COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 1, Number 3, 439-472, 1993

THE RICCI FLOW ON COMPLETE R?

LANG-FANG WU

ABSTRACT. Given R?, with a “good” complete metric, we show that
the unique solution of the Ricci flow approaches a soliton at time
infinity. Solitons are solutions of the Ricci flow which move only by
diffeomorphism.

INTRODUCTION

In this paper we will study the Ricci flow on R? with a complete metric.
It is interesting to note that the Ricci flow on R? is the limiting case of the
porous medium equation as m — 0, which will be further discussed in the
appendix by Sigurd Angenent and a short announcement [W-2].

The Ricci flow on a surface is to evolve the metric under

9 .2 _ 2
Ezds = —Rds*,

where R is the scalar curvature. For more detail see [H-1].
We say that ds?(t) is a Ricci gradient soliton solution if there exists a func-
tion f such that
0

(—%dsz(t) = —Rds*(t) = Ly sds*(t).

There are two types of gradient solitons on R2. Namely, the flat soliton and

the cigar soliton. The flat soliton is the standard flat metric on R2. The cigar
dz? + dy?

soliton is a metric which can be expressed as ds? = —————,
1+ 22 4 y?

where {z,y}

are rectangular coordinates on R2.
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On a complete (R?, ds?), the circumference at infinity is defined as

(0.1)
Coo(ds?®) = sup i[r)lzf{L(8D2)|V compact set K C R?V open set D? D K};
K

and the aperture is defined as

1 .. L(0B.
(0.2) A(ds?) = o }Lrglo %,

where B, is a geodesic ball at any given point on R? with radius r, and L[ D?]
is the length of 8D? with respect to ds?. On a flat soliton, we have C., = oo
and A(ds?) = 1; while on a cigar soliton C,, is finite and A(ds?) = 0.

We say that the Ricci flow on M has modified subsequence convergence at
time infinity if there exists a 1-parameter family of diffeomorphisms {¢;}:e[0,00)
on M such that for any sequence of times going to infinity there is a sub-
sequence of times {t;}32, and the modified metrics ds*(¢,(-),t;) converges
uniformly on every compact set as ] — 00.

On R?, let ds®> = e*®¥(dz? + dy?) be a complete metric, where {z,y} are

rectangular coordinates. The main result in this paper is:

Main Theorem. Given a complete (R?,ds?(0)) with |R| < C and |Du| < C
at t = 0, then the Ricci flow has modified subsequence convergence at time
nfinity to a limiting metric. Furthermore, in the case when the curvature is
positive at time zero, the limiting metric is a cigar soliton if Coy(ds*(0)) < oo,
or a flat metric if A(ds?(0)) > 0.

Note that: There is still a big class of Riemannian structures with C, = 00
and A = 0 which our method fails to classify the limit.

Sketch of the Proof. The evolution equation of h = R + |Du|? provides the
infinite time existence and uniform bounds for [Dul, |D*u|, R and |D*R| for
all k > 1 after a short time. Finite total curvature and C,, > 0 imply that
the curvature decays to zero at distance infinity. This yields that C,, A(ds?),
and [ Rdy are preserved under the flow. Furthermore, the solution of the flow
is unique and the positivity of the curvature is preserved.

The positivity of the curvature of an initial metric provides pointwise con-
vergence of the function e* at time infinity. All the uniform bounds of |D™u|
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yield that tll»rgo e* is a smooth function and is either identically zero or posi-
tive everywhere. In the case, when tlirgo e* > 0, the limiting solution is a flat
metric.

Nevertheless, there is a 1-parameter family of diffeomorphisms ¢; : R? — R2
such that for any sequence of times going to infinity, there is a subsequence
{t;}32, and ILI{.IO ds®(¢+,(-),t;) converges to a metric uniformly on every com-
pact set. If R > 0 and C, < oo at t = 0, then some integral bounds clas-
sify jllrglo ds*(¢y,(+),t;) as a cigar soliton with circumference no bigger than
Co(0) < 0o. If R > 0 and A(ds?) > 0 at t = 0, then the Harnack’s inequality

classifies lim ds*(¢y, (), t;) as a flat metric.
j—oo
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1. THE MAXIMUM PRINCIPLE

In this section we will give an elementary proof of the maximum princi-
ple for a class of parabolic equations on R? with changing metric ds*(t) =
e*(®v: (dz? + dy?). For more details, we refer the reader to [Ar] and [P-We].

Theorem 1.1 (Maximum Principle). Given (R? ds?(t)) for all t € [0,T],
and a function f : R?* x [0,T] — R' satisfying %% < Af. Then if f < C at
t =0 and f is bounded V¢t € [0,T], we have f < C, Vt € [0, T].

The idea of proving the maximum principle on R? with an evolving metric
is similar to the proof of the case when the metric is fixed. For clarity, we will

first prove the maximum principle with a fixed metric.

Lemma 1.2. Given (R?,ds?), let f : R? x [0,T] — R' be a function which
satisfies %‘; <Af. If f < C att =0 and f is bounded Vt € [0,T), then
f<Cvteo,T].
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Proof. Let 7 € [0,T] be the largest time such that f < 2C on 0 <t < 7.
Define
fs = f — 6(z* +y*) — 46t,V6 > 0,

where z, y are the standard rectangular coordinates. Then we have
0 —
&'f‘s < Afs, Vt e [O,T],

and fs < C at t = 0. Since f < 2C,Vt € [0,7] and sup f5 can only occur in
z€R2

the interior, we have %fdmax <0.80 fs <C,V0<t< T, Vs That is,
f—6(z®+y?) — 46t < C, V6.

Asd — 0, weget f<Con0<t<7. If T <T, there exists an € > 0 such that
f<2C,Vt € [0,7+¢€] C[0,T)]. This contradicts the choice of 7,50 T=T. O

Lemma 1.3. On (R?,ds?(t)) with t € [0,T), there exists a time-independent
function h(r) = h(r,t) on R% x [0,T], such that Ah < 1 on R% x [0,T), and
h(r) = h(r,t) — 400, asr — o0,Vt € [0,T].

Proof. Define a time-independent function h(r) = h(r,t) on M x [0, T:

b=r f o aev(a)da

h(r) = db,
"=/ 2
where v(r) = mmT u(r, 8,t). Obviously we have h(0) = 0, and
0<6<2r
b=r u(a,0,t)
h(r) < JiZ ae W vt

b=0 b

Note that typically we expect u to approach infinity at distance infinity. Since
re(m®t > 0, there exists an €; > 0, such that [/~ " ae*®®Yda = C > 0. This
yields

b=r (% ae’Dda

h(r) > db,
b=e1 b
b=r ro=e1 v(a)
S [ abe da db

b—r

>C’(lnr—lnel), Vr > 0.
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[ aev@da
In particular, we have h = h(r) — +o00, as r — oco. Since h, = =2=0 —
r
we have

Ah = e""(———ar(:hr)) =e -

—u re?()

O
We will apply the same argument in Lemma 1.2 to prove Theorem 1.1.

Proof of Theorem 1.1. Take the function h obtained in Lemma 1.3, and let
fs = f — 6h — 6t. Then %f& < Afs+ 6(Ah — 1) < Afs. From the same

argument in Lemma 1.2, we have f < C, Vt € [0,7]. O

2. LONG TIME EXISTENCE

In this paper (R?,ds?) will be a complete, noncompact conformally flat
surface. The evolving metric ds?(t) = e*(®¥t)(dz?+dy?) = ("% (dr?+r2d6?)
is the solution of the Ricci flow, where {z,y} and {r,8} are rectangular and
polar coordinates.

Proposition 2.1. On (R?,ds?), the evolution equation of the Ricci flow

9 . 4_ 2
(2.1) ads = —Rds*.
is equivalent to:

0
(2.2) 5= Au = —R.

From straightforward computations, one may obtain the following related
evolution equations:

9, _ 2
(2.3) 5 R=AR+R
(2.4) % |Duf® = A|Dul? — 2|D; D;ul>.

2.1. Short Time Existence. The short time existence for the Ricci flow
can be obtained by bounds on the curvature at ¢ = 0. ([Shi-2]) The bounds
for |D*R| over a small time interval may be obtained by looking at some

dilationally invariant terms.



444 LANG-FANG WU

Theorem 2.2 ([Shi-2, Theorem 1.1]). On a complete, noncompact 2-manifold,
if |R| < ko at t = 0, then the Ricci Flow has short time existence. We can

K..(k
bound the derivatives of the curvature by |[D™R| < tm(/ZO)

short time interval [0,Ty,], where Ty, and K,,(ko) only depend on the bound

,Vm > 0 on a

ko for the curvature.

Now we will use the same method as in [Shi-2] to prove the dilationally

invariant bounds for higher derivatives of u.

Theorem 2.3. On (R? ds?) with |R| < ko and |Du|®* < Dy at t = 0, there
exist positive constants Ty, and Cp,(ko, Do) depending only on ko and Dy, such

that under the Ricci Flow we have
Cm(km DO)

|D™u|? < prom vt € [0,Ty,]), VYm>1.

Proof. From Theorem 2.5 in [Shi-2], there exist positive constants K, (ko) and
T}, such that
DR < -K—"‘\/é’i—") Vi € [0, i), Vi > 0.

In particular, we have |R| < Ky(ko) V¢ € [0, Tk,)-

The evolution equation of the conformal factor under the Ricci flow (2.2)
implies

%|Du|2 = —2D;uD;R + R|Dul?,

then

2K, (k
%'DUP < 2|Du||DR| + R|Dul? < —1\/(ZQ|Du| + Ko (ko)| Dul?.

This implies
|Dul? < C(ko, Do)eC*oPo)t < O (ko, Do), vt € [0, Tk, ),

where C(kq, Do) and C|(ko, Do) are constants depending only on ko and Dy.

Furthermore, we have
%IDU'Z = A'DU|2 - 2|DiDj’U,|2,

0
E'DijUF = A'D,,DJ’U,|2 — 2|DiDjDkuI2 - .R(ll),l)fu'2 - (A'U,)z)
S AlDiDj’U/‘z - Q‘D,,DJD;C’LLIZ - C,?o'Dz’U,lz.
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That is

%|D2u|2 < A|D?u|? - 2|D%ul? — CY | D*ul?.
Then the same methods as in Lemma 7.1 in [Shi-2] can be applied directly to
get the bounds for all the higher order derivatives. O

2.2. Long time existence. We will use the same method as in [H-1] to show
the infinite time existence for solutions of the Ricci flow. We define a function
h = —Au + |Du|> = R + |Du|? then the evolution equation of h under the
Ricci flow is

h
(2.5) %2- = Ah — 2|M;;|*> < Ah.
Theorem 2.4. On (R?,ds?) with |R| < ko and |Dul?> < Dy at t = 0, under

the Ricci flow we have

(1) The solution of the Ricci flow exists Vt € [0, 00).
(2) |R| < ko + Dy and |Dul? < Dy for all time.

Proof. From (2.3) and the maximum principle, we know that the curvature is
bounded below by —k, for all time. From Theorems 1.1 and 2.4, if |R| < ko
and |Du| < Dy at t = 0, there exists a constant T}, such that R and [Du| are
bounded on the time interval [0,T},]. Then the maximum principle implies
h(z,t) < Sélsz h(z,0),Vt € [0,Ty,]- That is,

h(.’l!, t) < sup h(.'L', 0) < ko + Do,vt € [O,Tko].
z€R?

Thus R < ko+ Dy and |Du|? < 2ko+ Dy, Vt € [0, Ty,]. In particular, combining
with (2.3), (2.4) and the maximum principle we have |R| < ko + D, and
|Du|? < Dy, Vt € [0,T,]. Implement the same argument at time t = T}, we
have |R| < ko + Dq and |Du|?> < Dy on R? X [T},, Tk, +0,)- Hence, by repeating
the above process n times, we have

|R| < ko + Dy, and |Du|? < D, on R? x [0, Ty, + nTko+Do),

where T}, 4+p, > 0 is a constant depending only on ky and Dy.
Let n approach infinity, then we have |R| < ko + Do, and |Du|? < D, for
all ¢t € [0,00), and the long time existence follows. [
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Corollary 2.5. Given a complete (R?, ds?) with |R| < ko and |Du|?* < D, at
t = 0, under the Ricci flow, V7 > 0 we have

(2.6) |IDFu> < CF,  Vt>T>0, Vk>2.

In particular, we have uniform bounds for all the higher derivatives of the

curvature after a short time.

3. MODIFIED SUBSEQUENCE CONVERGENCE

The following theorem tells us that even if the limit of the solution u exists

it might not yield a metric at time infinity. Let |- | (resp. |-|) denote the

norm with respect to ds?(t) (resp. ds?).

Theorem 3.1. On a complete (R?,ds?) with 0 < R < ko and |Dul? < D,

at t = 0, then tlim e*@¥t) converges uniformly on every compact set and

lim e“®¥? s g nonnegative constant. If Jim e“@¥t) > 0, then Jlim e @¥t) (dg?
—00 — 00

t—00
+dy?) induces a metric on R? with curvature identically zero.

Proof. Positive curvature implies that —g—tu = —-R<0and %eu = —Re* < 0.
For each ¢ € R?, e*¢? is a decreasing function in t and e*é? > 0, thus
Jim e*& converges pointwisely.

Since |De*(-,t)|2 = €**|Du(-, t)|? is bounded, combining with the pointwise
convergence, tlirglo e*:t) converges uniformly on every compact set. All higher
derivative bounds of e¥ imply that tl_l})élo e*( is a smooth function.

If there exists a point p € R?, such that tll%lo Pt = ¢ > 0, then tlirélo u(p, t)
= a > —o0. On any compact set near p there is a bound for tllglo | Du(-,t)| thus

on every compact set, tlim u(+,t) is away from negative infinity, i.e.
—00

lim e*(-,t) > 0.

t—oo
Furthermore, | [, —R(&,t)dt| = |u(é, 00) — u(¢,0)| < co. From the positivity
of R, and the uniform bounds of R and |DR|, we have Jim R(-,t) = 0, in

particular, tlim e*(! is a positive constant. [J
—00

To avoid the problem of the limiting solution failing to yield a metric we will
modify the solutions by a family of diffeomorphisms. To see why modifying
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the solution by diffeomorphism is needed to prove convergence for the Ricci

flow, we will illustrate the following example.

dz? + dy?

1+ 2+ y2
is easy to compute that the solution of the Ricci flow with initial data ds?(0)

dz? + dy? 1
is ds*(t) = x—-i_y— Then e*(®¥H = — ——_ goes to zero as time
eft + a2 +y? ett + 22 + 92
approaches infinity. Therefore, we can not claim that tlirgo e®¥ yields a

ExAMPLE 3.1. Given the soliton metric ds?(0) = on R?, then it

metric on R2.
Nevertheless, if we let diffeomorphism ¢:(A, B) = (e**A,e*B) = (z,y),
then

dA? + dB?
2 _ g2 _
ds (IL',y,t) =ds (‘:bt(A’B)’t) - 1+A2+B2.
— ~ 1 ~
2 — 2 L LA
Denote ds?(A4, B,t) = ds*(¢:(4, B),t) and e T AT Then e* is

stationary in time.

As in Example 3.1, we will modify the solution of the Ricci flow by a 1-
parameter family of diffefomorphisms. Choose a diffeomorphism ¢, : R? — R2
such that

«(0,0,t) _ u(0,0,t)
~2

¢:(A,B)=(e"" = Ae

Then define the metric ds? as

B) = (z,y).

ds?(A, B,t) = ds*(z,y,t) = ds*(¢s(A, B), t) = e*®AB0-u0.00(4 4% 4 4B?)

function @(A, B, t) = u(é:(A, B),t) — u(0,0,t), and hence (.09 = 1.
Let |- |; and dp be the norm and the area form with respect to ds2(t), then

|Du|?(A, B, t) = |Dul}(A, B, t) = |Du|*(z,y,t) < Dy
and 4(0,0,t) = 0. By Azela-Ascoli theorem, for any sequence of times going
to infinity there exists a subsequence {¢;} such that llim ds? (t;) converges uni-
—00

formly to a metric ds? (00) on every compact set. Furthermore, if R > 0, then
any open set D we have L;[0¢;'(D)] = L,[8(D)] is a decreasing function in
time. And Co(ds2(00)) < Cio(0).

Theorem 3.2. Given a complete (R? ds?) with |R| < ko and |Du|?> < Dy at
t = 0, then the Ricci flow has the modified subsequence convergence at time
infinity to a limiting metric. If R > 0 at t =0 then Coo(d/?(oo)) < C(0).
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We will devote the rest of the paper to classifyingthe limiting metric.

4. GEOMETRIC PRELIMINARIES

In order the classify the limit metric at time infinity, we need to inves-
tigate how some geometric quantities evolve under the Ricci flow. In this
section, we will briefly review some of the geometric properties of complete,
noncompact surfaces, which are mainly quoted from [L-T]. As described by K.
Shiohama, the total curvature of a complete, non-compact surface (i.e. [ Rdu)
is not a topological invariant but it depends upon the choice of Riemannian
structures. A well studied class of Riemannian structures is the one with fi-
nite total absolute curvature. We say that a metric has finite total absolute
curvature if [ |R|dp is bounded. In fact, finite total absolute curvature on
complete, noncompact surface is equivalent to finite total negative curvature

(i.e. [ R_dp < oo, where R_ = max{—R,0}.)

Theorem 4.1 ([Hu]). If M is a complete, noncompact surface with finite total
negative curvature, then M is conformally equivalent to a compact Riemann

surfaces with finitely many points deleted. Moreover,

| Ry < anx(0a),
M
where x(M) is the Euler characteristic of M. In particular, [;, |R|dp < co.

The following proposition reveals the relation between the total curvature
and the aperture. Let p € M be a fixed point. Let us denote the geodesic ball
of radius r at center p by B,(p), and its boundary by 9B, (p).

Proposition 4.2 ([Sh]). Let (M,ds?) be a complete surface with finite total
curvature. If R is the scalar curvature of M, then Vp € M we have

4y (M) —/ R = 2 lim 2OB-®) _ i, ArealBi(p))
M r—00 T T—00 r
In particular,

4y (M) — /M Ry = 4r A(ds?).

Note 4.1. The above proposition also implies that the aperture A(ds?) is in-
dependent of the choice of the base point p on a complete surface with finite

total curvature.
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Next we will show that a complete (R?, ds?) with bounded positive curvature
has nonzero circumference at infinity.

Lemma 4.3. Any complete (R?, ds®) with bounded positive curvature has non-

zero circumference at infinity.

Proof. Express the metric as ds® = e¥(dr? + r2d6?), where {r,6} are polar
coordinates. Choose open sets O; and O, such that the origin (0,0) € O; C O,
and dist(80;,002) > 1. Let K, be a compact set such that Ko D O,.

If Coo = 0, we have Di:l’)lIf; ) L[0D] = 0 for all open sets D. Hence for all
n > 0 there exists an open set D(n) D Ko such that L[dD(n)] < %. Let
Th = xég%}(cn) dist(0, 0, z).

For all n > Fmax

geodesic loop has length greater than \/%. Let {p, ¢} be two points on dD(n)

, 0D(n) can not be a closed geodesic loop, since any

which divide dD(n) into two equal length segments ;,7,. Perturb v, and 7,
with fixed end points {p, ¢} to minimize the length. Then for each 4, v; either
reaches a minimizing geodesic segment with fixed end points in D,._,(0,0)—0O;
or intersects 00, U 8D;,,+1(0,0) and L[y;] > min{2, 7Z=} > 0.

. 1
Hence, Cy, > 2min{2, W:::} - >0. O
5. THE GEOMETRIC PROPERTIES UNDER THE Ricci FLow

For the rest of the paper, we will use the following abbreviation for the
initial hypotheses.

(*1) 0< R<ky and |Du|?> < Dy, att=0;
(*2) |R| < ko and |Dul? < Dy, att=0;
(*3)

IR| < ko, | Dul® < Do,/R_du <400, and Coy >0 at t=0;

By lemma 4.3 and proposition 4.2, (*1) implies (*3).

In this section we will show that under the Ricci flow, the curvature decays
to zero at distance infinity after a short time. As a consequence, Cy,, A(ds?),
and [, Rdy are preserved, and the uniqueness of the solution is also provided.
Here we will first show that the completeness of the metrics with bounded
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curvature is preserved under the Ricci flow. Denote Co(t) = Cop (dsz(t)) and
A(t) = A(ds?(t)). Let L;[I'] be the length of curve I with respect to the metric
ds?(t).

Lemma 5.1. On M, = (R?,ds*(t)), with |R| < C for all t € [0,T), if My is
complete then M, remains so for all t € [0,T).

Proof. Let T be any curve on R? with a time-independent parameter «. Then

d d 8 0
—_— = — 2 — = _— 2 —
(5.1) dtLt ) dt /r ds*( 5‘ du = / ds Bu’ Bu)du

The bound for curvature gives us I%Lt[FH < —L[I'], and
(5.2) e"FtLo[[] < L[] < e Lo[T).

The left inequality e~%¢Ly[['] < Ly[[] implies that any curve with infinite
length with respect to ds*(0) has infinite length with respect to ds?(t) for
t > 0. This implies that completeness is preserved. [

5.1. Injectivity Radius.

Lemma 5.2. For any fized timet > 0, on M; = (]R2, dsz(t)) with |R(-, t)| <C

1
and Cy(t) > 0, the injectivity radius i(M,) > min§{Coo(t),L[l"t], R G )} >
0 where I'; is (one of ) the shortest closed geodesic loop(s) in M, with respect

to ds*(t).
Proof. From the same arguments as in [C-E], if

i(M;) < min = {C’ \/T}

then i(M;) can be realized by (one of) the shortest geodesic loop(s) I'; away
from infinity. That is, 'y is a closed geodesic loop contained in a compact
subset of M. In particular, this implies L[[;] > 0. O

The same arguments as in [C] and [C-W] can be used to derive a positive

lower bound for the injectivity radius under the flow.
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Lemma 5.3. On M, = (R?,ds?(t)) with Cou(0) > 0 and |R| < C Yt € [0, 7],
we have

(5.3) eCt2C,(0) > Coo(t) > e C2C(0).
Hence

1 _Cr ™
(5.4) i(M,) > 5 min {Cuo(r),e™ % Lollo), 72} > 0,

where Ty is (one of ) the shortest geodesic loop(s) on M.

Proof. (5.3) follows from (5.2). For any curve I' we have L(") > e~ % Lo(I),
thus

04 = L kA
i(M;) = 5 min{Coo(t), Ly(I",), \/5}
(5.5) ;Tréll})nt]{e T Co(0),e™ T L[l

m
T])ﬁ}
>;m1n{e 5 oo(0),\«3-"7’L0[FO],%}>0. O

T€[0,¢]

5.2. Total Absolute Curvature is Nonincreasing.

Proposition 5.4. On a complete (R?,ds?) with (*3), under the Ricci flow as
long as the solution exists, we have

d
—_ < .
z /R |Rldu < 0

This implies that [g, |R|dp is nonincreasing in time.

Proof. From theorem 4.1, finite total negative curvature at ¢ = 0 implies
Jgz |Rldp < oo at t = 0. Let B4 (t) be the region in R? where R(z,t) > 0, B_(¢)
be the region in R? where R(z,t) < 0, and the exterior unit normal vector v,
(resp. v_) of OB, (t) (resp. O0B_(t)) has D,, R < 0 (resp. D, R >0.) Thus

we have

(5.6) 4 Rip=[ ARdu= / D,.Rds <0,
dt JB, () B4 (8) OB ()
and
d
5.7) ks / Rdp = D,_Rds > 0.
dt JB_(1) 8B_(t)
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Combining (5.6) and (5.7), we obtain

d
s / Rudu= [ Rdu— [ Rdp
dt Jge By (t) B_(t)

- D,Rds — / D,Rds<0. O
OB (t) OB_(t)
5.3. Curvature at Distance Infinity.

Proposition 5.5. On (R?,ds?(t)) with (*3), under the Ricci flow, the curva-
ture R decays to zero at distance infinity after a short time.

Proof. From corollary 2.5, for all 7 > 0, there is a constant C(7) such that
|IDR| < C(1), for all t > 7. Using the uniform bounds on R, [, |R|dy, and
i(M,) after any short time 7, we claim that the curvature R falls off to zero at
distance infinity after the short time 7. Otherwise, there exists a time ¢, > T,

and a sequence of points {z,}52, with hm |zn| = 0o such that
(5.8) Jim |R(zp, t,)| = a #0.
We may extract a subsequence {z,, }52; such that

and |R(Zn,,,,tr)| > a/2.

Let r = min{-——, min i(M;)}; from Lemma 4.3, we have r > 0. Let

4C (7’) te[o t o
Bt (z,,,) denote the geodesic ball centered at x,; with radius r with respect to
the metric at time 7. Hence Vy € Bl (x,,), we have |[R(y,t,) — R(zn;,t,)| <
a/4 and |R(y,t,)| > a/4.

From the choice of r, the exponential map at z,, in B (0) is injective,
which implies [ B (2n,) dp > C, where C is a positive constant depending only
on the bounds for the curvature and r. Furthermore, if a # 0, we have

C> / |R(z, t,)|dp > Z/ |R(~,tT)|du > i—C—a = +o00.

j=1 j=1

This is a contradiction, so a =0. O
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5.4. The Circumference at Infinity is Preserved. The idea of the fol-
lowing proof was suggested by Richard Hamilton.

Theorem 5.6. On (R? g;;(t)) with (*3), then under the Ricci flow, Coo(t) =
Cw(0) for allt.

Proof. For any fixed time T, for any given 7 € (0,7, since the curvature
decays to zero at distance infinity, there exists a sequence of compact sets
{K,}22,, such that

(5.9) (1) K, C Knp,  Yn>1,
(5.10) (2) U, K, = R?,
1
(5.11)  (3) Vz € R? - K,,, |R(z,t)| < — Vte [, T).

It is easy to see that C(t) > sup Di£11f< L.[0D).
For any compact sets C; C Cy, L}gg LoD < Dlgg L[oD]. Also for any com-
pact set K there exists a K, such that K,, D K, thus Cy(t) < sup Dig}f{ L;[0D],

hence

(5.12)
Coo(t) = 811{1? Di:r)ljgn L,[0D] = sup Digl}f{ﬂ L,[0D] = 7}}_1)20 Digig : L.[oD].

From (5.1) and (5.11), VD D K,,, we have
[r,T]. This yields

d 1
el < -
dtLt[BD]‘ < o-LfoD],  vie

e~ inf [[8D] < inf L,[0D] < e®® 7 inf L,[D].
DeX, DeX, DeX,

Therefore as n — 0o, 7 — 0 and T — 00, Cso(t) = Coo(0) for all ¢ > 0.
This illustrates that any finite circumference at infinity is preserved under
the Ricci flow for any finite time interval. Hence any infinite circumference is

also preserved, otherwise there is an obvious contradiction. [

Corollary 5.7. On (R? ds?(t)) with (*3), under the Ricci flow, the injectivity
radius has a positive lower bound.



454 LANG-FANG WU

5.5. The Aperture and the Total Curvature are Preserved.

Theorem 5.8. On (R? ds?) with (*3), under the Ricci flow [,, Rdp and

A(ds?) are constants in time.

Proof. From Proposition 4.2, we only need to show that the aperture is pre-
served. If Cy < 00, there exists a point py such that lim L(B,(pg)) = Ceo-
r—00

Hence

A(ds*) = lim L(r) =0 and / Rdy = 4mx(M).
M

r—oo T

Since Cy, is preserved, from Theorem 5.6, we have A(g;;) = 0 is preserved.

If C = 00, let T' be any fixed positive time and let Exp, be the expo-
nential map at a fixed point p with respect to the metric ds?(t) and Bi(p) =
Ezp,,(B,(0)). Then Ve > 0 there is a sequence {r,}32, with r,lliinoo Tp = 00
such that

1
|R(z,t)| < . Vz € M — B!_(p),Vt € [¢,T].

L.,[0B! L,[0B?
Hence E(M)‘ < l(t_[L]), and
dt Tn n Th
1 L.[0B! 1

e—;(t—f)Le[aB:n] < M < €;(t_€)Le[5'B:n].

Thus
L.[0B:
lim L—t[-aB—T"] = lim —M, Vt € [e,T).
n—00 Tn n—oo Tn
Lete—»OandTﬁoo,wehaveTlirgoLtTm=Tlir£10—1%7—2, forallt>0. O

5.6. Uniqueness of the Solution. Now we will use Proposition 5.5 to show

the uniqueness of the solution.
Corollary 5.9. On (R2?,ds?) with (*3), the solution to the Ricci flow is unique.

Proof. Let uy(z,t) and uy(z,t) be two different solutions of the Ricci flow with
the same initial data u;(z,0) = us(z,0). Let R; denote the curvature for the
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. > . 0
metric generated by u;, and |R;| < ko, Vi = 1,2, V¢ € [0, 1]. Then U= —Ry,
0

priche —R,, and 2(u1 — uz) = —R; + R,. Furthermore, we have

éz(ul — ’LLz) = (e'“‘Zul - 6_u2Z’U,2)
= e—”‘Z(ul —ug) + (7 —e™™ )Zu2
= e_uIZ(UL bt uz) + (6u2_u1 - ].)Rz

hence %(ul — ug)(z,t) = e"A(uy — ug)(x,t) + [e%(uz — uy) Ry)(z,t) where
@(z,t) is some value between 0 and (up — u;)(z,t) obtained from the mean
value theorem.

0
The bounds on the curvatures yield ——-(u1 — ug) < 2ko. For small € > 0,

there exists a time 7(e) = € (0,1], such that u; — uy < 2, vt € [0, 7(€)].

4k,
From Theorem ?7?, there exists a compact set K. C R? such that

|Ri(z,t)| < 10 VzeR?*—K,,  Vte[r(e),]]
for i = 1,2. This implies that Vz € R? — K., and V¢ € [ (e), 1],

ui(z,t) — ug(z,t) < ‘ 2— x (1=7(e)) <

2
For all ¢t € [7(e),1], if nllua,x(ul —ug) = (u; — u2)(Z,t) > 0 and T € K., then

Z-(’u‘l - u2)|max S 0, and

0 @ T
-a—t(ul - Uz)lmax < l[e (u2 - ul)R2](x’ t)l’

where uy(Z, t) — u1(Z, t) < 4(Z,t) < 0. Thus
E(Ul — Ug)|max < C(u1 — U2)|max-
Combining all the above arguments, we have
max(u1 — ua)(2, 1) < max{ } max{1,fot="} < Z ko vt ¢ (e, 1].

That is,
uy (2, 1) — ug(z, t) < ek, vt € [0, 1].
Let € — 0, we have (u; — ug)(z,t) <0, V¢ € [0,1].
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Repeating the same process for u; — u; and on any finite time interval, we

have u; = up on R? x [0,00). O
5.7. The Positivity of the Curvature is Preserved.

Lemma 5.10. On a complete (R?,ds?*(t)) with (*1), the positivity of the cur-
vature is preserved. In particular, the metric can not become flat at any finite

time.

Proof. By the maximum principle and Proposition 5.5, if R > 0 at time zero,
at any finite time either R > 0 or R is identically zero. On the other hand, the-
orem 5.8 implies that [ Rdu is preserved, hence the positivity of the curvature

is preserved. [

6. GRADIENT SOLITONS AND EXPANDING GRADIENT SOLITONS

A soliton is a solution of the Ricci flow which moves only by diffeomorphism,

. 0
i.e. there exists a vector field V' such that agz’j = Lyg;;. Any compact 2-
soliton is a gradient soliton; that is, the vector field V must be the gradient

of some function [H-1].

L 1
If we let ds® = g;;dz*d2? and M;; = D;D;u + §Rgij, then

(6.1) My;|* = A|My|* - 2| D Mi;|* — 2R|My;|*.

0
5
It is easy to see that ds? is a gradient soliton if M;; = 0.

In this section we will show that there are only two types of gradient solitons
on R? with r = 0. Namely, the standard flat metric, which is stationary, and
the cigar soliton. Let {u,v} be the standard flat coordinates on RZ?, then

. o . s du?+dv?
the cigar soliton is a metric expressed as ds* = —————, and has scalar
A 14 u? 422
curvature R = ——————. As the distance goes to infinity from any fixed
14 u? + 02

point py, the cigar soliton approaches a flat cylinder with the same C,. Note
that on a flat soliton, we have Cy, = oo, while on a cigar soliton, C,, < co.
Furthermore, in the case discussed in this paper, any 2-soliton is a gradient

soliton.
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Theorem 6.1. There are only two types of complete gradient solitons on R?
with r = 0. They are the cigar solitons and the flat solitons.

See also [H-1] and [W-1].

Proof. Here we are going to use the notation introduced in [H-1] and [W-1].
Let (u,v) be the standard rectangular coordinates on R?, and (z,y) be the
coordinates on the cylinder with —co < & < 00, and 0 < y < 27, such that

u = e’ cosy
v = e siny.

Any soliton metric ds? = g(u,v)(du® + dv?) on R? induces a soliton metric
ds? = g(z,y)(dz?® + dy?) on the cylinder where g(u,v) = g(z,y)e~?%. From
[H-1], a gradient soliton yields g(z,y) = g(z). Thus, g(z)e~?" is a smooth
function of u? + v? = €% as £ — —oo. The scalar curvature is given by

R = —E(ggi)x Since r = 0, the metric g(z,t) = g(z + Ct) is a soliton on the

cylinder if and only if Cg, = (&)x There are two cases for the constant C:

1. If C =0, then R = 0. This soliton is the flat metric.

9o dg .
2. If C #0, then = = Cg + Cp, and ————— = dz. That is,
? g AT (Ca+ Cy)
C 1

and
In|Cg + Co| —In|g| = —Coz + C).

Cg+ C,
This implies l—g—_’-——(ﬂ = Che~ %% C, > 0. Furthermore, we have
C'Oec"m
9= 0y Celor”

Rescaling the parameters (i.e., let C; = 1,C = 1, and Cp = B) and rescaling
the metric yield

eB:c
I= Txebs
Since ge~?® is a smooth function of €* as x — —o0, and ¢ > 0 as z — +00;
b e dds? = du? + dv? heref . )
we have g(z) = 17 and ds* = T 108 Therefore the metric is a cigar

soliton. O
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Lemma 6.2. For any complete soliton on R?, if the curvature R is decaying
to zero at distance infinity, then the soliton has either positive curvature or

constant zero curvature.

Proof. On a complete soliton with curvature R decaying to zero at distance
infinity, d%Rinf = 0 and Ry < 0. If Rys = 0, by the strong maximum principle
in the interior, we have either R =0 or R > 0. If Rjs < 0, then R, occurs
in the interior and AR;,s > 0. This contradicts with

d
(6.2) 0= ERM = AR + R2¢ > 0.

Hence Rijpy =0and R>0. O

Lemma 6.3. On a complete soliton on (R%,ds? = g;;dzidz?) with positive
1
curvature, if M;; = D;Dju— —2—Rgij decays off to zero at distance infinity, then

ds? is a gradient soliton.

Proof. Let ds?(t) be the solution of the Ricci flow with ds?(0) = ds®. Then,

for any time t, there exists a diffeomorphism ¢, : R? — R2, such that
| M [?(#e(2), t) = |My[*(2,0),  Vz€R
In particular, if at time ¢t =0, max |M;;|%(z,0) = |M;;|*(Z, 0), then for all ¢,

gé%yMijP(x’t) = |M;;*(¢4(T), 1)
R(¢¢(T),t) = R(z,0) > 0.

o]
The evolution equation of |M;;|? is —a—t|M,-j|2 = A|M;;|* — | D M;;|*> — 2R|M;;|*.
The maximum principle implies tlim max |M;;|*(z,t) = 0. On the other hand,
—00 zER2
0 . 0
§%%|Mij|2(:c,t) = 0 on a soliton, hence |M;;|*> = 0. That is , 505 =
—Rg;; = 2D;D;ju = Ly,gi;. Therefore ds? is also a gradient soliton. [
6.1. The Expanding Ricci gradient Solitons. The expanding gradient

Ricci solitons are solutions which satisfies

1
(63) (Z + ]{)dS2 = —vad82
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for some function f for all time ¢ > 0. For the purpose of this paper, we will
only consider the following a-shrinking Ricci flow

9 2
(6.4) Zﬂds = —(a + R)ds?,

where « is a positive constant. We will show the existence of the a-expanding

solitons, that is, there exists a function f such that

(6.5) %ds2 = —(a+ R)ds* = Lgsds®.

By the arguments in [H-1], the induced metric of gradient solitons on a
cylinder may be written as ds® = g(z)(dz* + dy?) with coordinates —oo <
x < 0o, and 0 < y < 27. In particular, there exists a constant C' such that
g(z,t) = g(z — Ct) and ds® = g(z,t)(dz* + dy?) is the a-expanding solitons

on a cylinder. Since the scalar curvature R = __(g )’, the a-shrinking Ricci

flow may be rewritten as

(6.6) Cq' = (a+ R = (a= (L))o,

Let ¥* be an a-expanding gradient solition on the plane, then the aperture

can be expressed in terms of the function g and

A(X%) = lim —_q(:c(r)) where r = /w(r) v g(&) dé
0

r—00 r
1. 4

(6.7)

Geometrically the expanding gradient soliton X% asymptotically approaches a
rotational symmetric cone with aperture A(X*). That is, there exist coordi-
nates {¢,y} with £ = £(z) on the cylinder such that

(6.8) wligloog(m)(de +dy?) = df® + A%Pdy?.
!
When z approaches oo, let £ = 4%, then g(z) = A%e?4® and wliinoo% = 2A.
On X with positive curvature, theorem 4.1 and the rotational symmetry
implies that lim R = 0. Therefore, a = C hm g _ = 2AC and (6.6) is

r—00 T—+00 g
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equivalent to

/

(6.9) a g

ﬂ5=a+R

To recover a smooth metric on R? from g(z), we need g(z)e™2* to be a smooth

function in €** as z — —o0; i.e., g(z) = ae®® + be?® + ... as £ — —oo. Hence
lim %2 =2 The positivity of the curvature implies (ggz—) = —gR < 0, and

T——00 z

therefore the maximum of the curvature occurs as £ — —oo and

(g &Y= _
R = ( a+2Ag) (z — —o0)
1
1
We have showed the following theorem which was conjectured by Richard

(6.10)
=a(-1+

Hamilton.

Theorem 6.4. For any given positive constants a and A € (0,1), there exists
a unique rotationally symmetric, a-expanding gradient solitons ¥* on R? with
positive curvature and aperture A. Furthermore, if we define function ¢ as
©(A) = L Rpax (%), then ¢ is a decreasing function in A.

7. INTEGRAL ESTIMATES FOR R? WITH FINITE CIRCUMFERENCE

In this section , we will derive some time-independent integral estimates.

Lemma 7.1. On (R? ds%(t)) with (*1) and Cs < o0, if My; = D;Dju +

leij, then under the Ricci Flow Y1 > 0, we have a uniform bound of

Jge | M |%dp, Ve € [1,00).
Proof. At any given time t € [r,00), let {D,} be a sequence of open sets
such that | J D, = R%, D, C Dy41, and lim L(0D,) = Ce. Then we may

n=1

compute
R2
/ |M,-j|2d,u=/ |DiDju|2d,u—/ —du,
D, D.. D, 2
and

/D |D:D;ul?dp = — /D D;D;D;uD;udp + /8 _ D,(Dju)Dyuds.
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Since

DzDzDJ'LL = D]D,D,u + Rijil.Dlu = —D]R + :—;iDju,

and

/ D;RD;udp = — / RAudut [ RD,(u)ds = / R2du+ / RD, (u)ds,
D, D, Dn D,

3D,

one obtains
IR / Eou- / =|Duldy
+ / RD,(u)ds + / D,(D;u)D;uds.
8D, aD,

By corollary 2.5 and theorem 5.8, there exist constants C(7) and Cy = Cy(ds?*(0))
such that |R| < C(r),|D*Fu| < C(1),|D*R| < C(r), and [z, Rdp = Co, V
1<k <2,Vte][r,00). Then we have

R? C(7) C(1)Co
/jd S5 /D,,Rd“‘——r’

/ §|Du|2du< / Rdu T)C"

Since C, < 00, then

< C(1)2L(0D,) — C(1)*Cy, as n — oo.

RD,uds
8D,

D,Dj;uDjuds
8D,

< C(r)*L(9Ds) — C(r)*Ceo, as n— co.
Hence after a short time, [z, |M;;|?dp has a uniform bound for all time. [

The following theorem is obtained from looking at — d fm | M;;)%du, in the
case when C, < 00.

Lemma 7.2. On M = (R?,g;;) with (*1) and Cy < 0 at t = 0, under the
Ricci Flow after a short time 7 > 0, we have

/ / 2 Dy Mj; [Pdp + / / 3R|M,Pdu < C(r).
t=7 JR2 t=1 JR2
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Proof. Let D,, be chosen as before, then we may compute
d
G | MPdu= | (MM - 2DuM Py [ 3RIM, P

/ A|M,J|2d,u, = / 2MijD,,(Mij)d$.
D, oD,

Hence we only need to show lim D, (M;;)M;;ds = 0.

n—0o0 aDn

After any short time 7 > 0, [|M;;]*dA and |DyM;;|* are bounded, and
i(M;) > 0, using the same arguments as in Proposition 5.5, we have |M;;|?

going to zero as the distance approaches the infinity. This yields

llm D,,(M,J)M,J dS S lim sup|M,]isupiD,,(M”)]L[aDn] = O
7= /8D, 7= 3D,, oD,
Consequently,

d
% / | M, |Pdp = —2 / | DM |Pdp — / 3R|M;;[2du
R2 R2 R2
the theorem follows. O

Lemma 7.3. On M = (R? ds?) with (*1) and Cy < 00, a soliton is also a

gradient soliton.

Proof. Lemma 7.1, bounds for | D M;;|? and i(M) > 0 imply that |M;;|? decays
to zero as the distance goes to infinity. Combining with Proposition 5.5 and

lemmas 6.2-6.3, any soliton is a gradient soliton. [

Now we will use the above lemmas to classify the limit of the metric at
time infinity as obtained in Theorem 3.2. Since ds® and ds? are the same
metrics which only differ by a diffeomorphism, they induce the same covariant
derivatives. If we define m(A, B,t) = D;D;u + %f%ﬁ;, then it is easy to see
that

—

Mij(Aa B’ t) = Mij(x> Y, t)’
and

/RZ(2|DkMij|2+3R]Mij]2)(r»?J,t)du = Az(QleMij|2+3R|Mij|2)(¢t(1‘1,B),t):iﬁ-
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If Co(0) < 00, by lemma 7.2, the uniform bounds of |D¥u| for all k£ > 1

and the positive curvature imply

Jim |De Ml (4, B, ) = lim [DeMi*(¢0(4, B), t) = 0
and

lim R|M;|% (A, B, t) = lim R|M;[*(¢. (A, B), t1) = 0.
In particular, llil’& |Dk]T47J|fl (A, B,t;) = 0 implies zliglo |J\//I\”|tl (A, B,t;) is a con-
stant. That is, either R = 0 or lliglo IJ\//:f,\]|t21 = 0. Combining this with theorem
3.2, ds2(00) is a cigar soliton and Ca(d52(00)) < Coo(ds?(0)).
Theorem 7.4. On (R?,ds?) with (*1) and Co, < 00, the limit of the modified

subsequence convergence at time infinity is a cigar soliton with circumference
at infinity no bigger than that at time zero.

8. THE HARNACK INEQUALITY FOR R? WITH POSITIVE APERTURE

In this section, we will further discuss the behavior of the limiting solution
at time infinity in the case when A > 0 by using the Harnack inequality and
by comparing the limiting solutions to the expanding solitons. The results
and the proofs in this section are mainly due to Richard Hamilton. Recently
Richard Hamilton proved a matrix form of the Harnack inequality for complete
manifolds with nonnegative curvature operator under the Ricci Flow ([H-2]).

In dimension 2 we may state the inequality as the following:

Theorem 8.1 (Hamilton). On a complete surface with nonnegative curva-
ture, under the Ricci Flow, as long as the solution exists, we have
~ 1 1
(8.1) Qi = DiD;R+ 5R’g;; + ViD;R+V;D;R+ RV;V; + - Rg;; > 0
for any vector field V.

Corollary 8.2. On a complete surface with positive curvature, under the Ricci

flow
1 1 D;RD;R
Furthermore, the equality holds if and only if the metric is an expanding gra-

R2g,-j + Rg,-j - 2 0.

dient soliton.
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Proof. When the minimum of Qij occurs, we have DViQZ—j = DR+ RV; =0,
hence Q;; > 0. If R > 0 and @Q;; = 0, then

D,D,R DRD,R 1 1
_ ZRg;; 4+ —g;; = 0.
R e "ol 594 =0

Let f = log R, then(8.3) can be expressed as

(8.3)

1 1

Furthermore, we have
1
(8.5) - (R+ 'Z)gij =2D;D;f = Lvy gi;.

This implies that g;; is an expanding soliton.
Conversely, if g;; is an expanding gradient soliton, there exists a function f
(from [H-2]), such that

1
(8.6) —(R+ Z)gij = Lv;g;; = 2D;D;f,
Differentiating (8.6) in the j-th component and contracting (8.6) by g;; yield

and
1
—(R+ ;) =Af.
Therefore D;R = RD,; f, that is,Vf = Vlog R. Hence Q;; =0. O

Corollary 8.3. On a complete surface with positive curvature, under the Ricci

Flow, as long as the solution ezxists, we have

)
S (tR) > 0

On an ezpanding gradient soliton, t - Rmax(t) is a constant under the Ricci
Flow.

|DR?

Proof. Let Q = ¢¥Q;; = AR+ R* + %—R - > 0, from (8.2). Then
9. 1 . 1_ _ |DRP
_— — = — >
R+ R=(AR+R)+ TR> —

9 (tR) > 0.

> 0; which implies —
> 0; which implies 8t(
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1 DR)?
On an expanding gradient soliton, @ = 0 and AR + R? + ;R _ | II; | )
+ %Rmax =0, thus —(%(tRmax) = 0. Consequently,

tRumax(t) is a constant in time. [J

This implies ARax + R2

max

Now we will use the existence of the expanding gradient soliton on R? and
Qi; > 0, to prove the following result.

Theorem 8.4 (Hamilton). On a complete (R?, g;;(t)) with (*1) and A(ds*(0))
> 0, then under the Ricci Flow we have

tRmax S C’

for all time t > 0, where C only depends on A(gi;).

Corollary 8.5. On a complete (R?, g;;(t)) with (*1) and A(ds*(0)) > 0, the
limit of the modified subsequence convergence at time infinity is the flat metric.

Lemma 8.6. For any given time T > 1, let g;;(T) be the solution of a com-
plete metric on (R?, g;;) under the Ricci Flow at time T'. Let q be a point on

R? and R(q,T) = Ruax(T). If R> 0 at t =T, then
1 /dR\?2 1 1
ﬁ(E) + R+ 7108 R < Ruuul(T) + 7108 R () =T

where s is the arc length along the minimizing geodesic connects any point p
and the point q.

i 2
Proof. Along any geodesic v out of g, let CZ?; = V¢ Then % = 0, and
V> =1.
. . ar . d*F o .
For any given function F, i V*D;F and ol V*VID;D;F. Multiply
Qij by ViVj, then
o 1 1 ViD;,RViD,R
I D). -2 2 . 2 > Zv T I
V*V'D,D;R + 2R V|* + 2TR|V| > 7 .
That is
dR

@?R 1_, R _1
- — > 2,
52 2R+2T“R(ds)
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Let
drl dR,,
2 dR[d*R 1 dR 2, 1
- ﬁa[d—sz ~ %% R

For any given point p on the geodesic 7, we can always assume that ii—R <0,
s

by comparing R(p,T') to some local maximum of the curvature R (T') along

v at time T'. Then X7 < 0, which implies

1 dR,
il < loc
Rﬁ(d )2 +R+TlnR RS

1
< Ronax(T) + T In Rnax (T). O

Proof of Theorem 8.4. From the above lemma and the positivity of the cur-

(T)+ = lanﬁix( )

vature, we have

dR \/ 1 I
— < — — —_— .
= ‘ < By|Runax(T) + 710 Runax(T) = R = ZIn R

d
Using the assumption that -g <0, we have

dR \/ 1 1
<< —— <K — — R .
0 < ——= < Ry/Rax(T) + 75 10 Rnax(T) = R~ ZIn R

On the other hand, Theorem 6.4 and (6.10) provide a rotationally symmetric

%-expanding Ricci gradient solition solution £ with

REY — R.(T).

max

Let Rm' at time T occurs at point 7 € 7. Since T 7 is rotationally sym-

metric, we may define

6= d(s) = B (¢(5),T),
where s is the arc length of the geodesic ¢ starting from n. In particular,

$(0) = R=* (7(0) T) = Ruax(T), and

1 1
<=L = — —p— = = )
0 d)\[ (Rmax(T T In Ryax(T) — ¢ T In ¢) = G(¢)
From stralghtforward computation, we have

R(v(s),T) > ¢(s) = B=* (¢(s), 7).
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Combining this with the Rauch comparison theorem, we have
Lz (0B;) < Ly (6B,) Vr >0

SO

Lin(0B) _ Lﬂ@ = A(SH) = (T - Ruu(T)).

r T—00

A(g;;(T)) = }H{}o

Since A(g;;) is preserved under the Ricci Flow and ¢ is a decreasing function,
then for any given time T

T+ Rmae(T) < p(A(ds?)) =C
where C is a constant depends only on A(ds?). O

Theorem 8.7. On (R?,ds®) with (¥*1) and A > 0, the limit of the modified
subsequence convergence at time infinity is the flat metric.

APPENDIX A. Ricci FLow oN HYPERBOLIC SURFACES

Sigurd B. Angenent

Let Q C R? be an open subset, and consider a family of Riemannian metrics

gt on Q) given by

(A1) g' = (ds)? = > ((dz)? + (dy)?)

i.e. by gi; = €%“6;;. The Ricci—curvature of g* is given by

(A.2) Ricj(z, y,t) = —Au(z,y,t)6;; = — (Ugg + Uyy) 6ij

where A stands for the ordinary Euclidean Laplace operator. The family of
metrics g* therefore evolves by the Ricci Flow if and only if (€**); = Au. If we
define v = €2*,w = e~2*, then the Ricci Flow for the metrics g is equivalent
with either of the following two PDEs:

ov
(A.3) i A (logv)
ow 2
(A.4) rTie wAw — (Vw)*.
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This first of these equations is note worthy since it can be interpreted as the

formal limit case of the “Porous Medium Equation,”

U m
(PME) 5 =AU™,

as the constant m > 0 tends to 0. Indeed, after rescaling the time by ¢t = 7/m,
the PME is equivalent with

(PME) U _A(Um—l);

aor m

if one lets m | 0, then one obtains equation (A.3).

There is a vast literature on the PME, and we refer the reader to Aronson’s
survey paper [Ar] for more background.

The PME has a well-known similarity solution, the Barenblatt solution,

which for 0 < m < 1, and in two space dimensions is given by

4m mt >l/(l—m)

U(‘T7y’ t) = (1 -m ) A(mt)l/m + r2

where 7 = /z2+y?, and A > 0 is any constant. If one chooses A =
R? (R2/4m)1/ ™. then upon talking the limit m | 0 the Barenblatt solution
shifted in time converges to the “soliton solution” which Lang Fang Wu has

considered in the main body of this paper:

. R2+4t 4t/R2 T 2 -
(A5)  Vizyt) =linU (s, )—(e +(%)

(with R > 0 any constant.)

Some of Lang Fang Wu’s results may therefore be interpreted as sufficient
conditions on the initial data v(z, y,0) which guarantee that the corresponding
solution v of (A.3) on the entire plane asymptotically behaves like the “soliton—
solution” (A.5).

If one looks for other radially symmetric similarity solutions of the Ricci
Flow equations (A.3) or (A.4)), then one soon finds that, in addition to (A.5),

there is indeed another one, namely

(AG) W(Iv Y, t) = élg (1 - r2)2 :
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This solution, when restricted to the unit disk = {(z,y) € R? : 22 + 3% <
1}, defines a well-known one parameter family of metrics on the unit disk:
g = ((dz)* + (dy)?) /W (z,y,t) is precisely the familiar constant (negative)
curvature metric on (2, with scalar curvature R = g Ric;; = —1/2t.

As we shall show below, one can easily prove some general statements about
the asymptotic behaviour of a large class of solutions of (A.4), just by using
the maximum principle and the special solution (A.6).

From here on we consider a classical solution w(z,y,t) of (A.4), i.e. we
assume that w is a smooth solution of (A.4) on the region © x (0,00) which

extends to a continuous function on Q x [0, 00). We shall also assume that

w(@,1,1) >0 ifr<1,t>0,

PP =0 ifr=1andt>0.

Then we shall prove that the special solution W is the largest possible solution,
i.e. that

(A7) - w(z,y,t) < = (1— r2)2

1
8t
for all (z,y) € Q,t > 0. We shall also prove that

(A.8) lim 8tw(z,y,t) = (1- 7"2)2,

uniformly in (z,y) € Q. Thus all classical solutions behave asymptotically like
the special solution W.

If we also assume that w(z,y,0) > §(1 — r?)? for some § > 0, then we can
improve the statement (A.8) about asymptotic behaviour to the effect that

1
(A.9) w(z,y,t) = % Q- (1+0t)).
To prove the upper bound (A.7) we observe that
- 1 2)2
wa(z,9,t) = 8A(t+¢) (4-r%)

is also a solution of (A.4), and that this solution is strictly positive on 2x [0, co)
if one chooses A > 1, > 0. It follows that z = w — w, satisfies

%=wAz—V(w+w*)~Vz+(Aw*)z,



470 LANG-FANG WU

while z(z,y,t) < 0 if r is sufficiently close to 1. If one also chooses € > 0 small
enough, then one has z < 0 whenever ¢ > 0 is sufficiently small. The maximum
principle for parabolic equations then implies that z < 0 everywhere, and (A.7)
follows by letting e | 0, A4 | 1.

To prove convergence, we observe that for any 0 < R<1land T >0

Wer(z,y,t) = (R? - r?)?

1
8R%(t+T)
is a solution of (A.4) which is strictly positive on Qg x [0,00), where Qp =
{(z,y) € R? : 22 + y* < R?}.

Since the given classical solution w is strictly positive on €2, there is a
Tr < oo for each R < 1 such that w(z,y,0) > R?/8T for (z,y) € Qr. Hence
w(z,y,0) > Wrr,(z,y,0) on Qg; furthermore, Wgr, vanishes on 0Qg X
[0, 0), while w is positive there, so we may apply the maximum principle, and
conclude that w > Wxr, on Qg X [0,00).

Consider z(z,y,t) = (1 — r2)? —8tw(z, y, t); it follows from (A.7) that z > 0,
and we must prove that sup(, ,)eq 2(2,y,t) — 0 as t — co.

If r < R, then we have just shown that

1

2 _ 22<1_ 2 Tg 4
—(TR+t)R2(R r¥)"<1-R*+ ——R*

2(z,y,t) < (1—7‘2)2— Tt

If R < r < 1 then positivity of w implies that z < (1 — 7'2)2 <(1- R2)2 <

1— R? so that we have z < 1— R?+TrR*/(Tr +1t) on Q. By choosing ¢ large
enough, and R close enough to 1, we can make supg, z(+,t) as small as we like,
and this shows that (A.8) holds uniformly on €.

The proof of the asymptotic result (A.9) runs along the same lines, but is

shorter; we note that

is again a solution of (A.4). The same kind of argument involving the maxi-

mum principle shows that w > w, so that

<1 8tw(z,y,t) < 1

0.
- (1_7~2)2 —1+86t—)

which clearly implies (A.9).
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Geometrically, the condition w(z,y,0) > 6§ (1 — r2)2 is quite natural since it

is invariant under the group of conformal automorphisms
, a
f(z)=e€®z+—-14+az, 0€eR,|a<]1,

of the unit disk. The condition is certainly satisfied by any metric which one
obtains by lifting the metric of a compact surface of genus g > 2 to its universal
cover, the unit disk 2.

On the other hand, a quick computation shows that if & > 2 is any constant,
then

k 1
Wiy ) =A(1-r)",  Wo(ayt)= - (1-r)

are super- and sub—solutions of (A.4), respectively (A > 0 is a constant.) Using
the maximum principle one can show that if w is a classical solution as above

for which
§(1—r2)" < w(z,y,0) < % (1-r2)

holds for some § > 0 and k > 2, then w(z,y,t)/ (1 — r2)k will be bounded both
from above and away from zero for any ¢ > 0. In this case the asymptotic
result (A.8) still holds, but the sharper estimate (A.9) is definitely untrue.
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