COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 1, Number 4, 561-659, 1993

SOBOLEV SPACES AND HARMONIC MAPS
FOR METRIC SPACE TARGETS

NICHOLAS J. KOREVAAR! AND RICHARD M. SCHOEN?

INTRODUCTION

When one studies variational problems for maps between Riemannian man-
ifolds one must consider spaces which we denote W?(Q, X). Here Q is a
compact domain in a Riemannian manifold, X is a second Riemannian man-
ifold, p € [1,00), and W'? indicates that the first derivatives of the map are
LP(Q). For p > n such maps will be continuous, and the corresponding space
WtP(Q, X) can be given the structure of a smooth Banach manifold. This
is because, for p > n, any map which is close in W'? distance to a map ug
can be described as a pointwise small deformation of uy. This linear space
of Wb?P deformations is then a Banach space on which one can locally model
WP?(Q, X). For p < n this is no longer possible, and the definition of the space
W?(, X) becomes much less clear. This problem was first encountered by
C.B. Morrey [Mo] in case n = dimQ = 2 and p = 2. A great deal of effort
was spent by Morrey to give a definition of this space. In more recent times
people have exploited the embedding theorem of J. Nash, and considered X
to be a smooth submanifold of a Euclidean space RX. If we define W1?(Q, X)
to be the subset of the Banach space WP(€Q, R¥) consisting of those maps
with image essentially in X, it turns out that this gives a workable definition
for many purposes. An aesthetic drawback of this definition is that the space
WP(§, X) should depend only on the metric of X and not on the embedding
of X into RX. A much more serious difficulty arises if one attempts to con-

sider maps to spaces X which are not smooth Riemannian manifolds. These
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could include Riemannian spaces with singularities, smooth Finsler manifolds,
or infinite-dimensional spaces. In the first chapter of this paper we develop a
direct intrinsic approach to this problem, and define W'?(Q, X) for (X, d) any
complete metric space. This is shown to reduce to the usual space W?(Q)
for X = R, and reduces to the space described above for X a smooth com-
pact Riemannian manifold. We also derive the results which are essential for
doing variational theory. These include lower semicontinuity of the p—energy,
Rellich-type compactness results, and an LP—trace theory for restrictions of
maps to hypersurfaces.

To illustrate the idea of the Sobolev space theory, assume for simplicity of
notation that Q C R” is a Euclidean domain. If u : 2 — X is a map, z € €,
and V € R™, we can give a formal definition of the norm of the directional

derivative of u in the direction V at z by

(V)] = lim (d(u(m),u(w + sV))) .

e—0 £

To define the p—Sobolev energy we can raise the distance quotient to the pt*
power, integrate over the unit vectors V € S™"~! and let

e (z) = / (d(u(w),u(w-i—eV))pda(V).

£

-1
The p—energy density e(z) is then expected to be the limit as € — 0 of e, ().
One of the main results of §1 is that the measures e.(z)dz converge (weakly)
in an almost monotone fashion as € — 0 provided that their total masses are
uniformly bounded. Further it is shown that for p > 1 the limiting measure
is absolutely continuous with respect to Lebesgue measure, and hence may
be written as e(z)dz for an L! function e(z). This convergence result may
be considered as an analogue to the definition of the length of a continuous
curve v : [0,1] — X where X is a metric space. The monotone property of

the e.(z)dz is analogous to the property that the approximation to the length

given by
Zd(’)’(xi)”)’(xi-l))
=1
is increased when the partition {zg,...,Zn,} is refined. The proof of the

monotone property relies only on the triangle inequality and judicious changes
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of variable. The convergence of the measures e.(z)dz seems to be essential in
deriving any reasonable definition of the space W?(Q, X). If we were forced
to choose a subsequence g; — 0, we would not be able to show for example
that a map which minimizes energy on (2 is also a minimizer on any subdomain
of 2. The absolute continuity of the energy is also important in many further
results. Both of these properties are used heavily in the analysis of energy
minimizing maps.

We have not been able to find many references for earlier work in this
area. H. Federer [Fe] discusses differentiability theory for maps of the real
line into Banach Spaces. The idea of defining energy (at least for Lipschitz
maps) in the way we have described has been around for some time. It was
first proposed to the second author by S. Kerckhoff in the early 1980’s. More
recently, M. Gromov also proposed to use such a definition to study harmonic
maps into metric spaces of non-positive curvature. As far as we know the
results concerning the convergence of the e.(z)dz to a limit energy measure
are new, however, even for Lipschitz maps.

In §2 we construct least energy maps (p = 2) with prescribed values on
09, into Alexandrov spaces (X, d) of non-positive curvature. (The curvature
condition is given in terms of triangle comparisons, see (2.1) for the precise
definition.) Here an Alexandrov space is a complete metric space for which any
pair of points can be joined by a curve whose length is equal to the distance
between the points. The idea of using triangle (or quadrilateral) comparisons
to define curvature bounds in metric spaces seems to be due to an Austrian
mathematician A. Wald in the 1930’s [Wa]. It has been developed by a Russian
school of mathematicians centered around A.D. Alexandrov, starting in the
late 1940’s.

We are able to construct (unique) least-energy maps for the Dirichlet prob-
lem because the energy satisfies a strong convexity property under the non-
positive curvature assumption. We do not require the space X to be locally
compact. We show that the minimizing map is Lipschitz in the interior of
Q, with the Lipschitz constant locally bounded in terms of the total energy
and the distance to Q. The proof of continuity given here involves a rough
form of the Eells-Sampson Bochner formula [ES]. The boundary continuity of
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a minimizing map to a metric space of non-positive curvature has been ob-
tained recently by T. Serbinowski [Se]. His result says that the minimizing
map is C* up to the boundary for any a < 1, provided that the boundary
map is also C“.

An important property which is needed to further advance the theory of
harmonic maps is derived in §2.3. This is the result that any finite energy map
into a space of non-positive curvature has an induced distance function which
yields an infinitesimally Riemannian metric. Thus one can write the usual
(trace) formula for energy density that holds for maps to smooth Riemannian
manifolds. Note that for a general metric space target X the induced metric
will only be Finsler.

In §2.5 we develop some general averaging methods for maps into non-
positively curved spaces. We quantify the general principle that averaging
decreases energy. We then apply these results to the study of homotopy and
equivariant mapping problems. Precisely, we consider the existence problem
for equivariant maps defined on the universal covering M of a complete Rie-
mannian manifold M, into a non-positively curved metric space X. These
maps are assumed to be equivariant for a given homomorphism p : I' —
Isom(X), where I' = m;(M). Assuming I is finitely generated we construct
a locally Lipschitz equivariant map with local Lipschitz constant bounded in
terms of the infimum of the “translation function” § : X — R* (see 2.6iii).
If M is compact, this produces a finite energy equivariant map with a sharp
bound on its total energy. We then use the local Dirichlet problem together
with a delicate averaging argument to construct a uniformly locally Lipschitz
minimizing sequence. We prove convergence of minimizing sequences in case
the domain has a nonempty boundary, or when the maps are lifts of maps
between compact spaces.

The theory of harmonic maps into smooth manifolds of non-positive curva-
ture begins with the work of J.Eells and H. Sampson [ES], and for manifolds
with boundary with R. Hamilton [Ha]. These theories were developed using
the heat equation method. A variational approach to these results exploiting
the energy convexity was given by the second author [Sch]. This was extended

by him for maps into locally compact polyhedral spaces of non-positive cur-
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vature, and published jointly with Gromov [GS] (cf. explanation in introduc-
tion to [GS]), along with certain applications to rigidity questions for discrete
groups. Our work here is a strong generalization of these results.

The present paper is the first of three which we are writing in this area. In
the second paper we will discuss some infinite dimensional applications. We
will give a new characterization of Kazhdan’s property T for finitely-generated
groups, and a generalization to actions on metric spaces. This can be used
to derive property T' (and more general fixed-point results) using vanishing
theorems. An L? version of the cocycle superrigidity theorem of R. Zimmer
[Zi] follows in a natural way. (See also Corlette-Zimmer [CZ].) Of course, the
harmonic map method provides a geometric means for studying actions of
larger classes of discrete groups, not only those lattices which are superrigid.

A third paper discusses more refined properties of harmonic (i.e locally least
energy) maps into arbitrary spaces of non-positive curvature. We will also
include important monotonicity and tangent cone properties of the images of
harmonic maps. Finally we will extend the theory developed in [GS] for maps
to Euclidean buildings to include the case of non-locally compact buildings.

Acknowledgement. Both authors would like to thank the Institute for Ad-
vanced Study for its support. This paper was completed while they were vis-
itors, during the academic year 1992-93. We thank Bruce Kleiner for several

helpful discussions concerning the geometry of metric spaces.

Note added in proof. After this paper was written we received a preprint from

J. Jost in which he also obtains some existence results for harmonic maps to
(NPC) spaces.
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1. SOBOLEV SPACE THEORY FOR MAPS TO METRIC SPACES

In this chapter we construct the spaces W1P({2, X) (for p > 1) and the space
BV (Q,X) (for p = 1), in case (Q,g) is a Riemannian domain and (X,d) is
a complete metric space. We only use the triangle inequality in the target to
define Sobolev maps, much as one does when studying rectifiable curves into
metric spaces. In fact, our approach represents a higher-dimensional (and
higher p) generalization of curve theory.

We recall the definition of L?(Q, X) in §1.1. For fixed u € L?(Q,X) we
construct an approximate energy-density function e.(x), by using the distance
function d to measure average displacements of u in e— neighborhoods about
z. We average symmetrically, so that if X = R and u is smooth, then e.(z) —
Cnp|Vu(z)|P as € — 0. For technical reasons it is convenient to work with
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various symmetric averages: In (1.2ii) we first define e.(z) essentially as in
the introduction, taking it to be an average of d?(u(z),u(y)), where y is in
the e—sphere S(z,€) about z. Then for suitable measures v on the interval
(0,2) we define ,e.(z) to be averages (with respect to dv())) of the spherical
averages e).(z). Although this process is technically useful, it adds a layer
of complication to our arguments. In order to focus on the main idea used
to construct the Sobolev energy measure, we will restrict ourselves in this
overview to a Euclidean domain and to the choice of v (1.2vii) which leads to
ball averages:

& (u(a), u(y) dy

(1.0i) é(z) = (n+p) - g

B(z,¢)
The é.(x) are bounded continuous functions (away from 0f2), and the corre-
sponding measures e, (z)dz define linear functionals E.(f) for f € C.(Q), via
integration. We say that u € L?(2, X) has finite energy E whenever

(1.0i1) sup limsup E.(f) = E < oo.
0<f<1 e—0
feC.()

In this case we write u € W'P(Q, X) ifp>1,or u € BV(Q,X) if p=1. (See
1.3).) For such u we show that

lim E.(f) = E(f)

exists for each f € C.(2). The key idea in this step is a “refinement lemma”
(Lemma 1.3.1) which generalizes the fact that approximate lengths of curves
increase when a partition is refined. Since the functional E is linear and
bounded (1.0ii) it follows from the Riesz representation theorem that there is
an energy-density measure de for the map u, with e.dp, — de weakly, and with
e(Q?) = E. We sketch the refinement lemma and its consequences here, for the
particular approximate energy functions (1.0i) and a Euclidean domain. For
f € C.(Q) with f > 0, and £ > 0 we define the slightly larger function

fe(z) = f(z) + w(f,€)(2)-

Here w(f,e)(z) is the oscillation of f in B(z,e) (1.3iii). For small € > 0,
fe € C.(R2). Now, let any finite partition of the interval [0, 1] be given, into



568 N. J. KOREVAAR AND R. M. SCHOEN

subintervals of lengths A;, ¢ = 1,... ,m. The refinement lemma is the inequal-
ity
(1.0iii) E(H)Y? <3 M(Bre(f)7.

This inequality is a direct consequence of the iterated (X,d) and L? triangle
inequalities, as the following argument shows. We may write

(1.0iv) B(f) = (n+p) // f(m)dp(u(:c)’U(y)) dzégx

egp

lz—yl<e
For small €, z in the support of f and |y—z| < € we may partition the segment

zy into pieces of length A;|z — y|, and call the corresponding partition
T =1I9, L1, Ty =Y.
The (X, d) triangle inequality implies

(u(e) u(y)) < X d(ulai), (),

Thus from the iterated LP triangle inequality we have

1/p
- dP(u(z;_1), u(z;)) dydx
10 BN <Y |tp) [ [ sm@ie=dulz) b
: lo—yl<e
For each i = 1,... ,m we change variables in the corresponding integral, from

(z,y) to (zi—1,x;). Write
Wi = Z A
j=1

Then we have the estimates
dzdz;

n =

L dz; dz;_dz;
Sydp g — =
O dore =%

f(zr) < f(@) +w(f,e)(@) = fu(2)

|ZZI,'_1 - l'zl < /\iE.

dxdy =

Applying these estimates (and also multiplying and dividing terms by J;), we
see that (1.0v) implies (1.0iii).

The refinement estimate implies the existence of a limit measure because
it gives a quantitative estimate of the sense in which the approximate energy
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functionals increase as € decreases. In particular, for fixed € we let €’ be small,
and take each \; = [e/—le,] (where [] denotes the greatest integer function) to
deduce

E[E/E']E’(f) < Ee’(fe)

as a special case of (1.0iii). Welet & — 0 and note that the numbers E,(f) vary
continuously in € (because we used ball-average approximate energy densities),

to conclude

E.(f) < liminf B, (f.)-

Noting that
Eo(fe) = Ba(f) + Eo((w(f,€)(2))

and using the finite-energy hypothesis we see that

limsup E.(f) < limi(r)le‘sf(f).
gl —

€0
This shows that the limit functional is well defined on non-negative functions
f € C.(Q). It is then an easy matter to show the limit functional is defined
on all of C.(€2), and hence to deduce the existence of the limit Sobolev energy
measure.

We carry out the general version of the above argument in §1.2-1.5. The
lemmas are separated in such a way so that we may appeal to them again in
81.7, where we construct directional energy measures for Sobolev maps. In
this case one fixes a Lipschitz vector field Z and defines the e-approximate

energy density by

_ Pue), uz(,¢)))
= -

where Z(z,€) is the point obtained by flowing time e along Z, starting at z.

4

€e (SE) )

The approximate directional-energy measures also converge to a limit measure,
and in §1.8 we derive some useful estimates and properties of the directional
energies, in addition to proving that the Sobolev energy is an average of the
directional energies.

In §1.6 we prove the lower semicontinuity of Sobolev energies: If

{w;} cW(Q,X) (or {u;} C BV(, X)),



570 N. J. KOREVAAR AND R. M. SCHOEN

is a sequence with uniformly bounded energies, and if u; — u in LP(Q, X),
then u is a finite energy map and its energy measure de* satisfies

de* < liminf de*.

1—00

In this section we also verify that for X = R our construction gives the usual
Sobolev (and BV) spaces, and that the energy densities correspond in the
expected way.

In §1.9 we develop the differentiability theory of directional energies. By
restricting to integral curves of vector fields, one is able to reduce to under-
standing finite-energy maps from intervals to X, and so one can mimic classical
differentiation theory. The final results (Theorem 1.9.6) are that for p > 1 the
directional energies are absolutely continuous with respect to Lebesgue mea-

sure, so can be written as
|us (Z)Pdpig ()

for an L? function |u.(Z)|, and that for suitable choices of v the e-approximate
energies converge almost everywhere to |u.(Z)[P. It is then an easy matter in
§1.10 to show that the Sobolev energy measure is also given by an L! density
function, in case p > 1.

In §1.11 we collect some estimates for the directional energy density func-
tions which are needed in chapter 2. The L? trace theory for Sobolev maps
from Lipschitz domains is developed in §1.12. Our approach is to use auxil-
iary transverse vector fields and to show that u has well-defined limits along
almost all of the corresponding integral curves, i.e. we follow the classical ap-
proach. In Theorem 1.12.2 we show that a sequence of bounded energy maps
which converges in L?(£2, X) to a limit map (p > 1), has the property that the
corresponding trace maps also converge, in L?(0f2, X). We also characterize
maps u, v with equal traces as those for which the real-valued functions d(u, v)
are Sobolev functions with trace zero. These facts are useful for the study of
energy minimizing maps, in Section 2. Theorem 1.12.3 states that if {2 can
be decomposed into Lipschitz subdomains, then finite energy maps with equal
traces on the boundaries define in the aggregate a finite energy map on (2,
with total energy given by the sum of the individual energies. This theorem
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will be used in the second chapter, where we use replacement techniques to
study the equivariant harmonic map problem.

Finally, in §1.13, we include a natural precompactness theorem, which gen-
eralizes the fact that sequences in W'?(Q,R) (or in BV (£, R)) of uniformly
bounded norm have convergent subsequences in LP(2,R). We do not use
this result in Section 2, but it is natural and follows quickly from the tools

developed in here, so we include it.

1.1. Preliminary definitions. We will say that (2, g) is a Riemannian do-
main if it is a connected, open subset of a Riemannian manifold (M, g), hav-
ing the property that its metric completion Q is a compact subset of M. For
z,y € Q we will denote the distance between z and y (on (M, g)) by |z — y|.

Define

Qe = {z € Q|dist(z,00) > €}.

For z € Q, v € T,, let exp(z,v) denote the (exponential) tangent map,
i.e. exp(z,v) = (1), where =y is the constant-speed geodesic satisfying v(0) =
z, 7' (0) = v.

If Z is a Lipschitz vector field on Q, we will write Z € I'(TQ). In analogy to
the exponential map, write Z(z, t) for the flow induced by Z, i.e. Z(z,t) = 7(t)
where v solves

{zdﬂ = Z(v(t))
v(0) = z.
Write
2Q. = {z € Q| dist(x, 00) > €|Z|o }.

If (22, g) is a Riemannian domain, if (X, d) is a complete metric space, and
if 1 < p < oo, then there is a natural definition of the space L?(Q2, X). It is
the set of Borel-measurable functions u : & — X having separable range for
which

[ #(u(z), Qdng() < o0
Q

for some @ € X.

If w and v are two Borel-measurable functions with separable range in
X, then the pair (u(z),v(z)) is a measurable function to X x X. Thus
dP(u(z),v(z)) : @ = X x X — R is a measurable function. Thus integrals
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of d?(u(z), v(z)) are well-defined, of which the one above is an example ([F]
2.3.2). It is straightforward to show that L?(£2, X) is a complete metric space,
with distance function D defined by

D(u,0) = [ @(u(z), (@) diy o).

The proof of this fact follows from the considerations in ([F] 2.4.12), but we
quickly sketch the ideas. The triangle inequality for d, combined with that for

real-valued L? functions implies that if u is L?, then
[ (@), P)dug(@) < o0
Q

for any P € X. Another application of these two triangle inequalities shows
that DP(u,v) is finite whenever u,v € L?(2, X). The triangle inequality for D
follows by the same argument. The proof that L?(£2, X) is complete mimics
the usual proof for real-valued functions: Given a Cauchy sequence one finds
a subsequence which converges a.e., shows the limit function is in LP(Q2, X),

and then that the sequence converges to the limit function in the D metric.

1.2. Approximate energies. Fix 1 < p < oo and u € L?(2, X). Let V €
['(TQ) be a smooth vector field on . Then for € > 0 small the map y =
exp(z,eV) is a diffeomorphism between V2, and its image, approaching the
identity map as € — 0. Therefore the map z — u(exp(z,eV) is in LP(VQ,, X)

and we have the estimate
(1.2i) [ @ (u(z),u(@), explz, eV)))dny(z) < O,
VQG

independently of €.
Now, for (z,y) € © x Q define

) = D),

For z € Q, define
S(z,e) = {yst. ly—z| =€}

do, .(y) = (n — 1) — dimensional surface measure on S(z, ¢).
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Finally, define the (spherically averaged) e-approximate energy density func-
tion for x € ., by

doz(y) )

z,
an—l

(1.2i) @)= [ eloy)
S(z,e)
(Define e.(z) to be zero otherwise .) We claim that e, is a real-valued L!-

function, with

(1.2iii) /ee(x)dp(m) < Ce™P.

Qe
To see this we reduce (by standard partition of unity arguments) to the case
where © has a global orthonormal frame {ey,...e,}. Identify w = w'0; €
S™=1(0,1) C R™ with w'e; € S(0,1), € TQ,. Then the map

(x,w) — exp(z, ew) — u(exp(z,ew))

is measurable and is easily seen to be in LP(Q, x S(0,1)). In fact, by Tonelli’s
and Fubini’s Theorems, and by applying the estimate (1.2i) we have

/ e.(z, exp(z, ew))do(w)dp(z) < Ce™?
Q. S(0,1)
(for some other generic constant C). For y = exp(z, ew) we note that
dos.e(y)
en~ldo(w)
is a continuous bounded function of (z,w), independently of . Hence we

may multiply the integrand above by this factor and maintain measurability.

Furthermore we may deduce

[ oz auz) < cer.

€
Qe S(z,e)
This verifies (1.2iii).
It is convenient to work with a variety of average energies. Let v be any
Borel measure on the interval (0, 2) satisfying

(1.2iv) v>0,  0((0,2)=1, / APdy(\) < oo.
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Define the approximate energy density function ,e.(z) by averaging the spher-

ical averages e.(z):

(1.2v) veu(z) = /0  exe(2)dv(),

for x € Qo (and ,e.(z) = 0 otherwise). It is easy to see that ,e.(z) is
measurable, and from (1.2iii) and the integrability requirement in (1.2iv) we

can estimate
(1.2vi) / Je.(z)du(z) < Ce™.
928

A particular choice of v which we will have occasion to use (besides the choice
v = 6(1) which corresponds to our original energy density approximant) is the
one which leads to uniform ball averaging, namely

(1.2vii) dv(\) = (n+ AP ldA  0< A< 1.

For u :  — R smooth it is easy to see from our definitions that

(1.2viii) ll_t{(l) vee(Z) = cnp | Vu(z)|
cap= [ [P do(a)
Sn—1

(where £ = (z!,...z2") € R™ and S™ ! = {|z| = 1}). In particular, ¢, 2 = w,.
If u: Q — N* is a smooth map between Riemannian manifolds, then one can
check that for p = 2, e.(z) — w,|Vu(z)|? as well. For p # 2, however, e, does
not converge to a multiple of |Vu(z)|P = (|Vu(z)|?)?/?, when k > 1.

1.3. The functionals ,E.. Let 1 < p < oo, u € LP(£, X), and v as in
(1.2iv). Then for € > 0 and f € C,(f2) define

(1.31) () = [ £(z) () du(o)

(In case v = §(1) we suppress the v in our notation.) We say that u has finite
energy (and write u € WP(Q, X) for p > 1 and u € BV (, X) for p = 1), if



SOBOLEV SPACES AND HARMONIC MAPS 575

for some v as above

(1.3ii) sup (limsup ,,Es(f)> = ,E < oo.
feCe(Q) €—0
0<f<1

(We show in Lemma 1.4.1 that the expression above is finite or infinite
independently of v.) Let Q be a locally compact metric space. For f € C,(f2)
define

|f = max | f(z)|
(1.3ii) w(fe)@) = max |f(y) - /()|
w(f,€) = max w(f,€)(z).

For C > 0 define

(1.31v) fE (@) = 1+ Ce) (f() + w(f, 26)(2)).

‘We now prove a basic “subpartitioning lemma” which will essentially guarantee
the existence of energy-density measures for finite energy maps. It is the
integral analog of the (trivial) lemma (for curves into metric spaces) that
the approximate length of a curve with respect to a partition increases if
the partition is refined. This monotone property is the essential ingredient
in showing that rectifiable curves into metric spaces have well-defined length

measures, and the lemma below will play the same role here.

Lemma 1.3.1. Let 1 < p < oo, u € LP(Q, X), v as in (1.2iv). Then for f €
C.(Q), f > 0, there ezists a constant C > 0 (depending only on Ricci curvature
control of the metric g), so that the following “sub-partition estimate” holds
for all sufficiently small € > 0:

(1.3v) VB < SN (B ()7
Here

(1.3vi) Z)‘i =1, each \; > 0, and the sum is a finite one.
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Proof. We first consider the case v = §(1), i.e. e in (1.2ii). For € > 0 small
we may write E,(f) more symmetrically as an integral over  x Q:

(1.3vil) E(f)= [ [ f@edz.y) douta,y),
lz—y|=¢

where do.(z,y) is normalized (2n — 1)-dimensional surface measure on {|z —

y| = €}, which can be expressed in terms of do, .(y) from (1.2ii):

(1.3viii) do,(z,y) = ZuY) “(y) du(z) = 20vl®) (x) du(y).

Let {A\1..., A} satisfy (1.3v1). For any z in the support of f, and for ¢
sufficiently small, there is a unique geodesic from z to any y with |z —y| = €.
Let ¢ : [0,1] — £ be the (constant-speed) geodesic path from z to y. Define

the subdivision

To =T

‘—‘gD(i/\k), ’I,=1,,E
k=1

Then

|$z‘ - fEi—ll = \E,

and the X-triangle inequality implies
d(u(@), u(y)) < D d(u(@i-1), u(z:)).
i=1

The standard (iterated) LP-triangle inequality (applied to (fe.)/? in (1.3vi))
yields

l 1/p
30BN A| [ [ 1) enelaion,n) douay)

= |zi—zio1|=Xie
For each fixed 7 we may change variables from (z,y) to (z;-1,%;) in the corre-
sponding term of the above inequality. It is easy to show that

(1.3x) do.(z,y) < (14 Ce)doy,e (i1, Ts),

where the constant C' depends on Ricci curvature control of g. (If Q is Eu-
clidean, the last inequality is an equality with C' = 0.) We dominate f(z) by
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f(ziz1)+w(f, €)(zi—1) in (1.3ix) and also use (1.3x) to deduce the sub-partition
estimate (1.4i) in this case.

The proof for general v is essentially the same. We may write

JE(f =/ // f(@)ec(z,y) dore(z,y) A\Pdv(N).

0 |z~y|<2e

One derives the general version of (1.3ix) by repeating the geodesic subdivision
detailed above, this time for arbitrary = € supp(f) with |z — y| < 2e. The

result is

(1.3xi)

1/p

0 |zi—zi—1]|<2eX;
Noting that
doxe(z,y) < (1 + Ce)dorae(Tiz1,T4),
we may proceed as above to conclude (1.4i) in this general case. OO
1.4. Functional analysis lemmas. We prove two lemmas which enable

us to conclude the existence of the energy-density measures for finite-energy

maps. We will use these lemmas again when we discuss directional energies.

Lemma 1.4.1. Let Q be a locally compact metric space. Let {Lc}oce<e, be a
family of positive linear functionals on C.(£2). Let 1 < p < co. Suppose there
ezists a C > 0 so that for f € C.(Q),f > 0, for the function f€ defined in
(1.3iv), and for any {\;} satisfying (1.3vi) the subpartition inequality below
holds when € > 0 is small:

(1.4i) (LN < TN (Lrc(FO)7.
Let v be a non-negative Borel measure satisfying (1.2iv). Assume

(1.4ii) WLe(f) = /0 2 Loe(f)dv(p)
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is well-defined (i.e. Lc(f) is Borel measurable in € for any f € C.(Q)). As-

sume
sup (limsup Uﬁe(f)> = ,L < o0.

fEC(Q) 0
0<f<1
Then also,
(1.4ii1) sup (limsup ,Ce(f)) =L < oo
feCc(Q) =0
0<f<1

Proof. By hypothesis, if f > 0, f € C.(Q) then for £ > 0 small

L= [ Lo (fdvle) < CIf,

where C' is independent of f. Hence

1 2
| [ umnravtoran < cis
ie.
2 ;1
[ ([ untan) avie) < 151
Now, there is a § > 0 so that v((§,2)) > 1/2. Thus there is a p € (§,2), with
1
|| £unelt1an < 20111
Writing &’ = €8, we have
1
|| utrme )i < 26111,

Changing variables to ' = p (p/6), noting 1 < p/§ < 2/6, yields

1
(1.4iv) [ ewetpru < 215,

for f € C.(2) and &’ small (depending on supp(f)).
Now fix f € C.(Q), 0 < f < 1. We have from (1.4i)

Le(f) < 2°Lac(f7) + 27La-ne (£),

for small €. In particular,

(1.4v) L(f) < 2 / Lo (FO)0N
0
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For & small the functions f€ have uniformly-bounded supremum and uniform
compact support. Hence we use (1.4iv) for the function f€ to estimate the

integral in (1.4v), obtaining
L(f)<C'. O

Lemma 1.4.2. Let Q be a locally compact metric space. Let {L.}o<e<e, be a
family of positive linear functionals on C.(2). Let 1 < p < oo. Suppose there
exists a C > 0 so that for f € C.(Q), f > 0, for the function fC defined in
(1.3iii), and for any {\;} satisfying (1.3vi) the subpartition inequality (1.4i)
holds when € > 0 is small. Suppose also that the boundedness hypothesis
(1.4iii) holds. Then

(1.4vi) lim £.(f) = L(f)

exists for any f € C.(2), and defines a positive linear functional £ with ||L|| =

L. Furthermore, we have the inequality

(1.4vii) L(f) < L(£)

when f € C.(Q), f >0, and € > 0 is sufficiently small.

€

Proof. Let €’ < €, and write [ ] for the greatest integer function. Let \; = (E—>
fori=1,...k, where k = [£]. Let \py =1 — (%) k if necessary. Applying
(1.4i) and using (1.6i) for sufficiently small &, we estimate

(1.4viii)
(< (5] () (eetr2)”+ (5) @+ 1™

Letting ¢’ — 0 we see
(1.4ix) Le(f) <liminf Lo ( fe).
Thus by the boundedness hypothesis (1.4iii) we see that
Lo(f) <liminf Lo(f) + |LI(Celf] + (1 + Co)u(f, <),

so that
limsup £.(f) < lim inf L.(f)-
e—0 e
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Thus (1.4vi) holds for f > 0. The statement for arbitrary f € C.(2) follows.
It is clear £ is a positive linear functional with ||| = L. The estimate (1.4vii)

follows from (1.4viii), as e’ — 0. O

Remark. 1.4.3. If the functionals £.(f) vary continuously in ¢ for any f €
C.(9), then we may deduce (1.4ix) using only the subpartition estimate: (1.4i)

immediately implies (for &’ < €)

(1.4x) Lig)e(f) < L (f7)

which gives (1.4ix) as ¢’ — 0. (Without the boundedness assumption (1.4iii),
of course, both of these numbers may be infinite.) Note that if v satisfies
(1.2iv) and is absolutely continuous with respect to A, then the functionals
+E. (1.31) satisfy the continuity hypothesis. We will use of this fact when
discussing directional energies.

1.5. The energy-density measure.

Theorem 1.5.1. Let 1 < p < oo, u € LP(Q, X) have finite energy ,, E with
respect to some measure v, satisfying (1.2iv). Then it has finite energy with
respect to all such v, and each measure ,e.(x)du(x) converges weakly to the

same “energy density” measure de, having total mass ,, E. Furthermore, the
estimate (1.4vii) holds for L. = ,E. and L =E.

Proof. By Lemma, 1.4.1 u has finite energy with respect to the standard mea-
sure, v = §(1). Hence its energy is finite with respect to any v satisfying
(1.2iv). From Lemmas 1.3.1,1.4.1,1.4.2, and the Riesz representation theorem
for continuous linear functionals on C.(?) we deduce that each ,e.(z)du(z)
converges weakly to a limit measure. The definition (1.2v) of , E. shows that
the limit measure is the one arising from v = §(1), i.e the weak limit of
ee(z)dp(z). The fact that (1.4vii) holds as indicated is clear. O

Remark. 1.5.2. For 1 < p < oo, u € W'P(Q, X), it is easy to see that u €
WL (Q, X), for any 1 < p’ < p, and that the p'-energy density measure de, is
absolutely continuous with respect to Lebesgue measure. (We will say that u €
wWhi(Q, X) ifu € BV (£, X) and its energy density de is absolutely continuous
with respect to Lebesgue measure.) In fact, if F is the total (Sobolev) p-energy
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of u, then there is a constant C (depending only on dimension n) so that for
any Borel measurable set S C 2,

e (S) < C(y(9)) 7 E¥.

To see why this is true, it suffices to consider the case S CC Q. In this
case, for any § > 0 we may pick f € C.(2),0< f <1, with f=1o0n S and
Pg(supp(f)< pg(S) + 6. Then by Holder

By = [ feow@du(a)

R

<O [ (17 cenl@du(@) ™ (ulsupp()F.

Here we have used E, ,(f) and e, ,() to denote the approximate energy func-
tional and e-approximate energy function, corresponding to the power p. As
€ — 0 we conclude

e (S) < By (f) < CE% (u(S) + 6)",

which shows our claim as § — 0.

1.6. Lower semicontinuity, and consistency when X =R.

Theorem 1.6.1. Let 1 < p < oo, {ux} C WHP(,X) if p > 1 (or {ux} C
BV(Q,X) if p=1). Let ux — u in the L? metric. Write e* for the energy-
density measure of ux, E* = €*(Q). Assume there exists E < oo with each
E*¥ < E. Thenu € WY (Q,X) ifp>1 (orue BV(Q,X) if p=1), and its

energy-density measure e satisfies
de < liminf de*

as measures.

Proof. For dv(\) = (n + p)A\"™~1d\ (ball averages (1.2vii)) and for fixed
f € C.(Q) we have as a consequence of Lemma 1.3.1, (1.4vii) of Lemma 1.4.2,
and Theorem 1.5.1, that

(1.61) vEE(f) < BN(fS) = E*(f) + ENfE - ).



582 N. J. KOREVAAR AND R. M. SCHOEN

Because we are using ball averages the energy-density functions ,ef(z) con-

verge uniformly to ,e.(z) as k — oo (and € > 0 is fixed). Thus
Hence
vE(f) < liminf B*(f) + E(Celf| + w(f, 2¢)).

Thus u has finite energy and if we let € — 0 we also deduce that
E(f) < ligninfEk(f). O
Theorem 1.6.2.

WhP(Q,R) = W?(Q) for p>1,
BV(Q,R) = BV(Q).

Furthermore, the energy densities are constant multiples of each other in all

cases.

Proof. We first assume (£2,9) is Euclidean. If u € LP(Q2, R) is smooth, then
e:(x) = cnp|Vu(z)[? uniformly on compact subsets of €, so it is clear that the
measure de equals ¢, ,|Vu(z)|Pdp,. If u € LP(Q,R) then we mollify it with a

C™ approximate identity:
o T
n(z) =t ”n(;)

n(e) € CRBOD), 120, [ n=1
B(0,1)
n(z) = ¢(lzl)-
We write u; = u * ;.

It is well-known that if uw € W?(Q) then u, — u in W,,?(Q), i.e. on any
compact subset the convergence is in the W'?-norm [GT]. In particular, for
p > 1 we have that |Vu;|Pdu — |VulPdp (weakly) as measures. By (the usual)
Sobolev-Space semicontinuity, it is also true that [, |Vu[Pdy — oo in case
u € LP(Q) but u ¢ WP(Q) . In case p =1 it is true that u € BV(Q2) implies
|Vug|dp converges weakly to the BV-measure |Vul|, and that u ¢ BV(Q)
implies [, |Vudp — 00)[Gi]. Thus Theorem 1.6.2 follows if we can show the

corresponding statements for our energy densities.
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If w € LP(Q,R) and u does not have finite energy (in our sense) then it
must follow that [, |Vu,[Pdu — oo, since otherwise lower semicontinuity (1.61)
would be violated by choosing an appropriate subsequence. Thus we need only
show that if u is a finite-energy map, then ¢, ,|Vu,|Pdy = de** — de. From

our comments above, and from Theorem 1.6.1, we know that
(1.6iii) de" < liEn ionf de™t,

so we only need the reverse inequality. We use dv()\) = (n + p)A"*P~1d\, i.e.
ball averages, for the approximate energies and we take f € C.(Q), f > 0.
Then

JB2(f) = [ fla)uet(@)do

Q
- (n * p) /S;l \/B(O 1) f(:l)) |ut(m) — Ut(x T EU)IP dvdz.

ep

By properties of convolution and Jensen’s inequality
[u'(z) — u'(z + ev)” < [u() — u(- +ev)|” xm
= / lu(z — tw) — u(z — tw + ev) [Pn(w) dw.
B(0,1)
Hence

JEH(f) < 2EP

epP

/f(:r)n(w)|u(:c —tw) — u(z — tw + ev) |P dzdvdw.
B(0,1) B(0,1)

Letting z = z — tw, estimating |f(z) — f(2)| < w(f,t), yields

B (f) < P / / / F@)n(w)|u(z) — ulz + ev)|P dzdvdw + Cw(f, 1),

€

n

where C' depends on the energy of u (for € small). That is

vEe (f) < WEZ(f) + Cuw(f,1),
so (e = 0),
E*(f) < E*(f) + Cw(f,1).

Hence
limsup E“(f) < E*(f),

t—0
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ie.

(1.6iv) limsup de™ < de".
t—0

In case (9,9) is a general Riemannian domain, we proceed as above and
eventually are left to verify (1.6iv), which we do as follows. Express (2 as a
finite union of open subsets, each of which have approximately Euclidean local
coordinate charts. Use a subordinate partition of unity {n;} to express E(f)
as a sum of E(n;(f)). One may then work as above to estimate ,EX:(n;f),
introducing a small error term into (1.6iv) from the fact that the metric isn’t
exactly Euclidean. This error term approaches zero as one takes subsets with
diameter approaching zero. Thus one can verify (1.6iv) in the general case as
well. O

Corollary 1.6.3. Let 1 < p < 00, u,v € WH?(Q, X) (or u,v € BV(Q, X) if
p=1). Define the p-distance on X x X, by

dp((wla x2)’ (yla y2)) = dp(xla yl) + dp(x% y2)'

Let f: X x X R be Lipschitz continuous, with Lipschitz constant L (with
respect to D). Then the map h(z) = f(u(z),v(z)) satisfies h € WP(Q) (or
he BV(Q) ifp=1), and

(1.6v) Cn,p| Vh|Pdp < LP(de* + de”)
as measures.

Proof. The e-energy density for h is an average (with respect to y) of

[h(z) = R _ |f(u(z), v(x)) - f(uly), v(y)P
egpP epP

<1 (d”(u(x), u(y)) + d?(v(=), v(y))) _

epP

The result follows immediately. A special case (which is easy to check directly)
is f(p,q) = d(p,q), whence if u,v € W'P(Q, X) ( resp. BV(2, X)) we have
d(u,v) € WhP(Q,R) (resp. BV(R2)), and

(1.6vi) Cnp|Vd(u, v)|Pdu < 2P(de® + de”).
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If v = P, we can argue directly as in (1.6v) and remove the factor of 27 to get
(1.6vii) Cnp|Vd(u, P)|Pdp < de.

1.7. Directional energies. It is natural to define directional energies for
maps u € LP(Q2, X), that is, measures of their rate of change in directions of
smooth vector fields. For finite-energy maps (v € W'?(Q) or v € BV (Q))
it will turn out that these directional energy densities are always well-defined
measures, and the resulting calculus will be of use not only in this chapter,
but in the later sections of the paper as well. Let 1 < p < o0, u € L?(Q, X).

Let Z be a Lipschitz vector field on ©, Z € T(TQ), and recall the definitions
Z(z,t) and 252, from 1.1. For z € ?Q. define the ¢ energy-density function
(of u in the direction Z) by

(1.7i) Ze,(z) = d”(U(w),ZF(w,E)))

(For = ¢ %90, define Ze.(z) = 0.) As in 1.1 we deduce Ze. € L}(Q,R), with

/ Zeo(z)dp(z) < Ce™P.
o)
For a non-negative Borel measure v satisfying (1.2iv) we write (suppressing

the Z-dependence here and below)

(1.7i1) vee(z) = / €pe(z)dv(p),
(0,2)

for € Z?Qy. (ve.(z) = 0 otherwise). Clearly ,e. € L'(Q,R) as well. For
f € C.(Q) write

B = [ 1@ ein@) = [ B,
(1.7ii) +E = sup limsup ,E.(f).
el

In case some ,E < oo we say u has finite (p—) energy (in the direction Z).
The analog of Theorem 1.7 for Sobolev (or BV) energies is the following result

for directional energies:
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Theorem 1.7. Let 1 < p < o0, u € LP(Q,X), Z as above. If for some v,
as above we have ,,E < oo, then ,E < oo for all such v. For any such v
the measures ,e.(x)du(z) converge weakly to an energy density de as € — 0,

which is independent of v and has total mass ,, E.

Proof. By scaling the domain metric we may assume |Z| < 1. If we can
verify the “subpartition estimate” (1.4i) for L.(f) = ,E.(f), then Lemmas
1.3.1, 1.4.1, 1.4.2, and the Riesz representation theorem immediately imply
our result, just as they yielded Theorem 1.5.1 Let {\;} satisfy (1.3vi). Given
x, T(z,¢€), define Tp(z,e) = = and

T;(z,e) =T (a:, (21: )\j)s) , i>1.

Now

gp
Using triangle inequalities as in (1.3ix), we estimate

(E(F)"”
P(u(Z;—1(z, , W(Zi(z, - 1p
s ([] s Lo ) i)

p
eP;

JE.(f) = /Q /02 @) d? (u(z), u(Z(z, p)) pPdu(0)da().

For fixed ¢ (and p) we change variables from z to w = T;_1(z,ep). Note that
T;(z,ep) = T(w, epA;), and estimate f(z) above by f(w)+w(f, 2¢)(w), du(z) <
(1+ Ce)dp(w). (In this case C depends not only on the metric g but also on
the Lipschitz constant of Z.) Hence

(1.7iv)
dP(u(w), w(Z(w, epA; - Yp
B < x ([ £6w) FELDUERLID) vy (i)
=3 N (BT O

1.8. The calculus of directional energies. We collect some useful proper-
ties of the directional-derivative measures. We fix 1 < p < oo, u € Wh?(£, X)
ifp>1lorue BV(Q,X)if p=1. We use E(f) to denote the (Sobolev or
BV) functional induced by u, writing E for its norm. For Z € T'(T2) we write
ZE(f) and ZF for the directional functional and its norm.
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Theorem 1.8.1. If Z € T(TQ) then ?E < oo and there is a constant C

(depending only on the dimension n of 1) so that we can estimate
(1.84) d(%e) < C|ZP, de.

If z(z,t) is any one-parameter family of C' diffeomorphisms, having Lip-
schitz velocity fields and satisfying

(w0 =2, 2w = Z() @€Q)
for Z € T(TQ), then

(L8 P(u() ul=@2) 4z,

ep

as € — 0.

Forp=1 and W € T(TQ) we have the triangle inequality
(1.8iii) d(®™We) < d(%e) + d(We).

More generally, for any 1 < p < 0o and f € C.(Q) with f > 0 we have
(1.81v) (VBN < CBED)? + (VE(f)7.

If b is a Lipschitz function on Q, then
(1.8v) d("e) = |n|Pd(%e).

In case (2, g) has an orthonormal frame {e, ... ,e,} we identify S*~! C R"
with S7~1 C TR, by
w=(w...,w") — w'e,
and denote w'e; € T'(TY) by w as well. Then we have
(1.8.1) B(f) = /S CE(f)do(w).
Proof. These results are consequences of the following technical estimate:

Lemma 1.8.2. Let ¢ : Q — ¢(Q) C M be a bi-Lipschitz map from Q to its
image. We think of ¢ being close to the identity map, and write |tp —id|o, = 6.
Assume 6 is small enough so that the geodesic subdivision techniques of 1.4
are applicable whenever © € Qg5 and | — y| < 36. Let f € Co(Qss,), f > 0.



588 N. J. KOREVAAR AND R. M. SCHOEN

Then there ezists a constant C depending only on n,p, on the curvature of
(Q,g) and on first-derivative bounds for ¢ and 1=, so that

(1.8vii) / F(z)d?(u(z), u($(x)))dpy(z) < CEE|f|oo.

Proof. For z € {135 we write & for the geodesic midpoint of z and v¥(z). Then
from the triangle inequality and an average of integration over B(Z, g) we have

(@), v (@) < 2| f Plue)u@)du) + f @), u(w)dut)
B(%,8) B(%,%)

< C(ves(z) + ves(¥(z))) 67

Here we are using v corresponding to ball averages (1.2vii), and C depends on
allowed quantities. We apply this estimate to the integrand in (1.8vii), change
variables from z to () in the second term, and deduce

(1.8vii) / f (@) (u(z), u(tp(@)))du(z) < C8 (LEs(f) + ,Es(f)),

where
f(@) = f(z) + w(f,8)().
From (1.4vii) we see that this last estimate is bounded above by
C8(E(f5) + E((f)F)) < CEE|f|o.
This proves (1.8vii). [

Our first claim (1.8.i) follows immediately from the reasoning above: We
take ¥ (z) = Z(x, ) and deduce from (1.8vii) that ?E < co. Then we take
6 = €|Z| in (1.8viii), divide by € and let £ — 0, to conclude (1.8.i).

We show (1.8ii). From triangle inequalities we may estimate

([ oy 0D g 3 ([ 50y 2L 0(,0) dﬂ(@)% |

. ( / ; (x)d”(u(z(z, s)g)p,u(f(x, £))) du (x))%.
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For small € > 0 we consider 9 which maps z(z,€) to T(z, ¢). Since | —id|
is o(¢) we deduce from (1.8vii) that the right hand side of the above inequality
approaches zero as € — 0. This proves (1.8ii).

We next show (1.8iv), which yields (1.8iii) as a special case. We may assume

we are working in a local coordinate chart. In this case we write

(/1 ule o2+ W)(w)) du(x))%
< ([ e+ e2(e )))du(x))%
N (/ f(m)dp(u(y),u(gg/p—k sW(m)))du(m))% |

where we have written y for  + €Z(z) in the bottom integral. By (1.8ii) the
top integral converges to Z+W E( f) as € — 0, and the middle integral converges
to ZE(f). In fact, the bottom one converges to " E(f), as one can deduce
by changing variables from x to y, dominating f(z) by f(y) +w(f, e|W|w)(¥),
and applying (1.8ii) again. This shows (1.8iv).

We next show (1.8v). We first consider the case of constant h: If A > 0
then we observe that h?(?e.;(z)) = "?e.(z). This implies the result as ¢ — 0.
In case h = —1, we note that ~Ze.(Z(z,€)) = Ze.(z), so by the usual change
of variables arguments we obtain d(~?e) = d(?e). Thus (1.8v) holds when h
is any constant.

Next we assume that there is a constant hg and a small number § > 0 so
that |h — ho| < 6. We apply the triangle inequality (1.8iv) twice, with vector
fields hZ, (ho — h)Z the first time and hoZ, (h — ho)Z the second time. Taking
p't-powers, applying (1.8), using the result for constant multiples which we
just showed, and using standard inequalities, we see that for any € > 0,

ZB(ES) < (1+ e (“B(f) + (1

JPCOE(f)

"E(f) < (1+e)(E(RG f))+( o yosa(s).

These inequalities imply the measure 1nequaht1es

(1.8ix) |holPd(%e) — c(g, 6)de < d(*Ze) < |ho|Pd(%e) + c(e, §)de,
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where c(e, §) has the property that it can be made arbitrarily small by choosing
¢ (and then) 6 small. We can now show the general case of (1.8v). Pick c(g, )
small. Cover Q with a finite number of open subsets {U;} so that there are
constants {h;} with |h — h;| < 6 on U;. Pick a subordinate partition of unity
{m} to the {U;}. Note that "*E(f) = 3 "’ E(n:f). We apply the estimate

7

(1.8ix) in each U; and sum, obtaining

PB(Y IhPnuf) — e, OB() < ME()
1.8x ’
159 < ZB(Y IhPusf) + cle, ) B f).

This last estimate implies "2 E(f) = ZE(|h|Pf), which is equivalent to (1.8v).
(The reason for the implication is that we may choose c(g,6),e,6 — 0 and
covers {U;} with diameters approaching zero. Then the sums }_ ||h;|Pn;f con-
verge uniformly to |h|P f, and then continuity of the linear functional # E gives
the conclusion.) Finally, we study (1.8.1). Recall the definition of e.(z) given

in (1.2ii). Compare this to the approximant obtained using the exponential

map:

- dP(u(z),u(exp(z, &
TR ELUCRTC.CXD) P
sp-1 ¢
Because of the uniform closeness of the respective surface measures, we see
that

(1—o(1))ec(z) < &(z) < (14 o(1))ec(),
where o(1) is a term which approaches zero uniformly (in z), as € — 0. Hence
(1.8xi) éc(z)dp — de.

We also note that for the fixed vector field w (as defined above (1.8.1)), the
two diffeomorphism families ¢;(z,t) = Z(z,t) and ¥2(z,t) = exp(z, tw) have

the same velocity vector field w when ¢ = 0. In succession we apply (1.8xi),

Fubini’s Theorem, the Lebesgue Dominated Convergence Theorem (justified
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by (1.8vii)), and then (1.8ii) for the pair (41, %s):
B(f) = liny [ £(@)é.(@)du(c)
i [ ([ sy LD 4, )) 1

e—0 eP
g ( / f(x)d”(U(w),U(::p(x,ew))) d#(w)> do(w)

= [ “B(f)do(w)
This shows (1.8.1) and completes the proof of Theorem 1.8.1. [0

1.9. Differentiability theory for directional energies. For p > 1, u €
WiP(Q, X), and Z € T'(TQ)) we show that the directional -derivative energies
d(?e) are absolutely continuous with respect to Lebesgue measure, i.e. d(?e) =
Ze(x)du(x), for an L' energy-density function Ze(z). Furthermore, the e-
energy functions converge almost everywhere to Ze(z). When Z is non-zero
one can always choose local coordinates so that Z = 0. This motivates us to
first consider the special configuration below:

(1.91) DEFINITION. Let Q@ C R" be a bounded domain, and let g be the
Euclidean metric. Let 1 < p < o0, u € LP(Q, X), w = &', and let u have

finite p-energy in the direction w,
E="FE< o,

and write E(f) for the corresponding linear functional. (In the following
discussion w will be fixed and we will frequently suppress it in our notation.)
Assume that each line in the direction of w intersects €2 in at most one interval.
Write II for the projection of 2 onto the (n— 1)-plane {z! = 0}. Thus we may
write

Q={z=(t,y), yell,t € I, CR}
EY = E(ul,).
That is, EY is the p-energy of the 1-variable map u|;, from I, to X. In case

EY < oo we write E¥(f) for the corresponding linear functional on C,(I,). For
a function f € C.(Q) we also write f for its restriction fo IY.
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Lemma 1.9.1. For the configuration (1.9i) we have
E = /Ey dy, and E(f) = /Ey(f) dy, for any f € C.(Q).

Conversely, if u € LP(Q2, X) is a map for which [ E¥dy is finite, then u has
finite energy “FE, and the above identities hold.

Proof. If the first part of the lemma is true, then the converse statement follows
easily. Indeed, from Theorem 1.5.1 and (1.4vii) we have the following estimate

for f > 0,f € C.(Q):

Bf) = [ BUfdy < [ BNy < (flem +0(e)) [ Evay.

Hence “E < 0o, and the first part of the lemma, applies.

We now prove the first part of the Lemma. We use an absolutely continuous
measure v satisfying (1.2iv) to define our e-energy densities. (For example,
the choice dv(A\) = (p + 1)A? for 0 < XA < 1 would correspond to interval
averaging.) For any f € C,(2) with 0 < f < 1, the fact that F < oo implies
that given 6 > 0 and C > 0, there exists €; > 0 so that

(1.9ii) lim E..(f$) < E+6.

e’—0
Since E..(f°) = [ E%(f°)dy, (1.9ii) and Fatou’s Lemma imply
(1.9i) / liminf B%(f)dy < E+6

Fix 6,¢; and set C = 0. Denote the integrand above by h(y,e’). By the abso-
lute continuity of v, by Remark 1.4.3 (and the fact that each I, is Euclidean),

EY(f) < lirpigfh(y,s’), for anye < €;.

Hence (taking the lim sup of the right-hand side and noting that 6 was arbi-
trary)

(1.9iv) limsup EY(f)dy < E.

e—0
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Pick any sequence {f;} C C.(€2) which is monotone increasing in ¢ and con-
verges (uniformly on compact subsets) to 1, as i+ — 0o. The monotone con-

vergence theorem and (1.9iv) yield

/ sup (limsup Eg(f)dy> < E,

0<f<1 e—0

ie.
(1.9v) /Ey dy < E.
Thus for any f € C.(Q2)

(1.9vi) B =ty [ BUH)dy = [ BY(5)dy,

by the Lebesgue Dominated Convergence Theorem. Again using the sequence
{f:} described above, this time in (1.9vi), shows that E = [ E¥dy. O

Lemma 1.9.2. For the configuration (1.9i) there is a representative of u hav-
ing the property that for almost all I, = (ay,b,) with y € II,

lim u(t,y) = u(ay,y)

t—>a;‘

lim u(t,y) = u(by,v)
t—b,

Yy

(1.9vii)

exist. In case p > 1 (and for the y above) u|;, is a Holder continuous mapping,
with exponent o = ”le. In case p =1 the functions u|;, are maps of bounded
variation. In all cases we have the estimate

(ovii) [ d(ulay,v), ulby,p)dy < B max(, - )
Y
II

Proof. We first deal with the case p > 1 and then indicate how to modify the
argument in case p = 1. By Lemma 1.9.1 almost all u|;, € W"?(I,, X). For
such y write u|;, = v, and assume (by rescaling) that I, = I = (0,1). For
such a v € W'?(I,X) and t € I, define w(s) by

w(s) = d(v(t+ s), v(t)) fors € (—=t,1—1t).

It follows from (1.6vii) of Corollary 1.6.3 that w € W'?((—t,1 — t),R), with
|Vsw|Pds < de, as measures. In particular (a representative of) w € C*((—t,1—
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t)) (for o = P;—l), so is absolutely continuous. Therefore we have the estimate

(1.9ix) w(e) — w(0) < /0 " |Vawlds < /t " o)t

We would like to know that w(0) = 0 and w(e) = d(u(t),u(t + €)) in the
above estimate. This is formally true but actually requires some technical
justification since a priori v is only defined a.e. So, for any fixed 0 < u < %,
we pick f € C.(2) with 0 < f <1 and with f =1 on the interval (u,1 — p).
From (1.4vii) and p’ = 1 we have

[ 1) vesttiie < [ ererds < oo

for small § > 0. Here we take dv(A) = 2, corresponding to interval averages.

Thus by Fatou’s Lemma,
1—p
/ liréniélf ves5(t)dt < oo,
22

so that

lim inf <0 a.e.t.
§—0

5
d(v(t),v(t+s)) ds
20/ 5 B

For such a t we conclude that w(0) = 0, since the numerator in the expression
above is w(s) and w is Holder continuous. For such a t the estimate (1.9ix)

implies
t+e
(1L9%)  d(u(t),v(t +¢)) /pv wlds < / eVt aee

From the first half of this inequality we see that v is equivalent to a C*
mapping, with a = P;—l: By raising both sides to the p** power, using Holder,
and using the fact that w € WH?(Q,R)), we have the estimate (at first a.e.
t, €, but then everywhere by redefinition)

t+e
& (u(t), v(t + €)) (/wwv’) -
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This implies that for the y € II with u|;, € W'?(Q, X) the limits (1.9vii)

exist, and furthermore that the estimate
(1.9xi) d” (u(ay, y), u(by, y)) < (by — a,)*~" B

holds. Upon integration this yields (1.9viii).

In the case p = 1 it is necessary to modify the argument slightly. Now the
function w(s) is equivalent to a function of bounded variation, so may be taken
to be continuous from the left, with only a countable number of discontinuities,

and so that all one-sided limits exist. We replace (1.9ix) with the estimate
(1.9xii) w(e™) —w(0%) < Var (0,e)w < ey ((t, t +¢€)),

where the +, — superscripts refer to limits from the right and left respectively.
For t satisfying the finite liminf condition above, w(0*) = 0. For such t we
conclude

(1.9xiii) d(v(t), v(t + €)) = w(e) < Var(0,e)w < ey ((¢,t +¢€)) a.e.c.

We redefine v to be the limit from the left of v(¢'), where ¢’ satisfies (1.9xiii).
It is straightforward to verify that this leaves v unchanged at such ¢/, and that
it creates a function which is continuous from the left, and satisfies (1.9xiii)
everywhere. In particular, this representative for v will have only a countable
number of discontinuities, exactly at points where the measure e; has point
masses. We deduce that the map v is a map of bounded variation in the
classical sense. In particular, all one sided limits exist. Also, returning to the
intervals I, with EY < co we get the estimate

d(u(ay, y), u(by,y)) < EY.

Upon integration this yields (1.9viii), and the proof of Lemma 1.9.2 is com-
plete. O

Lemma 1.9.3. Let1 <p< oo, u € WP(I,X). Then (its Hélder continuous
representative satisfies)

- d(u(?), :(t ) _ o) ae
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Proof. We see immediately from the inequality between the first and last terms
of (1.9x) (and the Lebesgue Differentiation Theorem applied to the L!-function
€1 (t) ) that

d(u(t), u(t+¢))

(1.9xiv) lir?jélp - <e(t) aet.
Now let 6 > 0. Define
Ss = {t €Is.t.tis a Lebesgue point for e;, and
lim inf d(u(t), Z(t ) < e,(t) - 5).

By definition, for any fixed ;1 > 0 we may cover Ss by intervals (¢t — e,t + ¢)
with € < p and for which ¢ € S,

d(u(t), u(t +¢€))

- <e (t) - 6,
1 [t 5
el(t) - E/t €1 (S)dS < 5

By a well-known covering lemma [Rudin, Lemma 8.4] we may pick a finite
disjoint subset of this cover, with the finite sum of the interval lengths at least
ith the measure of S5. Denote the corresponding half-intervals by

{Ii}"z"::l? I; = [tw t; + Ei).

Complete this finite collection of intervals to a partition of [0,1], by adding

intervals
{Ji’}i’/=17 Ji = [t  ty +€v),

also with maximum length bounded by p. We have from (1.9x) and our

covering hypothesis that

Zd(u(ti), u(t; + &) + Z‘ d(u(ty), ulty +€))
S (/I er(t)dt — g&) +3 / ex(t)dt

i

IN

(1.9xv)

g/e(t)dt - g|55|.

I
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If we can show
(1.9xvi) / eit)dt = lim 3 d(ultis), u(t:)
I -
for arbitrary partitions P of I, we conclude that the measure of S5 is 0 by
letting 4 — 0 in (1.9x). Picking a sequence S5, with §; — 0 then implies
Lemma 1.9.3. We verify (1.9xvi) as follows:
Because de; = e, (t)dt is absolutely continuous it is easy to see that the total

p =1 energy E; for the map u is given by

/ ex(t)dt = lim ] d(u(t), ut +e))

e—0 £

I

0
e [3-2 . -
— lim / d(u(t + ie), us(t + (i+ 1)g)) &t
0

0
e =0

N
= lim — /0 Za(t)dt.
Hence for § > 0, € > 0 small, there exists t. € (0,¢) with ) (¢t.) > E; — 6.
Now let
P:0=t<t1<...<tp=1
be an arbitrary partition of I, subject to N||P|| < € for N large. We pick a
subpartition P’ C P for which ¢; is within £ of t. +ie, i = 1,...([3] - 2).

Note that this implies
1
te +ie—t;| < —.
Ei te + i — t;] I

Hence

> d(u(ts), utje)) > Zd(u(ti), u(tiv1))
>y -2 X[ e

E/Iel(t)dt—é—Z (%)P;—](Ep) )

(where we have used Remark in the last step). As § and N are arbitrary, and

=

since a one-sided estimate suffices (see (1.9x)), we conclude (1.9xvi) and the

proof of Lemma 1.9.3 is complete. O
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Lemma 1.9.4. Let (Q,9), w and u be as in (1.91). Let 1 < p < co. Then for
any 1 < p’ < p the energy-density function ey (z) (for the direction w) satisfies

(1.9xvii) ey () = (e1(2))”  ace.

Furthermore, there exists a representative of u so that

v
(1.9xviii) e CGY) RCIh ) S S,

e—0 ep’

Proof. From Lemma 1.9.1 and Lemma 1.9.3 we know we may pick a represen-

tative of u so that

P’ /

lim d (U(t, y)7 7/j‘(t + an)) — (el(t, y))IJ a.e.
e—0 epP

so (1.9xviii) will follow from (1.9xvii). The claim (1.9xvii) is true because of

the following measure theory lemma.

Lemma. Let1 < p < o0, {g:} € L} .(R), g > 0. Suppose that on any
compact subset of  the LP-norms of g are uniformly bounded as ¢ — 0. Let
9:(z) — g(z) a.e. ase — 0. If, for some 1 < p' < p it is also true that

g¥'dp — hdp with h € L*'(Q, R), then in fact h = g* a.e.

Proof. Let f € C.(2). Write Q = GUB, GNB = @&, where g. — g uniformly
on G. (So B can be chosen with arbitrarily small positive measure). Then

lim /gé"fdu=/ fo¥ du,
e—0 G G

and

’

B—P

limsup / 07 fdp < |flw CF (W(B)F",

where C depends on the uniform L” estimates for the g. as ¢ — 0, on the
compact subset supp(f). For fixed f we may make this last term smaller than
any given § > 0 by picking u(B) small. Combining this observation with

Fatou’s Lemma gives
[ 9" dus [ hdp=tim [ fo7 du< [ 19" duts
Q Q Q Q

This proves the Lemma. O
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By applying this result to the functions

d(u(t,y), u(t +¢,9))

ge(t,y) =
h(fl)) = €p (CL‘),

we immediately conclude (1.9xvii) and Lemma 1.9.4. O

Lemma 1.9.5. Let (R2,9), w and u be as in (1.9i). Let 1 < p < co. Then the
energy density measure de (for the direction w) is absolutely continuous with

respect to Lebesgue measure, de = e,(z)dp(z), and
ep(z) = e1(z)? aee.

Furthermore, there is a representative of u so that

b L9), ult+ery)

e—0 ep

ep(t,y) a.e.

For any representative of u, and any choice of v in (1.2iv) for which A\=Pdv(\)
s a bounded multiple of dA, we have

lim vee(z) = ep(x) a.e.

Proof. Asin Lemma 1.9.4 it suffices to show the first claim only. Note that the
third claim will follow from the second, because if we change representatives
for u, almost all u|;, will remain the same L? function, and for such y the
ve:(t,y) will be unchanged, because of the restriction on v. We establish the

first claim by verifying the two measure inequalities
el du < de,

de < el dp.

The first of these follows immediately from Fatou’s Lemma:
Fix f € C.(?), then

D
/fe’fdu= / lim it pPuby), ulttey) ),
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To show the second we again fix f € C.(£2). Then
. dr
[ fae=tim [ dn
Q Q

where we suppress the various arguments z = (t,y), u(t,y), u(t + ¢, y).
Hence

dP
B(f) = [ 15 du+6:(e)
€
Q
where 6,(¢) — 0 as € — 0. But for € > 0 fixed,
dr @
[ S du= [ 15 du+ )
Q Q

where 6,(p') — 0 as p’ — p. Applying the estimate (1.4vii) to the integral on
the right side, and also Lemma 1.9.4, yields

B() = [ 15 du+6:) + ()
< / O(@) ex(2)” du(z) + 61(€) + 62(p)-

Using the already established inequality (e;)?dp < de to justify Lebesgue’s

Dominated Convergence Theorem, we let p’ — p and deduce

[ fde < [ 12 ey du+ane).
Q Q

Letting € — 0 we conclude the desired second inequality de < (e}) du. Thus

Lemma 1.9.5 is shown. O
Theorem 1.9.6. Let (£2,9) be a Riemannian domain (1.1). Let
u€ WHP(Q,X) for somel < p < oo,

and let Z € T(TSY). Then the energy-density measure dZe for each 1 < p' <p
1s absolutely continuous with respect to Lebesgue measure. In particular, if
we denote the p = 1 energy-density function by |u.(Z)|(z), then the p’'-energy

measure s given by
[4a(2)[7 dpsg ()



SOBOLEV SPACES AND HARMONIC MAPS 601

for each 1 < p’ < p. For any choice of v in (1.2iv) for which A"Pdv()) is a
bounded multiple of A\ we have (for each 1 <p’ <p)

lim e.(z) = lu(2)]P ()  ae.

Proof. We pick a local coordinate chart and express Z = Z'0; in terms of
the local coordinate direction fields. It suffices to prove our claim in the case
p’ = p. From the triangle inequality (1.8iv) and the homogeneity property

(1.8v) we may estimate

ZE(f) <125, n* Y *B(f).

i=1

Applying Lemma 1.9.5 this yields
(1.9xix) d(%e) <|Z5n? Y [ua(8:) P (2)du().
i=1

Since the Euclidean measure du(z) and the metric measure du,(z) are uni-
formly equivalent, this last inequality proves the absolute continuity of d?e.
To prove the pointwise convergence of the Ze.(z) to |u.(Z)|P(z) we note
first that (1.9xix) implies |u.(Z)[P(z) = 0 a.e on {z| Z(z) = 0}. All approxi-
mate energies Ze,(z) are also zero on this set. Thus we need only verify the
convergence statement on {z| Z(z) # 0}. Here we may do a C"' change of
coordinates from an initial local coordinate chart, turning Z into a coordi-
nate direction. The result then follows from Lemma 1.9.5, and the uniform

equivalence of the respective volume measures. [J
1.10. Absolute continuity of de for p > 1.

Theorem 1.10. Let (€2, g) be a Riemannian domain (1.11), and let 1 < p <
0o. Let u € WhP(Q, X). Then the energy density measure de is absolutely
continuous with respect to Lebesgue measure, i.e. there ezists |Vu|y,(z) €
LY(Q,R) s.t.

de = [Vul,(2)du(x).

Proof. (We will explain the why we use a subscript rather than a superscript
for p after the proof.) We reduce to the case where Q has a local orthonormal
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frame, as in (1.8.1). Thus we have that equality, which we reproduce here:

(1.10i) E(f) = /S _CB(f)do(w)
By Theorem 1.9.6, we may express the corresponding energy-density measures
by

d(“e) = |u.(w)I?(z)du(z),

o (1.10i) may be rewritten as

(1.10i) / / . ()P (@) f () du(z) do (w).

Sn—1
It is easy to check that the non-negative functions |u.(w)|?(z) are jointly mea-
surable in (z,w). Applying the monotone convergence theorem to an increas-
ing sequence {f;} C C.() for which f; — 1 uniformly on compact subsets of

Q, we deduce

(1.10iii) / / lu (@) P(2) du(z) do(w) = E < oo.
Sn-1 8

Fubini’s theorem then implies

B() = [ f@) ( / |u*<w>|p<m)da<w>> duz)

for the L' function

(1.10iv) IVl (2) / s (0)P(z) do(w). O

The reason why p is placed as a subscript in the notation |Vu/|, is to prevent
confusion about the relation of different p-energies: It is not true (unless X =
R) that |Vul, is equal (even up to a constant multiple) to |Vu|§,/ P (Of course if
both expressions make sense, then they will be uniformly equivalent.) Because
we will have a special interest in the case p = 2 in the second chapter, we will

define

(1.10v) |Vu|2(.’13)=—-'Vu|2 _ L / s () 2(2)do (w),
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for u € WH2(, X). We will see in Section 2 that this definition is consistent
with the usual way of defining |du|? for maps between Riemannian manifolds.
(See also (1.2viii).)

1.11. The calculus of energy-density functions. We collect some useful

Calculus facts about our various energy-density functions.

Theorem 1.11. Let u € WYP(Q, X) for some 1 <p < oo. If Z,W € T'(TQ)
and if h € C%1(Q), then

[ue(Z + W)| < [uu(2)] + |u. (W)
(1.11i) lue(hZ)|P = |h[Plu.(Z)[
[ud(2)[P < C(n)| ZIP|Vulp.

If ¥ is a CY! diffeomorphism from Q; to Q, and if we write v = uw o, then
v € WHP(Qq, X), and the chain rule

(1.11ii) 0. (Z)IP = |u.(Pu(2))P

holds. If two metrics are close, then their Sobolev energy-density functions are
close. In particular, let Q@ C R™ and let 6, g be the Euclidean and a Riemannian
metric on (). Denote the two corresponding energy-density functions of u by
|Vul, and |Vul, 4, and let dp and dp, be the two induced volume forms. Let
A? and A? be the minimum and mazimum eigenvalues of g (relative to §),
respectively. Then we have the estimate
/\271 2n

(1.11iii) —An—+I;|Vu|pd,u < |Vulpedpg < W|Vu|pd,u.
Proof. The statements (1.11i) are restatements of corresponding claims from
Theorem 1.8.1, using the subsequent differentiability results of Theorem 1.9.6
and Theorem 1.10. Note that we have replaced the supremum norm |Z|.
with the pointwise norm |Z|,, in the third inequality. This is easily justified
by using (1.8.i) and a partition of unity argument.

For 1 as above it is clear (say using ball averages) that v = uo €
WhP(Qq, X). The chain rule (1.11ii) follows from the fact that the ¢ energy-
density functions satisfy

Ce(z) = VPe.(9(x)),
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and that for appropriate v these converge almost everywhere as € — 0 to the
corresponding directional-energy functions (Theorem 1.9.6).

We prove the claim (1.11iii) as follows. Recall from 1.2 that computing an
e-energy with radius e R ball averaging corresponds to the choice

dv(p) = ’I’Jf 4y 0<p<R.

Call the measure above vg. Then the e-approximate energy density function

(with respect to a metric g) is given by

n+p 1 dP(u(z), u(y))
vnCes(2) = P / —(—(T),,—ld#g(y)-
B(z,eR)

In our case we have the inequalities
Adp < dpg < A™dp
and the ball containments

€ 3
B(z, K) C B(z,€), C B(z, X)
Letting r = + and R = 1+ we deduce that

A" Am
Wu,.es(m) S V]e€,g(x) S W l/[ze€($)'

Upon integration (and applying the volume inequalities again) we see that (for
any f >0, f € Cc(Q2))
)\211 AZn
XT—L-TI; V,.Es(f) < ulEs,g(f) < W unEa(f)-
;From the weak convergence properties of our e-energy functionals, we deduce
that the limit measures satisfy the same inequalities, i.e.

2n 2n

Antr | Vul,dp < |Vulp, s | Vulpdp.

d'u'g — \ntp

This is exactly the claim (1.11iii). O
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1.12. Trace theory for Lipschitz domains. In this section we develop the
LP trace theory for finite-energy maps defined on Lipschitz domains. We show
that two functions have the same trace if and only if the distance between them
is a real-valued function of finite energy, having zero trace on the boundary. We
also prove a replacement theorem: If Q2 can be partitioned into two Lipschitz
subdomains, and if there are finite-energy maps for each subdomain whose
traces agree on the common boundary, then together they define a global map
of finite energy on all of 2, and the total energy of this map is the sum of the
energies of its components.

DEFINITION. If (2, g) is a Riemannian domain then the usual way of saying
that 9% is Lipschitz near z € 95 is to require that there be a neighborhood U
of z and a local coordinate chart on U so that in these coordinates 0Q NU is
the graph of a Lipschitz function above some (n — 1)-dimensional hyperplane.
It is easy to see that this definition is equivalent to the following one, which
requires the existence of suitable transverse vector fields. We will say that 9Q
is Lipschitz near x € 99 if there is a neighborhood U of z, a smooth vector
field Z defined on U, and positive numbers p, ¢y so that for all z € 952 the flow
T(z,t) in 1.1 satisfies

T(z,t) € Q if 0 <t< tg,
(1.12i) T(z,t) ¢ Q  if —ty <t <0,
d(z(z,t),00) > p|t| if |t]| < to.

We will say that a compact subset I" of 092 is Lipschitz if 92 is Lipschitz near
each x € I'. It is easy to see that this is equivalent to the existence of a smooth
vector field Z defined in a neighborhood of I' which satisfies (1.12i) for some
choice of positive numbers p, ty. We will say that  itself is a Lipschitz domain
if 00 is Lipschitz.

Let 1 <p<oo,ue W(Q,X)ifp>1(ue BV(Q,X)ifp=1). If
I' € 09 is Lipschitz, and if Z is a transverse vector field satisfying (1.12i) for
all x € T, then there is a natural way to define a trace map u € LP(T, X).
as follows. Recall that we write Z(x,t) for the flow induced by Z (1.1). By
using Lemma 1.9.2 on a finite number of local coordinate charts (for which Z
corresponds to the direction w in the configuration (1.91), we see that u has
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a representative so that for almost all € T' the maps u(Z(z,t),0 < t,t, are
either Holder continuous (p > 1) or of bounded variation (p = 1). Thus the

map
u(z) = tl_i}rgk u(Z(z,t))

is defined almost everywhere (with respect to (n — 1)-dimensional Hausdorff
measure on I'). Furthermore, we deduce from the estimate (1.9viii) and from
Theorem 1.8.1 that (for a constant C depending on )

(1.12ii) / & (u(z), w(@(z, 1))dEPt < C / de | (#12].0)7

C
Qﬂzloo

(Here we use the notation QF for the complement in Q of {2, i.e. those points
in © whose distance to 9 is at most £.) Because u € LP(f, X), for almost
all t the maps u(Z(z,t)) are in LP(99Q, X). We conclude from (1.12ii) that the
trace map is the L? limit of the maps u(Z(z,t)) as t — 0, so is itself an L?
map. Furthermore, if we use any representative for u it follows that the trace
map is the LP limit of almost all of the maps u(Z(z,t), as t — 0, and so is

well-defined independently of our representative for u.

Lemma 1.12.1. The definition of trace given above is independent of choice
of transverse vector field Z. Also, if I'y C T, then the trace of u on I'; is the

restriction to I'y of the trace of u on T'.

Proof. The second claim follows from the first one. The first claim is a con-
sequence of Lemma 1.8.2 and the following argument. Let Z and W be two
transverse vector fields satisfying (1.12i). Let Z;(z,t) and Z,(z,t) be the cor-
responding flows. We wish to show that the maps u(Z;(z,t)) and u(Z(z,t)
(from 002 to X) converge (a.e.t) to the same trace function. Denote the map
which sents T1(z,t) to Ta(z,t) by 1. Note that 9 is a bi-Lipschitz mapping of
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a neighborhood of I' to its image. Thus we may estimate

1Z]00

(1.12iii) / / & (u(@r(x, 1)), u(@s(x, 1)) )dE, dt
N

3§
P

<0 [ f@)(ue), up(@)du)

where f € C.(QF, ) satisfies 0 < f < 1, and f = 1 for z satisfying

H1 S d(fE,aQ) _<_ M2

Write 6 for the supremum of |¢(z) — z|, over the subset U N QY . Then for

small pp we see from continuous dependence on parameters that

Pick p; to satisfy & = £i—. In case |Z — W] is sufficiently small we may
guarantee that 36 < p; (for all small py). In that case we may construct a
suitable f for (1.11iii) which also satisfies the condition necessary to apply

Lemma 1.8.2, namely f € C.(f235). From the Lemma we see

(1.12iv) / F(@)d (u(@), u((2)))du(z) < C§ / de.

C
QP2+5

From the combination of (1.12iii) and (1.12iv) we see that the average values
of the integrals of d? (u(Z1(z,1)), u(Z2(z,1))) (with respect to zhi— <t < 7o)
converge to 0 as ps — 0. Thus Z and W define the same trace function
on T, if the closeness assumption above is satisfied. Since the set of strictly
transverse vector fields is a positive cone (i.e. if Z and W are suitable, then
so are aZ + bW for positive constants a,b), it is connected. Hence it suffices

to prove the lemma for sufficiently close vector fields, as we have done. [

Theorem 1.12.2. Let (£2,9) be a Lipschitz Riemannian domain and let 1 <
p < oo. Any u € WrP(Q, X) has a well-defined trace map u (or tr(u)), with
tr(u) € LP(0Q, X). If the sequence {u;} C W'?(Q, X) has uniformly bounded
energies E*, and if {u;} converges in the LP distance to a map u, then the

trace functions of the u; converge in LP(9Q, X) to the trace of u. Two functions
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u,v € WH?(Q, X) have the same trace if and only if d(u,v) € WHP(Q,R) has

trace zero.

Proof. That u € W1P(Q, X) has a well-defined trace tr(u) € LP(89, X) follows
from Lemma 1.12.1 and the remarks preceding it. Furthermore, if we fix a
transverse vector field Z satisfying (1.12i), and with |Z|, < 1, then for almost
all (small) ¢t we have the estimate (from (1.12ii)

(1.12v) / & (tr(w) (z), u(F(x, ))d=r " < CE~! / IVul,dp.
N Q¢

Integrating this inequality yields

to
tP
(1.12vi) / / & (tr(u) (2), u(@(z, £)))dSr1dt < O / IVl dp.

0 90 p Qc
We can use the LP-triangle inequality and the estimate (1.12vi) for two Sobolev

functions u, v to bound

(] / dv(tr(u)(x),tr(u)(x))d2:~ldt) ; .

0 80
After changing variables from dX.dt to du in the appropriate term, the resulting
inequality is

(1.12vii)

Rl

C/ dp(trw),tr(v))dz) <0ty | ([ IValdw? + ([ [Volyd
Q Qg Qg

1
P

+ Ct(;% /d”(u, v)du

c
Q0

This inequality shows that if the sequence {u;} converges to v in L?(2, X),
and if the {u;} have uniformly bounded energies, then the traces converge to
the trace of u. Specifically, we know from semicontinuity that the energy of u
is bounded by those of the w;, so the first term on the right-side of (1.12vii)

can be made arbitrarily small (for the function choices v = w,v = u;) by
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choosing ty small. Once tg is chosen, the second term can be made small by

choosing i large. Next we prove our characterization of equal-trace functions.

Using (1.12vi) for the functions u and v, we make another choice in the L?-
triangle inequality (and change variables as above) to estimate the left-hand
side below:
(1.12viii)

1

1
P P

/ Pu,v)du | < Cyto / Valydu | + / IVl du
Qf;'to Q% Q¢

ot (6/ P (tr(u), tr(v))dZ) .
Q
If tr(u) = tr(v), then (1.12viii) implies that
(1.12ix) limgt [ & (u(y),vly))duty) = 0.
Q¢
Write h(y) for the function d(u(y),v(y)). Define the cut-off function 7,(y) to
be identically one inside 2, to be zero in the complement of 2, and to linearly

interpolate 0 and 1 on the annulus of points which are between distance % and
t from 0Q. It is clear that n,h — h in LP(Q,R), as t — 0. Also,

(1.12x)

([ 1) - VhPdp)} < ([ w19nlPdu)? + ([ (- 171V hpdw3.

Q Q Q
From (1.12ix) we see that as ¢t — 0 the first term on the right-side of (1.12x)
approaches zero, and it is clear that the second one also does. Thus the
functions 7;h converge to h in the WP norm. Since each n;h has trace zero,
we deduce (by the first part of our theorem) that h does too. (In fact, this
argument shows (in case u is a real-valued function with zero trace and v = 0),
that for Lipschitz domains the set of functions with zero trace are exactly the
space Wy?(, R), i.e. the closure under the Sobolev norm of C(Q). This
fact is well-known of course.)

We must now show the converse statement, that if the trace of h above is

zero, then tr(u) = tr(v). We may deduce from (1.12vi) with u = h, that since
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tr(h) =0,
tP
[ Pduty) <c | Ivhpg
5, Qg

Using this estimate in the right-hand side of (1.12vii), and letting ¢, approach

zero, we conclude that tr(u) = tr(v). O

Theorem 1.12.3. Let Q2 be a Lipschitz Riemannian domain which is itself
a disjoint union of Lipschitz subdomains 21,23 and the Lipschitz boundary
0 NIN,. Let 1 < p < oo, and u; € WHP(Q;, X) for i = 1,2. Suppose that
the trace functions u; = uy on 0Q; N 0Qy. The the map u defined by

u(z) = wi(z) ifz ey
is a finite energy map, and

[ 19l = [ (Vuilydut [ 1Vuslydp
Q 1951 1923

Proof. We have restricted to the case p > 1 in our theorem only for reasons
of technical simplicity. In this case, for example, it suffices to show that wu is
a finite-energy map, since then its energy density will agree with u;’s energy
density in 2;, and the absolute continuity of the energy density with respect to
Lebesgue measure immediately implies the additivity of total energy claimed
in the theorem. Let Z be a transverse vector field defined in a neighborhood

of 001 N0y, satisfying (1.12i), and pointing into 5. Because of our Lipschitz
hypothesis, 9Q; NI, is covered by a finite number of (relatively) open subsets
I" having the property that each I' is the bi-Lipschitz image of a map ¢ from
a radius 7 ball in R"~!. We will normalize (by scaling) to the case

¢:B"(0,1) - T.

Then for ¢, small we use the flow induced by Z to define a bi-Lipschitz map
¥ by

by, t) =T(¢(y),t) (1) € B"7(0,1) x (—to, o)-
Define the map(s) v by v = uo. Then it follows that v = v, is a finite energy
map from B X (0,%) and v = v, is a finite energy map from B x (—t,0)
(because finite-energy maps are preserved under bi-Lipschitz composition).
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Furthermore, using the vector field Z in 2 and 8, in B % (to,to), we see that
the two traces of v on B"! agree. If we can show that v is a finite-energy
map on B x (—tp, o), then it will follow that u is a finite-energy map in a
neighborhood of T', and our theorem will follow by the remarks above.

Pick a (unit-) direction w which is transverse to 9, = 0;, and orient it so
that w! > 0. Pick a representative for v so that v is Holder continuous on
almost all lines parallel to w. This is possible by Lemma 1.9.2 and the fact
that the two traces of v agree on B"~!. Parameterize the w-direction lines by
y € B"! x {0}. We claim that for each y on which the w-line is continuous,
it has finite energy, and that this energy is the sum of the directional energies
corresponding to v; and vy. To see why this is so, we appeal to Lemma 1.9.2
in the one-variable case, i.e. Il is a point, and we have two finite-energy (hence
Holder continuous) maps w; : (—tp,0) — X and wsq : (—tp,0) — X which have
common (trace) value at ¢ = 0. We let w be the resulting continuous map and
wish to deduce that it has finite energy. We apply the estimate (1.9viii) and
the triangle inequality to deduce that for t < 0 <t + ¢,

d?(w(t), w(t +¢€)) < 2°(d”(w(t), w(0)) + d?(w(0), w(t +¢))
(1.12xi) o e
< 2PgP (/!Vw1|pds+ / |Vws|,pds).

t 0
Of course, if ¢t and ¢t + € both lie on one side of 0, then the estimate corre-
sponding to (1.12xi) also holds, in fact without the factor of 27. If we integrate
(1.12xi) (and the corresponding estimate) between t; < 0 < to, and then use
Fubini’s Theorem we get

ta taote

/d”(w(t),w(t +¢))dt < 2”8”(/ |Vw |pdt + / |Vws|,pdt),

t1 0

i.e.
ta+e

0
/ e.(t)dt < 27( / Vo |t + / IVws|,dt).
t1 0

t1

t2

This last inequality shows that the e-energy contribution near ¢t = 0 is arbi-
trarily small (depending on t;,t5), so we conclude that w is a finite energy
map, and that its energy is the sum of the energies of w; and w,. Thus we
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have shown that for almost all y € B"~! x {0} the direction-w line has finite
energy, given by the sum of its two component energies. We immediately con-
clude (from the converse statement in Lemma 1.9.1) that our map v has finite
energy in the direction w, equal to the sum of its two component energies. By
integrating with respect to all transverse directions (i.e. almost all directions),

we see that our map v satisfies
/ “Edo(w) < o0.

Using the same reasoning as in the converse statement of 1.9.1, it is an easy
consequence that v € W1?(B™"! x (—to,%),X). Thus Theorem 1.12.3 is

proven. [

1.13. Precompactness. The precompactness theorem presented here is not
needed for the harmonic map theory of §2, but since it is a natural part of
Sobolev theory and can be proven quickly using the results we have already

developed, we include it in this chapter.

Theorem 1.13. Let (2, g) be a Riemannian domain, (X, d) a locally compact,
complete metric space, and 1 < p < oo. Let {u;} € W'?(Q,X) ifp > 1
({u:} CBV(Q, X) if p=1) satisfy

/d”(u(x), Q)du(z) + E“ < C.
QO

(Here Q is a fized point in X, C is a fized constant, and E* s the total energy
of the map u;.) Then a subsequence of {u;} converges in LP(Q2, X) to a finite

energy map u.

Proof. The definition of locally compact which we use is that every closed ball
of finite radius is compact. For j = 0 we define @);; = Q. For each j € N we
cover B(Q, j) with a finite number of points

{er}r:l,... N

so that every P € B(Q,j) is within % of one of these points. The real-valued

functions

d(ui(2), Qjr)
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have bounded Sobolev (or BV) norm. (The L? components of the norm are
bounded depending on j, but the energy components are uniformly bounded,
by Corollary 1.6.3. Thus by the standard precompactness theorems for BV and
Sobolev functions, and by Cantor diagonalization, we extract a subsequence
(which we also denote by {u;}), so that for each fixed (j,r) there is an L?
function d;, with

d(ui(z), Qjr) — djr()
in LP(Q,R). By choice of subsequence we also assume that a.e.z,

d(ui(z), Qjr) — djr(z) < 00

for all (j,7). We claim that for such an z there is a unique point u(z) € X
with

d(u(z), Qjr) = djr()
for all (j,7). To see why this is so, fix an z as above and any j with j > do;(z).
Then pick ig so that ¢ > iy implies

ld(ui(=), Qsr) — dir(2)] < % r=1,...,N,
d(u;(z), Q) < J.

By the method in which the points {Q;.} were constructed, there is an r =

r(z,j) for which
1
d(uio (), Qjr(s,)) < h

From the triangle inequality
3

(1.13i) d(ui(@), Qjr(z,i) < 3 2 dg.

This estimate implies that the sequence of points {Q;(,; } is Cauchy and that
u(z) is its limit.
The function u is clearly measurable (with separable range), and by con-
struction
u;i(z) — u(z) a.e.x.

By Fatou’s Lemma

[ @), Qdu@) < timint [ (@), Qdu(a) < €,
Q Q
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so u € LP(Q, X). By lower semicontinuity (Theorem 1.6.1) u is a finite energy
map, with E* < C. By the triangle inequality

d?(us(z), u(z)) < 2Pd”(us(z), Q) + 2°d” (u(z), Q).

By construction the sequence on the right is convergent in L!(£2,R) to the
function 2P*'dP(u(z), Q). By a well-known extension of the Lebesgue Domi-

nated Convergence Theorem it follows that

[ @@, ut)du o,
Q
sou; = uwin LP(Q,X). O

2. HARMONIC MAPS INTO NON-POSITIVELY CURVED METRIC SPACES

In §2.1 we recall what it means for a metric space to be non-positively curved
(NPC). The definition is made using triangle comparisons to Euclidean space,
and generalizes the Riemannian notion of non-positive sectional curvature (in
the case of simply-connected manifolds). We recall some useful quadrilateral
comparison inequalities which appear in a paper of Y.G. Reshetnyak [Re].
We combine these consequences of the NPC definition with the W2(Q, X)
Sobolev-Space theory from Chapter 1 in order to study harmonic map ques-
tions. In §2.2 we study the Dirichlet problem, i.e. the problem of finding a
Wh2(Q, X) map with given trace which is stationary (among W'2(£2, X) maps
having the same trace) for the p = 2 Sobolev energy. We show that there is a
unique such solution, and its energy is the infimum of all admissible-function
energies. In fact, the NPC hypothesis implies that the energy functional is
appropriately convex with respect to natural geodesic homotopies of finite-
energy maps. This convexity allows one to show that a minimizing sequence
is Cauchy in L?(£2, X), i.e. one uses an exact generalization of Dirichlet’s
Principle for finding harmonic functions. As in the classical case, the con-
vexity property also implies the uniqueness result. We find the generality,
elegance, and simplicity of the proofs presented here to be an indication that
we have found the proper framework for their expression. The combination of
the correct definition of energy (using distances) with the distance comparison
results which follow from the NPC hypothesis allows one to replace arguments



SOBOLEV SPACES AND HARMONIC MAPS 615

which are customarily made with first derivative expressions with ones only
involving (zero’- order) distance inequalities. The existence theorem in §2.2
uses the completeness of the target but not any local compactness properties.
This is important for the applications discussed in subsequent work, where for
example, we consider targets L?(M, X) where M is a Riemannian manifold
and X is an NPC space. (Such targets are also NPC.)

In Chapter 1 we described how a map v € W'%(Q, X) induces integrable
directional-energy functions |u,(Z)|?(z) for fixed vector fields Z € I'T(Q).
In §2.3 we show that it is a consequence of the NPC hypothesis that these
directional-energy functions satisfy a parallelogram law, i.e.

[us(Z + W) |2 + [un(Z = W)|? = 2|u.(2)]? + 2|u. (W)]2.

Thus there is a non-negative integrable tensor 7, which generalizes the notion
of the pull-back metric u*h for maps to Riemannian targets (IV,h), and so

that the p = 2 Sobolev energy-density function |Vu|? is given by
Vul* = g"m;

in local coordinates. The inner product 7 plays an important role in under-
standing the structure of harmonic maps to NPC spaces, and in applications
to rigidity theory.

One can follow the approach of [GS] in order to prove the interior Lipschitz
continuity of harmonic maps into NPC spaces, generalizing various arguments
when necessary. In §2.4 we choose instead to deduce this regularity by prov-
ing a (weak) form of the classical Bochner inequality for A|Vu|?, implying
that |Vu|? is essentially subharmonic. In the case of a harmonic function, this
inequality can be obtained by a finite differencing technique applied to the en-
ergy integral. (Of course it follows formally just by computing A|Vu|?.) This
technique involves retracting the solution u towards translates of itself, esti-
mating the change in energy and noting that it must be non-negative. These
ideas generalize to the NPC setting, and imply the same Bochner inequality.

In §2.5 we recall how to construct centers of mass for maps to NPC spaces.
We use the quadrilateral comparisons of [Re] (discussed in (2.1)) in order to

derive quantitative estimates for the distance between the centers of mass of
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different maps (with respect to different weightings). By integrating these es-
timates one can bound the energy of averages of maps in terms of averages
of the energies. In §2.6 we study the equivariant harmonic map problem. We
indicate how to construct initial finite-energy maps for certain configurations,
and how to combine the solutions to Dirichlet problems with the averaging
techniques in §2.5, in order to produce minimizing sequences with uniform
(local) Lipschitz continuity control. This approach is analogous to, but tech-
nically different from, the Perron method of finding harmonic functions. We
conclude the paper in §2.7, where we indicate how to solve the homotopy prob-
lem for harmonic maps to spaces with NPC universal covers; we present the

natural generalization of the classical results due to Eells and Sampson [ES].

2.1. Non-positively curved metric spaces. A complete metric space (X, d)
is said to be non-positively curved (NPC) if the following two conditions are
satisfied:

(i) (X,d) is a length space. That is, for any two points P, @ in X, the dis-
tance d(P, Q) is realized as the length of a rectifiable curve connecting
P to Q. (We call such distance-realizing curves geodesics.)

(ii) For any three points P,Q, R in X and choices of geodesics vp g (of
length 7), vo,r (of length p) , and g p (of length ¢q) connecting the
respective points, the following comparison property is to hold: For
any 0 < A < 1 write @), for the point on g r which a fraction A of the
distance from @ to R. That is,

On the (possibly degenerate) Euclidean triangle of side lengths p,q,r
and opposite vertices P, @, R, there is a corresponding point

Q,=Q+XMNR-Q).
The NPC hypothesis is that the metric distance d(P,@,) (from Q,

to its opposite vertex) is bounded above by the Euclidean distance

|P — @,]. This inequality can be written precisely as
(2.1i)
d*(P,Qx) < (1-X)d*(P,Q) + Ad*(P,R) — X\(1 - \)d*(Q, R).
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Using successive subdivision one sees that knowing the comparison property
just in the case A\ = % suffices to prove it for all 0 < A < 1.

It is any easy consequence of property (ii) above that geodesics in an NPC-
space are unique. Indeed, if v; and v, are two geodesic paths from @ to R,
pick P to be a point on 7, say at a fraction 4 (0 < g < 1) of the way
from @ to R. Take A = p and construct @), (on the geodesic 7,) as above.
By construction the comparison Euclidean triangle must degenerate to a line
segment, so that P = @u, ie. d(P, Q—u) = 0. The comparison property (ii)
implies therefore that d(P,Q,) = 0 as well. Since y is arbitrary, we conclude
that the geodesics ; and 7, coincide. At least in the case that X is locally
compact, it is an easy consequence of geodesic uniqueness that an NPC space
X must be simply connected. Conversely, it is a well-known fact (proved
with Jacobi Field analysis) that any complete, simply connected Riemannian
manifold having non-positive sectional curvature is an example of an NPC
space. (One defines the distance between two points to be the infimum of
curve lengths for paths connecting the points.) There are many examples
of non-Riemannian spaces which are NPC, e.g. trees, Euclidean Buildings,
Hilbert Spaces, and other infinite dimensional symmetric spaces. Also, if X
is NPC and if (M, g) is a finite-volume Riemannian manifold, then the space
L?(M, X) is also NPC.

A useful consequence of the NPC hypothesis is a quadrilateral comparison
property, which we now describe. These results appear as lemmas in a sub-
stantially more general theorem due to Reshetnyak [Re], and we include their
proofs here for completeness.

Let {P,Q, R, S} be an ordered sequence of four points in (X,d). We say
that {P, Q, R, S} is sub-embeddable into R? if there exists an ordered sequence

so that

d(P,Q) =[P -Q|, d(Q,R)=|Q— R,
(2.1iii) d(R,S)=|R-S|, d(S,P)=|5-P|,

d(P,R) < |P-R|, d(Q,5) <|Q-35|.
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In the above construction we call { P, @, R, 5} a sub-embedding for { P, Q, R, S}.
(If any collection of points has a corresponding collection in R? for which all
pairwise distances between corresponding points are equal, we call the Eu-
clidean collection an embedding of the metric collection.) If a metric space has
the property that every ordered sequence of four points can be sub-embedded

into R?, we say that (X,d) satisfies the sub-embedding property.

Theorem 2.1.1. [Re] A length space is NPC if and only if it satisfies the sub-
embedding property above. In fact, if (X,d) is NPC then one may always pick
a sub-embedding {P,Q, R, S} for {P,Q, R, S} so that the Euclidean sequence

forms the consecutive vertices of a conver quadrilateral.

Proof. Assume (X, d) satisfies the sub-embedding property. Let {P,Q, R} C
X and 0 < XA < 1. Construct @, as in the discussion (ii) above. Then the
sequence {P, Q, Q», R} has a sub-embedding {P, Q, Q,, R} C R%. From (2.1i)
and (2.1iii) we deduce that @, lies on the line segment connecting @ to R, i.e.

A =Q+XNE-Q).

Thus the sub-embedding hypothesis (2.1iii) that d(P, Qy) < [P—Q, | is exactly
the requirement for the triangle comparison property (ii) to hold. Thus (X, d)
is NPC.

Conversely, let (X,d) be NPC. Let {P,Q, R,S} C X be given. Construct

Euclidean embeddings {P,Q, S} and {Q, R, S} for the points {P,Q, S} and
{Q, R, S} respectively. We may construct these embeddings so that the re-
sulting triangles share the edge QS, and so that P and R lie on opposite sides
of the edge.
Case I. The quadrilateral with consecutive vertices {P, @, R, S} is convex. In
this case we claim that d(P,R) < [P — R| so that we have a suitable sub-
embedding. To verify this claim consider the diagonal PR C R?. It intersects
QS at a point

H=Q+X5-0Q)
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Consider the corresponding point @, on the geodesic (in X) connecting Q to
S. Then from the triangle inequality and the NPC hypothesis we have

d(P,Q) < d(P,Q») +d(Qx, R)

<|P-Q)+1Q\ R

=|P-R|.
This proves the claim.
Case II. The quadrilateral with consecutive vertices {P, Q, R, F} is not con-
vex. Because the interior angles of a Euclidean quadrilateral sum to 27, exactly
one of the interior angles ZP,Q, R, /R, S, P is greater than m. We assume
(by relettering) that /P, Q, R > m. We orient our points so that R = (0,0),
P = (0,a),a > 0, and so that @ and S lie to the right of the y—axis, (with S
farther to the right).
Case Ila. d(P, R) < |P—R). In this case our points are a sub-embedding. If we
reflect Q across the y—axis we increase the distance [Q — S| and leave the other
five pairwise distances unchanged. Thus we create a convex sub-embedding.
Case IIb. d(P, R) > |P— R|. In this case we do not yet have a sub-embedding.
If we lift P (increase a), keeping R = (0, 0) fixed, then Q, S must move uniquely
if we require
d(P,Q), d@Q,R),

d(P,S), d(S,R)

to remain fixed. Using elementary geometry one can check that the diagonal
distance |Q — S| increases as a increases. (One shows that the interior angles
ZQ,R,S, £8,P,Q are increasing with respect to a, by studying the rates of
change of the other two interior angles of the quadrilateral determined by the
sequence {P,Q, R,S}.) We continue increasing a until d(P,R) = |P — R].
This must happen by the time Q hits the y—axis, since

in this case. Thus one obtains a sub-embedding for some 0 < a < d(P, R),
and by reflection as in Case Ila one may assume that the points {P, Q,R,S}

are consecutive vertices of a convex quadrilateral. [
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Theorem 2.1.2. [Re] Let (X,d) be an NPC space. Let {P,Q,R,S} C X
be an ordered sequence and let {P,Q,R,S} C R? be a sub-embedding. Let
0 < A\ p <1 be given. Define Py to be the point which is the fraction A of
the way from P to S (on the geodesic yps). Let Q, be the point which is the
fraction p of the way from Q) to R (along the opposite geodesic yg,r. Construct
the corresponding Fuclidean points

Py=(1-NP+AS5, Q,=(1-uwQ+uk.
Then

d(P/\a Qu) S lﬁ,\ - @ul

Proof. This estimate follows from repeated use of the triangle comparison

property. As a preliminary step we claim that

d(P,Qu) < [P - Q|-

In fact, we can estimate the relative lengths, using the appropriate Euclidean
identity and the triangle comparison property (2.1ii):

P~ Q. =1 ~wP QP +uP-RP~pl-pQ-R?

> (1~ p)d*(P,Q) + pd*(P, R) — (1 — p)d*(Q, R)
> d*(P,Q,).

Analogously,

d(5,Q,) < IS~ Q.|
Using the comparison property a final time we estimate
[Py~ Q"= (1=XNIP=Q. +AS-Q, -~ A1~ X)[P~-SP

> (1= N)d*(P,Qu) + Ad*(S, Q) — A1 — X)d*(P, S)
> dQ(P/\a Qp) O

Corollary 2.1.3. Abbreviate the distance function d(T,U) by dry. For an
ordered sequence {P,Q,R,S} C X, define the geodesic interpolation points
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Py, Q, as in Theorem 2.1.2. Then for any 0 < a,t < 1 the following estimates
hold.
d*(P,, Q) < (1 —t)dpy + tdg
(2.1iv) . )
—t(1 = t)(a(dsp — dgr)” + (1 — @)(drs — dpq)®).-
(2. lv)
d*(Qi, P) + d*(Q1-1, §) < dbg + dis + t(d5p — dipp) + 2t%dop

- t(a(dsp - dQR)2 -+ (1 - Ol)(dRS - dPQ)2).
In case t =1 in (2.1v) we deduce the parallelogram inequality:

dbr + dos < dpg + dyr + dis + d3p

(2.1v) .
— a(dsp — dor)® — (1 — @)(drs — dpo)*.

Proof. Given {P,Q, R,S} C X we pick a subembedding {P,Q, R, S} C R?,
and take A, B,C, D to be the oriented vectors pointing to consecutive vertices

of the Euclidean quadrilateral, i.e.

-P

Cl)| @I

:ol
Snl @I

"UI ';UI

A= B =
C= D=
We have the Euclidean identity

— 1 1

P, - Q= 1B+ D)+ AP + 5I1=8)(B+ D)+ C?

(2.1vii)
=tCI*+ (1 -t)|AP> —t(1 - ¢t)|B + D).

We have omitted some intermediate computations in the above identity, in
which one makes repeated use of the fact that A+ B+ C + D = 0. Since
|A+C| = |B+D| dominates both ||C|—|A|| and ||D|—|Bl||, the sub-embedding
hypothesis, Theorem 2.1.2 and (2.1vii) combine to imply (2.1iv).

Another Euclidean identity (for A+ B+ C+ D =0) is

[tB+ AP> +|tB+ C)* = |A> +|C|* + t}| B|?

(2.1viii) \
+t(|D|* — |B*) — t|B + D}

It yields (2.1v), which then yields (2.1vi) by setting t = 1. O
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2.2. The solution to the Dirichlet Problem. To motivate the general
existence and uniqueness theorem proved below we first recall Dirichlet’s vari-
ational principle in the classical case where X = R. (The general proof will
follow the same outline.) Let (§2,¢) be a Riemannian domain. Given a map
¢ € WH2(Q,R) we consider the closed convex subset

W, *(Q,R) = {u € WH(Q,R) |u — ¢ € Wy *(Q,R)}.

(Wg?(Q,R) is discussed in (1.12.2).) A harmonic function u is one that is
critical for the Dirichlet integral, with respect to small W, perturbations. In
fact, there is a unique u € W$‘2(Q,R) which is critical, and it is the unique

energy minimizer in that class, as the following argument shows. Define

inf /|Vv|2
vEW‘ 2(Q,R)

Recall the parallelogram identity for u,v € W?(Q, R):
(2.2i)

/lv(u-{—v

Pick a minimizing sequence {u;} C W¢’ (Q,R), i.e. one for which the corre-

/qu|2d,u+ /IVvlzd/,L

sponding Dirichlet integrals converge to Ey. Pick u = u;, v = u; in (2.2i). As
i,j — oo the right side of (2.2i) converges to E,. Since *}% € W(;’z(Q,]R), the
first term on the left-hand side of (2.2i) is at least Ey. We deduce that for a

minimizing sequence
lim /|V(ui —u)?=0.
1,] =00
Q

But u; —u; € Wy'*(Q,R) and for v € W, *(, R) one has the Poincaré inequal-
ity

(2.2ii) /vzd,u < C(Q)/IVvlzd,u.
Q Q
Hence
1111_13 (u; — uj)’dp =0
Q

as well. Thus {u;} is Cauchy in the W»? norm, and it converges to u € W,
with energy Ey. If v is any other admissable function then v, = (1 — t)u + tv
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is an admissable family and (2.2i) implies the Dirichlet integrals are a strictly
convex function of ¢ (unless u = v). Since this convex function has zero
derivative at ¢ = 0, its derivative must be non-zero at ¢ = 1, so no other
v E W$’2 can be harmonic.

We now prove the general result:

Theorem 2.2. Let (2, g) be a Lipschitz Riemannian domain and let (X, d)
be a NPC metric space. Let p € W2(Q, X). Define

W;? = {u e Wh(Q, X) |tr(u) = tr(4)}

Then there exists a unique u € W;,z which is stationary for the p = 2 Sobolev
energy. In fact, the energy E* = [ |Vu|?dp of u satisfies

E*=Ey,= inf E.

1,2
”Gqu

(Note that our definition of E in this chapter is consistent with (1.10v), so
differs from the one in the rest of Chapter 1 by a multiplicative constant.)

Proof. Let u,v € W"?(Q, X). Then there is a natural analog of the map *}*
considered above, namely we define w(z) to be the midpoint of the geodesic
connecting u(z) to v(x). It is easy to check that w € L?(, X).

If z,y € Q2 we consider the sequence {u(y), u(z),v(z),v(y)} C X. Setting
t =1 and a =1 in (2.1iv) of Corollary 2.1.3 we deduce

202 (w(e), w(y)) < & (ule), u(y) + (v(a), o(v))
- 5 (d(u(y),v(y)) — d(u(z), o)

Multiplying (2.2iii) by f(z) (where f > 0 and f € C.(2)), then integrating
and averaging on the subset |z —y| < € of 2 x Q (as in (1.3)) we deduce first of
all that w € W2(Q, X). From Theorem 1.12.2 we conclude that w has trace
¢, so is an admissable function. We also conclude that

(2.2iii)

2 [ £ivuP < [ 19uP+ [ 5190P = 5 [ £19d0,0) Pl
Q Q Q Q



624 N. J. KOREVAAR AND R. M. SCHOEN

for any f € C.(Q), f > 0. (We have used Theorem 1.6.2.) Hence we have the )

/

analog of (2.2i):

(2.2iv) 2E¥ < E*+E" — % / |Vd(u,v)|*du.
Q

Now let {u;} C W,"* be a minimizing sequence. From (2.2iv) we see that

i%i_rfloo |Vd(us, uz)[*dp = 0.
Since d(us,u;) € Wy (€, R) (Theorem 1.12.2), the Poincaré inequality (2.2ii)
holds and we deduce that {u;} converges in L?(£2, X) to a limit function u. By
Theorem 1.12.2 we have u € W$’2, so by semicontinuity (1.6.1) we also have
E* = Ey. If v is any other admissable function then we may define the one
parameter family of L? functions u;, by defining u;(z) to be the point which
is a fraction t of the way from u(z) to v(z), on the connecting geodesic. From

(2.1iv) with @ =1 we have
d*(uy(2), we(y)) < (1 - )d*(u(z), u(y)) + td*(v(z), v(y))
= t(1 = £)(d(u(y), v(y)) — d(u(z), v(z))*.

It follows as above that each u; € W(;'z, and that

(2.2v)

(2.2vi) E% < (1—t)B* +tE° — (1 — 1) / IVd(u, v)|.
Q

Therefore, if u # v the function E"* is strictly convex. Since it has a minimum
at t = 0, it is strictly increasing at ¢ = 1, so no other admissable v can be

harmonic. O

2.3. The pull-back inner product w. We prove the parallelogram identity
discussed in the introduction, and discuss the resulting non-negative L' tensor

.

Lemma 2.3.1. Let (,g) be a Riemannian domain and let X be an NPC
metric space. Ifu € WH2(Q, X), then for any Z, W € T'(TSY) the parallelogram
identity

[us(Z + W) |2+ [ue(Z — W) = 2/un(2)]? + 2|u. (W)]?
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holds.

Proof. We integrate the pointwise parallelogram inequality (2.1vi) against a
non-
negative f € C.(f2) as follows. For € > 0 fixed, and for each z (sufficiently in)

the interior of €2, write
z1(e) =z +eZ(x), zo(e) =z +e(Z + W)(z),
z3(e) =z +eW(x).

Then we have:

[ ey Ll ula@) | Fulee)) uee)

2

@ (u(z), w(z1(€))) _ d*(u(za(e)), u(z:1(e))

_ dP(u(za(e)), ulza(e)) dz(u(xs(f)),u(w)))}d# <0
g2 g2 -

We claim that as € — 0 this expression converges to the inequality

/f ([4e(Z + W) + [4a(Z — W)[? = 2Jun(Z)? — 20 (W)P?) dps < 0.
Q

To see why this is true consider the second term, for example. By changing

coordinates from z to y = z3(e) = z + W (x) we see that it may be rewritten

*(u(y), u(y +e((Z = W)(y) +0(1)))
52

as
[+ o) (1+ Co)au(y).

Here the first o(1) term depends on the modulus of continuity function

w(f;€lZlo)(y),

and the second one is the difference between Z — W evaluated at = and y. It

follows from Theorem 1.8.1 that as ¢ — 0 this integral converges to
[ $@)(Z - WP (@)du(a).
Q

From the argument above we conclude that

(23)  [unZ+ WP+ (2 = W) < 20u.(Z) + 2lu(W)P
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Applying (2.3i) to the vector fields Z + W and Z — W yields

[ (2Z)? + | CW)? < 2[un(Z + W)]? + 2u(Z — W)
which is exactly the reverse inequality. Thus the parallelogram identity holds. [

For Z,W € T'T(Q) we define
(2.3ii) (2, W) = im*(z W2 — im*(z W)
Theorem 2.3.2. The operator m defined above,
7 :D(TQ) x [(TN) — L', R)
s continuous, symmetric, bilinear, non-negative, and tensorial. Specifically,
(2, 7) = |u.(Z)|> >0

(2.3iii) w(Z,W) =n(W, 2)

w(Z,hV + W) = hw(Z,V) + n(Z, W) (h € C¥1(Q)).
If (2, g) has local coordinates

and corresponding tangent basis

{617 s 7811}7

we write

T = 71'(8,;, Bj).
Then for Z = Z'9; and W = W39, we have
(2.3iv) w(Z,W) =m; Z*W7.

If ¢ : Q) — Q is a CY! map, then writing v = wo v, and m, for the corre-

sponding operator, we have the formula

(23V) (ﬂ'v)ij = 7Tlm’(/))l,i’([)?.
Hence in local coordinates

(2.3vi) [Vul? = gy
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where [g] is (as usual) the inverse matriz to the Riemannian metric matric
[9:5] = [0:, 9))]-

Proof. It is clear from the definition and Theorem 1.11 that the map 7 is
continuous. Abbreviating 7(Z, W) by (Z, W), and writing (Z, Z) = |Z|?, we
see from the scaling property in Theorem 1.11 that

(2.3vii) |RZ|* = |h]*|Z|?

for any h € C%'(Q). In particular, |Z|> = | — Z|>. We may write the parallel-

ogram identity (2.3.1) in the customary way:
|1Z + WP+ |Z - W =2|Z]> + 2|W]>.

It is well-known that the parallelogram identity is equivalent to an inner prod-
uct structure, and we recall the reason why. Starting with the expression
|Z +V + W|?, one uses the parallelogram identity to express it in in terms of
|Z +V — W|? (and squares of sums of “length” one or two), then in terms of
|Z =V — W|?, and finally in terms of | = Z —V — W|? ie. |Z+V + W2
Symmetrizing the resulting identity (via the parallelogram law) one deduces
that

1Z+V+WPE=3(ZP+|V]*+|W[]?)
(2.3viii) ) ) )
—(1Z-VP+|Z-W|+ |V -W]?).
This reduction formula and definition (2.3ii) imply that
(Z,V+W)=n(Z,V)+n(Z,W).

By successive applications of this sum-linearity and by scaling one deduces
that

(2.3ix) m(Z,hW) = hn(Z, W)

for any rational h. By continuity of m we deduce that (2.3ix) holds for any
h € R. By using a partition of unity argument in € (as in the proof of (1.8v))
we deduce that (2.3ix) holds for h € C%1(Q). Thus we have verified (2.3iii).
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The claim (2.3iv) follows from repeated applications of sum-linearity. To

see the chain rule, we note from Theorem 1.11 that

7005, 0:) = [0:(8:)]* = |u(9(83))”
= (4,01, Y7 Om)
= Wzmil/,lﬂl/,T-

(Here we have used {0;} for the basis vectors in §;.) Thus (2.3v) holds when
i = j and the general result follows from the definition (2.3ii) applied to
7,(0;, 0;) and from linearity.

It remains to verify (2.3vi). We note that the function |Vu|* and the func-
tion g“7;; are both coordinate-invariant, the first by definition, and the second
because of the tensorial-transformation law (2.3v) for 7 and g. Now, if g is the
Euclidean metric §;;, then we have from Theorem 1.10 and the normalization
(1.10v) that

[Vuf?* = win / ew(z)do(w).
Sn—1

Writing w = w'0; and applying (2.3iv) we see that

|Vul* = -wl— / Twwldo(w).
nSn—l
Since
L w'wido(w) = 67
wa S,

we see that (2.3vi) holds in the case of a Euclidean metric. The general result
follows because in small neighborhoods one can always pick almost-Euclidean
local coordinates. By continuity of |Vu|? with respect the the metric (Theorem
1.11), we see that in such a local-coordinate chart, (2.3vi) almost holds. Thus

the functions |Vu|? and g"m;; are arbitrarily close, so they are equal. [J

2.4. Geodesic homotopies and interior Lipschitz continuity. In this
section we deduce the interior Lipschitz continuity of Dirichlet Problem solu-

tions, as a consequence of a weak version of the Bochner inequality for A|Vu|?,
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which states that |Vu|? is almost subharmonic. Using refinements of the ar-
guments given here we will derive much more precise estimates in the sequel,
not only for A|Vu|?, but for An(V, V), where V is any Lipschitz vector field.

In order to motivate the general theorem we recall how one can use finite-
difference ideas in the classical case (of harmonic functions on Euclidean do-
mains) in order to deduce interior gradient bounds. The proof in the general
case will follow the same idea but will be complicated both by the fact that
the target is more general, and by the fact that the domain is non-Euclidean.
Because we do not want to assume any linear structure on the target we will
phrase our finite-difference argument in terms of energy inequalities between
our solution and certain compactly-supported distortions of it which also make
sense in the NPC setting.

Let Q be a Euclidean domain, and let u be the solution to the Dirichlet
problem, as in section 2.2. Let n € C§*(2),n > 0. Let w be a constant vector

of small magnitude, and define
(2.4i) Uy(z) = u(z + w).

As long as |w| <dist(supp(n), 0Q2), the function (1 —n)u+mnu,, is an admissable

comparison function, and we have
(2.4ii) [ 19uldn < [19(0 = nu+ ) Pdu
Q Q

But since u,, is also harmonic we have a symmetric inequality

(2.4ii) / IV [2dp < / V(1 = 1) + 7).

Qw

Adding these two inequalities, cancelling the zero* order terms, and collecting

terms which are first and second order in 7, we get:
(2.4iv)
0< / ~VneV(u—1uy,)? — Q/nIV(u — uy,)|?

+2/(Vn|2(u—uw)2+2/n2|V(u—uw)|2+/V(ng)ov(u—uw)Q,
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Noting that the quadratic terms are all well-defined, we deduce (by considering

variations by tn as t — 01)

(2.4v) 0< /——Vn o V(u—1uy)? - 2/17]V(u — uy)[?.
But this is just the statment that
(2.4vi) Aty — u)? = 2|V (uy —u)|* >0

weakly. (Note, that in the present case we actually deduce the equality in
(2.4vi), since we are able to consider two-sided variations (¢ positive and neg-
ative). This will not be possible for a general NPC target.) In particular,
(u — uy)? is subharmonic, so its value at the center of a ball of radius R
is bounded by its average value on the entire ball. By monotonicity of the
approximate-energy functionals (or by directional derivative theory (1.9), this
average value is bounded above by a dimensional constant time |w|*E/R"
(where E is the total energy of the map u). We deduce that u is Lipschitz
continuous, with constant depending on the distance to the boundary of Q.

We remark that by considering displacements tw with ¢ — 0%, we are able
to deduce from (2.4vi) that

Alu, (w)]? >0

weakly. By then averaging over all directions in the unit sphere (or ball), we
conclude that
AlVul* >0

weakly. One could use this last inequality to deduce the Lipschitz estimate,
and that is the strategy we will follow in case our domain is non-Euclidean. In
that case our argument will be complicated by the fact that it is not possible
to pick Killing translation fields (like w above) and so there will be error terms
in our estimate.

In order apply the above arguments to maps into NPC spaces, we must
first prove some lemmas showing that the analogs of the maps (1 —n)u + nu,,
behave well in the general setting. For ug,u; € Wh2(£,X), 0 <t < 1 and
z € Q define uy(z) to be the point which is the fraction ¢ of the way along the

geodesic from ug(z) to uq(z).
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Lemma 2.4.1. Let (Q2,9) be a Lipschitz Riemannian domain and let (X, d)
be an NPC metric space. Let ug,u; € WH2(Q, X) and let n € C*'(Q) be a
Lipschitz function, 0 < n < 1. Define

Un(2) = (1= nuo +nu1)(Z) = un@)(x).
Then u, € W12(Q, X).
Proof. This lemma follows immediately from the convexity of distances under

geodesic homotopy and from the triangle inequality. Indeed, we have the

estimate

& (tn(y) (Y)s Un(z) (T))
4% (U () (), Un(z) (Y)) + 4d° (tn(z) (¥), Un(y) (1))
A[d? (uo(z), uo()) + d*(ua(x), u1(y)) + (n(y) — n(x))?d®(uo(y), u1(¥))],

IN

IA

which implies that u, is a finite-energy map. O

Lemma 2.4.2. Let ug,u;,n be as above, with 0 < n < Use subscripts

1
5
on w to indicate which map is being used to compute the particular tensor.
Then, considered as bilinear forms we have the following inequality between

the various m’s:
Tu, + Tuy_y < Tuo + Tuy — VT/ Y dz(uo, ul) + Q(T]’ V77)
Here Q(n,Vn) consists of integrable terms which are quadratic in n and V1.

Proof. Define

n- = min(n(z),n(y)) 7" =max(n(z),n(y)).

If n_ = n(y) we consider the ordered sequence

{un_ (), un_(2), u1-y_(2), v1-9_(¥)},

take
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and apply (2.1v). In case n_ = n(z) we interchange the roles of z and y and
also apply (2.1v). In both cases we deduce

(2.4vii)  d?(un(y), un()) + d*(w1-5(y), 14 (z))
< dz(un- (y), Uy (.’13)) + dz(ul—n— (y)a Ur—p_ (:L‘))
= (n(y) — n(2))(d*(uo(y), ua(y)) ~ d*(uo(z), wa(2))) (1 - 2n(y))

2 0@ 1, @)+ (), o) (L5722

It follows from the geodesic convexity statement (2.1iv) that

(2.4viii) dz(un- (¥), uy_(z)) + d2(ul—n- (¥), u1-5_(z))

< d?(uo(y), uo(x)) + d*(ur (), wa ().
Let Z € T'(TSY) be a Lipschitz vector field. By taking y = Z(z, €), integrating
(2.4vii) against a non-negative f € C.(2), noting (2.4viii), averaging with

respect to €, and letting € — 0, we deduce

(24ix)  |(uy)+(Z)]* + (u1-0)(2)*
< N(uo)« (2) + (1)« (2) = nu(2)(d* (w0, u))+(2) + Q(n, V),

which is the claim of our Lemma. In this deduction we have used the fact
that d*(uo,u1) is a real-valued Sobolev function (Corollary 1.6.3), and that if
n and h are two functions in W'2(Q2,R), then the measure 7,(Z)h.(Z)dy is
the weak limit of the expressions

(n(y) = n(2))(h(y) ~ h(z)) ,
e2

m

(where y = Z(z,¢)) as € — 0. This last fact follows immediately from the

identities
|0+ B)u(Z)? = [0.(Z)* + |he(Z)* + 20.(2) 1 (Z)
and

((m+h)(y) — (n+ h)(2))®
= (n(y) — n(x))* + (h(y) — k(2))* + 2(n(y) — n(z))(h(y) — h(z)).

Thus Lemma 2.4.2 is complete. [
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Remark 2.4.3. In case ) is a Euclidean domain we can use Lemma 2.4.2 to
conclude that a harmonic map is Lipschitz continuous in the interior, in direct
analogy with the argument given at the beginning of this section. Indeed, we
take w to be a constant vector and define u,(z) as in (2.4i). Then Lemma
2.4.1 and the minimizing property of harmonic maps imply that (2.4ii) and
(2.4iii) both hold. We sum these two inequalities and use Lemma 2.4.2 to
expand the right-hand side. (Take the trace of the bilinear-form inequality,
i.e. apply it to the basis vectors 9; and sum over i.) This yields

/ IVul? + / Vauo|? < / IV, 2 + / Vs [
Q Qo Q Qo
< [1vul+ [1Vuul - [ Ve(w,un) e V0 + [ Q0 V).
Q Qo Q Q

Cancelling the zerot*-order terms, replacing n with tn, and letting ¢t — 0
as before, we deduce the weak subharmonicity statement which compares to
(2.4vi):

Ad®(u, uy) > 0.

This implies the interior Lipschitz continuity. Note, what we are really showing
(and using) here is the fact that whenever uy and w; are harmonic with respect
to the same domain metric, then d?(uo,u;) is subharmonic.

Unfortunately, for a non-Euclidean domain we must estimate somewhat
more carefully. In particular, it is convenient to introduce another inte-

grable tensor. In the case of real-valued maps uy,u;, it corresponds to |(1 —
)(0)+(Z) + n(w1)(Z)[*.

Lemma 2.4.4. Given up,u; € W12(Q, X) and n € C(Q), with 0 < n < 1,
there exists a symmetric bilinear integrable tensor P(ug,u1,m) defined on the
subset {0 < n < 1} C Q, as follows: For any Z € T(TQ),
d2(un(w) (.'ZI), Un(z) (L_L’_(:L‘, 6)))
c2
on the subset 0 < n < 1.

dp = P(uo, ur,n)(Z, Z)dp

Proof. The reason that P exists is the convexity property of d?(P;, Q,) (2.1iv)

on geodesic paths. Since d? is always non-negative one immediately deduces
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that it is Lipschitz continuous away from ¢ = 0,1. In fact, for 0 < s <t < 1

we have the estimate

L (P Qo) < (P, Q) ~ (P Q1) <

S

(2.4x) (P, @Qy)-

Now, let f > 0 be continuous and have support in {§ < n(:r:) < 1-46}, for some
6 > 0. Assume first that n € C§°(Q). Given any At > 0 we may partition a
subset of the interval (6,1 — §) containing the support of f, into a collection
of intervals {(¢;-1,%;]} so that the ¢; are regular values of 7, and so that the
norm of the partition (the length of the longest interval) is at most At.

For Z € T(TQ) and for € and z given, we write y for Z(z,¢). Using this

convention we make the following definitions:

/f( ur)(az ) Un(z) (y)) u

Q= {:cl tion <n(z) <t}
ﬁz (f /f Ut1 (x)$uti (y))d,u

g2

EW)/f (0,)+(2) P
wo(x), w(®)) + s (), wa(v))

g2

Mcf) = /f
M(f) = /fﬂ%(nwmmMMW

It is clear that
lim M.(f) = M(f).
Because the (2; have smooth boundaries it is easy to show that
lim £:(f) = £(f).
From the continuity estimate (2.4x) we deduce
. At
SLUS) - SMAS) < LF)

(2.4xi) :
< L)+ FEMA).
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Letting € — 0 in (2.4xi) yields

3£ ~ M) < timipt £.(7)
(2.4xi) A
< limsup Lo(f) <5 L(f) + 5 M(f)-

Since At may be chosen arbitrarily small (2.4xii) implies the existence of a
weak limit to the functionals £.. The corresponding measure is absolutely
continuous with respect to Lebesgue measure (from (2.1iv)), so has an L!
density function P(ug,u1,m)(Z,Z). The bilinearity, symmetry and tensorial
properties of P also follow from (2.4xii), since the functions |(us,).(Z)|? arise
from tensors m;, possessing these properties (Lemma 2.4.1).

If n is only in C(R2), then let f,6 be as above, and let 7 € C(Q2), with
|7 — Tleo < 6/2. The inequalities (2.4x) and (1.4vii) imply

(utii)  122(F) ~ 2P < 20T g 1) < 21Tl g0

With this estimate one can approximate continuous 7 with smooth 7 to deduce

the general claim of Lemma 2.4.4. O

From the functions ug,u1,n as above, and the resulting tensor P discussed

in Lemma 2.4.2, we define another auxiliary tensor C > 0 by
(24X1V) C(UOa Uy, 77) = Ty + Ty — P(”‘Oa Uy, 77) - P(Uo, Uy, 1- 17)

The following lemma contains the estimates which will enable us to extend

our proof of Lipschitz continuity to the general setting.

Lemma 2.4.5. Let up,u; € WH*(Q,X), n € C3(Q) with0 < n < 1. Us-
ing Q(n, Vn) to represent integrable quadratic error terms as in our previous

Lemma 2.4.2, we have the following estimates on {n > 0}:
Tun + 7ru1_,, Sﬂ'uo + Tuy — C(”O» U1, 77)

~ V1 ® Vd*(u,u1) + Q(n, V)
(2.4xvi) 0L nmy + (1 — 0wy, — P(ug, w1, 1 — 1) < C(ug,u1,n)

(2.4xv)

(2.4xvil) |y, — P(uo,u1, 1 —n)|
< C|Vnld(uo, u1)(|Vuolr + [Vur|1) + Q(n, V).
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Proof. The inequality (2.4xv) follows from Lemma 2.4.4 (also using (2.4xiii))
and the inequality (2.4vii). Notice that (2.4xv) is an improvement on Lemma
2.4.2. The second inequality (2.4xvi) follows from properties of convex func-
tions. To see why, let c(t) be a convex function defined on the interval [0, 1],
and define

C(t) = ¢(0) + (1) — ¢(t) — c(1 —?2).

Then the inequalities
(2.4xviii) 0<tc(0)+ (1 —1t)c(l) —c(1—1t) < C(t)

hold, since the first one follows immediately from convexity and the second

one reduces to the other convexity statement
c(t) < (1 —1t)e(0) + te(1).

Taking t = n(z), y = T(z,€) c(t) = dP(u(z), ut(y), integrating and averaging
against suitable f, and applying (2.4xviii) gives the conclusion (2.4xvi).
We are left to show the final estimate (2.4xvii). From the triangle inequality

we have

(2.4xix)  d(U1-n(2) (T), U1-n(2) (¥) — 1Y) — n(z)|d(uo(y), ur(y))
< d(U1-y(z) (), U1-n(y) ()
< d(U1—y(2) (2), U1-n() (¥)) + [n(y) — 1(z)|d(uo(y), w1 (y))-

The inequality (2.4xvii) follows from (2.4xix) upon squaring, integrating and
averaging, and letting ¢ — 0. Letting the reader check the details, we note

that the argument uses the estimates

d(ue(z), ue(y)) < d(uo(2), uo(y)) + d(ur(2), ua(y)),
In(y) — n(z)| < el Z|(IVn(z)] + 0c(1)),

and the fact that the p = 1 approximate energy functions of a p = 2 Sobolev
mapping, when integrated against an L? function h, converge to the integral
of the limit p = 1 energy density times h. This completes the estimates of
Lemma 2.4.5. O
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Theorem 2.4.6. Let (2,9) be a Lipschitz Riemannian domain, and let u
solve the Dirichlet problem, as in Theorem 2.2. Then u is a locally Lipschitz
continuous function in the interior of §), where the local Lipschitz constant is

bounded above by

(smae o)
min(1, dist(z, 0Q)") ) ’
where C is a constant which depends only on dimension n and on the regularity

of the metric g, and where E is the total energy of the map u.

Proof. Let w be a unit vector field defined on a local coordinate chart of €.
Write usy,(z) = u(Z(z, s)). The function ug, is harmonic with respect to the
pull-back metric g,, = Z*(g). Let n € CZ(R2), with 0 < n < 1. Assume (for
technical reasons) that d{n > 0} is a set of zero Lebesgue measure. Take
Up = U, U1 = Uy, and define u,, as above. Assuming that s is sufficiently small

we may write the analog of the sum of (2.4ii) and (2.4iii) as

/ (Tuo)i59% dps + / Ty )i5 (97 A1) sw / T, )i 97 A + / (Tuy_y)ig (97 Apt) s
Q

Q

We may regroup the terms as follows:
(2-4xx) /(71'% + Wul)ijgijd# < /(Wuf, + '/T'ul_q)ijgijd'u
Q Q
[Ty = Mg ) — 57
!

If we define the functions P and C to be zero on {n = 0}, then because of
our assumption that {n > 0} has measure zero, we may deduce from Lemma,
2.4.5 that

(2.4xxi) /(ﬂ'u,’ + wul_n)ijgijdu
Q

< /(71'1“J + Ty )isg9 dp — /Vn o Vd?(u, Ugy )dp
Q Q )

—/C(umul’n)ijgijd:u'_l'Q(n» Vﬂ)
Q
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To estimate the other terms in (2.4xx) we write
(2.4xxii)
MTuyey = T = My, — P(ug,u1,1 =)
+P(uo, ur, 1 = 1) = 7o = (1= 0)7wy + 0Ty = Tuo)-
The last term of (2.4xxii) contributes a term in (2.4xx) which may be rewritten

by changing variables in part of the expression, from z to Z(z, s):
(2-4xxiif) / Mg = T)i5 (97 dM)sw — 97 dpr)
Q
= [ ()5 (207 dis = (67 Ao = (7))
Q
+ /(ﬂ'u)ij (n—sw - ﬂ)(gijdﬂ - (gijd'u')—sw)'
o)

Combining (2.4xx)-(2.4xxiii) with the estimates of Lemma 2.4.5 we see

0 S/dZ(U,usw)And/.L—/C(uo,usw,n)ijgijd,u
0 Q
axcv)  +Cs [ 19910, u0) (Tl +[Vusl)dp
(9]
+Cs [ 1C(uo, tguy midp+ C5* [ (n+ V0]Vl
Q Q

Dividing the inequality (2.4xxiv) by s?, averaging over a frame of unit vectors

w, and letting s — 0 we deduce

(2.4xxv) / IVu2(An + C|Vn| + Cn)dy > 0.
Q

(Note that we may remove the technical condition that d{n > 0} have zero
Lebesgue measure by an approximation argument, once (2.4xxv) is established
for functions satisfying this requirement.) This last inequality says that |Vu|?
is essentially subharmonic. It is well known (see e.g. [Mo]) that this kind of
differential inequality implies that the essential supremum of |Vu|? in a ball
of radius £ is bounded by a constant times its average value on the concentric
radius R ball, as long as R < 1. (One can also show this by using radially-
symmetric test functions in (2.4xxv) to deduce a differential inequality for the



SOBOLEV SPACES AND HARMONIC MAPS 639

integral averages of |Vu|? over radius r spherical shells centered at points in

the £ ball.) Hence the directional derivative energies |u.(Z)|* are similarly

2
bounded (for bounded vector fields Z.) Working with the local-coordinate field
0, we construct a representative of v which is locally Lipschitz continuous in
the 0, direction, using the techniques and results of Lemma 1.9.1. Working
inductively in successive directions 0s, . .. , 0,, we construct a representative of
u which is Lipschitz continuous in the % ball, with Lipschitz constant bounded
by a multiple of the bound for |Vu|. For a given z € Q2 we may choose R to
be the minimum of d(z,df?) and 1. The resulting estimate for the Lipschitz

constant is exactly the claim of our Theorem. [0

Remark 2.4.7. Wherever the boundary of () is smooth and the boundary data
are C* (0 < a < 1), T. Serbinowski has shown that the solution u extends to
be C* up to the boundary, with the C* norm depending on the boundary and
on the total energy of the map [Se].

2.5. Center of mass constructions. We recall that averaging works well
for maps to NPC spaces (X, d), and that distances between centers of mass can
be estimated from above in terms of the average distances between the maps.
These distance estimates follow from the quadrilateral comparison lemmas of
[Re] which we discussed in §2.1. In the next section we will convert the distance
estimates into Lipschitz and energy bounds for various auxiliary Sobolev maps
related to the study of equivariant harmonic maps.

Note that the definition of L? maps given in (1.1) really only requires the
domain to be a measure space, as long as one restricts to separable maps
for which inverse images of open sets are measurable. In this generality we
consider a domain measure space M, and a probability measure v defined on
M (i.e. v is non-negative with total mass 1).

Lemma 2.5.1. Let (M,v) be a probability measure space, let (X,d) be an
NPC space, and let f € L*(M, X). Then there exists a unique center of mass
f =7, for f, defined as the point in X which minimizes the integral

1,(Q) = [ &(5(m), Q)dv(m)
M
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Proof. We claim that the integral above is uniformly convex in @), so that any
minimizing sequence converges to a (unique) limit. Indeed, if Py, P; are two

points in X, with midpoint Py, then triangle comparison (2.1ii) yields
1 1 1
P(f(m), Py) < 5d(f(m), Po) + s(f(m), Pr) = 7d(s, Py).
Integrating over M we obtain
1 1
Zdz(Po,Pl) < E[I(Po) +1I(P)] - I(Py).

Thus any minimizing sequence {P,} is Cauchy, so the integral attains its min-

imum for a unique point in X. O

Proposition 2.5.2. Let M be a measure space, and let v, v’ be two probability
measures on M. Suppose f,h are in L*(M, X) for both measure choices.
Write f for f, and h for h,.. Then for any 0 < a < 1 we have the estimate

EER) < [End-a [l n-dFRPw - 1= [P
M M M
—d(h, R)[Pdv + 2d(F, F) / d(h, B)|dv — dv'|.
M

Proof. Consider the geodesic from Q = f to R = h, and write Q, for the point
which is a fraction ¢ of the distance between @ and R. Since

Iny(_f_) —<- If,u(Qt)) Ih,u’ (E) S Ih,u’(Ql—-t)

we have
@5) [T+ 0T dv< [d(f,Q) +d(h, Qi) dv

+ / [@2(h, B) — d2(h, Q1)) (dv — dv/).
Estimate the integrand which appears in the first term of the right side by
using Fuclidean distance comparison: For each m € M we construct the
quadrilateral with consecutive vertices f(m), f, k, h(m) and apply (2.1v):
(2.5ii)
d*(f, Q) + d*(h, Q1) < d*(f, ) + d*(h, h)
+ t[dz(fa h) - dz(_f’ E)] - t(a[d(fa h) - d(?} E)P
+ (1= o)[d(f, f) — d(h, R)]?) + 26d*(f, R).
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Integrating (2.5ii) with respect to v yields a bound for the first term on the
right of (2.51). We may bound the second term by writing

d*(h, k) — d*(h, Q1-0)
as a difference of squares, using the fact that

d(ﬁ» Ql—t) = td(?a E),

and applying the triangle inequality in the difference term. The resulting
upper bound is

td(F,B) / [d(h, F) + d(h, Q1_0)]|dv — dv'|.

Use these estimates in (2.51) and note that the terms which are order zero in
t cancel. Divide the resulting inequality by ¢. Proposition 2.5.2 is the limit
inequality ast — 0. O

Remark 2.5.3. Note that Proposition 2.5.2 is the natural generalization of the

distance convexity statement (2.2iii) which lies at the heart of the solution to

Dirichlet’s problem. Indeed, (2.2iii) is the case of Proposition 2.5.2 in which
1

the measure space consists of two points a,b, each of mass 3 (v =1') and

a = 0. The maps f,h are given by

fla) = u(z),f(b) = v(z),f = w(z)
h(a) = v(y), h(b) = v(y),h = w(y).

More generally, if u € L*(M x M, X) is any parameterized family of maps,
then one can construct the average map analogously. In this case we take any
probability measure v = v’ defined on M, take f(A) = u(z, ) and h(A) =
u(y, A). Applying Proposition 2.5.2 with & = 0 we deduce (after integrating
over the set |x — y| = €, averaging, and letting € — 0) the generalization of
(2.2vi):

(2.5i) ET< / EMdu(\) — / / Vd(ux(z), 8(z)) Pdp(z)dv()).
M

MM

(We have written uy(z) for u(z, A).)
Finally, we recall the distance decreasing property of projection onto convex
subsets of NPC spaces X. This fact is well-known, at least in the case of
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Riemannian NPC X. In metric space generality it is easiest to prove with

quadrilateral comparisons.

Proposition 2.5.4. Let K be a closed, geodesically convex subset of the NPC
space X. Then there is a well-defined nearest-point projection map v : X — K
so that

d(n(Ry),m(Py)) < d(Pp, Pr)
for all Py, P, € X. In particular, if M,v, f are as in Lemma 2.5.1, and if the
range of f lies in K, then so does the center of mass f.

Proof. The last claim, that the center of mass f lies in K whenever of the
range of f does, follows from the existence of m: Because 7 fixes the range of

f, its distance decreasing property immediately implies

I, (m(Q)) < I1,.(Q)

for all Q € X. The uniqueness of f then proves this claim.

The existence of the projection map is the fact that every Q € X has
a unique nearest point in K: If Py, P, are in K then so is Py, and so the
reader may verify (as in Lemma 2.5.1) that triangle comparison (2.1ii) forces
a (distance to ()) minimizing sequence {P;} C K to be Cauchy.

We now show the distance-decreasing property of 7. Consider the quadri-
lateral with consecutive verticies Py, (F,), w(Py), P1. Let @Q; be the point a
fraction ¢ of the way along the geodesic from 7 (Fp) to w(P;). Applying (2.1v)
(as in Proposition 2.5.2) yields

d*(Py, Q1) + d*(P1,Q1—) < d*(Po,m(Py)) + d*(Py,m(Py))
+t[d2(Po, Pl) - d2(7T(P0), 7T(P1)]
+2t%d*(m(PRy), m(Py)).
Combine this with the competing statement
dQ(POa 7"-('PO)) + d2(Pl> 7"-(131)) < d2(P07 Qt) + dQ(Pla Ql—t)'

Note that the terms which are order zero in t cancel, divide the resulting
inequality by t, and let t — 0 (just as in the proof of Proposition 2.5.2) to
deduce Proposition 2.5.4. O
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2.6. Equivariant mapping problems. Let (M, g) be a metrically complete
Riemannian manifold, possibly with smooth compact boundary M. Denote
the fundamental group m; (M) by T and the universal cover of M by M. Let
X be a metric space, and p : I' — isom(X) a homomorphism. Such p are
also called representations of I'. We will write p(y)z for p(v)(z). A particular
case of this configuration is the (identity) representation of T to isom(M), in
which I" acts via deck transformations.

A map u: M — X is said to be I'—equivariant if

u(yz) = p(y)u(z)

for all z € M and v € T.

For a I'—equivariant map u the real-valued functions d(u(z),u(y)) are in-
variant with respect to the domain action. If the map u is locally a Sobolev
map, then it follows that the directional and Sobolev energy densities consid-
ered in Chapter 1 are I'—invariant, so we may think of them as being defined
on the quotient M.

An equivariant map u is said to be harmonic if it is (locally) a p = 2
Sobolev map, and if it is stationary for the p = 2 total energy, defined for
locally Sobolev, equivariant v : M—X by

(2.61) B = / IVol2dp.
M

This integral is well-defined as long as M has finite volume. In our case of
NPC target X it is clear that the energy convexity statement (2.2vi) holds:

(2.611) E™ < (1—)E* + tE® — (1 — t) / Vd(u, v)[?.
M

(In fact, the more general statement (2.5iii) holds.) Thus stationary is equiva-
lent to minimizing. (Note, the Dirichlet problem considered in §2.2 is a special
case of equivariant theory, if one takes the homomorphism p to be trivial.)

A strategy in studying group representations which has proven useful is
to construct harmonic I'—equivariant maps, since in many cases the result-
ing BEuler equations (or Bochner formulas) for the maps allow one to deduce

information about the representation. (For example, in many cases one can
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prove that the map must be constant and therefore the map’s equivariance
implies that p(I") has a fixed point.) One consequence of Proposition 2.6.1
below is that in case of compact M the class of finite-energy equivariant maps
is non-empty, so the direct method of energy minimization has a chance of
producing a harmonic equivariant map.

Assume that I' is finitely generated, say by vi,...,7,. (If M is compact
this is always the case.) For P € X define

(2.6iii) 6(P) = Jnax d(p(vi)P, P).

(It is clear that ¢ is a positive function on X if and only if the representation

p of " has no fixed points.)

Proposition 2.6.1. Let M, T, p be as above with 9M = () and suppose that X
is NPC. Then there ezists a p—equivariant locally Lipschitz map u: M — X.
Let P € X satisfy 6(P) =¢6'. If M is compact then u can be constructed to be
globally Lipschitz, and there is a constant C = C(M) so that the global bound
on the Lipschitz constant L of u is of the form

L<Cé.

If M is complete (but not compact) the local Lipschitz constant L(z) of u(x)
is bounded by
L(z) < C(z)8'
for a locally bounded function C(z), which depends (only) on the domain man-
ifold M.

Proof. Before constructing the map u note that the equality §(P) = ¢’ implies
that we may estimate d(p(y)P, P) for any v € I, in terms of the word length
of v with respect to the generating set 7vi,...,7,: For example, write p; for

p(v:) and bound
d(psp;P, P) = d(p,P, p;'P)
< d(p; P, P) +d(P, p; ' P)
= d(p; P, P) + d(p: P, P)
<26
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It follows inductively that if v has word length |y| < k with respect to the

generating set, then
(2.6iv) d(p(y)P, P) < k¢'.

We construct an initial equivariant map v which is piecewise constant on
M, and we first consider the case of compact M: Pick a compact fundamental
domain M, for M, in M, so that its boundary has zero measure. Then the
action of v € T' on M moves M, to a different fundamental domain yM,, and
these images define a partitioning of M except on the zero-dimensional set
formed by their boundaries. Define the piecewise constant function v by the

equivariant extension of v(M,) = P:

v(yMo) = p(v)P.

We define the (mollified) map u(z) to be the average of v, taken over B(z,1).
In the formalism of Proposition 2.5.2 take the measure space M to be the
natural numbers N. Let 7;,72,... be a denumeration of I' which extends
Y1y .-+ ,%Vp. Define the mapping f from N to X by

f(@@) = p(%)P.
For z € M, define the probability measure v = v, on N by

U (’L) — :U‘(B(:L" 1) N ’Yi(MO))
: wB(z,1)

(Here p is the Riemannian volume measure on M obtained by lifting the

corresponding measure from M.) Define

u(@) = f,,.

The map u is '—equivariant because the measures v, are I'—invariant, and
because f is equivariant with respect to the natural action of T on N.

Because M, is compact there is a finite bound k so that whenever the
“translation” yM, has points within distance one of My, then the word length
|7] < k. It follows that (2.6iv) holds with this choice k, for any such «. Hence

(2.6v) d(u(z), £(i)) < 2k&'
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whenever y = ; is as above. This is because all such f(7) are within k6§’ of P
so the center of mass u(z) (which depends only on these values f(7)) is also
within the ké’ ball about P (e.g. Proposition 2.5.4).

If £,y € M it is clear that we also have the estimate

(2.6vi) Z V2 (i) — vy (1)] < Cilz — g

for some constant C; depending only on M.

We now apply Proposition 2.5.2 in the case f = h, v = v, and V' = v,. The
first term in the resulting estimate is zero, we ignore the second one since it
is non-positive, and we estimate the final one using (2.6v,2.6vi) above. The

result is the inequality
(2.6vii) 2 (u(), u(y)) < 2d(u(z), u(y))2k8 Ci e — yl,

which implies the desired uniform Lipschitz constant for u. (Since the Lipschitz
constant of u is '—invariant it suffices to estimate it on Mp.)

For non-compact M the proof is essentially the same, except now the fun-
damental domain Mj is only locally compact. We replace the global constant
k in (2.6vii) with a number k(z) which measures the maximum word length
|7] over v satisfying

B(z,1) NyM, # 0.
The constant C; must now be chosen to depend on z as well, so that (2.6vi)
holds for all y € B(z,1). The inequality then holds for all y if C; is taken to
be > 2. (If M had sectional curvature bounded from below then C; could still
be chosen globally.) The result of these modifications is the inequality

(2.6viii) d*(u(z), u(y)) < 2d(u(z), u(y))2k(z)6'C1(z)|z — y|
for all z,y € M. This proves Proposition 2.6.1. O

Remark 2.6.2. Assume the configuration of Proposition 2.6.1. If we select a
“small” closed set C. in M, by which we mean one that lifts to a compactly
contained subset of the interior of M,, then we can find an equivariant map u
which is piecewise constant on each lift of C,, and which has the same Lipschitz
constant control as that given in Theorem 2.6.1. The way to construct this

function in terms of our previous calculations is to first scale the domain metric
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so that the lift of C. is distance at least 1 away from OMj. In this case the
function u constructed in the proposition will have the desired properties.

For general complete M it is not clear whether the maps u constructed in
Proposition 2.6.1 will have finite energy; the calculation for a particular M
depends on an interplay between the deterioration of the Lipschitz constant
and the decay of the volume, as one approaches oo on M.

Even when the set of candidate maps for the equivariant problem (without
boundary) can be shown to be non-empty, there is no Poincaré inequality so
the question of convergence is much more delicate than it was for the Dirichlet
problem. For example, it is possible for a minimizing sequence to approach
oo in X. In the case of non-locally compact target it may even happen that
a sequence which is uniformly bounded has no convergent subsequence. It is
true and somewhat surprising, however, that the sequence of tensors 7 for any
minimizing sequence does converge, to a unique limit tensor:

Proposition 2.6.3. Let M be a metrically complete Riemannian manifold,
possibly with compact Lipschitz boundary OM, and with fundamental group
m (M) =T. let X be an NPC space, and let p : T' — isom(X) be a homomor-
phism. If the corresponding set S of of equivariant (p = 2) Sobolev maps is
non-empty, then for any energy minimizing sequence {v;} C S we have

tim [ [ 1100.@) = 1@ @)] Pdo(@)du(z) =0.

1,j—00
M Sn-1

In particular, there is a unique integrable tensor m so that

lim / / |7 (w, w) = 7y, (w, w)|do(w)dp(z) = 0.

1—00

M Sn-1

Proof. For two maps u,v and their midpoint map w, we apply quadrilateral
comparison (2.1iv) with ¢t = % and (for the first time in this paper) a = 0:

P, uE) < EuE),u) + 5@ 0),9)

_%[d(u(w)» u(y)) — d(v(z),v(y))]*
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Multiplying this inequality by a non-negative f having support in the interior
of M, ball-averaging as in (1.2vii), and letting € — 0, yields

(2.6ix)

o n+2 d(u(z),u(y)  dv(z),v(y))\* du(z)du(y)
hr?_?(lylp 4w, IZI/ ﬂx)( € B € ) g™
< SE()+ 5B () - V().

(We have normalized the functionals E*(e) to be consistent with our total
energy definition (1.10v).) Using the techniques of Chapter 1 it is possible to
show that the expression on the left of (2.6ix) approaches 21:;—,, times

| [ 1@l1)l - 1o.@)] Fdu(a)do(w)
Sn-1 M

as € — 0. We leave the details to the reader, but sketch the idea: Use a
partition of unity to approximate the integral in (2.6ix) with a sum of ones
involving e directional energies, so that the new limits are {2 x S*~!. Then use
the fact that for directional energies, the p = 1 approximate energy density
functions of p = 2 Sobolev maps‘ converge in L2, to the p = 1 energy functions.
The claimed limit will then follow from the Lebesgue dominated convergence
theorem.

Pick an increasing sequence { f } with compact support in the interior of M,
so that the fi converge to the constant 1. The right side of (2.6ix) converges
to the number . .

§E“ + §E” - E*.
We may therefore deduce the first limit claim of Proposition 2.6.3 by choosing
u = v;, v = v; in (2.6ix), for the functions {fi}. The second claim follows from
the fact that

T (w, w) =y (w, w)| < | |us(w] = [ou(W)] - | ue ()] + o (w)] ]
and the Cauchy-Schwartz inequality. O

In case one is attempting to understand the behavior of a minimizing se-
quence, it is helpful to know that the modulus of continuity is under control.

The next theorem allows one to construct Lipschitz minimizing sequences.
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The idea is to modify a given minimizing sequence as follows: Use its val-
ues as boundary data for a family of Dirichlet problems, and then use the
averaging techniques of §2.5 to piece these Dirichlet problem solutions into a
Lipschitz sequence which is still minimizing. In spirit this is like the Perron
method for constructing harmonic functions, but the technical ideas here are

quite different since they are not based on the maximum principle.

Theorem 2.6.4. Let M be a complete Riemannian manifold with finite vol-
ume (and without boundary), and let X be an NPC metric space. Let p: T —
isom(X) be a representation of m (M) =T. If M is compact there is an en-
ergy minimizing p— equivariant sequence {u;} with the property that all the u;
are (uniformly) Lipschitz continuous. In fact, there exists a C' depending only
on M so that the Lipschitz constants of each u; can be bounded by

C§(P),

where § is the displacement function (2.6iii) and P is any point in X.

If M is complete (but not compact), suppose the set of finite-energy p—
equivariant maps from M — X is non-empty, and that there ezists one of
energy E < oco. Then there is an equivariant minimizing sequence {u;} :
M — X, so that for any compact subset K C M and i sufficiently large
(depending on K ), the u; are Lipschitz continuous on (the lift to M of) K,
with pointwise Lipschitz constants bounded by C(z)E*. Here C(z) is a locally
bounded function depending only on M.

Proof. First treat the case of compact M. Start by picking a finite covering of
it with (say) balls, {B7};-1,.. .m. Pick the balls small enough so that for any
z € M the set

(2.6x) U B

jlz€BI
is simply connected. Pick a subordinate partition of unity, {n’}, and compact
subsets Z7 C B’ so that the support of each 77 is contained in the interior
of Z7. Lift the functions 7/, and the sets B’,Z7 to invariant functions 7’ and
invariant sets B9,Z9 on M.
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By Proposition 2.6.1 the set of admissible maps is non-empty, and the infi-

mum of their energies E° is bounded by
(2.6xi) E° < C§(P)*

where C' depends only on M. Now, let a minimizing sequence {v;} be given,
with energies E¥ — E°. In each B’ use the (equivariant) traces of v; as
Dirichlet data, and apply Theorem 2.2 to construct equivariant harmonic maps
u!. Extend v outside Bi, by defining u/ = v; there. By Theorem 1.12.3 it
follows that

(2.6xii) E% < E¥,
Now define the equivariant sequence {u;} on M by
wi(@) = Y7 (2)u (z).
i=1

In the formalism of Proposition 2.5.2, this means that for the measure space

M =1{1,...,m} and for z € M we assign a measure v, with values
ve(5) =7 (2),

the map f:{1,... ,m} :— X given by
£(5) = ul(z),

and define u;(z) to be the center of mass f,, .
Proposition 2.5.2 allows us to compare u;(z) to u;(y) for y near z. Defining
v, in terms of the values 7/(y) and h in terms of the values u!(y), we deduce

(2.6xiii)
(e, ) £ 3P @A), w)
+ 20(u(a), w(0) Y. ), u() 7 () ~ 7 ()]

The following limit statement, which we digress to prove, quantifies the sense
in which the second term in the right side of (2.6xiii) becomes negligible as
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1 — 00:

(2.6xiv) lim  sup d(u (y), ui(y)) =

100 je(1,...,
JEZJ

Since u;(y) is an average of the u!(y) for which y € Z7, (2.6xiv) follows from

Proposition 2.5.4 and the equation

(2.6xv) lim  sup d(ul(y), ui(y)) =0.
10 jie{1,...,m}
yezZinzl

We show (2.6xv): There is a 8, > 0 depending on the sets Z7 so that when-
ever y € ZJ, the ball B(y, 260) C Bi. From the interior Lipschitz continuity
(Theorem 2.4.6) and from (2.6xi) we see that for |z — y| < 8§ the Lipschitz
constant of LI(z) of ul(z) is uniformly bounded (independently of y, Z7 and
large 1),

(2.6xvi) Li(z) < L§(P)? =L
(for some constant L depending on M and E°). Thus for y € Z9 N Z! and
|z — y| < & the triangle inequality yields
d(u(2), ui(2)) 2 d(u}(y), ui(y)) — 2L'.
Integrate over B(y, §) to get
o) [ d(ul(a), ule)dp(z) > Coldlul (), ul(y)) - 2L'8P.
B(y,%)

The function d(u!,u!) defined on M equals zero outside B U B!, so we can

bound the left side of the above inequality via the Poincaré inequality
(2.6xvii) | @tduddusc [ v u)Pd
BiUB! BiuB!

By the energy convexity statement (2.6ii) and by (2.6xii) we have the bound

(2.6xix) / Vd(u, ul)Pdp < 4(E" — B°)

BiUB!
for the right side of (2.6xviii). The limit claim (2.6xv) follows by combining
(2.6xvii), (2.6xviii), and (2.6xix) for arbitrarily small .
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We now return to the estimate (2.6xiii) to show the uniform Lipschitz conti-
nuity of the functions wu;, for 7 large. By (2.6xiv) and the geometric-arithmetic
mean inequality we may pick ¢ large enough so that the second term on the
right of (2.6xiii) is bounded above by

5 (@), us1)

independently of z,y. Thus
@), 16) 227 @), )

Applying the interior Lipschitz continuity estimate (2.6xvi) for the harmonic
map v’ then gives

d?(ui(z), wi(y)) < C8(P)’

for some universal constant C' depending only on M. By removing a finite
number of the {u;} from our sequence, we deduce the Lipschitz control claimed
in Theorem 2.6.4.

To show that {u;} is minimizing we also use (2.6xiii). Applying Young’s

inequality to the second term on its right side gives

(1= 6)d*(ui(z), ui(y) Zn (2)d*(ul (), ui(y))

(Zdz ul (), wi(y) )(Zln n(xl)-

Averaging with respect to |y — z| < ¢, integrating over M, letting ¢ — 0, and
recalling that E*(f) refers to the value of the linear functional E*(e) applied

to f, the above inequality implies
(2.6xx) (1-68)E“ < ;E () + 5 oi1)-

(The o0;(1) terms approaches zero as i — oo, by (2.6xiv).) Because the {n’}
form a partition of unity, and because E“(e) is linear,

i, - o

1-6)E“ < E E% () — E%(f —

(1=O)E™ < E"+} (B%() - E"(n))  +7

J

Oi(l),
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Appealing to Proposition 2.6.3 we deduce that the sum term in the above
inequality approaches zero as ¢ — 00, so
(2.6xxi) limsup(1 — 6)E* < E°.
i—00
Hence {u;} is minimizing, since ¢ is arbitrary. Thus the proof of Proposition
2.6.4 is complete in case M is compact.
The case of non-compact M is a modification of the above argument. For

a base-point xy € M write
Kn={z€eM : |z—zo| <m}.

Pick a countable covering of M by balls {B’},en so that for an increasing

sequence {7, }men the finite collections,

{Bj }j:l,... Jm

cover K,,, and so that j > j,, implies B N K,,,_; = (. Pick a subordinate
partition of unity {7’} and sets Z/ C B’ as in the compact case, and denote
their lifts to M as before. For fixed m € N we consider the finite partition of

unity
Jm
(Y=t im V{1 = D7}
j=1

Given a minimizing sequence {v;} as before, we again do ball replacement
in {B%};-,,.. ;.- Define the average map u; as before: one is now averaging
over a set of j,, + 1 points, the last of which is v;(z) itself. Because of the way
they were constructed, {n’};=1, . ; , is a partition of unity for K, _;, for each
m’ < m. It follows that the limit statement (2.6xiv) still holds (uniformly) for
y € Kp_1. Therefore one is able to deduce a uniform Lipschitz bound L for
the functions u; restricted to f{m/_l, when 1 is large. It is of the form

L<CpnE?,

which is the claimed dependence. The proof that {u;} is minimizing proceeds
as before, except now one replaces the pointwise estimate for d(u(y), u:(y))
(2.6xiv) with the weaker claim

lim /dz(ug(y),ui(y)) =0, ji=1,..., m.
M

1—00
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This follows from the triangle inequality and

lim [ d*(ul(y),v:(») =0  j=1... Jm.
M
Since d(ul(y),v:(y)) = 0 outside of a compact subset of M this last equality
follows from the Poincaré inequality and energy convexity, i.e. the analogies
of (2.6xvii) and (2.6xix). Thus, by a diagonalization with respect to the K,
and the v; we are able to construct a suitable sequence {u;}. The proof of

Theorem 2.6.4 is complete. O

Using minimizing sequences which have local modulus of continuity control
enables one to reduce the question of global convergence to that of convergence

at a point:

Proposition 2.6.5. Let M be a complete Riemannian manifold, possibly with
compact Lipschitz boundary OM. Let T = m (M), and p : T' — isom(X) be
a homomorphism. Let {u;} be an equivariant minimizing sequence which has
local modulus of continuity control. That is, for each x € M we assume there
is an (equivariant) function w(z,r) (0 < r < r;) which is monotone increasing
in T, which satisfies w(x,0) = 0 and so that

sup sup d(u;(z),ui(2)) < w(z,T).

i |z—z|<r

Then the sequence {u;} converges (locally uniformly and hence in L, ) to an
equivariant harmonic map u if and only if there ezists an z € M at which the

sequence of points {u;(z)} is convergent.

Proof. The reason this proposition is true is the energy convexity statement

(2.6i1) which implies
(2.6xxii) / [Vd(us, u;)*dp — 0.
M
Let € M be a point of convergence, {u;(z)} — P. By the modulus of
continuity estimate and the triangle inequality it follows that

limsup sup d(u;(2),u;(2)) < 2w(r)

4,j—00 |z—z|<r
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(where we have written w(r) for w(z,r). Thus for i, sufficiently large, the

function
d(ui(2), u;(2)) — 3w(r)
is negative on the set |z — 2| = r. For such 4,j we may apply the Poincaré
inequality for compact exterior regions to B(x,r):
(2.6xxiii)
(@), 0y(2)) = 30(r)*Pdu(z) < Coma [ [Vdlusyuy)Pdp.

B(z,R) B(z,R)
By (2.6xxii) the integral on the right converges to zero as i,j — 00, so we
deduce from (2.6xxiii) and the modulus of continuity control that

lim sup d(u;(2),u;(2)) < 3w(r)

4,j—00
for all z € B(z, R). Since R and r are arbitrary, it follows tha"c the sequence
{u;} converges everywhere. Because of the modulus of continuity control this
convergence is uniform on lifts of compact subsets of M. In particular, the u;
converge locally in L? to an equivariant map u, so semicontinuity (Theorem

1.6.1) applies and the map w is harmonic. O

Remark 2.6.6. Compare the results of the last three propositions. If the class
of equivariant Sobolev maps is nonempty, and if X is locally compact, then
the minimizing sequences of 2.6.4 either converge to the ideal boundary (at co)
of X, or a subsequence converges to a harmonic map. It follows from energy
convexity (2.6ii)(2.5iii) that all harmonic maps are contained in a (possibly)
multi-parameter family of “parallel” harmonic maps. (And from 2.6.3 they all
induce the same tensor 7.) A very interesting and important (unanswered)
problem is to understand when harmonic maps are actually unique (up to
domain or range isometries).

Even if the minimizing sequence from 2.6.4 does not have a convergent sub-
sequence in X, it is still true that the real-valued functions d(u;(z), u;(y)) have
subsequences which converge to I'—invariant distance functions d(z, y) defined
on M x M. In our sequels to this paper we will show that the infinitesimal
metric induced by any such limit d is the unique tensor 7 of 2.6.3. In fact,

d actually arises as an induced distance for a map to a (limit) NPC space



656 N. J. KOREVAAR AND R. M. SCHOEN

constructed from convex subsets of X. We call these limit d’s “harmonic”,
and their structure is the focus of much of our later work.
One way to guarantee existence of a limit is to impose Dirichlet conditions.

We will make use of the following result in our sequels:

Proposition 2.6.6. Consider the configuration of Proposition 2.6.1 and a
small set C, in M, as defined in Remark 2.6.2. Let there be a p— equivariant
Sobolev map ¢ from M to X. Then there ezists a unique locally Lipschitz
p—equivariant harmonic map u : M — C. :— X with trace ¢ on 8C.. If the
boundary is smooth and if 1 extends to be C* (0 < a < 1) up to the boundary,

then so does u.

Proof. By energy convexity (2.6ii) and Poincaré inequalities for exterior re-
gions (to 8C.) a minimizing sequence converges in L7 , to an equivariant
harmonic map. The interior regularity follows from Theorem 2.4.6 and the
boundary regularity follows from [Se] (See Remark 2.4.7.) O

2.7. Homotopy problems. As a final application of the techniques in this
paper we generalize the classical Eells-Sampson harmonic map theory to the
case of metric space targets. For technical simplicity we assume our domain
manifold M is compact. Let N be a metric space with universal cover X
which is NPC. We will say that a continuous map u : M — N is harmonic if
it is locally energy minimizing. Precisely, each z € M is to have a neighbor-
hood so that all continuous comparison maps which agree with u outside this

neighborhood have no less energy. We prove:

Theorem 2.7.1. Let M be as above, with OM = (. Let N be compact, and
let f: M — N be a continuous map. Then there exists a Lipschitz harmonic

map u : M — N which is homotopic to f.

Proof. For fixed x € M the f induces the homomorphism f, : m (M), —
T1(N)f(z)- We may lift f to a map f: M — X, so fis f. equivariant.
Use Proposition 2.6.1 to construct a finite energy f,—equivariant map, and
Theorem 2.6.4 to construct a uniformly Lipschitz minimizing sequence {}.
Because X is NPC one may use geodesic homotopies to deduce that all contin-

uous f,—equivariant maps are homotopic. (The continuity of the homotopies
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follows from the quadrilateral comparisons of [Re], i.e. Theorem 2.1.2.) Hence
the maps u; are equivalently homotopic to f , and we deduce that the projec-
tions u,; are homotopic to f. Since the u; are uniformly Lipschitz continuous,
a subsequence converges uniformly to a limit map u, which is therefore also
homotopic to f.

It remains to show that the map u is harmonic. Let x € M and let O be a
simply connected neighborhood of  with Lipschitz boundary. We claim that
u is minimizing with respect to continuous comparison functions which agree
with u outside O. Since O is simply connected the map u|o lifts to a map
% from O to X, and we are reduced to showing that this map @ solves the
Dirichlet problem of §2.2.

For any € > 0 and i sufficiently large, we may choose the lifting % so that

sup d(ui(2),(2)) <e

2.7i

(2.7) /dz('&i,ﬁ)d,u <e.

o

Let ¥; be the solution to the Dirichlet problem on O, with boundary data wu;.
Let U be the solution with data 4. Since d*(¥;,0) is subharmonic (Remark
2.4.3), d(?;,?) attains its maximum on 90, so is bounded by the maximum of

d(u;, u) there. In particular we see that for sufficiently large i

(2.7ii) / d?(;,0)du < €.
o
Finally, from energy convexity (2.6ii) and the Poincaré inequality for O, we
have
(2.7ii1) / (s, ;) < &
o

for i large. Combining the three estimates and using the L? triangle inequality,
we deduce

/ (@, 5)dp < 9.
(@]

Hence 4 = ¥ and so v is harmonic. O
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If one is considering the Dirichlet homotopy problem, then one need not

assume local compactness on the target space:

Theorem 2.7.2. Let M be a compact manifold with smooth boundary, and let
N be a complete metric space with NPC universal cover X. Let f : M — N
be a continuous p = 2 Sobolev map, with the property that its trace on OM
is C* for some 0 < o < 1. Then there ezists a unique globally minimizing
harmonic map v : M — N homotopic to f and with the same boundary values.
u s Lipschitz continuous in the interior of M and extends to be C* up to the

boundary.

Proof. We may lift f to an f, equivariant map f as in the previous theorem.
Construct the homomorphism f, from (M), to 71 (V) () for a base point
z € OM. By hypothesis the lifing is a finite energy map (in the sense of
§2.6). It follows from energy convexity (2.6ii) and the (M,9M) Poincaré
inequality that a minimizing sequence of f,—equivariant maps having the same
boundary data as f converges in L? (in the sense of §2.6), to a unique harmonic
equivariant map. This map is locally Lipschitz and extends to be C'™ up to the
boundary (by Theorem 2.4.6 and the results of [Se]). It follows (via geodesic
homotopy, as in the previous theorem) that its projection u is homotopic to
f. By our choice of basepoint we see that a continuous map v : M — N which
is homotopic to f relative to M lifts to an f«— equivariant map, so it follows

that u is minimizing relative to all such maps. O
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