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1. INTRODUCTION

Given a measure space (X, ), let {®;} be a sequence of functions (“ker-
nels”) in L'(X, p) normalized by

(L.1) 9511 % [ fos1d = 1.
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Consider the moment problem (or interpolation problem)

(12) /Xféjd/‘l'za’j (.7 = 192a"'),

where {a;} is a prescribed data sequence and f is a (measurable) function on X
to be found. (Throughout, all the functions and number sequences involved
are assumed to be complex valued). We will be concerned with bounded
solutions f to (1.2), so of course we have to make the obvious restriction that
{a;} € €.

Now a natural question is: Which sequences of kernels {®;} have the
property that, for any {a;} € £°, the moment problem (1.2) has a solution
feLe(X,u)?

Although there is little hope for a complete answer to be provided in such a
general setting, we nonetheless point out a simple sufficient condition, which is
in many cases close to necessary. Namely, we show that if there exist pairwise
disjoint subsets E;(j = 1,2,---) of X such that essentially more than 50% of
®, is supported on Ej, in the sense that

1
(1.3) int [ [8;ldu >,
J
E;

then there always is a bounded solution f to the moment problem (1.2) when-
ever {a;} € £*°.

A slightly more precise version of this result is stated, as Theorem 1, and
proved in Section 2 below. Our method is, perhaps, somewhat crude; it hinges
on the elementary fact that a bounded linear operator T satisfying || /-7 ||< 1
has to be invertible. However, unexpectedly enough, the arising condition (1.3)
turns out to be sharp; examples will be furnished to show that the constant
1/2 in (1.3) is best possible!

Further, because of its simplicity and generality, our ”abstract interpolation
theorem” (see Theorem 1 below) has a wide range of applications. It often
yields satisfactory results in some obscure cases where more special methods
fail. In particular, it enables us to develop a unified approach to such miscel-

laneous topic as
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interpolating sequences for bounded harmonic functions in higher di-

mensions and/or in multiply connected domains,

nondifferentiability of integrals in R™,

growth of entire functions represented by gap series,

interpolation problems for analytic functions of bounded mean oscilla-
tion and embedding theorems for coinvariant subspaces in H?,

e Fourier series of L*® functions.

These applications are collected in Section 3. Finally, Section 4 contains an

open problem concerning translates of L' functions.

2. THE ABSTRACT INTERPOLATION THEOREM

,

Theorem 1. Let {®;}32, be a sequence of functions in L*(X, ) normalized by
(1.1). suppose there is a collection {E;}32, of pairwise disjoint measurable sets
E; C X, for which (1.3) holds true. Then, for any data sequence {a;} € £,
the moment problem (1.2) has a solution f € L®(X, u) satisfying

de -
(21) |5 lloo “p-ess sup 1 < (20— 1) suplay),
j
where o is the value of the infimum in (1.3) (so that o > 1/2).

Proof. We construct the desired solution in the form

= @
(22) f = ch%XEk,
k=1 k

where {ci} € £ and xg, stands for the characteristic function of E} (at those
points where ®; = 0, set |®x|/®r = 1). For such an f one has

(2.3) | f lloo= sup lck|

and

(2.4) / f@jdp = Z bjkCr,
X k=1
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where bqui-f S, (I2&|/®1) @;dp. Thus we are led to consider the linear operator
T : £ — £ defined by

T{ck}re, = {Z b]kck} :
j=1
Clearly, for j = 1,2,---

(25) Sl <Y [ ildu< [ [@ldn=1,
k k Bk X

and so T is bounded with || T" ||geo—pee < 1.

To prove that T4 = £, we verify that || I — T ||g=_s~< 1, where I =
idg. The operator I — T is generated by the matrix {6;x — bjx}$%, Since
0 <b,; <1, we have

| I =T ||gegeo =suUp Y _ |65 — by
Ik

= sup (1 —b;; + Z |bjk])

(2.6) ikt
= sup (1 - 2bjj + Z lbjki)
J k
< 2sup(1—by;):
J
here the last inequality relies on (2.5). Because by (1.3) = [ g, |®jldn =

o > 1/2, the right-hand side in (2.6) is bounded by 2(1 — U) < 1. It follows
[e2]
that T is invertible and T-! = 3" (I — T')*, whence

k=0

o0
[T flesomeoe 3T =T [[foo g

k=0
Z k(1-o0)k
(ga )7L

Finally, given {a;} € £, let {cx} = T~'{a;} so that

o0
Yobirek=a;  (G=1,2,--)
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and
sup |cx] < (20 — 1) "' sup|a;|.
k J

In view of (2.3) and (2.4), the function f defined by (2.2) satisfies (1.2) and
(2.1), as required. O

3. APPLICATIONS

3.1. Interpolation by bounded harmonic functions. Let
R ((2,9) : 2 € R",y > 0}.

The unsolved problem is to characterize, in the case n > 1, the sequences
{z;} € R™™! such that every interpolation problem u(z;) =a; (j=1,2,---)
with {a;} € ¢* has a solution u in the class of bounded harmonic functions
on R (If {2;} has this property, it will be called a harmonic interpolating
sequence). See [CG] and [Am] for some partial results to this end; see also
[G2, chapter vii] for a complete solution in the case n = 1.

For a fixed point z € R}, denote by P, the corresponding Poisson kernel
and by w(z, E,R%™) the harmonic measure, evaluated at z, of a Borel set
E C R™ with respect to R}t'; thus w(z, E,R}H!) = [ P,(t)dt.

Theorem 2. Given a sequence {z;} C R}, suppose there are pairwise dis-

joint Borel subsets E; (j=1,2,---) of R™ such that
1
(3.1) inf w(z;, B, R > 5
J

Then {z;} is a harmonic interpolating sequence.

Proof. Apply Theorem 1 with X = R™, u = the Lebesgue measure on R”, and
@j - sz. [:l

Since the harmonic measure w(z, E, R7") has a nice geometrical meaning (it
equals the normalized angle at which F is seen from z), condition (3.1) makes
it an easy matter to construct numerous examples of harmonic interpolating
sequences.

We now show that the constant 1/2 in (3.1), and hence also in (1.3), is
sharp. Moreover, we will see that in (3.1) one cannot even replace > by =.

To this end, we construct a sequence {z;} of points in the upper half-plane
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C.¥{Im 2> 0} = R? and a collection {E;} of pairwise disjoint subinter-
vals of R, so that irj;f w(z;, E;,Cy) = 1/2, and yet {z;} is not a (harmonic)
interpolating sequence. A similar construction can be carried out in higher
dimensions.

For k a fixed positive integer, set p{ = k~'+i and p, = —k~!+1, where i =
v/—1. For the half-axis R+(§f(0, +00) we have w(p{, Ry, Cy) > 1/2; let £, > 0
be so large that the interval (0, £;) <, still satisfies wkdéfw(p:, I, Cy) > 1/2.
We also have then w(py,—Ix,Ci) = wr > 1/2, where —I; = (—4,,0). As
k — 400, one has £, — +o00 and wy — 1/2. The desired sequences {z;} and
{E;} are now obtained by shifting the already chosen points and intervals to
the right. For k =1,2,--- set '

Zok-1 = Pr T+ Tk Zok = PR + T,
FEop—1 = —Ij + 7%, Eox = I + 7%,

where 0 = 7y < 73 < --- and 74 is chosen inductively so as to ensure that the
left endpoint of Ej;.; be greater than the right endpoint of Es;. The arising
intervals E; are thus pairwise disjoint.

Clearly, for all k =1,2,---

w(zok-1, Bok—1,Cq) = w(22k, Bk, Cy) = wp > 1/2,
and so infw(z;, E;,C;) = 1/2. On the other hand,
J
Zok — Zok-1 — DF — Dk = 2k7" P 0.

Since Im z; = 1, this means that the points {z;} are not separated. In other

words, they do not satisfy
(3.2) ﬁg |2; — 2|/ Im z; > 0,

whereas it is easily shown that (3.2) is a necessary condition for {z;} C Cy to
be a (harmonic) interpolating sequence (see [G2, chapter vii]). We are done.

Theorem 3. Let {z;} C R}, so that z; = (z;,y;), where z; € R™ and
y; > 0. There is a constant ¢ = c, > 0 making the following statement true:
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If
(3.3) |2; — 21| > cy; whenever j # k,
then {z;} is a harmonic interpolating sequence.

Before proceeding with the proof, we remark that the mere existence of some
constant ¢ > 0 for which (3.3) holds is exactly the separation condition, reduc-
ing to (3.2) in the planar case. It is well known that, in any dimension n, this
separation condition is necessary but not sufficient for harmonic interpolation.

Another important necessary condition is that the measure }_y7'0,,, where 6,
; :

is the unit point mass at z;, must be a Carleson measure (for a more detailed
discussion of these matters, see [CG] and the references therein). However,
Theorem 3 says that, for c large enough, the harmonic interpolation property
is ensured by (3.3) alone.

Next, we remark that the Poisson kernels P, can be written in the form

t—.'I/'j

sz(t) = yJ_nP<
J

). rem

where P(6)%,(1 + |¢[2)~(+D/2 and «, is the normalizing constant factor.
Thus, Theorem 3 is a special case of the following result.
Theorem 4. Let {z; = (z;,y;)} C R Suppose that K € L'(R") satisfies
Jge | K (z)|dz =1 and K; is defined by
t— 1.
K,(t) = y;"K (-—‘”i) , teR™
Yj

There is a constant c(K) > 0 making the following statement true: If (3.3)
holds with ¢ > ¢(K) then, for any {a;} € £°, the moment problem

- f(x)KJ(x)dx = a; (J =12 )
has a solution f € L>°(R™).

Proof. Let B denote the ball {x € R": |z| < R}, where R is large enough, so
that [ |K(z)|dz > 1/2. For j =1,2,--- set

Bjdéf{m eR": |z —z;| <y;R}.
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A change of variable yields

/ 1K (2)lds = [ 1K @)z > 3,
B

and so condition (1.3) is fulfilled with ®; = K, E; = B; and du(z) = dz. To
apply Theorem 1, it remains to make sure that the balls B; be disjoint.
Assume that z € B; N By, j # k. We may also assume that y; > y, so we

have
|2 — 2] < |z — el + 35—y
<lzj— x|+ |z — x| +y; — vk
(3.4) Sy;iR+yR+y; — Y
=y (R+1)+y(R—-1)
< crY;j,

where cgmax(2R, R+ 1). On the other hand, by (3.3), |zj — 2| > cy;. For
¢ > cg, this obviously contradicts (3.4), whence B; N B, = (. Thus, cg is
eligible as ¢(K), and the proof is complete. O

For one-dimensional Poisson kernel, P(t) = 7=1(1+¢%)~!, one can take R to
be any number which is > 1. Therefore, the above proof yields the following

Corollary. Suppose that the points {z; = z; + iy;} C C; satisfy (3.3) with a
fized ¢ > 2. Then {z;} is an interpolating sequence.

(Recall that, by a theorem of Garnett, “harmonic interpolating sequences”
in C, coincide with “analytic interpolating sequences”, defined in terms of
H* functions; both are characterized by the Carleson condition

zk—_'zj.>0

inf
o
See [G1] and [G2, chapter vii].)

We conclude this section with a few remarks.

Zp — ZjA

1) In Theorem 2, one can safely replace R}*' by an arbitrary domain
Q (planar or spatial) that is regular in the potential-theoretic sense.
Namely, if {z;} C Q and E; are pairwise disjoint Borel subsets of
90 such that irjgfw(zj,Ej,Q) > 1/2 (here w(-,-,2) is the harmonic
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measure with respect to Q) then, given any values {a;} € £*°, one can
find a bounded harmonic function u on § satisfying u(z;) = a; (Jj =
1,2,---).

In particular, this is true for infinitely connected planar domains, in
which case harmonic interpolating sequences need not coincide with
analytic ones (see [G1] for an example).

2) A similar theorem remains valid for bounded harmonic functions with
values in a Banach space. This can be derived from the appropriate
vectorial of Theorem 1. »

3) In addition, we have a nice linear operator of interpolation at our
disposal (it appears in the proof of Theorem 1).

4) Theorem 2 was announced, without any proof, in [D1].

3.2. Interpolation by mean values and nondifferentiability of inte-
grals in R”. .

Let A be a (Lebesgue) measurable subset of R™ with 0 < |A| < +o00, where
1A% [adz. Given a function f € L'(A) = L'(A, dz), denote by IM(f, A) the

mean value of f over A, i.e.,

A 1
) oo

This section deals with interpolation problems of the form

(35) m(f’AJ) = aj (.7 = 1a2)' : ')7

where A; are given (distinct) subsets of R*, {a;} € £* is a prescribed sequence,
and f € L*°(R™) is the function we are looking for. Of course, if the A;’s are
disjoint, the problem becomes trivial (to solve (3.5), put f = > a;xa;). The
next theorem shows that, if the A,’s are now allowed to overla]p to a limited

extent, then it is still possible to find a bounded solution f to (3.5) whenever
{aj} € £,

Theorem 5. Let {A;} be a family of measurable subsets of R™ with 0 < |4;] <
+00. Suppose there are pairwise disjoint measurable sets E; (j = 1,2,---)
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such that E; C A; and
(3.6) inf | E;1/14,] > 1/2.

Then, for every {a;} € £, the interpolation problem (3.5) has a solution
f € L*(R™).

Proof. Apply Theorem 1 with X = R*,du(z) = dz and ®; = |4;|"'x4,. O

EXAMPLE 3.1. Consider the intervals 4; = (-1,0),4, = (0,1) and A3 =
(—1,1) together with their subintervals E; = (—1,12/2),E, = (1/2,1) and
E3 = (-1/2,1/2). Obviously, for j = 1,2,3 one has E; C A; and |E}|/|4,| =
1/2; besides, the E;’s are disjoint. On the other hand, the three kernels
|Aj|"'xa, are linearly dependent. For this stupid reason, the interpolation
(3.5) is not possible for arbitrary a;,as,a; € C with a function f € L*®(R).
Thus, a weaker version of (3.6), with > replaced by =, is no longer sufficient

for the ”mean value interpolation property” of {4,}.

EXAMPLE 3.2. Let o € R™ and let {Q;} be a sequence of open cubes! con-

taining zo and such that sup |Q;+1]/|Q;] < 1/4. Letting EjdéfQj\Uc,f:l Q, we
J

have E; C Q; and E; N B, = 0 for j # £. Furthermore,

U Qx| < Z | Q|

k=j+1 k=j+1
<}:( ) 1,1
= §|Qj|,

hence |E;| > 2|Q;|. By Theorem 5 we conclude that every interpolation
problem

M Q) =a; (G=12--), {a;} el
can be solved with a function f in L*(R"). In particular, choosing an appro-

priate sequence {a,-}, we obtain a function f € L*°(R™) whose integral is not
differentiable at xo, in the sense that MM(f, Q;) has no limit as j — oo.

IThroughout, a “cube” means “a cube with edges parallel to the axes”
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Now a classical theorem of Lebesgue says that, for f € LL _(R™) and for
almost all z € R™, one has the differentiation property

(3.7) Jim 9t (£,Q57) = f(a),
whenever { ;z)} is a sequence of open cubes containing z with |Q§»z)l — 0.

(See [Gu] for a proof, as well as for an exhaustive discussion of what happens
when the cubes are replaced by other families of contracting neighborhoods of

Our next theorem can be regarded as a refined version of Example 2. In
particular, it implies that Lebesgue’s differentiation property (3.7) can be
violated, in a very drastic way, for a bounded function f at every point z of a
prescribed compact set of measure zero.

Theorem 6. Let F' be a compact subset of R™ with |F| = 0. To each point

oo

x € F one can assign a family of open cubes {Ry)} - in such a way that the
J=
following statements hold true:

(a) The family U,cr {R;-z)} is countable.

(b) For every x € F, one has x € N2, R and jllrgo |RS| = 0.
item[(c)] For every {a;} € £, there is a function f € L>®(R™) such
that O (f, R;@) =aq; forj=1,2,--- and for allz € F.

Proof. Let §2; be an open set such that F' C ;. There is a partition Q; =
U, Q% where Q* are pairwise disjoint half-open cubes. (A “half-open cube”
means the Cartesian product of n half-open intervals of the form [0y, 0y +
), - |, on + £).) Let Q% denote the open cube with the same center as

%, for which |Q%| = £|Q%|. Clearly, Qf C Q% and so F C ; C bigcup,QF.
Since F is compact, one can find a finite subcollection {Q*}2, covering F, so
that F < Upt, Q.

Now let €5 be an open set such that F' C 0, C Q; and

1
Q2] < Zmin{|Q’;| :1<k< N}

As above, we write Qy = {Jjo; Q%, where Q% are appropriate disjoint half-open

cubes. For each k, we consider the corresponding open cube Q%, concentric



544 KONSTANTIN M. DYAKONOV

with Q% and satisfying |Q%| = 2|Q%|. Finally, we choose a finite subfamily
{QIQC}ICJ:I with F C UpZ, "129.

Continuing by induction, we construct for each j = 3,4, --- an open set §);
such that F C §2; C §2;_; and

1 . '
(3.8) [ < gmin {|QF_| k=1, Nyoa

(this is always possible because |F'| = 0); then we obtain the families of cubes
{Q?}::l , {Qf}:; and {Qf}kN; exactly as before.

Since F' C U,Icvil Q~f (j =1,2,--+), for each z € F and for each j there
is a k; = k;(z),1 < k; < Nj, such that z € QY. Set R§z)‘iéféfj(z). This
done, conditions (a) and (b) are easily verified (in particular, (3.8) implies
that |R§-z)| — 0).

To prove (c), we are going to apply Theorem 5 to the cubes Qf (j=1,2,---;
k=1,---,Nj), the corresponding subsets E¥ defined by Efde;‘\QjH. Ob-
viously, E¥ C Qf Next we notice that E¥ N E* = 0, provided that either
j # £ or k # m. Indeed, assuming j < £, one has

E;n - Q;ﬂ cQ,C Qj=1,

whereas E¥ N ;41 = 0. Otherwise, if j = £ but k # m, we have Q*N QT =0
and so Ef N ET = 0.

In order to estimate the ratio |EF| /[Qf] from below, we write

|Q%| = |EF| + 1QF N Q1]
< |EF| + Q]

1

where the last inequality relies on (3.8). Hence

~ 3 3\?, ~
B4 > 5105 = () 16

Fortunately (8)* = & > 1
k
J

> 2, and so the hypotheses of Theorem 5 are ful-
filled, when applied to {Q*

} and {Ef} (G =1,2-; k=1,---,N,)).
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Consequently, given {a;} € £, Theorem 5 provides a function f € L*(R")
satisfying, for every fixed j,

zm(f,@f) =a; (k=1,--- N;).

Recalling that, for each z € F, R§~w) is contained among Qf (k=1,---,N;),

we arrive at (¢). 0O

3.3. Systems of powers on a half-axis and the radial behavior of
entire functions represented by gap series. In this section Theorem 1
will be applied to the following special case: X = Ry = (0,+00),du(z) =
exp(—pz?)dx, where # > 0 and p > 0, and

(3.9) Op(z) = ypz®, where =

so that [;° ®¢(z)du(x) = 1. It turns out that if k ranges over a certain sparse
subset {k;} of N (here N denotes the positive integers) then condition (1.3)
holds true for the corresponding family {®y, }.

We begin with some technical preparations. Once 8 > 0 and p > 0 are

fixed, to each integer k > p — 1 we attach a new positive number &’ def (ki)

p=17
further, for § € (0, V') we let
ar(6)% (1“__'"_;_\4_’?) and by(6)% (k_iglk_> .

Lemma. There are absolute constants§ > 0,0 € (3,1) and ky > 0 making the
following statement true: If ®r(x) is defined by (3.9) for k € N and du(z) =
exp(—pz?)dx, then

whenever k > kop.
Proof. Denote the integral in question by Ix(6), so that

k'+1 bi (6)
I(6) = Fp,B =¥ exp(—pz*)dz.

(k" +1) Jays)
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A change of variable, u = %"—I—), yields

VE A u \*
3.1 L) = =———=(— — — Ndu.
(38:10)  L(9) F(k'+1)(e> /J”m) exp(—uvk)du

When k — oo (or, equivalently, k¥’ — o0), the factor in front of the last
integral tends to (27)~% by Stirling’s formula, whereas the integrand tends to
exp (:;‘—2) Thus,

(3.11) lim ,(5) = (2m)~} /_ Z exp (Tz) du.

Since (27m)~% [ exp (:ﬁ’ﬁ) du = 1, we can fix any number o € (3,1) and find
a 6 > 0 for which the right-hand side in (3.11) is > ¢. This done, (3.10) shows
that Ir(8) becomes > o as soon as k' is larger than suitable M > 0. Thus

Ii(6) > o if 2> M +1%k. O

Remark. In what follows, it will be desirable to make ¢ as small as possi-
ble. The tables for the normal distribution, contained in most textbooks on
probability theory, tell us that one can take e.g. § = 0.68 and o = 0.503.

Now we consider an increasing sequence {k; };il C N and look at the kernels
®,,, defined as above. In connection with the arising moment problem, our
plan is to apply Theorem 1, where the corresponding subsets E; are chosen as
intervals (ax, (6), bk, (6)). To do that, we have to make sure that our intervals

are disjoint. Clearly, this last requirement means that

b, (6) < @k, , (6), G =1,2,--,

J

which in turn can be rewritten as

(3.12) kivr =Ky 2 85 (\Jkiar + 1= p+ Jks +1—p).

We arrive at the following result.

Theorem 7. Let ®y(x) be defined by (3.9) and du(z) = exp(—pz?)dz, where
B >0 and p > 0. There ezist absolute constants n > 0 and ko > 0 making the

following statement true: If a sequence {kj}gil C N satisfies

(3.13) kop <ky <ky<--
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and
(3.14) kivi —kj 2 m/pkjpn (G=1,2,--+),
then every moment problem
| f@)e,@adu@ =0y G=12-), {a}ee,

can be solved with a function f € L®(Ry) whose norm ||f||oo is bonded by

another absolute constant time sup |oy|.
J

Proof. Let 6,0 and ky be chosen as in Lemma,; An obvious estimate yields

VE+1=p+ /b +1—p <23 [k

It follows that, for n = 2v/26, (3.14) implies (3.12), and so the intervals

EY (ax;(6), b, (6)) are pairwise disjoint. By Lemma, we have

/E.@kj($)dﬂ($)>0'>% (.7:172,)7

since k; > Kop. Applying Theorem 1 (with ®; replaced by ®y,) completes the
proof. [

Now we point out man amusing restatement of Theorem 7. Of concern will

be the growth of a “lacunary” entire function
[ee]
f(z) = chzk", z€C
j=1

with coefficient c; decreasing in a prescribed way, along various rays {argz =
¢}. Roughly speaking, it turns out that for every fixed ¢, —7 < ¢ <, f(re®)
enjoys the maximal possible growth rate as r — +o00, the growth being mea-
sured in terms of weighted L' means

T, [ 17(re™) exp(~517)d

Some related results and the open problems can be found in [M].
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Theorem 8. Let 3 >0 and p > 0. Assume that {k;}32, C N satisfies (3.13)
and (3.14), the constants ko and n being the same as in Theorem 7. Suppose
that f is an entire function with the power series expansion (3.15) for which

S e Zo X lels T (B2 < 4o
j=1
Then, for every ¢ € (—m, ], one has
(3.16) const S {e;}) < Z(f,¢) < S ({e,})

with an absolute positive constant on the left.

Proof. The right-hand inequality in (3.16) is immediate. Indeed, since

/ a*du(z) = ;!

0
where dy(z) = exp(—pBz”)dx and -y is defined in (3.9), we have

T <X lol [ rdur) = Y lehi' = S ().

Now we turn to the left-hand inequality in (3.16). By Theorem 7, under
the stated hypotheses on {k;}, the operator

lee]
g Lo [ a@atduto)}
maps L®(R;) onto £°. A standard duality argument yields
ool N
/ Z Aj Vs i
0

j=1
with some absolute positive constant, whenever N € N and A, -+, Ay € C.

o]

Jj=1

N
du(z) > constz |2

J:l

Setting \; = ¢;v;," we get
| N
(3.17) / > izt
N

The assumption S ({c;}) < +oo ensures that the polynomials ) c;z*/ con-
=1

N
dp(z) > const Y _ [c;lvi"-
Jj=1

verge to f(z) in L'(R4,dp) as N — oo, and so (3.17) implies

/Ooo |f(z)|du(z) > constz |cj|'y,:j1.

=1
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Thus Z(f,0) > const - S ({¢;}). Replacing f by
Fol2) X f(ze Zc etki® gki

we obtain Z(f, ) > const - S ({¢;}), as required. O

We proceed with the following observation: The smaller is p (i.e., the milder
is the decay rate of the weight exp(—fz”) at infinity), the weaker become gap
conditions (3.13) and (3.14) imposed on {k;} in Theorems 7 and 8. Our present

purpose is to show that, for suitable “mild” weights, one can do without any

gaps at all.

We restrict ourselves to one typical example. Namely, we consider the
weight
(3.18) w(a:)défexp (—% log? x) , 0<z < 4o0.

A direct computation shows that

/000 zFw(z)dz = 2y/me D’
so the kernels involved are the normalized powers
(3.19) & (z) = (2y/m) e *H gk (k=0,1,2,--).
Theorem 9. Let w(z) and @ (x) be defined by (3.18) and (8.19) respectively.
Then every moment problem
/Om F@) @) w(@)ds = ax (k=0,1,---), {ax} € £,

can be solved with a function f € L*(R,), whose norm is bounded by an
absolute constant times sup |a|.
k

Proof. For k = 0,1,--- consider the intervals B~ (e***1 e2#+3) . Obviously,

they are pairwise disjoint subsets of R,. Further,

/@km)w(x m—————/__ e du

(here the two variables are related by logz = 2(u + k + 1)), and this last
3
normal distribution enters in.) Applying Theorem 1 completes the proof. [

integral, while independent of k, turns out to be > (Once again, the
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The next theorem on entire functions is but a restatement of Theorem 9. To
derive it, one employs standard duality considerations, similar to those used

in the passage from Theorem 7 to Theorem 8. So we merely state the result.

[o]
Theorem 10. Let f(z) = Y cx2* be an entire function such that
k=0

o
RUEHNEY Jeele®D” < o0,
k=0

Set - .
T [ I5e)]exp (7108’ ) dr.
0
Then, for every € (—m, 7], one has ’

const ‘R ({cx}) < T(f,¢) < 2vTR ({ck})

with an absolute positive constant on the left.

Remarks. 1) It is well known that entire functions of slow growth behave, in
many respects, like polynomials. Theorem 10 provides one more result to this
end, showing that such functions enjoy the maximal possible growth rate along
every ray {argz = p}.

2) It seems amazing that one can prove theorems on entire functions by
purely “real variable” means, as above, without even being aware of Cauchy’s
theorem!

3) Similar strategy can be used in the case where rays are replaced by certain
curves ending at co. Also, it enables one to handle analytic functions on the
disk. Further generalizations (e.g., in several complex variables) are possible

as well.

3.4. Interpolation by BMOA functions and embedding theorems for
coinvariant subspaces in H'. Let D denote the disk {|z| < 1} and T its
boundary. Further, let m stand for the normalized Lebesgue measure on T,
so that m(T) = 1. A function g, analytic in ID, is said to belong to the class
BMOA (=bounded mean oscillation + analyticity) if there exists an f € L>® =
L*>(T,m) such that

(3.20) 9(z) = /T lf_(cgzdm(c), 2eD.
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The BMOA norm is then introduced by
| 9 llsmoa & inf {|| £ lloo: £ € L™ and (3.20) holds} .

See [G2, chapter vi] for alternative definitions and for a systematic treatment
of the spaces BMO and BMOA. The reader is also refered to [G2] for some
standard facts about Hardy spaces HY and Blaschke products, occurring in
this section.

It is not hard to see that every g € BMOA satisfies

9(z) =0 (log ﬁ) , |z — 1.

So a natural question arises: Which sequences {z;} C D have the property
that, for any {a;} € £*°, the interpolation problem

(321) g(zj) =a; IOg (J = 1727)

1 — |z
can be solved with a function g € BMOA?

Here we provide a simple sufficient condition.
Theorem 11. Suppose that the points {z;} C D satisfy
(3.22) 2 — 2| = c(1=1z])", j#Fk,

for some fized ¢ > 0 and s € (0,3). Then every interpolation problem (3.21)

has a solution g € BMOA whenever {a;} € £>°.

Proof. As easily verified,

dm 1 1
/1r|1—(2|N;logT—_|Z|’ z— 1.
Consequently, there are positive numbers 7; tending to 1 and such that the
kernels .
@,(Q) (10g . >‘ L, CerT,
1—1zl) 1—2(

(we may assume 0 ¢ {z;}) become normalized, i.e. [;|®;|dm = 1.

Further, for j = 1,2,--- we consider the subarcs

Cc

Ejd;f{g €Tl -5l< 50~ lzj|)5},
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where c and s are the same as in (3.22). We claim that the E;’s are disjoint.
Indeed, assuming that ( € E; N E; (j # k) and |z;| < |2/, we have

|2; — 2| < |25 — ¢ +1¢ — 2]
<50 -lm) + 50—l
< (1= |5

which contradicts (3.22).

It remains to estimate |, 5, |®j|dm from below, so as to make Theorem 1
applicable. Let a; = Til_l be the midpoint of the arc £}, and let 8; be one of
its endpoints, so that |o; — 2| = 1 — |2;] and |B; — z;| = % Now if I;

is the subarc with endpoints ¢; and 3;, one has

[ Ay [ e
I1- zJCI 5 |1— ZJCI
|dd|
1; |¢ = 2]

B;

o C—2

= ; |10g(:6] — Zj) - log(aj - Zj)l )

1
>

where log is a suitable branch of the logarithm. The last quantity is

(log|B; — z;| — log |aj — 2;])
2

{(1 — s)log 1_1| o] logz}.

=1I»—‘>llv—*

Eventually, we have

dm(¢) 1 1 2
/|1—ZJC| {(1—s)log1 |Zjl—logz}.

-1
Multiplying both sides by ma; (log ﬁ#ﬂ)) gives

/Ej 13,(0)|dm(¢) = a {1 —s— (1og 1 —1|zj1>_1 log %} .
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As j — oo, this last expression on the right tends to 1 —s > 3. Consequently,
for a fixed o € (1,1 — s) and a suitable N + N,y € N we have
. 1
]1£1f\}/15j |®;|dm > o > 3

Now, given a sequence {a;} € £°°, Theorem 1 ensures the existence of a func-
tion f € L* for which

[£0%,dm(©) = m05 5> N,
or equivalently,

1
J=a;log—— j>N
g(z.‘l) a] Ogl_lzjla J > )

where g is obtained from f as in (3.20).

Finally, let By be the Blaschke product with zeroes {z; : j > N} (it does
exist because (3.22) implies };(1—|z;|) < +00), and let A € H* be a solution
of the finite interpolation problem

1 < 1 .
h(z;)) = ——— | a;log—— — g(= ) j=1,---,N.
Clearly, the function Gdéfg + Byh is in BMOA and
1
G(z;) = a;log =T |for all jeN
so we are done. O

Given a sequence {z;} C ID of pairwise distinct points with 3°,(1 — [2;]) <
+00, let B = By,;; denote the Blaschke product with zero sequence {z;}.
Define the subspace K} of H! as follows: KLH! 0 BA}, where H! is the
classical Hardy space, Hi% {f € H' : f(0) = 0} and the bar denotes complex
conjugation. One easily verifies that K} is closed and invariant under the

i (f=£(9)
backward shift operator f +— L

acting on H'. (Equivalently, K} is a
coinvariant subspace of the forward shift f — zf.) Also, it can be shown that
K} equals the L'-closed linear hull of the family of rational fractions
ot
7'] (C) 1 - 2] C b

This enables us to restate Theorem 11 in terms of K.

j:1)2)”'
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Theorem 12. Suppose that {z;} is a sequence of points in D\{0} satisfying
(3.22) with 0 < s < 3. Let B,K} and r; be defined as above. The following

assertations hold true:

(a) The family {r;} forms an unconditional basis in K. More precisely,

there are constants ¢; > 0 and ¢, > 0 such that

(3.23)
1
CIZIAllogl " lsnzmnmczzuuogl -
.7

whenever N € N and Ay,--- , Ay € C.

(b) Given a linear operator T, defined originally on the (non-closed) linear
hull of {r;} and taking values in a Banach space Y, the ezistence of a
bounded linear extension T : K — Y is equivalent to the condition

(3.24) | Tr; lly= O(log — |> a8 j — 0o,
.7

Proof. (a) The right-hand inequality in (3.23) is immediate. The other one is
readily derived from Theorem 11 by a duality argument. Perhaps, the best
way to do it is to construct a function ¢ € BMOA with

A 1
g(zj) = FLlog——, Il 9 llBMoa< const,
A1 1 =1z
: : def » 5
and to consider the integral I= [ 3 A;7;dm. On the one hand, Cauchy’s
1

formula says that

N

N
_ 1
=> XNiglz;) =D |\l log et
1 J

1

On the other hand,

II] <]l g llzmoa < const

N
D oAt
1

N
D AT
1

in view of the (H', BMOA) duality.

H1 H1
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(b) The necessity of condition (3.24) is obvious. Conversely, if (3.24) holds
then, for any finite linear combination }_ A;r;, we have
J

r(Sn)

<IN Trs lly
Y J
< constZ|/\j|log—1——
j 1- |Zj|
2 AT
J

where the last inequality is contained in (3.23). Because the finite sums 3 A;7;

< const

b

H1

. J
span K}, there exists a bounded linear extension of T going from Kz toY. O

Remarks. 1) The situation in Theorem 12 is reminiscent of the so-called atomic
decomposition of H! (see e.g. [G2], chapter vi, Exercise 11).

2) Theorem 12 remains valid if one drops the assumption 0 ¢ {z;} and
replaces log m by log (—l——T_zJT)' on the right-hand side of (3.23).

The rest of this section is devoted to some embedding theorems for the

subspace K} and to the study of tangential limits of functions in K}.

Theorem 13. Suppose that a sequence {z;} C D satisfies (3.22) with some
c>0 ands € (0,3). Let u be a positive Borel measure on closD such that
w(T Nclos{z;}) = 0. Necessary and sufficient that

(3.25) K} C LP(),
where B = By,;3 and p € [1,+00), is the condition

(n2aee) =olerpg)= =

Proof. Apply Theorem 12, part (b), to the inclusion map that sends each finite
linear combination )_; \;r; to itself, regarded as an element of L” (). Note
that, by the closed graph theorem, (3.25) is equivalent to the fact that the map
in question possesses a bounded linear extension going from K} to L¥(u). O
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Theorem 14. Let Q be an open subset of D, and let {z;} be a sequence of
points in D satisfying (3.22) with some ¢ > 0 and s € (0,3). The following
are equivalent.
(i) K C H>®(R), where H*(Q) stands for the space of bounded analytic
functions on €.
(ii) For every function f € K} and every point (o € TNclos$Y, there exists

the limat hm f(z)

z—(o,2
(iii) jli_)rglo inf {dlSt(Zj,Q ) - log ﬁm} > 0, where W {1/z:2 ¢ Q} and

dist(, ) denotes the usual Euclidean distance.

In the proof below we assume, without any loss of generality, that o ¢ {z;}
and Q C {4 < |z| < 1}. This last assumption yields

(3.26) (dist(z;, Q%)) "' < sup |r;(2)| < 2 (dist(z;, ")) "".

Proof. (i)=>(iii). If (i) holds then the arising inclusion map has to be contin-

uous, hence
sup Ir;(2)| =0 <log P |> as j — oo.
Zj

In view of (3.26), we arrive at (iii).
(iii)=-(ii). Given a function f € K}, write

= amE  (heo),

where the series converges in H' (and hence also pointwise in D). By Theorem
12, part (a), it follows that

> 1
|Aj]log ———— < 400
j};; R Tl P

Combining (3.26) and (iii), we get

sup |r;(2)] < 2 (dist(z;, 2*) ™" < const - log .
2€Q 1- Izjl

Consequently, for z €  one has

|A;7;(2)| < const - |\;] log 1

1
—lzjl'
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Now if (o € T N clos§2 we conclude that

z—(0,2EN

lim ()= 3" Amy ()

by the dominated convergence theorem.
(ii)=-(i). This is obvious. O

Remarks. 1) Let 1 : (0,2) — (0, 1) be an increasing continuous function with
tlir(gL 1 (t) = 0 such that ¢t — ¢t —9(t) is also an increasing function for ¢ small

enough. Consider the domain
Q=0 {zeD: 1|z > (1 -2))},

so that closQNT = {1} and % is responsible for the order of contact between
00N and T at 1. It is not hard to see that for 2 = €, condition (iii) in Theorem
14 can be rewritten in the form

. 1
jlir&mfdz(ll - zj])logl_—lzj| > 0.

In particular, letting ¥(t) = ct,0 < ¢ < 1, we get

. 1
]lirglomf]l - zjllogm > 0,
which is necessary and sufficient (once (3.22) holds) that all functions in Kj
have nontangential limits at 1. Related results for coinvariant subspaces in
HP?, with p > 1, can be found in [AC] and [C1].

2) In convention with Theorem 13 above, we cite [C2], [C3], [D2], and
[D3], where similar embedding theorems are established for the coinvariant
subspaces KP HP N 0HF generated by various inner functions 6.

3) In connection with Theorem 11 above, we mention the paper [S], where
the values of BMOA functions on generic interpolating sequences are charac-
terized. However, the author does not see how that characterization might be
possibly used to derive Theorem 11.
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3.5. Prescribing partial sums of Fourier series for bounded func-
tions. Given a function f € L®(—m, ), denote its k-th Fourier coefficient by
f(k), so that

fE [ fweta (e

and consider the partial sums S, f of its Fourier series,

SN @ Y FRe  (n=0,1,--).

k=—n

It well know that
(8:0)&) = 5= [ F(t)Dala — D

where D, is the Dirichlet kernel given by
' _sin(n+4)¢
Because f is bounded and

def 1
(3.27) L~

ID t)|dt ~ = logn
as n — oo (see [Z], chapter ii, section 12), it follows that || S, f ||c= O(logn).

In this section we deal with moment problems of the form

(3.28) (Sn; f)(2;) = a;logny,

where n; are positive integers, x; are fixed points in (—m,7),{a;} is a pre-
scribed sequence in £%° and, finally, f € L*®°(—, ) is a function to be found.

Theorem 15. Let {n;} be an increasing subsequence on N such that 332, n;?
< 400 for some o € (0,3). Then there exist a sequence {z;} C (—m,7) and
a number N € N with the following property: Whenever {a;} € £, one can
find a function f € L®°(—m,w) satisfying (3.28) for allj > N.

Proof. 1t can be shown that

@

1 g/ 4
(3.29) = /_ o 1Pe(Dld = 51~ ctogn +0(1)
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as n — 00. The computations involved are almost identical to those used in
[Z] to derive (3.27), so we do not include them here. Dividing both sides in
(3.29) by L, and taking (3.27) into account, we get

w/n®

.1 dt
lim — |Dn(t)|% =1-oa.

n—0oo Ln —7/n®

Consequently, for a fixed 0 € (3,1 — @) and a suitable N € N we have

1 [/ dt
(3.30) I /_W/na |Dn(t)|§—7; > o whenever n > N.
Making N still larger, if necessary, we can arrange it so that > n;* < 1.

J=N+1
This enables us to choose a family of non-overlaping intervals I; (j > N),

contained in (—, ), of length |I;| = 2n;*. This done, let z; be the midpoint
of I, so that I; = (:vj - =T+ n%) Now if j > N then also n; > N, and
(3.30) yields

1 a1 [/ di 1
D, (z; —t)|— = — D,.(t)|— —.

_ @
7r/nj

Finally, we apply Theorem 1 with X = (=7, 7),du(t) = £, ®(t) = Dy, (z;—
t)/L,, and E; = I;(j > N). Condition (1.3) has already been verified; thus,
given {a;} € £, Theorem 1 provides a function f € L*°(—mx, ) such that

1 /" logn; .
— . = . .
or | f()®;(t)dt = a; T j>N

nj

This condition coincides with (3.28), and the proof is therefore complete. [

Remark. One might wish to prescribe the values of S, f at a fixed point z,
(say, ¢y = 0). In this case the above method yields the following: If the

sequence {n;} is so sparse that inf (%ﬁ) > 2, then every moment problem
J

(Sr; F)(0) = a;logn;, {a;} € £=,

has a solution f € L*(—m, 7). However, a more precise result can be found
in [A1].
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4. A QUESTION ON TRANSLATES OF AN L! FUNCTION

Suppose that K € L'(R) and [*_ |K(z)|dz = 1. Consider the family of
translates K (- — x;), where {z;} is a certain sequence of real numbers. The
question we are going to discuss is: What are the conditions on K and {z;}

under which every moment problem
/ f(t)K(t_xj)dt’:aj (.7':1,2,)7 {aj}eeoo,

has a solution f € L*®(R)? Equivalently, when is it true that

(4.1) /_ Z

Y ONK(E - )

dt > const Z [\
J

with const > 0, uniformly for all finite sequences {\;} of complex numbers?

It is easily shown that a necessary condition is
(4.2) inf{|lz; —xo|: j#L} >0

(cf. [G2], chapter vii, section 4). On the other hand, Theorem 1 (see also the
proof of Theorem 4) provides a nice sufficient condition, which can be viewed
as a refined version of (4.2). Namely, if there exists an interval I C R of length
|| such that

1
(4.3) /1 K(@)ldz> 5 and  inf{la; —zel :j £ £} > T,

then we have (4.1).
To see that (4.3) is sharp, consider the case where K = %X(_m), z; = j and
I =(0,1). Obviously, we have

/IK(w)Idw=% and inf{|lz; — @1 j # £} =
I

whereas
N

/_O;@( WK (t - §)|dt

j=

oo

*© 1
/ l‘X( 10)(t +2( DNxwv,vn) ()| d
1

and so (4.1) fails for X\; = (-1)? (j =0,---, N with N large enough).



MOMENT PROBLEMS FOR BOUNDED FUNCTIONS 561

It should be mentioned, however, that sometimes condition (4.2) alone is
sufficient for (4.1) to hold. In particular, this happens [CG] when K is a
rational function. Thus, dealing with generic K’s one has to integrate, as it
were, between (4.2) and (4.3).
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