. Let u be a C? function on

M.

(1) Suppose u satisfies the differential inequality Au > f(u), where f is a
continuous function with the property that

: ft)
limsup —= >0
et g(t)
for some positive continuous function g, which is nondecreasing on
—1/2
[a,00) for some a and [;° (f:g(r)dT) < oo for some b > a. Then

u 1s bounded from above.
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(2) Suppose u is bounded from above, then there is a sequence of points xy,
in M, such that

lim u(zk) = supu,
k—o0 M
lim |Vu(ze)| =0,
k—oo

and

lim sup Au(zy) < 0.

k—o0
In our situations, we usually take g(u) = f(u) = Ae** — Be P*—C for some

constants «, 8, A, B, and C' > 0 to apply Lemma 1.1. Using the generalized
maximum principle, we have:

Lemma 1.2. Given ¢dz?> € QD(D,), r = 1 or co. Let w; and w, be two C?
functions satisfying |ple=¥i <1, i =1, 2, such that

Dowy > hy(2) (€ — |p[?e™™),
and

Dows < ha(z) (€22 — |p[Pe72),

for some continuous nonnegative functions hy and h,, where Aqg is the Fu-
clidean Laplacian. Suppose €**2|dz|?* defines a complete metric on Dy, hy(2) >
ha(2), and b*> > hy(z) > a® > 0, Vz € D, for some constants b> a > 0, then

w1 < ws,.

Proof. First of all, |¢p|le=?** < 1 implies that e®¥i — |¢p|?e"2¥ > 0,1 =1, 2.
Hence hi(z) > ha(z) > 0 implies

Dowy < hay(z) (32 — |¢fPe*2)
< ha(z) (€32 — |p|%e2v2).

Therefore, letting n = w; — w,, we get

6~2w2 AO n

vV

ha(2) (€77 = |pal?e™" — 1+ |al?)

a2e217 _ b2e—277 . b2

v

’

where |us| = |¢le™®*2 < 1, and we have used the fact that b2 > hy(z) >
a® > 0. It is easy to see that the curvature of €?*2|dz|? is bounded below by
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—ha(2)(1 — |pel?) > —b%. Since €2¥2|dz|? is complete, Lemma 1.1 implies that
71 is bounded from above. Then, as in [22], the second part of Lemma 1.1
implies that n <0, i.e. wy Swe. O

Using the corresponding results in [22] for D and [4] for R? with ¢ = 1, we

have the following lemma.

Lemma 1.3. For any positive constant ¢ > 0, and any ¢dz?> € QD(D,),
r =1 or oo, with ¢ # 0 if r = co. There is a unique solution v of the equation

on - c2(e2v _ |¢l26_2v)
on D, such that €**|dz|? is complete on D,, and e=*|¢| < 1 everywhere. Here,

Ag is the Euclidean Laplacian of D... Furthermore,

(1) if r =1, then v — log p > —logc, where p*|dz|? is the Poincaré metric
on D. If, in addition, ¢dz? € BQD(D), then

1+./1 +4c4||¢||gD>

1
v—logpsilog( o

and there exists a constant 0 < k < 1, depending only on c?||¢|lop,
such that e=*|¢| < k.
(2) If r = 1, then e=®|@| < 1. If r = oo, then either e=%|¢| < 1 every-

where, or v is a constant and ¢ is a nonzero constant.

Remark 1.1. It is easy to see that there is no solution to the equation Agv =

c2e? in R2.

Proof of the lemma. For 7 = 1, the lemma follows from applying the results
in [22] to v — log p + log ¢ with ¢ replaced by c*$. For r = oo, the existence
and uniqueness of v follow from the results in [4]. Therefore, it remains to
prove statement (2) of the lemma. Consider the metric g = ds? = e?¥|dz|?
which is complete on R? by construction. Let K, be the Gaussian curvature
of g. Using the equation of v, it is easy to see that K, = —c%(1 — |¢|2e~*).
Therefore —c?* < Ky < 0. Moreover, using the assumption that e=2*|¢| < 1,
we have
Bg(—Ky) < 4(—K,).
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Since —K, > 0, we conclude, by mean-value inequality, see for example [10],
that the set K, = 0 is open. It is obvious that the set K; = 0 is close, therefore
we have either K, < 0 everywhere or K, = 0. If K; < 0 everywhere, then we
have e=?’|¢| < 1 everywhere. Suppose K, = 0, then (D,,e?|dz|?) is flat, so
T = 00, and using a trick in [19] and the result in [13], we can prove that v is
a constant. In fact, let o be the origin in R?, and let 7,(z) be the Euclidean
distance of a point x from o. There exists R > 1 such that r,(z) > 1 for all =
with dy(0,x) > R, where d, is the distance function with respect to the metric
g. Since K, = 0 and logr, is harmonic and positive on B, (1) for all  with
dy(0,x) > 2R, where B, (1) is the geodesic ball of radius 1 centered at = with
respect to the metric g, the gradient estimate of [5] implies that there is a
absolute constant C; such that '

|V log(ro(z))| < C1log(ro(z)),
for all z with d4(o,z) > 2R. Hence, there is a constant C; > 0 such that
v(z) > —Cqlog(ro(z))

for all z with 7o(z) large enough. So v+ C;log(ro(x)) is nonnegative harmonic
near infinity in R2. Therefore, by the argument in Corollary 5.5 in [13],

v(z) = u(z) + Cs log(ro(x))

near infinity for some bounded harmonic function u and some constant Cj.
In any case, v is either bounded from above or bounded from below, so v is a
constant. Then putting back into the expression of K, ; and using K, = 0, we

conclude that |¢| and hence ¢ is a nonzero constant. [J
Using Lemmas 1.2 and 1.3, we generalize the results of [22] to the following:

Proposition 1.4. If ¢d2> € QD(D) and h(z) is a function in C% (D) satis-
fying 0 < a® < h(z) < b? for all z € D. Then there exists a unique solution
w € C2*(D) of

loc
(1.1) Dpw = h(2) (€ — [I¢*e™™) - 1,

such that €2 ds? defines a complete metric on D and that ||¢|le=2* < 1.
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Proof. Note that if v is a solution given by Lemma 1.3, then o = v — logp
satisfies
Db =c? (e” — ||4]7e™™) - 1.

By Lemma 1.3, there exist solutions w, and w; of

(1.2) Dpw, = a? (2 — ||¢[e™>) — 1,
and
(1.3) Dy wy, = b2 (€7 — [|§]°e7>) ~ 1,

respectively such that e*“~ds? and e***ds? are complete metrics on I and
satisfy ||¢]le=®** < 1 and ||@|le~?¥» < 1. By Lemma 1.2, we have wy < w,.
Since b2 > h(z) > a? > 0in D, ||@|le?** < 1, and ||$]le™2¥ < 1, w, is a
subsolution and wj is a supersolution of (1.1). Using the method of sub- and
supersolutions as in [22] (with modification of the regularity of solutions), we
conclude that there exists a solution w € C2%(D) of (1.1) satisfying w, <
w < w,. Since e***ds? is complete and satisfies ||¢[le™>** < 1, e?¥ds? is also
complete on D and w satisfies ||¢|le™?* < 1. Finally, the uniqueness follows

from Lemma 1.2. This completes the proof of the proposition. O

Using Lemma 1.2 and the proof of the above proposition, we can obtain
certain a-priori estimates on the solution w given by Proposition 1.4 under

suitable assumptions on ¢dz? and the function h.

Proposition 1.5. Suppose w € Cp.3(D) satisfies
Apw = h(z) (€™ — ||gl|%e™™) - 1,

for some ¢(2)dz? € QD(D) and for some function h € Cg (D) with 0 < a? <
h(z) < b%, for all z € D, e*ds’, is complete on D, and ||@|le™* < 1. Then

w > —logh.

If, in addition, ¢dz* € BQD(D) and a® > 0, then we also have

1 1+ 4a*||¢]|2
wgllog( 1+ anaanD)‘

2a2
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Proof. Let wy as in the proof of Proposition 1.4. By Lemma 1.2 with w; = wy,
wy = w, by = b?> > 0 and hy, = h < b?, we conclude that w, < w. By
Lemma 1.3, wy > —logb, and hence w > —logb. If in addition a®> > 0 and
l#llop < oo, then we let w, be the function as in the proof of Proposition 1.4,

and use Lemma 1.2 as before to conclude that w < w,. By Lemma 1.3, we

have
w < W,
< 1 1 1+ \/ 1+ 4a4||¢||2QD
— 5 Og 2a2 K

and the proof of the proposition is completed. [

If ||¢llop = o0, then we do not have the uniform upper bound for w. How-

ever, if a > 0, we still have a local upper bound as follows.

Proposition 1.6. Let ¢dz? € QD(D), and let w be as in Proposition 1.5 with
some h € C2,(D), and 0 < a® < h(z) < b% in D. Then for any z € D and r

loc

such that 0 <7 < 1—|2|,

1- Izl2)2 1+\/1+4a4supD |12

Py
< — .
w(z) < log ( ) 57 )

Proof. By Lemma, 1.3, there is a unique solution v of

Dy, v =a? (62” - |l¢ f,me”%) -1,
e*ds; ~ complete on D, ,,
[8ll,...e7 <1,

where A, is the Laplacian on D,, with respect to the Poincaré metric.
#|/4 < co. We have, as in the proof of

1 1 1+ \/1 + 4a4 Supp, , 1% ;272.1-
2 0g 2a? .

Let w = w +logp — log p. . Then by a straight forward calculation we have
Do, 0= h(C) (7 = ||I5, e77) — 1

Note that supy_ lollp.. < r? supp, .
Proposition 1.5,
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and ||@]|,,,.e”*" < 1 on D,,. By Lemma 1.2 with obvious modifications, we

get w < v and hence

w(() < log

14 /14 4a*supy__ |42,
pzr(€) + l log \/ D., =1 ‘
p(C) 2 2a?

Putting ¢ = 2, we get

1— |22 1 1+ /14 4a%supy__ |42, .
w(z)flog( TIZ|)+—-log< \/ D, — 1,

2 2a?
which is the desired ihequality. O

Proposition 1.7. Let ¢dz? € QD(D), and let w be as in Proposition 1.5
with some h € C2,(D), and 0 < a? < h(z) < b* in D. Then for any r and
", 0 <71 <71 <1, there exists C3 > 0, which depends only on r, 7', a, b,
supp , ||, and ||hl|ca(m,,) such that

|lwl|cz.2m,) < Cs.

Proof. By Propositions 1.5 and 1.6, w and Aqw are bounded on D, = D4r1y/2
by constants depending only on a, b, and supp, |¢|, where A\, denotes the
Euclidean Laplacian. So there exists a constant Cy > 0, which depends only
on the bounds of w and Aqw on D, (see Chapter 4 in [10]), such that

sup |Vuw| < Cy

T2
where ry = 3(r 4+ 7). Since w satisfies equation (1.1), the C%% norm of Aqw
on I, is bounded by a constant depending only on r, 7', the bound of w and
the bound on Agw in D,,. By the interior Schauder estimates (see Chapter 4
in [10], for example), there is a constant C3 > 0, depending only on r, 7/, C°
bound of w and C®* bound of Ayw on D,,, such that

|wllczem,) < Cs.

Since |Aow| is bounded on D,, by a constant depending only on a, b and

supp, |¢l, the proposition follows. [

As a consequence of this proposition, we have the following:
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Proposition 1.8. Let h, € CZ.(D). Suppose that h, — hy in C2.(D) as
n — 00, and that 0 < a® < h,(2) <V forn=10,1,2,.... Let w, be solutions
of

Dypwy = ha(2) (€22 — [|4]|7e™>") — 1,

such that e**~ds? complete and ||¢|le™*» < 1 for alln=0,1,2,---. Then wy,

converges to wy in C% (D) as n — oo.

Proof. Since h,, converges to hg in C2 (D), for each r’ < 1, there is a uniform
bound of ||A,||ce®,), n = 1,2,---. By Proposition 1.7, for any r < r’, there
exists a constant Cs > 0, which depends only on r, 7/, a, b, supp, |¢|, and
the uniform bound of ||h,||ce@,.) such that ||w,||c2.«(s,) < Cs. Therefore, any
subsequence of {w,} has a subsequence converges C? locally uniformly on
compact subsets. Let f € C*(D) be the limiting function of a subsequence of
{w,} in CE (D). Then f satisfies

Dpf = ho(2) (¥ — |I¢lI*e™) - 1,

since h,, converges to ho. By Proposition 1.5, we have w,(z) > —logb on D
foralln=1, 2,---. Hence f > —logb, and e*/ds is a complete metric on D.
By assumption, ||@||le"?*» < 1 for all n, so f also satisfies ||¢|le™> < 1. The
uniqueness part of Proposition 1.4 then implies that f = wy. Since f is an
arbitrary limiting function, {w,} converges to wy in CZ (D). This completes

the proof of the proposition. [

Finally, let us prove a global “dilatation” estimate which is useful in later
sections. ‘

Proposition 1.9. Let ¢dz? € BDQ(D), and let w be a solution of equation
(1.1) for some h € CZ.(D) so that 0 < h(z) < b? in D for some constant
b > 0, such that e7**||§|| < 1 and e*ds? is complete. Then there exists a
positive constant k < 1, which depends only on b?|d|lop, such that

sup [|glle™* < k.
z€D :

Proof. Let v be the solution in Lemma 1.3 with ¢ = b and ¥ = v — log p. By
the generalized maximum principle Lemma 1.1 and the fact that h < b2, we
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have w > v. Therefore by Lemma 1.3, there is a constant ¥ < 1 depending
only on b?||@||op such that

e |l < e [lpll = e *|¢| < k. O

2. Basic EXISTENCE THEOREM

Let N be a complete simply connected surface with Gaussian curvature
Ky satisfying —b?> < Ky < —a? < 0 for some b > a > 0. It is well known
that N is conformally equivalent to the hyperbolic 2-space. Hence, N can
be represented as N = (D, ds?) with ds?> = 02ds? for some function o. It
is also well-known that the first eigenvalue for the Laplacian for functions of
N is positive. Therefore, N is a hyperbolic CH surface. Note that by [17],
the conformal factor ¢ is bounded. In this section, we generalize the result in
[22] to this class of surfaces, and show that given any ¢dz?> € BDQ(D), there
is a quasi-conformal harmonic diffeomorphism u from D onto IV, such that
the Hopf differential of u is ¢dz%. In [22], N is the hyperbolic space and the
harmonic diffeomorphism is constructed using the theory of constant mean
curvature cut in Minkowski space. Here, we will use a more direct method.
Observe that if u is a harmonic diffeomorphism, and let €2 = ||du||?, then u
and w satisfy the system:

{pr = —K,(u(2)) (e* — ||g]]>e~*) — 1,
us = p~ige M u,.
This system is coupled, unless Ky is constant. Our first main step is to study

the system and prove the following:

Theorem 2.1. Given any holomorphic quadratic differential pdz* € BQD(D),
and any complete smooth conformal metric 02(z)dsf, on D with curvature K,
satisfying —b? < K, < —a? < 0, there ezist a smooth function w and a quasi-
conformal diffeomorphism u from D onto D, such that

(1) w and u sdtisfy the system of equations:
Dpw = —K,(u) (€ — ||¢]’e™2) - 1,
Uz = p—2'¢—se—2wuz’

(2) u is normalized so that u(0) =0 and u(1l) =1,
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(3) €*¥ds? is complete,
(4) llolle™ <k <1,

where k is the constant given by Proposition 1.9 which depends only on b?||¢||op-

Remark 2.1. The quasi-conformal diffeomorphism u may be normalized by
other methods. For example, we may normalize u so that u fixed three given
points on the boundary of D. The problem on the uniqueness of the solutions

w and u will be discussed in section 4.

We will use the Schauder fixed point theorem to prove Theorem 2.1. Let
B ={we C'D) : |w|s < +oo},
where
Jwlls = supp(:)u()]

where p?(z) = U——TL}Z_IW‘ Here we may take any other continuous function
f > 0 in stead of p with the property that 1/f(z) — 0 as |z| — 1. Note that if
w € C°(D) and supp |w| < 0o, then w € B. It is easy to see that (B, || - ||=) is
a Banach space. It is also easy to see that w, — w in B implies that w, — w

uniformly on compact sets on D as continuous functions. Let

G = {w € B :sup|w| < C; and sup (||p|le”**) < k},
D D

1. [1+/1+4a8lI5p
C; = max | logb, = log

where

2a?

and 0 < k < 1 is the constant given by Proposition 1.9 which depends only
on b?||¢|lgp. Since b > a > 0, C; > 0. In fact, C; > 0 unless b = a = 1
and ||¢]lop = 0. It is also easy to see that & is closed and convex in B. Let
w = v — log p, where v is the solution given by Lemma 1.3 with ¢ = a. By
Lemma 1.3 and Proposition 1.9, w € &. So & is nonempty.

Now, given any holomorphic quadratic differential ¢dz? € BQD(D), and
any complete smooth conformal metric 0?(z)ds2 on D with curvature K, sat-
isfying —b? < K, < —a? < 0, we define a mapping T from & to B as follows.

For any w € G, since supy, (J|¢|le ?*) < k < 1, by Theorem A.1, Theorem
A.2 and Theorem A.4, there is a unique quasi-conformal diffeomorphism u
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from D onto D such that u(0) = 0 and »(1) = 1, and u satisfies the Beltrami
equation

ou ou

bR Y —2w___.
0z ve 0z
Furthermore, u is in C%(D) for some a > 0 depending only on k. By Propo-

sition 1.4, there exists a unique v € C**(D) such that
Apv = —Kq(u) (€* — [|g]*e™™) — 1

and €?"ds? defines a complete metric on D with ||¢]le=*” < 1. We define T'(w)
to be the unique solution v. Propositions 1.5 and 1.9 imply that

TG C 6.

Lemma 2.2. The map T is continuous on G.

Proof. Let w, — w in B, then w,, converges locally uniformly to w on compact
subsets of D. Let u, be the quasi-conformal diffeomorphism on D such that
un(0) = 0, u,(1) =1, and

ou,,

R

Similarly, let u be the quasi-conformal diffeomorphism on D, such that «(0) =
0, u(1l) =1, and

First of all, Proposition A.5 implies that u, converges locally uniformly to u
in D. So, for any 0 < 7 < 1, there is a 0 < r’ < 1 such that u,(D,) C D,
for all n. Hence we conclude that the C*(D,) norm of K,(u,) have a uniform
bound which depends only on 7, a, b, ||¢||op, and || K, ||c1(p.,). By Proposition
1.8, we conclude that T'(w,,) — T'(w) locally uniformly in D as n — oo. Since
supp |T'(wy,)| < Cy, supp |T'(w)| < Ci, and p~!(z) — 0 as |z| — 1, it is easy to
see that T'(w,) also converges to T'(w) in the norm || - ||g. This completes the
proof of the continuity of 7. O

Lemma 2.3. The image TG of G under the map T is precompact in *B.
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Proof: By Proposition 1.7, and the proof of Lemma 2.2, any sequence {T'w, }
in TG has a subsequence which converges locally uniformly on compact subsets
of D. Since supp |Tw,| < C; for all n, and p~(z) — 0 as |z] — 1, the
subsequence is also convergent with respect to the norm || - ||g. Therefore T’
is precompact.

Proof of Theorem 2.1. By Lemmas 2.2 and 2.3 and the Schauder fixed points
theorem (see for example [10]), T has a fixed point w € &. By the definition
of T, we have a quasi-conformal diffeomorphism u on D, such that «(0) = 0,
u(l) =1,

ou ou

94 _ e

0z Oz

and
Apw = —K,(u) (€2 — ||¢][’e™") — 1,

such that w € CL(D), e**ds? is complete, and [|¢lle™® < k on D. By
Theorem A.4 and using a boot-strap argument, one shows that w is in fact

smooth. This completes the proof of the theorem. [

Next, we will prove that the quasi-conformal map v obtained in Theorem
2.1 is in fact a harmonic diffeomorphism.

Lemma 2.4. Let N = (D, 0?|du|?) be a complete surface. Suppose the Gaus-
sian curvature of N satisfies —b* < Ky < —a? < 0 for some constant
b>a>0. Let pdz? € BQD(D). Suppose w is a real valued smooth function

on D and u is a quasi-conformal diffeomorphism from D onto D such that

(i) w satisfies the equation
Apw = —Kn(u) (€* = [|gl[*e™) — 1,

(ii) e*“ds2 is complete,
(iii) e=?*||¢|| < k everywhere for some 0 < k < 1,
(iv) u satisfies the Beltrami equation

Ou  _g, _470u
5z ¢ P %
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Then w is a harmonic diffeomorphism from (D, dsf,) onto N, such that the
Hopf differential of w is given by ¢dz® and ||0u||®> = e**.

Pfoof. The method of pfoof is to define a metric in the targét so that u is
harmonic, and then we will show that the metric we defined is in fact the
original metric on N. Since u is a smooth quasi-conformal diffeomorphism,
the Jacobian of u is positive and u, = du/0z # 0 everywhere on D. Let
0%(¢)|d¢|? be a conformal metric in the target. In order that u is harmonic
under this metric, it is necessary that the 0—energy density of u with respect

to the new metric satisfies

s o SEE)
”au” =e = ,02(21) | Z( )I )

where p?|dz|? is the Poincaré metric on D. Hence, we define

a1(¢) = €@ p*(2)/Ju. ()P,

where z = u~1({). It is easy to see that o?(u)|du|? is well defined since u is
a diffeomorphism from D onto D. We claim that o%(u)|du|? is complete. In

fact, at any z € D,

u* (o3 (O1d¢I?) = of (w)u*(|d¢I?)

= 02(u) |u,dz + u;dz|*

= 0} (u) (u.dz + uzdZ2) (4;dZ + 4,dz)

= o2(u) (u,dz + e 2 p 2¢u,d2) (azdz + e > p~2pu;d2)

= o} (W)|u|* {e7p72 (¢d2® + $d2%) + (14 e™**p~*|[*) |d2|*}
(2.1) = ¢pd2? + ¢dz® + p* (e* + [|¢]I’e~?*) |dz[?,
where we have used assumption (iv) and the definition of o;. Direct com-
putations show that the two eigenvalues of the symmetric two tensor ¢dz? +

¢dz® + p? (2 + [|g]|°e™*) |dz|* are p*(e” + [|glle™)” and p*(e” — [|g]le™)?.
By (2.1) and assumption (iii),

w*(o7ld¢[*) > (1 — k)%™ p?ldz[*.

Assumption (ii) implies that u*(0%|d(|?) is a complete metric and so is o2|d¢|?.
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Next, we want to prove that u is harmonic with respect to the metric
o1(u)|du|?. Note that

oi(w)u,i, = e*p’lu,| ?u, i,
= ' lu,|Pu e p T i,

(2.2) = 9

where we have used ‘again the assumption (iv). Since ¢ is holomorphic, we

have

0 = ¢:
= 02U, + 201(01)uUsU, T, + 05U, T,z + 201(01)a Uz,
= o} (2.A+u,4)
where A = u,; + 2(log oy),u,u;. By assumptions (iii), (iv) and the fact that
u, # 0, we have A = 0. Therefore u is a harmonic diffeomorphism from
(D, ds2) onto Ny = (D, of|du|?) with Hopf differential given by ¢dz* and e*”
is the O-energy density of u with respect to o%|dul?.
Finally, we want to prove that o; = 0. Using the Bochner formula in [20],

we see that w also satisfies
Apw = —Kp, (u) (™ — [|¢]*e™™) — 1.
So we have Ky(u(z)) = Kn,(u(z)) for all z € D by assumption (i) and (iii).
Since w is a diffeomorphism, Ky (u) = Ky, (u) for all v € D. Hence we have
—IEAO logo = —1§A0 log oy
g o7
= —-K (“)a
where K (u) = Ky(u) = Ky, (u). Therefore
2
B g%
Ay log p K ( o2 1) .

Since N is complete and Ky = K is pinched between two negative constants,
by the generalized maximum principle Lemma 1.1, we have 0; < 0. Using the
fact that N, is complete, we prove similarly that o < o;. Therefore o = 0.
So u is a harmonic diffeomorphism from (D, ds;‘;) onto N with Hopf differential
given by ¢dz? and ||@ul|?> = €**. This completes the proof of the lemma. [J
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By Theorem 2.1 and Lemma 2.4, we have the following particular case of
the Main Theorem.

Theorem 2.5. Let N = (D, 0?|du|?) be a complete surface such that the Gaus-
sian curvature of N satisfies —b* < Ky < —a®? < 0. Let ¢dz®> € BDQ(D).
Then there is a quasi-conformal harmonic diffeomorphism u from (DD, ds2)
onto N with Hopf differential given by ¢dz? and which is normalized so that
u(0) =0 and u(1) = 1.

Remark 2.2. If N is the hyperbolic space, then u can be realized as the Gauss
map of a complete constant mean curvature spacelike surface of hyperbolic
type in Minkowski three space, see [22]. The complete surface is in fact iso-

metric to (D, e**ds?).

3. PrOOF OF THE MAIN THEOREM

Base on the Theorem 2.5, which is a special case, we will prove in this
section the Main Theorem in its full generality. Let us first assume that the
sectional curvature Ky of the target IV, a hyperbolic CH surface, satisfies
—b? < Ky < —a? < 0 for some constants b > a > 0.

Theorem 3.1. Let N = (D,o?|dul?) be a complete surface with Gaussian
curvature Ky satisfying —b* < Ky < —a? < 0 for some constants b > a > 0.
Then given any holomorphic quadratic differential ® = ¢dz* on Dg, with
0 < Ry < o0, there is a harmonic map u from Dg, to N such that its Hopf
differential is ®. Moreover, if Ry # oo or ¢ is not a constant, then u can be

chosen to be a harmonic diffeomorphism into N.

Proof. If ® = 0, we can take u(z) = z/R, for Ry # oo and the constant map
for Ry = 00. So from now on, we assume ® # 0.

By Theorem 2.5, for any Ry > R > 0, there is an orientation preserving
harmonic diffeomorphism ug from Dg onto N such that the Hopf differential of
ug is @ restricted on Dg and ug(0) = 0. In particular, (ug), # 0 everywhere.
The metric on the domain considered in Theorem 2.5 is the Poincaré metric.
As it is well known, the harmonicity depends only on the conformal structure,

not the metric. So we can regard ug as a harmonic map from (Dg, |dz|?), i.e.
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with Euclidean metric, as well. But we should mention, on the contrary, that
the energy densities depend on the metric on the domain. For example, the
O-energy density of ug is ||Ougr|| = o(ur)|u,| if we use the Euclidean metric
on the domain.

As before, let us write wg = log||Our||. Then the Bochner formula in [20]
takes the form

3 Agwr = —Kn(up)(e™" = |¢e=™"),

since the Euclidean metric is flat. From Theorem 2.5 that up is a diffeomor-

phism, we have
(3-2) ™" > |¢l,

and e?“®|dz|? is a complete metric on Dg. For any 0 < 7 < R < Ry, by
Lemma 1.3, there is a function v, satisfying

(3.3) Agv, = a2(62'ua _ I¢|2€_2v")

and e7?"|¢| < 1 on D, such that e*|dz|* is a complete metric on D,. By
(3.1) and (3.2) we have

(4) B —|gPe ™) 2 Mg > a? (¢ — [gfe).

Using Lemma 1.1, (3.3), the second inequality in (3.4), and the fact that
€?+|dz|? is complete on D,, we see that

wRS'Ua

on D,. Hence for any fixed ', 0 < 7 < r < Ry, there is a constant C;
independent of R, such that for all Ry > R > r, wg < C; on D,.. By the
definition of wg and the fact that ug is an orientation preserving diffeomor-
phism, we conclude that the energy density of ur are uniformly bounded on
compact subsets of Dg,. Since ug(0) = 0 for all R, passing to a subsequence
if necessary, ugr converges uniformly in the C*® sense to a harmonic map u on
compact subsets of Dg;. Moreover, it is easy to see that the Hopf differential
of the limiting harmonic map u is ®. So we have proved the first part of the
theorem.
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To prove the second statement, we note that if Ry # oo or ¢ is not equal to

a constant, then by Lemma 1.3 there is a function v, satisfying
(3.5) Agvp = b2(e2 — |¢I26—2v;,)’

and e?** > |¢| on Dg, such that e?**|dz|? is complete on Dg,. Using Lemma
1.1, the first inequality in (3.4), (3.5), and the fact that e?*%|dz|? is complete
on Dg, we see that

Wgr 2 Vb,

on Dg. Since e¥? = ||Qug|| = o(ur)|(ur).| converges uniformly to ||du| =
o(u)|u,| on compact sets in Dg,, we have ||Oul|> > e** > |§| everywhere in
Dg,. We conclude that the Jacobian J(u) = [|0u||® — |#|?||0u||~2 is positive
everywhere in Dg, and hence w is a local diffeomorphism.

It remains to prove that u is globally one-to-one. In fact, the inequalities
vy, < wrp < v, and (3.2) not only imply the boundedness of ||Gu|| and the
positivity of J(u). They also imply that J(ug) is uniformly bounded away
from zero on compact sets. Therefore, ugp are local quasi-isometries with
quasi-isometric constants independent of R. That is to say, for any point
p € Dp, and g = u(p), there is a neighborhood U of p, a neighborhood V of ¢
such that up(U) is contained in V', ur maps U onto ug(U) quasi-isometrically,
and the quasi-isometric constants can be chosen independent of R for R < R,.
Since up is a diffeomorphism for each R < Ry, it is not hard to see that u

must be one-to-one. This completes the proof of the theorem. [

Remark 3.1. By the proof of the theorem, it is easy to see that, if ¢ # 0 the
harmonic map satisfies ||Qu|| > 0 and e?*|dz|? = ||0u|?*|d2|? is complete on

Dg,. In fact, w > vy, where v, is the solution in (3.5).

Now, we are going to remove the pinching condition on Theorem 3.1 and
complete our proof of the Main Theorem. Recall that a hyperbolic CH surface
is a complete simply connected surface N with Gaussian curvature Ky of N
satisfying —b? < Ky < 0, and with positive first eigenvalue for the Laplacian
for functions. We want to construct harmonic maps from H or R? into a
hyperbolic CH surface with prescribed Hopf differential. Since the Ky is not

bounded above by a negative constant, we cannot use Proposition 1.6. One
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obvious way to overcome the difficulty is to perturb the metric on N so that
the perturbed metric has negatively pinched Gaussian curvature. One can do
this provided that the first eigenvalue of N is positive. If this is the case, then
by the results in [17], N can be represented as (D, e?¥ds2) with |¢| uniformly
bounded, where ds?, is the Poincaré metric. This fact will be used in the
following proof of the Main Theorem to perturb the metric. Note that, since
N is simply connected, it is well-known that the first eigenvalue A;(N) is
positive if Ky < —a? < 0.

Theorem 3.2 (Main Theorem). Let N = (D,e*¥ds2) be a hyperbolic CH
surface with Gaussian curvature Ky satisfying —b%> < Ky < 0 for some con-
stant b > 0 and \;(N) > 0. Then given any holomorphic quadratic differential
® = ¢dz? on Dg,, Ry = 1 or oo, there is a harmonic map v from Dg, to N
with Hopf differential given by ®. Moreover, if Ry = 1 or ¢ is not a constant,
then u can be chosen to be a harmonic diffeomorphism into N. Futhermore,
if Ro =1 and ® € BDQ(D), then u can be chosen to be a quasi-conformal
harmonic diffeomorphism onto N.

Proof. If @ = 0, then the identity mapping and constant mapping are the
required harmonic diffeomorphism and harmonic map for Ry = 1 and Ry = oo
respectively. So we only need to consider the case that ® # 0.

As we mentioned above, || is uniformly bounded. So for all 0 < ¢t < 1,
e’ ds2 is quasi-isometric to ds2 and hence complete on D. In fact, e=25wP ¥l <
e* < 2P ¥l Denote (D, e*¥ds2) by NV, and let K; be the Gaussian curva-
ture of N;. Then
_ Ao(ty) +logp

e2th o2
B tAgp + Aglog p

e2t¢P2
= —(1—-t)e ™ + 2" Ky,

K

where ds] = p?|du|?, and we have used the equation p=2A¢p+1+ Kye® = 0.
Therefore,

—p2te2(1-t)sup | _ (1 _ t)e2tsup|¢| < Kt < _(1 _ t)e—2tsup |¢|’
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for all 0 < ¢ < 1. And hence there exists a constant 3 > 0 independent of ¢
such that -

(36) B — ﬂz <K, < _(1 — t)e—2tsup|¢|,

for all 0 < ¢ < 1. Since —(1 — t)e=2"PI¥l < 0 for 0 < ¢ < 1, by Theorem 3.1
there is a harmonic map u; from Dg, to Ny with u:(0) = 0 such that their
Hopf differential is ®. Furthermore, as it is stated in Remark 3.1, we also have
|Ous|| > 0 for all 0 < t < 1, e**t|dz|? = ||Ou]|*|dz|* is complete on Dg,, and
we > vg, where vg is the solution of (3.5) with b = 3.

Case 1: If Ry =1 or ¢ is not a constant.

In this case, by Lemma 1.3, we have e™2*#|¢| < 1. Since w; > vz for all
0 <t< 1, for any fixed 7, 0 < 7 < Rp, there is a constant 0 < k < 1
independent of ¢ such that

e gl < 1—k

in D, for all 0 <t < 1. Therefore

[(u)=l _
(3.7) I(ut),|<1 k,

on D,. Now, from the proof of Theorem 3.1, u; is a harmonic diffeomorphism

into NV;. It is easy to see that A;(&V;) > C > 0 for some constant independent
of t. So a local version of Theorem 1.1 in [17] implies that the energy density of
w, is locally uniformly bounded. Using u,(0) = 0 and the fact that e**¥ — &%
as t — 1, we conclude that there is a harmonic map u from Dg, into N such
that the Hopf differential of u is ®. As in the proof of Theorem 3.1, one shows
that u is in fact a harmonic diffeomorphism into N.

Case 2: Ry = oo and ¢ is a nonzero constant.

In this case, vg = 1log|¢| = c is a constant on R?. For all 0 <t < 1,

Aowy = —Ky(ug)(¥ — |@]?e™*).

is also satisfied trivially by c. Note that e?**|dz|? and c|dz|? are both complete
on R?. Since K; is bounded between two negative constants, by Lemma 1.2,
wy = c¢. Therefore the energy densities of u; are again uniformly bounded and
we can get the required harmonic map from D, = R? to N as in case 1. Note

that we may not have a diffeomorphism in this case.
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Finally, for the last assertion of the theorem, we observe that, if Ry = 1 and
® € BDQ(D), Theorem 2.5 and Proposition 1.9 imply that the harmonic maps
u; given by Theorem 3.1 are quasi-conformal diffeomorphisms with dilatation
bounded uniformly by a constant 0 < k < 1 depending only on ||®|gp. Then
Theorem A.3 asserts that the limiting harmonic map u, which is not a constant

map, is also quasi-conformal. This completes the proof of the theorem. [

4. RESULTS ON UNIQUENESS

In this section, we will prove some results on the uniqueness of harmonic
diffeomorphisms with the same Hopf differential. The following theorem re-
duces this question of uniqueness to the question of uniqueness of the solutions
of the scalar equation satisfied by the 0—energy density of the harmonic dif-
feomorphism.

Theorem 4.1. Let M = (D,, p?|dz|?), where r = 1 or r = co and p*|dz|?
is the Poincaré metric for r = 1, and the Fuclidean metric for 1 = oo. Let
N be a simply connected surface with nonpositive curvature. Let u,; and u, be
two orientation preserving harmonic diffeomorphisms from M into N with the
same Hopf differential and with images 0y and )y respectively. Suppose that
[|Ous]| = ||Ouz||. Then ug o (u)™' : Q — Qo is an isometry. If in addition,
the metric of N is analytic, then uy = Lty o uy for some isometry vy of N.

Proof. Let 02|dul? be the metric of N, where u is a complex coordinate. Let
u;, © = 1, 2 are orientation preserving harmonic diffeomorphisms with the

same Hopf differential ¢dz2. Note that ||Ou;|| > 0, i = 1, 2. For any z € D,
as in (2.1), the pull-back of the metric tensor on N under u; is given by

(u:)*(0%|dul?) = ¢d2® + ¢dz + p* (¥ + ||g||*e™**) |dz|*.
for i = 1, 2, where w; = log ||0u;||. By assumption, w; = w,, and hence
(u1)"(0?|duf?) = (uz)*(0|dul?).
From this, it is easy to see that uy o (u;)™! is an isometry from €, onto Q.
Since N is simply connected with nonpositive curvature, u, o (u;)~! can be

extended to a map from N into N which maps geodesics from some fixed point

in £, onto geodesics from its image in Q, under u, o (u;)~!. If furthermore,
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the metric on N is analytic, then the extended map must be an isometry of
N. This completes the proof of the theorem. O

Next, we want to study the problem on uniqueness of the solutions of the
scalar equation satisfied by the 0—energy density of a harmonic diffeomor-
phism. We need the following proposition, which may have interest in its own

right.

Proposition 4.2. Let H = (D, ds2) be the Poincaré disk, and let N be a
hyperbolic CH surface. Let u be an orientation harmonic diffeomorphism from
H into N so that €*“ds is complete, where e*” = ||0u||*>. Suppose the Hopf
differential ¢pdz? of u is in BQD(D). Then u is surjective, quasi-conformal,
and the energy density of u is bounded.

Proof. By the definition of a hyperbolic CH surface, the Gaussian curvature
Ky of N satisfies —b? < Ky < 0 for some b > 0. Since u is a diffeomorphism,
e~ ?||¢|| < 1. By the Bochner formula and Proposition 1.9, there is a constant
0 < k < 1, such that

(4.1) sup||gle™" < k.
z€D

Since e2wds§ is complete, by the computations right after (2.1) in the proof
of Lemma 2.4, we see that the pull back of the metric of NV under v must be
complete. Here we have used (4.1), and the fact that £ < 1. Hence u must be
onto. By (4.1) again, u is quasi-conformal. By [17], we conclude that u has

bounded energy density. [

If N is a hyperbolic CH surface, then the Gaussian curvature may not
be bounded above away from 0. So we cannot apply Lemma 2.1 directly.

However, in some cases, the results in Lemma 2.1 are still true:
Lemma 4.3. Let w; and wy be two solutions of the equation
Apw = h(e® —||¢|Pe™) - 1,

where A, is the Laplacian of H, ¢dz* € QD(D), and h is a continuous function
on H with 0 < h < b* for some constant b > 0. Suppose e*"ds? is complete on
D, and e‘?“’"]]gb” <1, fori=1, 2, so that wi —ws, is bounded. Then w; = w,.
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Proof. By the proof of Theorem 2.1 in [17], see also [22], one can prove that

1
(4.2) e 2 o,

for i = 1, 2. In fact, since 0 < h < b?, and e?¥

Il <1,
e i A (—w;) > —b% + e

Using the fact that e2widsfJ is complete, with curvature bounded below by
—b?, we see that —w; is bounded from above. By the generalized maximum
principle Lemma 1.1, (4.2) follows. Let n = w; — w,. By assumptions, 7 is
bounded. Let o > 1, then by (4.2)

1
(4.3) aw; —we > (e —1)log 3 + .

In particular, cw; — w, is bounded from below. By the generalized maximum

principle Lemma 1.1, there is a sequence of point 2, in D, such that
i%f(awl —wy) = lclLI&(awl — w2)(2k),
and
(4.4) klg{.lo Aaw; — wq)(2x) > 0.
Since 7 = w; — w, is bounded and e~2¥2||$|| < 1, we may assume that
Jlim n(zx) = a,
and
lim &[4[ () = m,

for some constant a and m with 0 < m < 1. By (4.4) and the fact that w;

satisfies the equation in the lemma, given € > 0, we have
—e < h(z) (ae2w1(zk) — €2v2(a) — [|g|2(2) (ae—2w1(zk) _ e"‘2w2(zk))) —a+1,
if k is large enough. Since o > 1, if we choose € small enough, then

0 < h(zx) (aem(zk) — g2walz) _ 116112(2) (ae—zwl(zk) _ e—?w:(zk))) ’
provided that k is large enough. Since h > 0, we have

0< anwl(zk) _ 621412(z;c) _ ||¢“2(zk) (ae—2w1(zk) _ e—2w2(2k))
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for k large. Dividing the above inequality by e2*? and let k — oo, we have
0<ae®—1-m?(ae”?—1).

Let a; > 1 so that a; — 1. Denote the corresponding a and m by a; and m;
respectively. For all i

(4.5) 0 < a;® —1— (m;)* (e - 1).

Since a; and m; are bounded, we may assume that a; — @ and m; — ™. By
the definition of the a; and b;, and by (4.3), it is easy to see that

(4.6) i%f(wl —wsy) > a.
By (4.5), if we let i — oo, we get
0<e®—1—m?(e® —1).

It is then easy to see that @ > 0. By (4.6), we have w; > w,. Similarly, one
can prove that wy > w;. So w; = we. O

We will also need a similar result on C. The proof is different.

Lemma 4.4. Let w, and wy be two solutions of the equation
Agw = h(e*” ~ [gPe?),

on C, where Ay is the Euclidean Laplacian of C, ¢dz* € QD(C), and h is a
continuous function on C with h > 0. Suppose that wi, — ws is bounded. Then

wy — wq 1S a constant. If in addition, h is not identically 0, then wy = ws.
Proof. Let n = w; — wy. Then
Aon = he®™? (e — 1 — e™*2|¢|? (72" — 1)) .

It is easy to see that at n > 0, Agn > 0, and at n < 0, Agn < 0. Therefore,
min{n, 0} is superharmonic and max{n,0} is subharmonic. Since they are
both bounded, and every bounded superharmonic or subharmonic function on
C is constant, n must be a constant. If in addition, A is not identically 0, then
it is easy to see that the constant must be 0. This completes the proof of the

lemma. 0O
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Remark 4.1. In general, we cannot expect w; to be bounded in the above two

lemmas.

Theorem 4.5. Let H = (D, ds2) be the Poincaré disk and let N be a hyperbolic
CH surface with Gaussian curvature Ky. Let ¢dz* be a holomorphic quadratic
differential in BQD(D). Let u; and uz be two orientation preserving harmonic
diffeomorphisms from H into N with the same Hopf differential ¢pdz*>. Suppose
e?¥ids? is complete on D, for i = 1,2, where w; = log||0u;||, and suppose
Kn(ui(2)) = Kn(uz(z)) for all z € D. Then there is an isometry ty of N

such that uy =ty o uy.

Proof. By Proposition 4.2, u; and u, are both surjective with bounded energy
density. As in the proof of Lemma 4.3

for i = 1, 2, where —b? is the lower bound of Ky. Hence w; = log||0u;|| is
uniformly bounded in H], for i =1, 2. Since u; is a harmonic diffeomorphism,
we have e?*i|¢| < 1. Since we assume Ky(u;) = Kn(uz), by the Bochner

formula, both w; and w, satisfy the same equation:
Apw = h(e® — ||¢|[Pe™**) - 1,

where h = —Kn(u;) = —Kn(u3), 0 < h < b%. By Lemma 4.3, we conclude
that w; = w,. By Theorem 4.1, noting that u; and u, are both surjective, the
theorem follows. [J

If the norm of ¢dz? is not uniformly bounded, or if the domain is C, then
the result in the previous theorem is still true if we make stronger assumptions
that the curvature of N is pinched between two negative constants and the

metric is analytic.

Proposition 4.6. Let M = (D,, p|dz|?) forr =1 or r = 0o, where p%dz|? is
the Poincaré metric ifr =1, and p®> = 1 if r = co. vLet N be a simply connected
complete surface with Gaussian curvature Ky pinched between two negative
constants —a® and —b?. Let ¢pdz* be a holomorphic quadratic differential in
D,, and let u; and u, be two orientation preserving harmonic diffeomorphisms
from M into N with the same Hopf differential ¢dz®. Suppose e*:p?|dz|? is
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complete on D, fori= 1,2, where w; = log ||0u;||, and suppose Kn(u;(z)) =
Ky (ua(2)) for all z € D,.. Then ug o (u;)~! is an isometry from uy (M) onto
uo(M). If in addition the metric of N is analytic, then there is an isometry
ty of N such that uy = 1y 0 U;.

Proof. The proof is similar to the proof of Theorem 4.1, by using Lemma 1.2,
and Theorem 4.1. We omit the details. [

If we assume w; — w, is bounded, then we can remove the restriction that

the curvature of IV is bounded above by a negative constant.

Proposition 4.7. Let M = (D,, p%|dz|?) for r = 1 or r = oo, where p?|dz|?
is the Poincaré metric if r = 1, and p> = 1 if r = co. Let N be a simply
connected complete surface with Gaussian curvature Ky bounded between —b?
and 0. Let ¢dz? be a holomorphic quadratic differential in D, and let u; and
uy be two orientation preserving harmonic diffeomorphisms from M into N
with the same Hopf differential ¢dz%, where ¢ is not a constant. Suppose
e?¥ip?|dz|? is complete on D,., for i = 1,2, where w; = log||0us||, and suppose
Kn(u1(2)) = Kn(ua(2)) for all z € D,.. If wy —ws is bounded, then ugo (u;)™!
is an isometry from u;(M) onto us(M). If in addition the metric of N is

analytic, then there is an isometry 1y of N such that us = ¢ 0 u;.

Proof. In case r = 1, the proof is similar to the proof of the previous proposi-
tion, except we use Lemma 4.3 rather than Lemma 2.1. If r = oo, then we can
use Lemma 4.4 to get the result, provided we can prove Ky(u;) = Ky(u2) is
not identically 0. To prove this, note that if K (u;) is identically 0, then w; is
harmonic by the Bochner formula. By the proof of Lemma 4.3, w; is bounded
from below. So it must be a constant. However, u; is a diffeomorphism implies
that |¢| < e?**. Hence ¢ is bounded. By the Liouville theorem for holomor-
phic function, ¢ must be constant. This contradicts the assumption on ¢. The

proof of the proposition is completed. O

Remark 4.2. If N is the hyperbolic two space, then Ky is identically -1, and
the condition Ky(u;) = Kn(us2) is automatically satisfied. In this case, the
metric is obviously analytic. Hence Theorem 4.5 and Proposition 4.6 are
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generalizations of the results in [22] and [4]. Here, the results have been

proved without using the properties of constant mean curvature cuts.

APPENDIX A.

In this appendix, we collect some facts about quasiconformal mappings
which are used in this paper. The main reference is Letho-Virtanen’s book
[12] and Ahlfors’ book [1]. The first result we need is the following:

Theorem A.1l. Let Q and Y be simply-connected domains which are confor-
mally equivalent. Suppose p € Ly (S2) satisfies ||]loo < 1. Then there exists a
quasiconformal homeomorphism u : Q — Q' such that

ou ou
il almost everywhere.

0z
The quasiconformal homeomorphism u is unique up to a conformal transfor-
mation on §.

The next result gives the uniform Holder estimate for normalized family of

quasiconformal mappings.

Theorem A.2. Let u be a quasiconformal homeomorphism from D onto D,
such that the dilatation of u satisfies |p| = |uz/u.| < k < 1 almost everywhere,
for some k < 1. Suppose u(0) = 0 or u fizes three points on the boundary, u
is Holder with exponent (1 —k)/(1+ k) on D and the Hélder norm over D is
bounded by a constant depenending only on k and the method of normalization.

Proof. See Chapter 3 in [1] or Chapter 2 of [12]. O
From this, we have:

Theorem A.3. Let {u,} be a sequence of quasiconformal homeomorphism
from D onto D with uniform dilatation bound, i.e. there is a constant k <
1 such that |pn| = |(un)z/(un).| < k < 1. Suppose one of the following
conditions holds.

(1) {un} fizes a point in the interior of D; or

(2) {un} fizes three points on the boundary of D.
Then {u,} is normal in D, i.e. any subsequence in {u,} has a subsequence
converges locally uniformly on compact subset in D.
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For applying the Beltrami equation to study harmonic maps, we need also
the following regularity result.

Theorem A.4. Suppose the complex dilatation of a quasiconformal homeo-
morphism u from D onto D is in CZ (D). Then u is reqular, i.e. u is differen-
tiable and its Jacobian never vanish on D. Moreover, if the complex dilatation
of u is in Cp*(D), k > 0, then u is in Cptb*(D)

loc

Proof. This first statement is a special case of Theorem 7.1 in Chapter 5,
Section 7.1 of [12]. For the second statement, one can result [18]. O

Finally let us prove a continuity result for normalized quasiconformal home-

omorphism form D to D.

Proposition A.5. Suppose the complezx dilatation p, of u, : D — D con-
verges a.e. to g, the complezx dilatation of uy : D — D, and {u,} and wu,
are normalized so that they fiz the same three points on the boundary or fiz
the same point in the interior and the same point on the boundary. Then u,

converges locally uniformly to uq.

Proof. First we notice that {u,} is a normal family. Hence if we can show
that wug is the unique limiting function of the sequence, then u, will actually
converges to ug. Let f be a limiting mapping from D to D. Then by Chapter
2, section 5.6, Theorem 5.5 in [12], f is either a quasiconformal homeomor-
phism from D onto D or mapping D to a boundary point of D. Since u,, are
normalized, the later case cannot happen. Then Theorem 5.2 in Chapter 4,
section 5.6 of [12] implies that f and wu have the same complex dilatation puy.
Therefore the normalization condition implies that f = uy. This completes
the proof of the proposition. [J
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