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A UNIQUE CONTINUATION PROBLEM
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The purpose of this paper is to prove the following result.

Theorem 1. (a) If d > 4 there is a smooth function u : R — R, not
identically zero, which vanishes to infinite order at the origin and satisfies
| A u(z)| < Clz|™Y 7 u(z)| for a certain constant C.

(b) If d > 5 then the function u in (a) may be taken so that in addition
| Au| < V|7 u| withV € L4.

Part (b) complements work of Jerison-Kenig [3] and the author [6, 8].
Namely, the analogous question for Schrodinger type inequalities is whether
there can be a function satisfying | A u| < V|u| with V € L%? and vanishing
to infinite order at the origin, and in [3] this is shown to be impossible in all
dimensions d > 3. In [8] it is shown that there is no function satisfying the
inequality of (b) and vanishing on an open set, and in [6] it is shown that if
d < 4 there is no function satisfying this inequality and vanishing to infinite
order at a point. Analogous positive results are also known for the inequality
in (a): see for example Pan [4] where it is shown that there is no function
vanishing to infinite order at the origin and satisfying | A u| < Clz|~?|u|, and
also that examples as in (a) are impossible when d=2. Note that we leave it
open whether such examples exist when d=3 and more significantly do not
answer the question of what is the best L? exponent to replace d in (b). It’s
not clear to us whether d + € should work or whether possibly the exponent
% obtained in [6] is optimal. There is a procedure going back to Plis (e.g.
[5]) and P. Cohen for constructing such counterexamples and we will follow

this procedure here, at least in principle. It can be thought of as taking place
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in two stages: a finite construction followed by an iteration. Section 1 of this
paper contains the finite construction and Section 2 contains the iteration. We
will use the notation = < y to mean that z < Cy where C is a constant de-
pending only on the dimension or other clearly specified quantities, and z ~ y
for 7z Syandy <27,

We are expending quite a lot of effort to gain comparatively little, since it
is easy (in any R?) to find functions » : R* — R vanishing to infinite order at
the origin and such that I—@%l € L? for all p < d. On the other hand, in order
to prove Theorem 1 it is necessary to work with highly oscillatory functions,
for reasons which are discussed at the end of [7], and it seems unlikely (to the
author at least) that there is a way of doing this which does not involve a fair

amount of calculation.

Acknowledgement. I thank Wensheng Wang for comments on a preliminary

version of this paper.

1. PROOF OF THEOREM 1, PART 1.

In this section we prove Lemma 1.1 stated below.

We always assume d > 3, and denote variables in R? by z = (Z,Z) with
T € R? and 7 € R%*2. We identify Z with the complex number z, + iz,, and
define r, # and p by T = (rcosf,rsinf) and |[z| = p. We let o and 3 be
two small positive constants to be specified later and define A4, = {z € R :
l—a<r<l+a,p<pBn Y2}

Lemma 1.1. Assume d > 4. If n is sufficiently large then there is a smooth
function u, : R* — R which is even if n is even and odd if n is odd, and such
that
(i) un(z) = O(|z[") at oo, uy(z) = O(|z|**2) at 0.
(i1) supp Au, C A,.
(iii) | A uy] ST™ on A,.
(iv) |V Un| Z 7" on A,.

Remark. 1) The constants in (iii) and (iv) are of course independent of n.
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2) The ”shape” of the A,, (two long sides, d — 2 short sides) should be com-
pared to known counterexamples involving Carleman inequalities and related
oscillatory integrals, e.g. [1, 2].

3) An immediate consequence of (ii), (iii), (iv) is that |||-$—l’f’"'—|||d < pm2ld-2),
This is best possible, in the sense that there is a constant C such that any

function u, with Au, € C(R?\{0}) and satisfying (i) must also satisfy

Duy,
” |Vun|

in Lemma 3.1 of [6] - see [9] for further discussion.

|la > Cn~7(@=2), This is a consequence of a Carleman inequality proved

4) Note that the functions in Lemma 1.1 as well as in Theorem 1 are real
valued. It is slightly easier to obtain complex valued examples, but we regarded
this as cheating, for several reasons, especially the fact that topological issues
are in principle relevant when one wants a lower bound on the gradient such
as (iv). On the other hand, all the positive results mentioned above including
the one in remark 3) are proved using versions of the Carleman method and
are therefore valid also for complex valued or for that matter vector valued
functions (Added in proof: the two dimensional result in [4,Theorem 3] should

be excepted here).

The proof of Lemma 1.1 is based on considerations involving certain explicit

functions w,, which we now define. Assume d > 3 and let
W Qu(@) = | (7= + [T emdg

where we are identifying T with x, + iz, as previously discussed. Up to a mul-
tiplicative constant @, is the potential of the measure e"?df, so is harmonic
except on {z : 7 = 1, p = 0} and vanishes at infinity. Q,, obeys the following

symmetries:
(2) Qn(e”T,T) = €™ Q0 (T, T)
3) Qn(Z,7) = Qn(@,y) if [3|= 7|

It follows that @,, has the form

(4) Qn(z) = dp(r, p)r™e™.
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The function d,, is real since the definition (1) shows @, is real on the z; axis.
Let g,, be the degree n Taylor polynomial of @,, at the origin. The symmetry
(2) is valid for ¢, and it follows that g, has the form

(5) 0n(z) = e
where ¢{? is a real constant. (To see this, write out g, in the form

Z ka (7‘6 i)k’

j+k<n

and then compare coefficients of powers of €% in 2). We will show below that
@ £ 0.

Let ¢ be a nonnegative C§° function on R with support in (-1,1) and with
J ¢ =1 and (for a certain € > 0 to be determined later) let ¢.(s) = e '¢(2=2).
Define w, : R:\{z:1—-e<r<1+¢,p=0} —Cby

x
© = ()" [ 6)5"(@nl(D) = g (5.
The properties we need for w,, are given in the next lemma.

Lemma 1.2. Suppose that 6 > 0 is given. Then provided € > 0 is sufficiently
small and n > n(b,€) is sufficiently large, the function w, will have the fol-
lowing properties: w, is even if n is even and odd if n is odd and
(i) wn, = O(|z|") at o0, w, = O(|z|**?) at 0.
(ii) Aw, =0.
(iii) wn(z) = an(r,p)r"e™ where a, satisfies: let R, ={1—-4e<r<
1+4e,p<n 2P\{1—-2e <r <1+42¢p<(£)V2}. Then

(7) la,| < C(é,¢€), if z € R,
(®) (B g %2 < 0(5,0), @€ R,
dp
1 . 6 1/2
(9) §§|anI§2, ifr € R, and p>(;) )

Remark. The set R, is of course a rectangle containing the singularities of
w, with a smaller such rectangle deleted. The estimates (7)—(9) say that
as long as one stays away from the singularities, a,, will be a slowly varying
”amplitude” function. Furthermore, as indicated by (9) a, will be bounded
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away from zero and actually will be a small perturbation of the constant
function —1 provided p is kept bounded below by a constant multiple of n=%.
These properties give a lower bound on |Vuw,|, since |V(r"e*"?)| is of course
large. This will eventually imply (iv) of Lemma 1.1 for the function w,, defined
by (19) below.

In fact, it is clear from the definitions that
an(r,) = ()" [ $u()dn(5, D)ds -1

and d,,(r, p) will turn out to be small when p is on the order of n=2. This will

follow from Lemma 1.6(i) and the bound for ()" given by Lemma 1.5(i).

Proof of Lemma 1.2. The symmetries (2) and (3) are clearly also valid for w,,
and imply that w,, is even if n is even and odd if n is odd, since 0_, = 6, + .
Next Q. — ¢, is O(]z|™) at oo since @, is bounded and g, is a polynomial
of degree n. Consequently w, is O(|z|*) at co. @, — ¢, is O(|z|"*!) at 0 by
Taylor’s theorem and therefore w, is O(|z|**!) at 0. But w, is even or odd
depending on n and it follows that there are no degree n+1 terms in its Taylor
expansion. So w, is O(|z|**?) at 0. This proves (i). To prove (ii), observe
that g, is harmonic since @, is harmonic near 0 (or by (4) ). It follows that
@ — g» is harmonic except on 7 = 1, p = 0 and therefore w,, is harmonic on
its domain R¥\{l —e¢ <r < 1+¢,p = 0}. It is clear from (4) , (5) , (6) that
wy, has the form a,(r, p)r"e™™, so we only need to show that /¥ # 0 and to
prove the estimates (7)—(9).

We fix z € R?, with § = 0 and r # 0, (r,p) # (1,0).Then %’ﬁ > 2 s0
the equation
14?4

(10) t2 .

t+1=0

has two roots w and w™! with w € (0,1). Our calculations will be based on

the following contour integration formula.

Lemma 1.3. If0 =0,r # 0, (r, p) # (1,0) then

Qn(z) = [ (1)) - wgy(%@% pm (432 n
for any contour v; C D(0,w™?)\[0,1] with ind(y;,1) = 1.
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Remark. The function ((71(¢—1))~(“z") has a single valued branch on C\[0, 1]
and the function (w™' — w¢)~Z") has a single valued branch on D(0,w™2).
We take the branches which are positive when ( = —1.

Proof of Lemma 1.3. We have
Qula) = [ (1r= P + ) Py
a2y _dl
— [ (€= =+ e
I¢l=1 i¢
Also (¢—7)(¢1=r)+p? = —r¢ (P = HEE 4 1) = —r¢ 7Y (¢ —w) ((—wY),

so in view of the remark before the proof we can write

)= [ (- P -

By change of variables { — w(

Q@)= [ (=) OB - ) e G P,

and the lemma now follows by Cauchy’s theorem. [O

Lemma 1.4. If n is sufficiently large then |c@| ~ n(2=2) . In particular ¢@) #
0.

Proof. Clearly ¢'® = lim,_o 77 "Qy,(r,0,...,0). Since w(r,0) = r we have

& = tim [ (¢ 1) - e S

(11) 71 d 2(
— 1 _ 1)) 8
= [ @e-n e

If d = 3, the integral can be moved onto the segment [0, 1], i.e.

dz

1
c® = 2/ (z7(1 - z))~ 22" —.
0 T

This easily implies |c)| = n=1/2 as claimed. Also c{*) can be evaluated using
the residue theorem at the pole -1, leading to ¢¥ = 27 for all n, again as
claimed. When d > 5 the integral is less easy to work with, so we proceed as
follows: denoting Q,(r,0,...,0) by T\9(r), the definition (1) implies
dTd
dr

1 1
= (2 d)( T - STEHD - ST,
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Comparing terms of degree n — 1 in the Taylor expansion at 0 gives
neld = (2— d)(~5c4?)
and therefore also p
) = (5 -
The lemma now follows from the three and four dimensional cases by induction

ond. O

1) (n +1)e2.

We want to use Lemma, 1.3 to do asymptotics for (),,. We need some bounds
for w, which we formulate as a lemma.

Lemma 1.5. Assume 3 <7 <2, p<1. Then

2

(i) w < min(r,77!) and min(r,r 1) —w ~ M—rltp"

(i) wl—w=mp+|1—r1]
(i) |2-(2)] S 1.
(iv) |2(9)] S (7=55;)° whenr < 1.

) 12 S i
Proof. (i) By the quadratic formula

147240 — (T 724 p?)2 — 4r?
B 2r

which may be rewritten as

_ 142+ = (1= + %)
B 2r

1_2 2 202(1 2 _ |1 —7r2

2r (1 =72+ p%)?

The first term on the right side is min(r, 1). Estimating the second term

using V1 4+ z — 1 =~ min(z, v/x) gives
g ) g

. 1—r3+p* .
nr,—) - w8 ——/—— ’
min(r 7n) w o min(z, \/T)
where z = %;T)’;—L The assumption on 7 implies 2r ~ 1, 1+ 72 — |1 —
r?|~1, |1 -r?~|1-r|,s0
.1 . o
mll’l('l', ;) — W= mm(p, m)
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Considering cases (p < |1 —r|, p > |1 —r|) we see that this implies (i).
(ii) We record the fact that

Pk

12 -7+ ———
(12) 1=l

~|[1—-r|+p
which follows by considering cases |1 — 7| < p, |1 —r| > p. Since w = 1, (i)

. . — 2
implies w l—wwl—wzll—rl-l—ﬁ;f’rl—_l_p.

(iii) and (iv) Differentiate equation (10) for r obtaining

1+ 72+ p? Ow 9 ,1+7r2+p?
- L TP, T
(2w r )87" “’ar( r )
Part (i) implies that
1 2 2 1 2 1
r r T
1
=|==r|+FE
r

2

with F =~ |1_—pr_|+_p‘ Therefore

O 1 por—liorltS-F
T

or r(|2—r|+ E)
irlior+Eop
1—rl+p

by (12). If r < 1 it follows that

|w—1%_1 PHE P
O 1 T l=rl+p ™ (11 -7|+p)?

by the bounds on E. This implies (iv) since |2 (2)| = Qw12 _ 1| Ifr > 1
we have instead

Oow 1 2
S e
which implies (iii).
(v) Differentiate (10) for p obtaining
2 2 2 2
_pdw 2p/r < 14

dp T =r[+E~I-r[+p
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by (12). This implies (v). O

Lemma 1.6. With d,, defined by (4) we have
() ldn(r, ) = oPr (5wt = ) T S b S(w! —w)E ()

.. d_ _d d_ _ d—2 3.‘:’.

(i) %|<n‘ 2wt = w)F i (2) (Wt - w) T | A
n T - —(452),0(2)

(i) |28] < n¥-L(2)(w™! — w)~ T 32

provided  <r <2, p<land|l—-r|+p>1
Proof. Lemma 1.3 implies that
_d=2y W, _ =2y, _ a2y, d¢
(13) dafr, ) = CPIE) [ (¢ - D) —wg) RIS
T Jy i¢
where we take ’yl to be the positively oriented rectangle with vertices at —-19

n’

14 ; — z%, 1+ ; + z;, "nb + z;, with b being a small positive constant. Using

(11) to evaluate c¥ we obtain

d—2 _ _(4=2y W, ,
Jdn(r, p) = 17 (! — )T ()

d—2)

S [ M= DT = wg) T - (0t w) )

‘dC| —(igz) Win
T (r)

Here

(@ =) = (7t = W) S 1¢ - 1 max | - wz]
z€(1

by the mean value theorem. The segment (1 is inside the rectangle 7;, which

is contained in D(0,1 + %13), hence in D(0,w™') if b is small, by assumption
and (ii) of Lemma 1.5. We conclude that

(@™ —wg) T — @ —w) ] S - 1w - 1)

~ ¢ = 1wt —w)

ol

wla

Therefore
Jdn(r, p) — P75 (W — )= ()|
T
_ _(d=2  |d _d _(d=2y W,
S S S neal S TRy et STCA
ey ‘CI T
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The integral is easily seen to be < n#?~3 ( the main contribution is when
¢ >1— %) and (i) follows.
Note that (i) implies

12)

(14) ] S nt 2wt = w) (T (E)n

r
since |c{®| ~ n72 and the right side of (i) is lower order since w™! —w 2 1
by Lemma 1.5(ii). The right side of (ii) dominates the right side of (14), so
by the product rule it suffices to prove (ii) with d, replaced by r#~'d, on the
left hand side. With the same 7y; as before we have

(15)
(r = dy)
_ g n -1 _ - 4%2 i 3 )/mn C
=) [ (@) B g g e
w 8 w ~1 _(4;2) 1 —(452) ndC
+n(—)" 87,(7,) (c €= (W —w()™ gf'
Here |2 (w™' —w()~(F| < |22 Hw‘l—wCl # which is < |22|(w™! —w)"%, as

above. Using (iii) of Lemma 1.5 we may bound the first term on the right side
of (15) by
w

Ere —o) [ -

T

)
cf ™

The second term is similarly < n?~ (%)”(w‘l—w)_(%)lg(%)l and (ii) follows.

2 )t

(iii) may be done essentially the same: taking the p derivative of (13) , then
putting absolute values inside leads to

od d w d (9 w d w 0 w
N < ms—2( 2\, 1 -5 (= s=1rZ7\n¢, ,—1 (——)
P e N R o e R Pl

Lemma 1.5 (ii) implies that the second term on the right hand side dominates
the first and (iii) follows. O

Completion of proof of Lemma 1.2. We have (from the definitions)

(16) an(r,0) = ()71 [ $els)dn(, Drds — 1.

We assume (r, p) belongs to R, and ¢ is small and n large. Then (%, 2) will

satisfy the hypotheses of Lemmas 1.5 and 1.6, eg. % € (%,2). Formula
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(14) and Lemma 1.4 imply that |d,(Z, 2)| < [ |(w™ — w) =) (22)" ) where

T

w = w(%, £). Therefore

1+l S [ @) - w) 7 (s,

We record the fact that

s—1 1).[)2
(17) (X" < Comin(1, 2)e TS

r r
when (r,p) € R, and 1 — ¢ < s < 1+ ¢, for certain constants Cyand Cs.
Inequality (17) is proved as follows: Lemma 1.5 (i) implies

2

sw . s p
— < 1,(=)?) - Cop——r—
T < min( (r)) Uls—r|+p
. S C() p2
<min(1,(2)?)1 -2~
< min(t, ()1 - L L)

where the last line uses 2 < 2. Consequently
I
and (17) follows with C; = %, C, = €.
Define E; : Rt — R by Ex(z) = z?e“1*. Lemma 1.5 (ii) implies that
wl—w=m|s—r|+p. So by (17)

40 I S [ 8.6)(1s =1l + )Pl 55 0y
(18) 2
- _ N N i )
] #c(a)ls = rl + gy T By o (T

We now prove (7). Namely, if (1, p) € R,, 1—€ < s < 1+¢, then |[s—r|+np? >
min(, €). Therefore
|s — 7]+ np?

14 0u(r )] £ C(6,) [ bl Buca( 120

)ds.

E4_5 is of course a bounded function, so (7) is proved. Next we prove (9). If

p> \/g then by (18)

|s —r| + np?
ls=rl+p

—r|: 2
< C(8) max Ed_z(u"ﬂ
1-e<s<lde |s=7|+p

1+ au(r, )] < C) [ 6u(s)Euacal )ds

).
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Of course E;_s(xz) — 0 as z — +00. On the other hand, if A is any preassigned
number then by taking e small enough and n large enough we can insure that
%ﬁf— >Afor all 7 € (1—4e,1+4e€),p > \/gandse (1—¢,1+¢€) If we do
this with A = 20(6)

It remains to prove the derivative estimates (8). We first consider %ﬂ.

Differentiating (16)

we have proved (9).

(@)~ dn T Pyds.
= (e /¢€ 0,0333

By Lemma 1.6(iii) and Lemma 1.4,

G215 [ 82wt o) PN
where
_9&) rp p

by Lemma 1.5 (v) and (ii). So

1521 S [ 6N (s = rl+ p)Hds

2
S [ 6u(5)s = rl+ ) B S g

< C(6, €)np.
In the next to last inequality we used (17) in the same way as in the proof of

(7). Since p < n~7 on R, it follows that n%]aaafjl < C(6,€) as claimed in (8).
We now prove the bound for 2= in (8). We differentiate (16) for r:

Ban _ /¢ ad, ;v B)ds

Brsss

We now proceed as before, estimating ‘9—;} via Lemma 1.6(ii). This gives

aan / 10) (Tw)n(w-l —w) tds+n / Be()(Z) (@™ = w) T k(s)ds

Where

_|9%) r p
() —’ or

)
s 8

<{1 ifs<r

2 .
F"%) lfSZT

by Lemma 1.5 (iii), (iv). The first integral may be estimated by C(6, €) just as

in the proof of (7): the only difference is the exponent —£ instead of —(452).



A COUNTEREXAMPLE IN A UNIQUE CONTINUATION PROBLEM 91

We omit the details of this and will now consider the second integral. We

split it into [ and [

w™' —w = |s — 7|+ p. This gives
oa,,

G506+t [ ds)ls =i+ (Eyds

< and substitute in the bound for x and the bound

0 [ gudls)(s =+ p) T ()

s<r

The s > r integral here may be estimated by C(§, €) as before (again the only

difference is in the exponent of |s — r| + p). We therefore have

%2 5 CB.A+n) 4 [ ods)lls—rl+ ) (s

< C(6,¢)(1+np?)

|s — 1|+ np’

_ 2\—(452)
+ 00 gl)lls —rl+ ) B

)y

where we used (17). Each of the factors in the integrand is bounded by a

constant C(8, €) so we obtain

|‘9“"| < O(6,€)(1 + np? +n/ ()2 ds).

<r T

The integral here is < %, o)

1% < 0(6, (1 +np?)

1

and now we are done, since by assumption p < n~z [J

Proof of Lemma 1.1. We start by constructing the function u,. Let v be a
sufficiently small positive constant to be specified later. Let e! and e? be the
first two standard basis vectors and define e} and e? by

el=(1+2 )-5(10( Nto,...,0)
e2=(1+2 )"(010( y% 0,...,0).

It is here that we use that d > 4. For given z € R? define coordinates 7, 8., p.
via

z =r,cosf.e; +r.sinb.e? +7. , p. = |T.|
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where Z, Lsp(el, e?). In other words r,, 0., p, are defined like 7, 6, p but using

*) *

the vectors el and e? instead of e! and e2. Next let § be small enough and
choose ¢ and functions w,(z) = a,(r, p)r"e™® by Lemma 1.2. Let p and g,
be C§° functions on R with p(r) = 1 when |r — 1] < 2¢, p(r) = 0 when
|r — 1] > 3e and ¢,(p) = 1 when p < \/g, gn(p) = 0 when p > /2, and with
92| S e |98 < (£)7%. Let xn(r,p) = 1 — p(r)gn(p) and define

dril ~

(19)
1
un(z) = ;(Xn(r, p)an(r, p)r*cos n0 + xn(T, Px)an(Ts, ps)rh sin nb,).

It is clear that u, is even if n is even and odd if n is odd and has property (i)
of Lemma 1.1. To prove (ii) - (iv) we need the following (elementary) lemma.
In parts (iv) and (v), of course we are regarding 2 etc. as vector fields.

Lemma 1.7. If% <r <2 and p is sufficiently small (independently of v and
n) then

(i) Ir—r.| < Cloy/Z+2)
(if) 16— 6.] < C(py/Z +2)
(iii)lp—p*l<0\/E
(iv) |ar ol <Cy%
(V) 1355 - a0, |<C\/7

Furthermore if 1 5 <1 <2 then

(vi) maz(p, p.) > C‘l\/g.

Proof. For (i)-(v) the relevant properties of the e* and e’ are that

(20) e~ el < ZLig e 1,2)
(21) e —els o) ie1,2)

and are easily checked.
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To prove (i) and (ii) we use (20):
r—rd S =2l = ) {z,€)? —(z,el)?]

-<— CZ‘(.’L‘,ei —€i>|.

Replacing x here by its projection on the orthogonal complement of sp{e;, e2}
introduces an error of < 2 by (20) and therefore |(z,e’ —e.)| < C (p\/g +2),
which gives (i).

To prove (ii) write

(e,e!)  (a,el)

T

| cos@ — cosb,| = |

. . . 1
For sufficiently small p the bound on |r — .| implies r, > 7 so

|cos@ —cosf,| < Clr.z,e') —r(z,el)
< C(r=rnll{z, e +rl(z, e —el)l)
< C(lr—r] + [z, €' —el)]
< C(p\/g+ %).‘

Likewise |sinf — sin 6, < C(p\/% + 2) (replace €' and e} by e* and e? in the
preceding argument) and therefore |0 — 6,| < C(p\/g + 1), i.e. (ii) holds.
For (iii) we write

lp—p.| = ||z —rcosfe’ —rsinbe’| — |z —r,cosb.er —r,sinb,e?| |

< |rcosfe! —r, cosO.el| + |rsinfe? — r,sin 6,€2|.

(iii) now follows easily using (i), (ii) and (21) and the triangle inequality.

For (iv) and (v) write

0
|E - 5_7"—l = | cosfe' + sinfe? — cos f..el — sinb,e?|,
10 1 0
~3% " 58 | = | — sinfe' + cosfe® + sinf.el — cosb,e?|.

Now argue as in the proof of (iii).
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We now prove (vi). The definition of e shows that

Z<a:e’ 1+n Z<xej> +(1+ )17,02.

Jj=1

Therefore
Y\— Y
P2 ol = (14 D) - (14 1)1 22
0 YN=1/)..12 2
=r'n+2L _
L1+ Iyt (jaf - p?)

so that p < %la:l implies p, > C"l\/—%—. This proves (vi). O

Completion of proof of Lemma 1.1. We need to define a and # and prove
(ii)—(iv). We can take a = Z¢, 8 = C/7 + 2V/§ where C is the constant
in Lemma 1.7. Then (ii) is proved as follows: supp(Au,) C B U B, where
B={z:|r—-1]<3e}n{z:p< 2\/g} and B, is defined similarly replacing r
and p by 7. and p.. If n is large, then (ii) follows using (i) and (iii) of Lemma

1.7.
Next (i) and (ii) of Lemma 1.7 imply

(22) [r" =i S "

(23) lein? — ¢t

TR

on A,, provided we have chosen § < 7.

We now prove (iii). Constants in this argument may depend on everything

except n. We have

A(xn (7, p)an(r, p)r™ cos nb)
= A(xa(r, p))an(r, p)r™ cos(nb) + 27 (xn(r, p)) - V(an(r, p)r" cos(nb))
= A(Xn(r; p))an(r, p)r™ cos nb + 27 (xn(r, p)) - V(an(r, p))r™ cos nb
+2a,(r, p)—=— Oxn = (r, p)nr™ ! cos nd.

The various terms here may be bounded by nr™ using the derivative bounds

on p and ¢, and the estimates in Lemma 1.2 (iii). Namely, | A x,| < n and
lan| S 1on R, (note that R, contains the set where x,, # 0), so the first term
is < nr™. Likewise | 7 x»| <17, and | V a,| < n? on R, so the second term

is < nr™. Finally the last term is < nr™ since | "

< 1and |a,| $1on R,.
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Similar estimates can of course be made for the second term in (19), so we

conclude that
| A uy| Sr 4l
But this implies (iii) in view of (22).
To prove (iv) we first isolate the terms in \yu, where the derivative falls on

r™cos nf or rlsin nb,, i.e.

_ a0 . 10
 Un = Xnu(T, p)an (T, p)r™ ! (cos n057: — sin n@;—(%)
0 1 0
n—1¢_: i
+ Xn (T, Px)@n (T, pu) T2~ (sin nb, o + cos nb, - 80*) + E;

where

1 .
By = (T (alr )an(r, p))1" €05 18 + 7 (a (7, p.)an (1, p.)r 2 sin 0).

It is easily seen (using the bounds from Lemma 1.1 and the derivative bounds
for x», as in the proof of (iii)) that |Ey| < C(6,€)n~ % (r™ + r7), and therefore
|E1| < C(6,€)n~2r™ by (22). Next, (22) , (23) , and (iv), (v) of Lemma 1.7
imply that

0 1 0 0 19
n—1¢.: B - < n
[r2*(sin ne*—-—ar* + cos n0*——r* TN 0*) — 7" (sin n@—ar + cos neT—a 9)] < Chr

with C an absolute constant. We therefore obtain

0 10
— n—1 e -
(24) 7 un = Xn(r, p)an(r, p)r™ (cos nOar sin n0r 50
9 10
n—1(.s i -
+ Xn (T, Pi)An (T, px)T" " (SI0 near + cos nOT 89) + E + E,

with |Ey| < C(6,€)n~2r™ and |Ea| < Cyr™|xn(Tx; £2)an (74, pu)|- By the trian-
gle inequality
| 7 ta| = J = C(6,€)n 2™ — Cyr™|xn (T, pu)an (7, ),

where J, the absolute value of the first two groups of terms on the right side
of (24), may be calculated explicitly using that sin® n 4 cos® nf = 1. This

gives

J = V2"~ (xa(r, D)an(r, 9)2 + (n(rs, p)an(r, pu))?
> (Ixn(r, )an(r, P)| + [Xn(Tas i) an (7, p))r™ 1.
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Therefore, using the bounds for F, and E, and that r < 2,
1
|9 2 (07, P)an )] + e, )1, 2))

= CY[xn(rs, pi)an(rs, pi)| — C(6, e)n"%>r",

The term involving v may be dropped if v has been chosen sufficiently small.
Furthermore estimate (9) implies that | X, (7, p)an (T, P)|+|Xn (Tws P« )an (T4, pu)| =
% provided 6 is small enough, since then either p or p, will be > 2(%)% by
Lemma 1.7(vi). Estimate (iv) now follows by taking n sufficiently large. O

2. PROOF OF THEOREM 1, PART 2.

We first prove a certain genericity statement. Denote

‘H;, = homogeneous harmonic polynomials of degree k

H; ={Y € H),: Y vanishes only at 0} ,

Let I'*(z) = |z — e|®*7¢, let e; be the first standard basis vector and Zj
(a normalization of the kth zonal harmonic) the degree k term in the Taylor
expansion of I'** at 0. Let O(d) be the orthogonal group. If p € O(d) maps e
to e; then I'® =T 0 p, so Z;, o p is the degree k term in the expansion of I'®
at 0.

Lemma 2.1. IfY € H,, then the set {(p1,... ,pa, ) € O(d)X...x O(d)xR? :
Y + 3, a;Z; 0 p; € Hi} has full measure in O(d) x ... x O(d) x R%.

Proof. We first show that the set E = {(p1,...,p4) € O(d) x ... x O(d) :
Zy0p1,. .. ,Zropg have no common zeroes except the origin } has full measure.

For this, consider the map
F:0(d)x...x0(d) x St — R,
F(ph s )pd>$) = Zk(plx)) ce 7Zk(pdx)'

For 4,5 € {1,...,d} the p; - derivative of Zy(p;z) clearly vanishes identically
if i # 7, and if ¢ = j vanishes only when p;z is a critical point of Z;|gi-1.
We conclude: if (p1, ..., pq, ) is such that p;z is a regular point of Z; for all
j€{1,...,d}, then (p1,...,pa, ) is a regular point of F.
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On the other hand 0 is a regular value of Z;|sa-1 by uniqueness for ODE’s
since Zj|sa-1 is a solution of a second order ODE in the variable Z - 0e;. So if
F(p1,...,pa,x) =0then (p1,...,pq, ) is a regular point of F, i.e. F is trans-
verse to zero. Define F,, ,,: S ! = R? by F,  ,.(z) =F(p1,...,pa,z). By
the transversality theorem 0 is a regular value of F,, _,, for a.e. (p1,...,pa).
But by dimensional considerations 0 can only be a regular value of F}, ,, if
it is an omitted value. This proves the claim.

If (p1,...,pa) € E then the function

G:R?x St - RY,
Gla,z) =Y (z) + Z a; Z(pjx)

j
is transverse to zero, since its a; derivative is Zx(p;z). So 0 is a regular value
of the function G4 : %' — R, Ga(z) = Y(2) + X2, a; Zx(psz), for a full
measure set of a. But if 0 is a regular value of G, on S9! then (by Euler’s
identity for homogeneous functions) Y +3°; a; Zy 0 p; has no critical points in
R?\0. This finishes the proof. O

We will now make a certain technical modification in Lemma 1.1. Let A,

be as there.

Lemma 2.2. Assume d > 4. Then there is ng < oo and a sequence of smooth
functions u, : R - R (ng < n < 00) such that

(i) un, = O(|z|™) at 00, u, = O(|z|**") at 0. Furthermore let p, and g,
be respectively the degree n term in the expansion of u, at co and the
degree n+1 term in the Taylor expansion at 0. Then p, € H) and
dn = Pn+1-

(i) supp(Qu,) C Ay,.

(i) |Au,| S 0™ and |V uy| 2 0™ on A, where the {n,} are constants.

Remark. Perhaps we should be more precise about the definition of the func-
tion p,. If u is a harmonic function defined on the complement of a compact
set in R? with d > 4 and u(z) = O(|z|") at oo, for some n then it is not hard

to show the
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Claim 2.3. There is a harmonic polynomial p such that u—p is O(|z|*~%) at
0.

Given the claim, we may let p,, be the terms of degree n in the polynomial
p. The claim is probably fairly well known but we will sketch the proof since
we do not know a reference. We use induction on n, where n is the smallest
integer such that u(z) = O(|z|") at co. If n < 0 the statement is standard
and follows from the removable singularities theorem for harmonic functions
by using the Kelvin transform. Now suppose n > 1 and u(z) = O(|z|™) at oco.
Then yu(z) = O(|z[*!) so may be assumed to have the form of the claim.
Now write u(z) = [, wu-dz + u(zo) , x large, for a fixed zo # 0 . The

|?2~? is integrable on rays not containing the

assumption d > 4 implies that |z
origin. It follows that u(z) has the form polynomial + bounded and then the

claim follows from the n = 0 case.

Proof of Lemma 2.2. We claim first that Lemma 1.1 is valid with the addi-
tional conclusion that the degree n term in u,, at co and degree n+ 2 term at
0 belong to H;, and H,, respectively.

For this, let u,, be the function from Lemma 1.1 and p, and g, its degree n
term at oo and degree n + 2 term at 0. By Lemma 2.1 the set

{(pl,... ,Pa, € O(d) x ... x O(d) x R* :

d d
pn_Zo‘f Znop; € HY, qn+ZOéj ZnOPjGH:+2}
j=1

j=1
has full measure. Hence, letting Z; be the degree k term in I'® at 0, the set
J={(z1,-.. ,2q,0) € 8 x ... x ST x R?:
d d _
Pn — ZajZ:j € H:—l y @n t Zasz-jm € H:+2}
j=1 j=1
has full measure.
If n is even, then we choose {z;}%; C A, so that (z1,...74,a) € J for a

full measure set of o € R%. Let f‘mj be a smooth function which agrees with

[, outside A, let Tm(?) be the degree n Taylor polynomial of I';; at 0 and
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consider the function
~ 1 d - n I n
n(2) = () + 5 Y P, (@) = T (@) o+ By (=) — T4 (<o)
Jj=1

where the ; are very small and (z1, ... ,24, @) € J. If the a; are small enough
then clearly (iii) and (iv) of Lemma 1.1 will still hold. Moreover %, is O(|z|™)
at 0o, O(|z|**!) at 0, and being even, must in fact be O(|z|**?) at 0. The
degree n term at co and degree n+4-2 term at 0 are respectively p, — Z;L N TYA
and ¢, + E?=1 o;Z,5 and therefore belong to H;, and H};,, by construction.

This proves the claim for n even. If n is odd we define instead

d
ii(2) = un(2) + 5 3 ol (@) = T (@) ~ (B (=2) = T (~2)]

j=1
and proceed the same.

To finish the proof of the lemma let u, be as in the claim and denote its
degree n term at oo and degree n + 2 term at 0 by a, and b, respectively.
Let v, = u, — a, which is O(|z|*~?) at oo, O(|z|*) at 0, with the order n
term at O being —a,. Consider the functions w,, = u, — €,v,41 where €, is a
small positive constant. wy, is O(|z|") at oo, O(|z|**!) at 0, with the order n
term at co being a, and the order n + 1 term at 0 being €,a,.+;. Also supp
Aw, C A,UA,1 = A, , and if €, is small then clearly (iii) and (iv) of Lemma
1.1 will hold for w,,.

Now define the function u, of Lemma 2.2 by u, = ([];.,€;) - wn. Since
Uy, is a scalar multiple of w,, it has properties (ii) and (iii) of Lemma 2.2 and
is O(|z|™) at oo, O(|z|**!) at 0. The order n + 1 term in u,, at 0 and order
n+1 term in u,y; at oo are both equal to ([];,11¢€;) - @ny1 so the proof is

complete. [

We will now proceed more or less as in our earlier paper [7] , although the

details are simpler in the present context.

Lemma 2.4 (gluing lemma). Assume d > 4. Let u, be as in Lemma 2.2
and suppose € > 0 is given. Then if s > 0 is small enough and r < co large
enough there is a function g, : R — R such that

(i) gu(z) = r™Flu,(r~lz) if [z] > 2.
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(i) ga(2) = 5™ g (s712) if 2] < 3.

(iti) | A gn| < €|V gnl if 5 < |z < 2.
Furthermore g, satisfies bounds |D%g,| < Cynl|z|"*171%! independently of r

-1

and s provided r and s~" are sufficiently large.

Proof. Simply choose a smooth function ¢ with ¢ = 1 when |z| < 2, ¥ =0
when z > 2 and define

9n () = V(@)™ Uny1 (s7'T) + (1 — ¥(z))r"u, (1),
We need only prove the estimates. However, in the region ; < |z| < 4 we have
[P, (r1z) — g (2)] < Cprt

since u, — g, = O(|z[**?) at 0. By the derivative estimates for harmonic

functions we also have

(25) |D*(r™* uy (r™ 1) — ga ()] < Cour™

when % < z < 2, for any a. Using that u,4; — pry1 = O(|z|™) at co and

arguing in the same way we obtain a similar bound

1
lDa(3n+lun+1(5_lx) _pn+1(x))l < Ca,nsa 5 < !$| <2
Since p,+1 = ¢, this may of course be written as
(26) ID¥(8™  Un41(87'7) = ¢a(7))] < Cayns.

By (25) and (26)

|V 90l 2 |V @l = Con(r™' +5)
| A gnl| < ()’a,n(r‘1 + )

1
2

Next by (i) of Lemma 2.2 and derivative estimates for harmonic functions we
have |D%uy(z)| € Canlz|™*71 for small |z|, |D%upy1(z)] < Conlz| 1ol

for large |z|. The last statement in the lemma follows by scaling arguments,

when ¢ < z < 2. Since ¢, € H};,, the bound (iii) now follows immediately.

which we omit. [
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Proof of Theorem 1. Let {r,}2, be a sequence decreasing rapidly to zero.
Define g, using Lemma 2.4 with e = 2777 =  /-fa- s = /725 and let

7’,—,,.;.1’
ho(z) = (/ToaTns1)" L gn( \/rn”f__nﬂ) This is possible provided 7,4; is small

enough compared with r,,. Then

hn(.'E) = Trrz-'—lun('rr:lx)) |II3' 2 2\/ TnTn+1

_ 1
hn(z) = TZi}un+1(Tnil$), |lz| < Evrnrn+1

1 1
(27) | A hy| < 27™(TpTpg1) 2|V bl 5\ﬂn"‘n+1 <z < 2/TpThyr-

The derivative bounds in Lemma 2.4 translate to bounds | D%h,,| < C,, ,|z|**1 1ol

Define the function u of Theorem 1 by

uw(z) =1 Ao () if || > Ty
u(z) = (H ;)" ha(z) i > ng,rapr < || < 7.
jgn
Then u is smooth on the boundaries |z| = 7, since when |z| € (2/ThTrni1,7n)
we have u(z) = ([[j<,75) ™" 7 un(r, ') and when |z| € (74, 2y/Tn_17n) We
have u(z) = ([T;<p_1 75) " * Thun(r, 'z) which is the same. ‘
Furthermore all derivatives of u go to zero as |z| — 0 provided the {r;}
decrease fast enough. Namely, the derivative bounds on the h,, translate to
bounds
1D°u(@)| £ Con([L )" 2™ gy | <
j<n
Ifn > |Of| this is < Ca,n(njgnrj)—lrz-i-l_lal = Ca,n(Hj<|a| Tj)_l H'a]ﬁjfn:_:

which goes to zero as n — oo for all a provided (say) [ < I]nllg Con H Ty
Th—1 alal<F e
J<|al
Next we show that | A u| < Clz|™!| v u|l. Define B, = {z : \/FaTns1 <
|z| < 24/TnTnt1}. Then Au vanishes except on the sets 7, A, and the sets B,,.
If z € B, then | Au| < 27"|z|7}| 7 u| by (27). On the other hand, if z € 7,4,
[Du(z)| _ ,.—1|Dun(r, t2)|

[vu@)] T N gtz =
Cr;', and therefore | A u(z)| < Clz|~}| v u(z)], as claimed.

then,using scaling and (iii) of Lemma 2.2, we obtain
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This completes the proof of part (a) of Theorem 1. Now we prove (b).
Namely,

A oo oo
I==lis > [ lalde + 3 [ 2t
nAn BTL

, v ul n=no YT n=ng
SO AL+ 2

The second sum is obviously finite, and |4,| =~ n=(“*) so the first sum is finite
as well, provided d > 5. O

We remark that in part (b) of the theorem, the L¢ norm of V may be taken
arbitrarily small: just start the construction at a high finite stage n; instead

of at ny.
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