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NONUNIQUENESS AND HIGH ENERGY SOLUTIONS
FOR A CONFORMALLY INVARIANT SCALAR EQUATION

DANIEL POLLACK

INTRODUCTION

The Yamabe problem asserts that given any compact Riemannian manifold
(M,7g), without boundary and of dimension greater than or equal to three,
there exists a conformally related metric g, with constant scalar curvature.
A glimpse into the colorful history of this problem is given by [20, 19, 1, 14].
Following Schoen’s resolution of the Yamabe problem [14], there has been great
effort and success in better understanding the quantity and behavior of metrics
which can occur as solutions. In this paper we prove the existence of arbitrarily
many distinct solutions to the Yamabe problem with constant positive scalar
curvature, all lying within a fixed conformal class which is arbitrarily close, in
the C° topology, to the conformal class of any given metric of positive scalar
curvature. Before stating the result precisely we recall some of what is know
about the existence of metrics of constant scalar curvature. For a complete
and accessible discussion of the Yamabe problem we refer the reader to the
excellent survey article by J. Lee and T. Parker [9].

Constant scalar curvature metrics arise as the critical points of the total

scalar curvature functional
01 Rlg) = [ Rig)dv,

restricted to those g € [g]1, the space of metrics which are conformally equiva-
lent to g and have unit volume. If we write g = u7-7g, for some u € C> (M),
u > 0, then the scalar curvature R(g) is given by

R(g) = —c(n)™'u™"2 Lyu,
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where ¢(n) = == 1), and Ly is the linear operator given by
(0:2) Ly = Ay — c(m)R().

Ly is called the conformal Laplacian of (M,7g), it is a conformally invariant
operator in the sense that if g = uﬁg, then for any function ¢ € C*°(M) we
have Lj(u¢) = u%quﬁ. The Euler-Lagrange equation of (0.1) is R(g) = K,

for some constant K, or equivalently
(0.3) Lyu+ c(n)Ku= = 0.

This is known as Yamabe’s equation and will be the focus of our study.
The approach used in solving the Yamabe problem was to seek a metric g
which minimizes (0.1). The Yamabe Invariant is defined by

(0.4) I(g) = inf{R(g):g € [gh}-

Thus the solution of the Yamabe problem produces a metric g € [g]; with
constant scalar curvature R(g) = R(g) = I(g). Clearly by the definition, I(g)
is a conformal invariant. We thus refer to the sign of a conformal class, [g] as
being the sign of I(g). The sign of I(g) dictates, to a large degree, the behavior
of (0.3) and the types of solutions which can arise. I(g) > 0, (respectively = 0,
< 0) is equivalent to the existence of a metric g € [g] with scalar curvature
R(g) > 0, (respectively =0, < 0).

For nonpositive conformal classes, the Yamabe problem has a unique solu-
tion among unit volume metrics. We deal exclusively with positive conformal
classes. Among positive conformal classes, uniqueness does hold under very
special circumstances. Recall that an Einstein metric g is a metric whose Ricci

R(g) =2 g = 0. Einstein metrics arise as critical points

curvature satisfies Ric(g) —
of the total scalar curvature functlonal (0.1) taken over the space of all unit
volume metrics on M. A theorem of M. Obata [11], asserts that in the confor-
mal class of an Einstein metric, there exists a unique metric of constant scalar
curvature and unit volume, namely the Einstein metric suitably normalized.
This holds provided that the conformal class of the Einstein metric is not the
conformal class of the round metric gg, on S™. The proviso that one avoid the
conformal class of gg, is necessary since there exists an n+1 dimensional family

of metrics in [go]; with constant scalar curvature. These metrics arise as the
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pullback of gy by the nonisometric, conformal diffeomorphisms of S™, the space
of which may be identified with the interior of the unit ball B**! ¢ R**!. This
exceptional property of (S™, go) is heavily exploited in this paper, to show that
the uniqueness property exhibited by Einstein metrics which are conformally
distinct from go, is not a general phenomenon.

Recently R. Schoen has completed a thorough analysis of solutions to (0.3)
which shows that if (M, g) is not conformally equivalent to (S™,go), then the
set of solutions form a compact family, the size of which is determined solely

by the conformal class, [g]. In [16, 17, 18] Schoen considers the family of

n+2
' n—-2

equations, indexed by the exponent p € [1 |, given by

(0.5) Lyu+ E(u)u? = 0

where E(u) is a positive constant which depends on the solution. When p <

n+2
n—2"

This approach to the study of (0.3) was originally introduced by Yamabe.
For exponents p < 2£Z the Sobolev embedding i, : H'(M) — LP*'(M),

is actually compact by the Rellich-Kondrakov theorem. This accounts for

these equations are referred to as the subcritical regularization of (0.3).

the fact that the subcritical equations, (0.5) with p < 2£2, are more easily
analyzed then (0.3) which has the critical exponent p = %{% for which the
embedding is still continuous but fails to be compact. This loss of compactness
is the source of much of the difficulty of the Yamabe Problem. By a careful
analysis of the possible types of blow up which could occur as p — Z—*_'g,
Schoen has derived uniform estimates on (0.5) provided that (M,g) is not
conformally equivalent to (S™,go). These estimates imply that there exists
a constant A = A(g), which depends only on the conformal class of g, such

that every solution of (0.5) for any p € [1, 2t2], lies in the set Q4 defined by

' n—-1
Qp = {u € C**(M) : ||ull2,a < A}. This shows that no blow up can occur, and
all solutions of (0.5) converge as p — Z—fg, to a solution of Yamabe’s equation

(0.3). In the case when all the solutions to (0.3) in [g]; are nondegenerate, as
will be true for a generic conformal class, the existence theory which follows
from this estimate implies that there are at most a finite number of solutions
within [g].

These results provide some motivation for why we need to to perturb the
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given conformal class in order to find arbitrarily many solutions with arbitrar-
ily high energy. In particular, they explain why these solutions do not exist
without a perturbation of the conformal class.

The energy of a solution is given by

F(u) = /M (IVul? + c(n) R(g)u?) du.

n+2
n—27

R(g) = c(n)"1E(u). If we normalize our solutions so that R(g) = n(n—1), thus

In the geometric case of the critical exponent p = for g = uﬁy we have
leaving the volume uncontrolled, the energy of our solutions is then dependent
on the volume of (M, g) '

_n(n—2)

B(u) = 22 =Vol, (M),

The solution to Yamabe’s problem produced a global minimum for the varia-
tional problem (0.1). This minimum always has energy less than or equal to
that of the unit sphere S C R™*! with the induced metric gy, and equality
occurs if and only if (M, g) is conformally equivalent to (S™, go). Thus, if we
let w, denote the volume of the unit sphere, then for a minimizing solution
Jmin = uxﬁ g we have

n(n — 2)

4

Wy,

E(umin) S

We note that the Morse index of the solution g = w77 is equal to the
number of eigenvalues of A, in (0,n). Thus if we assume that g is a minimal
solution then we know that A, the first nonzero eigenvalue for A; on M,
satisfies A\; > n. The futher assumption that the solution is nondegenerate
insures that the strict inequality A; > n holds.

We are now in a position to give a precise statement of our result.

Theorem 0.1. Let (M, g) be a compact Riemannian manifold without bound-
ary and of dimension n > 3, with positive scalar curvature, R(g) > 0. Given
any integer N > 1 and any number € > 0, there exists a conformal class [g1]

which satisfies

g = 91'llco <%
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for some metric g’ € [g] and g," € [g1], and which contains metrics g1, ...,gn
such that for each k=1,...,N

e = u,:'_ijgl and  R(gx) = n(n—1).
Moreover the energy E(ux), of each of these solutions can be estimated by
|E(uy) — (Voly(M) + (k + L)w,)| < c(€F +&°7°),
for any q > % and a constant c = c(n, g).

Thus there exists a sequence of metrics ge, each with at least NV distinct
solutions in their conformal classes, which converge to g in the C° topology, as
€ — 0. This is valid even though g may only have one solution in its conformal
class, e.g. if g is Einstein, or if all solutions in g are minimizing, as is the case
for g = go on S™. Note that the energy estimate in Theorem 0.1 implies that
each of the solutions g, are nonminimizing. If we let

My={[g]:3=N solutions of Yamabe’s equation in (9]}
then we have the following Corollary.

Corollary 0.2. For any integer N > 1 the set My is dense in the C° norm
on the space of positive conformal classes.

One should note that Schoen’s estimates, referred to above, will be stable in
a sufficiently strong topology. In other words, the same set 4 should contain
all the solutions to (0.5) with respect to any metric g, which is € close to g
in the C* norm, for k sufficiently large. Thus one can view the two results as
being in opposition to each other.

In section 2 we construct approximate solutions to (0.3), which take the form
of M joined with a string of k+ 1 spheres, for k =1,..., N, each attached to
the next by thin necks. The resulting metrics g;, are approximate solutions in
the sense that their scalar curvature is bounded and the set where the scalar
curvature is not constant, has small volume with respect to the metric g;,. It
is possible to construct N distinct approximate solutions ¢;,, ... , g1, Within a
fixed conformal class, each of the form of M joined to a string of 2,... ,N +1
spheres respectively. ‘ :
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If we treat g;, as our new background metric and seek g = u=-2 g1, with
R(g) = n(n — 1) then, (0.3) becomes

(0.6) By u—clm)RlgyJu+ "2~ o

The statement that g;, is an approximate solution, means that v = 1 is an
approximate solution to (0.6). Since we wish to find a solution to (0.6) which
is close to our approximate solution u = 1, we write g = (1 + 77)n+2 g1, where

7 is small. By linearizing (0.6) about u = 1, our equation takes the final form

(0.7) Ag, n+nn = c(n)(R(gr,) —n(n—1))(1+n)+Q(n),

where for 1 small, Q(n) is quadratically small. For simplicity, we write (0.7)
as

Ln = F(z,n).

The initial analytic difficulty in solving (0.7) is the possible presence of a kernel
for the linear operator £. Such a kernel could arise from the linear functions on
S™ C R™*1. In section 3 we show that these functions actually do give rise to
a small eigenspace K which necessarily contains any functions 7 in the kernel
of £L on M. This is done by identifying an explicit approximate kernel Kj,
and showing that there is a small eigenspace K C L%(M), very close to K.
This explicit control on K allows us to identify and quantify the component
of F(z,n) lying in K. This is one of the central features which allow us to
solve (0.7) exactly.

We then show that we can invert the operator £ on K+, and obtain precise

estimates on the solution n € K+ of
Ln = f,

for f € K+. In section 4 these estimates and the structure of the approximate
solution, g1,, are used to solve (0.7) by a contraction mapping argument,
provided that F(z,n) € K*.

The high degree of flexibility in our construction insures that the approx-
imate solution may be deformed in such a way as to guarantee that the cor-
responding F'(z,n) is orthogonal to the small eigenspace K of L. It has been
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well known for some time that one can construct approximate solution met-
rics. In particular, O. Kobayashi [8] has constructed approximate solutions
with arbitrarily high energy within any positive conformal class. However
these are constructed by an ODE method and do not have enough parameters
to be deformed into exact solutions. The fact that our approximate solution
construction has a large space of parameters which determine the correspond-
ing metric g,, is the source of the flexibility which is necessary to solve the
nonlinear equation exactly. A primary component of the deformations we use,
is the recognition that an integral identity having its origins in works of S.
Pohozaev [12], and J. Kazdan and F. Warner [7], provides us with a precise
measurement of the component of F(z,n) lying in K. (The referee and Jose
F. Escobar have pointed out that his identity is related to the Rellich identity
[13], which characterizes the eigenvalues for the Dirichlet problem in terms
of a boundary integral involing the normal derivative.) Moreover we show
that it is possible to adjust each approximate solution, according to the re-
quired deformation, so that the deformations preserve the conformal class of
the approximate solution. By doing this for each of the 1,... , N approximate
solutions we find N distinct exact solutions to (0.7). The energy estimate is

then a consequence of our construction of the approximate solutions.

The analytical methods used in this paper originate in the work of R.
Schoen. In [15], Schoen proves the existence of weak solutions of (0.3) on
S™ which have prescribed singular behavior. In particular, he constructs met-
rics g, conformally equivalent to go, which have constant scalar curvature,
n(n—1) and are complete on S™\ {qi, ... ,qx}, where {g;}%_, is any prescribed
set of k points, for k£ > 2. In the interest of avoiding undue repetition, we will
we often refer to [15].

We avoid some of the analytic difficulties of [15] by the fact that our ap-
proximate solutions are compact, whereas in [15] they are noncompact and, in
certain cases can have exponential volume growth. In the noncompact case,
the small eigenspace K of L, is infinite dimensional and the solutions of the
linearized operator do not, in general, lie in L2(M). On the other hand, in
our case we must keep track of the conformal class of the approximate solu-

tions and the conformal class of their deformations to insure that we can find
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our N distinct solutions all within one fixed conformal class. We also need
to guarantee that neither the original manifold (M, g) nor the final sphere
which we attach to our string, give any contribution to the kernel of £. This
is accomplished by a generic perturbation of the metrics and, in the locally
conformally flat case, accounts for our C° perturbation of the conformal class.
In the case that (M, g) is nowhere conformally flat, we require an additional
perturbation to make it conformally flat in the neighborhood of a point. N.
Kapouleas has used similar techniques in constructing a multitude of constant
mean curvature surfaces in R3? (see [6, 5]). His approximate solutions are con-
structed from Delaunay surfaces, a classical one parameter family of constant
mean curvature surfaces. These surfaces serve the same role in his construc-
tion, as the n+ 1 parameter family of constant scalar curvature metrics on S™

serve in ours.

Acknowledgement. This work was part of the authors doctoral dissertation at
Stanford University under the direction of Richard M. Schoen, our gratitude
for his support during that time can not be overstated. We would also like to
thank Rafe Mazzeo and Karen Uhlenbeck for many helpful and enlightening

discussion concerning this work.

1. APPROXIMATE SOLUTIONS

1.1. The Initial Background Metric. If we assume that R(g) = n(n—1),
the scalar curvature of the unit sphere S C R™*! and seek metrics g € [g]
satisfying R(g) = n(n — 1), then writing ¢ = u-2g for some u > 0, u €
C*®(M), u must satisfy

—9) .
(1.1) Lyu + KL(nTluﬂ—g = 0,
where Ly is the conformal Laplacian with respect to the backround metric g,
n(n — 2
Lzu = Agu — c(n)R(g)u = Agu — %u,
here ¢(n) = fn;j_)' We will require that g lie in a nondegenerate conformal

class. This is equivalent to the invertibility of the operator £, obtained by
linearizing (1.1) about any solution u. Among positive conformal classes of

metrics, this condition is generically satisfied, i.e. it is satisfied by an open
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and dense set of conformal classes. We will employ this condition in a very
explicit manner. Since u = 1 is a solution to (1.1), and the linearization about
about this solution is

the nondegeneracy of the conformal class [g] implies that n is not an eigenvalue
of —Ag. This fact will be of central importance in our construction of solutions
o (1.1). Recall that on (S™,go), n is an eigenvalue of —A,, with an n + 1
dimensional eigenspace consisting of the restrictions of the linear functions
in R"*! to S™. Thus [go] is a degenerate conformal class. Since the kernel
of £ on S™ can be explicitly identified, it will be possible for us to use S™
in our construction of approximate solutions. We will also need to consider
nondegenerate conformal classes of metrics on S™. Since the nondegeneracy of
[g], for metrics g on S, is a generic condition, we may consider nondegenerate
metrics which are arbitrarily close to go. We will let g, denote a metric whose
conformal class is positive and nondegenerate, and which satisfies for ¢ > 0
and for some integer k > 0, |g, — go|x < €, where |- |, denotes the C* norm on
tensors, taken with respect to the fixed metric go.

The first task will be to construct N approximate solutions ¢i,,...,41, to
(1.1) all lying within a fixed conformal class. Toward this end it is necessary
to deform g to make it conformally flat in the neighborhood of some point
zo € M. We deform g as follows. Let ||W|| denote the norm of the Weyl tensor
W = Wi, taken with respect to g; this is a continuous function on M, so let
Zo be a point at which ||W|| attains its minimum value. Let (r,#) denote polar
normal coordinates centered around zo = 0. In these coordinates, g takes the
form g = dr? + r?h, where h, = h;;(r,0)d6'd6’ is a metric on S™~1, and hy
denotes the standard metric on S™~!. Let ¥(r) be a smooth nondecreasing
cut-off function which satisfies ¥(r) = 0 for r < 1, &(r) = 1 for r > 2 and
|W’'(r)| + |¥"(r)| < c for some constant c. We then define ¥,(r) = ¥(p~'r),
so that p|¥/(r)| + p?*| ¥/ (r)] < c. For any p > 0 such that 2p < i(M, g) = the
injectivity radius of (M, g), we deform our metric g to a new metric g, defined
by

9o

_ { dr? +72((1 = ¥,(r))ho + ¥,(r)h,) on By,(z)
g on M \ By,(zo)
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Note that g, is Euclidean in B,(z), and hence conformally flat in a neigh-
borhood of zy. R. Schoen has observed [14] that for p sufficiently small, the
conformal class of g,, [g,] is positive. For such p, we find, by appealing to
the resolution of the Yamabe problem, a new metric, again denoted by g, in
[9,] with constant scalar curvature n(n — 1), and which is a minimal solution
for the variational problem. This metric is conformally flat in a neighborhood
of zo, and will serve as our new background metric. Since we can also apply
such a deformation to the metric g, on S™, we shall assume that g, is non-
degenerate, conformally flat in a neighborhood of a point z, € S™, satisfies
R(g,) = n(n — 1), and is a minimal solution for the variational problem. Be-
- fore proceeding with the construction of our approximate solutions, we need
to develop some facts concerning conformally flat metrics and the standard
sphere (S™, go).

1.2. Stereographic Coordinates and Conformally Flat Metrics. We
will always regard S™ as the unit sphere in R**!. If q is any point in S, let
P(q) ¢ R**! denote the hyperplane passing through the origin and orthogonal
to ¢, and let z = (z!,...,z") denote Euclidean coordinates in P(g). R" =
P(q) can be identified with S™ \ {q} by stereographic projection from ¢q. For
p € R let £(p) = p - q, we may then view (z,£) = (z!,...,2"§&) as
Euclidean coordinates for R**!. Stereographic projection 7 : R®™ — S™ is then

given by

r(z) = ( 2z |x|2—1)
T \|zP 41 |22+ 1)
The standard metric gy on S™ C R™*!| is then

4 - ;
=— dz?)?
= TPy &)
when expressed in these coordinates. Let B,(q) denote the geodesic ball on
S™ of radius r < 7 centered at q. A little elementary trigonometry then shows
that

7 ({o: 1ol = (ban )1} ) = 0Bs(a)
and

1
|r=! — (tan §r)‘1| <er
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The fact that (M, g) is conformally flat in a neighborhood, B, (z,) of zy €
M, is equivalent to the existence of a conformal diffeomorphism, ® between
B,,(zo) and a domain in (S™, go), provided ry is sufficiently small. If ®(z,) = q,
for some ¢ € S™, we may write g = ¢~2gp in Q = ®(B,,(z)) C S, for some
$ € C™(), » >0. Let A > 0 satisfy ¢ > A~! on Q, and |||l < A, where
| - ||2 denotes the C? norm taken with respect to the standard metric go on

S™. In stereographic coordinates on S™\ {q}, g takes the form,
9= 4o(n(x)) + ¢(m(z))|z|*)” Z dz*)”.

This expression holds in R\ Bg,(0), for some Ry >> 1. If we let v+ (z) =
(¢(n()) + ¢(m(z))|z|*) 72, then we have,
o(z) = | "($(n(2) + ¢ (@) 2] %) T

We now show that by making a fixed linear change of coordinates in R”, we

can rewrite this as,
(1.3) o(@) = |2 (a0 + h(z)) ",

where ag = ¢(q) > 0 and h(z) = O(|z|=2). This type of adjustment was used
by Gidas, Ni, and Nirenberg [3] in showing that all global solutions on R” to
(1.1) are spherically symmetric.

Lemma 1.1. Given any conformally flat metric ¢ on B,,(z0) C M, there
exists an Ry >> 1, and coordinates on B,,(zo) \ {zo} such that

= 47777 (2) Y (dz)?
i=1
for |z| > Ro, and v(z) takes the form
o) = |o* (a0 + h(z)) 7",
where ag > 0 and h(z) = O(|z|™?), as |z| — oo.

Proof. We first extend ¢ from Q C S™ to a small neighborhood of Q in R”
so that 35,?( ) = 0,Vk > 1. Writing the Taylor expansion for ¢(z, &) about
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g=1(0,...,0,1) € S, as a function on R"*!  we have

¢($,§) =ao + Z¢z( 'T +35 Z ¢‘LJ :12 xj + O(les)a
i=1

3,j=1

where ¢; = z,, bij = Bz = In stereographic coordinates this expression is

transformed into an Laurent expansion about infinity, if we only keep track of

those terms up to order |z|™!, we then have,

¢z(q -2
Thus,
4 1 ¢1(q -
n—2 = —— _—— + O 2 .
If we were to replace z with z — zo, for some zo = (z},...,z}) € R™, then
since

1 1 i -2
|x—g;_0|4=W< Izzm+0|wl ))

this would have the net effect of introducing a new term of order |z|™! into

our expansion. Explicitly for ,,(z) = 2’ = z — z¢ we have,

4 1 a0zt — @; g _
’U(:l?’)m — _a%|$|4 ( o Z( T;xj xOTZ S:-])]?-T + O(l.’rl 2)) .

=1

Therefore, choosing z} = 242 we have

2a0
@)™ = s (14 0(1el ™),
or simply
(@)™ = |a|™(a, + h(z))
where h(z) = O(|z]|72) as claimed. The same arguments easily show that

|Vh(z)| = O(Jz|3) and Ah(z) = O(|z|~*) as well. Note that this expression
is valid on R™\ Bg(0), for any R > Ry+C > Ro+|z,|, where C = C(n,A). O
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1.3. Conformal Transformations of (S™, gy). The group of conformal trans-
formations of S™ is isomorphic to the group O(n + 1,1) of linear isometries
of Minkowski (n + 2) space. If G : S* — S™ is a nonisometric conformal
transformation with precisely two fixed points on S™, then we refer to G as a
dilation. If the fixed points are antipodal points, say +q, and the differential
dGp : TpS™ — Tg(p)S™ is a multiple of the identity at g, then we refer to G
as a centered dilation. Suppose that G is a centered dilation. We then let |G’
denote the function whose value at p € S™ is the linear stretch factor of G
at p, that is [dG(v)| = |G'(p)| for any unit vector v € T,,S™, and assume that
|G'(q)| > |G’(—q)| We shall refer to q as the source of G and —q as the sink
of G. In stereographic coordinates we have 77'(—¢) = 0 € R*, and G has the
form

G(z) = px
where p = |G'(0)|. It is easy to see that |G'(q)] = p~!. This shows that
|G'(9)||G'(—q)| = 1, moreover p =1 if and only if |G| = 1, in which case G is
an isometry of S™.

Let A > 0, be defined by A = |G'(g)|, and thus A\™! = p = |G'(—q)| < 1. We
will think of A as a large number (i.e. we will only work with strong dilations),
and define a related small quantity € by € = 2A~%/2,

The hypersurface in S™ upon which |G’(p)| = 1, corresponds under stereo-
graphic projection to the set ¥; of z € R", satisfying

p(l+ |z?) = 1+ p?laf.
It then follows easily that
¥ = {z:|z| = \V2}.

A general dilation G has a unique decomposition G = RD, where R is a
rotation and D is a centered dilation. Note that G*go = D*R*gy = D*gy, so
that |G’| = |D’|. We let ¢ and —q denote the source and sink of D, respectively,
and X and € are given by A = |D'(q)|, and € = 2\~Y/2,

1.4. The Bubble Construction. Given a metric g on M such that R(g) =
n(n — 1) and g is locally conformally flat in a neighborhood of a point z,, we

now construct a metric g; conformal to g which agrees with G*(go) near z,
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and with g away from zy. This new metric will have scalar curvature which
is bounded and differs from n(n — 1) on a set whose volume with respect to
g1 is small. This is a generalization of [15, Prop. 1.1], which established this
result in the case that (M, g) = (S™, go).

Proposition 1.2. Let (M,g) be given such that R(g) = n(n — 1) and g is
conformally flat in a neighborhood of xo € M, with ® and A as defined above.
Suppose G is a dilation with source ¢ = ®(xy) and G = RD. Let )\ and € be

1

as above, and let o = 2¢™!. There exists a metric g, = u=2g on M with the

following properties:

(i) Let e, = €'+ and €, = €'~%. The metric g is equal to G*(go) in
B, (z0), and is equal to g on M\ B, (z0), for some constant ¢ = c(A).

(ii) Let R; denote the scalar curvature function of g;. There exists a con-
stant C depending only on n and A, such that the following inequalities
hold:

max{|Ri(p)| : p € M} < C,
Vol {p: Ra(p) # nln — 1)} < Ce™?,

where Voly, (-) denotes the volume taken with respect to g,.
(i) The metric g can be described as follows near 0B.(q) C S™. Let

z = (z¢,---,z") be stereographic coordinates on S™\ {q}. For |z| near

4

o, g1 is given by g; = 4v] > Y1 (dz*)?, where
v (z) = 0¥ ™ + |z
In particular, Ry = 0 near 0B(q).

(iv) The metric g1 varies continuously under deformations of G.

Proof. Since (M, g) is locally conformally flat in a neighborhood of z,, there
exists an r > 0 such that B,(zo), the geodesic ball of radius r with respect to
g, is locally conformally flat, i.e. there exists a conformal embedding

D (Br($0)ag) — (SnaQO)
with ®(zo) =q € S™.

As was shown above, there exists translated stereographic coordinates

ml_g : R*— S™\ {q}
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so that g has an expression of the form

n

g =4v(z)=7 Y (dz)?,
i=1
for some ¥(x) as in (1.3). There exists an R >> 1 such that this expression
for g is valid in R™ \ Bg(0) C 7~ *(®(B,(x0))).
Our new metric will be of the form g; = 4111"_4‘5 S 1 (dz*)? on R™\ Bg(0),
for some v, € C*(R™\ Bg(0)),v; > 0 which we shall now construct explicitly.
The function v; shall satisfy

7(z) for R<|z| < o9
o2 + (a3 ?|z|)* ™ for 4oy < |z| < 0y

(2—n)

A1+ A2z?) "z for 4oy < |z|

v (z) =

where o, and o, are to be chosen so that 0y << 0 << 0.

We shall require that
1 1 1,)-1 L
(14) (tan -2'62) S g9, g1 S Z(tan 561) y R S (tan 562) .

The third inequality will be satisfied provided A is sufficiently large, i.e. pro-
vided that G is a sufficiently strong dilation. These three inequalities guar-
antee that gy = G*(go) on B, (q) and g; = g on 2\ B, (g). Moreover we
may choose a constant ¢ = ¢(n,A) > 0 such that B, (z¢) C ®~(B,,(q)) and

&1\ B, (q)) C M\ B, (o). Thus for this constant c, these inequalities
will guarantee that property (i) holds.

For a > 0 we define a patching function ¥,(z) on R™ by setting ¥,(z) =
U(a~t|z|), where U, (x) satisfies

0 for|z|<a
Ya(z) = { 1 for ;xi E 2a

and a|V¥,| + a?|VVY,| < C.

We now define v;(z) explicitly for oo < |z| < 403 and calculate the scalar
curvature of the corresponding metric, g; = 4v; ()72 >, (dz?)?. Define

v (z) = |z~ (ao + (1 — U, (x ))h(x))g% for oy < |z| < 20,
1 Wao, ()0 + (al o]~ for 20, < |z] < dov.
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4

n

The scalar curvature of g; = 4v~* 31, (dz*)? is given by

n—1 _—ni2
Rl = — (41 n2 A’Ul.
n—2

To show that R; is bounded for oy < |z| < 205, we write
o) = o f(2)
where
f(@) = a0 + (1 = ¥, (7)) h(x).

A straightfoward calculation yields the formula

“Jaf (] (1IV 1 (@) - 2 (2)Af (@)

+4(n = 2)f(z) (VS (z) - Vz|)].
Using the bounds noted above on ¥(z), hA(x) and their derivatives, it follows
immediately that R;(z) is bounded for o, < |z| < 203, forany 0 > R > 1. On
203 < |z| < 409, Avi(z) = 02 "AW,,,, so we have [AU,,| < co™ 2(203)72. A
lower bound for v;(z) here, implies v;(z)" "= < (ab/?|z|)"*? < copt?, where

n—

Ri(z) = - 1

¢ = ¢(n,ap). These bounds yield |R;(z)| < co® ™o}, which is bounded pro-

1—

. -2 . 2 —
vided o < col™=. Since €5 = €!~7 and |o(tan 1€)~| < ce, we can choose a

constant ¢ > 0 so that this holds without violating (1.4).
For 0, < |z| £ 2071 we define v;(z) by
o) = 0" + (1= o, )(ag o))",

We then get the estimate |R;(z)| < co™ 2?07 ™, which is bounded provided that
o, > colti. As above, since €; = €!t% we may choose a constant ¢ > 0 so
that this holds without violating (1.4).

Since o = A2, we may rewrite the definition of v;(z) for |z| < 403, as

vi(@) = " (1 +A2e]) T
If we expand this out we may then write
v (z) = 0*" + afz),

and for 207 < |z| < 407 one can easily check that the following bounds on
a(z) hold
la(2)| + 01|Va(z)| + 07| VVa(z)| < co™* "o,
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where c=c(n). With this in mind we define v;(z) for 20; < |z| < 40, by
v1(z) = 0" 2 + Wy, (2)a(x).

An easy calculation using the bounds above then shows that |R; ()| is bounded
for 207 < |z| < 40;.

This completes the definition of g; on R™ \ Br(0). Clearly by the con-
struction of v;, g; extends to a metric on all of M which agrees with g in
M\ B,,(z0) and with G*(go) in B, (o) and satisfies |R;(z)| < C on all of
M. Moreover properties (iii) and (iv) can be verified immediately from the
construction of g;. It remains to verify the second inequality of property (ii),

which is equivalent to the inequality
/ vi(z) 2 de < Ce™2.
{z: 02<|z|<401}
For 03 < |z| < o, vi(z) < Cl|z|>™, so that vy(z)*=7 < Cl|z|~2". Hence
/ vy(z)*22dz < C |z|7"dz < Coy™ < Ce™ 2.
{z: 02<]z|<0}

{z:02<|2|<0}

For o < |z| < 4oy, v1(z) < co?™™, so that
/ vi(z)*2ds < C o~ dx < Co™ a7,
{z: 0<|z|<40,} {z: 0<|z|<40:1}

Since o1 < X(tan e;)~! and |e] — (tan F€;)™!| < cey, we can choose a constant
¢ > 0 such that 07207 < ce"~2. Thus Vol,, {z : Ri(z) #n(n—1)} < ce" 2.
This completes the proof of Proposition 1.2. O

1.5. Conformal Structures and Approximate Solutions. Our N ap-
proximate solutions gy,,...,91, can be distinguished from each other by the
number of spherical regions (defined below) that each one possesses, for exam-
ple, g1, will have k spherical regions. We will first show how to construct an
approximate solution with k spherical regions, for any £ > 1. Once this is done
it will be easy to construct a conformal class with N approximate solutions.
The conformal data which we will use to construct our approximate solution
consists of a chain 7y, of k vertices (1,... ,k), each of which is labeled with a
conformal transformation of S™, F; for 1 < i < k. We will denote our maps

either with subscripts 4, corresponding to the vertex 4, or with subscripts 44,
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+i denoting the edge between 7 and i + 1 and —i denoting the edge between
7 and ¢ — 1. We require that the transformations satisfy, for 2 <i <k — 1,

Gii = Fiy1 - Fi_l =Ry Dy,
andfori=1and:i=%k
G+1 = F2 . Fl_l = R+1D+1 and G_k = Fk—l . Fk_l = R_kD_k

are strong dilations whose sources are sufficiently separated for each i, 2 <
i < k — 1 (this will be made precise momentarily). We also associate to each

terminal vertex another such dilation which we denote
G_l = R_ID_l and G_(..k = R+kD+k.

Thus for 1 < 7 < k, we have associated to each edge +1, corresponding dilations
G4;. We let g4; denote the source of Gy;, and Ay; = |G'L;(qsi)| = |Dlyi(gsi)]
denote its strength. As before we also define e4; = 2/\;1-% . This conformal data
will be admissible provided that there are constants # > 0 and € > 0 such

that, for every 1,

(1.5) lgyi — gl > B
(1.6) Ble< ey < PBe

Following [15], such a labeling of the chain 7;,; will be called an admissible
conformal structure, and is denoted by o.

We will now define using the conformal data above, a domain 2 C S™ which
will be composed of k almost spherical regions, Q, ... ,Q. For each 7 € [1, k],
let B4; be the small ball such that

0Bi; =S4 ={p:|G+i(p)| = 1}.

Since we are assuming that ¢,; and q_; are sufficiently separated and that G;
and G_; are strong dilations, it follows that B,; and B_; are disjoint. Thus
we may let O; = S™\ {B4; U B_;} and define

Qi = Fi—l(Oi).
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By their definitions G_;y; = G371, thus, since |G~ (G(p))| = |G'(p)|"* we
have

|GLi11(G1i(P))| = |Ga(p) 7"

Now if we observe that S™\ B_;;; = {p : |G_;;1(p)| < 1} and By; = {p :
|G".;(p)| > 1}, then since

|G i(G_i41(S™ \ B_isa))| = |G 11 (8™ \ B_ipa)| ™,
we have
Goit1(S"\ Boiy1) = §+i-

Therefore F;({41) C By; which implies that F;(Q;41) N O; = 0. Applying
F;! then shows that

Qi+1 N Qi = (?).
Combining this with the above equality gives us
QN Qiy = FH(S4) = Fa(S-ira),

and moreover, we clearly have Q; N Q); = @ for any i,j such that |i — j| > 2.
‘Thus we may define the open set 2 C S™ by

We now construct a metric g; on €2 in such a way that each (€;, g1) will be
an almost spherical region, or asr for short. This will mean that outside of
a small neighborhood of its two boundary components €2; will be isometric to
S™ with two small disjoint disks removed. We first define a metric g; on O;
which will be used to define g; on ;. Let g4; (respectively g_;) denote the
metric associated to the dilation G4; (respectively G_;) by Proposition 1.2,
applied to the manifold (M, g) = (S™, go), with ® = the identity map on S™.
Since g; and g_; both agree outside of two small disjoint balls, we can define
a new metric g; on S™ by

{ g+ in Bs(q4:)
g: =

g-i in Bs(g-:)
go in S™\ {Bs(q+:) U Bs(q-:)}
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where 6 is a small radius, larger than ei_i?/ " and /"

Z{". We then define g; in
Qi by

g1 = Fi*(gi) on Qi = F[l((’)i).

We must show that this definition fits together to give us a smooth metric on
all of Q. This is expressed in the compatibility conditions
F7(g:) = F1(gi+1) near Fi_i(SH) = F}:Lil(s—m)
Ff(g:) = F{_1(g9i-1) near F{(S-;) = Fi7 (S4i-1)
or equivalently,
9: = G%(giy1) near S;
gi = G*;(gi-1) near S_;.
To see that g; extends smoothly across ;N1 = F 1 (S4:) = F11(S_i1),
recall that near S,; in O;, we have

4 n .
gi = gi = i () E(dxj)27
j=1
in stereographic coordinates on S™ \ g;, where v,;(z) = 03;™ + |z|>™™. Since
Sy = G;}(S’_Hl), the metric G%;(g:+1) near S;; in O;, is the same as g;1;

near S_;;1 in O;41. Near S_;;; in O;4;, we have

Git1 = 9-iy1 = 403_3131(2/) Z(dyj)z,

j=1
in stereographic coordinates on S™ \ q_;;1, where v_,11(y) = o277, + |y|> ™.
Finally, since Gy; = GL,,;, —¢+i = q-it1 and 04 = 0_;41, We see that we
have two different coordinate descriptions for the same metric. The argument
above clearly applies near S_; as well, so we have shown that g; extends to a
smooth metric on all of 2, and, by construction, each ; is an asr, the isometry
being given by F;.

To complete our construction of an approximate solution, we must attach
(M, g) to one end of €, and (S™,g,) to the other. Recall both g and g, are
metrics whose conformal classes are nondegenerate and which are conformally
flat in the neighborhood of some point. Since (M, g) is conformally flat in a

neighborhood of x4, we have a conformal map

8 : (B.(20), 9) = (™, 90)
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for some r > 0. By applying Proposition 1.2 to (M, g) with the dilation
G = G~} whose source is —q_; = ®(zo) we have a metric § on M which
satisfies each of the properties (i) — (iv). Let By = G_1(S™\ B-;) be the small
ball such that 0By = G_1(5_1) = S40 = {p: |G-} (p)| = 1}. We define M, by

My = M\ & 1(By).

We attach (Mo, ) to (€2, g1) as follows. Define a new conformal transformation
of S™, Fy by Fy = G_; - F;. We extend the definition of g; as follows. Let
g1 = F¢(g) on F5' ((S™\ By) N ®(B,(x0))) and let

O = QU F; ! ((S™\ By) N 3(B:(x0))) -

From the construction of g on (S™ \ By) N ®(B,(z)), of g; on Q, we see as
above, that g, thus defined extends smoothly across 92 N Fy(S_;) into .
Moreover, the map F; ! - ® is an isometry from a neighborhood of dM, C
(M,,3) onto a neighborhood of QN Fy'(S_1) C (2,91). Thus we have a
manifold diffeomorphic to M \ B, (), having k asr’s and which we write as

Mo Ug, Q.

To form the closed manifold (M, g;) we attach (SF,7,) to the end of Q repre-
sented by the terminal vertex k. This is done as above by applying Proposition
1.2 to (S™,g,) with the dilation G = G7, whose source is —q4x = ®(zy), for
zo € S™. This gives us a closed manifold M, and a smooth metric g; on M
which has k asr’s and a nondegenerate spherical cap. We can represent this
decomposition of (M, g1) by writing

(17) M = MOUFOQUFk+1 Sg

We end this section with an observation concerning the volumes of our
approximate solutions which follows immediately from the construction. This
will allow us to give precise estimates for the energies of the solutions we
construct. Let V; = Vol (M), V, = Vol (S™) and w, = Vol,,(S™), then for
some ¢ = ¢(n, g, 7,)

(1.8) \Volglk (M) — (Vi + Va + kwy)| < ce2.
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1.6. A Conformal Class With N Approximate Solutions. The con-
struction of N distinct approximate solutions (g1,,...,91,), having 1,... | N

asr’s respectively, is based upon the fact that an annular region
A={z:1< |z| < R}

can be decomposed into k& subannuli, for each kK = 1,..., N, so that each sub-
annulus has conformal modulus R'/*. The conformal modulus, cm(A), of an
annulus is defined to be the ratio of the outer radius to the inner radius. Two
annuli are conformally equivalent if and only if they have the same conformal
modulus. The construction of the N approximate solutions will be done using
appropriate powers of a fixed centered dilation G. The powers will be chosen
so that each of the subdomains, Q¥ corresponding to the decomposition of a
fixed domain 2 C S™ into k subdomains, as done above, will have conformal

modulus (in stereographic coordinates)
em(n~1(Qf)) = RV

where R = cm(m~1(2)). Note that the metrics ¢;, constructed from these
conformal structures will be spherically symmetric on 7=*(£2).

We fix R >> 1 and let G be a centered dilation with source ¢ € S™ and
strength A = |G’(¢)] = R. For any k, 1 <k < N, we let for each i, 1 < i <k,

G—i — Gl/k
Gy = G/,

If k£ is even, we set F; = G=H# for 1 < i< k/2 and F;, = F,c‘_li+1 for
14+k/2<i<k Ifkisodd weset F; = G2 for 1 <i< il F=F7\,,
for k%‘o’ <i<kand F k1 = the identity. It is easily checked that this then

defines a conformal structure which satisfies
em(r™(0F)) = RV*

foreach i, 1 <i<k.
Let g;, denote the metric constructed canonically from the conformal struc-
ture above. Each (QF,g;,) is conformally equivalent to a Euclidean annulus.

We define cm(QF, g1, ) to be the conformal modulus of this Euclidean annulus.
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It is immediate from the construction of g;, that for 1 <4,5 <k
(thglk) = (Q§>glk),
where = denotes conformal equivalence. Finally the fact that for each k,
k k
em(mH(Q)) = Hcm(ﬂ'_lﬂf) = 1—‘[1%1/’C = R,
; i=1

allows us to conclude that

Q glk = )glk

||'.’:]a~

and that the right hand side is independent of k. Thus each (£2,g;,) has
the same conformal modulus, independent of the metric g;,. Extending these

metrics to approximate solutions on all of M as in (1.7) we easily see that

91,5 --- , 91, all lie in the same conformal class. Any collection of admissible
conformal structures oi,...,on on chains 7;,...,7y for which the metrics
91,5 - -+ » 91, all lie within the same conformal class, will be called an admissible

N structure and will be denoted by o(NN). Note that each g;, is uniquely
determined from (7, o) by the construction given above.

We close this section with a summary of our construction.

Theorem 1.3. Given an integer N > 1 and metrics g on M, and g, on S™,
such that R(g) = R(g,) = n(n — 1), there exists a constant ¢ depending only
onn,B3,9,9, and a admissible N structure o(N) with metrics gi,, ... , g1y Such
that, for each k

max{z € M : |R(g1,)|(2)}
Vol{z € M : R(g1,)(z) #n(n—1)}
| Volg, (M) — (Vi + Vo +kwy)| < ce™ 2,

INA
)

IA
o)
m

3
I
[

Moreover, (M, g1,) has a decomposition
M = Mo UFO Qk UF,‘_,_1 Sg

where g1, has the explicit description in QF given above.
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2. THE LINEAR ANALYSIS

2.1. The Linearized Equation. Associated to each admissible conformal
structure o on 7, there is a uniquely determined approximate solution, g;,,
constructed in section 2. We refer to (7;,0), or just o as an approximate
solution. We define [0] to be the conformal class of any metric g;, constructed
from an admissible N-structure, o(N). We work with an approximate solution
with k asr’s, for any k € [1, N]. Since k will be fixed for much of our study,
we write g; for g;,, omitting the subscript wherever convenient.

We want to find g € [o] which satisfy R(g) = n(n — 1) and are close to g;.

With this in mind we write

g=(1+n)"7g,

regarding 7 as a small perturbation of the approximate solution 1. Equation
(1.1) can be written as

21) L= g Ri-n(n-1)0+n)+QMn) =F(=z,n),

where Ry = R(g1), £ = A,, + n is the linear operator appearing in (1.2), and

ed  am=""T2 (142 e g#).

Since we are interested in small 7, Q(n) is quadratically small.

In this section we show that we can find a k(n+1) dimensional small eigen-
space K, consisting of all the L?(M) eigenfunctions of £ with appropriately
small eigenvalues. K will be very close, in L?>(M), to an approximate kernel
Ky, which we explicitly construct. We then find a bounded inverse of £ off of
K and show that we can uniquely solve the linear equation £n = f, provided
that f and 7 are orthogonal to K, and obtain precise e-independent estimates
on the solutions. The closeness of K to the explicit space Kj is part of what
will allow us to identify the component of F'(z,n) lying in K. Inverting £ off
of some abstract subspace without having such explicit control would not help
us to solve the nonlinear problem.

The idea behind the identification of the small eigenspace is that for € suf-
ficiently small, the annular region QF, composed of k asr’s, behaves spectrally
like the disjoint union of k standard spheres. As has been pointed out, the
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kernel of £ can be identified explicitly on S™ as the span of the linear coordi-
nate functions. It is from these functions that we construct our approximate
kernel by carefully cutting off the coordinate functions on each O; and using
F; to pull these functions back to €2;. The assumption that the metrics g and
g, on the ends, M, and S§ of ), are nondegenerate insures that these ends do

not support an approximate kernel for £, in L?(M).

2.2. The Approximate Kernel. We shall construct our approximate kernel
by cutting off the coordinate functions in the £ + 1 neck regions, which join
the asr’s QF to each other, and to the ends M, and S§. To do this we use
a smoothed out harmonic cutoff function, which we find by first solving a
Dirichlet problem on each neck region.

For each vertex i € [2,k — 1] there are two neck regions between 2; and
its two adjacent asr’s. Fix 6 to be a small radius which is substantially larger

than €, and define

Ny = F2(Bil0s)) N FRL(Bs(gir)

NZ} = F7'(Bs(g-)) N FZi(Bs(gyir))-
Note that foi) = NS%_I, and Nﬁ? = fi_l. For the terminal vertices 1 and
k, NJ(fl) and N£6,3 are defined as above, and the terminal neck regions N£61) and
ka) are defined by

N9 = F'(Bs(g-1) NFy ' (Bs(—a1))

N = F7'(Bs(gre) N iy (Bs(=g4)),
The fact which distinguishes these terminal neck regions from the other k£ — 1
neck regions, is that near the boundary component not contained in 2, the
metric g; is not the standard spherical metric go as it is near both boundary
components of the other neck regions. Here g; is isometric to one of the
conformally flat metrics g and g, respectively. We also note that for each
i€ [1,k]

079 =, \ (N9 uND}

with the metric g;, is isometric to the standard sphere with two balls removed

O = (5"\{Bs(g~ i) UBs(a+ )}, %),
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provided that 6§ > ei_i%. Similarly,
MO =M\ N9 and S5 =55\ N§)
with the metric g;, are isometric to
(M\ @7 (Bs(—=g-1)),9) and (S™\ @' (Bs(—q+x)),T0)

respectively.
Fix a vertex 7, 1 < ¢ < k and a neck region, say Nfi). Let hy; be the
solution of the following Dirichlet problem on Nfi).

Agl h+'i =0 on N_E_i)

(2.3) hy;=1 on F7'(0Bs(qy))
h+z =0 on F+l(aB6(Q—z+l))
We choose an orthonormal basis for R**!, w;,... ,w.y1, and let ¢® denote the

a coordinate function on S™ with respect to this basis. Thus for any point
q € 8™, we write ¢ = 3.1 ¢®w,. For each i € [1,k], and a € [1,n + 1] we
define functions ¢ on S™ by,
7* + ¥s(p(a, 9+4)) (a5 — ¢°) n{ ‘{1’5(12(61, g-i))(qfi —}qa)
for g€ S™\ {Bs(q4:) U Bs(q-:)

2.4%%(q) =
( )17' (9) Q+z h-H FT ' for q € Bs(q44)

% -h_i-F! for g€ Bs(q-)
Here p(-,) is the distance function on (S™,g,), and hy; is the function A,
smoothed out to be globally defined as follows

1 on A (Bﬁ(QH) \ B” (g+4))
(hysi = 1)(Vyi- Fi)+1 on By, F Y(Bss (g44) \ Bﬁ (g+4))

hyi =14 hys on C;=F I(B'S (g+i)) sz+1(Bé (g-i+1))
hyi(Voit1 - Fit) on B_j1= 1+1(B3'5 (g-i+1) \ Bs (@-i1))
0 on A_ips = Fiji(Bs(goisn) \B“( —i+1))

Here ¥ ,; = ¥(4p(-,q4i) — 6) and ¥_, 41 = ¥(4p(:,g-i+1) — 6). The function
h_1 is defined similarly about the neck region N. E’? . The approximate kernel
K, is formed from the functions ¢ by definingfor 1 <i<kand1 <a <n+1

i =4 B
and then letting

Ko = the linear span of the n& in L%(M).
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Note that for each 4, n* € C*°(M) and has support in Q§+6) .
In establishing pointwise and L? bounds for £n® we need to have strong
estimates on h,; and h_; and their derivatives near the boundaries of foi)

and NS‘? respectively. This is expressed by the following Lemma.
Lemma 2.1. The functions hy; (and similarly h_;) satisfy the bounds

sup{(1 — h4s(2)) + 6| Vhyi(2)| : @ € F7'(Bs(g4:) \ By(g4))} < cl(e/8)""
sup{h4i(z) + 6|Vhyi(z)| 1z € F+1(Bs((I—z+1) \36 (g-i41))} < cle/6) 2

We refer to [15, Lemma 3.1] for the proof, these bounds are established there
when N_(fi) is a neck region separating two asr’s. In the case of the extreme
neck regions, e.g. N ! (Bs(gex) N G4 (Bs(— q+k))), we have an explicit
description of g; in stereographlc coordinates z = (z',... ,z™) on 8™\ —qyx.
In these coordinates g; = 4oy = > ,(dz")?, and the region above is contained
in {z: R < |z| < 02}, where 0 = AM2 {1 and o5 is defined as in Proposition 1.2.
Thus, the conformal factor takes the form of (1.3). A partial description of
v;(z) on a larger set is then given by,

n

wi(e) = | 1@ LA ))2% for R<|z|< oo
BT o2 4 (@) Pe))r T for 4oy < |z < o

where h(z) = O(|z|~?). Consider the Kelvin transform y = K(z) = @ if we
now write g; = 4w, (y) >, (dy)?, then w;(y) is partially given by

wnly) = { WP T for o7t <yl < o7’
(a0 +k(y) = for o' <[yl <R
where k(y) = O(|y|?). It then follows that w,(y) satisfies

le(y) —ao™ | < oyl + €2y,

2.5)
( ZI (y)l <c(lyl+ €2y,

for y such that € < |y| < R™!, where ¢ = 2)\1/2 The proof of Lemma 2.1
then follows precisely as in [15, Lemma 3.1]. Lemma 2.1 allows us to prove
the relevant pointwise and L? estimates on Kj, in exactly the same manner
as [15, Lemma 3.2]. We refer there for the proof of
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Proposition 2.2. The functions n§* satisfy the bound
sup(8|n |+ €| Vn¢ ) < o
and any n € K, satisfies
ICnllzeqan < e8°F [l zeqan.

2.3. Conformally Invariant Sobolev Inequality. It is necessary for us to
consider approximate solutions constructed from arbitrarily strong dilations,
or equivalently, we must allow € to be arbitrarily small. This fact makes
the analysis of (2.1) difficult because the geometry of the manifold (M,g;,)
degenerates as € — 0. In particular, the injectivity radius of the neck region
Nfi) tends to zero as the strength of the dilation, G4;, tends to infinity. This
difficulty is overcome by exploiting the fact that

§ s )
o+ = NQuau N

is conformally equivalent to a subdomain of 5™, and has scalar curvature which
is bounded independent of €. It is this property of our approximate solutions

which allows us to use the following Sobolev inequality.

Lemma 2.3. If (M,h) has bounded scalar curvature, |R(h)| < c¢1, and is
conformally equivalent to a subdomain of a compact manifold (N,g), with
positive scalar curvature, then for any ¢ € CX (M), the inequality

([ o%an) ™ <c [ (var+ ) o
M M
holds for ¢ = c¢(c1,1(g)), where I(g) > 0 is the Yamabe invariant of (N, g).

Proof. Recall that the definition of the Yamabe invariant given in (0.4) is
equivalent to

- f ¢Lgpdu,
$EC=(N) ( I =

(2.6) I(9) =

n—2
d’"z_ffd”g) i
where L, is the conformal Laplacian taken with respect to g and the integrals
are taken over all of N. Let

:U—-M
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be the conformal diffeomorphism of a subdomain U of N onto M, so that
@' (h) = urtg=7
for some u € C*(U). By the conformal invariance of L,, we have
Lg(y) = u™ ™5 Ly(yu),

for any ¢ € C°(U). Thus given any ¢ € CX(M), p = ¢ - @ € C(U) so we
have

1g) < SLOLalbu, _ — [ ¥isthldy

(Jow™du,) ™ (fyudug) T
where the integrals are taken over U. After a change of variables this implies
that

2n 2 2
([ o= dvh) < 1757 /., (V6 + clm) R(H)?) .
Choosing ¢ = max(1,c(n)c;) then completes the proof of Lemma 2.3. O

2.4. L?(M) Estimates for K. To prove the existence of a small eigenspace
K close to Ky, we need prove estimates for functions n € K, which indicate
that £ is bounded below in Ky C L?(M), in the operator norm on L%(M).
Here K denotes the orthogonal complement of Ky in L?(M). We define the
orthogonal projection operators po and gy by

po :L*(M)— K,

q@ :L?*(M)— Kj.
In addition, for 1 < i < k, we define Kéi) to be the linear span of n* for
a=1,...,n+ 1, and let p(") and q(') denote the orthogonal projections of
L*(M) onto K§? and K{", respectively. For 2 < i < k — 1, we define

ﬁi = Qi—l U Qi U Qi+1-

For the terminal vertices, and the ends M, and Sg, defined in the decomposi-
tion (1.7) we define

ﬁl=M0U91UQz, ﬁk=ﬂk_1UQkUSS,
M():M()UQl, g=SgUQk.

The following lemma then holds.
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Lemma 2.4. Suppose n € Kéi)l NC>®(M), then the estimate

)Sl_

—n)
Illzey < €7l +cUos(1/e) ™ lInll @,

holds. Moreover, for n € C®°(M) we have the following estimates on the ends,
M, and S of M,
Qa-n)
”77||L2(M0) < ”£77”L2(1\70) + C(log(l/f)) " ”77”[,2(1@0)
(-n)
||77||L2(56') < ”‘677||L2(§g-) + C(log(l/e)) " ”77”L2(§3)
Proof. This is virtually identical to [15, Lemma 3.4], the distinction being that

to derive the estimates on the ends we must obtain the inequality

e [ (Wnldv < emP+ [ (V)] = n(¥aen)?) do,

where n € C*°(M), and ¥y, is a cut off function whose support is contained
in M{™®, and 77, denotes the average of Wy, n over (M, g). On the asr’s this
is identical to [15, (3.6)].

From inequality (2.7) the derivation of the estimates in Lemma 2.4 is iden-
tical to the argument given in [15, 356- 359]. The inequality for the function
Usnn is derived in exactly the same manner. Since ¥jps,n is supported in
Mé_al), where g; is isometric to the nondegenerate metric g, we may use spec-
tral information on (M, g) instead of (S™, go).

We obtain the estimate (2.7) as follows. Since

o = Voly (M) [ Wygyndon,
M

the variational characterization of \; allows us to conclude that

M [ (Wasgn =7 dv, < [ V()P
M M

Since g is a minimal, nondegenerate solution we have A; > n, this then gives

us
/M(‘I’Mo”l —7;)%dvy, < (A —n)™! /M (V@ aem))? = n(¥aren — 7)?) dg

From this inequality we immediately derive (2.7) for the function Wy n. The
proof then proceeds as in [15, 356-359]. We refer to there for the remainder of
the proof. O
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Lemma 2.4 easily gives the following Corollary which is fundamental to the
linear analysis of (2.1).

Corollary 2.5. Suppose n € K3 N C®(M). We then have the bound

Il z2any < ell£nllz2ay

provided € is small enough.

Proof. By applying Lemma 2.4 over each component of the decomposition
M=MuUQUS}, Q=U"Q,

we have

k
/ n’dv, = n’dv, +Z / n*dv; + / n’dv,
M Mo i=1 Q;‘ Sg

< c/ (Ln)%dv, +clog(1/e)2 o / n*dv,.
M M
Choosing € sufficiently small then completes the proof. [J

2.5. The Small Eigenspace K. If ¢ is an eigenfunction of £ with eigenvalue
A, then ¢ is also an eigenfunction for A, with eigenvalue A+ n. In particular,
there is a one-to-one correspondence between the spectum of Ay, on M, that
is, the set of eigenvalues for A, , and the spectrum of £ on M, which we
denote by o(L). A consequence of the basic spectral theory for the self adjoint
operator A, on L*(M) (see [2]), is that o(L) = {\}$2, is a discrete set
tending to 400,

A=—n< A <A<

and the corresponding eigenfunctions ¢; C L%(M) N C*®°(M) (normalized so
that ||@i||z= = 1), form an orthonormal basis for L2(M). It follows that for
any n € L?(M) we can write n = Y o0 a;¢; and Ln = — 352, a;\;¢;. When
n € Ky, the inequality ||£n||z2a) < k6”7 ||1]|2(ar) of Proposition 2.2 is then
equivalent to

(e 9]

Y oai( N =, 6% <0

=0
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The corresponding inequality ||7llz2(m) < cxa||£nllz2(a) of Corollary 2.5 for

n € K is equivalent to

a1 ¥) < 0

=0

We define the subspace K C L?(M) of small eigenfunctions by
(2.8) K = span{;: |\i| < cx,6"7 }.

If there were an eigenvalue A; such that \; > ck,0"7 which also satisfied
Aj<1/ cky then the corresponding eigenfunction, ¢; would belong to neither
Ky nor Kg, since each of the necessary inequalities would be violated. Since

" L*(M) = Ky ® K3 no such eigenvalue can exist.

The above consequences of Proposition 2.2 and Corollary 2.5, indicate that
the closed subspace K C L?*(M) N C*®(M) is invariant with respect to the
operator £, i.e. £: K — K, and has the properties

(2.9) Ienllzan < 67T Inllzny for 7 €K,
Inllzzany < clilnllzan  for ne KHNC2(M).

Let

p:L*(M) —- K
q:L*(M) — Kt

be the orthogonal projection operators. The following Lemma is analogous
to [15, Lemma 3.6], and reflects the extent to which we can use the explicit
nature of K to control the behavior of K.

Lemma 2.6. For any n € L?(M),

I2(m) — Po(llz2en = lla®) — Qo () llz2cay < 8" [0l z2(an)-
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There is a basis ¢, i =1,... ,k, a=1,...,n+1, for K satisfying fori # j

68 = nellizan < 87T,
651 L2 ariroy < 8T,
165 2 oiemy < €677,
51l L2sprery < o855,
‘(¢?,¢?>L2(M)' < 5T

Remark 2.1. In [15, Lemma 3.6], Schoen establishes this result by proving
exponential decay in D(i, 7), the graph distance between the vertices ¢ and 7,
for the latter two quantities. This more difficult result is necessary, in part,
due to the exponential volume growth that Schoen’s approximate solutions
may exhibit. Since our approximate solutions are compact and have volumes
which may be estimated as in Theorem 1.3, the estimates which we prove here
are sufficient. We refer to [15] for the proof of the L?(M) estimates on the
difference of the projection operators, and here establish the estimates on the
basis {¢¢} for K.

Proof. We first define the basis element ¢¢ to be the component of the orthog-
onal projection of 7Y into K which arises solely from nf. Explicitly, for each
i=1,...,k let K; denote the linear span of p(n;?‘), iFihL,a=1,...,n+ 1
We define ¢¢ by
¢¢ = p(n7)—pV0P),
where p@ : L2(M) — K; is the orthogonal projection operator. If ¢ =
Zj;&i,ﬂ afp(nf) € K; with ||¢||z2(ary = 1, then ¢ = p(7), where n = Zj;éi,ﬁ afﬂf
€ Ky. We then have
n—2
I = nllz2an) < 877 |Imllz2can),

and hence

Inllz2an) < e

Since n = po(n) we may write

<77?, ¢)L2(M) = (77?, 77)L7(M) + (n?,p(n) - Po(ﬂ))m(M)-
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Therefore, we have

n+1
n—2
(e, ool < D2 (a2 nl) e + a1, 08 paany )| + 6877
B=1
By the definition of the functions 7 we immediately have
n+1 s 5 s n+1
Z (ai—1<77?777i1>L2(M) + a?+1<77?’77i+1)L2(M)) < " Z(laf-Hl + |af_1|)
B=1 pB=1
n+1 .
< " Z(|af+1|2 + |aiﬁ—1|2)E
B=1

On the other hand, since
> lafl(a}al +lajl) < eX @)+ D ((a]-1)* + (a]41)?)
B,j

Byv,j#i B3
c) (a)?,
B,j

IA

we can estimate

mman = Y aim!,)> ain))
c> (@) —c6® > af|(la]_y] + lal)

Byv,j#i
¢ (a).
Thus using this estimate above and the LZ(M) bound on 7, we have

(i, d)| < 67 .

v

v

If we let
P (np)

¢ = T
15D 0|2y’

then it follows that
A (1 n—2
BP0 2y < €677 .
Thus,

¢ — n2llzany < 1IP(MF) — PoM)lz2ary + 1B (1)l 22 (any

n—2
ch 7 .

IA
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This establishes the first property of the functions ¢$. The other properties
follow easily from this. The L?(M) estimates for ¢¢ on each asr and on the
ends M, and S§ are a direct consequence, as follows

||¢?”L2(Q§,+5>) < g = nifllz2any + ”77?”[,2(95.“))

c6* T + c6™

n—2
co T .

IN N

The corresponding estimates on the ends M, and S§ follow in exactly the
same way. The final estimate is then derived from this. First note that since

p& (77ja ) is orthogonal to ¢¢, we have
(@2, 8200y = (6%,P(M))) 220y
= <¢$’T]]ﬁ)L2(M)'

Thus since nf has its support contained within Q;'HS), we have

‘<¢?,¢?>L2(M)( 1(¢$’n_?>L2(M)(

< ”77]@”[,2(9;“'5))“¢?”L2(Q§_+5))

n—2

cb T .

IN

This completes the proof of Lemma (2.6). O

2.6. Pointwise Estimates for the Solution of the Linear Problem. To
study the solution of the linear equation, £Ln = f, on the orthogonal comple-
ment of the small eigenspace K, we first derive pointwise estimates for £. The
main task is to derive an e- independent C° estimate. Recall that the condi-
tion for our conformal structure to be admissible ensures that the parameters
€1i = 2)\ii are comparable to € as in (1.6). As € tends to zero the geometry of
our solutions degenerate. In light of this, we make a choice of the C™* norm
on M which will encode the € dependence of our estimates. As in [15] we
first make a choice of the C™* norm on (S", go). For a domain O C S™, and
n € C™*(0), we let

r
IMllrao = D € sup 1090n| + €10l (2,05
s=0
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where |8(*)7| is the length with respect to go of covariant derivatives of 7 of
order s. The quantity [|87]|(a),0 is the Holder exponent of r-th derivatives
of n, which we define by using a fixed coordinate covering of S™. Similarly we
make a choice of C™* norm on domains in (M,g) and (S™,7), defined with
respect to the fixed background metrics g and g. For any n € C™*(M) we
define

llra = max{|n- Fi_lur,a,on (17211, 10 ”"7“1‘,&,33}’

1<i<k

where O; = F;(Q;) and M, and S§ are the ends of our approximate solution
given by the decomposition (1.7). The following Theorem is analogous to [15,
Theorem 3.9] and establishes the basic pointwise estimate for n € K.

Theorem 2.7. For any non-negative integer r and any o € (0,1)

Inllre < climlizzcan

for every n € K, where ¢ = ¢(r,a) is independent of e. Thus the inclusion
K c C™*(M) has bounded norm.

Proof. Due to its central role we sketch the proof of Theorem 2.7 here, referring
to [15, Theorem 3.9] for more details.

Note that K € C* N L?(M), follows immediately from elliptic regularity
since K is constructed from eigenfunctions of Ay, on M. We first derive the
supremum estimate for n € K. For any point p € M, Bs/(p) is contained in
either M, S2 or Q) for some i, where § > ce!~*. Since § — 0 as € — 0,
this does not allow us to apply the Sobolev inequality, Lemma 0.4, in balls
whose radius is uniformly bounded below independent of e. We avoid this
difficulty by noting that both (M, g) and (S™,g,) are locally conformally flat
in a ball of radius 7 = min(r(g),7(g,)) about the point at which Q = U*_,Q; is
attached. Thus we may choose some p < r/2 independent of €, so that B,(p)
is contained in either ™), M{” or $7”. These domains are conformally
equivalent to a domain in (S™, go), (M,g) or (S™,g,), respectively. Thus we
may apply the Sobolev inequality in B,(p), for any p € M. This allows us
to use the De Giorgi-Nash-Moser theory (see [4, Theorem 8.17]) to locally
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estimate the supremum norm of 7

(2.10) sup || < cllnllzas, @) + cllLnllzos, @
Bp/2(p)

where ¢ > %, and c depends on ¢, p and the Sobolev constant. Since we
may choose p to be bounded from below, say p > r/4 and we may bound
the Sobolev constant in terms of the maximum of the Yamabe constants of
(8™, 90), (M, g) and (S™,g,), we regard c as depending on q alone. To estimate
the LY(M) norms of L, we again make repeated use of the Sobolev inequality.
Let ¢ € C* have support contained in either M{”, S or Q™ and let 8 > 2

and any 7y € C®(M) be given. After integrating by parts, we have

—/ ¢np " Lodoy = /42 ((8 = 1)m621Vmol* — mnf ) vy
M M
+2 / (¢n6="v¢ - Vo) dvy.
M

The supremum estimate is then established by applying the Sobolev inequality
to ¢ = C|no|?/? with nmy = Ln and iterating a finite number of times to obtain

(2.11) NLnllze B,y < clinllLz(an-

where ¢ depends on s, 8, = 2x°, and K = ;. Combining this with the De

Giorgi-Nash-Moser estimate (2.10) (with ¢ = (°) and summing over a fixed
covering of M by balls of radius p we get the supremum estimate

(2.12) sup ] < cflnlzzn-

We now use the interior Schauder estimates (see [4]) to derive the higher
derivative estimates for 7. About each point p € M the metric g, is uniformly
equivalent to one of the background metrics go and g, on S™, or g on M, in a
ball of radius proportional to €, the proportionality constant being ¢; = 3 from
(1.6). This follows immediately from the bubble construction §2.4 and the fact
that g; is constructed from an admissible conformal structure. If p € Q; then
we may compare the metric §; = (F; *)*g; to the spherical metric g, in a ball
centered at ¢ = Fi(p). If z*,... , z™ denote normal coordinates for g, centered
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at g, then for |z| < €=ci', §1 = 3 hap dz® dzP, where

C_1 252 S Zhaﬁgafﬁ S Cng,

ET|8(T)haﬁ| S C,

|0 hp| denoting the absolute value of partial derivatives of order 7. A similar
estimate holds for p in either M, or 7. For example, if p € Mo c MY UNE)
then we distinguish between which region p lies in as follows. If p € Mé—g) then
we use the identity map and note that g; is isometric to g in a ball of radius €
about p. Ifpe N £51) then the metric §; = (F; '-®)*g; is uniformly equivalent to
the background metric g on M in a ball of radius € about ¢ = &~ - F;, (p), and
if we let !, ... , 2" denote normal coordinates for g then the above inequalities
are also valid in this ball.

If p € Q, say p € §; then the Schauder estimate implies that
7 F 7 lep,, < e (62”&1 *F7 lo.a,: + supln Fi‘ll) :

where D; = {z : |z| < €} with respect to normal coordinates and the norms are
the € weighted norms defined above. A similar estimate holds for p € M, and
p € SP. Because of the e weighting of the norms and the uniform equivalence
of the metric g; to one of the three fixed metrics go, g or g, in balls of radius
proportional to €, we have
7 F lreo: < csup [In- E_lllr,a,Be(qo)’
20€0;

where c depends on ¢;. Note that this estimate also holds on M, and S§. The
C?? estimate now follows by applying the fundamental theorem of calculus
and standard estimates for the Poisson equation. We refer to [15, Theorem
3.9] for the remainder of the proof of Theorem 2.7. [

We now prove the main theorem concerning solvability of the linear equation

Ln=f.

Theorem 2.8. (i) Suppose n € C™+>*(M) N K*, where r is a non- negative
integer and o € (0,1). We then have Ln € Cm*(M)N K™, and

I7llr+20 < clLllra,
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where ¢ = c(r, a).
(i) Given f € C™*(M) N K*, there is a unique n € C™™2*(M) N K+
satisfying Ln = f.

Proof. To prove part (i), let n € C™+2*(M )N K*. By applying the Schauder

estimate as in the previous proof we get
Iz < e(ELnllna + Inllcon) ,

where ¢ depends on ¢;. The De Giorgi-Nash-Moser estimate gives us
Inllcony < cllnllzacan + cll£nllcoan-

Since n € K+ and the volume of (M, g;) can be estimated by a fixed constant,

independent of ¢, we get

Inllz0n < elLnllzan < ellLnllooa-

Therefore

IN

c (€l£nllra + cll£nllcomn)
< cllLnllre

I7llr+2.0

as claimed.

To establish the second claim we note that since f € K1, there exists a
unique n € K+ with £n = f, namely the function n = £~ f. By part (i) of
our theorem, since f € C™*(M) we have

llr+2a < cllfllra-

Thus n € C™2%(M) This completes the proof of Theorem 2.8. [J

3. THE PROJECTED PROBLEM

We define the projected problem as

(3.1) Ln = q(F(z,n)),

where q : L2(M) — K* is the orthogonal projection operator discussed in
Lemma 2.6. The linear estimates of section 3 combined with a contraction

mapping argument allows us to prove that (3.1) has a unique small solution
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n € K*. The Theorem is nearly identical to [15, Proposition 4.1], and we refer
there for its proof.

Theorem 3.1. There ezists a § > 0 depending only on n, 3 such that (3.1)
has a unique solution n € C**(M) N K* satisfying ||nllcoan < 6.

We need more precise C°(M) estimates on both the solution 7 to the pro-
jected problem (3.1) and on the scalar curvature R, of the resulting metric
g = (1+1n)"-7g;. These can be easily derived from the proof of Theorem 3.1.
In [15] it is shown that

n—2

(3.2) Inllcery < (€™ +€7)

for any ¢ > %, and ¢ = ¢(q).
The scalar curvature R of the metric g = (1 + )72 g; is given by

4(n—1) _ni2 n—2
= An=2 (A, (1+n)——2 R(1 .
Therefore by using the definitions of F(z,n) and Q(n) in (2.2), we see that
4 n— 1 _nt2
Rontn-1) = - N py-#en - pan)

and hence since £n = q(F(z,n)), this implies that

Renfn=1) = 22200403 p(r(,m)

Thus by either (3.2) or simply ||n]|co(my < 1, and Theorem 2.7 we have

|R=n(n—1llcoary < cllp(F(z,m)llconn

< c|F(z,m)llz2

< ¢||Ry —n(n — 1)z
Hence we conclude that
(3.3) IR=n(m—1Dcoay < ce7.

The solution g = (1 + n)ﬁ g1, to the projected problem (3.1) satisfies the
energy estimate of Theorem (0.1). This follows immediately from the volume
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estimate (1.8) on the approximate solution and the C°(M) estimate (3.2) on
7. Since

VOlg (M) = / (1 + 17) 25 dvgn
M
we have, for any ¢ > %,

[Voly (M) — Volg, (M)| < cllnllcecar) Volg, (M)
< ("7 + €7 )Voly, (M).

Therefore by the triangle inequality and (1.8) we obtain

n—2

(3.4)  [Vol,(M) — (Volg, (M) + (k+ Dw,)| < c(e"F +€*7).

4. THE GENERALIZED POHOZAEV IDENTITY

4.1. The Identity. The solution g = (1 + 77)'"’3—2 g1 to the projected prob-
lem (3.1), will be an exact solution provided that the function F(z,n) lies
orthogonal to the small eigenspace K, i.e.

(4.1) a(F(z,n) = F(z,n).

This will not be true in general. It will be necessary to perturb each of
the admissible conformal structures oy, ... ,on individually, to produce a new
admissible N structure o’(N) so that (4.1) holds for each of the new admissible
conformal structures o1, ... ,o). Fortunately we can exhibit an identity which
will both provide necessary and sufficient conditions for (4.1) to be satisfied by
a given admissible conformal structure and will provide the means to insure
that we can find deformations of certain o(NV), to a new conformal N structure
o'(N) which will satisfy these conditions.

The generalized Pohozaev identity is given by the following proposition.

Proposition 4.1. Let (N, g) be a compact Riemannian manifold of dimension
n with smooth boundary ON. Let R denote the scalar curvature of N, and
suppose that X is a conformal Killing vector field on N. We than have the
identity

2n
4.2 LxR)dv =
@y xR = 25

(Ric, — n"'Rg)(X, v)do.
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where Ricy(-,-) is the Ricci tensor for (N,g), Lx denotes the Lie derivative,
v denotes the outward unit normal vector to ON, and dv,do are volume and

surface measure (with respect to g), respectively.

‘We refer to [15] for the proof of (4.1). This identity provides an obvious
necessary condition for the metric g to have constant scalar curvature R,

namely the vanishing of the boundary integrals

(4.3) /60'(Ricg —n"'Rg)(X,v)do,

for all conformal Killing fields X on §2;. There is a natural class of Conformal
killing fields on €2; for which we can test this necessary condition. Any vector
w € R"*! gives a conformal Killing vector field W on S™ by

W(g) =w —(w-g)g.

W is the tangential projection of w onto S™. These vector fields are gradient
vector fields on S”, i.e. they arise as the gradient of a globally defined function
on S”,

W = grady (lw), lw(g) =w-q.
We get a conformal Killing field X on £2; by defining

X = dE N (W).

Since Fj; is a conformal diffeomorphism from (€2;, g1) to (O;, go), X is conformal
Killing for g = (1+1n)72go. For a =1,... ,n+ 1 we let X, denote the vector

field arising from w,, where wy,... , W,y is an orthonormal basis for R"**1.

4.2. Balanced Admissible Conformal Structures. In [15], Schoen com-
putes the boundary integrals (4.3) for the approximate solutions g, constructed
in section 2. Recall that g; is scalar flat in a small neighborhood of 9%2;. The
results of this computation are given by the following Proposition (see [15,
Prop. 1.5]).

Proposition 4.2. Let X be the conformal Killing field on §;, arising from a

vector w € R™*1. We have the formula

Ricy, (X,v)doy = —-2(n—1)(n—2)wp_1w - Cj,
a9,
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where wy_; is the volume of S*~1, and C; € R™*! is given by
Ci=e"2q; + €4 a4

If X = dF7'(X,) for a rotation vector field Xy on (S™, go), then the boundary

integral on each component of 0S); vanishes.

The vector C; is regarded as a “center of mass” attached to each vertex
1. C; vanishes if and only if the two dilations G_; and G,; have the same
strength and have sources q_; and q,; which are antipodal points on S™. An
admissible conformal structure whose approximate solution satisfies C; = 0
for each ¢, will be called a balanced admissible conformal structure. We note
that the admissible N structure, o(IN) constructed in §2.6 consists of balanced
admissible conformal structures.

We use the Generalized Pohozaev identity (4.1) in two ways. We first show
that it provides a sufficient criteria for determining when the solution to the
projected problem is actually an exact solution.

4.3. A Sufficient Criterion for Solutions. If we assume that our approx-
imate solution g; arises from a balanced admissible conformal structure then
the vanishing of the boundary integrals (4.3) for those vector fields X arising
from a vector w € R™"*! is actually sufficient to guarantee that p(F(z,n)) = 0.
This result is identical to [15, Prop. 4.4], which we state here for reference.

Proposition 4.3. Suppose g = (141n)7-2g; is the metric constructed in The-
orem 3.1. Suppose that, for every vertez i,

/E)Q.(Ricg—n'le)(X,v)dag =0

for any conformal vector field X associated with a vector w € R"*1. Then n

is a solution of (2.1); that is, g has scalar curvature identically n(n — 1).

Remark 4.1. The idea of the proof is to use the Generalized Pohozaev identity
(4.1) to rewrite the vanishing of the boundary integrals above as the vanishing
of the integral of a Lie derivative of the scalar curvature, R(g), over each ;.
One then uses the equation for R and the estimates on 7 found in section
4 to show that this implies that p(F(z,n)) = 0, i.e. F(z,n) € K*+. The
Generalized Pohozaev identity thus measures the extent to which F'(z,n) lies
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orthogonal to K. In the last step of the proof Schoen employs the exponential
decay estimates for the basis {¢$} of K, since our solutions are compact and
have controlled volume, the estimates we’ve established in Lemma 2.6 are
sufficient here. Thus, if the metric g = (1+ n)ﬁ g1 satisfies the hypothesis of
Proposition 4.3, then 7 is actually a solution to (2.1). We refer to [15] for the
details of the proof of Proposition 4.3.

In the next section we use the Generalized Pohozaev identity to assign
values to deformation parameters which are used to perturb an initial balanced
admissible conformal structure to a nearby conformal structure for which the

hypothesis of Proposition 4.3 are satisfied.

5. DEFORMATIONS OF APPROXIMATE SOLUTIONS

5.1. Admissible Conformal Structures Revisited. Recall that our ad-
missible conformal N structures, o(NN), consist of an assignment of conformal
maps to the vertices of each of the N chains, 77,..., 7y, so that the corre-
sponding approximate solutions gi,,... ,g1, all lie within a fixed conformal
class. In §2.6 we constructed a conformal N structure, o(IN), which had the
additional property that each of the admissible conformal structures, oy, was
balanced, in the sense of §4.2. We need to consider deformations of o(NNV),
which will consist of deforming each approximate conformal structure, oy,
separately and then showing that the necessary deformations may be done
without changing the conformal class of the corresponding approximate solu-
tion metric. The deformations which we consider in this section are exactly
the same as those used in [15], however all the approximate solutions consid-
ered there were in the conformal class [go], of the round metric go on S™, hence
the adjustments which we make to the approximate solutions of the new con-
formal structures to insure that they remain in a fixed conformal class, were
unnecessary there. Much of the material in this section can be found in [15],
we include it nonetheless, for the sake of completeness. We deform the ap-
proximate conformal structures by considering deformations of the conformal
maps F;, which make up 0. Our aim in considering deformations of oy, is to
show that we can find a nearby admissible conformal structure for which the
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hypothesis of Proposition 4.3 are satisfied. Thus by 4.3 such an admissible
conformal structure will produce an exact solution to the main equation (2.1).

Before deforming the o, we need to introduce a topology on the space
of admissible conformal structures. For G; = R;D; and Gy = RyD,, two
dilations uniquely decomposed into rotational and centered dilation factors,
we define the distance between G; and G4 to be

A
d(G1,Ga) = max{||R, — Ry||, g1 — g2/, |log )\—:|}’

where g; is the source and ); is the strength of G;, for i = 1,2 respectively.
The quantity ||R: — Rz|| denotes the operator norm of R; — R, thought of as
a linear transformation of R**!. If o4 and T dre two admissible conformal
structures on 7} then we define the distance between o) and 7 to be

(5.1) d(0,7%) = max (max{d(G_1,G_s),d(G41,G1)}) ,

where the dilations {G.,}, (respectively {G4;}) are those which correspond
to ok, (respectively G%). Note that oy is defined either by specifying the
dilations G4; for i = 1,...,k directly, or by specifying the conformal maps
F; for i =1,...,k whose compositions generate most of the dilations and in
addition specifying the dilations G_; and G, independently. Thus one can
easily see that d(oy, %) = 0 if and only if o}, = &, in the sense that G4; = G4,
for all i =1,...,k. It is then clear that d(-,-) defines a distance function on
the space of all conformal structures on 7.

Let Si denote the space of admissible conformal structures on 7, with the
topology that Sy inherits from the distance function d(-,-) defined above. If
we fix k and suppress the index, then for any o; € § and any 6 > 0, we define
the set Ss(01) C S by

Ss(01) = {o € S : d(0,01) < 6}.

In §3.5 we constructed a specific metric g; (o) corresponding to a given oy, €
Sk, which has served as our approximate solution. Given an admissible con-
formal structure oy € 73 we will call a metric g on M compatible with oy, if

it is conformally equivalent to the metric g; (o) constructed in §3.5. For each
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o € Sk let M, denote the space of compatible metrics. We then define M by
M = |J M.
oET
Thus for any metric ¢ € M there exists an admissible conformal structure o =
o(g) and a metric g;(¢) which is conformally equivalent to g, such that g;(o) is
an approximate solution. Given any g € M we use the generalized Pohozaev
identity to associate to g a set of parameters which measure the extent to
which g fails to satisfy the hypothesis of Theorem 4.3. These parameters will
then be used to specify deformations of given admissible conformal structures.
Before defining our parameter space we need to review some facts about the
conformal group of S™. The following section is essentially from [15], for

completeness and in order to establish our notation we include it here.

5.2. The Conformal Group of S”. Recall that Minkowski (n+2)-space,
Mn+2is (R™*2,((,-))), where ((-,-)) is the Lorentz inner product

n+1

((y,2)) = Z YiZi — Yn+22n+2-

=1
We view S™ as the set of points y in M™*? satisfying 1, y? = y2,, = 1. The
Lie group O(n+1,1) C GL(n+2,R) is the linear isometry group of boldM™*?,
i.e. it is the set of invertible (n + 2) x (n + 2) matrices which preserve the

Lorentz inner product
O(n+1,1) = {AeGL(n+2,R): ((Ay, Az)) = ((y,2))}.
The group O(n + 1,1) acts on the sphere S™ by
Aly) = (Ay)ai24y.

Under this action O(n + 1,1) represents the conformal group of S™. The Lie
algebra o(n + 1,1) of O(n + 1,1), consists of (n + 2) x (n + 2) matrices X of

the form
_ X() wt
x=(w70)

where X, € o(n + 1), the Lie algebra of the orthogonal group O(n + 1),
w = (Wy,... ,Wpy1) € R"! is an vector, and wt is its transpose. Thus X,

is a skew symmetric matrix which we refer to as the rotational part of X and
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the vector w € R™*! is referred to as the pure dilational part of X. By an
abuse of notation we write X = Xy + w.

The Killing form B : o(n + 1,1) x o(n + 1,1) — R is the nondegenerate
symmetric quadratic form given by

n+1
B(X,X) = - Z Ty + Z Tin+2Tin+2
1<i<j<n+1 i=1

1 A
= —2-TI‘(X0X0) +w- VAV,

where we have written X and X in terms of their rotational and pure dilational
components, and w - W denotes the Euclidean inner product in R**!. If we
decompose o(n + 1,1) = o(n + 1) @ R™"!, as above, then we see that B(,")
is positive definite on R™"*! and negative definite on o(n + 1). Since B is
nondegenerate, it provides an identification of o(n + 1,1) with its dual space.
If X is an element of o(n + 1,1), we let X* denote the linear functional given
by

X*(Y) = B(X,Y).

It is through this identification that we shall use the boundary integrals (4.3) to
attach to a each oriented edge of 7, an element of the dual of o(n+1,1). These
elements will in turn give rise to a collection of parameters corresponding to

a particular compatible metric for some admissible conformal structure.

5.3. The Parameter Space and Evaluation Map. We define the param-
eter space X as follows. First fix a background balanced admissible conformal
structure, oo on 7. We may, for example let oy be the conformal structure
constructed in §2.6. Let E denote the set of oriented edges of 7. E has
cardinality 2k and is given explicitly by

E = {#1,...,+k}.
For each vertex : = 1,... ,k we define a hyperplane W; C R™*! by
Wi={peR"" :p.qu =0},

where g is the source of the dilation G; in the balanced admissible conformal
structure op. Note that the balancing condition implies that ¢_; + q4; = 0,
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thus W, could be defined with respect to ¢g_; as well. We define two spaces X
and X, by

k
x=[[w:. x=][[R=R".
i=1

eEE

The parameter space & is then defined by
X = Xl X Xg.

A point (b, 1) € X has components b; € W; Cc R**! fori=1,...k, and . € R
for e € E. Given a pair § = (61,62) € Rt x Rt we define X;(b, i) by

Xs(b,p) = {(v)eX:|b;—c| <6,Vi=1,...,k, |ve — pe| < 62,Ve € E}.

Given any admissible conformal structure o € Sk, and any compatible met-
ric g € M, we define a linear functional X*(o,g)., on o(n + 1,1), for each
e € E by

(5:2) X*(0,0)1u(X) = —k(m) ™" [ - (Ric, ~n" Bg)(dF;"}(X), v)do,
A C

for any X € o(n+ 1, 1), where k(n) = 2(n — 1)(n — 2), v denotes the outward
unit normal vector, with respect to g, from 2;, and we’ve chosen e = +i.
X*(o,9)-:(X) is defined similarly. This defines for each edge e € E an element
of the dual of o(n + 1,1). We let X(o, g). denote the element of o(n + 1,1)
which is associated to X*(o, g). under the identification given by B(-,-). Thus
X (o, 9). is defined by the property that for all X € o(n +1,1)

X*(U’g)e(X) = B(X(o, g)eaX)‘

Proposition 4.2 shows that X(o,91)+; = ei{qu, where g; is the compatible
metric constructed in §2.5. Thus X (o, ¢1)+; has no rotational component, and
its pure dilational component is eﬁ_:zq.ﬂ-. For any compatible metric g the
elements X (o, g),; and X (0,g)_; are determined by boundary integrals over
the same hypersurface. The following Lemma shows that they are related to
one another by the adjoint representation. We refer to [15, Lemma 2.2] for

the proof.
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Lemma 5.1. For any o € S, and any compatible metric g we have
X(0,0)4 = —AdG_)(X(0,9)-s).
In particular, B(X(0,9)+i, X (0,9)+:) = B(X(0,9)-i, X(0,9)_:).
For each vertex i = 1,... ,k we define X(o0,9); € o(n+1,1) by
X(0,9)i = X(0,9)-i+X(0,9)4:

Note that if oy is the balanced admissible conformal structure constructed
in §2.6 and g; the compatible metric constructed in §2.5 with respect to oy,
then X (09,91); =0 for each i =1,... k. We express X(o,g); in terms of its
rotational and pure dilational components by writing

X(U’ g)i = XO(U’ g)i + C(U’ g)i>
where X%(a,g); € o(n+ 1) and C(0,g); € R™*.

We define the evaluation map
n:mM-x

by setting II(o,g9) = (b,p), where b and p are described as follows. The
components b; € W; of b € X; are defined by

b = €7°Pi(C(0,9):),

where P; : R**! — W, is the orthogonal projection operator. To define the
components u, of g € Xy, we first attach a weight A.(o, g) to each edge e € E
by setting

Xe(0,9) = [B(X(0,9)e, X (0, 9))] 77,

provided the term in brackets is positive, and zero otherwise. In all the situa-
tions we encounter, B(X (o, g)., X (0, g)e) will be positive, this is because will
consider only conformal maps with strong dilational components and weak
rotational components. Observe that Lemma 5.1 implies that A_;(c,g) =
A+i(0, g). Proposition 4.2 implies that for e = +i A.(00, g1) = A4, the strength
of G4;. The element p € X, is then defined by setting

Ae(0,9) > ,

e =1lo (
H & )\5(00,91)



396 DANIEL POLLACK

for each e € E, where (09, g1) is the fixed balanced admissible conformal struc-
ture and compatible metric constructed in §2.5-2.6. Notice that II(ag,91) =
(0,0).

5.4. Deformations of Conformal Structures. The deformation map will
assign to any element in the parameter space, (b, 1), which is close to (0,0),
the parameters which come from (oy,9;) € M, a new admissible conformal
structure D(b, ) which is close to go. Thus if é;,6, and 83 are small and
8 = (61,62), then D will satisfy

DZ/Y&(0,0) — 8,53(0'0).

The map D will have the additional property that if D(b, u) = o and g, denotes
the metric canonically constructed from o as in §2.6 then II(D(b,u),g;) =
I1(c, g1) is very close to (b, ). This says that when we evaluate the parame-
ters arising from the deformed conformal structure, with the canonical metric
associated to it, we get parameters which are close to the parameters we used
to specify the deformation. Before defining the deformation map itself we first

discuss how to deform the centers of mass and the edge weights independently.

5.4.1. Deformations of Centers of Mass. Given a set of points q;,... ,¢ in S™
and weights ay,...,a; in R, the weighted center of mass is the sum

l
C = Zanj.
j=i

The balancing condition is that the weighted center of mass vanishes, here q_;
and q,; are the sources of the dilations G_; and G.;, and the weights are €";?2

and €7;2. So the balancing condition becomes
€2q-i+ €% = 0,

so that e_; = €;; and q_; = —q4;. Therefore to specify a balanced admissible
conformal structure we need only specify at each vertex ¢ a point ¢; € S™ and
a weight a; € R* satisfying 87! < a; < 8 for a constant (3.

Fix ¢, € S™, and a; such that 37! < a; < B, and let W = {p € R**! :
p-q. = 0}. For any p € B"*! let F, : B**! — B"*! be the unique centered
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dilation with F,,(0) = p. We define a map C: B*"'NW — W by

C(p) = a1 Fp(q1) + a1 Fp(—aq1).

The following lemma will allow us to use this map to produce deformations
of the centers of mass which are approximately prescribed by the parameters
b; € X;. We refer to [15, Lemma 2.3] for the proof.

Lemma 5.2. The map C : B*"''NW — W is smooth and defines a diffeo-
morphism from a neighborhood BXT'NW = {p € W : |p| < 01} of 0 onto a
neighborhood of 0 containing B2 N W, where 01,0, depend only on n, 3.

5.4.2. Deformations of Edge Weights. Given any assignment of weights to
the edges of 7, we achieve this exact assignment by a deformation of 0. Let
X = {A.} € X, be an assignment of edge weights with B2, < A, < B2, for a
constant 3, and for all edges e € E. Here A\, = A.(09, g1) is weight assigned to
the edge e by the balanced conformal structure 0. We define o(X) by defining
the dilations G,(X) by defining for G_;(\) by

G_i()) = R..D_(V),

where G_; = R_;D_; is the corresponding dilation for oy, and D_;()) is the
centered dilation with the same fixed points as D_; but with strength A_;.
The dilations G,;()) are defined in the same way. Thus if X\ = A = {\y,} are
the weights of og, we have Dy;(Ay;) = D4y, and o()\) = oy.

5.4.3. The Deformation Map. We are now in a position to define the defor-
mation map D. We shall initially deform the background balanced admissible
conformal structure og on 7y, as dictated by a given set of parameters. Given
(b, ) € X5(0,0), we define 0 = D(b, i) as follows. From each of the parameters

n72

b; € b we specify a centered dilation in the following way. Let a; = "~ 2€";

(thus by the balancing condition a; = €"~2€7};” as well). By applying Lemma
5.2 to the vectors q_; and gy; with the weight a; we find that there is a unique
point p; € Bt NW; such that C(p;) = b;. Thus we get a unique (small)

centered dilation D; = F},, such that

bi = ai[Di(q-:) + Di(g+s)]
€"?e_i[Di(g-:) + Di(—q-s)].
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The parameters {y.} = p are used to produce a change in the dilation
strength along each edge, which when coupled with the change in the center
of mass at each vertex ¢ prescribed by {b;} = b as above will define the defor-
mation D. The admissible conformal structure o will be specified by defining
the dilations GSjQ by

(5.3) G9 =D, - G°™.D7' and G =Dy, -GYN . DY,

where Ggfi(x)) = G4i()\) as above, and X is an assignment of edge weights

chosen so that

(5.4) p—; =log A+i(0)

A_i(O')
and ; = log ————.
A-i(o0) e & Xi(00)

Here Ayi(0) are the strengths of the dilations Gg_f'i) from our new conformal

structure o, and Ay;(0o) are the strengths of the dilations G from our
background balanced conformal structure oq. In [15, 345-346] it is shown that
there is a unique choice of A_; and A;; which are close in ratio to \;(oo)
and Ay;(0o) respectively, such that (5.4) holds. Note that the deformation
oo — () only produces a change in the dilation strength along each edge.
Our choice for the dilations G{) insures that the conformal transformations

Fi(”) attached by o to each vertex i of 7} satisfy
Fi(ff) = D,- Fi(U(X)).

This completes the definition of the deformation map D. It is immediate from
the construction that D is continuous with respect to the product topology on
X and the topology induced on S by the distance function d defined above.
The degree to which II(D(b, i), g1) is close to (b, u) for any (b, ) € X5(0,0) is
expressed by the following Proposition.

Proposition 5.3. Let § = (61, 62), where 61, b2 are small positive numbers.
We then have D(X5(0,0)) C Ss,(00), where 63 = cmax{&}/z, 82}, ¢ depending
only onn and B. If (b, ) € X5(0,0), and we denote D(b, u) = o, then we have
(0, g1) = (b(o), u(o)), where u(o) = p, and b(o) satisfies

bi(0) —bi] < (€6, + 62)

for a constant ¢ depending only on n and B.
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This is identical (verbatim) to [15, Proposition 2.4], and hence we refer there

for the proof.

5.5. Deforming Within a Fixed Conformal Class. For each approxi-
mate solution g;,, we have constructed a solution of the projected problem
(3.1). The N distinct approximate solution metrics g1,, ... , g1,, derived from
the background balanced conformal N structure, oo(INV), all lie within a fixed
conformal class. Thus the N distinct solutions to each of the projected prob-
lems arising from the metrics ¢1,, ..., g1, also lie within this fixed conformal
class. In the next section we show that for each of these projected problems
we may find an appropriate deformation of the background balanced admis-
sible conformal structure oy, so that the hypothesis of Proposition 4.3 are
satisfied, and hence the solution of the projected problem with respect to this
new admissible conformal structure is actually an exact solution to the main
equation (2.1). In order for this procedure to produce N solutions to (2.1)
in a fixed conformal class, as we require, it will be necessary to show that
the required deformations actually preserve the conformal class. This is done

by associating to each deformation oo, — o} a conformal transformation of
the nondegenerate end sphere (S™,g,) and then by adjusting the decompo-
sition (1.7) accordingly, we show that the two approximate solution metrics
91, = 91(00,) and g1(ox) are conformally equivalent.

o émphasize the dependence of the decomposition (1.7) on the conformal
structure we fix k, 1 < k < N and write

(5.5) M = M, UFé°°) an UF,S:-C{) Sg
for the decomposition of M with respect to the conformal structure oy on 7y,
and
J— n
(5-6) M = MO UFC(.U) Qg‘ UF)E:.)l SO

for the decomposition of M with respect to the conformal structure o on 7.
The subdomains M, and S appearing in the decompositions (5.5) and (5.6)
also depend on the conformal structure. We obtain M, by removing from M

the inverse image of a small ball By in S™ under the conformal map ®,, from
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a domain in (M, g) to a domain in (S, o),
My, = M\ ®;}(B,).
The ball By is determined directly by the dilation G_;, namely
0B, = {p:|Gz{'(p)|=1}

Thus the subdomain M, in (5.5) is determined by G*°?, while the correspond-
ing subdomain in (5.6) is determined by G'%. In view of the definition of our
deformation map D, we need only consider conformal structures o which are
close to oy, in particular we assume that d(o, 0¢) < 63 = cmax{éi/ 2 62}. This
implies that the balls By(oo) and By(o) are close to each other, since their

centers —q_1(0p) and —q_; (o) satisfy
[(=g-1(00)) = (=g-1(0))| < &5,
and the strength of the dilations G and G') which determine them satisfy
‘log ()\(_af)/)\(_al))l < 6.

The subdomain S§ is obtained in the same manner as above, with the corre-
sponding small balls By,1(0) and By,1(0) being determined by the dilations
G’f:k" ) and GSf,z respectively. We now use the closeness of these balls to rewrite
the decompositions (5.5) and (5.6) in such a way that the ends are independent
of the conformal structure, and thus isometric to one another when endowed
with the aﬁproximate solution metrics g;(0p) and g;(o).

Recall that for some 7 > 0, (M, g) and (S™,7,) are locally conformally flat
in a ball of radius r about some point zo € M, and y, € S™. It is about these
distinguished points that we’ve attached the string of k asr’s, 2. We shall
assume that 3 is arbitrarily small relative to 7, this will hold provided the
same is true of §; and 8, i.e. if we restrict our deformations to a neighborhood
of (0,0) € X, which is small relative to . Thus there exists a small constant

¢; such that
&3/ (Bo) C B, (w0) C Br(xo) C M and ®5:(Biy1) C B, (30) C Br(3) C S,

where in M these are geodesic balls with respect to g, and in S™ with respect to
Jo, and By and By, are the balls described above for any admissible conformal
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structure o € Ss,(0p). We define the subdomains My and (S§)~ by
My =M\ B, (z0) and (Sg)7 = 5"\ Be,(vo)-

If we use these subdomains in place of M, and S§, the decompositions (5.5)
and (5.6) become

(5.7) M = MyuQt u(sy),
for the decomposition with respect to og and
(5.8) M = M;uQru(sy),

for the decomposition with respect to ¢. The domains Q} and QF which
contain the k asr’s are given by

QF, = {Mo(00) \ My} Upeo Qoo Upcew {55 (00) \ (55)7}
QF = {Mo(0) \ My} Utor 2 Upeor, {S5(0) \ (S3)7}

In the decompositions (5.7) and (5.8) the subdomains M and (S7)~ do not
depend on the admissible conformal structure. Moreover, since c; is arbitrarily
large relative to 63 we see that when endowed with the approximate solution
metrics, (Mg, g1(00)) and (Mg, g1(0)) are isometric as are ((S§)~, g1(0o)) and
((S5)~,91(0)). We have omitted the conformal maps Fy and Fiy; from the
decompositions (5.7) and (5.8) because their role is in defining Q} and Qf,
while the ends My and (S§)~ are attached by the identity map.

The issue then becomes whether 0} and Q} are conformally equivalent. In
general, they are not conformally equivalent, however we now show that by
making a conformal deformation of (S™,g,) we can exhibit a final decomposi-

tion of M with respect to o as
(5.9) M = M;uQfu(Sh,
such that

(Mg, 91(00)) = (Mg, 91(0))

(QF,01(00)) = (QF,0:(0))
((S)) 75 q1(00)) = ((S3)7,91(0)),
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where = denotes an isometry and = denotes a conformal equivalence. Note
that the isometry is immediate since we do not change the role of My in the
decomposition. The conformal equivalences are possible because (2}, g1(00))
and (Qf,91(0)) are each conformally equivalent to Euclidean annuli, Ap =
{z : 1 < |z| £ R}, and any two annuli are conformally equivalent if and only
if they have the same conformal modulus. Let Ry and R(c) be the two radii
such that '

(QF,91(00)) = Apg,
QF,01(0)) = Age).

Since d(o,00) < 83, we have |R(0) — Ry| < ¢b3, where ¢ = ¢(k). Any defor-
mation oy — o, where 0 € Ss,(0g) consists of deforming each dilation, say
G(_”f) to one whose source is close to ¢g_;(0¢) and whose strength is close to
A_i(0p). Thus the net affect of these deformations is at most a small increase
or decrease (according to whether the strengths of the dilations increase or
decrease on average) in the conformal modulus, em (QF,).

On (S™,g,) there exists a one parameter family of metrics g, € [g,] which
are each isometric to g, outside of a neighborhood of y, € S™. These are con-
structed by using weak centered dilations on (S, go). Consider the conformal

map
Dgn 1 (Br(¥0),Jo) — (5™ 90)-

Let ¢ = ®35-(yo), and let D, denote the centered dilation with source ¢ and
strength |D.(q)] = 7. We will use the maps D, when cm(Q}) > em(Q2})
and when em(Q}) < em(Q}) we use the maps D_, = D;'. Assume that
our deformation is such that ecm(Q},) > em(Q}), i.e. Ry > R(0), the other
case will be dealt with in a similar manner. The dilations D, give rise to a
conformal map ¥, of (Bz¢, (Y0),Jo) into (B-(Yo),J,) defined by

U, =85 D, ®Bsn : By, (%) — Br(yo)-
Define the metric g, by

g9r = ‘I':(go) in B261 (yO)
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We require that 7 be sufficiently small so that V. (Bs,, (%)) C B-(yo). Since
VU, is conformal g, = 9,7, for some 9. € C*(By, (o)), ¥ > 0. Let £ be a
smooth nonincreasing radial function about yo on S™, i.e. {(y) = &(dg, (v, ¥o))
which satisfies

3 1 for ye€ B,(y)
£y) = {0 for y € By, (vo),

Here dg, (-, y0) denotes the distance function from y, taken with respect to g,
we assume that 2¢; < i(S™,7,), the injectivity radius, so that & is well defined
in By, (yo) and hence on all of S™. Define 9, by

ar = édjf + (1 - g)a
then i, € C*(S™) and v, > 0. Therefore the metric

g-r = wrgo on S "
is conformally equivalent to g, on S™ and satisfies

{gf on B, (%)

Ir = go on S\ By, (%)

Therefore we have
(Bey (%0):9-) = (¥r(Be,(%0)),90)-
Thus since g, and g, are pointwise conformal on S, we let
(S'g)— = S\ ¥, (B, (%))
and obtain
(5)7,3.) = (53)7,50)-
Thus
(57 91(0)) = ((55)7:0)
= ((50)7,91(00))
as required. Let A(7) = W, (B, (1)) \ Be, (o) and define Q} by

Q7 = {Mo(0) \ Mg } Up» Qo Uty {S5(0) \ (5™ \ ¥-(Be, (v0)))}
QF U A(7).
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For an appropriate choice of 7 this will give the decomposition (5.9). When

endowed with the approximate solution metric g;(c), Q7 is the union

(QF,91(0)) = (93,91(0)) U (A(7),To)-
Since (A(T),g,) is conformally equivalent to a Euclidean annulus we have
em(Q3,91(0)) = R(0)+R(7),

where R(7) = ecm(A(7),9,)- Finally since Ry — R(0) < cb3 and ¢; while large
relative to 63 may be chosen arbitrarily small relative to r, we see that 7
may be chosen in a sufficiently large continuum about zero to guarantee the

existence of a 7 such that
R(1) = Ry — R(0).
With this choice of 7 we thus have
em(QF,91(0)) = R,
and therefore
@, 01(0) = (@, 91(00))

as required.

The following Theorem summarizes what we have shown.

Theorem 5.4. Given any admissible conformal structure o € Ss,(0y), there

exist decompositions of M,
M = My UQi,U(S)”
M = M;yuQfu((Sy-
such that

(Mg ,91(00)) = (Mg ,91(0))
(Q,,91(00)) = (Q}L,gl(U))
((53)7,91(00) = ((58)7,91(0))
provided that 63 < ¢ where ¢ = ¢(N,r) is a small constant. In particular

91(0) € [g1(00)], and thus the required deformations preserve the conformal

class.
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6. DEFORMATION TO EXACT SOLUTIONS

6.1. Controlled Deformations. In this section we solve the main equation
(2.1) by finding a unique small deformation of the background balanced ad-
missible conformal structure og on 7 to a new admissible conformal structure
o € Ss,(00), such that the solution to the projected problem (3.1) correspond-
ing to o is actually an exact solution of (2.1). This is done by choosing the
deformation so that the solution g, of (3.1) corresponding to o satisfies the
hypothesis of Proposition 4.3 and is therefore an exact solution of (2.1). Since
it was shown in §5.5 that the deformations preserve the conformal class, by
finding such a deformation for each £k = 1,... , N we produce N distinct so-
lutions in a fixed conformal class. It remains to show that these solutions lie
in a conformal class which is an arbitrarily small perturbation in C° of our
initial background conformal class g on M. This is shown in the final section

of this section, and thus completes the proof of our Main Theorem (0.1).

Before showing that such deformations to exact solutions exist we need
to recall some results from [15] which indicate the extent to which the de-
formations we employ are “controlled”. We fix a k, 1 < k < N, and let
g = (1 + n)7=%g, denote the solution of the projected problem (3.1). We
suppress the dependence on k in ¢; and 1 but maintain it in the metric gy
to avoid confusion with the background metric g on M. To indicate the de-
pendence of g on the conformal structure o € Ss,(09) (which determines
the approximate solution g1 = g1,(0)) we write (o,g9x) € M. We need to
show that there exists an admissible conformal structure o whose parameters
(o, gx) = (b(o,gx), (0, gx)) obtained from o with the solution to the cor-
responding projected problem gy, are the null parameters (0,0) € X. This
is equivalent to the requirement that g, satisfy the hypothesis of Proposition
4.3. Proposition 5.3 shows that the parameters Il(a, g1) = (b(o, 91), (0, 91))
obtained from the deformed conformal structure with its approximate solution
metric are close to the parameters which prescribe the deformation. We need
to relate these parameters (b(c,g:1),u(0,91)) with the parameters obtained
from o endowed with the projected solution metric gi, (b(o, gx), (o, gx))-

This is done in [15, Proposition 4.2]. Since the parameters are obtained
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by evaluating certain integrals over the boundaries of each asr, comparing the
parameters of a fixed conformal structure (which determines the asr’s) with
two different compatible metrics is purely a local problem in each of the neck
regions Nf,-). Schoen does this by carefully examining the structure of the
metric g, on the neck regions and using the estimates he obtains to compare
the Lie algebra elements X.(0, ¢1) and X, (o, gx), where e = +i is any edge. We
write X, = X? + C, for the decomposition into rotational and pure dilational

parts. Schoen’s result is the following

Proposition 6.1. There is a constant 74 > 0 such that at each vertex i, 1 <
it < k, and each edge e = +1i,—1, the following inequalities hold:

1X2(o,g6)ll < €72,
Ce(0,98) = Ce(0,91)] < €724,

Remark 6.1. Although it might appear unnecessary, we have retained Schoen’s
notation for consistancy with [15] and in order that the constant 74 is not
confused with the parameter 7 used in §5.5. We refer to [15, pages 381-385]
for the proof of Proposition 6.1.

The other result we need in order to prove our main Theorem is [15, Propo-
sition 4.5], which asserts that the rotational parts of the Lie algebra elements
Xi(0,gx) derived from (o, gx), are controlled in terms of their pure dilational
parts. Let X, X C denote the k-tuples of the Lie algebra elements X, the
rotational parts X?, and the pure dilation parts C; respectively. We define
norms for the latter two quantities by

|X°) = max X7 and [|C|l = max]|Cil,

where || X?||> = —1Tr((X?)?). The following Proposition is then equivalent to
[15, Proposition 4.5].
Proposition 6.2. Suppose that gi is the metric constructed in Theorem 3.1

with respect to the admissible conformal structure o. There is a small constant

€10 such that

IX°(0, g0l < €10llC(o, gi)ll-
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We refer to [15, pages 388-390] for the proof of Proposition 6.2.
These two Propositions now enable us to prove the existence of the required

deformations.
6.2. Achieving an Exact Solution.

Theorem 6.3. Given a balanced admissible conformal structure oy on T,
there ezists an o € D (X5(0,0)) C Ss,(00), where 6 = (61, 62) and 6y, b2, 63 are
small positive numbers, such that for the metric g, constructed in Theorem
3.1 with respect to o, R(g) =n(n —1).

Remark 6.2. Theorem 6.3 is almost identical to [15, Theorem 4.6]. Since it is

central to our construction we include its proof here.

Proof. We define a map of the parameter space into itself by evaluating the de-
formed conformal structure with the metric g, found by solving the associated
projected problem. Explicitly, define

T: X:(0,0) — X

T(b7 IL) = H(D(b’ ,Ll,), gk)'

We write ¢ = D(b, 1), so that

T(b’ /‘) = H(Ua g) = (b(U’ gk)nu‘(a7 gk)) €X.

We want to show that these parameters are close to the parameters, (b, u)
which specify the deformation. We first estimate the difference |b;(o, gx) — by
for each vertex 4. Since Proposition 5.3 shows that (b(c, g1), (o, g1)) are close
to (b, i), we have

lbi(a,gk) - bi,

IA

bi(a, gk) — bi(0, g1)| + |bi(a, g1) — by
< |bi(o, gi) — bi(o, g1)| + (€267 + 62).
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We use Proposition 6.1 to estimate the first term, as follows

bi(a, gk) — bi(o,g1)] = € 72|P(C(o,gk)i — C(o,91)s)]

< e? (IC(U, gk)—i - C(o, 91)—i| + |C(‘7, 9k)+i0(0, g1)+il)
< 2€™.

Therefore we have

(6.1) bio,gi) = bil < (€261 + 6y + €™).

We use Proposition 6.1 again to estimate the difference |, (0, gi) — pe|, for each
edge e = —i,+i. Notice that from the definition of the parameters p.(o, gi)
and u., we have

Ae(o'*; gk)

|tie (o, g) — pel = |10g(/\—e(a,—gl))|.
Thus since
Ae(o,08) = [FI1X°(0,98)c]” + 1C(0, gi)e ] =,
and
Ae(0,91) = 1C(@,90)el =7,
we find that

_||X0(U) gk)e”2 + IC(o', gk)e|2) =
e\™ — Hel = 1
|1t (0, gk) — pel ' og< G

2 IC (o, gx)] HW@%MM
+ .
n-2%(0@m% IC(o, g1)e]

By applying Proposition 6.1 we can estimate

IN

C(U, gk)e 1 + 6'Il—2-‘|-T4
C(o,91)e IC(o,91)el’
and
1X° (o, gi)el < €T
IC(o,91)el  — 1C(o,91)el’
which gives us
9en2+74

2
e\0) — He S =2 [ el
|te(0y gk) — fre] n_2 8( |C(0,g1)e|)
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Proposition 4.2 explicitly calculates |C(o,gr)e| = €,72, thus since o is an

admissible conformal structure we have

le(o, gi) — el < Z5|log(1 + 267™2e™)]|

(6.2) < o,

Tt is clear from the definitions of D and II that T is continuous with respect
to the product topology X;5(0,0). Moreover if we choose 6 > ce™ and §; >
c(e26/ ?+6,4€™), then the estimates (6.1) and (6.2) imply that the map I — T
takes the compact, contractible set X5 into itself. Therefore we may apply the
Schauder fixed point theorem (see [10]) to find parameters (b,p) € X5(0,0)
such that

(b> M) - T(b) /,L) = (b7 N),
and hence
T(b, ) = (0,0).

If we again let o denote D(b, p) and let g; denote the solution of the projected
problem with respect to o, then we have

(o, gx) = (b(O', 9x)s (o, gx)) = (0,0).

We now show that this implies that R(gx) = n(n — 1). Since u(o,gx) =0,
for each edge e, we have

)\3(0', gk) = Ae(O'(),g]),
thus since g is balanced we conclude that for each ¢, 1 <7 < k,
A_,;(O', gk) = A+1l (U> gk)

Therefore by the definitions of the parameters A.(o, gx) in terms of the Killing
form B(:,+), we have

IC—z’(U79k)| - ||XE¢(U7 gk)” = |C+i(07 gk)l - IIXL(U, gk)”~

This can be rewritten as,

[(C_i+ Ci) - (C-i = Cyi)l = B(X2;+ X—?—i’XEiX-(I)-i)7
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where each of the elements of o(n + 1, 1) corresponds to the pair (o, gx) € M.

We write
C(o,g9x)-i — C(o,9x)+i = C(0,91)-i — C(0,91)+i
+(C(o,9k)-i — C(o,91)-i) + (C(0, gk)+:C (0, 91)+4),
and use Propositions 4.2 and 6.1 to derive
C(o,9k) =i —C(0,96)+i = €73 00_s€o%s Goys + O(€772HT),
which implies that
[(C-i + C4i) * (do—i — Goyi)l = X2, + X-?—i” X2, — X-?—i” + et C; + Ciil-

Therefore, since o is an admissible conformal structure, for each vertex i we

have
1C(0,9k)i " (@o_s = Goy)l < e PIXPNNXE; — XLll + ce™|Cil.
Thus, by again applying Proposition 6.1 we obtain
1C(0,98)i * (@o—s — goys)l < c™(IX°(0, gw)ill +1C (2, ge)i)-
Since o € Ss,(0p) we know that for each edge e, |¢,, — ge| < 63, therefore
|C (o, k)i - avil < ce™(IX°(0, gx)ill +1C (0, gr)il) + 83|C (0, gi)il-
We now use the fact that b;(o, gr) = €27"P;(C(0, gx):) = 0, or equivalently
|C(7, 9x)il = |C(0, gr)s - q4l-
Thus we have the estimate
IC(a,90)i] < e (1X°(@, giill +1C (0, 91)il) + 651C (@, g1)il,
and by choosing e sufficiently small we conclude that
|C(o, )il < ce™[|X°(o, gu)ill-
Therefore by taking the maximum over all vertices ¢, 1 < i < k we have
ICI < ce™IX°I.
By Proposition 6.2 this implies that
C=0 and X°=0,
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which implies that for each vertex i,
X(oygx)i = 0.

Thus (o, gx) satisfy the hypothesis of Proposition 4.3, which we apply to con-
clude that

R(gr) = n(n-—1).
This completes the proof of Theorem 6.3. O

6.3. The Degree of the Metric Perturbation. To complete our proof of
Theorem 0.1 it remains to show that the initial metric § on M with positive
scalar curvature R(g) > 0, belongs to a conformal class which is arbitrarily
close in C° to the conformal class of any of our N solutions, g;. The initial
perturbation of § which we performed in §1.1, was to find a new metric g,
which agrees with g outside of a small neighborhood of some point z, and
which is locally conformally flat in a slightly smaller neighborhood. This
perturbation produces such metrics which are arbitrarily close in C* to g, and
converge to g in C! as the size of the neighborhood decreases. The more
delicate perturbation is that of the metric on the spherical end S§. While we
may find nondegenerate (in the sense of §1.1) metrics g,, on S”, which are
arbitrarily close to go in as strong a topology as we would like, e.g. C*2, the
effect of such a perturbation will not generally result in the conformal class
of the corresponding approximate solution [g;] being arbitrarily close to [g] in
Ck=. This is because the nondegenerate metric g,, on S™, occurs in (M, g;)
as the pullback G3(g,), of g, under an arbitrarily strong dilation G,. Since
J, is not in the conformal class of go, G}(g,) will not, in general, be in the
conformal class of g,.

We now show that the metric g; may be constructed so that it is arbitrarily
close in C? to a metric ¢’ € [g]. Here g is our nondegenerate minimal solution
metric on M, R(g) = n(n — 1) and we let g; denote the approximate solution
metric which is constructed as in §1.5 from the balanced conformal structure
oo on Ty by using a particular perturbation g, of the round metric gy on S™.
Note that by §1.6 and §5.5 each of our N solutions g, where k = 1,... N,

are in the conformal class of g;.
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Proposition 6.4. Given any € > 0, let g, be a metric on S™ which is locally
conformally flat in the neighborhood of a point, which belongs to a nondegen-
erate conformal class, and which satisfies

R@o) = n(n—l)
lgo — Gollce < &

and let g, be the metric constructed from gy, the balanced admissible conformal
structure on Ty, using the metric g, as in §1.5. Then there exists a metric
g’ € [g] which satisfies

lgr —g'llce < &

Proof. We take g’ to be the metric constructed in the identical manner as g;
via oy, except that we use the standard round metric go on S™ rather than
the metric g, on the spherical end S}. The fact that g’ € [g] is immediate
from the construction of the approximate solutions, g’ differs from g only in a
small neighborhood B, (zy) C M, where g is conformally flat. The metrics g,
and ¢’ are isometric in M \ S§. The result does not follow immediately from
the assumption on the metrics g, and go since S§ and M, are separated by
an annulus of large conformal modulus. Thus the effect of the construction of
g1 and ¢’ on these metrics is conformally equivalent to taking the pullback of
the metrics go and g, under a strong centered dilation G,. The strength A of
this dilation depends on N, the number of solutions we construct and on the
number € used in the definition of an admissible conformal structure (1.6). In
particular A tends to infinity as either IV tends to infinity or as € tends to zero.

Consider the metrics g, and g, on S™ defined by
gr=G3(9) and 7, =G(3),

and let h and h) be the symmetric (0,2) tensors on S™ defined by
h=go—9, and hyx=gy—7,.

Notice that G, is a conformal diffeomorphism of (S™, go),

o = |G\,
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where |G| is the linear stretch factor of the dilation G. This will not be the
case for g, = G}(g,).- We may compute the C° norms of h and h, with respect
to a fixed metric, for example go, by writing these tensors in stereographic
coordinates on S™\ {q}, where q is the source of G. This computation easily
shows that

(@)l = [Ih(Az)Il,

therefore

(6.3) [Pallce = [[Pllco-

Thus since h = go — g,, we have ||h||co < €, the desired estimate follows from
(6.3). This completes the proof of Proposition 6.4. O
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