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1. INTRODUCTION

Let M be a complete non-compact finite dimensional Riemannian manifold
and p(z, y,t) be the heat kernel of the corresponding heat equation u;—Au =0
associated with the Riemannian metric. In this paper, we are concerned with
obtaining heat kernel upper bounds reflecting global geometric properties of
the manifold. One of the simplest and the most natural forms of expected
estimates reads as follows

(1.1) p(z,y,t) < f(t)exp [—COHSt é]

where r = dist(z,y). For example, in the Euclidean space R™ one can put
f(t) = const - t~™2 while in the hyperbolic space H* f(t) = exp(—const - t)
for large t. There are examples of manifolds for which the heat kernel has an
intermediate decay (see [17]).

There are two approaches to a question. The first one is to obtain an
estimate covering the widest possible class of manifolds while the second is
to try to estimate the heat kernel as sharply as possible, for example, to find
the best function f(t), using for this purpose as much information about the
manifold as required and, hence, having to consider a more particular variety
of manifolds.

An example of the former approach is the statement that for any manifold
of bounded geometry the heat kernel decays at least as fast as 1/+/¢. It was
first understood by Varopoulos [15], [16], and he proved a little bit weaker

statement. The result was independently announced also in the note [6].
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A complete proof was first given by Chavel and Feldman [2] and for a
more general conception of bounded geometry by Coulhon [4]. Both these
proofs were based upon a discretization technique (developed in [9], [10], [11],
[13] etc.), whose main idea is to replace a manifold by an appropriate graph.
From this point of view, the rate 1/+v/¢ is not unexpected because this is the
magnitude of the heat kernel on the thinnest graph Z.

In this paper, we present a direct proof for manifolds which seems to be more
flexible. It is interesting that the proof needs the same geometric hypotheses
as discretization arguments of [4] despite the approaches are quite different.
We discuss below the class of manifolds which appear as a generalization of
the notion of a manifold of bounded geometry.

The second set of results presented in this paper is related to a connection
between the heat kernel decay in time variable as £ — oo and an isoperimetric
property of a manifold. We refer the reader to [8] for the history of this
question. In that paper, a theorem was proved which establishes equivalence

between the heat kernel on-diagonal estimate

const
1.2 t) <
( ) p(x) l‘, ) V(Ct)
supposed to be true for all ¢ > 0 and the isoperimetric inequality of the Faber-
Krahn type
(1.3) () = A(Vol Q)

where A;(Q) is the first Dirichlet eigenvalue of a pre-compact region 2 and
functions A(v) and V (t) are expressed each through the other by means of the

following transformation

VO gy
(1.4) t= /O de(v—)

Whenever we want to restrict our considerations to large values of time
only, it becomes natural to take into account only big regions 2. The theorem
cited above does not allow us to do that because for its application we need
to control A(v) for small v so that the integral in (1.4) converges. To avoid
having to consider small regions, one should assume a manifold to possess a

priori a uniform structure .



HEAT KERNEL ON A MANIFOLD 113

Localization at infinity was done by Chavel and Feldman [2] for manifolds
of bounded geometry in the case of a polynomial decay of the heat kernel.
They considered a classical (as in Euclidean space) isoperimetric inequality
between the area of the boundary and the volume of any region containing
a ball of a given radius (they referred to such a situation when dealing with
regions containing a fixed-size ball as a modified isoperimetric inequality ) and
showed that it implies a corresponding heat kernel long time upper estimate.

In this paper, we consider a modified isoperimetric inequality for the first
Dirichlet eigenvalue in the spirit of [2], but one which, in addition, covers a
superpolynomial scale too. A localization at time infinity becomes possible
due to our understanding of a structure of the heat kernel’s level sets on a
locally Harnack manifold to be defined below.

Let us concentrate now on the notion of bounded geometry, which reflects
the fact that a manifold is arranged similarly in a fixed size neighbourhood
of any point. There are different definitions of this notion. The following one

was introduced in [3].

DEFINITION 1. The manifold M is said to have C*- bounded geometry if an
injectivity radius at any point is bounded away from 0 and the covariant
derivatives up to the order k of the curvature tensor are bounded from above

and below.
The next definition occurs the most frequently (see, for example, [11], [2]).

DEFINITION 2. The manifold M is said to have bounded geometry if an in-
jectivity radius at any point is bounded away from 0 and a Ricci curvature at

any point is bounded from below by a (negative) constant.
Finally, a definition of weak bounded geometry was applied in [5].

DEFINITION 3. The manifold M is said to have weak bounded geometry if
there is a positive radius p such that any geodesic ball of this radius is uni-
formly quasi-isometric to a Euclidean ball which means that there exists a
diffeomorphism of any geodesic ball onto a Euclidean one changing the metric
at most in C' times, the constant C' not depending on the ball.
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Each of these definitions covers a wider class of manifolds than the preceding
one. The Varopoulos’s conjecture is proved in [2] for manifolds of bounded
geometry in the sense of Definition 2. The proof of [4], as well as that of the
present paper, covers a class of manifolds which is even wider than that of

Definition 3. But first, we introduce a notion of locally Harnack manifolds .

DEFINITION 4. The manifold M is said to be locally Harnack manifold if there
is a positive radius p > 0 (which will be referred to as Harnack radius ) such
that for any point x € M the following is true

(a) for any positive numbers 7 < R < p
Vol By _ [_@]
Vol Bz

(1.5) :

(b) Poincaré inequality: for any smooth function f(z) in the ball B% of a

radius R < p the following inequality is valid

b _
1.6 / Vil > = / —f)?
(1.6) T [ =D

provided

_ 1 /
IS Vet Bz Jop,,?
where a, b, n are positive constants (n is normally but not necessarily

the dimension of M).

Let us explain why we apply the name “locally Harnack manifold” in con-
nection with properties (a), (b). The cause is that (a) and (b) are equivalent
to the Harnack inequality for the heat equation in any cylinder BE x (0, R?)
where R < p (see [14] and also [7]).

The conditions (a) and (b) are valid, for example, whenever the manifold has
Ricci curvature bounded from below by some (negative) constant —K (see [1]).
On the other hand, there are manifolds of constant negative curvature (being
therefore locally Harnack manifolds ), for example, those of finite volume,
which may in no case be regarded as manifolds with a locally uniform geometry.
To avoid such situations we have to assume some lower bound of the volume

of a geodesic ball to be valid.
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Theorem 1.1. Suppose that M is locally Harnack manifold and the following
hypothesis holds for any x € M

(1.7) Vol B > vor™®

where r = dist(z,y), y being a fized point on M and vo >0, 1> a > 0, then
forany D >4, t>p* zeM

const r?
. < -
(1.8) P(@: Y1) S~ exp [ Dt]

where const depends on a,b,vg,n, 0, p, D .
Let us put, for example, @« = 0 i.e. we have independently of the point y
that
(c) forany x € M Vol BS > v
Then by Theorem 1.1 for all 2,y € M and for all ¢ > p?

const

(1.9) p(z,y,t) < BV [‘%]

N

A manifold satisfying the conditions (a), (b), (c) may be considered as a
natural generalization of a notion “manifold of bounded geometry”.
As far as behaviour of the heat kernel for small ¢ is concerned, the following

general estimate is a consequence of results of [8] and [7].

Proposition 1.1. If M is locally Harnack manifold with property (c) then the
heat kernel satisfies for all x,y € M the inequality

exp (~M(M)t - 5], t > p?
t~"/? exp (—E—zt) , t< p?

where A\ (M) is the bottom of the spectrum of the operator —A in L*(M),
D > 4 is arbitrary and const depends upon a,b,vg,n, p, D.

(1.10) p(z,y,t) < const {

This result yields also a sharp long time heat kernel estimate provided the
spectral gap A;(M) is positive; but if A\;(M) = 0 then it does not ensure any
decay of the heat kernel in contrast to Theorem 1.1.

Another example where Theorem 1.1 is applicable is the following manifold.
Let us consider a surface M of revolution around a straightline in R**! of a

graph of some function f(7) defined on R (=the straightline). Suppose that
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f is smooth so that M is a manifold, and f(7) = |'r[—ﬁ , B> 0 for large values
of 7, then for a fixed y € M, p > 0 and for any z € M

—ng

Vol B} > const pr

Since the curvature of the surface in question is bounded from below this
manifold is locally Harnack one. Theorem 1.1 gives us (1.8) for & = —ng
provided 8 < % It is interesting that for this surface a lower bound is valid
with the same power of ¢ so that Theorem 1.1 gives in this case a sharp
estimate. Note that for B > 1/n the manifolds under consideration has a
finite volume and, thereby, the heat kernel does not approach to 0 at all.
Finally, we consider a modified isoperimetric inequality on the manifold in

question.

Theorem 1.2. Suppose that M is a locally Harnack manifold with the condi-
tion (c). Let any region § containing a ball of radius p satisfy an isoperimetric

inequality
(1.11) () = A(Q)

where A(v) is a positive continuous decreasing function in (vo,00). Let the

function V (t) be defined by means of the following identity

(1.12) t—to_/ )vAU)

where ty = constg p, p2 > 0, then for t >ty and all x,y € M

(1.13) p(z,9,) < ;‘g;s;)

Moreover if the function V (t) satisfies some additional conditions (see section
4 for details) then for all z,y € M, t > to, D > 4

const r?
. < —— JE
(1.14) p(z,y,t) @ exp [ Dt]

where r = dist(x,y) and constants const, ¢ depend upon a, b, n, p,vo, D.

Acknowledgement. The author is very grateful to W. Hansen for his help and

hospitality during his staying in Bielefeld University where this work was done.
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2. A LOWER BOUND FOR THE FIRST DIRICHLET EIGENVALUE
ON A LOCALLY HARNACK MANIFOLD

The main purpose of this section is to obtain a lower bound for A;(Q2) via
the volume on a locally Harnack manifold. To understand the idea behind the
proof, let us first suppose that M is a manifold of weak bounded geometry in
the sense of definition 3.

Consider a bounded region 2 with a smooth boundary 02 and its inter-
sections with different balls of radius p which are similar to a Euclidean one.
If in some of these balls the set €2 covers at least a half of its volume then
by continuity arguments there exists another ball of radius p where  covers
approximately a half of its volume. Therefore, the surface 92 divides the ball
into two approximately equal parts and by the isoperimetric property of a
partition in the Euclidean ball we have that the measure of 992 is bounded

from below by a positive constant.

Otherwise, ) occupies in any ball of radius p less than a half of the volume
and we can devide  into many small parts each of them lying in some of the
balls in question and apply the isoperimetric inequality in any ball once again.
Omitting details we shall only note that the final result in this case is that the

measure of O is at least as large as const (Vol Q)+ as it takes place in R™.
Hence, in either case we have obtained some lower bound for the measure of

the boundary via the function of the volume of 2.

Let us note that the isoperimetric inequality of a partition in a ball is nothing
but an L!-version of Poincaré inequality (b). If we have instead the normal
L?- version, then we cannot hope to estimate the area of the boundary via the
volume, but we are able to prove a L2- version of this inequality—namely, a

lower bound for the first Dirichlet eigenvalue of a region via its volume.

Theorem 2.1. Suppose that the manifold M s a locally Harnack one, then
for any pre-compact region Q C M the estimate holds

(2.1) A1(9)>%r;itmin[[ = ]2[ i ]2/"]

Vol Vol Q2
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where p is the Harnack radius,

(2.2) Vo = inf{Vol B} | B; N Q # 0}

and const > 0 depends on constants a,b,n from Definition 4.

Proof. Let us consider a non-zero Lipschitz function v > 0 in  such that

ulan = 0. It suffices to prove that the ratio

(2.3)

is bounded from below by the expression on the right-hand side of (2.1). To
this end, let us consider a family of level sets of the function u: Q; = {u > t}
for any ¢ > 0 (here ¢ is not a time !) and set Vol Q; = m(¢). Let us associate
to any t > 0 some t' > ¢ such that

(2.4) Vol (2, \ Q) < 6 Vol Q,

where 6 € (0, 1) is to be chosen later as a function of V5/ Vol Q. Our first step

is to estimate from below the integral
(2.5) / Vu?
Q\Q,

via the function m(¢). For this purpose we shall apply the following lemma

proved in [7] (lemma 1.1 from that paper).

Lemma 2.1. If the conditions (a) and (b) of the Definition 4 hold in the ball
B? then for any Lipschitz function u in this ball and for all t <t

(t' — t)2A-A*

2
. >
(2.6) / |Vu|® > const TVol B

{t<u<t'}

where

A™ =Vol ({u<t}NB3,)

A+ =Vol ({u>t}nB,)
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Next we shall consider two cases.
CASE 1. Suppose that there exists a ball By, in which the set {2; occupies
at least a half of its volume i.e.

1
(2.7) Vol ({u>t}N B ) > 5 Vol Bjg

Then by continuity arguments there exists a point x at which the equality
attains in (2.7) (here we have made use of unboundedness of the manifold).
We intend now to apply lemma 2.1 in the ball B} ;. First we need to estimate
from below the corresponding volumes A~, A*. Due to the choice of z we have

that A~ = %Vol B?/15- Obviously, we have the following inequality for At

1 _
A" > 3 Vol Bjjyo — Vol (2 \ )

1
2 §V01 Bj1o—6Vol Q> cVy—6Vol Q > %V{)

where ¢ = %a‘llo'” and § is assumed to satisfy the inequality
(2.8) 6 Vol 2 < SVh

Hence, we get

(2.9) AT > const V,

and by lemma 2.1

tl_tZA—A-{- tl_ 2
L—z——)—m—>const( 2t> Vo
p? Vol B 0

/ |vul® > const

Qt\ﬁ,?

or taking into account (2.8) and Vol Q > Vol Q; we get finally

/)2
(2.10) / 9ul® > const ; D smt)

Q\Q,,

CASE 2. Suppose now that in any ball By, of radius p/10 the set Q.

occupies less than % of its volume, then for any x € €, there is a radius

r(z) < p/10 such that

Vol (B, N%) = %Vol B,
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because for a very small r the ball B? lies completely in €2;. The union of balls
By, (s covers {l;. Hence, by means of Banach process we can select from them
at most a countable sequence {Bj; } so that they do not intersect each other
while the balls Bfj,, cover together Q;. We are going to apply lemma 2.1 in
every ball B3} . Let us denote by A;, Af the corresponding volumes from this
lemma. Since A7 = 1 Vol BZ it follows that

(t'—1)? A

2 i
U

|vul® > const

{t<u<t'}NB;}
We have by the condition (a) that

o (YolBzYT (VolQ] 1
p | Vol Bz S Vo

whence

(t’—t)z[ Vo ]2/" "
(2.11) / |vul® > const = Vol O A;

{t<u<t’}NB;;}.

Next, note that ), Vol Bfj,, is at least as large as the volume 2, . Hence,
according to hypothesis (a) we obtain that

ZVol BZ > const Vol Q

Taking into account that
1 —
Af= 5 Vol B - Vol (@) nB)
and, therefore,

1
ZA+ const Vol Q, — Vol (Qt \ Qt,] const m(t) — ém(t) > iconst m(t)

(where we have assumed that § < jconst ) we obtain from (2.11)

r_ \2 v 2/n
(2.12) / |vul® > const (t pzt) [VolOQ] m(t)

Q:\Q,

We see that in both cases we can choose é as follows

: Vo
(2.13) 6 = const min [2, Vel Q]
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Let us combine the inequalities (2.10) and (2.12) together. If Vol Q >

then we have § = const ﬁ and in either case 1,2 we get

=0 [ Vo ]2/" Vo
(2.14) / |Vul® > const 2 min | | 57g VAN m(t)

QD

Vo

D=

Otherwise, if Vol Q@ < 1V;, then the case 2 takes place and (2.14) is valid
again (as follows from (2.12)). Therefore, (2.14) holds always provided ¢’ and
t satisfy (2.4) and ¢ is defined from (2.13).

Now we shall arrange an infinite sequence 0 =ty < t; < t3 < ... according
to the rule

(2.15) tre1 = min{7| Vol{u > 7} > (1 —6)m(tx)}
Obviously we have that
mM(ter1) < (1= 8)m(ty)
in particular, m(ty) — 0 as k — oo. It follows from (2.15) that
Vol (€4, \Q—t,c:) < 6 Vol Q,,

so the estimate (2.14) is applicable to t = t, t' = tg41 :

(2.16)

—t)? . Vo 17 V.
/ |Vul® > const (—’%k—) min [ [VOIOQ ] , VolOQ ] m(tx)
Qu\ T,

Let us sum up all the inequalities (2.16) over all kK = 0,1,2, ... and apply the

following lemma (see lemma 1.2 in [7]).

Lemma 2.2. Suppose that {ty} is an increasing sequence of real numbers,
to = 0 and my is a decreasing sequence of positive numbers such that my; <
(1 = 6)my, for some 6 € (0,1) . Then

[e.0] 6 o0
(2.17) Z b1 — ) M —2 Z (Mg — M)
k=0 k=0
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Therefore, we obtain

o _ const . Vi 2n
/leul = 7 6 min [ [VOIOQ] Vol Q] Ztk-l-l m(tk) — m(tks1))

We are left to substitute here the value of § from (2.13) and to observe that
m(tr) — 0 implies the estimate

/ Ztk+1 (tx) — m(tr+1))

so that

V. 2/n V. 2
o () ) ) o
/leul 272 M) | Van .

which was to be proved. O

3. UPPER BOUND FOR THE HEAT KERNEL
ON A LOCALLY HARNACK MANIFOLD

We are going to obtain upper bounds for the heat kernel applying arguments

of [8]. Let us introduce the notation

(3.1) Ep(z,t) = /Mpz(:v,y,t) exp [;—1] dy

where r = dist(z,y), D > 2. As was proved in [8] for any manifold M and for
any D > 2 the function Ep(z,t) is always finite and decreasing in ¢. Moreover,

the following estimate always holds

(32) p@,,0) <o (5 | 1/ Bol 5)Eo(r, )

where r = dist(z,y) (see proposition 5.1 from the paper cited above ). This
estimate enables one to obtain a Gaussian pointwise upper bound whenever

one has proved an estimate of the following kind :

(3.3) Ep(z,t) < f(t)

To obtain such an estimate we shall use another result of [8]—a particular

case of Theorem 4.2 and Corollary 4.2 from there which reads as follows.
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Proposition 3.1. Suppose that for some (fized) ball By C M and for any

subdomain 2 C B¥, the following isoperimetric inequality is valid
(3.4) A1(Q) = A(Vol Q)

where the function A(v) is as follows

AvTe, v <V,
3.5 Alv) = ’
(35) (v) {BU_,}, .
A, B, a, 8 being some positive constants and Vy is determined from the condi-
tion
(3.6) AV;® = BV *?

Let the functions V (t), R(t) be defined by the identities

vE)  dy
(3.7) t= /0 vz(v).
and

V(t)
(3.8) R(t) = /0 - \;‘i\q’(_v).

Assume also that R and t are related as following
(3.9) R(t) < cR

where ¢ = ¢(e, 3) . Then

const

with the constant const depending on D and sup, tA(V(t)).

Remark. The corresponding assertion in [8] was proved for a more general
function A and the statement reads even more bulky. Some simplification
occurs here due to the particular polynomial form of A.

Functions V(t), R(t) are easily computed and admit the following estimates.
Let us set

1
(3.11) to = —Aa-ﬂ Bm
(6]



124 ALEXANDER GRIGOR’YAN

(this value is found from the condition V(ty) = V;). Then we have for any
t<tp

(3.12) V(t) = (Aat)*, R(t) = 2\/%

and for ¢t > ¢,

(3.13) V(t) > (Bmin(a, B)8)8, R(t) < Q\E + 2\@

In particular, we see that tA(V(t)) < const, s . Therefore, the constant in
(3.10) depends only on D, o, 8 and what is important to underline it does not
depend on A, B as well as the estimates of R(t) in (3.12) and (3.13).

The relations (3.12) are obtained by a direct computation from the definition
of V(¢),R(t). To explain estimates (3.13) let us note that for ¢ > ¢, we get
from (3.7)

(3.14) t—ty = /V(t) dv__ L(V(t)” -

that implies

v do 2

B v vVA(() B VBp

t
R(t) — R(to) < 2\/%

whence, the estimate (3.13) for R(¢) follows. To prove the lower bound of V ()
in (3.13) let us note that according to (3.6), V() = V, and (3.12) we have
Ve = BV = Baty. Hence, it follows from (3.14) that

(V(t)ﬁ/z _ V{,WQ]

we see that

V(t)? = V& + BB(t — to) = Baty + BBA(t — to) > Bmin(a, 8)t

The following theorem ensures an upper estimate for Ep(z,t) on a locally

Harnack manifold.
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Theorem 3.1. Let M be a locally Harnack manifold with a Harnack radius
p. Let us define a function vo(x, R) as the infimum of volumes of all balls BY
having a non-empty intersection with the ball B, then for D > 2, x € M, t >
0

const

vo(, €v/t) min [§’ [ﬁ] "]

p

(3.15) Ep(z,t) <

where const depends on D and on the constants a,b,n from definition 4, ¢ =
¢(n) .

Proof. According to Theorem 2.1 any region ) € Bj, satisfies the inequality
(3.4) with function A from (3.5) where @ =2/n, f =2 and

const
p?

const
Uo(waR)Z/n, B = p?

(3.16) A= vo(z, R)?

Calculating t, as it is required for proposition 3.1 we get from (3.11) the

following
‘ L .
o = const - p

To apply proposition 3.1 we choose for any ¢t > 0 the corresponding R so that
the relation (3.9) is satisfied. Let us show that for R = 1v/8nt (3.9) is valid.
Indeed, if t < t, this is obvious because R(t) = v/2nt. Otherwise, if t > to we
apply the estimate (3.13) for R(t) and see that

cR = V8nt > V2nto + V2t > R(t)

We are left to show that

V(t) > const vo(x, &v/t) min [ﬁ’ [_] "/2]

Indeed, for t < ty we get from (3.12) and (3.16)

t n/2
V(t) = const - v(z, R) [?]

For t > t, we have in the same way

PNV
V(t) > const - vo(z, R) [ﬁ]



126 ALEXANDER GRIGOR’YAN

Substituting here the value of R and applying finally proposition 3.1 we obtain
the desired inequality (3.15). O

Corollary 3.1. If M is a locally Harnack manifold with a Harnack radius p
satisfying to the condition (c) of section 1 (i.e. the volume of any ball of radius
p is at least as large as vy > 0) then for allt > p?, x € M, D > 2

const -py !

(3.17) Ep(z,t) < —

where const depends on a,b,n,D.

Combining Theorem 3.1 with the relation (3.2) we obtain a heat kernel point-

wise estimate.

Corollary 3.2. For a Harnack manifold M the following estimate holds for
adlz,ye M, t > p? D >?2

const -p . [ r? ]
rexp | ——
_ _ 2 2Dt
Vit [vo(x,c\/f)vo(y,c\/f)) :
In particular, we have under conditions of corollary 3.1

const -pvy ! N [__7"2_]
Vit 2Dt

In both inequalities the constants const depend on a,b,n,D; ¢ is the same as

(3.18) p(z,y,t) <

(3.19) p(z,y,t) <

in Theorem 3.1.

The estimate (3.18) can be transformed to be expressed via another function

of volume. Indeed, let us fix some point z and put

(3.20) w(R) = inf Vol B

z€B}, p

Obviously, we have
w0(z, R) > w(d(z) + R+ p)

where d(z) = dist(z, ). Applying the foregoing corollary we obtain for ¢ > p?
and any x,y € M

(3‘21) p(x,y,t) < const - p T €Xp [__Tz_]
Vit (w(d(a:) + eVt)w(d(y) + ¢ t)] ’
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where ¢ =c¢+ 1.
For example, if w(R) > const - R™7, v > 0 it follows that

e [(%%)m%})f”e@ &

In particular, if we put here y = z and note that the polynomial (¢4 r/v/t)"/?

p(z,y,t) <

is majorized by the exponential multiple exp(sT—:) with an arbitrarily small
€ > 0 then we obtain nothing but Theorem 1.1.

4. MODIFIED ISOPERIMETRIC INEQUALITY

The heat kernel estimates obtained in the preceding section are valid for a
wide class of locally Harnack manifolds but of course as any general estimate
they are not sharp for more particular classes of manifolds. Here we impose
an additional restriction that a locally Harnack manifold with the condition
(c) satisfies some isoperimetric inequality for large domains and obtain a more
precise information about the heat kernel decay in time via the isoperimetric
function. As was mentioned in Introduction, the main difficulty lies in the
fact that we are not given a priori an isoperimetric inequality for all regions
(otherwise we could simply apply [8]).

The key point of our proof is that we are able to show that the level sets
of the heat kernel on a locally Harnack manifold are similar to geodesic balls.
More precisely, a level set (for a fixed time) either lies in some ball or contains
a smaller ball, the radii of the balls being finite proportional to the Harnack
radius p. To prove this we apply locally Harnack inequality. Afterwards, to
estimate the heat kernel we can repeat arguments of [8] because as turned
out they require the isoperimetric inequality only for the level sets of the
heat kernel rather than for all regions. We apply for large level sets a given
isoperimetric inequality and for small level sets - the isoperimetric inequality
inside a small ball (in fact, Theorem 2.1).

Theorem 4.1. Let M be a locally Harnack manifold with a Harnack radius
p, then for any positive € < g9 = go(a,b,n) there exists § = 6(e,a,b,n) > 0
such that for allz € M, 0 <t < §p? the level set

(4.1) G, = {y € M| p(z,y,t) > ep(z,z,2t)}
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lies in the ball Bf, , while for t > 8p? the set G, contains the ball BZ,, , where
0<cy < <1 andcy depend only on constants a,b,n from the conditions

(a), (b).

Proof. The proof will be split onto three steps.
STEP 1. Let us first prove that if ¢ < p? and r = dist(z,y) < p then

consty pn r2]
42 £) < —abn gn [T
(42) plost) < T gt o -

Let us take some z € M, R < p and notice that for any region Q C B% we

have according to Theorem 2.1

(4.3) () >

consty pn [ Vol sz] 2/
R? Vol

To explain this first, note that the value of V4 defined from (2.2) is finite
proportional to Vol Bf so that we may replace it by Vol Bf, . Second, the

estimate (2.1) of Theorem 2.1 includes one more term:

(wia)
Vol Q2

but in the case under consideration it can be omitted for

(4.4) Vol @ < Vol B, = const, , Vo

Next, we apply proposition 3.1 in the ball Bf and due to (4.4) we have for
t < const,, R? , D > 2 that

(4.5) Ep(z,t) < ———————COtff: Q,‘.g’l”’gg
Since Ep(z,t) is decreasing in t it follows that the following estimate holds for
allt >0

constp qpn R”
min(¢, R?)*/2 Vol B§,

Applying the estimate (3.2) we get that for all z,y € M, t >0,R < p

(4.6) Ep(z,t) <

2
n T
R™ constp 4 pn €XP (— 5Dt ]

min(t, R?)/2 ( Vol B Vol BY,)

[
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where r = dist(z,y). If now t < p? and dist(z,y) < p then we set D =

2.5, R = +/t and apply the property (a) in a suitable way that yields us that

the volumes of balls B%, B% are finite proportional whence (4.2) follows.
STEP 2. Let us proof that for ¢ < p?

constg p.n

(4.8) p(z,z,2t) > -
Vol Bﬁ

Indeed, let us consider the function u(y,7) = |, B, p(y, &, 7)dE (where t < p?
is fixed) which satisfies the heat equation and to the initial value u(y,0) =1
ifye Bf/z m Hence, we can extend this function by 1 for 7 < 0, y € B%; 74 50
that the extended function satisfies the heat equation in BY; Re (=00, +00).
Applying the Harnack inequality in the cylinder BY; R (—t,t) we obtain

/ p(z, &, t)dé = u(z,t) > constypn
B=
Vi/4

where const, p, > 0 is the corresponding Harnack constant. Therefore, there
exists a point y € Bfﬁ /4 such that

const, b p

(49) P($>yat) 2 X7 nz
Vol B,

Applying Harnack inequality once again for the function p(z, -, ) in the cylin-
der Bfl/z/z x (0,2t) we get

p(z,z,2t) > constyp,, p(z, y, t)

whence (4.8) follows.

Combining the estimates of steps 1, 2 we claim that

(4.10) p(z,y, 1)

< const ex ( 7’2]
p(z,z,2t) abn P Ty

provided y € B%, t < p*.
Let t < 6p* and y ¢ BZ , where constants 6, ¢, are to be chosen later. Then
(4.10) implies that

p(z,y,1) c ]
4.11 PLY5 . _a
( ) (@228 S constg b n €XP [ £s
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If the right-hand side of (4.11) is less than € then any point y under consider-
ation does not land at G, that means that G, lies in the ball B, - Thus, the

first condition to be satisfied by the choice of ¢;, ¢ is the following

2

1
(4.12) %—1 > constg (1 + log —6-)

STEP 3. It is standard that Harnack inequality implies the following esti-
mate for any positive solution u(y,t) to the heat equation in Bf X (0, +00):

there exists 7 < t such that
2

(4.13) u(z,T) < exp [consta,b,n(l + 707)] u(y,t)

provided r = dist(z,y) < 3p (see [12]). Indeed, let m > 2 be an integer such
that '

r2 t
4.14 —_—< -
( ) m < 4

In particular, m can be taken to satisfy also the inequality
r2
m < 4(1 + 7)

Let us divide a shortest geodesics connected points z,y into 2m equal parts
denoting the corresponding points as zi, k =0, 1,...2m where 2y = ¥y, 22, = T

2

and consider a sequence of times ¢, = t — k(L)?. Let us apply Harnack

inequality in any cylinder
B, x [tk,tk _ 2(%)2]
(note, that t, — 2(Z)? > 0 due to (4.14)) which gives us
w(Zky1, ter1) < constg pn w(zk, tr) -
By induction we obtain

u(@, tam) < (consta,n) " u(y, t)

whence (4.13) follows.
Applying (4.13) for u(y, t) = p(z, y, t) and noting that p(z, z, 2t) < p(z, z,7)
(which simply means that p(z, z,-) is a decreasing function) we have

2
p(z,z,2t) < exp [consta‘b,n(l + %)] p(z,y,1t)
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or
t 2
(4.15) Pz t) > exp [— constpn (1 + %)]

Suppose now that t > §p? and r < czp. Then (4.14) implies

) C2
—z% exp [— consty pn(1+ f)]

Thus, if the right-hand side of this inequality is greater than € i.e.
(4.16) 1+ %% < constg pn log%
then the entire ball B$ lies in G,.

We are left to compare the relations (4.16) and (4.12) to show that they
can be satisfied simultaneously. Indeed, we set, for example, ¢; = —;— and find
6 so that (4.12) is true:

consty p
(4.17) = Triogt
Substituting this value into (4.16) we obtain the following inequality to be
satisfied by choosing of ¢,
constgpnlogt —1
1+4log?

c2 < conste p.n

Obviously, for sufficiently small € < gqo(a, b,n) the corresponding value of c,
exists and does not depend on . [

Now we can prove the main result of this section - a heat kernel estimate under

an isoperimetric inequality supposed to be valid only for large sets.

Theorem 4.2. labelthmj.2 Let M be a locally Harnack manifold with the Har-
nack radius p and x be some (fized) point on M. Suppose that for any pre-
compact region () containing the ball BS the following inequality holds

(4.18) A1(2) > A(Vol Q),
A being a positive continuous decreasing function defined on (Vol B7,c0), then

for all t > to = 6p® where § = §(a,b,n) > 0. we have

Constg p.n

(4.19) p(z, z,2t) < 70
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where the function V(t) is defined from the relation

V(t) dv
(4.20) t—tg—/vo oA

and vo = Vol BY .

Remarks. 1. The estimate (4.19) is more rough than it is expected in view of

the Theorem 2.1 from [8]. In fact, one can prove that

const
z,T,2t) L ——

where v may be taken arbitrarily close to 2, but under the condition that the

ratio % is large enough. We have preferred to present a less sharp inequality

5
whichphowever is valid for a more definite range of time.

2. In the course of the proof we find a certain value of § = §(a,b,n) for
which the statement of the theorem holds. In fact, the estimate (4.19) remains
valid for smaller values of §, too but in this case the constant const,p , has to

depend on § as well.

Proof of theorem. To find § we choose first some positive £ < min(%, €0) where
€o is the same as in Theorem 4.1 (e will be specified at the end of the proof)
and put 6 = 6(¢) from the relation (4.17) of Theorem 4.1. Let us consider

again a set
Gy ={y € M| p(z,y,t) > ep(z,z,2t)}

If t > to = 6p® then the set G; contains by Theorem 4.1 the ball BZ,, where
¢y is the constant from Theorem 4.1. We want to estimate from below A;(G:)
according to (4.18) but we may apply this inequality only for sets, containing
the ball B;. This is why we shall consider the union G; U Bj. Due to the

monotonicity of the first Dirichlet eigenvalue we have
M(G) = M(G,UBY) > A (vol (Gt U Bg))
Evidently, we can compare the volumes as follows

Vol (G; U B3) < Vol G, + Vol B; < Vol G, + ac; Vol B, < CVol G,
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(where C =1 + ac}) whence the desired estimate follows:
(4.21) M(Gt) =2 A(C Vol Gy) .

We shall apply (4.21) to obtain an upper bound of the function
1) = [ pw,y,0%dy = pla,2,20)

M
Note that for any positive numbers p, £ the following inequality is true

P> < (p— €)%+ 2p
which follows obviously from considering of two cases: p < £ and p > £. Let
us set £ = ep(z, z, 2t) = €I(t) and apply this inequality to the heat kernel

/ p(z,y,t)’dy < / (p—f)zdy+2£/ p(z,y,t)dy
M {r>¢} M
or, applying [, p(z,y,t)dy <1
(4.22) | o-erdy> [ pay-2
{r>¢} M

Now we are going to estimate the integral over G; = {y| p(z,y,t) > £} on the
left-hand side of (4.22) through the Dirichlet integral of the heat kernel over
the same set. To this end, we have to show that the level set G is bounded for
any t > 0. Indeed, it follows from corollary 3.2 that for a large r = dist(z, y)
the value of p(z,y, t) becomes arbitrarily small so that G, lies in some big ball.
Hence , we have that

| wldy=nG) [ -9y ACVel (p>e)) [ p-g)?

{p>¢} {r>¢} {p>¢}

On the other hand

1
Vol {p > ¢} < 3
Combining these inequalities with (4.22) we get
(4.23) | 1wpltay > ace ([ v - 2)
M M

Finally, observing that I'(t) = -2 [,, |Vp|> and replacing ¢ by its value we

obtain a differential inequality

(4.24) I'(t) < —2(1— 20)A [
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which is easily integrated and yields for ¢t > ¢

I(t) dI t
(4.25) / _ Y < a(1-2) / dt < —(t — to)
o) IA (&) to
(we have applied that € < 3). Changing a variable v = C/(eI) we obtain
7w dv
. — 1
(4.26) / ORI

el(t )
We are left to relate I(t 5 to v = Vol B7, namely, we should find ¢ so that
the following is true
C

< —_—
Yo s el (to)
—as soon as this is done one can substitute it into (4.26) and a comparison
with (4.20) gives

(4.27)

C
SOk V()
and o
p(z,z,2t) = I(t) < =0

which was to be proved.
Returning to (4.27) we shall apply the estimate (4.2) from the proof of
Theorem 3.1 (or directly this theorem) which gives in this case

conste p.p constg p.n
z n/2
Vol B N /2y,

I(to) = p((I), z, 2t0) <

Comparing this with (4.27) we see that (4.27) is satisfied provided
2% > > constg b €

For sufficiently small € this is true due to the fact that 6 is a rational function
of log 2—see (4.17). O

Corollary 4.1. Suppose that M is a locally Harnack manifold with the con-
dition (c) i.e. the volume of any ball of the Harnack radius p is bounded from
below by vy > 0. Let any region Q containing a ball of radius p satisfy the

inequality

(4.28) A(Q) > A(Q)
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where A(v) is a positive continuous decreasing function in (vy, 00). Let to be the
same as in Theorem 4.2 and the function V(t) is defined by means of (4.20).
Suppose that the following additional condition holds:

(4.29) function tA(V (t)) is increasing on (T, +o0) for some large T'.

Then for all z,y € M, t >ty the following estimate holds

Const r?
. < _
(4.30) p(z,y,t) VD) exp [ Dt)

where 7 = dist(z,y), D > 4 is arbitrary, ¢ and const depend on all constants

a, ba”) UO,P,T,D-

Remark. The condition (4.29) is required to apply a theorem from [8]. It puts
some restrictions on a possible behaviour of V() as ¢ — co. Let us note that
as follows from (4.20) A(V (¢)) = “\/T(%) Any a more or less regular function
V(t) of at least a polynomial growth, for example, t*, exp(t*) etc. satisfies
(4.29). On the contrary, the function V(t) = logt does not suit it. We do not
lose much with such functions because on the manifold under consideration

the heat kernel decreases always at least as fast as 1/v/2.

Proof. The idea behind the proof is, first, to obtain a heat kernel on-diagonal
estimate being valid for all ¢ > 0, second, to deduce from it an isoperimetric
inequality for all bounded domains (including small ones which are not covered
by (4.28) ) and, finally, to apply the theorem [8] which ensures a heat kernel
bound with a Gaussian term.

Indeed, (4.2) implies for ¢ < p? and for all z that

1
(4.31) p(z,z,t) < Gz
while for ¢ > 2ty = 26p? we have by Theorem 4.2
1
4.32 t) € —————=

where C) 2 depend on a, b, n, p,vy. Since we can take § to be smaller than %,
it follows that for all z € M, ¢ > 0 either (4.31) or (4.32) is valid.
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Let us define a new function V € C*(0,+00) so that

~ Cit"?, t < 2t
4.33 V(t) =
(4.33) ®) {CZV(t/2), t> p?

and in the interval (2ty, p?)

(4.34) V(£) < max (Clt”/2, C2V(t/2)]
Hence, for all ¢ > 0 we have
1
4.35 &) S =—
(4.35) o) < s

For the further considerations we need that V'(t)/V(t) is a decreasing function
which is certainly true for small arguments as well as for large ones (the latter
follows from V'(t)/V(t) = A(V(t)) and from monotone decreasing of A). For
intermediate values of ¢ that can be achieved by a proper choice of the function
V(t) - so far it had only to satisfy the inequality (4.34). Moreover, we need
also that this function V’(£)/V () has at most polynomial decay that follows
from the condition (4.29) for large ¢, from a polynomial form of V (£) for small
¢ and for intermediate values of ¢ can be again obtained by a choice of V (t).
Let us define the function A(v) by the identity

(4.36) AV(E) = =~

Obviously, for large v we have

while for small v A(v) ~ v~?". By Theorem 2.2 from [8] the on-diagonal
bound (4.35) implies under the conditions on V (£) specified above the following

isoperimetric inequality for any bounded region {2

(4.37) A1 (€) > const A(Vol Q)

On the other hand, this isoperimetric inequality implies by Theorem 5.1 of [8]
that for all z,y € M,t > 0 a Gaussian upper bound holds

T

const 2
4 1)< o (2]
(4.38) p(z,y,1) 7@ P | —5;
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provided the function tV’(t)/V(t) is increasing for large t and bounded for

small ¢ which is obviously valid in our case. We are left to replace in (4.38)
the function V(t) by CoV (t/2) for t > p®. O

As it is seen from the proof, the modified isoperimetric inequality (4.18) is not

only sufficient but necessary condition as well for the upper bound (4.19) to be

valid (up to constant multiples). Indeed, as soon as we have got the estimate

(4.19) for large t we can combine it with the estimate (4.2) for small ¢ as it has

been done in the course of the proof and obtain the isoperimetric inequality

(4.37) for all domains which acquires the desired form for large regions.
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