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Spacelike CMC surfaces near null infinity of the
Schwarzschild spacetime

LUEN-FAI TaAM*

Motivated by a result of Treibergs, given a smooth function f(y)
on the standard sphere S?, y € S?, and any positive constant Hy,
we construct a spacelike surface with constant mean curvature Hy
in the Schwarzschild spacetime, which is the graph of a function
u(y,r) defined on r > rg for some ry > 0 in the standard coor-
dinates exterior to the blackhole. Moreover, u has the following
asymptotic behavior:

uyor) = o= (£ 470) + g2 ) | < o

for some C' > 0, where r, = r + 2mlog(5- — 1). Here ¢,¢ are
functions on S? given by

{ =13 (Hy* +|Vs2 fl2);
=1 (Hy?Aga f + (V2| Ve f122, Vi fgz) -

In particular, the surface intersects the future null infinity with the
cut given by the function f. In addition, we prove that the function
u — 7, is uniformly Lipschitz near the future null infinity.
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1. Introduction

In [12], Treibergs proved the following: Given a C? function f(y) on the
standard sphere S”~! and a constant Hy > 0 there exists an entire spacelike
surface in the Minkowski space R™! with constant mean curvature Hy which
is the entire graph of a function u such that

lim (u(y,r) —7) = f(y)-

r—00
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Here (y,7) € S"! x (0,00) is the spherical coordinates of R™. The result
implies that the surface will intersect the future null infinity at the cut given
by (y, f(¥))-

Motivated by this result, we want to study what one may obtain for
Schwarzschild spacetime. Recall the standard Schwarzschild metric defined
onr>2m >0 is:

2 om\ !
(1.1) g8eh = — (1 _ —m> dt® + <1 - —m> dr® + r2o,
T T

—o00 < t < 00, where r = E?:l(xi)z with (z!,22,2%) € R3 and o is the
standard metric of the unit sphere S?. The future null infinity Z* of the
Schwarzschild spacetime is of the form S? x R with S? being the standard
sphere, see §2 for more details. Given a cut C in Z" represented as (y, f(y)),
y € S? and f is a function of y, we want to construct a spacelike constant
mean curvature (CMC) surface with positive constant mean curvature which
intersects ZT at this cut. To state our result, let

r
1.2 = 2mlog(— — 1).
(1.2) r T+ mog(2m )

We obtain the following:

Theorem 1.1. Let f be a smooth function on S%. For any constant Hy > 0,
there exists u(y,r) defined fory € S, r > rg, for some ro > 2m such that
the graph of u in the Schwarzschild spacetime is a spacelike hypersurface
of constant mean curvature Hy > 0 with boundary value at the future null
nfinity given by f. More precisely, u satisfies:

lim (u(y,r) — ) = f(y),

r—00

for all y € S%. In fact, there exists C > 0 such that

uyor) = o= () 4760 + ) )| < o
for ally € S, r > ro, where

(Hg?+19V72)
(HG?Af + VIV V f)s2)

1
2
1
2

b=
W)=
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Here V and A are the covariant derivative and Laplacian of the standard S*
respectively. The inner product is taken with respect to the standard metric
of S2.

We should emphasis that unlike [12], we can only construct a surface
which is defined near the future null infinity.

In addition to the results on spacelike CMC surfaces in the Minkowski
space by Treibergs [12], there is a well-known result by Bartnik [2] which
states that there exists a complete spacelike maximal hypersurface asymp-
totic to the spatial infinity in an asymptotically flat spacetime satisfying a
uniform interior condition (see [2, p.169] for the definition). In [1], Andersson
and Iriondo proved the existence of a complete spacelike CMC surface with
positive constant mean curvature on an asymptotically Schwarzschild space-
time (see [1, Definition 2.1]) which satisfies a uniform future interior condi-
tion (see [1, Definition 4.1]). The constructed surface intersects the future
null infinity at (y, f(y)) with f(y) =constant. In [3], Bartnik, Chrusciel and
O Murchada studied complete spacelike surfaces which are maximal outside
a spatially compact set on certain asymptotically flat spacetimes. Recently,
spacelike graph of a function which is asymptotically zero in the Minkowski
spacetime R™! with prescribed mean curvature outside a compact set in
R™ has been constructed in [4] by Bartolo, Caponio and Pomponio. On the
other hand, spacelike CMC surfaces in the Schwarzschild spacetime have
been studied by many people. In particular, In [7, 8] K-W Lee and Y-I Lee
gave a complete description of spacelike spherical symmetric constant mean
curvature surfaces in the Kruskal extension of Schwarzschild spacetime. See
also the references therein.

In Theorem 1.1, the constructed surface is asymptotically to a cut in the
null infinity. Some higher order rate of approximation is also obtained. The
main idea is to construct a good foliation near the future null infinity as
in [1] with good estimates so that one can obtain estimates of the so-called
tilt factor of a spacelike surface, using a result in Bartnik [2]. We also need
to construct suitable barrier. Our construction is to use the results by Li,
Shi and the author in [9]. Without further assumptions on f one might not
be able to construct a better barrier to obtain a better approximation. See
Remark 4.1 for details.

A natural question is on the regularity of the function v — r,. In [11],
Stumbles constructed spacelike CMC surfaces in the Minkowski spacetime
(or nearby spacetime) so that the surfaces are C° near and up to the future
null infinity, provided the cut is represented by (y, f(y)) with f being close
to a constant. One may not expect a C* regularity by the results in [9]. In
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our case, the foliation mentioned above in our construction is given by a time
function. From the construction, the so-called tilt factor (see the definition in
§3) of the constructed surface with respect to this time function is uniformly
bounded. Using this fact, we have the following:

Corollary 1.1. The function Q(y,s) = r. — u(y,r) with r = s~ is uni-

formly Lipschitz on S* x (0,s9) for some sg > 0.

This is a corollary of a more general result. See Theorem 5.1 for details.
This theorem might also be applied to the spacelike CMC surface in [1,
Theorem 4.1].

The organization of the paper is as follows. In §2, we will recall the
structure of future null infinity Z* in the Schwarzschild spacetime and will
construct a suitable foliation near ZT. In §3, we will give detailed estimation
on the foliation which will be used later. In §4 we will prove Theorem 1.1.
In §5 we will discuss a general Lipschitzian regularity property of spacelike
surfaces near Z+ and prove Corollary 1.1.

2. Future null infinity and a foliation
2.1. Future null infinity

Let us recall the future null infinity of the Schwarzschild spacetime. We
always assume that % is future pointing. Consider the retarded null coordi-
nate

(2.1) v="=1—ry,
where 7, is given by (1.2). Let s = r~!, then

g=9sech = — (1 — 2ms)dv2 + 25 2dvds + s 20
(2.2) =52(—s%(1 — 2ms)dv® + 2dvds + o)
=:57%g,

with 0 < s < ﬁ, —0o0 < v < 00. Here the unphysical metric g is the product
metric:

(23) 7= () _o0 gy )

where (04p) is the standard metric for S? in local coordinates y',%2%. So

y',y?,5,v are coordinates of the spacetime. We also write (y!,y?,s,v) as
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(y',y%, 43, y*). g can be extended as a smooth Lorentz metric defined on
y €S2, s €[0,1/2m), v € R. The future null infinity Z* is identified with
the boundary s = 0, which is a null hypersurface. For later reference,

(24) @) =@ = e (O 1),

where (04P) is the inverse of (045). Hence for the physical metric, g? =

82§ab‘

Convention: In the following a,b,c... run from 1 to 4; ¢,4,k,... run
from 1 to 3 and A, B,C,... run from 1 to 2. Einstein summation convention
will be used.

2.2. Foliation

Given a smooth function f(y) on S?. Consider the cut C given by (y, f(y)),y
€ S? in ZT. We want to extend it to a spacelike CMC surface in the
Schwarzschild spacetime. As in [1], we need to construct a suitable folia-
tion near ZT related to f. For 7 > 0, let

(25) Py, 5,7) = [(y) + 50(1,y) + ;520(7,y),

where ¢ = P, 1) = Pss at s = 0 are smooth functions in 7,y, given by

26) ¢=—3 (T2+|€f!§2>;
| v =3 (PPAf + VIV Vs ) -

The choice of ¢, is motivated by the result in [9, Theorem 3.1], so that if
Y., is the surface given by (y,s) — (y,s, —P) in the y, s, v coordinates, then
¥, is spacelike near s = 0 and its mean curvature H is such that H = 7!
and O;H =0 at s = 0.

Direct computations give:

P,=—7s5+ %Tszﬁf = —Ts§ (1 - %sﬁf) ;
(2.7) P = ¢ + s
Py=fa+spa+isha, A=1,2.

Here for a smooth function 6 in y, s, 7, the partial derivative of § with respect
to s is denoted by 6, etc.
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Let 0 < 11 < 7o < 00 be fixed. Let
1
M={y e S?, s € (0, %),T €(r,m)} = S? x (0,50) % (11, 72).

Consider the map ® from M to the Schwarzschild spacetime in y, s, v coor-
dinates defined by:

(28) (I)(ya 8$,T) = (ya S, v(y, S, T))
with v(y,s,7) = —P(y, s, 7).

Lemma 2.1. There is ﬁ > 59 > 0 depending only on 11,79, f such that ®
is a diffeomorphism onto its image. Hence ®(M) is parametrized by y, s, T.
Moreover,

or 1 .87' P, oOr Py

29 BT Bas P

JA=1,2.

Proof. 1t is easy to see that if sg > 0 is small enough, then P, < 0. From
this and some computations, it is easy to see the lemma is true. O

Let sp > 0 be as in the lemma, then
(2.10) (M) ={(y,s,v)| Ply,s,72) <v<P(y,s,7)}

By the lemma, we can see that 7 is a smooth function on ®(M).
Given 7 € (71, 72), let

X, = {U = _P(Y75a7-)}

which is a level surface of 7. For fixed 7, let F(y,s,v) = v+ P(y,s, 7). To
simplify notation, define

(2.11) L= — (QPS +52(1 — 2ms) P2 + |€P|2> = —§(VF,VF)

where V is the derivative with respect to the unphysical metric g. Here
and later, we simply write |V P| instead of ||V P||s2 if this does not cause
confusion.

Lemma 2.2. There is ﬁ > s9 > 0 depending only on 1, T2 and f such

that ¥+ is spacelike in (0, sg) for T € (11,72). In fact,

Vr=-pP! (9" + g"“P;) Oy,
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and
g(V7,V71) = —s*P°L.
Moreover, for all T € (11,72), X7 is a smooth up to Z" in the sense that P is
smooth up to s = 0, which intersects Tt at the cut C given by {(y, f(y))| y €
S?}.
Proof. First let sg be as in Lemma 2.1 so that P < 0. Recall that
W y? vy = (y'h v, s, 0).

Denote the coordinate frame by 9,. For 7 € (11, 72), by (2.9), we have

vt :gab—g;ab
or 5 OT
_ vb” " b
(5 55)

1 b ib
—— = (9" +9"R) 0.
PT<9 +g b

On the other hand, direct computation shows

(VT,VT) =575 or Or

Oy Oy
=—s’P L.

By (2.7), P- = —(1s + O(s)). By (2.7) and (2.11),

L=— (== |91+ VP +0(s))

(2.12) o)

It is easy to see that if 0 < sg < ﬁ is small enough, depending only on 71, 7
and f, then X, is spacelike in 0 < s < sg. The last assertion is obvious. [

Let sg be as in the lemma. Since % = 0,, we have

)
o) |
(2.13) =— P g"" + ¢ P)) gaw
=_—p!
>0,

g(Vr, = - Pr_lg((gm =+ gmpi)aav )

So 7 is a time function on ®(M) with V7 being past directed.
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3. Estimates on the foliation

Let sp be as in Lemma 2.2 so that X, is spacelike for 0 < s < sg. Let
M = $? x (0,80) x (71,72). Then ® is a parametrization of ®(M), with
T being a time function. Recall that, if 6 is a function in y, s, 7, then the
partial derivatives will be denoted by 6 4, 5, 0 etc. On the other hand, when
consider 7 as a function of (y*,y2 y3, %) = (y!, 92, 5,v), the derivative of 0
with respect to y® will be denoted by d,60. Hence

(3.1) 040 = 0:74+ 04, 0,0 =075+ 05, 0,0 =0,7,.
Let T be the unit future pointing timelike normal of ¥ so that
(3.2) T =—-aVr
where a > 0 is the lapse function of T given by
(3.3) o = —((Vr, V7))t =s2P2L 7L

For a spacelike hypersurface ¥ with future directed unit normal n, the tilt
factor v with respect to T is defined as v = —ggen (T, n).

We want to apply a result of Bartnik [2] to estimate the tilt factor for
spacelike surfaces in ®(M). First recall the following setting in the Bartnik’s
work. In ®(M ), introduce the Riemannian metric ©:

(3.4) O = gsen + 2w R w

where w is the dual of the unit normal T'. For example, for a vector field
VIV = S0 (V,wi)? + (V, T)?, where wy, wa,ws form an orthonormal
basis of ¥, with respect to metric induced by the Schwarzschild metric g.
In order to apply [2, Theorem 3.1(iii)] (see also remarks on [2, p.162]) to
a compact spacelike hypersurface ¥ with smooth boundary 0% in ®(M) so
that 7 =constant on 0, we need to estimate the following quantities:

(3.5) a,|la”'Valle, |Klle, IVTle, [[VVTle. [ Hoxlle

where K is the second fundamental form of ¥, and V is the connection of
gsch and ﬁag is the mean curvature vector of d¥X. We have used the fact
that the gge, is Ricci flat. Our result will be summarized in Theorem 3.1
below. We proceed as in [1].

Since we may cover S? with finitely many coordinate neighborhoods, we
may work on a coordinate neighborhood first. Hence let us fix a coordinate
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neighborhood U with local coordinates y',%%. The coordinate frame with
respect to this coordinate is given by:

(3.6) €3 :2'(1)*(

Here 0, are coordinate frames with respect to y', 52, 3> = s,3* = v. Note
that if 6 is a smooth function in y, s, 7, then e4(6) = 64 etc. Note also that
e1, €2, e3 are tangential to X, i.e. 7 =constant. It is easy to see:

8 = _P €4,
(3.7) 0s = —£€4 + e3;
0a = —15—64 +ex, A=1,2.

We may assume that o4p is smooth up to the boundary of U and that
the eigenvalues of (o4p) is bounded below by some constant A > 0.

Notation: In the following c(s°), cap(s%),... for integers ¢ will denote
functions of the form s‘A where A is a smooth function in y,s,7 in U X
[0, sp] x [11,T2]. They may vary from line to line. For example, in (3.7), w
have

Dy = c(s Hey,
if s¢ is small enough.

Lemma 3.1. In the above setting, for'y € U, then the following are true:

(i) The metric g in the frame e, is given by

Glea,ep) = oap — s2(1 —2ms)PaPp,1 < A,B < 2;
Glea,e3) = gles,ea) = —Pa — s%(1 — 2ms)PaPs,1 < A < 2;
gles, e3) = —2P; — s%(1 — 2ms) P2
Glea,eq) = gles,en) = —s2(1 — 2ms)PrPa,1 < A < 2;
gles,eq) = g(e4, e3) = —s2(1 — 2ms) P, Py;

| dleq,eq) = —s*(1 — 2ms) P2

(i1) Let {e1,e2,e3} be an orthonormal basis for X, with respect to g ob-
tained from ey, eq, e3 using Gram-Schmidt process with respect to the
metric induced by g. Then &; = cip(s%)e, e; = ¢*(s0)ey,.

(iii) If sy > 0 is small enough depending only 11, and f, then a = 1+c¢(s)
and

T =ci(s)e; + aley.
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Proof. Using (3.6) and (2.3), direct computations give (i).

In the following, we always assume sy > 0 is small depending only on
71,72 and f. Let g,, = G(eq,ep). Recall that g,; can be extended smoothly
up to s = 0. Moreover, at s = 0, P4 = f4. Hence at s = 0, for any
(€1,€2,63) € R3, let fy = oapfPB, for any € > 0 we have:

9560 =oapte” — 208" + (7 + V1))
=08 = 204 fPEAE + (77 + oan A fP)(E3)?
>0a4pt"PEP — (coapéeP + e oapf 1P (6%)?)
+(r +oapf P (E)?

=(1—)oapt®e’ + (F* + (1 - toapfAf7)(€7)

>C (€))7 + (€7 +(€9)7),
for some C' > 0 depending only on A, 7,7 and |§f], if we choose € < 1, ¢
close to 1 so that 72 + (1 — e toapfAfP) > 72/2. On the other hand, away

from s = 0, (g;;) is smooth and positive definite. Let €; = cjxex, as in the
lemma, one can see that ¢;; are smooth function of y*. On the other hand,

0ij = CikCjiGk-

Hence g% = CkiCkj- In particular, for each ¢, 7= i c?k. From this one can
conclude that ¢; = ¢(s°). Similarly one can prove that ci* = ¢(s).
(ifi) By (3.3), (2.7) and (2.12),

a=— s_lPTL_%
=1+ c(s).

By Lemma 2.2

T=—-aVT
:OéPT_l <gvbav+gibB) ab

:ozs2PT_1 oBAPRO, + (1+s%(1— 2ms)Ps)0s + P50,

P P
—as’P ! UBAPB(—FA&; +ea)+ (14 s%(1— 2ms)P5)(—Fse4 + e3)
T T
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=as’P ! (B4 Pgea + (1 + s*(1 — 2ms)Py)es) + as’ P2 Ley

=c(s)e; +a tey,

by (iii), (2.7), (3.3) and (3.7). This completes the proof of the lemma. [
Let

(38) w; = S&;, 1= 1, 2,3.

Then w; form an orthonormal frame for ¥, with respect to the metric in-
duced by the Schwarzschild metric g.

Lemma 3.2. If sy is small enough, depending only on 11,7 and f, then

a,a” b ||Valle are uniformly bounded in U x (0, s0) x (11, 72).

Proof. The estimates of a, a~! follow immediately from Lemma 3.1. Let us
estimate the derivatives of a. By Lemma 3.1, (3.6) and

w;(a) =se;(a)

=scin(s°)en(1 + c(s))

Hence ||Val|g is uniformly bounded in U x (0, s9) X (71, 72). O

Let C be the second fundamental form of ¥;. We want to estimate ||K||e.
Since the metric g is a product metric, it is more easy to compute the second
fundamental form with respect to g. Let us recall the following fact:

Lemma 3.3. Let ¥ be a spacelike hypersurface in a spacetime (M, g). Sup-
pose g = e**g. Let n be a unit normal of M with respect to g. Let I = e’n,
which is a unit normal with respect to G. Let K, K be the second fundamental
forms of ¥ with respect to g,n and g, respectively. Then for any tangential

vector fields X,Y , we have
K(X,Y)=e* (K(X,Y) +d\@)g(X,Y)).

Proof. Let V,V be the connections of ¢, g respectively. Then any smooth
vector fields X, Y, we have

VxY =VxY +T(X,Y),
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where I' is given by
g(N(X,Y), Z) = X(Ng(Y, Z2) + Y (N)g(X, Z) = Z(N)g(X,Y).
Let X,Y be tangent to 2. Then
K(X,Y) =~ g(VxY,n)
—9(VxY.n) = X(N)g(Y,n) = Y (A)g(X,n) + n(N)g(X,Y)
—g(VxY,0) + S aNg(X,Y)
—e’\( (X,Y) +d\@)g(X,Y)).
O
In our case, n = T, A = —logs. Let m = e’ = s 'T. Then by
Lemma 2.2,

dA\(@) = —s 2T (s) = as °V7(s) = —aP ! (1+ s3(1 — 2ms)Fs)) .

So the second fundamental forms i, IC of ¥, with respect to g, g are related
by:

(3.9) K=s"1[K-aP ! (1+s*1-2ms)P)7g].

The following lemma basically is contained in [9].

Lemma 3.4. Let K be the second fundamental form of ¥,. Then in U X
(0,50) x (11,72)

K(w;, wj) = 7'71525 + ¢ij(s),
where wy, we, w3 are given by (3.8) which form an orthonormal basis of ¥;

with respect to g. In particular, ||K||e is uniformly bounded.

Proof. Let e;,&; be as in (3.6) and Lemma 3.1. By Lemma 3.5 below, we
have

K(ei, €j> = c,;j(so).
)

Hence using Lemma 3.1, (2.7) and (3.9), we have

IC(wi, wj) :SQIC(&', €j)
=s (K(ei,e5) — aPt (1+ s*(1 — 2ms)Ps) g(ei, €5))
=sK(ei,€j) — asP7! (14 s*(1 — 2ms) Py) 0y
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=sci(s°)cji(s2)K ei, e5) + 771035 + c(s)
=T_15ij + c(s).
]
Lemma 3.5. With the notation as in Lemma 3.4, we have K(e; e;) =
cij(so) m U x (O, 80) X (7’1,7’2)

Proof. Using Lemma 2.3, direction computations show:

Vo,0B = 6@183, 1< A B<2;

V9,00 =Vs,0=0,3<a<41<A<L2;
(3.10) Va,03 = 0;

Vo,01 = s3(1 — 5ms + 6m?s2)d5 + s(1 — 3ms)0y

Vo,04 = Vy,03 = —s(1 — 3ms)0s.

On the other hand,

Ve,ej =V (_pa,t0,)(— P01 + )

=P;04(P;)0s + RPjVa484 — 0;(P})04 — Pﬁaﬁj + vaiaj

= [P04(Pj) — ms*P;Pj — 0;(P;)] 014 — ms*(1 — 2ms) P, P;0;
— Pz‘§a4(9j + vai 0;.

(3.11)

We want to compute g(Ve,ej, ) where i = s71T is the unit normal of %,
with respect to g. By Lemma 3.1, g(T, e4) = —a. By (3.7), and the fact that
g(T,e;) = 0, we have,

(3 12) ?(ﬁa 8@) = SQ(T, 81) = SO‘PT_IPZE 1<i<3;
. g(@,04) = sg(T, 04) = sa Py .

Moreover,

P04(Pg) — 04(Pp) = — P='Paea(Pp) + P ' Paes(Pp) — ea(Pp)
=— Pap.

Similarly, for 1 < A < 2,
P304(Pa) — 03(Pa) = —Pas; P304(P3) — 03(P3) = —Pgs.

Combining these with (3.11), (3.12) and (2.7), the results follow. O
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Next we want to estimate of ||VT||e and ||V?T||e. First we have the
following;:

Lemma 3.6. Let w; be as in (3.8). Denote T' by wy. Then

[w27w]] - Cijk(so)wk7 1 S Z.')j’ k S 37
[T, w;| = 22:1 Cia(s%)wg,1 < < 3,

Proof. Observe that e, in (3.6) are coordinate frames with respect to the
coordinates y',y?, s, 7. Hence [e,, €5] = 0. Now by Lemma 3.1
[w;, w;] =[se;, se;]
=[sci(s)er, scju(s”)el]
=scir(sV)ex(scii(s?))er — scji(s?)er(scir(s°))er
=cijk(s)ex
:cijk(so)wk.

By Lemma 3.1 again, we have

[T, w;) =[er(s)er, + a tes, scij(s°)e;]

=ci(s)er, + [ ey, scij(s0)ej]

=cia(s))w,
where we have used the fact that e4(s) = 0 and eg = (T — cx(s)eg). O
Lemma 3.7. ||VT||e is uniformly bounded in U x (0, s¢) x (11, 72).
Proof. Let w; be as in (3.8). To estimate ||VT||g it is sufficient to estimate
||Vw,T|le and ||[V1T||le. Now

9(Vu,T,T) = 0; g(Vu, T, w;) = K(ws, wy).

By Lemma 3.4, ||V, T||e are uniformly bounded for 1 <i < 3.
Next, we want to estimate ||V7T||e. It is easy to see that g(V7T,T) = 0.
Since ¢(T,w;) = 0, we have

9(VrT,w;) = = g(T, Vyw)
= - g(T, [Tv wl]) + g(T, vwiT)
= —g(T, [T, wi]).

By Lemma 3.6, we conclude that ||V7T||e is uniformly bounded. This com-
pletes the proof of the lemma. O
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For VVT', we have:
Lemma 3.8. ||VVT||e is uniformly bounded in U x (0,s¢) x (71, 72).

Proof. 1t is sufficient to prove that for all 1 < a,b < 4, ||V, Vy,T|le is
uniformly bounded. Here wy = T.
(i) To estimate ||V V7T||e:

g(VrVrT,T) = —g(VrT,VrT),
which is uniformly bounded by Lemma 3.7. On the other hand,

g(VTVTT, wi> :T(g(VTT, wl)) — g(VTT, VTwi)
=T(g(VrT,w;)) — g(VrT, [T, wi]) — g(V1T,Vy,T).

By Lemmas 3.7, 3.6, the last two terms above are uniformly bounded. By
Lemma 3.6

T(g(VrT, wi)) = =T (g(T, [T, w;]))
(3.13) =T(c (SO))

:ci(sg),

by Lemma 3.1(iii). Hence ||V7V1T||g is uniformly bounded.
(ii) To estimate ||V, V1T||o:

g(th VTT) T) = _Q(VTT, vwiT)a
which is uniformly bounded by Lemma 3.7. Next,
9V, V1T, ws) = wi(g(VrT,wy)) — g(VrT, Vo, wj).

The first term on the RHS is uniformly bounded similar to (3.13). Consider
the second term, we have

(VTT ngw]) (VTT wk) (Vwiwj,wk).
Now

(3.14)

0(Vustwj, i) = = (g[werw3), wr) — 9w, wil, w;) — g([y, we), wi))

2

Hence by Lemma 3.7 and 3.6, the second term on the RHS is also uniformly
bounded. So ||V, VrT||e is uniformly bounded.
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(iii) To estimate ||V Vy,T||e:

g(vvai T, T) = - g(vU)i T, VTT)
= - g(vwiTv wj) : g(VTT’ wj)
= — K(wj, wj)g(VTTa wj)v

=c(s")
which is uniformly bounded by Lemmas 3.4 and 3.7. Next,

9(VrVu, T wj) =T(g(Vw, T, wj)) — 9(Vu,T, Vrw;)
=T (K(wi,w;)) = 9(V, T, wip)) - 9(Vrws, wy)
:T(K(wiv wj)) - ’C(wia wk) (g([Ta wi]’ wk’) - K(wi’ wk)) )

which is uniformly bounded by Lemmas 3.1, 3.4, and 3.6.
Hence ||V Vy,T||e is uniformly bounded.

(iv) To estimate ||V, Vo, T||e:

g(vwl ij T7 T) = 7g(ij T7 VwIT)7
which is uniformly bounded by Lemma 3.4.

g(vwi ij T, wk> =w; (g(ij T, wk)) - g(ij T, vwiwk)
=w;(K(wj, wy)) — K(wj, wy) - g(V, 0k, wy).

As before, one can see that this is uniformly bounded. This completes the
proof of the lemma. O

Finally, we want to estimate ||H; s||e, where H; ; is the mean curvature
vector of the two-surface given by 7 =constant, s =constant.

Lemma 3.9. ||H; ||e is uniformly bounded for s € (0,sp), T € (71, 72) and
yeU.

Proof. Let N C ¥, which is the level set of s. Let eq, &;, w; be as in (3.6),
Lemma 3.1, and (3.8). Observe that e, e5 form a basis for the tangent space
of N, and €1,€9,e3 form an orthonormal basis for ¥, obtained by Gram-
Schmidt process on ey, es, e3 with respect to g. Hence wi,ws form an or-
thonormal basis for the tangent space of N. ws, T form an orthonormal
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basis for the normal bundle of N.

2 1
HT,S = (Z vawA>
A=1
2

==Y 9(Vu,wa, )T + > g(Vu,wa, ws)ws
A=1

e

2 2
= Z K(wa, wa)T + Z (Vi wa, w3)ws.
A= A=1

By Lemmas 3.4, 3.6 and (3.14), we conclude that the lemma is true. O

Since S? can be covered by finitely many coordinate neighborhoods, by
Lemmas 2.2, 3.2, 3.5, 3.7, 3.8 and 3.9, we have the following:

Theorem 3.1. There is so > 0 depending only on 1,2, f such that for any
T € (71, T2) the level set X, is spacelike. Moreover, if v is the lapse function
of the time function 7, T is the future pointing unit normal of X, and ﬁm
s the mean curvature vector of the surface T = constant, s = constant, then
the following are all uniformly bounded in S* x (0,5s0) X (11, 72):

«, a_1> HVOéHea HVTH@v HVVT||@> ||ﬁ7,8

lo-
Moreover, the mean curvature H of ¥ is given by
H=1"14¢(s).

4. Construction of CMC surfaces

Using ¢,x = (2!, 22, 23) as coordinates for the Schwarzschild metric in the

form (1.1) with r = |x| = (Z§:1(ﬂ)2) 57

(4.1) Gsen = —hd? + gij()da da,

L and

Whereh:1727m2172mswith5:r_
gij = 6ij + (1 — )r~2z'al.

Notation: In this section, we use gscn to denote the Schwarzschild metric
and g;;(x)dz'dx? will be denoted by g. The inverse of (g;;) is denoted by
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g"”. For a function v of x = (a!,22 2%), Dv = gijvia‘ij where v; = %.
D'v = g¥v;. |Dv|*> = D'vD;v. The Hessian of v with respect to g will be
denoted by v;;.

We will prove Theorem 1.1 for the case Hy = 1. The other case is similar.
Let f(y) be a smooth function on S?. Let

1
M = SQ X (OaSO) X (572)7
and define the map ® as in § 2.2 given by P(y, s, 7) in (2.5) with f replaced
by —f. Let sg be as in Lemma 2.1. Let 8 be a constant, define

Q. 56) = ~F(y) + 6(y)s + 50(y)s* +65° = Ply,5,1) + 55

where ¢,1) are defined as in (2.6) with f replaced by —f and 7 = 1. For
fixed B, if sg is small enough then P(y,s,2) < Q(y, s; 8) < P(y, s, %) Hence
the surface ¥ given by v = —Q(y, s; 5) will be in ®(M), provided s is small
enough depending only on f and the bound of 5.

We want to compute the mean curvature of X. All mean curvature will
be computed with respect to future pointing unit normal.

Lemma 4.1. There exist f1 < 0,82 > 0 and sog > 0 depending only on
f such that the surfaces 31, Yo which are the graphs of v = —Q1,v =
—Q2 respectively, are in ®(M). Here Q1(y,s) =: Q(y,s;p1), Q2(y,s) =:
Q(y,s; B1). Moreover, the mean curvature of X1 is smaller than 1 and the
mean curvature of ¥ is larger than 1.

Proof. The first part of the lemma is obvious. To simplify notation, in the
following let us denote 1 by @ and 3; by X. We may assume that X is
spacelike. Let H be the mean curvature of ¥. By the computation in [9,

Lemma 2.2],
(4.2)
—3HL: =sL (32(1 —2ms)Qss + AQ)
~ %5 (Ls +52(1 — 2ms)LyQy + (VL, %Q>) — $2LP, — 3L
where

L=—(2Qs + s°(1 —2ms)Q3 + [VQ*).
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One can see that H is smooth up to s = 0, provided sy > 0 is small enough
depending only on f. By the choice of ¢, and [9, Theorem 3.1], at s = 0
H=1H,=0.

In below, ¢, ¢ will denote smooth functions in y,s up to s = 0, which
are independent of 3, it may vary from line to line. It is easy to see that at
s=0,Qs=¢Qss =¢,Qsss =68. At s=0,L=1,L;=c¢, Lygs = —128 +c.
Therefore, at s =0

(=3HL?)ys = — 3H, L3 — 3H(L%)s,

9 1
E(LZLS)S

= —3H. + 540 + ¢;

:_SHss -

[sL (52(1 — 9ms)Qus + KQ)} =2 [L (32(1 — 2ms)Qus + EQ)} 8

_% [3 (Ls + 32(1 —2ms)LsQs + <6L7 €Q>>Ls

S (Ls + 32(1 —2ms)LsQs + <%L, €Q>>
=128+ ¢;

and
(—s*LQs — 3L)s =363 + c.

Hence we have

—3H.s + 5408 + ¢1 =co + 128 + ¢c3 + 3608 + c4.
Or
(4.3) Hy =28+c.
First choose 8 = 81 < 0 so that 251 + ¢ < 0. Then 3; depends only on f.
(4.4) H=1+ %(2& +¢)s? +0(s).
In particular, H < 1 for 0 < s < sy provided sg is small enough depending

only on f. Similarly, one can choose S2 > 0 so that 285 + ¢ > 0. This
completes the proof of the lemma. O
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Remark 4.1. The construction in the above lemma does not work for higher
order. Namely, suppose

k

(4.5) Qv 5) =3 7 fily)s' + B4,

1=0

and suppose we can choose f; so that the mean curvature H satisfies H = 1,
and %E:Oforlgigk—lats:(). Then at s =0

30FH =3 -k)(k+1)8+c

where ¢ is a function of y, s. Note that (3—k)(k+1)! <0if k£ > 3 in contrast
0 (4.3). Another issue is that in general one cannot find f; so that 9°H = 0
at s = 0 if k > 4, see [9, Theorem 3.1].

Let t,x be as in (4.1).

d
t=—h"t=.
v ot

The lapse function & for the time function ¢ is given by:

a % = —gsen(Vt,Vt) = h™".

So & = hz. The future pointing unit normal of { = constant is:

~ 10
T=nh 25.

Lemma 4.2. Let T' be the future pointing unit normal of T =constant. Then
gsen(T,T) = —s~YL™2h™2, where L is given by (2.11) with s = r~1.

Proof. By (3.3), the lapse function of 7 is a = —s71P. L3, By (2.13),

o, o
gSCh(VT7a) *PT .

Hence

gSCh(T7 j—;) = _agSCh(VT7 h_%at) = _S_IL_%h_%'
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Consider a surface given by the graph of u(x), where x = (z!, 22 23),
namely, it is given by t = u(x). Then it is the level surface of F(t, x) =
t — u(x) = 0. Normal is given by

0 .0
o 1 )
VF =—-h"~ En Duaxi.

9sen(VE, VF) = ¢ F,Fy = —h~' + | Dul?.

Hence the surface is spacelike if and only if
(4.6) 1 — h|Dul* > 0.

If u is spacelike, the future pointing unit normal is:

~ (-1 2\~ 3 (-1 n—3(,-10 i 0
= (b = [Du?) F VE = (b = [Duf?) <h O 4D aﬂ).

The tilt factor with respect to T is given by:

1

(4.7) U= —gsa(T,0) = h~2 (b1 = [Duf?) "> = (1 — h|Dul?) "z,

Suppose the surface is spacelike, it is more easy to appeal to [2, p.160]
to obtain the mean curvature equation of u. Namely, its graph has mean
curvature H if and only if:

U

3H = Div (72
(1= UP)e

~ ~ ~ 1 o~
) + 3UH® + vgsen(U, V7T) + 5V?’T(\UF).

Here Div is the divergence with respect to the metric (g;;), and U = aDu.
|U| is the norm with respect to g so that |U|?> = &?|Du|? = h|Du|?. H° is
the mean curvature of ¢ =constant, which is zero. Note that T(|U|?) = 0,
because |U|? does not depend on t.

~ 1 .
gSch(U) va) = —§DZUD1‘ log h.
Therefore, the graph of w has mean curvature H if and only if

:D 1 -
_ u 2
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Hence the mean curvature equation is of the form:
(4.9) AYu;; 4+ B(z, Du) = 3k~ 2 (1 — h|Dul?)? H.
where

AU = (1 — h|Du|?)g" + hD'uDu,
1 1 Dul|2g(Du,Dh
B(z, Du) = h~g(Du, D(h%)) + $ 554700,

Here w;; is the Hessian of u with respect to g.

Lemma 4.3. Assume the graph of u is spacelike, then any a = (ai, a2, as),
we have

a> > AYaya; > (1 - h|DuP)[al.

where o’ = gYa; and |a|? = a;a’.

Proof.
AYaja; =(1 — h|Dul?)|al?® + hg" g*u;upaia;
=(1 = h[DuP)al® + h(>_ uia')*.
i
From this the lemma follows. O

Recall the following basic fact, see [2, Lemma 3.3]:

Lemma 4.4. In a Lorentzian vector space with inner product (, ), Let
11,15, T5 be future-directed unit timelike vectors. Then

1< (T, Ts) < 2(Th,T3)(T», T3).

We are now ready to prove Theorem 1.1:

Proof of Theorem 1.1. For simplicity, we prove the case that Hy = 1. The
other case is similar. Consider the foliation by P(y,s,7) at the beginning
of the section with M =S x (0,s0) x (3,2). We assume that so is chosen
such that in the retarded null coordinate v =t —r,, ®(y,s,7) = (y, s, —P)
is a diffeomorphism between M and ®(M). Note that in terms standard
coordinates as in (1.1),

(4.10)
1

1
S(M)=A{(y,r,t)| ye S r > 8—,7‘* — P(y,r_1,2) >t>r.— Py,r ,5)}
0
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Choose 81 < 0,32 > 0 as in Lemma 4.1 and let w(y,r) = r. — Q1(y,r™ 1),
wo(y,r) = re — Qo(y,r~!) where Q1, Q2 are as in the lemma. Here sq is
chosen so that the conclusion of the lemma is true and so that the conclusion
of Theorem 3.1 is also true for 71 = %,7’2 = 2. Also, let w(y,r) = 7. —
P(y,r~1,1).

Let %7“0 = % For any R > rg, consider the spacetime Np given by
S?x (179, 2R) x R with metric induced by the Schwarzschild metric. One can
see that the surface given by t = w(y, r) is spacelike and acausal in N, see
[10, Corollary 46]. That is: no two different points on the surface are causally
related. By [5, Theorem 5.1], we can find smooth function ug of y,r, with
ro < r < R so that the graph of up is spacelike with constant mean curvature
1, so that ug has the same boundary value as w(y,r). Since 81 < 0, B2 > 0,
we have Q1(y,s) < P(y,s,1) < Q2(y,s). We have w; > w > wsy. Moreover,
the mean curvature of the graph of w; is less than 1, and the mean curvature
of wy is larger than 1. By the form of (4.9) and the fact that the graphs of
wy,we,ur are all spacelike up to the boundary, by (4.6) and Lemma 4.3,
one can apply the comparison principle [6, Theorem 10.1] to conclude that

(4.11) wi(y,r) > ugr(y,r) > wa(y,r).

Hence the graph of ug is in ®(M). In the (y, s, 7) coordinates, this graph is
given by (y, s, 7(y,s)) with y € S?, % <5< % and

’LLR(y,T) =T — P(Y)'SvT(YWS))a

with » = s~1. On the boundary s = %, %, we have 7(y,s) = 1.

The next step is to prove that ug will subconverge to a solution of (4.9)
with H = 1 as R — oo. In order to do this, by Lemma 4.3 we need to estimate
the tilt factor of the surface with respect to the time function ¢. So let ng be
the future pointing unit normal of the surface and let vg = —ggen(ng, T) be
the tilt factor with respect to the time function 7 where T is given by (3.2).
By Theorem 3.1 and the fact that the Schwarzschild spacetime is Ricci
flat, we can apply the Bartnik’s gradient estimate [2, Theorem 3.1(iii)] to

conclude that
(4.12) vr < (4

for some constant C independent of R. Let T be the future pointed unit
normal of the surface ¢ =constant, by Lemma 4.4 and (2.13), we have

(4.13) VR =: —gsch(nR,f) < 29sen(mg, T)gsen (T, T) < Cas™t = Cyr
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for some constant Cy independent of R. Here we use the fact that the time

function 7 restricted on the graph is bounded between % and % Hence
by (4.7), for any open set Q with compact closure in the region r > g, there

is a constant C3 independent of R such that
(1— h|Dug|*)"2 < Cs.

In particular, |Dugr| < Cy in Q for some constant C4 independent of R.
By (4.9) with H = 1, we may apply [6, Theorem 13.6] to obtain a uniform
Holder estimate for wu;. Using Schauder estimates, we conclude that there

is a subsequence Rj — oo such that ug, converge in Cf2 in {r > ro} to

function u so that its graph is spacelike and has constant mean curvature 1.
By (4.11), for any R > r(, we have

w?(Yar) < u(Yvr) < wl(y77‘)'

where s = r~1. Hence

‘u(y7 T) =T = P(yv r_lv 1)| < max{_ﬁla /32}7’_3.
This completes the proof of the theorem. O
As a corollary of the proof, in particular by (4.12), we have:

Corollary 4.1. Let u be the solution in Theorem 1.1. The tilt factor of the
graph of u with respect to the time function 7T is uniformly bounded by a
constant.

We should remark that Lemma 4.1 also implies the following:

Corollary 4.2. Let f be a smooth function on S?. Suppose u is a function
defined on r > rg such that the graph of u in the Schwarzschild spacetime is
spacelike with constant mean curvature Hy > 0 so that u(r,y) —r« — f(y)
are r — 0o. Suppose there is C > 0 such that

_ 1 _ _
yor) == (F) 4171900 + 5 700) ) - Cr P <0,
for some r; — oo, where ¢,y are as in Theorem 1.1. Then we have

imsup (u(y.r) = .~ (£5) 477600 + 5 20i) ) - ¢ <o,

r—00

for some C' > 0. Similar result is true for the lower bound estimate.
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Proof. In the proof of Lemma 4.1, we may choose 51 > 0 large enough so
that 81 4+ ¢ < 0 in the notation in the proof and so that §; > C. Then by
the maximum principle, it is easy to see that the corollary is true. ]

5. Lipschitzian regularity

We want to prove that the solution w given by Theorem 1.1 is Lipschitz near
infinity in the sense that the function r, — u is Lipschitz up to s = 0 in the
coordinates y € S?,s and v = t — 7. In fact, more general result can be
obtained. Here is the setup. Let y, s, v be as in §2. Consider the metric given
by

(5.1) G=w?G

where G =g+ p and w = s(1 +¢(s%)). Here g is the unphysical metric (2.3)
and p = papdy®dy® with pay, = pap(s?) in the coordinates y = (y*,y?),y> =
s,y? = v. Here pgp(s®) means that p,, = s°Ag, where Ay, is a smooth
function on §? x [0,s¢) x R for some sy > 0. Similar definition for c(s?).
Hence for fixed v; < va, on S? x (0, s0) x (v, v2) we have " = g% + p,
with p® = p®(s3), provided sq is small enough.

Let f be a smooth function on S%. Suppose P(y,s,7), 7 > 0 is such that

(5.2) Ply,s,7) = f(y) - =

5 (7-2 + ]%f\Z) s+ 32c(y, $,7)

where ¢ is smooth function on S? x [0, sg) x (0,00). As before, one can see
that for fixed 0 < 7 < 7, (y,s,7) = (y,s,v) with v = —P(y,s,7) is a
diffeomorphism from M =: S? x (0, s9) x (71, T2) onto its image N, provided
so is small enough. Its image is:

N = {(y,S,’U)| y e 8275 € (Oa 50)7P(ya577—1) <v< P(Y7877—2)}‘

Moreover, in terms of the metric GG, V7 is timelike. Here V is the derivative
with respect to G. Let T' = —aVT as before, where a2 = —G(Vr, V7). We
have the following:

Theorem 5.1. Suppose X is a spacelike surface inside N for some 0 < 11 <
9, which is given by v + Q(y,s) = 0, (y,s) € S? x (0,5s0). Suppose the tilt
factor of ¥ with respect to T is bounded, that is suppose —G(T,n) < C on
Y for some C > 0 where n is the future pointing unit normal of . Then @)
is uniformly Lipschitz on S* x (0, s1) for some 0 < 51 < sq.
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By Corollary 4.1 and the proof of Theorem 1.1 we have:

Corollary 5.1. Let u be the solution in Theorem 1.1. Let Q(y,s) = r« —
u(y,r) with s = r=*. Then Q(y, s) is uniformly Lipschitz in S* x (0, so) for
some sg > 0.

Proof. Let ur be as in the proof of Theorem 1.1. Since upr converges to u
in C°, by (4.12), one can conclude that ) satisfies the conditions in the

loc?
theorem. Hence the corollary is true. O

Remark 5.1. It seems likely that Theorem 5.1 can also be applied to the
spacelike CMC surface constructed by Andersson and Iriondo in [1, Theorem
4.2].

Before we prove Theorem 5.1, we need to obtain some estimates. Con-
sider the coordinates t,z!', 2% 23 with t = v + 7., » = s~ and y,r are
the spherical coordinates of R3. In the following, we always assume that
71 < 7 < T9. Hence we are doing estimates in M or N.

Lemma 5.1. % is timelike with respect to G provided sqg is small enough.
Moreover, if G;j = G(%, %) is the induced metric on t =constant, and
if & is the lapse function and (B is the shift vector, then Gij = 6;; + O(s),
a=1+0(s), Bi = O(s). Here B; = Gi; 3.

Proof. % = 0,. By the assumption on p,

0 0

- ) = —2(=
(at7 8t) w (g’U”L) +p7ﬂ)) < 0

if s9 > 0 is small enough. Since t = v + 7y, 9,(t) = 1,05t = —s~2h71, Oyat =
0, for A = 1,2, where h = 1 — 2ms as before. Let J, = 0y.. Here yt,y? are
local coordinates of S?, 3% = s,y* = v. So

Vit = G, 10, = (G”b _ s*thlasb) By,

G(Vt,Vt) =GP, ot
—GW — 252G hl 4 S g A2
:wQ(é”” — 252G 7+ 6853_4h_2)
—2 [@w +pU) — 2572(G% + p* )R + (T +p55)5—4h—2}
=—14+0(s).

Hence
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Comparing with ggc,, we see that in the coordinates ¢, 2,
G = s*w 2 ggen +w 2p.

On the other hand,

0
a - ava
and
g or 0 oyt 0 ot _1 9 oy
i aror o a1 0T s0) + G0
Here we have used:
g  ov s, 1, o
% - Eav + Eas =—h av S 85.
Hence
0o 0
Bi —G(ga %)
0 0
-2 v v
“ p(at’ 8xi)
% 8yA
=w 2p(dy, — (—h 10y — 5%0;) O + 5570
i i A
— <x_h_1pvv - x_52pvs + %va>
r r ox?
=0(s).
Here we have used the fact that %L; = 0(s).
o 0 0 0
g2, 72 v v -2 Y o
Gz] S W gSCh(axZ7 al’]) + w p(axl’ ij)
o (2 ~1 2 dy*
=6;; + O(s) +w *p = (—h™0y — 5°05) 05 + WayA’

xl _ oyPB
—(=h L0y — 5205) 05 + wayg)

:5ij + O(s).

This completes the proof of the lemma.

As before, we consider % as future pointing.

879
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Lemma 5.2. V7 is future pointing. Let o be the lapse function of the time
function T, we have

a=1+0(s).
Moreover z'ff = —aVt, then

—~G(T,T) = (rs)"' + O(1).
Proof. In the coordinates y*, 42, y> = s,y* = v,
VT =Gyt

As in Lemma 2.1,

0 1
G(a,v’r) - —FT > 0,

provided s small enough. Hence V7 is past directed. As in the proof of
Lemma 2.1
G(VT,VT) =G0yt
=G0y O T + POy T )
=w?(P72(2P, 4+ s*hP? + VP> + O(s2))
=s?P72(2P, 4+ s*hP? + |[VP|*) + O(s).

Hence a = 14 O(s). Next,

G(T,T) =aaG(VT,VT)
=adaw? (g% + pab)aya TOt
=aaw?(s 2P+ 0(1))
= — (7’8)_1 +O(1).

O

Proof of Theorem 5.1. Let F(y,s,v) = v+Q(y, s). Then the surface ¥ given
by F' = 0 is spacelike. First, let us prove that —G(VF,VF) is bounded on
Y. For i <7 < 79, by (2.9) we have

(5.3)

Oy = (15 + O(5%)) 71,057 = (15 + O(5?)) "' Py, 0ya7 = (15 + O(5?)) "' Py,
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A = 1,2. Moreover, P;, P4 are all bounded. We will work on a coordinate
neighborhood U of S?, so that the standard metric o4p5 is bounded from
above and the eigenvalues of (o4p) is bounded from below by a positive
constant on U.

Let T, T be as in Lemma 5.2. Then by Lemma 4.4 and the assumption
on —G(T,n),

—G(T, T) < 2G(T,n)G(T,n) < —C,G(T,n)
for some C7 > 0. By Lemma 5.2, we have
(5.4) — G(T,n) > Cys "

for some C5 > 0. Here and below, we implicitly assume that 0 < s < sg with
sp is small enough.
In the ¢, 2% coordinates, F =t — r, + Q =: t — u. We have

~G(VE,VF) =& 2 ((1+ Bu')? — &%u'y;) > 0.
where u; = % and ! = GY uj. From this inequality, by Lemma 5.1, we

conclude that u'u; is uniformly bounded on ¥ and hence % > 1+But > % >0
provided s is small enough. We can write

—G(VFE,VF)=a 21+ Bu)*(1 — |U%),

where
_aDu
1 + ,Bzul

and Du = ui%. On the other hand,

U

~G(T,n) = (1—|U?)=.
By (5.4) we have
1—|U]? < C3s?
for some C3 > 0. We conclude that by Lemma 5.1,

(5.5) — G(VFE,VF) < Cys>.
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for some Cy > 0, because 1+ B;u’ is bounded. By the assumption on the tilt
factor with respect to the time function 7, we have

05 > — G(Tv Il)
= — a(-G(VF,VF))":G(Vr,VF)
= — a(~G(VE,VF)) 5w? (@“baynabe)

= — a(—G(VF,VF)) 5w’ ((y“b + pab)aya,fabe)

[@””(%T@UF + G"%(0sTOLF + 0,TOsF) 4+ §**0s70s F

+§ABE)yA7-8yBF + qbf)be}
= — a(—G(VF,VF)) w?x

[% (~(P.+ Q) = (1 - 2ms)P.Q. — (VP.VQ)) + Q”W]

where ¢ = O(s?) and we have used (5.3). By (5.3) and (5.5) we conclude
that

—Qs — s3(1 = 2ms)P,Qs — (VP,VQ) + ¢*8,, F < Cg

for some constant Cg > 0. Since P;, P4 are uniformly bounded and

2
o*BQaQr>C Y Q4

A=1

for some C' > 0, we have for any € > 0, we have
(5.6) — (14 0(s7)Qs — (£ + O(s))IVQ|* < Cx(e)

for some constant C7 which also depends on &.
Since ¥ is spacelike, we have

G(VF,VF) <0.
Computations similar to the above, we have

2Qs + s2(1 — 2ms)Q2 + |VQI? + O(s%) (1 +Q%+ WQP) <0.
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This implies that Qs < Cs3 and
(5.7) (24 0(5%)Qs + (s*(1 — 2ms) + O(s*))Q2 + (1 + O(s*))|[VQ[* < Cy

for some Cg > 0. Multiply (5.7) by 6 > 0 and add it to (5.6), if s > 0 is
small enough, we have

—[140(s%) =62+ O(s*))]Qs + [5(1 + O(s*)) — (e + O(s*))]|VQ[*
< C7+4 6Cs

Let 6 =2¢ and € = %, we can conclude that
_Qs < C19

for some Cg > 0 provided s is small enough. Hence —Cqy < Qs < Cs3 if s
is small enough. From this and (5.7), we conclude that |VQ|? is uniformly
bounded provided s is small enough. This completes the proof of the theo-
rem. [
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