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CURVATURE OF YANG-MILLS MODULI SPACES
NEAR THE BOUNDARY, I

DAVID GROISSER

INTRODUCTION

The topology of the moduli space M of self-dual connections ( “instantons”)
on a principal SU(2)-bundle over a compact Riemannian 4-manifold (M, g) has
been studied for a number of years, thanks largely to the pioneering work of
Donaldson ([D1]). Relatively speaking, the study of the geometry of M with
respect to its natural Riemannian metric g-the “L? metric’—is still in its in-
fancy. There are only two examples in which g has been computed explicitly
and in which the geometry is completely understood: the moduli spaces of
k = 1 instantons over $* ([GP1, DMM, H]) and CP* ([G1, Ko]). (In this pa-
per S* and CP? are always given their standard metrics.) In [GP2] many fea-
~ tures of the geometry seen in these examples were shown to be present for all
1-instanton moduli spaces over compact, positive-definite, simply-connected
4-manifolds, and in [D2], Donaldson was able to deduce some geometric infor-
mation under even more general hypotheses. However, the two basic examples
exhibited more structure than they seemed to have any right to; there were
several geometric features for which neither proofs nor counterexamples ex-
isted in the more general setting. In particular the boundary OM of the
completion of M was found to be totally geodesic, and g was found to be
more differentiable at the boundary in these examples than the authors of
[GP2] were able to prove in general.

This article is a step towards understanding the general problem of dif-

ferentiability at the boundary and the geometry of the collar. In pursuing
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this problem the author discovered a surprising cancellation phenomenoh, dis-
cussed below, relating to the sectional curvature of M . It also proved useful
to develop a new method for constructing parametrices for certain Green op-
erators, and to refine an estimate of Donaldson concerning the decay rate of
curvatures of concentrated instantons.

Throughout this paper M denotes a compact, simply connected, oriented,
positive-definite 4-manifold, and M the space of 1-instantons over M. Under
these topological assumptions M is generically a 5-dimensional manifold with
singularities. M contains a ‘collar’ region M,, diffeomorphic (non- canoni-
cally) to (0,Xo) X M for some A\ > 0; the diffeomorphism ¥~! assigns to an
instanton its scale A € (0, \g) and its center p € M (see [D1]). We will assume
some familiarity with these notions and with the definitions and basic prop-
erties of the L? metric as discussed in [GP1] and [GP2]. Certain properties
are true only for \¢ sufficiently small; we will always assume, without explicit
mention, that Ag has been chosen small enough. The following paraphrases

some basic results of [GP2].

Theorem 0.1 (Theorems II-IV of [GP2]). Let M and M), denote the
metric completions of M and M), respectively. Then the collar map ¥U~!
extends to a diffeomorphism My, = [0, o] X M, and the inclusion M,, —
M induces an identification {0} x M = M . As A — 0, the metric g is
asymptotic, in a C° sense, to a product:

(0.1) T*g ~ 4n2(2dN° @ g).

Thus if we define A[A] = (87%)~Y/2dist([4],OM ) for [A] € M , then

— 1

>| >

uniformly in [A] as A — 0.

This product structure does not extend to arbitrary derivatives of g. In
particular, in the S* and CP? examples, the curvature of M extends contin-
uously to the boundary, and its bouhdary values are not the curvature tensor
of a cylinder (although the curvature in directions tangent to the boundary is
(47?)~! times that of (M, g), as one would expect from (0.1). It is worthwhile
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to compare the explicit formulas for g found in these examples (¢f. [GP3] and

[G1]). In each case M has an ‘origin’ on the complement of which
(0.2) T*g = 472(2f(A\)d\> @ h(\)g)

for certain functions f and h which approach 1 as A — 0; see (0.3-0.6) below.
Note that f is not C? at the boundary in either case, so it seems paradoxical
that the curvature of M manages to be continuous there.

The solution to this paradox lies in understanding the smooth structure on
M . In [GP2] it was wrongly stated that the smooth structure on M induced
by the collar map ¥ is independent of the choices involved in defining ¥, and
therefore that M has a natural smooth structure. Indeed, in the examples
above, M does have a natural smooth structure, but it is not the one given by
the collar map from which (0.3-0.6) were derived. (It should also be noted that
in these equations, A is the radius of the smallest ball containing exactly half
the Yang-Mills action; Donaldson’s A, which is the one used in Theorem 0.1,
smooths out the cutoff in a non-canonical way.) The correct smooth structure
is given not by declaring X to be smooth on M,,—i.e., by using the extension
of ¥ to [0, X¢) X M as an attaching map—but by declaring )\, the (normalized)
distance to the boundary, to be smooth. This is sensible only because, as the

next theorem shows, X is smooth in M,,.

DEFINITION 0.1. For )\ sufficiently small define
-1 —1 - _
UMy, = (0,00) x M by ¥ ([A]) = (A([A]), B([A])),

where A([4]) is the normalized distance-to-the- boundary as in Theorem 0.1
and P([A]) is the closest point in M = M to [A]. (Note that p([A4]) is
unique for Ao as in Theorem 0.1, and ¥ ' is 1-1 for such Xo-) On any set

(0,€) x M C image(T ), let T denote the inverse of T .

Theorem 0.2. Let M be S* or CP* . Then U ' is smooth on My,, so we
can give M the smooth structure of M Ug([0, Xo) X M) without affecting the
smooth structure on the interior. With respect to this smooth structure on
Mo, T'g is C° at the boundary but not CS.
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Proof. From [GP3, equations (5.15-16)] and [G1, equations (0.6-7)] the metric
g takes the form (0.2), where for S* we have

(0.3) f(X) = sec® \(1 + 3tan® A — 3sec A tan® Alog(cot()/2))),

(0.4) h(A)=1- g tan® \ + ; cos A tan? X log(cot(A/2)),

while for CPP? we have

1+3)2 6 + 2)\2

1 [2-7A% -\ 12
(0.6) h(A) = 2+ A2 { 1—x 1- )\2)2)‘ log()\)}.

From (0.2) it follows that p([4]) = D([4]) (where U([A4]) = (A([A]),p([4])))
and that distance-to-the-boundary is a function of A alone. Specifically,

0.7 500 = [ e

which is smooth for A > 0. This equation determines A implicitly as a function
of )\, so we may rewrite the metric in the form 4772(2dx2 @ h(X\)g). Using
(0.7) and the formulas for h, one obtains the result (after some very tedious

calculations). In fact, in each case we have asymptotic expansions of the form

fA) =1+ Az(al log(A\) + aq) + )\4(a3_log()\) +a4) + O()\G log(\)),
R(A) =1+ A2 4+ A (cslog(\) + ¢1) + csA8 log(A) + O(N°).

One can check that for any such f,h, the function A()) is C° for X > 0.
Furthermore h is C* if and only if 3¢c; — a;c; = 0—a condition that holds
in the two examples above—in which case h is also C®. Finally, under this
condition % is C® only if c; = 0, which does not happen in either of the

examples. [

It should be noted, however, that while the smooth structure on M depends
the attaching map, its restriction to OM does not; it is always the smooth
structure of M. In addition it follows from Theorem 0.1 that the normalized
distance X is differentiable at the boundary whichever choice we make (though

what happens just off the boundary is unclear).
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In light of Theorem 0.2, an awkward conjecture in [G1] can be replaced by

a more natural one.

CONJECTURE 0.2. For any M, the map ¥ is smooth in the collar M,,. If

this attaching map is used to define the smooth structure on M , the extension
of g to M is C%.

A necessary condition for Conjecture 0.2 to be true is that the curvature of
(My,,g) be continuous up to the boundary. In this paper we find substantial
evidence that this is the case.

It seems premature to conjecture more differentiability than this based only
on Theorem 0.2. Loosely speaking, one finds that obtaining C* information
about the metric g requires O(X*) estimates on certain spaces Ha = TjyM
(see (1.2) below). But the estimation scheme presented here (culminating in
Proposition 5.1) is intrinsically limited from giving estimates stronger than
O()\?), and hence does not suggest any higher degree of differentiability than
C?. Tt is conceivable that the examples in Theorem 0.2 exhibit more differ-
entiability because of symmetry; e.g. because both S* and CP® are Einstein.
However, it is also possible that refined estimates would show more differen-

tiability in the general case.

1. STATEMENT OF RESULTS AND STRATEGY OF THE PROOFS

1.1. Results. Our first theorem requires (M, g) to satisfy a certain curvature

condition.

DEFINITION 1.1. Let R and W~ be the scalar curvature and anti-self-dual

Weyl tensor of (M, g). Define an operator W~ on two-forms by W_(6*A67) =

$(W=)4,,0% A 6; this preserves the subspace of anti-self-dual two forms. We

say that (M, g) satisfies the A> curvature condition at p € M if the operator
%Id —ow N M- N M

is positive-definite.

Frequently when discussing moduli spaces of self-dual connections one as-
sumes that a very similar operator, %Id —2W_, is positive-definite; this en-

sures that the moduli space is a manifold on the complement of the reducible
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connections. We do not need the latter assumption here since we are only con-
cerned with the collar, which is always a manifold. Nonetheless the similarity
between the two curvature conditions is striking.

The purpose of the A> curvature condition is that it ensures a strong decay
rate for the curvature of a concentrated instanton, which we use in §3 for
several important estimates that we apply over and over again. Donaldson -
established in [D1] that such curvatures decay at least as fast as A~ °r=(4-9)
for any 6 > 0. By carefully examining his argument, and observing that the
A2 curvature condition is exactly what is needed to eliminate the § (Theorem
2.2), we sharpen the decay rate to A*r~%. This estimate is proven in §4.

We can now state our main theorems.

Theorem 1.1. Let (M, g) be a compact, simply connected, oriented, positive-
definite 4-manifold, and M the space of 1-instantons over M. Assume that
(M, g) satisfies the N> curvature condition. Then for N sufficiently small the

sectional curvature of (My,, g) is bounded above and below.

It seems likely that the methods here could be refined to prove continuity
of the curvature, but the problem of passing from C° curvature to C? metric
would remain.

It is not actually necessary to assume the A® curvature condition on all
of M in Theorem 1.1 to reach a conclusion. If we assume only that it is
satisfied in a neighborhood U of some point p, our methods show that the
same conclusion holds for the corresponding region of the collar.

We can say a good deal more about the curvature in directions tangent to
the boundary, even without the A? curvature condition. After fixing a collar
map, M,, is foliated by submanifolds M, of constant A, with the inclusion
map j : M — M giving a diffeomorphism onto M. We denote by Riems;
the restriction of the Riemann tensor of (M,,, g) to this ‘tangential’ foliation

and by Riem), the Riemann tensor of (M, g).

Theorem 1.2. Assume all hypotheses of Theorem 1.1 except the \> curva-
ture condition. Then Riem'yy extends continuously to My,, and the limit
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depends only on Riem,,. Specifically,
Riem'yy [oa i= }13(1) 3 Riem%y = L(Riem )
for some geometrically natural endomorphism L.

By ‘geometrically natural’ we mean that L is induced from an SO(4)-
equivariant endomorphism of the subspace of R* @ R* ® R* ® R* consisting of
tensors with the symmetries of a Riemann tensor.

The map L in Theorem 1.2 is computed in the sequel to this paper [G2]; we
find that L is (47%)~! times the identity. This provides a plausibility argument

for the following conjecture.
CONJECTURE 1.2. OM,, is a totally geodesic submanifold of M,,.

The argument is as follows: if we assume that the metric is C? at the

boundary we can apply the Gauss equations
(1.1) Riemﬁ“ IGM = Riemgprs +h A h,

where h is the second fundamental form of the boundary. The boundary is
totally geodesic if and only if A is jdentically zero. Since the metric on M
is simply 472g under the natural identification of 9M with M (see Theorem
0.1), we always have Riemgr = (47%)~! Riemys. Hence, using L = (472)~'1d
in Theorem 1.2, we find hAh = 0. This implies that h has rank < 1; i.e. there
is a 1-form @ (possibly zero) on M such that h = § ® 0. Note that generically
the second fundamental form of a 4-dimensional submanifold of a 5-manifold
has rank 4; it seems unlikely that for all (M, g) the second fundamental form
of 9M has rank < 1 unless it is identically zero, as it is for S* and CP?. In
fact, if one assumes that h depends on Riem), in a geometrically natural way,

it is easy to show that if rank(h) is always < 1 we must have h = 0.

1.2. Strategy. Our approach to proving Theorems (1.1-1.2) will rely on the
expression derived in [GP1] for the sectional curvature of M at a point [A]
represented by a self-dual connection A. To review this formula, recall that
the tangent space T{4)M is naturally isomorphic to the harmonic space

(1.2)

Hy={XcQ(Ad P) |d*"X =0€ Q°(Ad P) and d*X =0¢€ Q2 (Ad P)},
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where P — M is the principal SU(2)-bundle with Pontryagin index 1, d4 is
convariant exterior derivative, and the minus sign denotes projection p_ to
the space of anti-self-dual two-forms. Alternatively, H, = ker(A#), where

Al = dA(d*)" + 2(d2)"d2.

We introduce notation for two universal bilinear operations, {-,-} : (Ad P®
T"M)®(Ad P®T*M) — Ad Pand [-,-] : (Ad PQT*M)®(Ad PRT*M) —
Ad P® A’T*M. In terms of a local orthonormal basis {6%} of T*M, the

antisymmetric pairing {,-} is defined by
{X,Y} = [X,,Ye]
(Lie-algebra bracket); the symmetric pairing [, ] is defined by
[X,Y]- = p_([Xa, 3]0 A 6).
We also define Laplacians

Al =d*dh, AY =dAdr”

—Y—

which act on O-forms and 2-forms respectively, and are invertible in the collar;
we denote the inverses by G¢t and G*. If X|Y € H, are L*-orthonormal, the
sectional curvature of (M ,g) in the plane spanned by X and Y is then

(13) oa(X,Y)=3({X,Y},GA{X, Y]
- <[Xv Y]—)Gé[Xv Y]—> + ([X’ X]—va[K Y]—>>

where (-, -) denotes L? inner product.

Now in general it can be shown that as A — 0, the eigenvalues of A? are
bounded away from zero (cf. [L, Ch. VI §3]), while A has three eigenval-
ues commensurate with A*> and the remainder bounded away from zero (see
Proposition 8.3). To understand the asymptotic behavior of the individual
terms in (1.3), it is useful to examine the case M = S*, where we know that
the curvature has a finite limit as A — 0. At first glance it would seem that,
since G4 is uniformly bounded, the last two terms in (1.3) must each have a
finite limit; therefore so must the first term, despite the small eigenvalues of
AL,
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This naive analysis is flawed because the L*-norms of {X,Y} and [X,Y]
are not bounded by the L2-norms of X and Y. In fact, for S* it can be shown
that all three terms in (1.3) behave as A™ as A — 0, but the singularities
cancel. These conspiratorial cancellations are all the more remarkable in view
of the unrelated origins of the terms in (1.3): the first term is the curvature of
the ambient space A /G = {connections}/{gauge transformations}, while the
other two terms come from the second fundamental form of the embedding
M — A/G.

We will prove Theorem 0.3 by showing that this cancellation phenomenon
is quite general. The first step in the proof, discussed in §2, is to understand
why the cancellation ‘ought’ to occur. For this we replace the true tangent
space H4 from which X and Y in (1.3) are drawn by an approximate tangent
space H, introduced in [GP2]. For X,Y € H,4 we construct local expressions
which approximate the global objects G5'{X,Y } and GA[X,Y]_ up to remain-
ders that are small with respect to certain weighted LP-norms. These local
expressions, when plugged into (1.3), cause each of the three terms to diverge
as A2, However the inner products defining these three terms actually cancel
pointwise, thanks to a quadrilinear identity involving inner products of Ad P-
valued 1-forms (Lemma 1.5). The remainder terms give only a bounded—and,
in certain cases, calculable—contribution to the curvature.

The second and harder step in the proof is to show that the replacement of
H, by H, alters (1.3) only by a bounded amount. This requires showing that

the operator (Id —7m4)|z,, where
ma:QYAd P) - Hy

is the L2?-orthogonal projection, is sufficiently small in appropriate norms. We

are led to the study of the elliptic equation
(1.4) A%y =H{ F4,

where 7 is an anti-self-dual two-form, H%¢ is the traceless Hessian of a func-
tion ¢, the two-form F“4 is the curvature of the connection A, and 1} is a
certain bilinear operation that pairs a traceless symmetric tensor with a self-

dual two-form two produce an anti-self-dual two-form (see (5.5)). From this
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equation we deduce some strong estimates on the harmonic 1- forms compris-
ing the tangent space H, (Proposition 4.1). All but one of the bounds we
need follow fairly easily from (1.4), given the estimates in §3 (for which we use
the decay estimate proven in §4). For the one remaining bound (5.4), ordinary
elliptic theory such as that used to prove Lemma 5.3 does not seem to suffice.
Nor do standard constructions of parametrices for Green kernels, followed by
convolution with these kernels; the singular nature of the family of operators
in (1.4) as A — 0 leads to difficulties. However, since we are not trying to
solve (1.4) with an arbitrary right-hand side, we avoid these difficulties by
effectively constructing not a parametrix for the Green kernel, but just for the
Green operator restricted to the the space consisting of the right-hand side of
(1.4) for certain functions ¢ (essentially functions which are linear in normal
coordinates based at the center of A). This result, detailed in Theorem 5.1, is
rather special in certain respects, but general in others, and may be of some
interest in its own right; it does not depend on any features of the connection
except self-duality. The technique (detailed in §§6-7) relies on a rather bizarre
use of representation theory, and should apply to a wider class of equations
than the one studied here.

In §8, we provide some final estimates needed for §9, where we prove The-
orems 1.1-1.2.

Throughout this paper |- ||, denotes the L? norm on sections of any normed
vector bundle over M. We use summation convention for repeated indices, and
we take the inner product on Ad P to be the one induced by minus the trace

form of the standard representation of su(2).

2. LOCALIZATION OF THE CURVATURE FORMULA: FIRST STAGE

The Green operators G, G* and the harmonic 1-forms X,Y € H, and ap-
pearing in (1.3) are intrinsically non-local objects. For this reason it is difficult
to extract information from the curvature formula; there is no obvious relation
among the terms. For concentrated instantons, however, there is a ‘localiza-
tion principle’: as A — 0, instantons on M more and more closely resemble
instantons on R*, after a normal-coordinate identification of a neighborhood of

an instanton’s center with a neighborhood of the origin in R*. This principle
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holds quite strongly as far as the curvature two-form F4 of the instanton is
concerned, but it is less clear how localization affects the harmonic spaces H 4
and the Green operators G*. In [GP2], the author and T. Parker introduced
a localized approximation H, to H, (see below). In this section we show
how to localize the Green operators applied to the bilinear objects appearing
in (1.3) when X and Y lie in H,. This localization is, in essence, ‘why’ the
singularities in (1.3) are able to cancel.

For the rest of this paper we fix a ‘cutoff’ function b € C§°(R) with b(t) =1
for 0 < ¢t <1,b(t) =0fort >2and 0 < b(t) < 1 everywhere. We also fix
a number rq such that 3rg is less than the injectivity radius of (M, g), and a
smooth, strictly positive function p : M x M — R such that p(p,q) = dist(p, q)
whenever dist(p,q) < 2ro. For each p € M we define r,(q) = p(p,q) and
B,(q) = b(ry(q)/r0); we will usually suppress the p’s from these and related
notations to avoid clutter.

We also fix a collar map ¥~! as in the introduction. When the letters p, A
appear during a discussion of a connection A, they always denote the center
and scale of A, respectively. In such a context, r always refers to distance to
the center point p. We use F*, or simply F, to denote the curvature 2-form
of A

There are numerous estimates in this paper. All constants appearing in
inequalities, as well as constants implicit in expressions O(-), are independent
of A € M,,, and in particular of the center point p. We will not make
explicit mention of this uniformity below; it generally follows from simple
arguments based on the compactness of M. Our convention concerning strings
of inequalities is that values of constants are continually updated as needed.
The letter c in an inequality always denotes a constant, subject to the above
conventions.

There are also several types of covariant derivatives in this paper. If E
is a vector bundle associated to the orthonormal frame bundle of M (e.g.
E = TM), there is a tensor product connection V4 : I'(Ad PQE) — I'(Ad P®
E®T*M) induced by a connection A on Ad P and the Levi-Civita connection
on M. We let A”* denote the trace Laplacian VA*V4; note that on I'(Ad P),
d* = V4 and Ag = A?*. (The Laplacians Aé,Af, and A? were defined
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in §1.2.) We simply write V and A for the covariant derivative and trace
Laplacian on E. Frequently we will suppress the A from the tensor product
operators above; it is always clear from the object being differentiated whether
these symbols refer to the tensor product connection or simply the Levi-Civita
connection.

To define the approximate tangent space we require some notation. Given
a € T,M, let f, be the unique function on Bs,,(p) (the ball of radius 2rg
centered at p) such that (i) fa is a homogeneous linear polynomial in some (and
hence any) normal coordinate system based at p, and (ii) grad(fa )(p) = a.
We extend these functions and the (squared) distance function to all of M by
setting

r_ l32
¢ - Qﬁra
¢a = ﬁsfa-

DEFINITION 2.1. The approximate tangent space at a self-dual connection A €
M,, with center p is the subspace of Q!(Ad P) defined by

Hy={1zF*| Z = grad(¢a + k¢'), k€ R,a€ T,M}.
Henceforth we will write
Za = grad ¢a, Z' =grad ¢'.
and, for any vector field Z and self-dual connection A,
74 = 1, FA.
When the connection is understood from context, we simply write Z for Z4.

As X — 0, the vector fields Z proportional to Z’ correspond to directions in
TyM approximately normal to the boundary; those of the form Z, give the
directions tangent to the boundary. This is made more precise in [GP2, §3],
where it is also shown that if Z = Z, + agA™'Z’, then

(2.1) lezFA|| L2 — 2m4/|al? + 242
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as A — 0, and that for Z € Hy, ||(Id — 74)Z||z2 = O(A"%)||X||1> for any 6.
Later we shall see that this estimate can be improved by a full power of A in
the tangential direction (Proposition 5.1a).

The localization we seek for the terms in (1.3) is a consequence of the
following proposition.

Proposition 2.1. Let A € M,,, let a € Q'(Ad P), let Z be a vector field,
and let Z* denote the image of Z under the metric isomorphism from TM to
T*M. Then

(2.2) GA{Z,a} = %Lza +GARN(Z, ),
and
(2.3) GAZ, o). =p_(Z* Na) + GA(Ry(Z, a)),

where the remainder terms R; are given by
(2.4)
Ro(Z, ) = —%(LAZa — w2V + 17(Ala) — 1y Ric(a)),
(2.5)

Ry(Z,0) = —%{(p_(AZ* ANa—2V,Z* AV2a+ Z* A Ala)

—(Z* ARic(a))- —R_(Z* Na)_)}.

Here Ric and R_ are pointwise endomorphisms proportional to the Riemann
tensor of (M, g) and whose precise form does not concern us.

When o = W this proposition reduces to the following.

Corollary 2.2. With the same notation as above, we have

(2.6) GiZ, W) =~ F(2,W) + G3 (R(Z, W),
and
(2.7) GAZ,W]_ =p_(Z" AW) + GA(Ru(Z,W)).

The remainder Ri(Z , W) is antisymmetric in Z and W for i = 0 and symmet-
ric for i = 2.
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Given Proposition 2.1, the only non-obvious part of the corollary is the sym-
metry of RQ(Z , W), antisymmetry of R, is immediate from the antisymmetry
of the other two terms in (2.7). However, from the first part of Lemma 2.3

below we have
(2.8) p-(Z* AW) = p_(W* A ),

so the symmetry of R, follows from (2.7).
To prove Proposition 2.1 we begin with a lemma.

Lemma 2.3. Let R*have the standard inner product orientation. Let {e;} be
a basis of Riand {6} the dual basis of (R*)*. For v € R%, let v* denote the
image of v under the inner-product isomorphism from R* to (R*)*. Then for
allv,w € R* and f € N\2(RY)*, the expressions

(2.9) P Auf) e N\ (R
and
(2.10) f(v,e0p-(w* £ 0%) € \ (RS

are symmetric in v and w.

Proof. Each of these expressions determines an SO(4)-equivariant map from
R* ® R* to Hom(AZ(RY)*, A2 (R?)*), which is SO(4)-isomorphic to Symg(R?)
(see §7 for a review of the representations of SO(4)). But R‘@R* = Sym*(RY)@®
A’(R%), and there are no nontrivial equivariant maps from A*(R?) to the ir-
reducible representation Symj(R*). Thus each of the maps above must factor
through a map from R* ® R* to Sym?(R?), implying that (2.9) and (2.10) are

symmetric. [

Proof of Proposition 2.1. Writing components relative to a local orthonormal
basis {#°} of T*M, we have

2.11 A(1z0) = A iz0) = LAZa—2Lvazv;4a+LzAAa.
0

The Weitzenbock identity for one-forms (see for example [FU, equation (6.25)])
asserts that

(2.12) A*a = Afa+2[F4 o] — Ric(a)
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where [F, a] = [Fyp, 2] ® 0*. But
tz[Fya] = [(L2F)y, o] = {Z’ at,

SO
£ (5120) = 17,0} = Ro(Z, ),

which is equivalent to (2.2).
Moving on to (2.3), we recall Weitzenbock identity for anti-self-dual two-
forms ([FU, equation (6.26)]),

(2.13) Aan =20% +R_(n).

Expanding as in (2.11) and using both (2.12) and (2.13), we have
(2.14) AYZ*ANa)_ =p_(Z* A[F,a]) —Ry(Z, ).
Since

"p(Z* N[F,0]) = Zo[Fye, ac] (0% A O°)_
= Za[Foa, @) (0° N 6°)_  (symmetry of (2.10))
= [(12F)p, ] (8° A 6°)_
=[Z,a]-,

we have
(2.15) AYNZ* Na) =[Z,a]- —Ry(Z, @),
and (2.3) follows. O

We begin to examine the implications of all this for the curvature formula
(1.3). First, for arbitrary A € My, and X,Y € Q!(Ad P), define

(2.16) num(X,Y; A) = right-hand side of (1.3),
(2.17) denom(X, ¥) = | X3IVI3 - (X, Y,

Thus for arbitrary non-proportional X,Y € H, the sectional curvature is

given by

_ num(X,Y; A)
74X, Y) = denom(X,Y; A)’
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We define the approzimate sectional curvature & by

(2.18) (7, = (2, W5 4)
denom(7w 4 Z, m s W)

for (non-proportional) Z,W € H,. Now any 2-plane in H,4 has a basis of the

form

(2.19) Z=2y W=2Zo+kZ,
where

(2.20) alb, |a>=|b]®+2k2)\ =1.

From [GP2, §3] we know that
denom(m4Z, m4W) — (271)* as A — 0

for such a basis, so we need focus only on num(Z, W; A). Using (2.6) in the

first term, we have
(2.21)-
{Z,W},G{Z,W}) = ({Z,W}, -%F(Z, W) + G(R))
_ _éqz, W, F(Z,W)) + (G{Z,W},R)
= L2, W}, F(2,W) = J(F(Z,W),R) + (G(R),R).

We apply the same argument to the other two terms, after rewriting the last
as (W, W]_,G4[Z, Z]_). We then have

num(Z, W) = L.T.(Z, W) + Rem(Z, W),
where the leading term L. T.(Z, W) is defined by
(2.22) L.T.(Z,W)= %({Z, W}, 1)
—{[Z,W]_,(Z* A\W)_) + (W, W]_,(Z* A Z)_).

(The remainder term Rem(Z, W) is written out explicitly in (8.2).) This
leading term is the integral of the local expression we have been seeking. Each
inner product separately diverges at the same rate as [, |F|* ~ A% (see

Lemma 3.3), but, as the next lemma shows, the local inner products cancel.
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Lemma 2.4. Let (-,-) denote pointwise inner product. Let Z be any vector
field and let a,n be any Ad P-valued 1-forms. Then

(223) S({esnbeom) — (o), (2" Am))+ (0], (2 A o)) =0.

Proof. Let {6°} be a local orthonormal basis of 7*M. Using Ad-invariance of
the inner product on Ad P and a basic property of the x-operator, we have

(= *(Z* Ae)) = ([ay M), @c) (0% A% %(Z* A 6°))
= (M, [na’ ac})(ea NG x(Z7 N Hb)

= (la,n],x(Z" Am)).

Thus

2([n,m]-,(Z" N a)-) = 2([ey, M-, (Z" A ) -)
=(n,nl, 2" A e) = ([, m, 2" A m)
= (¢z[n,m), @) = (vzle, ), m)
= (2ezm,n, @) — ([tzeu ] — [, e2m), M)
=2(ezn, {n, o}) = (tza, {n,n}) — (ezm, {e, n})
= —3({a,n}, zm),

and (2.23) follows. O

Corollary 2.5. The expression L.T.(Z,W) in (2.22) vanishes identically.

Hence
Rem(Z, W)

GA(Z,W) = RAC AN
Gal ) denom(maZ, ma W)

Proof. Apply the lemma above with a = Z,n=W. 0O
To complete our localization analysis, we must study the remainder
Rem(Z, W)

as A — 0. We defer this until §8, where we will also consider the error o — &
introduced by localization. In the intervening sections we provide the basic

estimates we will need.
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3. AN ESTIMATE TOOL-KIT

From now on we use the symbol R(-), with zero or more arguments, to
denote quantities which depend in some universal and multilinear way on the
Riemann tensor (and possibly its derivatives) and the arguments. We continue
to use {6} to denote a local orthonormal basis of T*M.

We begin with a completely general Weitzenbock-type identity concerning

the commutator of a covariant derivative and a Laplacian.

Lemma 3.1. Let E be a vector bundle over a Riemannian manifold (M,g).
Let E have a connection A with curvature two-form K and give T*M the
Levi-Civita connection. Then for any s € I'(E),

(3.1)
VA(VA™VAs) — VA'VA(VAs) = Ric(VAs) + 2K(V4s) — (VA'K)(s),
where

Ric(V4s) = (RypV445) @ 6°,
K(Vs) = (Kqu(VA4.5)) ® 6°,

and

(VA'K)(s) = —(VA.K)(s)6°.
(In the last formula it is assumed that df* = 0 at the point at which the
right-hand side is evaluated.)

Proof. Fix ¢ € M and choose {#°} so that df*(g) = 0. Using VA*V4s =

—tr, VAVA4s, the result follows from a straightforward computation. [

This tool, together with the Weitzenbdck identity (3.6) and integration by
parts, enables us to bound L2-norms of arbitrary derivatives of a curvature
two-form F4, weighted by arbitrary powers of r, in terms of weighted norms
of F4 itself. For connections in M,,, these norms can in turn be bounded in
terms of A—our goal— thanks to a basic pointwise bound on |F4|. In[GP2],

the authors relied on Donaldson’s bound

(3.2) [FA| < cX¥8/rt=8,
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where 6 can be made arbitrarily small by taking ro sufficiently small. However,
under the /\2_ curvature condition, we can eliminate the § from this formula

and sharpen the estimates.

Theorem 3.2. There ezist o, Ao, and c, independent of A, such that if A\(A) <
Ao and (M, g) satisfies the A2 curvature condition at the center point p of A,
then

(3.3) |FA| < eX?/rt
on Bay, (p)-

We defer the proof of this estimate to §4. For the rest of this section, we
assume that 7o and Ao have been chosen small enough so that (3.2) applies;

or, when the A% curvature condition is satisfied at p, so that (3.3) applies.

Lemma 3.3. Assume the N> curvature condition holds at p. For A € M Aoy
k> —2 and ¢ > 0, define

Lo = [ TP 0(g),

Bary ()
where Q(g) is the volume form of the metric g.
(a) Assume k > —2 and let m be arbitrary. Suppose that m > max(q —
k,2—q); if k =2(q — 1), assume the strict inequality m > 2 —q. Then there

is a constant cm ko such that
Ttq(A) < cmp g ™™
Ifk=2(q—1) and m = 2 — q, there is a constant ¢,, such that
Tiq(A) = I_amp-m(A) < X' 7> log Al.

(b) Let j >0 and assume k —j > —2. If m >0 and k—j > 2—m, or if
m =0 and k — j > 2, then there is a constant c;xm such that

(3-4) IBrE(VAY FA g < ¢ mX ™.
In the borderline case m = 0,k = j + 2, there is a constant c; such that

|Br72(VAY FA||, < ¢;3%/|log Al
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Proof. (a) We break the region of integration into two pieces: the ball By of
radius A and its complement Bj. There is a constant ¢ such that for r < A,
AQ
S CEECIVY
(r2 4 A2)2
cf. the proof of Lemma 3.5 in [GP2], for example. Hence

2k A 2k A2q 3
q -
/ Frag) < cf - EEsoTis
< c/\2k+4—2q’

|F| <

as we see by substituting 7 = Ap. If k > ¢ — m, this will be < cA*"*™. On the
outside region, using (3.3), we have
(3.5) / r*|F|7Q(g) < cA™ /2TO r2+3=44 gy
ALr<2ro A

Let n =2k+4—4q. If n >0 (i.e. k> 2(qg— 1)), the right-hand side of (3.5)
is < A% if n =0 (i.e. k=2(g—1)), the right-hand side is < cA\*?|log \|; and
if n <0 (ie. k<2(g—1)), the right-hand side is < eA****729, In the first two
cases, the inequalities ¢ > 2 — m and q > 2 — m, respectively, ensure a bound
of the form ¢A*™™, and the requirement k > ¢ — m from the inner integral
is redundant. In the third case, the stated hypotheses ensure that both the
inner and outer integrals have the desired bounds.

(b) We prove only the first inequality; the second is proven identically,
up to the appropriate insertions of log\. For j = 0 (3.4) is an immediate

consequence of (a). For j = 1, we integrate by parts, finding
(BrEVF, Br*vF)y = (V*(B*r**VF),F)
< ¢(Br*VE, (B + [dB|)r* T F) + (B°r**V'VF, F).

But the Weitzenbdck identity for self-dual two-forms (see [FU, equation (6.26)])
implies that

(3.6) A*F = —[F, F] + R(F),
where [F, F| = [Fuc, Fye] ® 62 A 6°. Thus
(Br*VF, BrEvE) < c(||Br*VF||la(Tk-1y.2)"? + L2 + Ix3)
< SIBFVFI + el + Tea + Ins).
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The result for j = 1 now follows from part (a).

For higher j, we proceed by induction. Suppose the result has been es-
tablished up to some particular j > 1; we will establish it for § + 1. In the
following, we will occasionally use (3.4) with B replaced by other functions
B—eg. B=p0+ |dB| or B = ?*—which are supported in B,,, and have a
uniform pointwise bound; it is clear from the proof that (3.4) is equally valid
in these cases.

Again we start by integrating by parts as above. Using Lemma 3.1, and
simplifying the calculation by noting that since A is Yang-Mills, the term
V*K in (3.1) is of the form R (though the result still holds without this
simplification), we find

(3.7)
|Br* VI B2 < || BroVI T F||o||BrE = VI F ||y 4+ (V(V*V) VI E, 82126V F)

be / B (V2 + |F||VIF2 + [V ||V~ F)Q(g).
M

Integrating by parts one more time, and noting that |V*V’F| < |V/*'F|, we
find that the first two terms on the right-hand side are together bounded by

(3.8) cllBri*VV Flla(IBr* " VI Fllo + | 8r* (V" V) VI Fl3).
The middle term in the integral in (3.7) gives a contribution bounded by
1Br*V |l |Br* =V Fll |7 F | 13(ay)-

By part (a) with m = 2 we have ||7F||14(B,,,) < ¢, and the four-dimensional

Sobolev embedding L? — L*, supplemented by Kato’s inequality
(3.9) | dls| | < |Vs],
implies .
1875V Flla < c([|Br*V Fllz + |V (6r*V' F)|l2)
< (B VP Flly + [|BrEv Fly).

Absorbing the first term into (3.8), we then find that the right-hand side of
(3.7) is bounded by

(3.10)

(3.11) expression (3.8) + c(||BrE~ VI F||2 + || Br*VI F||o||Br* Vi1 ||,).
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Using the inductive hypothesis, it is easy to check that the terms in parentheses
are bounded by cA*”*™. Combining (3.7), (3.8), and (3.11), we therefore have

IBrEVIH FI2 < o||Br(VEV) VI3 4+ A1),
so we will be done if we can show that
(3.12) 18r*(V* V)V E ||, < eX>™.

To establish (3.12), we use Lemma (3.1) inductively and the Weitzenbock
formula (3.6) to show |

) j-1 _ [(1-1)/2] , ) )
V'V(VTIF) =) R(V'F) + Y. «[V'F, V7R
=0 =0
Hence
. J_l .
IBrEv*V (VLR Iy < (D 1875V Fl,
=0
G-v/2 ) _ . o
+ Y BV (|8 VI TR ).
=0

In the first sum, the inductive hypothesis implies that every term is bounded
by cA>™™. In the second, we apply (3.10) to each term, bounding the 7’th term

by
c(||Br* V|2 + |Bri VA F||o) (| Br* 2V T R ||y + || BrE T T VI T R).

Using the inductive hypothesis with m = 2, the first two L?-norms above are
< ¢, while the last two are < cA> ™. This establishes (3.12), and the proof is

complete. O

The bounds of greatest use to us are summarized in the following corollary.
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Corollary 3.4. Assume the \> curvature condition is satisfied at p. For
A€ My, k>—-2, and j >0, the following bounds hold.

22 ifk>0
1 kR < )
(\F ifk <2
(3.14) |8r* IV F ||y < c{ X2 /[logA] ifk=2.
|\ if k> 2
L ifk<3
(3.15) |8r*H VI ||y < c{ Ny /Tlog N ifk=3.
Lv ifk>3

Proof. The L'-bounds are immediate consequences of part (a) of the lemma,
while the L?-bounds follow from part (b). For the L*-bounds we use (3.10)
and the L2-bounds. [

Remark-3.1. In the absence of the A% curvature condition we would of course
get weaker estimates in certain cases. All appearances of A\* in (3.13-3.15)
would be replaced by A\*™®* (and we could of course erase the logs), and the
restrictions k < 2 and k < 3in (3.14) and (3.15) would be replaced by k < 2—6,
and k < 3 — &3, respectively. Here the §, are proportional to the 4 in (3.2).
We conclude this section with a very useful and general Sobolev-type in-

equality, and an application to instantons in M,,.

Lemma 3.5. Let E,(M,g) and A be as in Lemma 3.1, with M compact and
n = dim(M) > 2. Let ry be the injectivity radius of (M, g). There egists a
constant c, independent of A, such that for any p € M and any section s of
E supported in B, (p),

(3.16) Ir= sl < cl|VAs]lo.

where r = dist(p, -). Without any assumption on the support of s, an inequality
of the form

(3.17) Ir="sll2 < e(IV4sll2 + 1sll2)

holds.
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There is nothing special about the L? norm in this lemma; as the proof
below shows, the same inequality holds with L? norms on an n-dimensional

manifold as long as p < n.

Proof. Since M is compact, the L? norm over B, (p) determined by g is
bounded above and below, uniformly in p, by positive multiples of the L2
norm determined by the flat metric given by a normal coordinate system.
Hence it suffices to prove (3.16) on R", where we let r denote distance to the
origin. For f € C$°(R™) we always have f/r € L% Expressing | f/r|2 as an
integral in polar coordinates and integrating with respect to r by parts, one
finds
I1f/7ll2 < c(n)lldf |2

Letting f = |s|, where s is a compactly supported section of a vector bundle
over R™ with connection V, Kato’s inequality (3.9) then gives (3.16). To obtain
(3.17) we simply note that

I~ sllz < 1Br~ slla + [(1 = B)r~*slls < [|8r~s|l2 + clls]l2
and apply (3.16). O
This lemma has a strong implication for collar instantons.

Corollary 3.6. There exist constants ¢ such that for A € My, and n,n’ €
Q% (Ad P),

(3.18) lIr'nll2 < ell(dz) nll2 < VA7,
(3.19) 7 GAM)l2 < cllrnll2,

and

(3.20) [(n, GA0") | < cllrnllzllrn’|l2-

Proof. Recall that the first eigenvalue of A? is bounded away from 0 on M,,:
for n € Q2 (Ad P),
Inll2 < cllAZn]2,

or equivalently

(3.21) Imll2 < ell(dz2) 2.
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(This is a consequence of the positive-definiteness of M; see [L, Ch. VI §3].)
Thus, using the Weitzenbock formula (2.13) we have

IV4nll; = (A%n,n)
(2AZn + R(n), 1)

< e(ll(dz) nllz + lInll2)
< dll(dz)nll3,

SO

(3.22) IV4nll2 < cll(dz) nll2 < el VAnll2.

Combining Lemma 3.5 with (3.21) and (3.22) we obtain (3.18). Using the

same tools, we have
I(d2)*G2nll; = c(r~'G4n, )
cll(dz)*GLnllzllrll2,

IN

implying

1(d2)*G2nllz < cllrnll..
Using (3.18) a final time, we arrive at (3.19). Equation (3.20) follows imme-
diately since (n,G4n') = (rn,r~'G%7). O

4. THE DECAY ESTIMATE

To prove Theorem 3.2 we must first review Donaldson’s original estimate
([D1, Theorem 16(ii)] ; see also [DK, §7.3]). We concentrate on the formal
aspects of the argument, carefully keeping track of a sign (see (4.13)) that was
irrelevant in the presentations above. For the analytic details not discussed
here, we refer the reader to [DK].

Below, € is an adjustable small constant that we keep taking smaller as
needed, updating the values of A\ and 7y accordingly. Throughout this section
{z'} is a fixed normal coordinate system centered at p, ordered consistently
with the orientation of M.

Let B be the disk Bs,,(p). Using rescaled normal coordinates y* = ¢/, we
identify B with the ball B’ = Bs,,,,(0) in R*, and give B’ a metric gy equal
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to A7 times the metric pulled back from B. Note that (3.3) is equivalent to
(4.1) |F4g <cp™ on B,

where p? = Y (y*)?. We recall that as A\ — 0, an instanton A of scale )\, in
the coordinates {y*} and metric gy, is closely approximated by the standard
instanton on R* on any compact subset of B’ ([D1, Theorem 16(i)]; see also
[GP2, §3, ‘Fact A’]). Thus, given N there exists Ao such that if A < A¢ then
|F4|g, < ¢(1+ p?)~% on By(0),s0 we need only consider the complement of
Bn(0).

Given €, the approximability of A by the standard instanton lets us first
choose N = N(e) (independent of p) and then A\g = Ag(€) so that

(4.2) 8% —e < / |F412.Q(gy) < 87
Bn-1(0)

for all A € M,,. (Here and below 2(h) denotes the Riemannian volume
density of a metric h.)

On B’ — {0} we can write g\ = dp® ® p?g, for a family of metrics {g,} on
the sphere {3°(y*)? = 1}; the sum is orthogonal by the Gauss lemma. Writing
p = Net, we can re-express this as

(4.3) gr = N?e*g,
where
(4.4) g=dt’ ® g

and §; is a metric on S3. We write §y:q for the standard metric on the sphere.
Tracing through the conformal changes, letting u* = y*/p, and using the Taylor

expansion of the original metric g at p, we have
1 . .
(4.5) gt = gstd — gAZNZBZtRikj[(p)Ukulduz ® du’ + O((N)\et)?’)

where R;ji, are the components of the Riemann tensor of g with respect to
{z'}. Since ANe' < 3rg, by taking 7y small enough from the start we can
ensure that §; is in a given C%-neighborhood of gy for all p, \, t.

Using (4.3) to rewrite (4.1) what we now need to show is

|F4); <ce™® on [0,log(2re/N)] x S°.
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Let T+ 1 = log(3r¢/\). For 0 <t < T + 1 we define
B)=[  IF'Ea),
[t,T+1]xS3

Because of (4.2),
0<E({)<e for te0,T+1]

(since the L? norm on 2-forms is conformally invariant). As explained in [DK],
by taking e sufficiently small (and ry as well, so that each g, is close enough

to §stqa) We can ensure each of the following.

®
(4.6) sup {|F*|(t,v)} < ce.
[1,T+1]x8?
e Let j; denote the inclusion S3 «— {t} x §? & [0,7 4+ 1] x S® and let A,
be the restricted connection j; A. For each t € [1,T + 1] there exists a
gauge ;—a section of P over {t} x S®—such that if a; is the connection

form of A; in this gauge, then

(4717 aellLaes) + N7 aellos o) + Mgz aellnass) < ellFA | pass) < ce,

where all norms are taken with respect to g;.
e For (t,u) € [0,T] x S?,
(48) PRy <c [ IPAR ()
[t—1,t+1]xS3
As in [D1] we obtain from the estimates above a differential inequality in-
volving Chern-Simons 3-forms CS(a;). These are defined for su(2)-valued
1-forms a by

CS(a) =tr(aANda+ ga AaAa);

here “tr” denotes trace in the standard representation. If a is a connection

form in some gauge for a connection A’ then
d(CS(a)) = tr(F4 A FY).

In addition, if a,a’ are connection forms in two different gauges for the same

connection on a bundle over a closed oriented three-manifold Y, then

/Y CS(a) - /Y CS(d) € 87°Z.
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We can express E(t) in terms of the Chern-Simons forms. First, since the
cylinder retracts to S® we can extend each gauge 7, over the whole cylinder.

Since F'4 is self-dual we then have
E@t) = / —tr(FA A «F4)
[t, T+1]xS?3
- - dCS(arn)
[t,T+1]xS3

/ CS(ars1) — / CS(arss).
{t}xs? {T+1}xs3

If we take € small enough, then in the integral over {t} x S* we can actually

replace ary; by a;. To see this we note that

[ CSar)- [ St
{t}xs? {t}x83

E(t)+| oSl +1 [ CS(arss)| < ce
{t}xs? {T+1}xS?

by (4.6-4.7). But the two integrals on the left-hand side are congruent mod
8m2Z; hence, if € is small enough, they must be equal. Thus

(4.9) B(®)= [ CSUia) = [ CSGrsars)

Furthermore each integral in (4.9) is positive, for if ap is the connection form

for A in some gauge defined over the original ball B, then using (4.2) we have

872 — ¢ 5/ P12 Q(g)
BANJ(P)

- -/ d(CS(ap)) = / CS(j Ap) < 8.
Bynet(P)

But, mod 872, this last integral is congruent to [, C'S(j;a.), whose absolute
value is bounded by ce. Thus — [ C'S(j;a;) is a small negative number, and

our assertion follows. Consequently, if we define
= [, csGia,
s3
then

(4.10) 0L E@)=J@)—J(T+1) <J(t) <ce.
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Because F4 is self-dual and the decomposition (4.4) is orthogonal, we have
[FAE(,u) = 2|F [}, (u)

for all (¢,u) in our cylinder. Hence differentiating the equality in (4.10) gives

dJ _dE _ A2 o
=G = e P 000
(4.11)
=2 [ IF*;, 90
(4.12)

<=2 /ss |dat|§t Q(g:) + C”at”%‘*(SB;gt)(”at”.zr,f(s3;§,) + ||at||2L4(sa;gt)),

since |FAt| = |da; + a; A al.
Given a metric h on S?, let u(h) be the largest number such that, for any
real-valued 1-form w,

1 2
(4.13) —/st/\dwg W/s dwl> Q(R).

It follows from elliptic theory that p(h) > 0; in fact x(h) can be characterized

as the smallest positive eigenvalue of the operator
Dh = — %¥p d

on the h-co-closed 1-forms on S®. (Here of course #;, is the Hodge star operator
for the metric h. In addition, the restriction to co-closed forms is unnecessary;
see below.) It is the sign in (4.13) that we must keep straight to understand
the A2 curvature condition.

Let us write p; = p(g;). If we write a; = afe,, where {e,} is an orthonormal
basis of su(2) (so tr(e.es) = —0ap), we then have

/§e1 |dat|§t Qg:) = /S3 Z |dag" _?h Q(g:)
> — ad A dal
(4.14) = “t/ssz e e

= ﬂt/ tT(at A dat)
SS

> p(J(t) — c”j:a't”ii‘(S?';ﬁz))'
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The eigenvalue p, is continuous in ¢, so from (4.7), (4.12), (4.14), and (4.11)
we have

C;—i < =2u,J + CI%|3/2
Let us set

oo = inf{s},

where the infimum is taken not just over ¢ € [0, 7] but over the center point p
of the construction as well. Because |J| and |dJ/dt| are small, the differential
inequality above can then be integrated to yield J(t) < ce™2#=¢  (see [DK])
and hence E(t) < ce~?*=! by (4.7). Finally, using (4.8), we obtain

(4.15) |F4|; < ce =" on [0, log(2re/A)] x S°.

Donaldson observed that the eigenvalue u(gs:q) is precisely 2. Now p(h)
varies continuously with the metric on the sphere (with respect to the C°
topology), and all the g, can be made arbitrarily close to the standard one by
taking ro sufficiently small. Hence we can replace p in (4.15) by 2 — 4, for
any small but positive §, yielding (3.2). But we have actually shown more:

Proposition 4.1. If po > 2, then (3.3) holds on Ba,, (D).
Theorem 3.2 will then follow from the following proposition.

Proposition 4.2. If (M,g) satisfies the \> curvature condition and ro is
sufficiently small, then py = 2.

Our proof essentially consists of calculating a directional derivative of u(h)
at the standard metric. Changing our notation slightly from (4.5), we consider

a family of metrics of the form
(4.16) G = Gora — tRuji(p)u*u'du’ @ du? + O(¥/?), 0 <t < 2r,

and we henceforth let the ¢ in %, D,, and p, refer to the ¢ in (4.16). It
suffices to prove that p; > 2 for any such metric. (This will prove equality in
Proposition 4.2 since, referring back to (4.5) and letting A — 0, we see that
Poo < p(Gsta)-)

First we note that each operator D, : Q(S?) — Q!(S?) is self-adjoint (with
respect to §;). If Dyw = vw and v # 0 then w is automatically co-closed, and
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hence an eigenform of the §,-Laplacian with eigenvalue v2. Furthermore it is
not hard to check that the spectrum consists only of eigenvalues. Thus, while
D; is not elliptic, its spectrum is still discrete except for a zero eigenvalue of
infinite multiplicity. In addition the family D, has a strong derivative D = —kd
at t = 0, and ||(Do—tD)w]s < ct!/?|| Dow|2 for all w, t. It follows (cf. [Ka, Ch.
8 §2]) that the derivative fi of u; exists at ¢ = 0, and moreover that we can find

a differentiable 1-parameter family of eigenforms w;, with initial derivative w,

satisfying
(4-17) Dwy = — *ydwy, = pywy,
(4.18) (Wi, we)2s3ig.a) = 1

for all small ¢. Differentiating (4.17-4.18) at ¢t = 0 we find

(419) Dow—*dLUO = [:LUJ0+,UJ0L4.),
(4.20) (wo,w) = 0.

(In (4.20) and below, all L? inner products are taken with respect to gsq-.)
Taking inner product with wy on both sides of (4.19), and using self-adjointness
of Dy, we find

,L'L = —(wo,idwo) = —/ wo N *%dwo.
S3

But we also have (x;)? = Id, so *kdwy = *(— * dwp) = *powy. Hence

[/ o = —/ wo A *wp.
S3

To prove Proposition 4.2 it suffices to show that j is positive. Therefore we
are reduced to showing that, under the A% curvature condition, JewN¥w <0
for any nonzero w in the py-eigenspace (=2-eigenspace) of Dy.

We now regard {y‘},{u‘} simply as functions on R* with its standard
metric and orientation (which we take to be consistent with the orientation
of M). Letting Q,x refer to the standard metric on the sphere, we have
Q= (1/6)emuidu A duF A du! and *du' = —(1/2)€;mu’du® A du'. Tt then
easy to check that the 2-eigenspace of Dy = — * d is the three-dimensional
space

(4.21) {w=au'dv’ |a € /\2_ (RY)}
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We next compute *. For this it is convenient to view §, as the restriction

from R* to S? of the metric g, = (9:):;dy* ® dy’, where
(4.22) (9¢)i(y) = 6i; — tRuzuy*y' + O(¢%/?)

and Rk = Rigji(p). The unit normals to the sphere are the same for each
metric in this family. Temporarily writing *§3), *54) for the star operators on

R4, S® respectively, and j for the inclusion S® < R*, we have
*§3)duj = —j*(byia/ayi *§4) dyj)
= —5"(gi*lg.V?* 5 dy¥)
.y i 3
= (gt 1g.l"?) %P du®.

Here |g;| stands for the determinant of the 4x4 matrix ((g;);;), and (g;’) for
the inverse of this matrix. From (4.22) we have |g;|(u) = 1 —tRpu*u'+O(t%/?)
(R being the components of the Ricci tensor) and g}’ (u) = 65 + tRuxjiuu’.

)

Thus, simply writing * once again for *(()3 , we find

kdu! = Bjmgnu™u™ * du*,
where .
Bjmkn = Rjmkn * du® — §Rmn6jk:'
Now let 0 # w € Q!(S®) be as in (4.21). Since §sa(du?, du?) = §;, — v/ u?

and oy; is antisymmetric, we find

(4.23) wA*w= a,-jaklBlmqnuiukumungstd(duj, du?)2
=wA *w = aijalelmjnuiukumu”Q.

We need one simple computational lemma.

Lemma 4.3.

2
i,,k, m nQ:Tr_

/Ssuuu U 2

Proof. Since the integral over the sphere of any odd function of u vanishes,

(6ik6mn + 6im6kn + 5in5km)'

by symmetry we are reduced to computing the integrals Iy o := [o(u')* and
Lo = [u(u')?(u?)? Let V be the (standard) volume of S3; it is elementary
that V = 272, Using 3_ (¢%)? = 1 and symmetry we have

Lo = / [()2(1 = (@2)? — ()2 = (u*)2)] = V/4 — 31,,.
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We then simply compute
Iiog= / cos* 6 - 47 sin”® 0d = 72 /4.
0
Hence I, = ?/12 and we are done. [J

Applying this to (4.23) we have

12 .
ol A *w = (04 Bjmkm + @ijari( Bk + Bigi))
(4.24) °

= ookt (Ruge + Riggi) — %Raijaij;

where R is the scalar curvature. Since Rjx;; = Rijr and ag Ry = %akl(Rmk—
Rkijl) = %akl(_Riljlc - Riklj) = %aklRijkt, we have aijalcl(Rlijk + leji) =
%aijaklRijkl. If we decompose the Riemann tensor into its Weyl, traceless
Ricci, and scalar curvature pieces, then the traceless Ricci and the self-dual
part of the Weyl curvature cannot contribute to this last expression, since
a € AL(RY) and A% (RY) ® A”(R%) does not contain the representations of
SO(4) corresponding to these parts of the curvature (cf. §7). Thus we can
replace R;ji; in this expression by the sum of its anti-self-dual Weyl and scalar
components, namely Wy, + (R/12)(8ix65 — 6a6;x). The right-hand side of
(4.24) therefore reduces to

3 R
§(Wz’;klaij - Eakl)akl.

On the other hand, if we set & = (1/2)a;;dz’ A dz? € A2 Ty M (where {z°}
are our original normal coordinates based at p), then

o(E1a—2w.)8,8) = 5

1

R -
Eakl - W'jklaij)akl
(4.95)
=—= | wAiw
™™ Js3
by the calculation above. Under the A2 curvature condition, the left-hand
side of (4.25) is positive. Thus [w A #w is negative, proving Proposition 4.2,

and therefore Theorem 3.2.
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5. How CLOSE 1S H4 TO H,?

With the estimates of §3 now justified we can begin to estimate the error
introduced by localization, continuing where we left off at the end of §2. For
this we need to quantify the how good an approximation of H, the space H 4
is; specifically, we need to bound (Id—m4)|5z, somehow. It is clear that to
estimate num(rZ, 7W; A) — num(Z, W; A) we need at least a bound on the
norm of Id —m4 as an operator from L? to L*, but several more operator norms
are relevant as well. The necessary estimates are summarized in Proposition
5.1 below. We remark that nothing in this section other than this proposition

assumes the A2 curvature condition.
Notation. Given a vector field Z and a connection A € M,,, we will write
(5.1) A=n,Z%-2% cQYAdP).

When no confusion can arise, we will write £4 simply as £z.

Proposition 5.1. Assume that (M, g) satisfies the N> curvature condition.
Then there are constants ¢ such that for A € M, and Z=2Zy+kZ € Hy,

(a)
€212 + lIrézlla + lIrVAEZl2 < c(|bIA*y/|log Al + [k|A?)

2 < 2\ log Al 1 Zsllz + AkZ']l),
(b)
(5.3) 162 11s + V42112 < C(IbI/} +|&|A) )
< c(MZbll2 + [1EZ"]2),
and (c)
(5.4) IréZ, ll2 + Ir* V45, Il2 < c[b|A? < cX?|| Zo 2.

Remark 5.1. (1) As A = 0, || Zo|lz — 27|b| and ||\ Z'||; — 27v/2 (see (2.1)),
so we need prove only the first half of each inequality above.

(2) Part (a) improves the ‘tangential’ (Z;,) part of Proposition 3.7 of [GP2)]
by a full power of A, and slightly improves the ‘normal’ (Z’) part.
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(3) For S* the pointwise norm of (74 —Id)(Zp + kZ’) is bounded above and
below by multiples of (|b|r? + |k|r®)|F|; moreover Corollary 3.4 holds with the
inequalities going both ways. This shows that the estimates in part (a) and (c)
are sharp, as is the tangential part of the estimate in (b). But it also suggests
that it may be possible to improve the coefficient of |k| in (5.3) to A*y/Tlog \[.

Our proof of Proposition 5.1 requires an observation from [GP2| concerning
the approximate tangent space and the bilinear pairing 4 : I‘(Symg(T* M) ®
D(AL(T*M)) — T(AZ(T*M)) given by

(5.5) T b w = Thywpd® A 6°.

Here Sym2(T* M) is the bundle of traceless symmetric tensors; the above com-
bination is always anti-self-dual whenever w is self-dual. We use the same
notation for the obvious extension of this pairing to w € /\i(T*M ) ® E for
any auxiliary bundle E; the pairing then results in an anti-self-dual E-valued

two-form.

Lemma 5.2 (Lemma 3.1 of [GP2]). Let Z = grad ¢ be any gradient vector
field and A any self-dual connection. Then dj;Z =0 and d;Z = H% i F4,
where H% is the traceless part of the Hessian of ¢.

We apply this to Z € Hu. Since Ha = ker(d%) Nker(d;), and d%Z = 0, it
follows that Z — 142 € (ker d3)* NC*® = im(d3)* N C*®. Thus we can write

(5.6) & =Z—maZ = (d3)'n

for some 7 € Q2 (Ad P). But if Z = grad ¢, we also have d;(Z — m42) =
d3Z = H° I FA. Putting this together with (5.6), we conclude that

(5.7) A%n = Hp § FA.

This elliptic equation is the source of the bounds in Proposition 5.1. We begin

with the following lemma.

Lemma 5.3. There are constants c such that if A € M,,, n,w € Q2 (Ad P),
and

Afn =w,
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then (a)

(5.8) I(dx) nll2 < cllrwlla,

(b)

(5.9) 1@2) nlls + 11V4(@2) nll2 < clllwllz + A~ flrwll2),
and (c) |

(5.10) Ir(@2)*nlla + IrVAd2) nll2 < cllrwllz.

Proof. (a) Using (3.18)
I(d2) ™l = (n, AZn) = (r~'n,rw) < cll(dz) nllallrwll2,

and (5.8) follows.
b) From the Sobolev embedding L? — L* we have
( ) g L1

(5.11) @2y nllz < e(l(@2) nllz + V4 (@) nll3)-

Using the Weitzenbock identity (2.12) and the fact that d4”™ o d2™ = 0 for

self-dual connections, we have

(5.12)
IV4(d2) nll3 = ((d2)*n, A% (d2)™n)
= ((d2)*n,2(d2)" Ay + R((d2)"™n) + 2[F, (d2)™n))
C((AAn,AA ) + 1@y nll3 + IFllall@2) nllzll (d2) nlla).-
Thus

* * * * ]‘ *
1@ nllE+1VA(@2) nll3 < e({w, w)+I(d2) nlz+IFIEN @) nll2)+5 1 (d2) nlE,

implying
(@2) nlla < c(llwllz + [(@2) nllz(1 + |1 Flla)).

By part (a), ‘We can replace ||(d2)*n||; in this inequality by |rw|s. From
Corollary 3.4, the L* norm of F over By, (p) is < cA™!. (This does not require
the A% curvature condition; see the remark after Corollary 3.4.) But as A — 0,
the sup-norm of F outside B,,(p) goes to 0 uniformly in A (cf. [D1, Theorem
13.(i1)]), so ||F|l4 < cA™', and using (5.8) we obtain (5.9).
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For (c), we proceed as in (b), first obtaining
Ir@2)ynlli < cllir(@2) nll3 + Ir(d2) alle + VA (d2) nll3)
< cll@d) all; + IrvA@d2) i)
Integrating by parts and using the Weitzenbock formula again, we have
IrVA@2) all; = (d2(r*d2"n), d2"n)
< e(IrvA@2) mllallall(d2) nllz + [(AZn, d2(r?d2™n))]
+Hd2 )13 + I Fllallrd2 ™ nllalld2 nll2).
Combining this with the previous inequality and using part (a), we find
lr(d2) nllz + 7V (@2) nll3 < cllrwll2(1 + [IrFlla).

Using Corollary 3.4 and the fact that F' is uniformly small for r > r¢, we find
|IrF|l4 < ¢, which completes the proof. [

To apply this to Proposition 5.1, we need one more lemma. We remark that
while this lemma is valid for all r, only the behavior as r — 0 will concern us

later.
Lemma 5.4. There are constants c for which the vector fields Z,, Z' satisfy
| Za| + [AZ,| < cla],
|VZ,| < cla]r,
|Z'| +|AZ'| <cr, and
VZ'| <e.
Proof. Let {z'} be normal coordinates centered at p and let R;;; be the com-
ponents of the Riemann tensor at p. From Definition 2.1, in these coordinates

we have Z, = a; grad(8°z?) and Z' = 1 grad(8%r?).From the Taylor expansion

of the metric and Christoffel symbols in normal coordinates,

1
gij(z) = 655 — nginj:rma:" +.

; 1
F;k(a:) = —g(Rijkl + Rikjl)ml + ... ,
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we have
gradz! = 82:" + O(r?),
(5.13) Vgradz® = %(Rijkl + Rik]’[)xl% ® dz* + O(r?),
(5.14) VVgradz® = %(Rijkl + Rikjl)‘a‘g? ® dz* ® da* + O(r),
grad %rQ = mi%,
(5.15) V grad %73 = 6?:" ®dz' + O(r?), and

VVgraLd%r2 = O(r).

Since # = 1 in a ball of fixed size near p its presence in Z, and Z’ does not
affect the order of growth. Since AZ = —tr,(VVZ), the results follow. O

Proof of Proposition 5.1, part (a). Let Z = Zy + kZ' € Hy, and let 1) be as
in (5.6). Then (5.7) holds with ¢ = ¢, + k¢’, and equations (5.13) and (5.15)
imply |H%¢| < c(|b|r + |k|r?). Let w = H%p i F; from Corollary 3.4 we then
have ||rwl|z < c(|b|A*y/[log A + |k|A\?). Using Lemma 5.3 we obtain (5.2). [

From Lemmas 5.3 and 5.4 one can quickly obtain a weaker version of (5.3),

namely

(5.16) €2 1l4 + [IVA€Z1l2 < c(IblAy/|log A| + [K|X),

as well as a similar weaker verion of (5.4). However, these inequalities are
not sharp. This can be seen by examining what happens on S*, using the
pointwise bound mentioned in Remark 5.1 (3). The approach we will take to
prove parts (b) and (c) of Proposition 5.1 grew out of an attempt to generalize
this pointwise estimate and thereby obtain sharp inequalities.

If we take Z = Zy, ¢ = ¢p in (5.6-5.7), the right-hand side of (5.7) is
O(|b|r|F|) and is concentrated near r = 0, so one might optimistically hope
that 7 is O(|b|r3|F|) and that (d;)*n is O(|b|r?|F'|). Were this true, Proposi-
tion 5.1 would follow from Corollary 3.4, but such a simple pointwise bound
is wishful thinking. However, Corollary 3.4 shows that, as far as L* estimates

involving F' are concerned, a power of r effectively cancels a derivative; thus
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any pointwise estimate of the form

N
(@) a] < clbl 3o ro*2(VAY 4|
j=0
would do just as well. This is still too much to ask, but it turns out that with
N = 3 we can correct the right-hand side by adding a non-local term which
still has sufficiently small norms. This assertion is far from obvious, and we

devote the next two sections to proving it and examining some consequences.

6. THE EQUATION A%p= HO, {j FA

For notational simplicity, throughout this section we fix the center point p
of A and fix a positively oriented normal coordinate system {z'} based at p;
as usual, our estimates remain independent of these choices. Any components
R, ;i of the Riemann tensor we write down are assumed to be evaluated at p in
normal coordinates. Except where noted, we do not assume the A2 curvature
condition.

Our approach to (approximately) solving
(6.1) A’n = H'¢, § FA

involves a combination of analysis and representation theory. To motivate the
approach, let us ignore for a moment the presence of the cutoff function 3;
essentially we are then working on R*, but with a metric pulled back from M
by the coordinates {z'}. The components of all tensors we write henceforth
will be written relative to the local basis {dz'} of T*M. For now we will
take the linear function fi, to be some particular z*. The Hessian Hz* is
Vdzt = —T',da? ® dz*, so, using (5.13), we have

1 oo
(6.2) Hh = 6[2(Rujki + Ryksi) + Ruibjelaida’ @ dz* + O(r?),

where R;; = RY,;

a traceless symmetric tensor whose components, to leading order, are linear

are the components of the Ricci tensor. Thus H%z* is

polynomials in normal coordinates. It is reasonable to guess that the solution
of (6.1) will be of the form T j F4+ ‘higher order terms’, where T is a traceless
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symmetric tensor whose components, in normal coordinates, are homogeneous

polynomials of degree three. Using the Weitzenbdck formula (2.13), we have

(6.3)
ANT h FA) = R(T,FA) + AT § FA+T § A*FA —2VT | VAFA,

where VT | F4 = gV, T || VA, F#. Assuming the homogeneity above, AT is
a traceless symmetric tensor whose components are linear terms plus O(r?);
let us suppose for now that we can choose T so that the linear terms agree
with those of H%z*. We will see later that every term on the right-hand
side of (6.3) except the last is already sufficiently small in all the norms that
we need. Unfortunately this one bad term remains. We can try to cancel
it by adding to our approximate solution a term of the form S* §j V4, F4,
or, equivalently, S | VAF4, where the components of S € I'(SymZ(T*M) ®
T*M) are homogeneous polynomials of degree 4. It turns out that S can be
chosen to cancel the previous bad term, but a new bad term arises of the form
VS § VAVAFA, We can continue to play this game, hoping that it eventually
terminates. Indeed it does so after one more term is added, essentially for
representation-theoretic reasons.

To explain this, we first extend the definition of f . Writing
(VA FA = Fop, i (dz? A d2?) ® dz™ ® ... @ dz™,

given a tensor V € Sym2(T*M) ® (T*M)* (the last factor meaning the k-fold
tensor product of 7* M with itself), we set

(6.4) Vi (VAFFA =V, F . 6o A 6° e T\ (T*M) @ Ad P).
(Indices are raised using g here.) Next we note that a normal coordinate
system determines an isomorphism

(6.5)
tem : Symj(R*) @ (R*)* @ Sym™(R*) — T(Symg(T* M) @ (T*M)*) ® P,

where P,, C C*(B,,(p)) is the space of polynomials homogeneous of degree
m in normal coordinates based at p. This map is defined by sending the

standard basis of R* to the local basis of sections {dz'} of I'(T*M) in the

first two factors in the image and to the coordinates {z'} themselves in the
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third factor. Given an SO(4)-equivariant linear map L : Sym2(R?*) ® R* —
SymZ(RY) ® (RY)* ® Sym™(R?) (where SO(4) acts in the way induced from
the standard representation on R*), we then set

A

L=wmoLouy: SymZ(T*M) ® Py — Sym3(T*M) ® (T*M)* ® Pp;
by equivariance, L is independent of the choice of normal coordinates.

Theorem 6.1. For k € {0,1,2} there exist SO(4)-equivariant linear maps
L® : Sym2(RY) ® R* — SymZ(R*) ® (RY)* @ Sym**3(R*) with the following
property. Let T = L©(Hy),S = LO(Hy),U = L (Hy), where Hy, is the 1-jet
of H'f, at p, identified in the obvious way as an element of Sym(T*M)® P;.
Let E be a vector bundle over M with self-dual connection A. Then

(6.6)
AABNT 4 FA+ S VAFA 4 U i VAVAF4)} = H%, § FA — R®),

where the remainder R®) satisfies

2
(6.7) |R®| < cﬁ|b|{T2|F“‘| + ) (P(VAYRA

Jj=0

+ Tj+3|FA||(VA)jFA|) + 7'5|VAFA|2}

pointwise. If (M, g) is Einstein and its Weyl curvature tensor is anti-self-dual,
this can be simplified; specifically, we can take U = 0, omit j = 2 from the sum
in (6.7), and omit the last term in (6.7). On any ball of radius less than the
injectivity radius of M, (6.6)-(6.7) hold with the (’s absent. The constant ¢
in the remainder bound depends only on the geometry of the compact manifold

M ; it is independent of the center point p, the connection A, and the bundle
E.

Note the universality asserted in the above theorem. No particular Lie group
is assumed to underlie the bundle F, and the connection A is not assumed to
be centered at p.

Before proving this theorem we see what it buys us.
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Proof of Proposition 5.1 completed, assuming Theorem 6.1. Because of (5.16)
it suffices to take k = 0 in (5.3). For A € M,,, Theorem 6.1 implies that if
solves (6.1), then

n=m+G_(R®),

where
m=p0THF+ShVF+Utl VVF).

From the homogeneity of T, S, and U, we then have
3
(d2) mlls < clb] Y 18r7**(VAY Flls < c[b|X
=0

by Corollary 3.4 (it is here we assume the A% curvature condition). Further-
more, using (5.9) we have

1(d2)* GA(R™) 4 < c(IR®l2 + A7 [P R®|2).
But

IRz < ebl(lrFllz + Y (- V7 F]l,

7=0
H|rS2F |4 JIr 2V Fllg) + (752 F)
< bl
and similarly
IrR® |2 < ¢[b|A?,
so |[(d4)*n|l4 < c|bJA. The same approach works for ||[V4(d%)*n]., and we
obtain (5.3). For (5.4) we have
Ird2"nlla < llrd2 muls + [|d2"G2(R®)]l2
< o(IbA* + [[rR®|5)
< ¢|b|A?,
and the argument bounding ||r?VAd4™n||; is similar. O
We remark that an analog of Theorem 6.1 for ¢’ instead of ¢, with one
higher power of 7, would suffice to improve the coefficient of |k| in (5.3) to

X?|log \|'/? as discussed earlier. But, to the author’s surprise, so far the

method used below to prove Theorem 6.1 has failed to prove this analog.
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We begin the proof of Theorem 6.1 by noting (as in the proof of Lemma
5.4), that since § = 1 near p, it does not affect any order of growth. Hence it
suffices to prove (6.6-6.7) with the §’s replaced by 1, a simplification we make
henceforth.

We will compare the left-hand side of (6.6) to what we would get if the
Levi-Civita connection were replaced in certain terms by the flat connection
0 determined by the {z'}. We define |T| = ?i‘f{|c1ijl}, where the coefficients
cri; are given by T = cp;;z'dz’ ® dz?; here I denotes a triple-index and z’
denotes the corresponding cubic monomial. We define |S| and |U| similarly;
|F'|,|VF|,..., denote the pointwise norms of F' and its covariant derivatives.
Examining the terms in (6.3), and noting that as r — 0, 7' = O(r®|T|) (with

corresponding statements about derivatives), we have
AT = —8¢8¢T + O(TslTl),

V'VF = O(|F|*+|F]),

VT = 0T+ O(r*|T)).

(We have used (3.6) in the middle equation.) Hence

R(T, F) = O(r®|T||F|)
T § V*VF = O(r®|IT|(|F| + |F|?)
VT §y VF =0T { VF + O(r*|T||VF)).
In these equations, we are still using the definition (6.4), which involves the

metric g. Let f denote the corresponding pairing defined using the flat

~metric in normal coordinates. Putting all of the above together, we then find
20T § F) = —9,0,T ty F — 20T th VAF + O(|T|(r3|F| + r¥|VF| + r*|F|?)).

The Laplacian of S §f VF' is handled in a similar fashion, with a little
more work required to deal with S §j V*V(VF). To estimate this term we
use Lemma 3.1, with E = Ad P ® A\>T*M; the curvature K is then of the
form F4® 1+ 1® R. In our case, the derivatives of F' involved in V*K can

be ignored, since A is Yang-Mills (though these terms would in any case be
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comparable to other terms that do not vanish). Applying the lemma, and

again using the Weitzenbock formula (3.6), we find

SEV*V(VF) = S4R(F)+R(VF)—A4[F,VF])
O(IS|r*(IF| + [VF| + | F||VFI)).

Putting all of the terms involving S together, we obtain

2AY(S | VF) = —8,8;S hff VF — 23S iy VVF
+ O(|S|(r*|F| + | VE| + r°|VVF| + r*|F||VF])).

The Laplacian of U § VVF is treated identically, except that Lemma 3.1 is
used twice to commute a Laplacian through two derivatives. Putting every-

thing together, we find
NA(T W F+ Sy VF+ UK VVF)
={—0,0,T th F — 8;0;S — 20T ty VF + —8,0,U
(6.8) —2dS 4y VVF —20U by VVVF}
+ O((|T| + |S| + |U|) (3| F| + r*|VF| + r°|VVF| + r | VVVEF|
+ 73| F|? + r!|F||VF| + r°|F||[VVF| 4+ r*|VF[*)).

To establish (6.6), we must show that the terms in curly brackets on the
right-hand side of (6.8) can be chosen to give 2H®f,, §j F', modulo the remain-
der (6.7), and that |T'| + |S| + |U| < ¢|b|. (The second-order terms in H°f,
are the reason the first term in (6.7) is rF rather than the r3F in (6.8).) This
rather long representation-theoretic argument is given in the next section. We
will also see there why U can be taken to be zero if (M, g) is Einstein and
anti-self-dual; the simplified remainder bound then follows by looking at the

above argument and keeping track of the terms that arise only from 7" and §.

7. REPRESENTATION THEORY AND THE PARAMETRIX

In this section we complete the proof of Theorem 6.1. In view of (6.8) it now
suffices to show that there exist maps L) as in the statement of the theorem
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such that we can solve the following system of equations:

(7.1) - %AT = My

(7.2) %AS—BT WVEF = 0,

(7.3) %AU —0Sh VVF = harmless terms;
(7.4) OU h VVVF = harmless terms.

Here “harmless terms” mean terms of the form in (6.7). For simplicity, in
the above formula we have renamed the operation K of (6.8) by § —in
this section there are no longer two such operations to distinguish—and have
written —A for 9;0;. We will drop the subscript A from F' and V throughout,
and abbreviate spaces such as Sym*(R*) simply as Sym*. The ball B, (p) will
simply be called B. The methods in this section are almost entirely algebraic;
the manifold M, the metric g, and the bundle E are essentially irrelevant.
The outline of the argument is this. First we show that (7.1-7.4) can be
reduced to an inhomogeneous system of linear equations whose variables are
the components of T', S, and U. This system is too large to be analyzed by
simple techniques; there are roughly 9,000 unknowns, and—if we replace the
right-hand sides of (7.3-7.4) by zeroes—over 15,000 equations. It is difficult
even to determine the rank of the system, let alone whether it admits a so-
lution. Our strategy is to analyze this system in terms of the representations
of SO(4), using Schur’s lemma to reduce the number of equations as well as
the number of variables drastically. Using this approach, we find that if we
set S and U equal to zero, the system is overdetermined and the inhomoge-
neous system admits no solution. If we allow S to be nonzero but not U, both
the number of variables and the number of equations increases; what is not
obvious is that because we are interested in the right-hand sides of (7.3-7.4)
only modulo ‘harmless’ terms, the former number grows faster than the lat-
ter, and in fact we end up with more variables than equations. Unfortunately,
the inhomogeneous system remains overdetermined and still does not admit a
solution, save under the special curvature hypotheses mentioned in Theorem
6.1. Finally, by allowing U to be nonzero we are able to obtain a solution in

all cases. We end up having to show only that three matrices—a 2x2, a 3x3,
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and a 4x4—are nonsingular.

To present the argument in detail we first recall some elementary facts
concerning the representations of SO(4). The Lie algebra so(4) splits as
50(3) @ s0(3); we call s50(3), the summand that acts trivially on /\fF under
the action induced by the standard representation of so(4). The irreducible
representations of the complexified Lie algebra so(4,C) = s((2,C), &sl(2,C)_
are of the form V, ® V_, where V. is an irreducible representation of the
5[(2,C)+. Thus the irreducible representations of so(4,C) are classified by
pairs (n4,n_) of nonnegative integers, where ny = dim(Vy). When n, and
n_ have the same parity, the representation (n4,n_) is real and descends to

SO(4). Among the representations we shall see quite often are
(2’ 2) g R4’

(3,3) = Symy,
and
(3,1) = /\i
If we let n denote the n-dimensional irreducible representation of s{(2, C), then
n®m= @Z:m::nl +1 k; using the distributive law we then get the multiplica-
tion rule for the representations of so(4, C).

We will let (R*)* denote the k-fold tensor product of the standard repre-
sentation, and endow any subspace with the invariant inner product given by
taking trace over all k indices. The rational group-ring QS of the symmetric
group on k letters acts on (R*)*, and the kernel and image of the endomor-
phism of (R*)* associated to a given element are invariant subspaces. This
remains true if we extend the group-ring by adding in generators ¢;; which
act by contracting the ith and jth factors and then tensoring with the (dual
of the) inner product in these factors. Any representation V that arises this
way is ‘symmetric’ in the sense that for any n, m, the multiplicities of (n,m)
and (m,n) in V are equal. (This can be proven quickly from the fact the the
standard representation of Spin(4) = SU(2) x SU(2) on R* is given by left-
and right- multiplication by unit quaternions.)

We will be decomposing quite a few tensor representations and identifying

copies of irreducible representations within them. When we do so, we will
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simply assert the truth of our decompositions, which are often not immediately
obvious, but which follow from basic arguments such as dimension-counting
and the symmetry principle above. Similarly we leave to the reader tasks such
as verifying the formulas we will give for numerous orthogonal projections,
and the fact that all the linear maps we define between representations are
SO(4)-equivariant.

Our first step is to use the maps ¢4 ., (see (6.5)) to recast the system (7.1-
7.4) in terms of representations of SO(4). To avoid introducing still more

notation, we will simply regard Hy,, T, S, and U above as elements of

H = Sym; ®R*,
T = Sym; ® Sym®,
S= Symg QR* ® Sym*,

and
U= Symg ®R*® R* ® Sym®

respectively. Note that these are tensors of rank 3,5,7, and 9; below, com-
ponents of tensors of rank k£ will always be written relative to the standard
basis of (R*)*. Up to sign and irrelevant combinatorial factors we will ignore,
A, applied to T, S or U, is simply trace on the last two indices. Similarly,
the map & : Sym2 ®@(R*)* Sym™ — Sym?Z ®(R*)**! ® Sym™ ' is simply the
identity tensored with the natural embedding Sym™ — R* ® Sym™ .

Let Hg,; be the components of Hy, and consider the rank-5 tensor A"I(H )
defined by

(ATY(H))abije = Han(iik) oo Hopibjx + (igk) & Hapibji + Hapibs + Hapr0ij.

(Throughout this section we will follow a similar convention for symmetrizing
any tensor; see the caption for Table I in the appendices.) This tensor lies in
Sym2 ® Sym® and satisfies (7.1) up to a combinatoric factor ¢;!. The general

solution of (7.1) is therefore given by

(7.5) T=cA Y H)+ T
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where T" represents the general element of the kernel of the map
A : Sym? ® Sym® — Sym? @R*.
Since A here is the identity on Sym? tensored with the trace map from Sym?®
to R4, this is equivalent to
T' € T' = Sym? ® Sym},
where Symj is the space of rank-three symmetric traceless tensors.

The solution (7.5) is actually more general than we need, because Hy, is not

an arbitrary element of Sym2 ®R?, but rather is given by
Hye; = éb“ [2(Rubes + Rucks) + Ruiboc),
where {b*} are the components of b (see (6.2)). More specifically,
Symg ®R?* = (3,3) ® (2,2) = (4,4) @ (4,2) @ (2,4) ® (2,2),

but because of the symmetries of the Riemmann tensor, the (4,4)-component
(Symg-component) of Hy, is zero. (See Table 1 for the projection m{,,, :
Sym? ®R?* — Sym3.) Thus

(7.6) Hp € (4,2) @ (2,4) ® (2,2).

It will also be useful for us to identify the three irreducible subspaces in (7.6).

The subspace (2,2) is most easily viewed as the image of the embedding
R* < Sym?®R*
v — X,

where

1
Xabi = VaOpi + V040 — E'Uiéab-

The subspace
‘/;1224 déf (4) 2) @ (2’ 4)
is characterized by

Vioaa = {D € Symg ®R* | Dgy; + (abi) = 0};

note that an element of Vj,04 is automatically traceless. To separate the two

irreducible pieces of Vj904 we use the following observation.
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Lemma 7.1. Let n # m and let V, V' be representations of SO(4), with V' =
(n,m) @& (m,n). Suppose that (n,m) occurs in /\2+ QV’ but not in N\ QV’,
that (m,n) occurs in A2 QV' but not in /\i ®V', and that w is an equivariant
isomorphism

V5 {(n,m)® (myn) < \ @V},
Then the projection Ty, ., fromV to the subspace (n, m) (relative to the splitting

of V as (n,m) ® (n,m)) is given by
Tom =w "o (py®1) 0w,
where py : N2 — /\_2|_ is the usual self-dual projection.

Proof. Trivial. O

Alternatively, one can project using an operator of the form a2+ bx,,, where
Kn is the quadratic Casimir operator of the n-dimensional representation of
$0(3),. For our purposes, however, this is computationally prohibitive.

One of our eventual applications of this lemma will use the subspace (5,1)®
(1,5) ¢ Sym?(A?), which is familiar as the ‘space of Weyl tensors’ that arises
in the decomposition of the Riemanr tensor into irreducible components. For
this reason we refer to maps w as in the lemma as ‘Weyl maps’; Table 2 in the
appendices lists all the Weyl maps we will need. Our present application of this
lemma is to Viypq. We observe that A2 ®@R* = (3,1) ® (2,2) = (4,2) & (2,2),
which contains (4,2) but not (2,4). The projection from Vjsoq to its (4,2)-
subspace is therefore computable from the relevant Weyl map w in Table 2.
The image of w is the subspace of traceless tensors satisfying the ‘Bianchi

identity’; i.e. in
F={X¢e /\2 ® R* | Xo5 = 0 and Xop; + (abi) = 0}.

From this we find that the (4,2)-piece of Hy, is proportional to w™! o p,(X),
where Xape = a#[3Rukab+0ak Ruv—8bk Rua) = a#[3Wikas+3 (38 1a Ry, — 38, RY, —
%5kaR2b+ %5 kbRga)]; here W is the Weyl curvature tensor and R° the traceless
Ricci tensor. This piece vanishes identically if (M, g) is Einstein and anti-self-
dual; we will see later why this accounts for the second assertion in Theorem

6.1. (Of course the (2,4)-piece of Hy, vanishes under similar conditions, and
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the (2,2)-piece vanishes if (M, g) is Ricci-flat, but neither of these cases leads
to a simplification of (6.6).) However, the vanishing of the (4,2)-piece of Hy, is
not a natural condition geometrically for the applications of Theorem 6.1 we

have in mind; CP? , for example, is self-dual.

Now let us return to solving (7.1-7.4). Since (7.5) gives the complete solution
of (7.1), we turn next to (7.2). Note that for any connection that is Yang- Mills
with respect to the flat metric § induced by normal coordinates on B, (VF)|p
lies in the space 7' @ I'(End(E|z)), after the normal-coordinate identification
TxM = R* is made for each z € B. For a connection that is self-dual with
respect to 6, VF lies in JF(, 5 ®'(End(E|p)), where the first factor denotes the
(4,2)-subspace of F'. Now the connections we are interested in are not §-self-
dual, but g-self-dual. However, since the difference between the two metrics
is O(r?), the curvature F' of a g-self-dual connection may be written as the
sum of a -self-dual two-form plus a term of size O(r?|F). Similarly, in (7.2-
7.4) VF is the sum of an element of F(4 5 ® I'(End(E|p)) plus a term of size
O(r%|VF]), and so on for higher derivatives. Thus the errors introduced into
the explicit terms on the right-hand sides of (6.6 —6.7) by replacing VF' by its
projection to F{, 5y ® I'(End(E|p)), with similar replacements for the higher
derivatives, are already bounded by the remainder terms in those equations, so
it is without loss of generality that we make these replacements henceforth. We

will also cease to write the essentially irrelevant factor I'(End(E|g)) explicitly.

From the fundamental property of the pairing f§, we have —~AS+9T § VF €
(1,3) ® Sym?®. Since VF € Flaz), we may regard the pairing in (7.2), with
a fixed first argument, as giving us an equivariant map from (4,2) to (1,3) ®
Sym?; moreover we know that —AS 4+ 0T € Sym?®R* ® Sym?®. To solve
(7.2) simultaneously for all self-dual connections, then, it is sufficient that
any equivariant map from Sym2®R* = (4,4) @ (4,2) & (2,4) ® (2,2) to
Hom((4,2),(1,3)) = (4,2) ® (1,3) = (4,4) @ (4,2), when tensored with the
identity map of Sym?, vanish on —AS + 8T. Equivalently, we require that
the component of —AS + 9T lying in [(4,4) & (4,2)] ® Sym? vanish, implying
—AS + 9T € [(2,4) ® (2,2)] ® Sym®. Since Sym? = Sym; ®R, and since T'
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satisfies (7.5), this can be expressed as
(7.7) AS = ATV H)+T' 4+ C+ B,
where Babijk = Bai0jk, and where
cecC={(24®(272)] C Sym2®R*}® Symg,
BeB=[(2,4)®(2,2)] C Symj®R%
For T' € Sym2 ®@R* ® Sym? (which applies to T",C, and B), define
(A™T)) abiskim = Tav(ijnbimy;
also define
(ATYATYH)) avijhim = Hav(i05x01m)-
Then the general solution of (7.7) is given by
(7.8) S=c AT ATV H) 4+ AN T+ C) + AN B) + S,
where the ¢; are easily-computed combinatoric factors and
S’ € ker A : Sym? ®R* ® Sym* — Sym) ®R* ® Sym®.
Since the kernel of the trace map from Sym® to Sym?® is the space Symg,
S’ € ker A if and only if
S’ € S’ = Sym? ®R* ® Symy .
With the general solution of (7.1-7.2) in hand, we turn to (7.3). We will
find the following notation quite useful.
F=(3,1)
VF=Fun=42)CFR
F'=FoR'@R*
VVF =VFeR!
F'=FQRI@R*®@R*
VVVF =VVFQR*

As the notation suggests, given a self-dual connection, the functor assigning to
each representation of SO(4) a tensor bundle over (M, g) naturally associates
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subrepresentations of the above spaces with components of the corresponding
derivatives of the curvature F'.

Consider the decomposition F” = F ® Sym® ®F ® A’. In the corresponding
decomposition of VV F, the second piece is Ky(F'), where K, is the curvature
of the bundle E® A>T*M. Since K, = F® 1@ 1® R, we have Ky(F) =
O(|F| + |F|?). Similarly, the second term in the decomposition F ® Sym?® =
F ® Sym} ®F ® R, corresponds to AF, which by (3.6) is also O(|F| + |F|?).
Since AU -85 is O(r*(|U|+13])), the contributions of both of these terms to
the left-hand side of (7.3) are ‘harmless’ in the sense defined earlier. Thus it
suffices to prove (7.3) with VV F replaced by (Sym; V) F—i.e., the component
of VVF' corresponding to F ® Symg——or, equivalently, with %AU —0S €
Syml®R* @ R*® Sym? replaced by its projection to Symg ® Sym? ® Sym®.

To make further headway it we consider the decomposition VV.F and F”

into irreducible components. From the tensor product rule, we have
(7.9) VVF = Fs3 @ .7-"2'5‘1) @ [ some F3 5] @ [ some Fj ],

where F(,, . denotes a subrepresentation of 7" isomorphic to (n,m); in the
cases (3,3) and (3,1), these subrepresentations are not unique, having multi-
plicity two in F”. On the other hand, from the decompositions of (3,1)® (3, 3)
and (3,1)®[(3,1)®(1,3)] we also have F&Symj = F; 5 S[some F(5 )| ®F(; 4
and F ® \* = Fls ;) ® [ some F{3 )] ® F(, ;) ® [ some Fis5)]. If we define pro-

jections Tym, Manti as the compositions

VF—-F'-5F® Symg,
VVF o F o Fo N\,

respectively, where the last arrow in each case is the obvious projection, it
follows that that image(7sym) C F(s 35 @[ some .7:’('3’3)] and that ifnage(wanti) C
Fis1) @ [ some Fg 5] @ [ some F(5 ], since distinct representations cannot
intertwine. Now any element of VVF can be written as the sum of its sym-
metric and antisymmetric parts, so by looking at the decomposition of VVF
we see that the four distinct representations appearing in the (possible) images
of these two projections must in fact be present; the only question is whether

(3,3) appears in both images, and in fact it does. To prove that it appears
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in image(many), for example, we can define a map j : Sym? — A’® A? by
J(X)ij = 8ix X1 — 6a Xk — 85X + 0 X and observe that the composition

j 2 2 2 ¢r
sym2h Ao A2 Fo AT Sym?

is a nonzero multiple of the identity. (Here ¢r;3 denotes trace between the first
and third indices of A?® A?%.) By changing two of the signs in the definition

of j we prove similarly that image(msym) D (3,3). By Schur’s lemma the map
k :(3,3) — image(mansi) — VV.F Jowm, image(7sym)

is either zero or an isomorphism; if zero then VVF would contain two inde-
pendent copies of (3,3), which it does not. Hence k is an isomorphism. As
a consequence, the (3,3)-component of (Symg V)F can be expressed linearly
in terms of (A’ V)F, so |(Symi VF)@ss)| < c|Ky(F)|, and as before we see
that the contribution of this component to the left-hand side of (7.3) is harm-
less. Thus we can further replace ;AU — 0S5 in (7.3) by its projection to
[(5,3) C Symj® Symj] ® Sym®, which we denote by (AU — 35)(s 3)@sym?-
(As the reader can check, Sym? ® Sym; contains a unique copy of (5,3).)

To solve (7.3), then, it suffices to set equal to zero any component of
(%AU +08) (5,3)@sym? lying in a subrepresentation isomorphic to an irreducible

component of
(7.10) Hom((5,3), (1,3)) ® Sym® = [(5,5) @ (5,3) & (5,1)] ® Sym®.

Letting m(5m), m = 1,2,3, denote the projection from Symj® Sym{ to the
subspace (5, m) (each of which has multiplicity 1), letting 75 denote the pro-
jection 1 ® Tgymz ® 1 : Sym; ®R* ® R* ® Sym® (see Table 1), and using (7.8),
we see that it suffices to solve the system
(7.5 ® 1)(75(X)) = (15,5 ® 1) (ms (AT AT H)
(7.11) (76,3 ® 1)(7s(X)) = (15,3 ® 1)(ms(AT AT H)
(7.1 ® 1)(7s(X)) = (m5,1) ® 1) (ms(AT AT H))

)
)

where X = AU+ A (T"+ C + B) + 5" and T",C, B and S’ are the tensors
appearing in (7.8), redefined to absorb some constants.
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A similar but longer argument applies to (7.4). We start by considering the
decomposition R‘@R*®R?* = Sym® ®[R'@A” + A> @R?] . The sum in the sec-
ond factor is not direct; the intersection of the two summands is /\3. Tensoring
through with 7 we find that (1®mpa Az)(VVV}' ) = VFRA?, which contains
(4,4) exactly once but does not contain (2,4), that (1® 7 A? SRV (VVVF) =
(A’ V)F @ R%, which contains (4,4) and (2,4) exactly once each, and that the
intersection (1 ® W/\s)(VVV}") c F A = (3,1) ®(2,2) does not contain
(4,4) or (2,4). Thus (1® TRiGA® + \* oR4)(VVVF) contains (4,4) with mul-
tiplicity two and (2,4) with multiplicity one. These representations have the
same multiplicities in VVVF), so the projection (1 ® mp4 o\ + \* oRY) Must
be an isomorphism on these subspaces. Now Sym® = Sym{ ®(complement),
and it is not hard to check that the complement lies in the (non-direct) sum
R c Sym?] ® R* + R* ® A>+ A’ ®R%. Tensoring through with F and re-
interpreting this decomposition in terms of the derivatives of a curvature
two-form F, we find that the first term in the complement corresponds to
V(AF), the second to K3(VF) (where K3 is the curvature of £ ® (T*M)3),
and the third to V(K3(F)). Using Lemma 3.1 and (3.6), we see that all of
these give rise to ‘harmless’ terms in (7.4), so the only potentially ‘harm-
ful’ terms are those coming from F ® Symg. But this space is isomorphic
to (6,4) ® (4,4) ® (2,4), and we have seen above that all the (4,4)- and
(2,4)-components of VVVF project isomorphically to the ‘harmless’ sub-
space (1@, A2+ A2 oR4)(VVVF). Thus the only significant component of
VVVPEF in (7.4) is the (6,4)-component of (Sym) V)F, and we need only set
equal to zero any component of (OU )[(6,4)csymg®symg]®sym4 lying in a subrep-
resentation isomorphic to an irreducible component of

(7.12) Hom((6,4), (1,3)) ® Sym* = [(6,6) @ (6,4) ® (6,2)] ® Sym*.
This can be re-expressed as a system of equations of the form
(766 ® 1) (10(X)) = (me,0) ® 1) (muy (AT AT AT H))

(7.13) (m6,0) ® D)(m0(X)) = (6,0 ® 1) (mu (AT AT AT H))
(me2) ® 1)(my(X)) = (76,2 © 1) (my (AT ATIATIH))

where X is an appropriate tensor, where 7y = 1 ® Tsym3 @ 1: Symg RR* ®
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R*® R* ® Sym* — Symj ® Sym3 @ Sym* (see Table 1), and where the mean-
ings of m(gm) should be obvious. (The precise definition of A™'A™'A™'H is
irrelevant.)

It is sufficient for us to solve (7.1-7.4) separately in the three cases corre-
sponding to the three irreducible subspaces in (7.6); we will proceed from the

easiest case to the hardest. Only in the last case will we need to worry about

U.

CASE 1. Hp € (2,2) ‘

We start by setting U = 0, so that (7.4) is automatically satisfied, and
by setting to zero any component of S lying in an irreducible subspace of
S not isomorphic to (2,2). We demand that the (2,2)-components be the
images of a standard copy of (2,2) under as-yet to be determined equivariant
isomorphisms. The spaces 7',C, B, and S’ defined earlier contain (2,2) with
multiplicity 1,2,1, and 1 respectively; by Schur’s lemma there are thus five
free parameters in the general solution (7.8). Completely decomposing (7.10),
using Sym® & SymJ ®R?* = (4,4) ® (2,2), we find that (2,2) occurs uniquely
in each of (5,5) ® Sym® and (5,3) ® Sym® and is absent from (5,1) ® Sym?®;
thus (2,2) occurs with multiplicity two in (7.10). If we define an equivariant
isomorphism from the direct sum of these two copies of (2,2) to a standard copy
of 2(2,2), and compose with the maps 7 ® 1 on the left-hand side of (7.11),
we obtain a map ®%(2,2) — ®2(2,2), or equivalently from R® ® (2,2) —
R? ® (2,2), where SO(4) acts trivially on the first factor in the source and
target spaces. By Schur’s lemma this map must be of the form II ® 1, where
1 =117 : R® — R2. The system (7.11) will be solvable if IT is surjective, and
a splitting of the exact sequence 0 — R® — R® 5 R? — 0 will give a solution
that depends linearly on Hy,. Thus it suffices to show that II has rank two,
which we accomplish by finding a nonsingular 2 x 2 submatrix of a matrix
representing II.

To do this it suffices to ignore B and S’, and define maps R* — 7/, R* — C
by

1 1
T'(0)izkim = Tijpim = — 3605 k0tm) + [Vk(6:t6jm + Bimb1 — 30i8im + (klm)],
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1
(7.14)  C(v)ijkim = sikim = [Vk(0:10 jm + 8imbj1 — §§ij§lm + (klm)],

where v € R%. To obtain an isomorphism from the 2(2,2)-subspace of (7.10) to
R*@®R*, we use the map Tr*? = ((m(5,5 ® 1) 0 tras 36,47, (T(5,3) @ 1) 0 tr25,36,47),
where

(tr2s,36,47(X))i = Xiabeabe-

It is not immediately obvious that T'r(®? is an isomorphism, but since (7.10)
contains exactly two copies of (2,2) this will be verified a posteriori when we
show that the 2 x 2 matrix mentioned above has rank two.

The only remaining ingredients required to compute this matrix are for-
mulas for the projections 7(5 ). Since (5,5) in this context is the subspace
Sym; of Symj® Symz—in general, Sym?} = (n + 1,7 + 1), and Sym™ =
@E’Zg](n +1—2j,n + 1 — 2j)—this projection is relatively easy to compute;
see table 1. The projection 753 is harder to get one’s hands on because (5,3)
is not a ‘symmetric’ representation. By dimension-counting and symmetry,

however, it is not hard to show that
(7.15)  Sym*(Symg) 2 ((5,5) @ (3,3) @ (1, 1)] @ [(5,1) @ (1,5)]

and that
N (Symd) = [(5,3) @ (3,5)] @ [(3,1) @ (1,3)].

By antisymmetrizing and taking traces—the subspaces (5, 3)®(3, 5) and (5,1)®
(1,5) are traceless—it is again not hard to obtain a formula for the projection
Ts335 © Symg ® Symg — subspace isomorphic to (5,3)@® (3,5). To project from
this subspace down to (5,3), we use the Weyl map w : A*(Sym?) — Sym?Z ® A’
given in Table 2, and define a projection 7s3.5335, as in Lemma 7.1. Then
T(5,3) = T53~5335 O M5335-

We can now compute the 2 X 2 matrix defined above. These computations
are extremely cumbersome—after all, we are dealing with tensors with seven-
index tensors, and Case 3 will involve nine indices—and we leave the details
to the reader. (The author left the details to Maple.) In the end, the matrix

50 150
-50 =30 /°

one computes is
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As claimed, this has rank two, and II(>?) is surjective.

CASE 2. Hyp € (2,4)

The procedure is almost identical to the previous one, but with (2,2) re-
placed by (2,4). The spaces T7',C, B and &’ contain (2,4) with multiplicity
1,2,1, and 2 respectively, while each of the spaces (5, m)®Sym® for m = 1,2,3
contains (2,4) exactly once. Thus we are reduced to showing that a map
oY . RS — R3, defined analogously to II>?), is surjective. We take our
standard copy of (2,4) to be the one contained in Vjys C Sym?2 ®@R?%; us-
ing Lemma 7.1 with orientations reversed, the (2,4)- subspace can be ex-
plicitly identified using the isomorphism Vi = F' given in Table 1. We
define a map triso6 : S — R* @ R* @ R* by tr15,96(X)ijk = Xabijask and set
Tr®Y = ((rss ® 1) 0 tris26, (T5,3) @ 1) 0 trises, (T(s,1) @ 1) 0 tr15.96); this
restricts to isomorphism from the 3(2,4)- subspace of (7.10) to the direct sum
of three standard copies. From (7.15) it is not hard to compute the projection
7115 analogous to msass (see Table 1). Obtaining the projection 7s;._s115 from
a Weyl map given in Table 2, we then have 75 1) = Ts51-5115 © T5115.

Since we only need to show IT*% has rank three, we need only find a

nonsingular 3 x 3 submatrix of the matrix representing this map. For X €
(2,4), we define T"(X), C(X), and S’(X) by

(7.16) Tikim = XijkOim) + 3(8ikXimyj + 05k Ximyi)s
(7.17) Cijkim = [(Xrit — Xita)6jm + (i5)] + (im),
and

, 1 ,
Sepijiim = {Xjki(0a10bm + Sambu — §6ab5lm)] + (jklm)}

(7.18) — 25 (Bue Xy + (1)) = Xisbio] + (km)
1
6
With respect to these maps, the 3 x 3 submatrix of II®% is found to be

-8 4 -1
%? -4 4 -2 ].
4 1 -1

+ = Xabi0(jkO1m)-
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This has rank 3, and T1®>? is surjective.

CASE 3. Hp € (4,2)

Unfortunately we cannot take U = 0 in this case. If we do, and proceed
as before, we obtain a map II : R — R*. One has every right to expect a
linear map from R® to R* to be surjective, but, rather surprisingly, one finds
that IT only has rank 3. (Not surprisingly for a map of rank 3, its image does
not contain the image of the right-hand side of the system (7.11), which is a
line in R*). This seems to be a consequence of low-dimensional crowding that
disappears when we allow U to be nonzero. In fact, there is so much room in
the space U that we can find a solution to (7.1-7.4) for which

(7.19) %AU _85=0,

rather than the more delicate condition that led to (7.11). The general solution
of (7.19), given (7.8), is

U= C5A_1A_1A—1(H) + A—IA_I(Cﬁ(T, + C) + C7B) + CBA_I(S/) + UI,
where U’ € ker A, and where we define A™' : &'+ A™(T" +C) by

(A-l (S))abijklmnp = abi(jklm6np) .

(The precise definitions of the other A™! are unimportant.) We will find a
solution in which B and U’ are zero; thus we can take X = AT'A™Y(T"+C) +
A™Y(8") in (7.13), after some redefinitions to absorb constants.

The space (7.12) contains (4,2) with multiplicity four, with .one copy com-
ing from (6,6) ® Sym*, two from (6,4) ® Sym*, and one from (6,2) ® Sym®.
Thus it suffices to define four embeddings of (4,2) into & and show that
the appropriately-defined map II*? : R* — R? is surjective. For the first
three embeddings we use the formulas (7.16-7.18), but with X taken from
(4,2) C Sym? ®R* instead of (2,4), and é,pply A™' as needed. For the fourth
embedding we apply A™! to

wbijkim = UXjkabi10mys + (ab)] + (Fklm)}
1 .
- Z{ajk[((Xil(aab)m - abl‘sim) + (lm)) + le(a5b),~] + (]klm)}
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1
- gXabi(S(jk‘Slm)'

The next step is to identify the projections g m) : Sym?2 ® Sym3 — [(6,m)-
subspace] that appear in (7.13); we proceed as in the earlier cases. In this
case (6,6) = Sym is easy to identify, but the subspaces (6,4) @ (4,6) and
(6,2)® (2, 6) seem to have no simpler description as subspaces of Sym? ® Sym
than that they are the kernels of 1 — 7g44¢ and 1 — 7eg06 respectively (see Table
1). (We note in passing, though, that (6,6) & (6,4) @ (4,6) @ (6,2) @ (2,6)
is precisely the totally traceless subspace of Sym?® Sym3, just as (5,5) @
(5,3)® (3,5)® (5,1) @(1,5) is the totally traceless subspace of Sym? ® Sym?.)
The images of these spaces under the Weyl maps in Table 2 are easier to
understand; (6,4) @ (4,6) is identified as the subspace of (A>® Sym3), sat-
isfying the Bianchi identity on the first three indices, while (6,2) & (2,6) C
(space W of Weyl tensors ) @ R* € A*® A>®R* is just the totally traceless
subspace (W®R*), (equivalently, the subspace of WQR* satisyfing the Bianchi
identity on the last three indices). For m = 2,4 the Weyl maps give us pro-
jections Mem.6mme and we set T m) = Tem—6mmé © Temme-

Finally, we need an isomorphism from the 4(4,2) subspace of (7.12) to the
direct sum of four standard copies (each of which we again take to lie in
Symj ®R*), and for this we make use of the triple traces trga7,38(X)ijx =

Xabcijabck, tr36,47,89(X)ijk = Xijabkabcc- The map
42) _
Tr4? = (tr16,27,38 © T(6,6), t716,27,38 © T(6,4), 17'36,47,89 © T(6,4), t7'16,27,38 © T(6,2))

gives the desired isomorphism. The matrix of II44 is found to be

—1008 1512 —126 —252
128 —432 —-64 -168
—3200 2400 —80 o’
400 -120 10 36

which has rank four, as desired.

The linear maps L*) of Theorem 6.1 are simply the sums of S, T, and U for
the three cases above. This completes the proof of this theorem, and hence of
Proposition 5.1 as well. [J
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8. LOCALIZATION OF THE CURVATURE FORMULA: FINAL STAGE

We are ready to estimate both the approximate sectional curvature ¢ and
its difference from the true curvature o. First we introduce some notation
to shorten several long formulas. Throughout this section we abbreviate 74
as m, and we use the notation £z = 7Z — Z as in (5.1). We will frequently
encounter remainder terms of the form R,—(Z, W), R,»(Z, &w), and Ri(W, &2)
(see Proposition 2.1), the details of whose arguments will often be largely
irrelevant. For that purpose we let Rzy generically denote any constant-
coefficient linear combination of such terms; note that this includes Ri(Z , WW)
and R;(W,72).

Recalling Corollary 2.5, we have

oa(nZ,7W) = G4(Z, W) + (0a(xZ,7W) — G 4(nZ,7W))

(8.1) _ Rem(Z,W) + num(rZ, 7W; A) — num(Z, W; A)
B denom(nZ, 7W)

where
Rem(Z, W) = = (1zW,Ro(Z, W)) + 3(Ro(Z, W), GE(Ro(Z, W)))
(8.2) —((Z* AW)_,Ra(Z,W)) + (W* AW)_,Ra(Z, Z))
+ (Rzw, G2 Rzw) + (Rzz, G2 Rww).

N W

To write out the difference of the ‘num’ terms in (8.1) in usable form, we start

by noting that
(8.3) {nZ,7W},Gi{rZ,«W}) — {Z,W},GL{Z, W})
= ({nZ,7W} - {Z,W},GA({rZ,«W} + {Z,W})) .
From (5.1) we have
{nZ,7W} = {Z,W} = {Z,6w} — {W, &5} + (&2, 6w}
and
(72, 7W}+{Z,W} = {Z,7W} — {W,nZ} + {€2,Ew }.

Inserting these expressions into (8.3), we can use (2.2) to manipulate the right-
hand side of (8.3) in the same fashion as in (2.21). After a judicious regrouping
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of terms, using w2 = —1zW, we find
(8.4)
<{7TZ, FW}’ GOA{FZ’ WW}) - {Z) W}’ Gf)q{Z’ W}>
1

= 5{({62,7TW}, LZﬂ-W) + ({fZ’ W}’ LZW) + <{7TW’£Z}v LW€Z> + (W - Z)}
+ %(szw — iwéz,Ro(Z,7W) — Ro(W,7Z))
+ (Ro(Z,7W) = Ro(W,72), G3 (Ro(Z, éw) — Ro(W, £2)))
+ (Rzw, Gg{éz,éw}) + ({€2,&w}, Go{€z, Ew)).

(Here (W « Z) means the preceding set of terms with W and Z interchanged.)
Similarly, using (W* A Z)_ = (Z* AW)_ we have

(8.5) ([nZ,7W]_,GA[xZ,7W|_) — [Z,W]_,GA|Z, W]_)
= {([€7, 7W]_, (Z" A7W)2) + (€2, W], (Z" AW)-)
+{[TW, &2]-, (W A&2)-) + (W & 2)}
+{(Z" Néw)- + (W* AE&z)-, Rzw)
+ (Rzw, G2 Rzw) + (Row, G2z, éw]-) + ([€2, &w]-, G21Ez, éw]-)-

To handle the difference arising from the third term in num(-, -; A) we write

(8.6) ([xZ,nZ|_,GAlxW,aW]_) — ([Z, Z]_, GAIW, W]_)

(G2, w2)- ~ (2, W), e W, W) + (W, W]) + (W  2)
=5 (GAQUZ, 5] + (62,621 ), 20, 7W]_ + [ew, éw] ) + (W = 2)
(W, 7 W] + W, W], (2° A &2)-) + (g 2], (W A 7))

+2(W* A7W)_,Ra(Z,£2)) + (Rzz, G2 éw, éw]-)
+ R, GARz) + 5[, €21, GAlew, &l ) + (W  2),
To obtain o(nZ,7W) — 6(Z, W) we multiply (8.4) by 3, subtract (8.5),

and add (8.6). The terms not involving any Green operator or remainder R;

combine to yield

Q(fz,ﬂ'W, Z, ﬂ-W) + Q(éZ’Wa Za W) + Q(Trwva’W’éZ) + (W « Z)a
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where Q(«,n, Z,n) denotes the left-hand side of (2.23). By Lemma 2.4,

Q(a,n, Z,m) =0,

so that only the terms in (8.4-8.6) containing Green operators or remain-
ders contributes to ¢ — o. (This cancellation is fortuitous since if we choose
Z = Z,,]a| = 1 and W = A\~ Z’—in which case the denominator of the sec-
tional curvature formula approaches a nonzero constant—then for example
({€2,W},12W) ~ X' as A — 0.) To bound the remaining terms we must

estimate the remainders R; in several cases. Below, we let
£y = (T4 — 1d)(Zy + K2)).

Proposition 8.1. Fori = 0,2 the remainders R; satisfy the following inequal-
ities.
(2)
(8.7) |Ri(Zs +kZ',0)| < cB*{(Ib| + klr)(|a] + 7|Vl + |Afal)
+ (2 )lk| |d4"a] +ilk| |d4al}.

(b)
(8.8) |Ri(Zb, + k12", Zy, + k2 Z")|
< ¢B*(Ib1| + [kalr) ([ba] + [Ka|r) (|F| + 7| VAFY).
()
(8.9) |R(Zu, + k12", €y n))| < B (b1
+ K1 [7) (€ o )| + 71V E s )| + (ID2] + [alr) (|F| + 7| VAFY)).

Proof. (a) Again it suffices to replace # by 1 in the proof. From (2.4-2.5) we

have
IRi(Z, @) < {(|AZ] + | Z])|e| + |VZ| [V4a] + 2| |Alal.}

If £ = 0, the stated inequality follows immediately from equations (2.4-2.5)
and Lemma 5.4, so by linearity it suffices to assume b = 0,k = 1. First
consider the case ¢ = 0. The only parts of the bound that are not apparent
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are the term proportional to the first derivatives of a. But we can use (5.15)
to estimate the troublesome term in (2.4), namely
w.zVea = g7y, ,, .7Voamia
(8.10) = (65 + O(r%))eo02: Vo 021
= —d*"a+0(r?|Va|),
so (8.7) follows. Similarly when 7 = 2 we have
p_(VoZ' AV,a) = p_(dz* A Vaama+ O(r*|Val)
= d%a+0(r?|Val)
and we again obtain (8.7).

(b) Let Z = Zp, + k1Z'\W = Zy, + k2 Z', and @ = W = 1w F. Using part
(a) and Lemma 5.2, we have

Ri(Z,W) < eB2(Iba| + [ka|r)(IW] + 7 [ VW | + [VE(¢5, + k2¢') i F).
From (5.13-5.15) we have
|H*(¢v + k¢')| < cr(b] + [Klr),
[VH(¢s + k¢')| < c(|b] + |kIr),
as well as bounds on the other terms above, and we obtain (8.8).

(c) Let Z,W be as in (b), let £ = {w k), and let ¢ = ¢, + k2¢’. Since
W = W + € € Hy, Lemma 5.2 implies d4™¢ = 0 and d4¢ = —H% 4 F.
Hence, using (2.4) and part (a), Af¢ = —2dA"(H% 4 F), and
(8.12)

Ra(Z,€) = p—(Z" N2 (H )y F)) + O(B°(Iboa + [Ra|r) (€] + [ VE]),

with a similar formula for Ro(Z, ¢). Using (8.11) the desired bound follows as
in (b). O

(8.11)

Applying Proposition 8.1, (8.12), Proposition 5.1, and Corollary 3.4 we
obtain the following.

Corollary 8.2. Let Z = Za,W = Zv + kZ'. Then

[Rzzll2 < clal’.
IRzwllz < cla|(|b] + [k|A).
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| Bww |2 c(|b]? 4+ k2X*|log A|V/2).
IrRzzll2 clal®X.
[rRzwlla < cla](|b|X + |k|\?|log A|*/2)).
lrRwwlz < c(|bl*X+ k‘2)\2).

INIA

(813)  [IRe(Z,€2) — p-(Z" N2 (H'a b F))|lz < clal*A*| log A/,

Using these estimates, Corollaries 3.4 and 3.6, Proposition 5.1, Lemma 5.4,
and (5.1) to bound most of the terms in (8.2) and (8.4-8.6) remaining after

the cancellation discussed earlier, we can rewrite the numerator in (8.1) as

(8.14)
2, Ro(Z,W)) = (2 ANW)_, Ral(Z, ) + (W A TW)_, Ro(Z, 2)
+ 2<(W* N WW)—-) R2(27€Z)> + 2((Z* N WZ)—7 R2(W7 €W)>
+ terms involving G¢ + O(A|al?(|b|* + £2)\?)).

It is easy to check using the tools above that the first two terms in (8.14) are
O(|a]*(|bJ*> + k2)?)). So are the third and fourth terms, as we see by noting
that [ B(/b* + &%r?) |F| [R[) < c([bl*[IRl2 + E*[|BrF[l2[IrR]l2). Finally, we get
the same bound for the fifth term, using (8.9) directly rather than Corollary
8.2 to do the estimate.

It remains to estimate the four terms in (8.2) and (8.4) involving G¢'. This
requires some delicacy because the eigenvalues of Aé are not bounded away
from zero; in fact it can be shown that the first three eigenvalues are bounded
above and below by positive multiples of A*. This fact is widely known, but a
proof does not seem to exist in the literature, so we give a proof of the lower
bound—which for us is the important one—in the appendix. It is also known
that all but three (= dim(Ad P)) eigenvalues are uniformly bounded away
from zero (see [T1, Lemma 6.10]). Thus we have the following characterization

of the eigenvalues of Af in M,,.

Proposition 8.3. Let {u;(A)}° be the eigenvalues of Af, indexed in non-

decreasing order. Then there are positive constants ci,co such that for all
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Ae My,

(8.15) aN <pi<cy, <3,
and

(8.16) Wi > co, 1> 3.

Let V4 denote the span of the first three eigensections of Z_\.f;l , and Vi
its L?-orthogonal complement. Writing RY and R* for the corresponding

components of any R € Q°(Ad P) (suppressing the A-dependence) we have

(8.17) (R1,Gg () = (BY, G (RY)) + (By, G (Ry))-

Since by Proposition 8.3 G o mi; is uniformly bounded below (where 7§ is

the orthogonal projection to V), an argument similar to the proof of (3.20)
implies that

(8.18)
[(Ri, Gy Ry )| < cllr Ry llallr Ry ll2 < c(llr Ralla + I1RY ll2) (7 Ralla + [| B3 Il2)-

To estimate the other term in (8.17) we also will need a bound on ||RY|s.
For the R’s under consideration, one expects this quantity to be small, since
the sections comprising V), are, loosely speaking, supported mostly away from
p—they can be closely approximated by sections that are almost covariantly
constant outside a small ball around p and are zero on a smaller ball— while
our R’s are supported mostly near p. The next set of lemmas quantifies these
ideas.

Lemma 8.4. Let a € Q'(Ad P) satisfy d*"a = 0 and let ¢ € Q°(Ad P).
Then

(8.19) (Ro(Zs +kZ',a),9)| < c(IB(IbI + [Elr)ally [1%]loo
+ (I18(b] + [k|r)dZellz + | B(blr + [klr?)all2) | datl2)-
Proof. Let Z = Zy, + kZ' and R = Ry(Z, ). From (2.4) we have

(8.20) [(Ro(Zb +kZ',a), ¥)| < c((1AZ] + | Z])alli ][l
+ [(12d2" d2 0, )| + (v, 2 Vi, ¥))).
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The first term on the right is bounded by the first term in (8.19). We integrate
the second term in (8.20) by parts. Since Z is a gradient vector field, dZ* = 0;
thus '
(8:21) |(ezd"d% e 9)| = [(d2d e,y ® Z27)]

= [(d2e, dayp A Z7)| < || |Z] d2elalld™ ]2,
which is bounded by the second term in (8.19). For the third term in (8.20), we
use the derivation of (8.10) and the assumption d*" o = 0 to write 1y, zVia =
1, Via, where [U| < cB(|b|r +|k|r?) and |VU| < cB(|b|+|k|r). We then have
(8.22) [{w.Vae, )| = (Ve p @ U")| = [, V' (¥ @ V)|

< lUlell2lld* gz + 1IVUlall %l

and (8.19) follows. O

Our intention of course is to apply this lemma to ¢ € V4. For such ¢ we

have the following.
Lemma 8.5. There is a constant c such that for A € M), and ¢ € V,,

[¥lleo < clletll2.

Proof. For 1 <1 < 3let p; be as in Proposition 8.3 and let ¢; be corresponding
eigensections. Since dim(V,)=3 independent of A it suffices to prove the result
for each ;.

‘We use a simple fact from elliptic theory: given a constant p, there exists ¢ =
c(p) such that if f € L#(M) is nonnegative and satisfies Af < pf pointwise,
then

(8.23) [flloo < el fll2-

(This follows immediately from Theorem 9.20 of [GT].) But a relative of
Kato’s inequality (3.9) gives

Al < |7 (Wi, Aats) = il < caltil,

where ¢, is as in (8.15), so (8.23) implies the result. O
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Lemma 8.6. Let W = Zy,, +koZ', let o be either W or &y, let by = |by|, and
assume kiko = 0. Then

(8.24) 18(b1 + |k1|r)alls < c(bibaA?|log A| + (b |ka| + be|k1[)A?)
and
18(br+kr|r)d2 el o+ | B(bir+|ki|r)allz < c(brbeA+(by|ke|+ba|k1[) A% log A[/?).

Proof. We leave most of this to the reader, since the details are similar to
those of our previous estimates. The only estimate we have not encountered
before is (8.24) in the case o = &y . For this we use compactness of M to
bound the L! norm by the L? norm, and use (5.2) and (5.4) to note that
Iréwllz < e(bs + [k2)A%. O

Remark 8.1. Were it not for (5.4), we would have by|k;|\*|log A\|'/? on the
right-hand side of (8.24) when a = {w. Using this to estimate the term

(RO(Z’ WW) - RO(W,'”Z), Gg(RO(Za fW) - RO(Wv éz)»

in (8.4) would then give only a logarithmically divergent upper bound. This

is the sole reason we need (5.4), and thus Theorem 6.1.

Corollary 8.7. Let ¢ € Vy satisfy Al = pip and |||l =1. There are con-
stants ¢, independent of u, such that

(8.25) |
[(Rzw, ¥)| < clal{|b|A*|log Al + [kIA® + u'/2(Ib|X + |k[A?|log A|'/?)}.

(8.26) IRZw ll2 < clal(Ib|x + [k|X*[ log A]'/).

(8.27)
[({€2,&w}, )] + {2, Ew} [l2 < clalA’[log AI2(Ib|A[ log A[*/® + [Kk|X).

Proof. Let a be as in Lemma 8.6. Combining Lemmas 8.4-8.6 we have

[(Ro(Zo, + hZ',), )] < e{brl bal?| log Al + (Ibal[kal + [bal 1 )A?)
+ 1 72(|by|[ba|A + (|by|ka] + |ba|lk1]) A log A|Y/2)},
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from which (8.25) follows. To obtain (8.26), write ||RV||2 = 30 (R, %;)?,
where {1;} is an orthonormal eigenbasis of V4, and use (8.25) and Proposition
8.3. Similarly, we obtain (8.27) with the aid of (5.2). O

While (8.26) is good enough for our purposes, in actuality the constant c,
in Proposition 8.3 is O(\?), so (8.26) could be improved.

We apply Corollaries 8.7 and 8.2 to estimate the terms involving G in (8.2)
and (8.4). Letting Z,W, and Rz be as in Corollary 8.2 (with R = R,) we

have
(8.28) IrRzwllz2 + I RZwll2 < clal(bX + [k[X*| log A[*/2).
Furthermore we have
(8:29) [Ir{éz,éwlz + I{€z, 6w} " Il2
< cllézllaliréwlla + 1{€2, €w} ll2 < clalX*(|bIA[log AI™2 + [K[).

Now each term involving Gj is one of the types

(Rzw, G§(Rzw)), (Rzw, Gg{éz,éw}), or ({€z,8w}, Gi{éz, Ew ).

Let {%;} be an orthonormal eigenbasis of V, with eigenvalues p;. Then using

(8.15) and the estimates above we have

3
(Ryw, Go (Ryw)| = 1D 1 (Raw, ¥i)(Rzw, ¥3)|

i=1
< cla2{A72(|b]2AY log A + E2X*) + |b|2A? + k2X\*| log A|}
< cla’(Ib*X*| log AI* + K2X?).
We can estimate [(Ryw, G5{¢z,éw}")| and |({£2,8w}", Gg{€z,€w}")| in a
similar fashion. Using (8.17),(8.18), and (8.28- 8.29), we obtain the following

bounds, with room to spare.
(8:30) (Raw, G5 (Raw)) = (Rzw, Go (Rzw)) + O(Nal*(|b|* + £2A%)).
(8.31) (RZw,Go (Rzw)) = O(lal(Ib]*X + £2A%)).

(8.32)
[(Rzw, Go{&z, Ew Dl + [({é2, éw}, Gi{€z, Ew D) = O(NJal*(b[*A + £°X%)).
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9. BOUNDEDNESS AND PARTIAL CONTINUITY OF THE CURVATURE

With the estimates behind us, we can finally prove our main theorems.
Recall that any two-plane in H 4 has a basis of the form 7 AZ AT AWA, where
ZA W4 are as in (2.19-2.20). Then the estimates of the previous section show
that
Rem'(Z, W; A)
denom(maZA, ms,WA)’

oa(nZA, 7WA) =
where Rem'(Z, W; A), which is written out explicitly in (9.1) below, is
O(lal*(bl® + k%)) = O(1).
By (5.2) of this paper and Proposition 3.6 of [GP2]],
}\iil’%) denom (w4 Z4, m,W4) = ;\lil’(l) denom(Z4, W4) = (2n)*.

Hence the curvature is bounded, completing the proof of Theorem 1.1.

To prove Theorem 1.2 we examine Rem/(Z, W; A) in the case Z = Z,, W =
Wh, with |a| =|b| =1 and a L b. From (8.14) we have

(9.1)
Rem'(Z, W; A) = gazv‘f/, Ro(Z, W) — (Z* A TW)_, Ro(Z, W)
+ (W AW)_,Ry(Z,2)) + 2((W* AmW)_,Ra(Z,&2))
+2((Z* N1 Z)-,Re(W, &w)) + 3(Ro(Z, W), G (Ro(Z, W)))
+(Ro(Z,7W) = Ro(W, 72), G§ (Ro(Z, éw) — Ro(W, £2)))
+ 0\

after suppressing some A’s. (We have O(\'~°) here rather than O(\) because
are not assuming the A2 curvature condition here. Because of this our esti-
mates are weaker than before; see the remark following Corollary 3.4. Here
and below, 6 does not necessarily mean the ¢ in (3.2), but is proportional
to it.) Setting £ = 0 in (8.30- 8.32) we see that the inner products above
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involving G4 are O()\). Using (5.2) and (8.13) we therefore have

Rem'(Z,W; A) = g(LZW, Ro(Z,W)) — ((Z* A\W)_,Ro(Z,W))
+{((W* AW)_,Ra(Z, Z))
+ 2((W* AW)_, Z* Nd4™ (H ¢, | F))
+2((Z* N Z)_,W* Nd*" (H s | F)) + O(A'79).

(9.2)

Thus as A — 0, 0'(71'2 , ﬂ'W) reduces to a purely local, and hence computable,
expression. We will save the detailed computation for [G2]; the qualitative
nature of the calculation will suffice here.

If we use (2.4) and (2.5) to write out (9.2) in gory detail as an integral over
M (modulo O(X'?)), the terms in the integrand can be classified according
to how many derivatives of F' are involved (0 or 1) and the way in which the
derivatives (if any, up to a total of 2) of the vector fields Z, W and the related
functions ¢,, ¢p are distributed. Each term is then of one of the following six
types, where the meaning of the notation should be obvious.

o type 1: F2.2%. W2

o type2: F?-Z-AZ -W?or F2-W - AW - Z?

o type 3: F2-Z-VZ-W - -VW or F?-Z?. (VW)?or F2-W?2.(VZ)?
e typed: F2.Z -VH, -W?2or F?2-W -VH,, - Z*

e type5: F-VF-Z.VZ-W?or F-VF-W - -VW - Z?

o type6: F-VF-Z -H, -W2o0r F-VF-W - -H%%, - 22

The type-1 terms occur with coefficients proportional to the endomorphisms
R = Ric,R_ that arose from Weitzenbock formulas in our derivations of
(2.4) and (2.5). In terms of normal coordinates centered at p we can write
R = R(p) + O(r). The O(r) term here gives an integrand which is O(r|F|?),
hence an integral which is O()\) which we can ignore. The O(|F|?) piece is
a linear combination of terms of the form (Fj;, Fi;) with coefficients that are
proportional to R(p), quadratic in the components of each of a and b. But
as A — 0, A approaches a rescaled standard instanton ([D1, Theorem 16.(i)])
and (F};, Fi;) approaches a 6-function centered at p, times a universal constant,
times 6301 — 640k + €k ( cf. [GP2, Lemma 3.5]). Since R is constructed

naturally from Riems, the Riemann tensor of (M, g), the limit of the integral
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is Li(Riemjs)|,(a, b, b, a) for some geometrically natural endomorphism L;.

Similar considerations apply to the other terms. For the terms of type 2
and 4, Riem,, enters from (5.14) rather than from a Weitzenbock formula;
for types 5 and 6 it enters from (6.2). In types 2 and 4, if we replace the
components of Riem,, in normal coordinates by their values at p, the error
in the integrand is O(r|F|?); the same replacement in types 5 and 6 gives
an error that is O(r?|F| |[VF|). After integration, both of these errors are
O(X'™°) and hence ignorable in the limit. The terms we are not throwing
away are proportional to Riem,(p) and to an expression of one of the forms
(Fij, Fia), 2™ (Fyj, Vi Fia), both of which approach delta-functions times uni-
versal tensors as above. Finally, the type-3 terms are O(r?|F|?), and hence
integrate to O(A>7?), so we can throw these terms away as well.

Thus lim_o Riemp (7 Za, 72, 72, 7Zs) = L(Riemy)(a, b, b,a) for some

universal endomorphism L. By polarization we obtain
}in% Riem g (WZa, 72y, T e, 7er) = L(Riemys)(a, b, c,d).

Now the subspace of H4 spanned by the 7Z,’s is not precisely the kernel of
d)—i.e. the tangent space to the leaf M)—but it is close. In fact, by Propo-
sition 5.2 of [GP2] the unit normals to M, and span{rZ,} differ by O(A'™®)
for any 6. Now under the A2 curvature condition (1.1) implies that Riem 4
is bounded; without this condition the estimates in this paper still show that
Riemp, = O(A7%). Thus the limiting curvature is the same whether we re-
strict it to the tangent space to My or to span{rZ,} We can even eliminate
the § using the estimates in this paper, but all that matters is that the differ-
ence tends to zero; since by Theorem 0.5 , the limiting curvature is the same
whichever of these subspaces we restrict it to. This completes the proof of
Theorem (1.2).

APPENDIX A. TABLES PERTAINING TO §7

Tablel: Several ‘projections’ m above are actually only scalar multiples of
projections, as the author found convenient; this does not affect the ranks of
any matrices computed in the text. The indices of X and 7(X) in the table are
ordered alphabetically. Our symmetrization convention is that “Y + (i;...i)”
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means the expression obtained by adding to Y the minimal number of terms,

each of which differs from Y only by a permutation of the indices {iy,...ix}

of Y, so that the result is symmetric in these indices.

In doing so we take

into account symmetries of the space in column 2; e.g. for X € Sym? QR?,

Xapi+ (abi) is a sum of three terms, not six. Indices surrounded by parentheses

are to be symmetrized over the same way; e.g. 040y = 60 + (ijkl) is a

sum of three terms.

FORMULAS FOR PROJECTIONS

projection domain image components of 7(T')
T(3,3) R4 @ R4 Sym; X,j + Xji — 2Xaabij
T(4.4) Symj ®R? Sym; X(abi) — 51 Xikkbap + (abi)]
7'('(4’4) R4 ® R4 ® R4 Symg X(ijk) - %[67.j (Xa,a,k +Xaka +Xkaa) + (’Uk)]
T(5,5) Sym{ ® Sym§ Symg 3 X(ijk) — 1510 (Xakar + (k1)) + (igkl)] +
2 X ababO (15 k1)
5335 Symﬁ ® Symé (5, 3) @ (3, 5)' Xijk:l - chlij
subspace — {6 (Xajar — (1) + (35)] + (k)}
5115 Symg ® Symg | (5,1) @ (1,5)- | 3(2Xijkt + 2Xk1sj — Xiksi
Subspace —Ajlik — Xiljk - Xjkil) )
+3 [5';]( akal + (kl)) + 6kl(Xaiaj + (ZJ))]
{[5zk(XaJal + (Jl)) + (ZJ)] + (kl)}
+Xabab(96k(1, ])l 6ij6kl)
(6,6) Symﬁ ® Sym8 Symg 10 X(z]klm) 50 [513 (Xakalm + (klm)) +
(i5kIm)] + 535 [ Xababib (j161m) + (i5kim)]
T6446 Symg ® Symg (6, 4) S7] (4, 6)" %{6Xijklm + [(lei:]lm + (klm)) ( .7)]
SubSpaCe _4[Xklzgm + (klm)]} 75 1,J [Xakalm +
(klm)] 50 [(6sza_7alm + (klm)) + (ZJ)]
300 [(61,anlamJ + (klm)) (ZJ)]
+ 1110 [6leama1,j + (klm)]
— 7100 [(6leaza]m + (klm)] + (Z])]
— 105 [Xababi®j (k0im) + (15)]
+155 945 X abab(kOtm)
+150 [Xababk(sl(zéj)m (klm)]
T6226 Symé ® Symg (6, 2) D (2, 6)" 6{3ngklm - [( ikjlm + (klm)) + (ZJ)]
subspace +[Xku]m +(klm)]|} + 2 6,J [Xakaim + (klm)]

10 [(5szaJalm + (klm)) ( .7)]
30 [(6szalamJ + (klm)) (7’.7)]
30 [6leamazJ + (klm)]

10 [(6lea1,ajm + (klm)] + (ZJ)]
115 61,]Xabab(k5lm

t33 [Xababk(sl(z j)m (klm)]
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WEYL MAPS

domain of w image of w W =w(T) T =w (W)

(4» 2) @ (27 4) (4’ 2) D (274) Wabi = Tabi =

C Sym} ®R* c A\’ @R — (T — (ab)) Wiab + (ab)

(5’ 3) D (3’ 5) (5’ 3) S (37 5) Wabij = Tabij =

c \*(Symg) C Symg ® A 1 (Tainj — (i9)) [Waib; + (ab)] + (45)

(5, ].) @ (]., 5) (5, 1) @ (1, 5) Wabij = Tabij =

C Sym?(Sym2) | < Sym?(A?) — 2 (Taip; — (ab)) Wiab; + (ab)

(6’ 4) @ (4’ 6) (6» 4) D (47 6) Wz’jklm = Tijklm =

C Sym2®Symd | c A%® Symd E(Tikjim + (Km)) | [(Wikjim + (klm))
=) +(24)]

(6,2) D (2, 6) (6, 2) (&} (2, 6) Wijklm = Tijkim =

C Sym2®@Symj | < Sym* (A*) @R | L[(Tikim — (i3)) | [(Wikjim + (klm))
— (k1)) +(i5)]

Table 2: For the relations defining the subspaces in columns 1 and 2, consult
the text. The components of T' and W are ordered alphabetically, and our
symmetrization conventions are as in Table 1.

APPENDIX B. THE FIRST EIGENVALUE OF A}

In this section we establish the lower bound in (8.15). The proof is based
on ideas of Taubes [T2].

Theorem B.1. There exist Ny, ¢c; > 0 such that for all A € M,, and v €
Q°(Ad P),

ld*o]I3 > e X o]l

Our argument is based on the principle that if ||d4v]|, is small compared
to ||lv|l2, then |v| must be nearly constant. Thus the integral of |v|? over
any domain D C M should be roughly proportional to the volume of D.
Approximating an instanton A of scale A by the standard instanton (for A
small), we show below that [5 . |d"v|* > A B, (p |V|?- Since the volume
of this ball is essentially A*, the principle above then implies that the integral
of |[d4v|? over By (p), and hence over all of M, is bounded below by a constant
times A°||v|2.

We begin with a completely general fact.
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domain D C N we have

1 Vol(D)
2 —_—
(B.1) L7255 Ve 115
then
(B.2) ldf 113 > ¢ Vol(D)' =2/ £13.
(Here and below || - ||, is the LP-norm over all of N, and Vol denotes volume

of a subset.) The constant ¢ depends only on Vol(N ) and on the first positive
eigenvalue of the Laplacian on functions on N.

Remark B.1. (1) We emphasize that the domain D above can depend on f.
(2) For n = 2, the lemma is still true if we replace 1/2—1/n in (B.2) by an

arbitrarily small but positive exponent (with ¢ depending on the exponent);

for n = 1 replace the volume exponent in the corresponding inequality by zero.

Proof. Let us write V. = Vol(N), Vp = Vol(D), and let f € L?(N) satisfy
I/l = 1 and inequality (B.1). We will estimate the L? norm of f over D from
the identity :

(B3) v+ [(2-vy=[

By Hoélder’s inequality we have
I/D =V < N =V P pvenolf + Vo) V"

< I =V s (Il oy + V2V %)V
Thus, using (B.1) we have

BY | [ L=V =V e VB
D

Now let f,, = V! [ f be the average value of f; without loss of generality
we may assume f,,, > 0. Since [y (f — fay) = 0 we have the Poincaré inequality

(B.5) If = faolls < w1 l1df 113,

where p; is the first positive eigenvalue of the Laplacian acting on functions
on N. But ”f_favllgznflb 14 2 =1-V 3v>

0<1-VY2f, < Q+V'V2f) urtlldf|l
(B.6) < dldfll;

since f,, > 0. Combining the Sobolev embedding L?(N) «— L*¥®™=2(N) with
(B.5) we have

(B.7) If = favllzn/m-2) < clldf ||z,
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and thus

1f = V72 l2njn-2y < c(lldfll2 + df113)
by the triangle inequality and the bounds (B.6- B.7). Returning to (B.4) we
then find

| [ £ =V P e+ 1)

Inserting this into (B.3) then gives us

Vo)V = V™ (dfll + 14f1) < [ 1< 5Vo/V.
Writing o = 1/2 — 1/n, the above inequality implies

Vg < Ndfll + 1713 < SeV + (5(eVo) ™ + 1) a3

(where in this line ¢ has the same value in all three appearances). Rearrang-
ing this inequality and noting that Vp is bounded from above by V, (B.2)
follows. O

Applying this to geodesic balls of radius A in the four-dimensional manifold
M we immediately have the following.

Corollary B.3. There exist positive constants ca,c3 such that if p € M, \ €
R, f e L3 (M), and
f2 S C2A4”f“g’

Bi(p)

then
lldf113 > s\ £1I3-

This quantifies the principle mentioned earlier. The second ingredient is
the next lemma.

Lemma B.4. There exist \g,cs > 0 such that if A € M), has scale A and
center p, and if v € Q°(Ad P), then

(B.8) / A4V > e A2 / P,

Bi(p) Bix(p)
Proof. Let gy, {y’} be as in §3 and let B = By(p). We then have
(B9) L1atoBa() = 32 [ 1o, 0.

Using the coordinates {y'} to pull the problem back to R*, the integral on
the right is taken simply over the unit ball B; C R*, and g, and its volume
form can be made arbitrarily close to the flat metric and its volume form by
taking X sufficiently small. If A; is the standard instanton on R*, then given €
there exists Ao such that A € M, implies ||A — A;||co(s,) < € ([D1, Theorem
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16.(ii)]); here the norm is taken with respect to the flat metric. For such A we
therefore have

(B.10) / 442 Q / |dAiof2dty — /B o2y

where |d*1v] is taken in the flat metric.
Now suppose that
[s, 1d%v)dy
1 _ =

Li(By)  [p, [v[*d%y

Taking a minimizing sequence and using the Rellich theorem we find a smooth
section vy # 0 over B; such that d*v, = 0, implying [F41, vo] = d41d*1vy = 0
as well. But the standard instanton A; has the property that at each y € B;
and 0 # w € Ad Py, [F*(y),w] # 0 (see, for example, the formula for F4!
in [FU, eq. (6.6)]). This implies the contradiction vy = 0, so the infimum

in (B.11) must be positive. Thus, taking e small enough in (B.10) and using
(B.9), the bound (B.8) follows. [

Proof of Theorem B.1. Let Ag, c2, ¢3, ¢4 be as in Corollary B.3 and Lemma B.4.
Suppose A € M,,,v € N°(Ad P), and

ld* o]l < csX*[lvll3-

Since |d|v| | < |d“v]|, Corollary B.3 applied to f = |v| implies
[ P> aXol
Bi(p)

(B.11)

But then
dAv]2 > / |40 > ca\” / [0]? > eacad?|[ol2.
Bx(p)

Thus for all v we have ||d%v||3 > min(cs, cocs) N||v]2. O
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