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Characteristic gluing with A:
1. Linearised Einstein equations on
four-dimensional spacetimes

Piorr T. CHRUSCIEL AND WAN CONG

We establish a gluing theorem for linearised vacuum gravitational
fields in Bondi gauge on a class of characteristic hypersurfaces
in static vacuum four-dimensional backgrounds with cosmologi-
cal constant A € R and arbitrary topology of the compact cross-
sections of the null hypersurface. This generalises and comple-
ments, in the linearised case, the pioneering analysis of Aretakis,
Czimek and Rodnianski, carried-out on light-cones in Minkowski
spacetime.

1 Introduction

2 Notation
3 Linearised characteristic constraint equations in Bondi
coordinates
3.1 The linearised C* C?mA)—gluing problem
3.2 Gauge freedom
3.3 Null constraint equations
3.3.1  hy,
3.3.2  hua
3.3.3  hyy
3.3.4 0Oyhap
3.4 A pointwise radial conservation law
3.5 The remaining Einstein equations

3.5.1 0,0 hya
3.5.2  Oyhuy

689

691
694

696
698
699
703
703
703
707
711
713
718
720
721


https://www.intlpress.com/site/pub/pages/journals/items/bpam/_home/_main/index.php

690

B o & O

Piotr T. Chrusciel and Wan Cong

3.6 Regularity
3.7 Further u-derivatives
3.7.1 The transverse-traceless part
Gluing up to gauge
4.1 Strategy
4.2 Continuity at r
4.2.1 Gluing of i
4.2.2 Freezing part of the gauge
4.2.3 Continuity of .
4.2.4 Continuity of Oy hya
4.2.5 Continuity of hua
4.2.6 Continuity of &jLAB
4.3 Higher derivatives
4.3.1 Continuity of 9,4
4.3.2 Continuity of 82hag, p > 2
An isomorphism theorem
Unobstructed gluing to perturbed data
Constructing the «;’s
Recursion formulae
Bl a=m=0
B.2 The general case
Operators on S
C.1 Vector and tensor spherical harmonics
C.2 The conformal Killing operator
C.3 div(y
C.4 LandL
C5 P

721
722
724
726
729
739
739
739
742
742
743
745
746
747
754
755
758
763
764
765
768
775
776
T
780

781
783



Characteristic gluing with A: 1. Linearised EE on 4D spacetimes 691

C.5.1 S? 784

C.5.2 Polynomials in P 785

D A trace identity 787
E Conserved charges for a;hu A 788
E.l1 fhyua 788
E.2 9uhua 789

F An identity 792
Acknowledgements 794
References 794

1. Introduction

In their pioneering work [1, 2, 3], Aretakis, Czimek and Rodnianski pre-
sented a gluing construction, along a null hypersurface, of characteristic
Cauchy data for the vacuum FEinstein equations, for a class of asymptot-
ically Minkowskian data. We wish to generalise their construction to null
hypersurfaces with non-spherical sections, and to allow for a cosmological
constant, in spacetimes of dimension four or higher.

As a first step towards this, in this paper we consider four-dimensional
vacuum Einstein equations, with a cosmological constant A € R, linearised
at Birmingham-Kottler metrics. Recall, now, that the analysis in [1, 2, 3]
is based on the Christodoulou-Klainerman version of the Newman-Penrose
formalism. Recall also that there exists a well-studied Bondi-type param-
eterisation of the metric (see [4] and references therein), which generalises
readily to any dimensions. So it appears of interest to analyse the problem
in Bondi coordinates, to be able to exploit results which have already been
established in the Bondi setting, with an eye-out both for possible advan-
tages of the alternative setting and for higher dimensions. Indeed, while we
are concerned with four-dimensional spacetimes in this work, we carry-out
the higher dimensional construction in a companion paper [5].

Interestingly enough, some more work needs to be done in other topolo-
gies and dimensions because of different properties of the differential oper-
ators involved. In fact, the analysis on null three-dimensional hypersurfaces
with spherical cross-sections turns out to be somewhat simpler than the gen-
eral case. One of key new aspects of other topologies or dimensions, when
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compared to null hypersurfaces with two-dimensional spherical sections, is
the existence of non-trivial transverse-traceless two-covariant tensors. Their
existence leads to new difficulties which need to be addressed. While the
collection of TT-tensors is finite-dimensional on two dimensional manifolds,
these tensors carry the bulk of information about the geometry in higher
dimensions.

To make things precise, we consider the linearisation of the vacuum
Finstein equations at a metric

2
(1) g= 7(5 — a2r27—m)du2 —2dudr + r*5apda?dz?
r

with
a€{0,y/A/3} CRUV—-IR, mEeR,

where §4pdz?dz®? is a u and r-independent metric with scalar curvature
2e, with e € {0,£1}. Roughly speaking, the question addressed here is
the following: given two smooth linearised solutions of the vacuum Einstein
equations defined near the null hypersurfaces {u = 0, r < r1} and {u =
0, r > ra}, where r9 > r1, can we find characteristic initial data on the
missing region {u = 0, 71 < r < ro} which, when evolved to a solution of
the linearised Einstein equations, provide a linearised metric perturbation
which coincides on {u = 0}, together with u-derivatives up to order k, with
the original data. We refer to this construction as the C* C(O:jx A)—gluing. The
resolution of this problem is presented in Theorem 4.1, p. 727 below, which
is the main result of this paper. This theorem is the key step towards a
nonlinear gluing [6], where a suitable implicit function theorem is used.

An equivalent way of formulating the gluing problem, advocated in [1],
is that of connecting two sets of “sphere data” using null-hypersurface data.
This perspective can also be taken in our setting, with “sphere data” re-
placed by suitable linearised data on codimension-two spacelike manifolds,
viewed as cross-sections of a null hypersurface.

It was found by Aretakis et al., in the case A = 0 and € = 1, that there ex-
ists a ten-parameter family of obstructions to do such a gluing-up-to-gauge,
when requiring continuity of two wu-derivatives of the metric components
along the null-hypersurface. Our analysis shows that the analysis is affected
both by the dimension, by the cosmological constant, by the topology of
sections of the level sets of u (which we assume to be compact), by the
mass, and by the number of transverse derivatives which are required to be
continuous. In the spherical four-dimensional case with m = 0 we provide an

alternative proof of the corresponding result in [2] for C2 C’E’fo)—gluing, with
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Table 1.1: The dimension of the space of obstructions for C?2 C’(O:Zx A)—gluing.
[a]
The radial charges @, a=1,2, are defined in (59), p. 705 and (72), p. 708;
the radially-conserved tensor fields g5, [q} AB, and @ are defined in (100),
p. 714, (159), p. 725, and (115), p. 717; g is the genus of the cross-sections of
the characteristic initial data hypersurface; the superscripts [H], respectively
[TT)], denote the L2-orthogonal projection on the set of harmonic 1-forms,
respectively on transverse-traceless tensors. On S? the four obstructions as-
2]
sociated with () correspond to spacetime translations, the three obstructions
(1]
associated with ) when m # 0 correspond to rotations of S2, with the fur-
ther three obstructions arising when m = 0 corresponding to boosts

S? T? higher genus
(1]
Q:m=0 6 2 0
m#0 3 2 0
2]
:m =0 4 1 1
m %0 1 1 1
3,1] o 2
QWM:m=0 0 | coincides with @ 2g
m # 0 0 0 0
A im=0,a=0 | 0 2 6(g—1)
m=0,a#0 0 0 0
m 0 0 0 0
3,2]
QM:m=0 0 0 2g
m#0 0 0 0
2
L E— 0 2 6(g—1)
m # 0 0 0 0
together: m =0, =0 | 10 7 16g — 11
m=0,a#0]| 10 5 10g —5
m# 0 4 3 1

the same number of obstructions. Table 1.1 lists the obstructions which arise
in the linearised gluing depending upon the geometry of the cross-sections
of the initial data hypersurface and the mass parameter m. A key role in our
construction is played by the radially-constant function y (cf. (80), p. 710
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below), the existence of which has already been pointed-out in [7], and the

3,1

radially constant fields gap and [Q]A (cf. (100), p. 714 and (106), p. 715),
which do not seem to have been noticed so far in the Bondi gauge, and which
seem to be related to the radially constant fields Qo, Q3 and Q4 discovered
in [1]. We point out a slightly different interpretation of the result, namely
that the gluing can be performed without obstructions after adding fields,
which carry the missing radial charges and which we describe explicitly, to
the data on {r > ra}. We describe the additional obstructions that arise for
Cff C’o;’,mA -gluing, k£ > 3, when linearising on a background with m = 0, see
Tables 4.1, p. 732, and 4.2, p. 733. We show, with a considerable amount
of work, that the higher-order obstructions disappear on backgrounds with
m # 0.

In their introduction, the authors of [1] discuss several applications of
their construction. The results presented here lead immediately to corre-
sponding results for the linearised fields in our setting.

This work is organised as follows: In Section 2 we introduce some of our
notations. In Section 3 we analyse the linearised Einstein equations in the
Bondi gauge, following [7]. As already observed in [1, 2, 3], a key part of the
gluing is played by the residual gauges, discussed in Section 3.2. The main
new element, as compared to [7], is Section 3.7, where inductive formulae for
higher-order transverse derivatives are presented. The gluing construction
is carried-out in Section 4. We present our strategy in Section 4.1, with
further details provided in the remaining sections there. In Section 6 we
reformulate our gluing result as an unobstructed gluing-with-perturbation
problem for the data on {r > ry}. Various technical results are presented in
the appendices.

We note that the first arxiv version of this work established solvability
of the linearised gluing problem through an argument which was inadequate
for the full gluing problem, addressed in [6], because of insufficient differen-
tiability of solutions of some of the equations used. The current, alternative
version resolves these issues.

2. Notation

Let ¥ = YapdzAdz® be a metric on a 2-dimensional, compact, orientable
manifold S, with covariant derivative D. We let divu), respectively CﬁV(z),
denote the divergence operator on vector fields &, respectively on two-index
tensor fields h:

(2) divy & = Dag?,  (divig h)a = DphPy.
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Given a function f we denote by f[}! the L2-orthogonal projection of f on
the constants:

1
vy JS S

Note that f[ should not be confused with f=!, which we use when de-
composing a function or a tensor field in spherical harmonics on S2. We
set

(4) = -t

Let CKV, respectively KV, denote the space of conformal Killing vector
fields on S, respectively Killing vector fields. Thus (cf. Appendix C.2), CKV
is six-dimensional on S2, consists of covariantly constant vectors on T2, and
is trivial on manifolds of higher genus. Given a vector field £ on S we denote
by (64)ICKV] the L%-orthogonal projection on the space CKV, with

(‘EA)[CKVL] — €A _ (EA)[CKV] ’

with a similar notation for (€4)KV] and (¢4)KV*],
We will denote by H the space of harmonic 1-forms:

(5) H={¢4]| DA =0=e"BDyep}.

By standard results (cf., e.g., [8, Theorems 19.11 and 19.14] or [9, Theo-
rem 18.7]), the space H has dimension 2g on cross-sections S with genus g,

in particular it is trivial on spherical sections. We will denote by 51[5] the
£
L?-orthogonal projection of £4 on H, and by fg{ ! the projection on the

L?-orthogonal to H.
Let TT denote the space of transverse-traceless symmetric two tensors:

(6) TT = {hap | hjap =0 =5"Phcp = DPhprp} .

The space TT is trivial on S?, consists of covariantly constant tensors on T2,
and is 6(g—1)-dimensional on two-dimensional manifolds of genus g > 2 (cf.,
e.g., [10] Theorem 8.2 and the paragraph that follows, or [11, Theorem 6.1
and Corollary 6.1]).

Given a tensor field h = hagdzAda® we denote by hfg I the L?-orthogo-
nal projection of h on TT, and set

(7) WO = hap — B
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Clearly, for two-covariant traceless symmetric tensors on S? it holds that
hfg o AB, but this is not true anymore for the remaining two-dimensional
compact manifolds.

We will often follow terminology and notation from [1]. In particular,
scalar functions, vector fields, and traceless two-covariant symmetric tensors
on S? will be decomposed into spherical harmonics, see Appendix C.1 for a
summary. The notation t=4 will denote the L2-orthogonal projection of a
tensor ¢ on the space of f-spherical harmonics. Then

l
(8) =4 — Z =] , 120 — ¢ 4= ’
i=0
with obvious similar definition of (<Y, etc.
One of the operators appearing below is the operator

(9) L= As(As + 2)

acting on functions. Its kernel consists of linear combinations of £ = 0 and
¢ = 1 spherical harmonics on S2?, and of constants on the remaining com-
pact orientable two-dimensional manifolds. Given a function f we will write

flker L] for the L2-orthogonal projection on this kernel, and fl(ker D*] for the
projection on its orthogonal.

3. Linearised characteristic constraint equations in Bondi
coordinates

Let (#,g) be a (3 + 1)-dimensional spacetime. Locally, near a null hyper-
surface for which the optical divergence scalar is non-vanishing, we can use
Bondi-type coordinates (u,r,z*) in which the metric takes the form

(10) ga[gda:“dxﬁ = —%eQﬂdUQ — 2e?8 dudr
+1*74B (dﬂUA — UAdu) <d:L’B - UBdu) ,

where

(11) det[yap] = det[Yagp],

with 445(x%) being a metric of constant scalar curvature 2e. In particular,
det[vap] is  and u-independent, which implies

(12) YAB0yap =0,  *POyap=0.
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As such, the inverse metric reads
%4 1
(13) =% - 9% —2¢72 9,0, — 27U 9,04 + T—QVAB 0403 .

Note that each surface {u = constant } is a null hypersurface with null
normal proportional to J,, and r is a parameter which varies along the null
generators. Finally, the 2C’s are local coordinates on the codimension-two
surfaces of constant (u,r) which, as r varies, foliate each null hypersurface
of constant wu.

The restriction of the Einstein equations (E.E.) to a null hypersurface
gives a set of null constraint equations for the metric functions (V, 3, U 4
~v4B), which leads to obstructions to the gluing of characteristic data. In
this work we will study the linearised problem around a null hypersurface
in a Birmingham-Kottler background, which includes a Minkowski, anti-de
Sitter or de Sitter background. In Bondi coordinates the background metrics
can be written as

(14) g= galgdxad:cﬁ = guudu® — 2dudr + r2’°yABd:CAde )

with
2
Guu ::—(E—QQTQ—Tm), ee€{0,£1}, ae{0,\/A/3}, meR,

where Y4pdzAdz? is a u- and radially constant metric of scalar curvature
2¢, and note that a € R U iR: a purely imaginary value of « is allowed to
accommodate for a cosmological constant A < 0. It holds that

9°P0,05 = —20,0, — guu(0r)? + 25 P0405 .
Consider now a perturbation of the metric of the form
(15) Juv = Guv + eh,uzz )

where € should be thought as being very small. The conditions on the lin-
earised fields such that the perturbed metric is still in the Bondi form to
O(e) are,

(16) hT‘A - hrr = ’OYABhAB =0.

In what follows for perturbations around a Birmingham-Kottler background,
we shall sometimes find it convenient to use fields {6V, 63, 6U4 := 4456U "}
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to denote metric perturbations. These correspond respectively to
(17) {0V +2V6B,68,6Ua} = {—rhuu, —hur /2, —hua/T?} .
We will also use the notation
(18) Py = hy 77

3.1. The linearised Cﬁ CE”;wA)-gluing problem

One of the key objects that arise in the characteristic gluing construction
of [1] are the “sphere data”’. Roughly speaking, these are data that are
needed on a cross-section of a characteristic surface for the integration of
the transport equations (see below).

Using a Bondi parameterisation of the metric, these data can be defined
as follows. Let .47 be a null hypersurface {u = ug,r € I}, where I is an
interval in R, and let S be a cross-section of .4, i.e. a two-dimensional
submanifold of .4 meeting each null generator of S precisely once. Let
2 < k € N be the number of derivatives of the metric that we want to
control at S. Using the Bondi parameterisation of the metric, we define
linearised Bondi cross-section data of order k as the collection of fields

(19) 0s = (0“0 hapls, 88908|s, 810U s, 8090V g) ,

for integers ¢, j such that /4 j < k.!

For simplicity we assume that all the fields in (19) are smooth, though
a finite sufficiently large degree of differentiability would suffice for our pur-
poses, as can be verified by chasing the number of derivatives in the relevant
equations; compare Section 3.6 below.

A natural threshold for the gluing is k = 2, as then one expects existence
of an associated space-time solving the vacuum Einstein equations when the
fields are sufficiently differentiable in directions tangent to S (cf. [13] for a
small data result in a different gauge; see [14, 15, 16] for existence without
smallness restrictions under more stringent differentiability conditions). In
the linearised C* CE’;jx A)—gluing problem we start with two sections S; and
S C JT(S1) of a null hypersurface {u = 0} equipped with Bondi coor-
dinates as in (10), each with constant r, and their linearised Bondi cross-
section data of order k, dg, and 0g,. The goal is to interpolate between 0g,

!The data dg are closely related to the data Wg,[S, k] of [12, Section 5]. As
discussed in more detail there, some of the fields in (19) are not independent, but
this is irrelevant for our purposes.
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and dg, along a null hypersurface 4, ,.,j such that (i) 0g, agrees with the
restriction to 71 of the interpolating field along A4f,, ,.,}; (ii) 0s, agrees with
the restriction to r = ry of the interpolating field; and (iii) the constructed
field satisfies the linearised null constraint equations. We shall see in Sec-
tion 3.3 how the linearised null constraint equations lead to obstructions to
the gluing.

Since linearised Bondi data are defined up to linearised gauge transfor-
mations, we shall use these transformations to help us with the gluing.

3.2. Gauge freedom

Recall that linearised gravitational fields are defined up to a gauge transfor-
mation

(20) h — h—i-/:,cg

determined by a vector field {. Once the metric perturbation has been put
into Bondi gauge, there remains the freedom to make gauge transformations
which preserve this gauge:

(21) ﬁcgrr = 0,
(22) ECQTA = 0,
(23) 9B Legap = 0,

For the metric (14) this is solved by (cf., e.g., [7])

(24) Curat) = o),
25)  Plwrah) = ) - D w,at),
(26)  Clarat) = —rDpenat) LA ),

for some fields £%(u, z4), €B(u,z4), and where Dy and A are respectively
the covariant derivative and the Laplacian operator associated with the two-
dimensional metric y4p appearing in (14).
We define
£
to be the Lie-derivation in the z#-variables with respect to the vector field
¢10,4.
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The transformation (20) can be viewed as a result of linearised coordi-
nate transformation to new coordinates * such that

(27) at =k + et (),

where € is as in (15). Writing g, as

2
Guu = —€ + a?r? + o _. eN?, where ¢ € {1},
r

under (27), the linearised metric perturbation transforms as

(28)  hua = hua = hua + Ligua
= hua + 0a(eN?¢" = (") + r*4ap0u(”
= hua — 304 [(B5€" + 266%) — r(Dpe® — 20,6")]
£ (1ap0ug® + (0 + 23)0a8")
(29)  Pur = hur = hur + Legur = hur — 0uC" + eN?0,C" — 0,¢"
= hur — 0" + 5D,
(30)  huw = huw = huw + L Gun = huu + €70, N? 420, (eN*¢* — (")
= o — (26 + A4)0,8" +1(Dpdug" + (o — T—”;)Aﬁgu)
+ (a2r2 + 277”)(26“{“) — (a2'r2 — %)15353 ,
(31)  hap — hap = hap + Zgap = hap + 2r("Sap + r*LeYan
with
1
2

denoting the traceless symmetric part of a tensor on a section S.

TS[X 4B] := =(Xap + Xpa — P XcpYan)

Given Sy, r, corresponding to a {u = ug,r = ro}-section of some .4,
equations (28)-(31) together with all their u- and r-derivatives up to order
k define a new set of order-k cross-section data on

Suo,ro L= {fL = Uuo, T = T’()}

={u=up+ e(“(uo,ro,mA), r=ry+ e(r(uo,ro,xA)} ,
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a section lying close to the original S, ,,, in terms of the gauge fields
{00  lumuos 0" lumus Yo<izs

as well as the original metric perturbations evaluated on Suo,ro.
Equation (29) shows that we can always choose ¢ so that

(32) Frar = 0.

After having done this, we are left with a residual set of gauge transfor-
mations, defined by a u-parameterised family of vector fields £4(u, ), and
&“(u, -), with the condition

_ ﬁBEB(u7 ‘TA)

(33) DuE(u, ) 5

needed to preserve the gauge hy, = 0.
Under the residual gauge transformations with (33), the transformed
fields take the form

s 1. ,
(34) hya = hya — QDAA&EU + eN?D4E" + 120,84
1.
= hua — 5 Da[(Asg" + 2e€7)]

Ime o
+ 12 [1ap0u,% + (o® + Z5) Dag"]

~ m °
(35) P = huu +7[(0® — E)Aﬁg“ + Dp0,&”]
1 3m. o
—(e+ 38 — T)DB§B7
(36) hap = hap + 2r> TS[D 4¢p] — 2r TS[DADpCY] .

Let 9g, and dg, be linearised Bondi cross-section data of order k£ on Sy
and Sy respectively. Given gauge fields

{00675, 016" 15, Yo<i<hi1 1<a<2

the associated transformed Bondi cross-section data are given by (28)-(31)
and their 0, and d, derivatives. In the linearised gluing problem, we shall
allow for such gauge transformations to the data; that is, we consider gluing
along a null hypersurface of the transformed data 5g1 and 592 with the
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freedom of choosing gauge fields to achieve the gluing. We shall call this
gluing-up-to-gauge.

To simplify notation we will write

1. . .
(37) Li(€")a 1= =5 Da[Agg" +22€"] = ~DBTS[DaDpg"],
(38) C(¢)ap = TS[Dalp],
1 °

(39) Ly(€) = — (6 + §A7> DBfB .

For further convenience we note the transformation laws, in this notation
and for 7 > 1,

(40) iLuA = huA + Ll (Eu)A + 72 (8u£A + (Oé2 + i—?)ﬁAéu) s

. ) 1 o )
(41) Ol hya = O hya + §L1(DB(9;;153)A

- 1, 2my e
+ 72 [0 6a + 5 (o® + =) DaDpdy ¢

~ m ” o
(42) huw = huu + 7 (0 — E)A% + Dp0u&P] + La(€)
+ 3TmbB§B )
(43) hag =hap + 2r*C(¢) aB
= hAB + 2T2C(§)AB — 2r TS[].o)Abgfu] s
(44) Oihap = dhap + 2r°C(ILE) 4

—rTS[DaDpDcdi ],
o A~ - 1
(45) DAhuA = DAhuA — §A,°y (A;’y + 26){“
. 2
+ 12 [Dadu + (0 + 5) 85"
(46) DBhap = DPhap +1r*(Ay + )€ — rDa(Ay + 26)€"
= DBhap+ rz(Aﬁ +e)éa+2rLi(£Y)a,
(47)  DADPhap = DADPhap +r2(As + 26) D ac?
— TA;:,(A& + 25)5“
= DADBhap — 2r2La(€) — rAs(As + 26)E%
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3.3. Null constraint equations
We now turn our attention to Einstein equations,
1
(48) Guv =Ry — igWR = 81T — Mg
and their linearisation in Bondi coordinates.

3.3.1. hyy. The G, component of the Einstein tensor, which we repro-
duce from [4], reads:

r T
(49) ZGW =0, — E'YAC'YBD(&"YAB)(&T'YCD) .

Since the right-hand side of (49) is quadratic in d,v4p, after linearising in
vacuum we find

(50) 008 =0 <= 68=08(u,z").

Using a terminology somewhat similar to that of [1], we thus obtain a point-
wise radial conservation law for 5, and an apparent obstruction to gluing:
two linearised fields can be glued together if and only if their Bondi functions
6 coincide.

However, it follows from (32) that we can always choose a gauge so that
dp = 0. Thus, (50) does not lead to an obstruction for gluing-up-to-gauge.
Hence, when gluing, we will always use the gauge where §3 = 0. As such,
in the current section we will not assume 65 = 0 unless explicitly indicated
otherwise.

3.3.2. hya. From the G, s-component of the Einstein equations one has

(51) 8, T4€_2’8’YAB(3TUB)] - 2r4ar(ri2DA5)
—TQVEFDE(&VAF) + 1672 T 4 .

The linearisation of G4 at a Birmingham-Kottler metric reads

(52) 225G, a = 0, [r*3ap(0,0U5)] — 2r4ar(ri2f) A(Sﬁ)

+7°28T (r_Qlo)BhAB> .
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The linearised vacuum Einstein equation thus gives
(53) &, {r4(3r(r_2hu,4) + 2r2bA55} = 8rDadB + DBr20, (r2hap) .

Integration of this transport equation gives us a representation formula for
Orhya:

(54) {5485(572&“4) + 23210314(55} = / 85ﬁA5ﬁ + DBs%9, (sf2hAB) ds .

r
S=T1 r

In the gauge 05 = 0, and after performing an integration by parts on the
right-hand side, this can be written as,

(55) 'O hualr = 10 hualr, + [DPhap]) —2 / #1(8)DBhyp ds
where we have defined,

) 1
(56) Ri(s) == —.

s
Given 0g, and 0g,, equation (55) evaluated at r = ry gives a condition for
the field hap(r), where r € (r1,72) which has to hold when constructing the
solution to the gluing problem on A, ..

Now, the cokernel of the operator div(y)
divig) : pap — DPoag

acting on traceless symmetric tensors ¢ 4p, and which appears in (53) in
front of hap, is spanned by solutions of the system

(57) TS[D7mp] =0,
with 74 = 74 (u, ). The space of solutions of (57) is the space of conformal
Killing vector fields, which we denote by CKV. This space is six-dimensional
on S2, and is isomorphic to the Lie algebra of the Lorentz group. On a two-
dimensional torus T?, solutions of (57) belong to the two-dimensional space
of covariantly constant vectors. Finally, the space of solutions of (57) on
a two-dimensional negatively curved compact manifold is trivial; cf . Ap-
pendix C.2.
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The projection of (53) onto 74 in the gauge 08 = 0 gives

(58) 6r/7TA [r487=(7“_2hu,4)] dps, :/ﬁAlo)B [7’287~ (r_QhAB)] dps,
S S

_ / TS[DPrA] (120, (r2hap) ) dus
S

=0,

and thus the integrals

(59) Q(mh)[S] ::/ﬂ'A [T48T(r_2hu,4)] dps,
S

form a family of radially conserved charges, with

(1]
arQ =0

along any u = constant null hypersurfaces with the gauge choice §3 = 0.

This leads to a six-dimensional family of obstructions to gluing on 52,
two-dimensional on T?, and no obstructions on null surfaces with sections
of higher-genus.

(1] [ ]
We shall denote the dependence of ) on dg as Q = Q[0s]. Thus in the
gauge 03 = 0, to achieve gluing of 9s, and dg,, it must hold that

(1] (1]
(60) Qvs,] = Q[os,].

Indeed, it follows from Appendix C.3, p. 780 that (60) is a necessary
and sufficient condition for 730, hyals, — r30-huals, to lie in the image of
the operator div(y) acting on traceless symmetric tensors, or equivalently,
)

for the existence of a solution ¢ 4p(x~) to the equation

(61) 30, huals, = ridrhuals, — DPhagls, — DP@ag.

The gluing condition (55) evaluated at r = ry can thus be achieved by
interpolating hap on A, ,,) so that

(62) (hap, k1) = PaB
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where @ 4p is the solution to (61), and where we write, for f, h: (r1,r2) — R,

(f Y = / " Fs)h(s)ds

(1)
Under the gauge transformation (34), @ transforms as

(63) /TI'A (7”4&71“,4) dps
S

. 1
— / 7TA7n48r <huA + T_2L1(€U)A
S

o 2m u
+ (PYABaufB + (a2 + 7“—3)8A£ )) d,uy
= / A (T’4arilu,4 + or DB TS[ZO)Alo)Bfu] — 6m8,4£“> dps,
S
= / (7TA7"48TEUA + 6m§“l°?A7TA) dps, .
S

(1]

So on S2, if m = 0 we see that @ is gauge invariant, hence

[ 0 0 0
QPs,]=Qs,] <= Qg ]=CQg,].

(1] .
If m # 0, Q is invariant under gauge transformations for which D 47?4
vanishes; these generate rotations of S2.

. (1]
On the remaining topologies we have D 7 = 0, so that the charges Q

are gauge-invariant independently of whether or not the mass parameter m
vanishes.
Now, let 14 denote (compare (52)),

(64) ba = —27“48T(T%DA55> + 120, (w?f)BhAB) .

Integrating (52) in r twice one obtains a representation formula for h,4:

A B
(65) hoa(u,r,2P) = r?pa(u a:B)—FM

1 1
_T/wA’U,Sl’ <ﬁ_3?>d87
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with 14 and A4 determined by hya(u, 1, 28) and 0,hya(u,r1, 25).
The part of (65) involving hsp can be viewed as the following map:

r o 1 1
2 2 2B B
(66) hap +— —r /r1 570, (s D hAB) (—37"3 —333> ds

2 r 2
r° . p 9 s 1
= —ED |:/7:1 85 (S hAB) <7“_3 - ;) d5:|

2

- -pB [hAB(u,s,:cA) (i - i)

r

3 r3 83

r 2 1
_/rlhAB<$+3_4>d8}'

When 65 = 0 we thus obtain

T1

A B
(67) houa(u, 7, 28) = 12 pa(u, 28) + —A(i’ z7)
2
° B A r T
+ D" hap(u,r,x7) <§ - 3—74;1;>

r2 [T 2 1
— [ DBn 4+~ )ds.
"3 / AP (87‘3 - 34> i

For future use we will track the differentiability orders of the fields in-
volved. Denoting the Sobolev spaces over S as Hy,, for 6U A= 2348 b
and Hy_ for 6yap = hap = r~2hap, Equation (67) implies

(68) ky >k + 1.

We emphasise that these spaces keep only track of the differentiability in
directions tangent to S at given r, with no information concerning the be-
haviour in the r-direction. But note that in our setup all fields on the inter-
polating initial data hypersurface are smooth in the r-variable.

3.3.3. hyy. To obtain the transport equation for the function V' occurring
in the Bondi form of the metric, it turns out to be convenient to consider
the expression for 2Gy, + 2UAGra — V/r Gy

69) 222Gy, + 2UAG A — V/r Gyr) = Ry — 24P [DADB/s

+(DAB)(DsB)| + D0, 44U)]
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1
—§r4e_467AB(0TUA)(6TUB) — 27289,V ,

(It follows directly from the definition of G, and the Bondi parametrisation
of the metric that r2e=2%(2G,, + 2UAG,4 — V/r G,,) can equivalently be
written as r2¢4B R sp5; compare Appendix D).

Let IOEAB = e9ap denote the Ricci tensor of the metric y4p. As hap is
~-traceless we have

(70)  r25(R[Y])|=5 = —DAD (35 hpe) + DADPhag — R Bhap
= DADPhyp.

Linearising (69) around a Birmingham-Kottler background thus gives

2
o 1( o 4o0mpy o o
7)) 8,8V — %DAcSUA) - 5{DADBIMB - 27ABDAD355}
+ DU 4+ 2(e — r2A)68 .

We note that since 6(Gyy + UAGra) = 0Gur, (T1) is equivalent to the equa-
tion r20Gyyr = 12 Ahy,.

In the 68 = 0 gauge, Equation (71) provides another family of radially
conserved charges:

(72) [gg](x) = / A[éV Lo, <r215A5UA>]du:,,
S 2

where the functions A\(z4) are solutions of the equation
(73) TS[DADpA = 0.

The only solutions of this equation on a torus or on a higher genus manifold
are constants. On S? such \’s are linear combinations of £ = 0 or £ = 1
spherical harmonics [17]. We thus obtain another four-dimensional family
of obstructions on S?, and a one-dimensional family of obstructions in the
remaining topologies.
2
The conservation equation 8T[Q} = 0 is the consequence of an identity,
already observed in [7], of the form

1o
(74) 6Gur — ;DA(SGTA =9,(....),
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which can be derived as follows:
(75) 8, [(w - gar (rQEAaUA>] = 9,6V — 9, < d, <r2DA5UA>>

— 0,0V — 2rDASUA — %b 10, 8UA

=1/2DADBh g

1 o o
—§(r363DA5UA + 4720, D 46U %)

/20, (DADPhas)

o 4 o 1. ro .
= DADB [§hAB + iarhAB}

1 o o v
=5 r(rDADBhAB>.

[2] o e
(76) 0rQ = %/S)\&(TDADBhAB) dyus = 0.

(2]
Under a gauge transformation the radial charge ) transforms as

(77) /S Y [W + gbAarhuA} dps
| 3m\ | -
o /SA[(SVM (5—1— S8y Tm> (D)
—1?[Dpau” + (o - 75) As¢]
(D40rhun+2r [Dpdue® + (0% = 5) 858" ) | dus

r
2

o

[v+ "9.D huA}d,J7
/ ( A —3Tm> (D) | dps

Taking D4 of (73) gives,

(78) DpAsA = —2RapDAN,
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where R 45 is the Ricci tensor of the metric 4. Inserting this into (77) gives
[2} r OA o B
(79) Q / A[(SV +5D 8rhuA] dps — 3m/ ADpeB .
S S

2]
Therefore, a) Q () is gauge invariant when m = 0 for all X’s satisfying (73),

2]
while b) when m # 0, only Q(A!) is gauge invariant.
As already pointed out, (75) takes the form of a pointwise radial conser-
vation law:

Orx =0,

where
o 1 o 40pny

(80) X = —V+ gar (r2DA6UA) + 5D DP g

o 1 o 40

= 5V - garDAhuA + 5 DADPhap

We note that (71) can be used to rewrite x as (cf. [7, Equation (D.4)])
(81) X = =120 by + DAhya .

Under gauge transformations x transforms as

1 .
(82) X=X =g (As +22)As " +3mDP¢p .
—_——
=L(g")

This shows that, on §2, y[(ker D] = xZ2 can be made to achieve any desired
value by a suitable choice of (£*)[Z2. For the remaining topologies this is
the case for X[(keri)ﬂ =y using (5“)[“}.

It further follows from (82) that the projection W is gauge invariant for
all topologies regardless of m. Moreover, when m = 0, the projection y[= is
also gauge-invariant on S2. These projections are determined by the radial
charge (72), i.e.

2] 1. =4
S

— / Ahuudumugar / ADA Ry adys,,
S S
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where ) is a linear combination of £ = 0 and ¢ = 1 spherical harmonics on
5?2, and is a constant in the remaining cases, as follows: Recall that

o, e
(4) QDN = [ DN [0, )] dis

= —/ A [T48r(r_2lo)AhuA)] djs,
S
= —rp, (7“_2/ )\EAhuA duﬁ),
S

(1]
see (59). Integrating (84) over S shows that there exists a function C'(u, x

such that

)

1 .
(1]
Q(‘?)‘) + C7”2 ,

(85) /s ADAhya dpg =

which is non-zero on S? only. It then follows from (83) that

2
ey 1

2428, | ADAhyadus
r +28/5 ACHy

2] \ (1] P 1]
_ QW ey
T or

(86) / Mruudiis =
S

Hence, whatever the topology,

2 2]

Writing Hy,, for the Sobolev space of the 6V’s, (71) above implies
(88) ky>ky +2and ky > ky + 1.

3.3.4. 9, hap. We continue with d,hap, as determined from [4, Equa-
tion (32)]:

1 1
(89) O [Tau’YAB - §V(9WAB - ZVVAB}

1 1
= —§8T(V/T)’YAB - TS [eQﬁR[y]AB —2¢° D Dpe?
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1
+ ’YCADB[&«(TQUC)] - 5?"46_2’8’)/,4()’)/BD(8TUC)(8TUD)
2

r
+ E(ar'YAB)(DCUC) +1°U Do(0rv4B)
—*(0pya0)182(DUP — DPUY) + Ae*’gap — 8W€26TAB} :

The linearisation of (89) around a Birmingham-Kottler background in
vacuum reads, keeping in mind that TS[R[y]4p] = 0 in dimension two,

(90) 0= TS[5Gas]
= 0, [rOuhap — 5VOhap — 5 Vs — TS [Dahup]
—l—%@«(V/r) hag —r " (QIE)Alo)stﬁ +rTS []_O)ABUB]) .
Integrating this equation gives

s T

. 1V, -
(1)  sOuhap| =|5VOhap + 5 has+sTS [Dahus]|

T1 T1

+ [ [ 50vis)han
+1/5(2D4DpdB + TS [Dahup)] )| ds
Denoting Hy, > Ouhap, (91) implies
(92) kg > ko, + 2 and ky > kg, + 1.
When §5 = 0, using (67) in the last term of (91) leads to

8uhAB ‘7’1
1

. 1 .
(93) Ouhap=r — g [V&JLAB + thAB

= (2= ) 5[40 el

20,2 _ .2
ri(r{ —r®)

9 TS{L

+ 2r 12

S=T1

8s-bAhuB|r1 - leAiLuB|7“1

. g (u, ¢
+7rDy {rz,uB(u, %) + ¥
2

— §D hpc(u,r1,27) <E - r_3>j|}
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1% . .
+r|— [TarhAB + hAB}
2r

A G O e LI

Recall that
V =re—a®r®—2m.
Let us write b.d.|,, for terms known from “boundary data at r”. We

rewrite (93) as

2

%[T&BAB + BAB} + /1: {(% — g)hAB

(94)  Oyhap =bd.|y, +7

1 2r
L TS [DADCh }d
+(35742+3 4) S[ A BC] ]
ZZPhAB
r(er — o?r3 — 2m _
= ( 5 )[ar(r ’hag) —hAB]
Troar mr 1 2r
+/ [(T_ST)hAB"‘v‘ (3— P 4)PhABHds+bd]Tl.
T1 N — N e’
(1,0) (1,1
(0 Y ()

For further use it is convenient to separate the terms involving o and m
from the remaining ones:

(95)
c 1 T/ 1 272
¥ :—[rh _Ih ] / — Phagd
Ouh AR 23 AB TAB+TI(357”+34> AB as
2..2 1 2
—(a " +%)[arhAB_;hAB} +/ (¥——)hABd5+bd|ﬁ'

3.4. A pointwise radial conservation law

In this section we show that the equation

1 o
(96) TS (;6GAB + DadGrp) =0
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can be written as a radial conservation law, d,(....) =0 when m =0 =a =
03, where P is as in (94):

(97) Phap :=TS[DAD hpc] .

We further show that the equation obtained by taking diV(g) of (96),

(98) DA[TS (%5@*,43 + D46G,5)] =0

can likewise be written as a radial conservation law when m = 0 = 467,
for any «. This is likely to be related to the contracted Bianchi identity
discussed in Section 3.5 below, but if and how is not clear.

Indeed, when 63 = 0, taking # x C of (53) gives

1

(99) 5,2

o, [r‘*aT(r*? TS[f)BhuA])] ~ %ar (r2Phag) =0.

Subtracting (99) from (90) leads to

87«(?”2 TS[lo)AhuB]) n Phag }

. Vv _ . V.
(100) Oy | rduhap = 5 O:hap — 3-hap - o2 5

‘=qAB

042 m

=(— — —)hap.

( r 744) AB

Hence gq4p is radially conserved when @ = m = 0.
Under a gauge transformation g4p transforms as

(101) qAB — 4AB — [TS[bAﬁBﬁcfc] — (P —c+ a2r? — 2Tm)C(E)AB)

— (2067“ + ;n—Q) TS[bAbeu]} .

Since C(X)!TT) = 0 for any vector field X4 (cf. Proposition C.3, Ap-
pendix C.2 below), the field qu Vs gauge-independent and, when o = 0 =
m, gives a 2-dimensional family of radially conserved charges on T2, and a
6(g — 1)-dimensional family of such charges on sections with genus g > 2.

Next, taking the divergence of (100) and using (53) we find

o a2 o m o
(102) 0T(DBqAB) = —7& 1"467«(7‘_2hu,4) - DBhAB - T—4DBhAB-
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Setting 68 = 0 in (53) we have
(103) o, <3kuA + rOphoys — r—31°)BhAB> =7 *DPhyp.

Equation (103) allows us to rewrite (102) as:

2

(104) O {bBQAB + % (7”437«(7LUA) — thAB)

+ m(371uA + T@TiluA — TﬁSthAB)} =0.

We define
3,1]
Q4  eop. s 1. g 1 g
(105) — =rD"0,hap — §V<’~)TD hap — ZVD hap
1 2 VB -
_ ﬁ@n(’r D TS[DAhuB])
1op oy Ty _AB
+2D Phap + 2 (T‘ 8,,(r huA) D hAB)
+ m(3ﬁuA + TarhuA — TﬁSf)BhAB) ,
[3,1] (3,1]

with @ 4 being r— independent by (104), where the notation @ 4 should
be clear from (115) below. Equivalently, the field

(3.1] . . . 1 .
(106) Qo =D"|20uhan = VO,hap — —0,(r* TS[Dahuz])
(P = 2)hap] + 0®1 0 hun + 2m(3hua + 10, hua)
is radially conserved.
To continue, for 74 € CKV and i > 0 we set

[4a -, A . .

(107) Q (77) = / 7| 30, hua + 100 hya | dps .
S

It follows from the u-derivatives of (103) that these are radially conserved
charges. Furthermore it holds that

(3,1]

(108) 7 Q Adps = / 7TA(a2r4arBUA + 2m(3hya + 70rhyn)) dps
S S
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(1] (4,0]

= Q") +2m Q (z%);

o, . Bliekvy | .
recall that @ (7*) has been defined in (59). Thus @ = ' iszeroif m =0 =
(1] [4,0]
«, and is determined by @ and ) otherwise.
(3,1]
Under a gauge transformation @ 4 transforms as

3.1] 3.1]

(109) QA'—>QA+2DB{ TS[DADpDEC) + (P —a)TS[bAgB]}

I+

=(L&)a
+ 6mau§A )
where the operator L can be written as
(110) L= —dci)V(Q) CL, L:= bdiV(l) - diV(g) C+e.

It follows from Proposition C.6, Appendix C.4, that the gauge transforma-

3,1] L
tions (109) associated with &4 act transitively on @ EL(‘CKVJFH) I,

In the case m # 0, the gauge-transformations associated with 9,4 clearly
(3.1]
act transitively on the collection of all radial charges @ 4.
On S? we have H = {0}, and when m = 0 but o # 0 we conclude that

there the integrals

[3,1] 3,1] 3.1
QfKW _ sz] _ QLx_l]»

provide a 6-dimensional family of gauge-invariant radially-conserved charges.
On T? we have (compare (327)-(328) below)

(111) L(&)a = —%A&(EAIOJC&J - %A&EA) ,
(112) L(€)a = DaD%c — %A%A,

with kernels and cokernels spanned by covariantly constant vectors. So

CKV = KV = H, and when m = 0 it follows that on a torus the gauge
transformations (109) act transitively on Q 4, and that Q 4 gives a

2-dimensional family of gauge-invariant radially- conserved charges.
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On negatively curved two dimensional manifolds with genus g we have
3.1]
CKV = {0} so that CKV + H = H and, again when m =0, @ 4 leads to a

(3,1]
2g-dimensional family of gauge-invariant radially-conserved charges @ M.

)
Summarising: we can always choose £ 4 so that

(3,1] 3,1]
(113) Q [asl][(CKVJrH)l] =Q [352][(CKV+H)l]

holds. When m = 0 the equality

(3,1] [3,1]
(114) Q [os,]ICKVH = () [og,]ICKV+H]

provides an obstruction to gluing; when m # 0 it can be enforced by an

appropriate choice of 9, fKV+H]. On S? and on T? the condition (114)

is trivially satisfied when m = a = 0, and reduces to the requirement of
(1] (4,0]
conservation of @ and @ if ma # 0.

It should be clear from the above that if we set, for ¢ > 1,
[3:x1] B i+17 i 1 4 A i
(115)  Q ,:=D [mu hap = VO, (0hap) = —0: (r* TS[Da0,hup])

+ (P = 2)ihap| + 0?10, 00
+ 2m(38&ﬁu,4 + ra’raihuA) )

then we have:

LEMMA 3.1. Suppose that for i > 0 the i’th u-derivative of (53) and (90)
with 8 = 0 hold. Then

[3,i+1]
ar Q A— VY. |
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A

Similarly to (108), for conformal Killing vectors 7 we have

A[S’i]
o) [ Qadn;
= / A (a%‘*@ﬁﬁflhw + 2m(382_1ilu;1 + Tarai_lhu/g)) du:’y
S

[1 i—1] [4,i—1]

= Q (")+2m Q (7)),

so that the left-hand side obviously vanishes if « = 0 = m. In fact, for ¢ > 2
there is no obstruction regardless of o and m, as our arguments below show
that the right-hand side of the last equation is continuous at r9 when the
Einstein equations together with a sufficient number of their u-derivatives
hold on 4.

Under gauge transformations, it follows from (109) that

Bi+l] 3+l o -
(117) Q A Q A+2(LojE)a+6mo, " Eq.

3.5. The remaining Einstein equations
Let us start by recalling that the Einstein equations
S = Gy + Aguy — 87T},

can be split as

(118) &4 =0, Eap — 39°PEcpgas =0,
(119) 9“Pé&cp =0,
(120) aT(TQ'eQBgTU) = 07 ar(r2€2,3(gﬂrA) = 07

and the following holds (cf., e.g., [4, Section 3]): Suppose that (118) holds
on a null hypersurface .4 and that

(121) BuEuly =0,

Then a) (119) is satisfied automatically on .#", and b) the equations &, | » =
E" Ay = 0 will hold if they are satisfied at one single value of r. This follows
from the observation that, in Bondi coordinates, we have the identity

(122) V,EH, = |dt 9,(v/] det g|&*,) + g‘waygw
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In the current context this implies, using d,¢"* = 0 = 0,g"° and the diver-
gence identity,

1
123 0= (V| det g|d&H,) + = 08,0 0ug"’
poFu 0 if v=u
Since 68", = —0&;,, when the main equations (118) are satisfied (123)
becomes
1

(124) 0 = \/|d_t (/] det g|o&H,) +3 > 08u0ug"”
/J,,U&{U,T}

1
= ————=0,(/|detgld&H,) + 555};3 anAB

v/ | det
’ eg| 0 if v=u

In what follows we assume
(125) 5§"H]W:O:8uéé"uy|ﬂ.

We review the standard argument, which is a somewhat simplified version
of what needs to be done in our gluing. Setting ¥ = 7 in (124) one obtains
immediately

1
(126) 0=——g"%0&np|.x ,
hence the linearisation of (119) holds on .#. So the linearised version of the

second equation in (118) is equivalent to §&ap| 4 = 0. Then §&4p| 4 =
g4¢86cp|. = 0, and (124) with v = A becomes

1
(127) 0 = T—Qar(rzagu)u ,

as desired. So, if &" 4 vanishes for some r on .4, it will vanish throughout
A . Now, (124) with v = u reduces to

1 . 1
(128) 0 = T—Qar(r25£ w)ly + T—QaA(rQMAu)\,V

and what has been said about 6& Au] _v gives the result.

The above means that there is no need to integrate in r these Ein-
stein equations which have not been discussed so far, namely g48&4p = 0,
&ua = 0 and &, = 0, when (125) holds. Indeed, once the already analysed
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equations (118) are solved, together with their first u-derivatives, the whole
set of Einstein equations will be solved by ensuring that £&"4 = 0 = &7,
holds at one value of r; this is equivalent to ensuring &,4 = 0 = &, at one
value of r.

The same scheme applies to the set of equations obtained by further
differentiating the Finstein equation in u an arbitrary number of times.

3.5.1. 3,0-hya. The equations &,4 = 0 are too long to be usefully dis-

played here. Their linearisation d&,4 = —066"4 + (¢ — a?r? — 2’")(5(5”“4 in

vacuum reads
1] epe . e .
(129) 0= 268,14 = = [DBDAhuB — DBDghya + 0,DPhag

2m 4m
— r2< <5 —r2a? — T) 83hu,4 + (2@2 + r_3>huA

—720,0, (hr >+8DAhuu>].

This equation is satisfied both by dg, and dg, in vacuum.
Assuming 0G,4 = 0, using the transport equation (53) to eliminate
02hy 4 and the identity (81) to eliminate d,hy,, we can rewrite (129) as

hua
(130) —r*9,0, < 5 > DBDahyg — DPDphys + 0,DPhap

—7’2< <5—7’2a2 27) 82hu,4
2 4m O
+ (204 + r—g)huA + aTDAhuu

— DB [ — 2TS[Dihua] + duhas
2m .
+ (@®r? — e + T) 20, (r ZhAB)} +Dax.
Using the fact that 9,y = 0 we obtain, for any 74(z?) satisfying TS[]_O)AWB} =
0,

(131) 8/7r 40y, 0r hyadpy, = 0, Q]( )=0,
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where we recall from (116) that for 0 < i € N,

(132) Q (1) = / ﬂAr4aqi(‘)T}vzuAdufy.
S

Clearly, by u-differentiating (130), we conclude that 9.d&, 4 = 0 implies

[1,i+1]
(133) o Q (7 =0.

for i > 0.
Denoting Hy, , > Du0UA, (129) implies

(134) ky > kauU + 2, kau,y > kauU + 1 and ky > kauU + 1.

3.5.2. 9yhyy. Theequation &, = 0 is likewise too long to be usefully dis-
played here. Its linearised version is shorter and, in vacuum, can be rewritten
as an equation for the transverse derivative Oy (rhyy — DA hya):

(135) 0= 268,
1 2m 3m €\ e
= T_2 [2(8u + (Ol27‘2 —&+ 7)87« + T_ - ;)DAhuA

o e 2 DADBh
— DAD by — (o2 — e+ 22 (F=5742)
"

— 2r9uhyy — 2(@27’2 —e+ 2Tm)ar(rhuu)j|

This must be satisfied by dg, and 0g, when the linearised vacuum Ein-
stein equations hold.
Denoting Hy, , 3 0,0V, (135) implies

(136) kuy > ko, v + 1, kv > kp,v +2 and ky > kg, v + 2.
3.6. Regularity

The regularity analysis carried-out so far is summarised by the following
inequalities for the regularity of the metric components:

(137) hya equation : kg >ky+1, ky,>ky+1,
(138) hyy equation :  ky > ky +2, ky >ky +1,
(139) Ouhap equation : kg > ks +2, ky>ko+1,
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(140) DuOrhya equation : ky > ko u+2, ky >kou+1,
ko,y = ko,u +1,

(141) Ouhuy equation :  ky > kg, v +1, ky > ko, v +2,
ky > ko, v +2.

A consistent scheme for the linearised equations will thus be obtained if we
choose any field hp such that hap(r,-) € Hy (8S), for all r € [r1, 73], with
ky >4 and

(142) kg =ky, ky=k,—1, ky=ky—2, kpu=k,—3,
(143) ko,v =ky—4, ky=ky—2.

Note that the question of regularity of r-derivatives of + has been swept
under the rug using integration by parts. This question will need to be
addressed when dealing with the nonlinear problem.

The regularity properties of the metric will be compatible with gauge
transformations (28)-(31) if we assume, using obvious notation,

(144) hua equation : ke > ky +3, kv > ky +1,
ké‘A >ky+2,

(145) hyr equation : kg, eu > kg, kea >kg+1,

(146) huu equation : kg eu > ky +2, kgen > ky +1,
]€§1L2kv+2, kEBZkV+1>

(147) hap equation : kea >k, +1, kew > ky +2,

(148) Ouh AB equation : ]{Iaugfx > kau,y +1, kaugu > ]{Zau7 +2.

A scheme consistent with (142)-(148) results by choosing
(149)  keo =k +2, kojen =hy, kea =ky+1, koea=hy—1.
3.7. Further u-derivatives

The representation formula for higher u-derivatives of the linearised met-
ric components can be obtained by taking the u-derivatives of the existing
equations. This gives, for ¢ > 0, representation formulae of the form

. (i) (igok)
(150) Oihap = Vap(u,r,z™)+ > ¢ ()& PFhap
0<j+k<i ki
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/Z w STPjhABdS

A51)  Oifn = Xalu SRS O ()0 PP hag
0<j+k<i, k;éi

/ (s, ’I“PJhABde|,

7=0

(@) ()
where X and ¥ depend only on data at r1; recall that P denotes the operator

(152) Phap = TS[D4D%hpc] .

The above is proved by induction (see Appendix B), which is initialised with
i = 0 as follows:

1. Order zero for (150) is trivial, with

(0,0,0) (0) (0,0)
(153) ,Qb (T‘):]_, \I]AB(uaT7xA):0: Q,Z) (S,T‘).

We note that order one for (150) is obtained from (94), with

(1,0,0) e aZr m
)=yt 5 e

(1’720)(7“) = % (5 —a?r? - 27m> ,

ey =00 Wen=200 L

(1,0) 2 2

(0 (S’T) = TT - S—Z .

2. Order zero for (151) follows from (67), where  and A are determined
from hyalr, and Oyhyalr,, with

(0,0,0) (0,0) 1/ 2 1
iy -0 Ven -3 (Z+%).

(i,5,k)
We note that the terms involving ¢ and 4] X M are innocuous at r = ro,

as they are determined by known boundary data at r3. However, they are
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essential for the induction procedure for r # ry, as they contribute to the

key terms 1 and (ng) in the iteration. This implies in particular that the
(Z7J7k)

explicit form of 1 etc. with the highest index ¢ = ¢ is not needed when

gluing at order /.

Again by induction (cf. Appendix B), one shows the following:

1. All the integral kernels in (150)-(151), depending upon r and s, are

polynomials in s~! with coefficients depending upon 7;
(4,0)
2. when m =0, v is proportional to a?s~!.
(1,9)
3. The highest power of 1/sin ¢ is s~
(4,4) )
4. The highest power of 1/sin v with 1 < j <iis s~ (*3) when m = 0,
and this power is not larger than s~2+7=3 when m # 0; cf. Lemma B.1,
Appendix B.2.

5. It holds that
(i+1,i+1) 7 (i,i) (1,1)
w<wb/w@mwmw,

with
(1) 2r2 1
R
independently of m.
6. The highest power of 1/s in (1)’?) with 0 < j < iis s~ (% when m = 0,
and this power is not larger than s~2t7=% when m # 0.

In what follows we will often use the notation

(155) Ri(s) = —=.

S’l
We have collected the explicit formulae for all the integral kernels appearing
in (150)-(151), and needed for C2 Czay-gluing, in Appendix B.

3.7.1. The transverse-traceless part. For most of our further pur-
poses, the essential role is played by the integral kernels (Z)’(]) and v ap-
pearing in (150)-(151). However, it turns out that when m = 0 the TT-part
of 9! hap leads to obstructions to gluing, in which case the boundary terms
in (150) become significant. This forces us to revisit the induction, as follows:
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We first consider the L2-projection of (93) on TT, with m = 0:

[T'T]

Ouh 1 1
(156) uhlyy = [L —5(e—a?r) (—%EE
1 1

Loy
o 72laB
1

~
[TT]
daB

)

1 1 "1
(e — a2r2) (;&hfg] — T—thg]> + a2r/ ghfg] ds;

1

+

N3

equivalently,

1 TT 1 1 TT 1 TT
(157) ;&JLE‘B] — 5(5 — C)é27°2)<;arhE4B] — ﬁth]> =

T
QE45] ”

TT
&LhEAB] ‘7‘1 - 1(8 . O[2T2> la h[TT] ‘ o i [TT] |
2 1 ,rl T AB 71 ,r.% AB T1

T
QE45]

1

1

"
—|—a2/ ;h[}glds.

1

This can of course also be derived directly from (100), but note that this
calculation makes it clear how the tensor field ¢4 p appears in the formalism.
It follows that when oo = 0 = m, the field qu ] provides a 2-dimensional
family of gauge-independent radially conserved charges on T?, and a 6(g—1)-
dimensional family of such charges on sections with genus g > 2.

When « # 0 but m remains zero, taking u-derivatives of (157) leads to

[p+1][TT]|"

(158) q ap

T1

= a2/ /%1(8)8511[};] ds,
where, for ¢ > 1,
[i] 1, 1 | PR L i
(159) qdAB ‘= ;8uhAB — 5(8 — Ct27’2)(;8718u 1hAB — ﬁau 1hAB) .

Making use again of (156) we find

(160) / f1 (s)0uhl L) ds
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"I [T 1 TT TT
=/ |:q.[AB]‘r1+5(5_ )( ahA ]‘ __h[ ]‘)}

+ o // ( i y)dyds

= [s qL‘TBT ot 28(5—@ s )h[TT]‘S] +a2r/ /%1(3)h[§g] ds.

It follows by induction that
(161) 85/ fa(s)hl ) ds
p_]- 1 r
Z a? T) kap 1= k[s ,[EBT]‘ (e — a232)h[}g]‘5]
k=0 1
+ (a2r)P / fa(s)hl o) ds

i [p—k] 1
p—k|[TT TT
_—E k{ [43]‘T1+2(8—a5 8p1kh[ ]‘]
k=0 8

+ (a2r)p/ Rl(s)hgg} ds.

This allows us to rewrite (158) as

[p+1][TT]|"
4 aAB

T1

(162)

p—1
k| PRI 1 kp [TT]
= a? kZO(QQT) [ 4 aB ‘rl + = 5% (e — a?s?)ob17kply 5|

s
T1

+a2(p+l)rp/ f%l(s)hfg] ds .
T1

4. Gluing up to gauge

We now present a scheme for matching, up-to residual gauge, the linearised
fields

(163) {Py, Oubys - .. OFRyLY

in Bondi gauge, with 2 < k < co. We will assume, for simplicity, that each
of the fields 8Zhw|{u:0}, 0 <1 < k, is smooth. The collection of fields of
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this differentiability class will be denoted by CF C(T 2AY:

Let 0 <rg <r; <ry <ry € R. Consider two sets of vacuum linearised
gravitational fields in Bondi gauge, of C¥ C(T 2A)” -differentiability class, de-
fined in spacetime neighbourhoods of A, ,..; and A, ;). Let us denote by
S1 the section of A, . at r = r1. The linearised gravitational field near
Nro,r) induces a set of Bondi cross-section data on S;, which we denote
as 0g,. Similarly, we denote by Sy the section of A, ra) at r = ro and
the induced gluing data by dg,. Let us also denote by S; (resp. Sp) the
codimension-two section obtained by gauge-transforming S; (resp. Sg) us-

1 2
ing arbitrary gauge fields (5)“ (resp. (5)“), the associated gluing data by 551
(resp. 6§2) and the outgoing null hypersurface on which it lies by N (ro,r1]
(resp. A [, rs))-

Of course, in the linearised gluing the initial hypersurface A7, ;) does
not change, thus N (ro,rs) = Mro,rs) @ a set, but the Bondi coordinates on
either Ay, ] or on A, ) need to be “infinitesimally deformed” both in
transverse and in tangential directions. We use the symbol N to empha-
sise the infinitesimal adjustment of Bondi coordinates, as an adjustment of
Nro,r1] OF Aryry) 18 generically needed when passing to the nonlinear gluing
both in our case and in [3].

The goal is to glue 5é1 and 6g2 along N [r,ro] SO that the resulting

linearised field on .4, (ro,rs) Provide smooth characteristic data for Einstein
equations together with a matching of k transverse derivatives. Indeed, we
claim:

THEOREM 4.1. A CF C’( ne -linearised vacuum data set on Ny, .1 can be

smoothly glued to another such set on N, if and only if the obstructions
listed in Tables 4.1-4.2 are satisfied.

2 7’3)

The rest of this section is devoted to the proof of this theorem.

Let vap be any symmetric traceless tensor field defined on a neighbour-
hood of .47, ,,] which interpolates between the original fields hag|.4,, ..,
and hap|.x,, ., 50 that the resulting field on A7, ., is as differentiable as
the original fields. When attempting a C* Cé’:jx A)—gluing, we can add to vap
a field wag|j, r,) Which vanishes smoothly (i.e. together with r-derivatives of
all orders) at the end cross-sections {r1} x S and {r2} x S without affecting
the gluing of hap. To take into account the gauge freedom, let ¢(r) > 0 be

a smooth function which equals 1 near » = r; and equals 0 near r = 1. Let
1) 1)
§" and &£ 4 be gauge fields used to gauge the metric around A, ), and
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) (2
let £“ and £ 4 be gauge fields used to gauge the metric around .47,
For ri <r <rg we set

2,7“3)’

(164)  hap =vap +wap + ¢r’ TS[LQ%)"’yAB] + (1 — ¢)r? TS[&?&AB] .

(Recall that ¢4 = ¢4 — DAg“/r, cf. (25).)

In the gluing problem, the gauge fields evaluated on SLQ and the field
wAp on N (r,r2) are free fields which can be chosen arbitrarily. Our aim
in what follows is to show how to choose these fields to solve the transport
equations of Section 3.3-3.7 to achieve gluing-up-to-gauge. When extending
fields across r1 by solving the transport equations, we will always choose
initial data at r; which guarantee smoothness of the fields there.

For the C¥ O za)y-gluing we will need smooth functions
K]i:(Tl,’I‘Q)—)R, iE{O,...,k[m]+4},
where kp,,) = k when m = 0 and ky,,) = 2k when m # 0, satisfying
T2
(165) (Ki, Rj) = / ki(s)kj(s)ds =0 fori>j,
T1

(166) </~€¢, I%z> =1 s
and vanishing near the end points r € {ry,r2}, which is possible since the
k;’s are linearly independent; see Appendix A.

The fields wap of (164) will be taken of the following form: for s €
[7“1,7'2],

kim)+4 i
(167) wap(s) = Y Ki(s)Pap-
i=1
We define
f )
(168) $ap = (wap, kj) -

]
We will show how to construct the fields {@AB};?[:”{M. In view of (165)-(166)



Characteristic gluing with A: 1. Linearised EE on 4D spacetimes 729

we have
[‘QAB 1 0 e 0 Y AB
2 (K1, k2) 1 ) [é]
(169) vap - : o 48 :
[k[m]-¥.-4] (K1, ’%k['m.]+4> (K2, ’%k[vn]+4> e 1 (Ffm) +4]
¢ aB ¥  AB

k[m] +4

; ]
which allows one to determine {[gjp] Apt;oi in terms of {4 B}?:‘l}H in the

obvious way.
4.1. Strategy

A collection of fields {9k, }o<i<k on a null hypersurface .4 will be called
characteristic OF C’E’fmA)—data for linearised vacuum FEinstein equations on

AN, or simply CF Cé):jm A)—data, if the fields 9 h,,, are smooth on .4 and sat-
isfy on .4 the equations which are obtained by differentiating the linearised
vacuum Einstein equations in u up to k-times, and in which no-more than k
derivatives of the h,,’s with respect to u occur. In Bondi gauge this means
that the equations &ié"w = 0 should hold with 0 < i < k — 1, and that in
addition we also have (‘)ﬁé’;ﬂ 4=0= 856% = 8562”.

We will say that C¥ C’(C;fij)—data are smooth if the 9% h,,’s are smooth
on A .

We note that the linearised Einstein equations are invariant under lin-
earised gauge transformations. In our scheme we will perform gauge trans-
formations which will be needed to ensure the continuity of the fields, but
which will have no influence on the question whether or not the linearised
Einstein equations hold.

A set of C¥ C’E’;”x A)—data can be obtained by restricting a smooth solution
of linearised vacuum equations, and its transverse derivatives, to a null hy-
persurface. The converse is also true for null hypersurfaces with boundary,
e.8. Mror) OF Ay s i the following sense: any such data set arises by
restriction of (many) solutions of vacuum Einstein equations to .4". This
can be realised by solving a characteristic Cauchy problem with two null
hypersurfaces intersecting transversally at {r = 7o}, and requires provid-
ing data on both hypersurfaces. We note that losses of differentiability are
unavoidable in the characteristic Cauchy problem when the data are not
smooth: solutions constructed from characteristic initial data which are of
C*-differentiability class will typically be of differentiability class C*~*o_ for
some ko € N which typically depends upon k. Compare [13, 14].
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Our gluing procedure for such fields rests on the following elementary
result. Let a < b < ¢, and let us for simplicity assume that all fields aihuu, 1€
N, on A,y and A}, ) are smooth in all variables, up-to-and-including the
common boundary at b; a similar result for finitely-differentiable fields, with
distinct finite losses of differentiability for distinct fields, can be established
using the results of Section 3.6, and is left as an exercise to a concerned
reader.

LEMMA 4.2. Let k € N. Two CF C’E’chxA) data sets in Bondi gauge on A,y
and Ny 0y, with hap extending smoothly across {r = b}, extend to smooth
Ck C’(CﬁmA) data on N4 if and only if the fields

1. O hur, Oihya, O hap, with 0 < i <k, as well as
2. Orhya and hy,

extend by continuity at {r = b} to continuous fields.

Proof. The necessity is obvious. The sufficiency follows from the equations
in Sections 3.3-3.5, together with their u-derivatives, as follows:

Suppose that 65 extends by continuity at b, then (50) shows that 63
extends to a smooth function. Next, (53) shows that continuity of 9, (r~2hy.4)
at b guarantees a smooth extension of 9,(r~2hy4). But then, by another
integration, continuity of h,4 at b guarantees smooth extendability. One
can now use (71) and (90) to similarly show that continuity, at b, of JV/
and J,hap leads to smooth extensions of these fields. In particular 0,hap
is now smooth on .4{, ), and one can apply the argument just given to the
equations obtained by wu-differentiating the vacuum Einstein equations to
obtain smoothness on JV(G,C) of Oyhy, and OﬁhAB.

Iterating this argument a finite number of times establishes the result.

L]

As such, Lemma (4.2) will apply directly at r = 79, once we have shown
that all desired equations hold for r € (rg,72). However, the argument that
we are about to present is more complicated because, within our construc-
tion, for r € [r1,r2] we can only solve some of the Einstein equations. For-
tunately the conditions of the Lemma are not independent, and the crux of
the argument is to isolate and enforce the independent ones in a hierarchical
way, proving as we progress both the continuity of the fields listed in the
Lemma, and the satisfaction of the linearised Einstein equations, as well as
their u-derivatives, on Ay, r,]-
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Given k € N, k > 2, in order to carry out a CF Cz’roxA)—gluing the smooth
solution on A, ] is extended to one on .A{,, .| using a smooth interpo-

1) 2
lating field v4p as in (167) and smooth gauge fields ¢ and ¢ as in (164),

with the u-derivatives extended using the equations in Section (3.7). This

guarantees that some of the Einstein equations are satisfied. It now remains
1 2)
to show that we can choose v, {( and ( to satisfy the remaining conditions

of Lemma 4.2 together with the Einstein equations on .4{;, ). This can be
done in three steps:

1. The requirement of continuity of the fields agﬁu,, for 0 <p<kat$Sy

imposes conditions on the given data ds, and 0s,, as well as on the
(2) (2) [p]

gauge fields £ 4 and &* and the gluing fields ¢ 45. We summarise

these conditions here (cf. Tables 4.1-4.2), with further details presented

in the next section:

1. ﬁuu: Continuity of Bw at Sg requires

(170) x[0g,] = x[og,] -
The continuity of yker L] at ro requires the radial-charge matching-
condition
2] 2]
(171) Q[os,](A) = Q[os,](),

for all A with vanishing Hessian, where L has been defined in 9).
When m = 0, this condition is a gauge-invariant obstruction to
ker L)1]

gluing. The continuity of the remaining part y[( can be

(2) o

achieved using the gauge field (€ %)[(er L)) (see (82)).

When m # 0, the gauge-invariant obstruction is (171) with con-
stant A\. The remaining projection of x can be made continuous

at ry using the same gauge field as when m = 0, together with

. @iexvy .
proper conformal Killing vectors & 4 (which are zero unless

we are on S2).

ii. &jlu 4: Continuity of &jzu A at SQ requires the radial-charge match-
ing condition

(172) Q[og,] = Q[og,],
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Table 4.1: Fields used to ensure the continuity at r2 when m = 0. The conti-
nuity for the fields in the last two lines follows from Bianchi identities. The

fields iL/“, are the gauge-transformed fields h,, using the gauge fields (é) for
r <r; and (? for r > ro, cf. Section 3.2; the operator L has been defined in
(9); the fields v p and @AB are defined in (164) and (167)-(168); projections
such as ()T and () (both trivial on $2), or (-)I°KV"] (identity on higher
genus) are defined in Section 2; the radial charges [(?2], a=1,2, are defined in

i [3,]
(59) and (72); the radially-conserved fields [q] ap and @ are defined in (159)

and (115); the operator P has been defined in (94); the coefficients (p>’<])p+4
are defined inductively in (151) and (219).

Gluing field Gauge field Obstruction
hap VAB
. Y E)
Ophur, 120 Ot ¢ and 9L £
B (2) . [2]
P (g)ter ] Q)
- [Py (1]
8rhuA @E}g ] Q(ﬂ-)
- 4t @ ey
JU— (2) 1 (]
dunlin i g< ¢ LoVl Q(n) ifa#0
(2) gL [3,1]
g>2 i QM
7 [TT] Wiy
Ouhpp, @ #0 PaB
AL, 0 =0 3
(trivial on S?)
7Tt 1 Dicrvimt Bl
85h,43 ,2<p<k on €A Q[]lngQ
PRI o =0 qy
a#0 see (239), involves
[Pl[TT
q EélB] [Dsa]
2<p<k
- (P+4] (2) (9,9 )
Bhua, 1<p<k-2| ¢ 3 arte KV ker (37— X pyaP)
(trivial if g > 2)
- (p+4] (TT+] 9 5
Ohya, k—1<p<k ® 4B only S° and T

(2)
T2 ort e )

S2Zap+1%)§§éﬁp+ﬂ

a’lzjh‘uu, 1 S p S k
agarhufh 1 S p S k
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Table 4.2: Fields used to ensure the continuity at ro when m # 0. The
notation, and the last two lines, are as in Table 4.1. “KV of S” stands for
“Killing vector of (S,~)”

Gluing field Gauge field Obstruction
has VAB
. Y e)
Fuhar, >0 Ot €M and 9 £
» (myert Q)

(2
and & fKV],

. (2
with DA ¢ 4 #0

- (1] (2 3]
Orhua @E}gﬂ only on S?: (¢ “)[:1] Q(ﬂ'A)
A_KVofS
ua ik 0, €1
only for 52 and T?:
(2_)[CKVJ.]
A
- (1]
duhlyy’ plhp and
M)
PAB
~ L
{orhlls hcp<n {ap (CKWH Nosprs

{00 6 [A Yo<p<k

[2p+2]

Rl 2 <p<k ¢ g and
[2p+1]
(cf. (242)) o Up
. i~ @
{00hua, 1 <p <k} | {008 sci<onia aptt ¢ KV

Ohhuu, 1 <p<k
O0rhua, 1 <p<k

H[T 4

as well as a suitable choice of the field ¢, 5 °. This condition is

equivalent to the obstruction

1] 1]
(173) Q[os,] = Q[os,],

except if S = S? and m # 0. In this last case we use the gauge

2)
field ( & “)[:1] to get rid of the obstructions associated with proper
conformal Killing vectors in (173).

i, hga: Continuity of hya at Sy is achieved by a suitable choice of
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[4}[ T4
¢,  and of 0, §

85hAB for 1 < p < k: This is addressed in Sections 4.2.2, 4.2.6
and 4.3.2. The continuity of aﬁﬁfg ] requires

CKV]

3,p] (3,p]
(174) Q alog, ] = Q 4l0g,].

[(CKV+H)*]
(3.p] 3,p]

to achieve the matching of ( Q )(CKVHI Q"M provide ob-

structions for gluing on negatively curved manifolds of g > 2. The

requirement of continuity of %’BEBT ], which is non-trivial only on

T? and manifolds of higher genus, is subjected to the obstruc-

tion (239), p. 754, namely

In the case m = 0, the gauge fields 9% i f can be used

[p—K]
(175) aquB]’s2 - 8pq1[:iFBT ’sl = 0‘22 a’ r2) [3 EBT]‘H

1 1—k 1 [TT]

+ 25(5— a?s?)or~tFhl |
TT

+ ()P (g3 g — gl Hsl)

2

which simplifies considerably when a = 0.

) CKV+H)}

In the case m # 0, the collectlon {oh ¢ _o of gauge

ﬁelds can be used to match { Q [(CKV*'H)L}}];:Y The gauge fields
[H] . . [Svp] H
5 can be used to achieve the matching of @ M. The re-

7 [TT]

quirement of continuity of d4h'y 5 is ensured by a suitable choice
of

(p,0) 2p+2] (p,0) (2p+1]
(176) Y opta(ra) @ f§]+ Y oopi1(r2) & Eg]~

. OﬁfzuA for 1 < p < k: In the case m = 0 the continuity of 5‘ﬁl~1u14

- [p+4]
at So determines ¢ E43 ] d o} +1 f EKV with additional ob-

structions coming from the kernel of the operator Z?:o (pj(] )p +4Pj.

We provide an analysis of this kernel in Appendix C.1.
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In the case m # 0, the continuity of {8pﬁuA}k 1 at QQ is obtained

J_
by solvmg a system of equations for the collections {go uB ]}2k+4

and {ap“ KV ’;:1.

. Once the gauge fields and the fields [g A with 1 < p < k + 4 in the
case m = 0, and with 1 < p < 2k + 4 in the case m # 0, have been
determined, we construct the fields O h,w on A (r,r2) DY setting hap
according to (164) and using this to solve the transport equations of
Section 3.3-3.7:

i.

ii.

iii.

Ry for 0 < p < k: We set 05 hy,| 7 =0, which guarantees both
smoothness of Ay, and the validity of the equations, for all 7,

(177) 0 = 0L8&,| ;= —0L68",| ;= 0L6E™| .

O hya for 0 < p < k: Using the representation formulae (151),
with all h,,’s there replaced by h,,’s. This guarantees that on

N [ro,r,) We have

(178) Mobual 7, = —0L6E™ —0.

A‘j[mvrz)

It follows that

(179) oPoEA g| Koy = = g CP5&0 | 7,

[ro.r2)
The divergence identity
(180) 0 = V0,

= 1720,(r?0&7 4) + 0,0E6" 4 + Dpd&B 4

together with its u-derivatives, shows that we also have V0 < i <
k—1,

(181) (r—QaT(TQa;M*A)+bBagagBA)] =0,

N rg.ra)

O for 0 < p < k: We impose 8,«[%2]\le .
[p]

conditions E’?;m = X|[0g,], together with the value of

= (0 with the initial
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O hyal Ny, determined in (if) above. This ensures

1

- = 0.
u‘”[mﬁ) 2r

(182) OPSE, DAOPSE, 4| T o

Together with (178), Equation (182) ensures
(183) P&, = —oP5&™

=0.

u|j[rovr2) u|j[ro’rz)

Olhap for 1 < p < k: We use the representation formulae (150),
with all i, ’s replaced by h,,’s. This ensures that

(184) TS (685_1£AB) |</{/V[T0«T2)

The u differentiated divergence identity (123) with v = r reads
1

(185) 0=08B6&", + —0,(r?608 1 &7)
T

1
+ ———0a(\/[det 35051 64,)
VdetA]

1
— g0 Eup,
r
so that, in view of (178) and (183), we have now
: L aAB 4
(186) Vo<i<k 0=-g auaéaAB\sz) :
Together with (184), it follows that
(187) VO<i<k-—1 a;wAByj[ =0.

o)

Equation (181) then gives, V 0 <i <k — 1,

(188) 0=7r"20,(r"9,06" a)l 7,
T0,T2
_ _rfzar(ﬁai&éauA)|j[r01r2) )
where we have used
08" Al 71,y = ~90005al 7, — OG0l

_ % _ .
= _8U5£“A’JV[TO,T2) ;
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note that the last equality is justified by (178). Continuity at 7,
where all the fields 83@“’“”, 1 € N, vanish when the data there arise
from a smooth solution of linearised Einstein equations, together
with (188) implies that
(189) \V/ 0 § Z S kf - ]. 8&566TA|J7[T0 ra) = 0 = a;(;(gouA|j[rom2) .
Meanwhile, the divergence identity for the Einstein tensor with a
free lower index u now reduces to V0 <i <k —1,

— Ai -2 2 90
(190)  0=0,V,06"| 7 =r720,(70,66".)|

ro.ra)
Continuity and vanishing at r; together with (177) and (183)
implies that V0O <i <k —1

(191) 0=0,06u| 7 =-0,06"

= 0,06 |

Nirg.ra)

N rgira)

3. The construction above guarantees the continuity of iNzuu, 8ui~1 AB, &Zjﬁu A
with 0 < p < k, and 8zh[TT] with 2 < ¢ < k at ro. Continuity of the

fields 8,05 hy4 and O8hy, for 1 < p < k and @iﬁfgﬂ for 2 < i<k at
ro follows now by induction: The explicit form £129) of the equation
08,4 = 0 together with the continuity of hyy, hya and Oyhap at 1o

ensures the continuity of 8 Ouhua at ro. This guarantees continuity of
[1,1] [4,1]
@ and Q@ , hence of Q [CKV in view of (116), namely

(34 SLk=1] k=1
(192 [71Qadus=0? Q@ (xY)+2m Q ().

3,2]
with k = 2. This, together with point 1.iv ensures continuity of Q 4

at r9, which in turn renders 82iLEE B continuous there.
Meanwhile the explicit form (135) of §&,, = 0 together with smooth-
ness at ro of huu, hya and O whap, leads to continuity of O, o at
T9.

Now, suppose that the continuity of the fields Ohhyy, 0,0hh,a and
on hE4T ) has been achieved up to p = k — 1. It follows that we have

(1,k—1] (4,k—1]
O 26&ua] 7 = 0 and thus 8, Q ()| > =0 =0, Q (=)
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(3,K]
(compare (133)). Further, (192) implies that the ( Q )[CXV+HlLpart of
the radial charges on S? and T? are continuous. Meanwhile, recall that

[3,k] N
continuity of the radial charge ( Q ){(CKV+HI] was ensured using the

2
gauge field (95_1 & 4, while on higher-genus sections continuity of the
(3,K] (3,K] (2
charge ( Q )ICKVHH — (@) is achieved by dF ¢ gﬂ when m # 0 and

is an obstruction whose continuity has to be assumed when m = 0. We
[3,4] 3,%] 3,k]

have now the continuity of (Q ) = ( @Q )(CKVFI)' 1 ("¢ )[(CKV+H)]

which ensures the continuity of &Ijﬁgg Vat ry.

Next, by differentiation of (129) we obtain the explicit form of (189)

withi =k —1

oFh 1lene C
20, ( “r;““> =-> [DBDAa{j—lhuB — DBDRd* thya

+ 8ul5361’j*1h,43}
2
+ (5 — 12 — —m> 820y a
T
4 o
+ (202 + T—?)aﬁ‘lhm + 0D 40 h,,, .

This equation, together with the continuity of 85_1?1%, 85‘1l~1u 4 and
qujh AB, ensures the continuity of 8T85hu A at 7ro.
Finally, the explicit form of (191) with i = k — 1, i.e.

k—1
0=20y 6éauu|</‘/[rl,r2)
1 2m dm €1 =g
= r_2{2|:85+ (0427'2 — €+ T)&%— 7“_2 — ;i|D huA
o 4 o2m. ,DADBok-1p,
— DAD AN By — (0% — e+ 2 ( u AP
r r

)

2
— 2r81’fhuu — 2(0421"2 —e+ Tm)&,_(ras_lhuu)} ,

together with smoothness at ro of 85*%““, 85*1%,4 and 85*%,43,

ensures the continuity of 6ffiluu at ro.

We now pass to a more detailed presentation of some of the arguments

above.



Characteristic gluing with A: 1. Linearised EE on 4D spacetimes 739

4.2. Continuity at ro

4.2.1. Gluing of §3. The sets of gauge functions 873%)“@1 and 83(?“@2
with ¢ < k + 1 allow us to transform 8&(53 for j < k to zero on Sl and Sg,
and hence, by invoking the ur-component of the linearised Einstein equa-
tion (50), on the whole A", ,,;. In what follows, we assume that this gauge
choice has been made, and set 8,03 = 0 for j < k everywhere.

Furthermore, to simplify notation we omit the “|g ” on all gauge fields,
(1)
with the understanding that all £ fields, and their u-derivatives, are evalu-
- (2 -
ated on Si, while all £ fields, and their u-derivatives, are evaluated on So,

unless indicated otherwise.

4.2.2. Freezing part of the gauge. First, recall that the radial charge

(1]

@ is gauge invariant except in the case m # 0 on S2. In this case, we can
2) (1]

use the gauge field ( & *)!= for the matching of Q(74) when the conformal

Killing field 7 4 is such that DAr A # 0, i.e. a proper conformal Killing vector
2)
field. According to (63), this is achieved by choosing ( ¢ *)=1 so that

y . (2 y
(193) / WA(TgarhuA‘m —6mDy & ")dps = / T (i 0P alr )dps .
However, for Killing vector fields the terms explicitly involving m integrate-
out to zero, and we obtain an obstruction to gluing.

Next, we determine the gauge fields needed to ensure continuity of x.
For this, we evaluate the function x of (80) at S;:

(194) x[0s,] = (— oV + gﬁr (7“210)‘45UA) + %rlo?Alo)BiLAB)

9
1

and use the transformation law (82), i.e.
1 o
(195) X x = 5By + 26)As&" 4+ 3mDB¢p

to do the gluing. As already pointed out, and clearly seen from this equation,

2]
the integral average of y over S, i.e. Q(A = 1), is gauge-invariant regardless
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of topology or of the value m. Now, when m = 0, we can find a function
2) .
(& wlkerL)*] 5o that

L. (2)u [(ker L)*] 1 (2)u [(ker L)*]
(196)  —b(Enieri = _Lia s a0as (€

= y[er DT pg 1 — y[ter D) * g 1

2) .
The smooth fields ( € “)kr L] are left arbitrary at this stage.

(2) -
When m # 0, to ensure the desired gluing we use the field ( & )l(ker£)*]
determined in (196) together with the equation

L@, a :
(197) (3mDA € A)[kerL] — X[kerL} [Dsl] - X[kerL] [052] )

2
2 1 . - [CKV]
On S< this determines the proper-conformal-Killing-vectors part of £ ;= ",

but does not provide a useful equation for the remaining topologies as there
are no proper conformal Killing vectors there.
(2)
Next, we determine the gauge fields 0}, £ 4 for 0 < i < k as follows: We
13,i+1]
evaluate the radially-constant covector field @ 4 of (115) at Sy:

[3,i1] 0 o .
(198)  Q 4vs.] :DB<2ra;+1hAB—var(a;hAB)

1 o . .
— —50n(r TS[D AL hup)) + (P = )i AB) .

1

+ (a2r46raiﬁu,4 +2m(30, hua + r@r(?;ﬁuA)) ‘Sl :

The idea now is to use the transformation law (117) to find gauge-vector
fields such that

(2) CKV4+H)- . 1(2)
g[( +)])A+6maz+ €4

(3,i+1] [3,i+1]

=( Q@ s |- Q 4)s,]-

::AQA

(199) 2(Lo,

We start by noting that the image of L is orthogonal to CKV + H;
(cf. Proposition C.6, p. 782). (The spaces H and CKV can be viewed as
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being orthogonal to each other, in that H a) is trivial on S?; b) can be
ignored on T? being a subset of CKV; c) is non-trivial on the remaining
topologies but CKV is trivial there.)

Note next that for 74 € CKV we have

3 (3,7]
(200) " AQ adus
= / (110,05 Y hya + 2m (305 hya + 170,0L  hya)) dpy
S

[1,i—1] [4,i—1]

=a® Q (M) +2m Q (=?).

[1,i—1]
Thus the continuity of Q [CK ] will be guaranteed by the continuity of @
[4,i—1]
and () , with the latter two being addressed in point 3, p. 737. Hence we

3,3
ignore for the moment the condition A ) [ACKV]

of equations

= 0 and consider the system

~(2) N 3,1] )
(201)  2(L ¢ [(CKVHITT) +6m@£ (OKVHIS] _ (A )[RV T
(2) 3,1]

(202) 6ma, &M = (A )M,
(203)

2(i8k—2(2)[(CKV+H)L])A + Gmak—l(z)[(CKV—i—H)L] _ (AB’EI]A) [(CKV+H)L} ’

3,k—1]

(204) emai 1M _ (270" ym,

(205)
= k1 Ppervim s Oervemt] A BH L okvim
2(Lo, ¢ )a + 6mo,; f (A Q A)

(206) 6mot €1 — (A ).
In the case m # 0 we sef, c.g.,
(207) o LKV _ g

BM gy

and we can solve (205)-(206) to guarantee continuity of @ on T? and
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[3.K] iy
52, and Q M) 51 other topologies. The solution of (205) can then be inserted

into (203) to obtain a solution of (203)-(204). Continuing in this way, after
a finite number of steps we obtain a solution of the system (201)-(206).
Clearly the argument breaks down when m = 0, in which case we can

still solve (199) for 9%, E ACKV+H) J but the equations

3.
AQ )M =0, i=0,.. .k,

provide obstructions to gluing.

4.2.3. Continuity of huu. It follows from the pointwise radial conserva-
tion of the function x defined in (80) that the gluing of h,,, requires

(208) x[og,] = x[og,]-

2] (2]
This is achieved by the condition Q[0s,] = Q[0s,] together with formu-

@) ker Bl (2)[CKV]
lae (196)-(197) for the projected gauge fields (& “)[kerL)"] and ¢ ;™Y
4.2.4. Continuity of 9, houa. Taking into account the allowed gauge per-

turbations to Bondi data, the gluing of 0, hua requires hap to satisfy on
‘/V(Tl 7"2)

§ (2) (2) . (2
(209)  50rhualg, = 2raL1(€")a +2r3DPC( ) ap—6mDa £ ™

T2 o ~
+ @4(2%) + DPhaglg, —2/ f1(s)DPhap ds.
T

‘We have

G [1] @, [ker L] (2)[CKV]
Da(€")H =0, Li((€") ) =0, C(¢ )ap =0,

2)
so that the gauge-part of the right-hand side of (209) involving &, except
2) .
for the term explicitly involving m, depends only on (& *)[(ker L)' and has
already been determined in terms of the given data by (196). When m # 0

. (2 (2)
and S ~ 52 the term —6mD 4 £ * depends only on (€ *)[=!, which is already
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known from (193). When m # 0 and S ~ S? the remaining part, which
., 2]

contributes to —6mD4 {", is already known from (193). For the remaining

topologies the kernel of L consists of constants, which do not contribute to

(
the right-hand side. Thus in all cases, the terms in (209) involving & * are

either vanishing or already determined.
(1]
To clarify the freedom left, let us rewrite (209) as an equation for ¢ 4p =

(k1,waRB), where wyp is as in (164):
- pll ][TTJ'] oy o iB[eqe Dok
(210) D = B4(a%) + DP 30 (€ V) p

2/m%@x1@¥cﬁmmwwwm3%,

. (2) .

where the already known fields such as h,, A|g2, vap and (f“)[(ker L)' as
(1) ~

well as the gauge fields £ 4 and & * have been collected into the term @ 4.

Now, the divergence operator on traceless symmetric two-tensors in two

dimensions is elliptic; it has a cokernel spanned on conformal Killing vectors;

on S? it has no kernel (see Appendix C.3). It follows that (210) determines
(1]
[TT]

a unique tensor field @'y, * on 52 provided that the source term ® is L2-

orthogonal to the cokernel. This orthogonality is guaranteed by the condition
(1] (1] (1]
Q[0s,] = Q[0s,] and either the gauge invariance of ) in the case m = 0, or

2)
by a suitable choice of the gauge field ( & *)!=1 if m # 0. In other words, if

(1]
the radial charge @ of the linearised field on 47|, ) coincides with that

(e

of the linearised field on A7, .., the field 95E43 ] satisfying (210) exists,
and is uniquely determined in terms of the given data and the gauge field
Ea

By a similar analysis for the remaining topologies, (210) determines
(LY (2) L
géE;FBT } uniquely in terms of the given data and the gauge field £y [CKV=]

(1]

provided that the radial charges Q) at r = r; and 7 = ro coincide.

4.2.5. Continuity of hua. Taking into account the allowed gauge per-
turbations of Bondi data, it follows from (34) and (67) that the continuity
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- LA p—
of hya at ro can be achieved by choosing @[ATE I'so that

2)
(211) hualg, + L1(£")a + 15[0u 5A+(04 +2 )DA€ “]
2

Lo T2 9
= Xa(z%) + gDB/ hap ( Fa(s) + /%4(5)7%) ds,

T2

where X 4 depends only on data at r1. More explicitly:

22 Wiy g2
(212) fD%EE] 32DB</@4,wAB>

(2) - 2 . Ll 2m . (2
= r%@u 5 A~ XA(fEC) - _DB<PAB + (062 + TT)T%DA £

37‘2
T2 - o (2) 1
_ g/ (2&;(3) + I%4(8)7"%> (1 _ ¢)82DBC( 5 [CKV ])AB ds
T1 2
27“2

2) ~ n
=r§ausA—XA<x )= 22 pag( €109V

2m (2) ,
e < [ker L]
37’2 <DA + (a + ’]“ )TQD ( 5 )

T2
_

L@
5 fa(s)(1 — ¢)s2DBC (€ OV ip ds,

T1

where once again the already known fields such as

(2) -
huA\SQ, vap and (5U)[(kerL) ]

1) 1
as well as the gauge ﬁeldso €4 and € have been collected into the term
X 4. Since ker(C)) = im(div(y))*, we can use the freedom in choosing the
smooth fields

©) om . @
(213) (0w & a+ (o + T_g)DA ¢ v)IeKvl

to arrange that the right-hand side of (212) lies in the image of div<2).
(Note that the first term in (213) has not been determined so far, while the
remaining ones have only been determined if m # 0.) It follows that (212)

4 ppag )ICK V]

J[CKV-]
can be solved uniquely for both ¢’ 5 * and 9, 5 s

2
in terms of 0, & E4
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and when o = 0 = m. For o, m # 0 there remains some freedom

(2) .
in the gauge field (& *)r 1 made clear by (213). On sections with higher
genus, it follows from the surjectivity of div(y) (Lemma C.4, Appendix C.3)
[4] e )
that (212) determines @E}g ] uniquely in terms of 9, £ A.
A conserved, gauge dependent, radial charge involving h, 4 and 0,h4 is
derived in Appendix E.1.

4.2.6. Continuity of OuhaB.
4.2.6.1. The case m = 0. It follows from the pointwise radial conservation

3.1]
of @ 4 that the gluing of 0, h[ a requires

[3,1] (3,1]
(214) Q alog,] = Q alog,].
(1] (1]
This is achieved on S? by the condition Q[0g, ] Q[Dsz] together with the

expressions (199) with ¢ = 0 for the gauge field f ek I

For the remaining topologies we use (100) to obtaln an equation for
[TT],
9aB '

TT s 1 S [TT 1 _ T a? o
(215) Oy = o rouliy! - SVoRLE - ng[AB]] = nlly

Integrating, we obtain
T2
TT TT] . =TT
Q,[43]|52 - q[AB |s1 = 0‘2/ “l(s)h[AB]ds
T1
ey T
‘PAB + a? Ri(s)vyg ds.
T1

(1]
This provides an equation for g0E4 B] when «a # 0:

(1] T2
(216) a2¢fg] = qLB]]SQ [TT]\SI — a2/ /%1(3)1)1[4TBT] ds .

When a = 0, 8uhfg] is part of the radially conserved charge qu }

of (100). In this case, the continuity of 9, Bl B] at o imposes the radial
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conservation law
TT TT
(217) a5 'os,) = gty s,

4.2.6.2. The case m # 0. Taking into account the allowed gauge perturba-
tions of Bondi data, it follows from (94) that we need to satisfy the equation

1) (2)
Ouhaplg, = ¥ ap(ra, ) —2r5C(0u ¢ ) aB

9 (2)
+ 79 <5—a2r§ — _m) C(€&)an

T2
1 2 (4 }
+ (a’ro+ —P)pap — (m7‘2—LP)
3ra 3
2 1 )
b2 [ (@t g P 0650 as

T2 2 2 (2)
_ 2/ (mrs 20 P)ra()5%C( € ) a5

Since C(€)ITT) = 0 for any vector field ¢, and similarly the image of P is

- - (1] [4]
orthogonal to T'T, continuity of 8uh[}g I at So requires goLl B} and gpfg] to
satisfy

(1) (1] (4]
(218) duhlag s, = U ap(ra,a) + a?ra @iy — mra gl

(1]
which can be achieved by setting, for example, 90E4 B] = 0 and solving (218)

for P:o}[TT] .

4.3. Higher derivatives

Recall from Section 3.7 that the terms (Z)’g)(s,r) are linear combinations of
Rj(s)'s with 1 < j < i, § # 2,3, with i, = i+ 4 when m = 0 and
ifm) = 21 +4 when m # 0, where i, is not necessarily optimal unless i = 0;
see Appendix B. We shall henceforth write them as

@9 W)=
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Similarly we write, for ¢ > 1,

(i-9) g i-7) (i-9)
(220) b (s,r) =D b g(r)Res), with ¢2—0— by,

(=1

where again the upper bound i, —1 is not necessarily optimal unless i = 1.

4.3.1. Continuity of ijzu A- While this is not needed for the current ar-
gument, we note that a conserved, gauge dependent, radial charge involving
Ouhya is derived in Appendix E.2.

To continue, let k£ be the order at which we want to perform the gluing,
i.e. the number of u-derivatives of h,, which we want to be continuous, and
let 1 < p<k.

4.8.1.1. The case m = 0. After performing a gauge transformation, Equa-
tion (151) at order ¢ = p together with (41) provides a gluing equation of
the form,

. 1 . (2) (2) 2, (2)
Mhualg, = —=—Li(DCO0 € o) — (0 € 4+ S DaD R ¢ ¢
2 2r; 2

(»)
+Xa+ > # )( )OI DB P hap
0<j+£<p,l#£p

Y )aJDBPf<2r2C((§)) 5)

0<j+0<p,l+£p

+ZDB/ BI\(s,r2) Pilap(s) ds,

which equals

(p) p pt4 ro . '
I S ol Pt / B9 (ro)ito(s) PIwap(s) ds:
j=0 ¢=1 1

@ @ PR (p.4) j
8p+1§A+XA+ZZDB/ X ¢(r2)ke(s) P wap(s)ds,
j=0 ¢=1 m
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with the first case arising when p < k — 2 and the second for p € {k —1,k},
and which we rewrite as

@reky ®) L (p.9) o pps
—or e TV L X SO W) DRI p <k -2
j=0 ¢=1
2 ®) PR (p.3) 4 ppe
— e+ Xa+ Y S  W i) DPPIGL p=k—1k
7=0¢=1

Here we used the fact that P|pr = 0, that the fields 85 f CKV ] with

¢ < k — 1 are already known from Section 4.2.2, and we 1ncluded them,
() (p)

together with all other already known fields, in X 4 = X 4(r, ). Recall that

(1] (4]

© Ap has been determined in Section 4.2.4, ¢ op in (212), and we further

set

€]
For the sake of induction, suppose that the fields ¢ 4p with 4 < ¢ < p+ 3
(p)
are known. Together with X 4 and &Iﬁzu A]52 we collect them into a term

(p)
X 4, so that the requirement that OFhua be continuous at ro results in an
equation of the form

(221)

P 1 [ +4] L
<Z X ptal(r2)P p‘P [TBT ])

Jj=0

o) ®
e VI X p<k-2
) (p)

85+1£A7XA5 p:kilak
Now, the operator at the left-hand side of this equation, namely

P
@ _ (n.9) Pt Alprs
(222) X = div(y) o E X pa(r2) P’ ¢ EE ]’
J=0

is elliptic, of order 2p + 1, and has a non-trivial cokernel on S? and T?2. (For
example, the cokernel on S? is the space of spherical harmonic vectors with
index 1 < /¢ < p+ 1, see Appendix C.5.2; it is 30-dimensional when p = 2
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©)
and 48-dimensional when p = 3.) Recall that the fields ortt & fKV], 1> 2,

have not been determined so far. We can use this freedom to arrange that

(»)

+1(2)[CKV] S . °
o ey — X 4 is in the image of div(y). For all p < k we can therefore
[p+4] ®y1 (2)
find a unique ¢ Eglgr and OBt ¢ [ACKV] satisfying
(p)
4 p 2 2 (P
223) Q3 oar 1) 2 g o _ g

(p)
For p < k—1 the (im()pg)L—part of X 4 constitutes thus a further obstruction
to the solvability of (221), as it is not clear whether or not the right-hand
side is orthogonal to the cokernel.

2 2)
However, if p = k or k + 1, since the fields 0% ¢ 4, and 9F*1 ¢ , are un-
constrained so far, we can use (221) to choose these fields so that continuity
of 85_1hu,4 and 8Iqjhu,4 at ro holds:

(p)
() @ ¥
(224) (my)* 3 aptte 4 = x (MmO

4.8.1.2. The case m # 0. After performing a gauge transformation, Equa-
tion (151) at order i = p together with (41) provides a gluing equation of
the form,

1 . (2) (2)

(225) Bhualg, = —=5L1(DO " Ec)a— 0T €4

27’%
2 (p)
_(% )D Dcaplfc—i-XA

7"2
+ 0y ®L0 (10) 0 DB P hag

0<j+{<p,l#p

LY W (o)

0<j+0<p,bp
—l—ZDB/ pr (s TQ)PjiLAB(8>dS

(2) (p)
—OFT e 4+ X a
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(2)
where we have collected the fields &}, £ 4 for j < p, together with all other
(p)
already known fields, into X 4.

For &k > 1 we let

8 (544
¥ 2
Dy, = : ) Uy = : )
[4—1:1@] [4+A2k]
¥ 2

and
s @ O
Ouhualg, + 05 € a— Xa
Xy = .
§ 2
85hu,4’g2 + oM e — X a

The system of equations (225) with 1 < p < k takes the form

(226) diV(g) o Lp® + diV(Q) o MV = X,
where
Lis ... Lijta Lijys oo Liokya
(227) Ly = o : , My = : - :
Lps ... Lppgya Ligkss .. Liokta

(2)
Recall that the fields 0;, £ fKV], 1 > 2, have not been determined so far. We

3 2 O
can use this freedom to arrange that 9, h,, A‘Sz +02 ¢ 4— X 4 is in the image
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2)
of div(y). Inserting the result into X 4 we can arrange that

; 2 @
Dahualg, + 05 €4 — Xa

also lies in the image of dive). Continuing in this way we obtain that all the
entries in Xy, are in the image of diV(Q).

We continue by noting that the operator Lj is elliptic in the sense of
Agmon, Douglis and Nirenberg (cf., e.g., [18], in particular see the estimates
of Theorem C there). Indeed, in each row of L, the operators L;; are of
order less than 27, except for the operator L;; lying on the diagonal, which
is elliptic and precisely of order 2i. This shows that the Agmon-Douglis-
Nirenberg condition on the orders s; +t; of L; ; holds by setting s; = 2¢ and
t; = 05 ellipticity readily follows.

It is instructive to consider explicitly the case k = 2:

L(P +2) — 3
22 Ly = i : :
(228) 2 ( g — $R(P+2e) Py + (P +2e)(P+5e) |7

4r2
0 0
o= ape ez )

so that (226) can be rewritten as

(5] [7]

Lis(P)  —a @ 0 0\([ ¢

(229) <L275(P) L276(P) [(i] T LQJ(P) C [8j
¥ ¥

K _ T
= (div(y) " ( v ) :

with ac # 0, where the L; j(P)’s are polynomials in P, and where ((ﬁV(Q))_l
is the inverse of diV(Q) viewed as a map from (ker diV(Q))J_ to im diV(Q) =
(ker C)*. Tt should be clear from this equation that for generic m the oper-
ator Lo is invertible from (ker diV(Q))l to (ker C)*, so that for such m’s we
(7 [ 5]

can solve the problem by setting ¢ = ¢ = 0 and solving (229) for ¢ and
(6]

. However, this genericity condition is not needed; indeed, for any m # 0
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we can proceed as follows: From the first equation of (229) we find

G 5 )
(230) @Y =a (L175( ) (le( )) 1'1).

Inserting into the second equation we obtain

(5] [5

78

(231) Log(P)L15(P) ¢ +aLy2(P)p = a((diV(g))_lajg — Lo7(P)¢p —cp) .
——
:522
[7] (8]

We can choose smooth fields ¢ and ¢ so that

Loo(P [Z] [8j N ? —1 [im(£2)*] . 1
27(P)¢ + c@ = ((div(g)) " z2) € (imLy)

7]
(e.g., by setting ¢ = 0, but other choices might be more convenient); note
that (im£s)* is finite dimensional and is spanned by smooth functions by

ellipticity of ,S;. We then solve the elliptic equation

[5) 5 . L\ [ime]
(232) Lo + aLLQ(P)QO = a((dIV(g))_ $2) ,

[5]

with a unique ¢ € (ker £2)*. Inserting into (230) we have thus obtained a
desired solution of

(233) L@y + MV, = (diV(2))_1Xk )

with £ = 2.

Let us pass now to general k’s. We note first that ellipticity and self-
adjointness of P implies existence of a complete set of smooth, pairwise L?-
orthogonal, eigenfunctions ¢y with a corresponding discrete set of eigenvalues
A — 000 0. We can therefore write

(234) Zcbkm, U= Wredyp, (diviy) ' Xy = Zka
4

Equation (233) can be solved mode-by-mode:
(235) L@+ MV =Xpo <= Lg|lpor,PretMilposn,Vie = Xiy s

where P — Ay means that every occurrence of P should be replaced by A;.
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Now, det Lg|pi», is @ polynomial in Ay. Keeping in mind that in each
line of the matrix L; the highest power of P is on the diagonal, we see
that det Lg|p», is non-zero for ¢ large enough, and therefore there exists
N (k) such that we can find a unique solution of (235) with ¥;, = 0 for
all £ > N(k). It remains to show that (235) can be solved in the finite
dimensional space of ®;’s and ¥;’s of the form
(236)

Dp= > Bpede, Vp= > Wppgp, (dive) 'Xp= Y  Xpedr.

(<N(k) (<N(k) (<N(k)

This is equivalent to the requirement that all the linear maps obtained by
juxtaposing Li|p—y, and M|py, with £ < N(k) are surjective. (Note, by
the way, that we have already established surjectivity for £ > N(k).) This,
in turn, is equivalent to the fact that the adjoints of these linear maps have
no kernel.

Let us denote by (Ly M},) the relevant matrices. For simplicity write L; ;
for L; j(P)|p,- It follows from Appendix B.2 that (Lj M) is of the form

Liayr Liago 0 0 0 0
Loav1  L2ate
0 0
Li—jsra—5) Lr—jara—y) : : ’
: : : : 0 0
Liat1 Leaso Ly 510(k—5) Ly atot—j) Ligsyor  Ligayor

where the (4, j)-th entry is L; 44;. Note that each of the two-columns pairs,
as grouped above, has a specific vanishing-block structure. This gives the
following adjoint matrix:

(237)

L1,4+1 L2,4+1 Lk74+1

L1’4+2 L2’4+2 Lk,4+2
0 0... 0 Lk—j,4+2(k—j)—l Lk,4+2(k—j)—l
0 0... 0 [Lijaratesy] -+ oo oo Liasagey
0 0 0 Lk-1,4426—3 Lk atok—3
0 0 0 Ly 1,440k Ly ator—2
0 0 0 0 Ly at2k-1
0 0 0 0 Ly atok
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Equation (300) shows that the entries (boxed in the above) L; 442; are non-
zero when m # 0. This easily implies that that the matrix (237) has maximal
rank, and thus has trivial kernel.

We have therefore proved:

THEOREM 4.3. The system (225) with p € {1,...,k} can be solved by a
choice of gluing fields and gauge fields for any finite k. Its solutions are
determined by an elliptic system, uniquely up to a finite number of eigen-
functions of P.

4.3.2. Continuity of dPhap, p > 2.

4.8.2.1. The case m = 0. It follows from the pointwise radial conservation

3.p] - 7 [TTH] .
law of @ (cf. (115)) that the continuity of dihY 5 ' at 7o requires

3,p] 3,p]

(238) Q [og]= @ og,].

2 n
The gauge field ot [4(1CKV+H) J'is used to achieve the matching of

[3,p] n
( Q)H(CKV+I jecording to (199).

On S2, this ensures the continuity of 82h 4 at 7 since then OF h[TT -
O hap.
For the remaining topologies we return to (162). Taking into account the

TT]

gauge invariance of hg 5 » Equation (162) provides a necessary and sufficient

condition for the continuity of %BEBT Vat ro according to:
(239) a”qEEHSQ ~obals Is,

-1
— zar k[ P k][}g] + 1(6—&8 or— 1= kh[TT]w
k=

L 28

(1] T2
+ a2(p+1)r’5 [ g&fg] +/ /%1(3)2)1[3;] ds]

1 "2
o T E(s - a232)85_1_kh[}BT]}8}

p—1
2 [p— k‘][TT]
=« (®r9)* |s AB
k=0

+ (@ra) (a5 ls, — a

T1
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(1]
where we used the formula (216) for gﬁ[ATg V'in the last step. Equation (239)
provides a further obstruction to be satisfied by the data. When « = 0, the
condition reduces to

[p+1] [p+1]
(240) VO<p<h-1 g 50s]="q s Ds.).

4.3.2.2. The case m # 0. The continuity at 75 of the TT*-part of 0hhp
has already been addressed in Section 4.2.2. Taking into account the allowed
gauge perturbations of the linearised gravitational field, it follows from (150)
that it remains to satisfy the equation

(p) s (2) \[TT]
41) WS, = (Wan(raa?) ~ 23 TS[DAL E )
2 W2 pJ) 14 [TT]
( Z Z NG ‘PAB) .
=0 ¢=2p+1

(2)
Here, for the sake of induction, we treated the fields &, & 4 for 0 < j <p—1
(4
and ¢ 4p for 1 < £ < 2p as known, and collected them together with the
(p)
remaining known fields into the term U 4p(ry,24). This equation is non-

trivial only for T? and for cross-sections S of higher genus, can be solved

[2p+2] [2p+1]
using a linear combination of ¢ [ATE } and ©® [}BT ),

(242)
( ) (p,0) [2p+2] (»,0) [2p-+1]
ol s, = WIS o, e 4 0 5pn(r2) @ Up W apir(r2) @ g

5. An isomorphism theorem

In Section 3.6 we have verified that a consistent scheme for the linearised
equations is obtained

if we assume that hag(r,-) € H, (S), for all v € [ry,ro], with k, > 4

and

(243) kg ="ky, ku=ky—=1, ky=ky—2, kpu="Fky—3,
ko,v =ky—4, ky~=ky—2.
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as well as
(244) kgu =ky+2, kaugu =k, kﬁA =ky+1, k@ugfx =k, —1.

We wish to check that this is consistent with the equations satisfied by
the gluing functions, and that the gluing equations provide surjections in the
relevant spaces, with splitting kernels, so that the implicit function theorem
can be applied to the full nonlinear problem.

More precisely, we assume that the gluing fields take the form as in (164)
and (167). Assuming that the fields at r; and ry satisfy (243), and that all
r-derivatives of the interpolating field vap are in Hy = Hj, (S), we want to

7
show that the gluing fields E[J] Ag will be in Hj,_, and that the gauge functions
will satisfy (244).

Note that within the scheme presented above, the r-derivatives of all
fields preserve their Sobolev class.

Whether for the sake of induction when m = 0, or for the analysis of the
elliptic system (226) when m # 0, we assume that each u-derivative of all
fields obtained in a previous induction step has a loss of no more than two
degrees of differentiability:

(245) koiv =ky —1—=2i, kogiy =ky—2i, kgin =ky—2i,
while for the gauge fields it holds that
(246) k‘aiéu = k‘7 +2— Qi, /6'355;\ = /{7 +1—22

(2)
(we have listed the condition on 0}, £ * with ¢ > 1 for clarity of the arguments

2)

below, but in fact it follows from the one on 97 & 4 since we impose (33),
namely

. (2)
A
(247) 0. € (u,at) = Dol

We start with the S-equation, the linearised version of which, namely
(49), is clearly consistent with the above.
Next, the field x[0g,] given by (194), p. 739 is in Hy _o. When m = 0, it
2) .
follows by standard elliptic estimates that the solution (€ *)[(ker L)1 of (196)
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2) .
is in Hy_ yo. Since the field (£ wylker L] " which is left undetermined at that
stage of the argument, is smooth, we conclude that

)
é € Hk,y+2 )

(2) -
as desired. When m # 0, we use again the field (& %)l(kerL)"] determined
. (2
by (196) and, on S2, the field (D4 & 4)=Y, determined by (197); this is

(2)
implemented by a smooth field ¢ € CKV.
[3,i+1]
We pass now to the covector fields @ 4 of (198), which are in Hj, _o;_3.

(2) L
When m = 0 the vector fields 0}, EgCKV+H) ], 1 > 0, solve the fourth-order

elliptic equation (199) (cf. Proposition C.6, p. 782), hence we have

(2)
0, & A€ Hg 2141, 120,

as desired. When m # 0, the solution of the set of equations (201)-(206), as
obtained in Section 4.2.2, is again of the desired differentiability class when
the condition (207) is imposed.

1

As the next step, consider the field [gb}AB = (k1,wap) solving (210),
cf. also (209). Here a note on the differentiability class of the boundary
term appearing in (210), or in the equations that will be referred to in what
follows, is in order. We have already checked that the differentiability classes
in (245)-(246) are consistent with all the equations. The boundary terms
in all integrated equations are obtained by integration by parts in the r-
variable, which does not change the differentiability in the S-directions. The
boundary terms for the gauge equations only involve the known boundary
data, which have the needed regularity by hypothesis. The boundary terms
for the gluing fields are either determined by the known boundary data, or
from the gauge fields. When m = 0, the hierarchical structure of our proof
implies that the boundary terms arising at each further step of our analysis
will have the right differentiability properties for the induction argument.
When m # 0 the solutions are obtained by a global system of equations,
with boundary terms determined by the known boundary data.

In any case, one can directly chase through the derivatives of the already
known fields which appear in (209)-(210), and use that on two-dimensional
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. (1]
manifolds the operator div y) is elliptic, and that the field @fg ] solving (216)

is smooth, to obtain that

(1]

$aB € Hy .
as needed.

When m = 0, we continue with (221), where p is an induction parameter.
The operator appearing at the left-hand side is elliptic, of order 2p + 1. By
the arguments just given, or by a direct inductive calculation, the boundary

(p)
terms X 4 are in H, k., —2p—3- For p < k—2, where k is the number of derivatives
that we wish to glue, the operator recovers the number of derivatives lost
by the right-hand side, which results in a field

[p+4] s
(248) 2 Up e Hy .

The case m # 0 is taken care of by Theorem 4.3.
Keeping in mind that all the operators considered in the analysis of the
linearised equations have splitting kernels, we have proved:

THEOREM 5.1. The linearised gluing map, assigning to the collection
{data at r1, the gluing fields, and the gauge fields}

the data at o, as described above, is continuous and surjective in the Sobolev
spaces defined in (245)-(246), with splitting kernel, modulo the obstructions
listed in Tables 4.1, p. 732 and 4.2, p. 733.

6. Unobstructed gluing to perturbed data

Given that there exist obstructions to glue two arbitrary characteristic data
sets of order k, the question arises whether something can be done about
that. Since we are dealing with linear equations, the simplest solution is to
add to the data another data set with charges chosen to compensate for the
obstructions. This requires families of data sets with a sufficient number of
radial charges to cover all obstructions.

Now, a static family of such data sets can be obtained by differentiating
the Birmingham-Kottler metrics with respect to mass:
2m)

(249) @ [(5 —a?r?—

2
du? — 2du dr + r%AdeAde} — _Zau?.
dm

r r
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These metric perturbations can be used to compensate for the missing charge
2]
Q(A) with A = 1.

Another such family is obtained by differentiating (1) with respect to
a parameter along a curve of metrics A — Y45(\) with constant scalar

curvature:

2 dA
——m)du2—2du dr+r2’°yABdacAd:UB = r2ﬂdxAde.

d 2.2
(250) —{(5—04 (- N

dA
By [19, Theorem 8.15] every T'T-tensor, say m g, is tangent to such a curve,
and thus metric perturbations of the form
(251) r*iapdede® | with DB =0 = 545mAP
. . . [T
provide the missing radial charges q 5 .

Yet another, time-independent, family is provided by differentiating the
Kerr-(Anti) de Sitter metrics with respect to the angular-momentum. (Since
there is no explicit formula for these metrics in Bondi coordinates, the as-
sociated linearised metrics can only be obtained by an indirect calculation.)
When calculated at the (A)dS solution (with m # 0), this leads to the met-
ric perturbation (252) below, where Moy is a u-independent Killing vector
on S2, with the remaining fields there vanishing.?

It turns out that we can obtain a family of metric perturbations com-

[e.o]

pensating for all radial charges needed for C? C(T xA)—gluing by setting

) (w20 DA oy oL
(252) h = (“(”;x ) _ ;‘ff;x )+2—rDADB§AB(u,wC))du2
A 9 1.
—1—( Alu@ )+§DB§AB(u,xC))dxAdu
.

—|—(r§AB(u,:UC) + rzmAB(u,xo))dxAde,

with symmetric ¥-traceless tensors $§4p and 1m 4 B- In addition, anticipating
the fact that DBé4p plays a role in adjusting ([E])[H], we impose

(253) DADBssp(u, ) = 0.

After using

(254) BAAM/JA = (A#‘Y + E)bAwA ,

2We are grateful to Finn Gray for checking this.
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the linearised Einstein equations will hold if and only if

DADBrap =0, o84 — Outhap =0, 3mDAA4 =0,

TS [DA/O\B] +msap =0,

255
256

2

28)0\,4 + DAZO)BS\B — lQ)Blo)A/O\B + AEY)O\A + 2mlo)B§AB =0,

(255)
(256)
o Ao o o 1 o
(257)  302DANA 4+ 20,7t =0, 39, 4 — Daji+ =(Ay —e)DBs45 =0,
(258)
(259)

o 40 1 o 40
259 sDA)\A+§A%DA>\A:0.

For completeness we listed above all conditions obtained from the linearised
Einstein equations, cf. Sections 3.3 and 3.5, but we note that (255)-(257)
suffice. Indeed, taking 2 x diV(Q) of (256) gives equation (258), while equa-
tion (259) can be obtained by taking diV(l) of (258) and by making use
of (255).

Equation (255) implies that d(iJV(l) A has to vanish when m # 0, and
Oummap has to vanish when o = 0 or when we are on S?. In addition, it
follows from (256) that A4 has to vanish when m = 0 and & = —1.

Equations (257) together with their u-differentiated versions show that

(260) 202j1 = —3aAs i,

2
° o o po 1 o
(261) D2\ 4 = —%DADB/\B — (85 = 9)DP9,8ap.
When m # 0 we can use (256) to rewrite the last equation as
93 a2 o ope 1 ° B o o
(262) Oodg = —7DAD A + G—m(A@ —e)D"8, TS [Da)p] .

So, when m # 0, Equations (260) and (262) provide evolution equations for
11 and A A, solutions of which determine the time-evolution of the remaining
fields.

To continue, we note that equation (258) can be rewritten as,

1 o 0
(263) §(A:,+€))\A+mDB§AB =0.
Next, the second equation in (257), together with (263), implies that

o o 1 o
(Ag +e)Dajt = (A4 +€)duda + 5 (Ag +€)(A5 - e)DB5 45
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= —6m(As +e)DP0,8ap + = (A +e)(Ay —e)DBs4p.

Taking div(l) of this and making use of lo)Alo)Bg‘AB =0 = aulo)Alo)Bé"AB
gives

DA(As +e)Daji = Asy(As +2¢)a = 0.

In particular, when we are not on S2, the “mass aspect function” [ must be
zA-independent, while on S? it is a linear combination of £ = 0 and ¢ = 1
spherical harmonic. It follows that

021 =

u

30?1, S =52 and { has no £ = 0 harmonics;
0, S # 5% or S = 5% and /2 has no ¢ = 1 harmonics.

Next, when m = 0 the space of \’s satisfying (256) is six-dimensional on
S? and two-dimensional on T?; for negatively curved S one finds Aa = 0.

The tensor field fOLAB carries the full set of conserved radial charges
needed for C C(r sA)” -gluing when [, 5\,4, sap and mgp run over the set
of solutions of (255)-(257):

1] . 2]
(264)  Q(w) = —3/S7rA)\A duy, QN = —/S)\[de,

V
(265)  ¢il = —Q—TmeT] +a2rslT 4 9,500
2 2y
(266) g = _O‘% STy 02,5011 | 24T
[3,1] )
267)  (Q ) = —323l1 1 : (DBmAB)[H} - g(pBgAB)[Hl

+2(DP8,s45)M

3,2] . 2ma’ o . )
268) (@)Y = 3020, + T (DPaam) M — 5 (DP0,85) "

+2(DB2545)H

where 7 and A satisfy, respectively, (57) and (73). Note that when a =
= m, we have V/r = &, in which case all expressions in (264)-(268) are
r-independent, as they should be in this case.
Keeping in mind that C? C(T 24 -gluing with m # 0 needs only the
(1] 2]
matching of ) and @), we have proved:
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THEOREM 6.1. Any C? C(ch) linearised vacuum data on N, .| can be

Cc? C(T 24 -glued to any C? C(T 24) linearised vacuum data on N, .. after
adding to one of them a suitable field of the form (252).

Proof. Indeed, when m # 0 we only need (cf. Table 1.1, p. 693)

. ; Aa(2C
(269) P ()

T r

dxAdu,

with fi being a constant and A A being a combination of £ = 1 vector harmon-
ics satisfying DAX 4 = 0 on S?; with constant /i and covariantly constant A A
on T?; with constant ji and vanishing A 4 on higher genus manifolds. In all
cases the fields are chosen so that the radial charges

(1]

o 4z Q 2] o -
@0 Q=3 [#ade, QW= [ Nidus,

compensate for the difference of radial charges calculated from the fields at
r1 and at ro.

When m = 0 we obtain the desired fields by choosing /i and A4 so that
the radial charges in (270) compensate for the difference of the respective
radial charges at 1 and ro at u = 0, and by choosing

(271) MAB,_g = 0= 848,

The remaining fields vanish on S?, in which case we are done.
Otherwise recall the obstruction (239) with p = 1:

TT] s,

TT 1 T ] |72
[SQI[LXB]‘ - +%(8—a232)h£‘3]‘5] +a 7“261[ ] .
™1 1

1
=a [sqL‘TBT]\ + 2—8(5 h[TT]} }

So at, say, r = ro we can compensate all radial charge deficits by choosing
the remaining fields as

(TT]|"
—4aB

0,

TT
8 SLB} ‘uzo =

T1
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_ L2l
9 o[TT] Tap|,,
9548 |u:0 - 2l[TT]|™2 ol [TT) 1 2 oy, [TT) "
—d 4B TIJFO‘ SQap |, + 556 —2s)hyg' | |

with the upper case being for a = 0 and the lower case for a # 0, and

- - 0, g=1,
(‘D 8U§AB) |u: - [371] T2

0 7% Q g{] , y 9 > 2)

. - ) g=1,
(DB83§AB) H ‘u: = (3,2] {17y |72

0 _% Q ELIl_I] , y 9 > 27

where [f(r)]rj = [f(s)]” f(s)‘:j := f(r2) — f(r1), and where we have

T T1

used that \ A vanishes if g > 2. O
Appendix A. Constructing the k;’s

Recall that &;(s) = s~*. We wish to construct a sequence of smooth functions
ki compactly supported in (r1,72) satisfying

(272) (kis Rj) = / ki(r)A;(r)dr =0 for j <1,

This can be done as follows: Let y be any smooth non-negative function
supported away from neighborhoods of r; and 79, with integral 1. Let

ki = cixfi,

where the f;’s are constructed by a Gram-Schmidt orthonormalisation pro-
cedure from the family of monomials in 1/7, namely {1,7=!, 772 ...}, in the
space H := L?([ry, 2], xdr), so that the scalar product is

(6, ) = / " (G dr

and the ¢;’s are constants chosen so that (273) holds; the possibility of
doing so will be justified shortly. Then, by construction, f; is a polynomial
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of order ¢ in 1/r which is H-orthogonal to any such polynomial of order
j < i; this is (272). As for (273), we note that each of the functions 7~ can
be decomposed in the basis {fj}jen as r~" = > im0 @ijfi(r), with a; # 0
since otherwise the right-hand side would be a polynomial in 1/r of order
less than or equal to ¢ — 1. This shows that

T2 ]
/ r fi(r)x(r)dr =a; #0,
™1
so that we can indeed choose ¢; = 1/a;; to fulfill (273).

Appendix B. Recursion formulae

For ease of further reference we collect here all the integral kernels appear-
ing in (150)-(151), as needed for C2 Cza)-gluing and for various induction
arguments in the rest of this Appendix:

(274) (171?170)(7“) S (5 — a2r2—2—m> ,

2r r

(1,1,0) 1 9 (1,0,1)
ers) 0 =g (-2 N o,
(276) (1@7!)0)(5,7‘) = a?riy(s)—mrig(s), (112)1)(5,7‘) = 2r224(8) ,%;(S) ,

,

(2,0) 2 29 Ar302

(277) b (5,1) = T2 o)+ AT ()
_ 8m® - 16mrda® (s) — 3mre (s)
16r T Ty ek

21) 3mr (9m —dre)ii(s)  erka(s)
2 = (r2e — 2z
(278) ¢ (s,7) = (re 1 VRs(s) + 12,3 3

— 3mr?kg(s),

(2.2) r2is(s)  Ai(s)  rha(s)
(279) 1/) (S,T‘)— 9 - 612 - 3 )

(0,0,0) (1,1,0) (1,0,1) (1,0,0) € a?
es0) =0, W =" =0, W= -2

(0,0) 1 (2R1(s .
s Vs = 3 (P2 4 i) |

(1,0) _ 3mie(s) mhka(s)  o®Ri(s) | ehRs(s)
(282) X (s,r) === 272 272 2

1,1) Rs(s)  Ri(s)

(283) (X (s,r) = —
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(284) B(s,r) = m<75—m/a8(s) T () + (502 — %)%(s))

8 12 8
2 2 3 9
a“(15m + 8re) . 15m* 4+ 8r(m + r°a)e .
_____22525_____K1(5)__ 2474 Fa(s)
9m?
4‘(:127‘F5 )Re(s),
(2,1) m . 3m Te
(285) x (s,7) = —T"W(S) - W%( s) + 1—0/%( s)
6m — 2r3a? + re . (s) 15m — 80r3a2 + 167"5% (s)
63 4 12076 1
(2,2) Ri(s)  FRa(s)  Re(s)
2 = — .
(286) X (1) =355~ %52 t g

These are all linear combinations of the &;’s with 0 <1 < 8,4 ¢ {2, 3}, with
coefficients which might depend upon r.
Next, recall (95):

5 1 "1 22
X =—|0, i P
(287)  Oyhap 2 [@ hap hAB} +/ <387’ + 341 ) hapds
a?r? 2m or mr
g o = ]+ [T hamas
+b.d.|,,

where b.d.|,, stands for terms known from data at r;.
Bl. a=m=0
When o = m = 0, inserting (287) into the u-derivative of (150) leads to
(288)
(i.4,%)

O hap= > ¥ (r)dIP*o,hap
0<j+k<i,k#i

+Z/ zp (s,7)PI0yhap ds + b.d.,,

(3,5,k)

= > v (r )8]Pk{ [3 hag — _hAB]

0<j+h<i ki
"/ 2r2

Ph d}

+/ <38T+384> AB @3
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[3 hag __hAB}

+Z/ wsr

integrate by parts

e
- \3ys 34 ABly®Y

(4.3,k)

- Y W )aﬂpk[ |0hap — —hAB}

0<j+k<i ki
122

— + =) Ph d]

—i_/r1 (357“ * 384> AB @5

ds+ b.d|,,

+ g (s,7)|,_, P’ has
j=0
T (i-4) (i.4) ,
#30 [ (=500 () = 5 () Phan s
j=0m i
i 7 (4,9) s /1 9242
+ / P (S,T)/ <—+ i > ]+1hAB|ydyd,s +b.d.|;, .
= In n \3ys 3y’

T[T 22\ ) }
-t aa Pt .
/7"1 </s <3ys * 354> ¥ (y,r)dy> haplsds

One finds that a term

(k1)
(289) aries ¢ in

with ¢ ¢ {0,3} induces terms s~!, s™ and

(k+1,3) /—1 (k+1,i+1)

—(+D) gy ¥ and aki€£(€—3) —(+D ip P

-1
(290)  agiee s

see Figure B.1, where we have anticipated the fact that the highest powers
of s7! are not affected by a.
We thus find

(k.k) 272 1

(291) V) = g s
N—

(k,k)
= 9 k+3(r)
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(4,5) =1 2 3 4 5
=1 374
3 Ty
2 s7° s7°
3 RS E
3 576 576 576
~ H v Ty ~ H
4 s77 s77 s77 s77
v i V M v i v M
5 s78 578 s78 578 s78
(4,9)

Figure B.1: Highest powers of s~'in ¢ when m = 0, a € R. The structure

of the tree for (”52) is identical after replacing (4, j) in the table by (i—1,j—1),
thus (1, 1) becomes (0,0), etc.

where ... denotes a sum of lower-order powers of s~ 1.

An identical calculation applies to the (kpg)’s, since (151) has an identical
structure as (150) from the point of view of induction. In particular the re-
currence relation (289)-(290) remains unchanged. After taking into account
the initialisation of the recurrence, which is different for the x’s and v’s, one
obtains

kk 1 1
(292) B +

Let us write

(i-9) Hen o, 6D g,
(293) X (S,T) = Z X [(’f‘) S w (S,T‘) = Z ¢ f(r) s .
=1 =1

Since (cf. (276)-(283) with m = 0, and regardless of «)

(270) (0,—1) (2’1) (170)
2 X 5(r), ¥ 5(r) =2r° X 5(r)
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it follows by induction from (290) that

(é:9) (i-1,j—1)
(294) O ins(s,r) =202 X s(sr).

Next, using

(1),(0)( r) = oﬂfﬂ(s) n eks($) 7 (lkl)(s,r) _ Rs(s)  Ri(s)

(295) 272 2

(cf. (282)-(283)) it follows by induction that

(4,9)

(296) X it3(s,7) =0.

B.2. The general case

When « # 0 and m # 0, we will have instead

811'L+1 hAB
= right-hand side of (288)

(4,5,k)

+ > ¥ (r)diP*

0<j+k<i,ksi
Ta*r mr
+/ (—— )hABdS]
S st

Ct27’2

o

2.2

r (7':] ‘s

+Z/¢sr —

+ %)[&JLABL_%}LAB’J

integrate by parts

0[25
+/ (——— hag| dy]
noyo Yy

= right-hand side of (288)

(4,3,k) _—
+ > Y (naip

0<j+k<i ki

a2,r.2

- (g P[orhan — Thas)

2

a~r mr
+/ (T hap ds]

S
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: 2,2 (i-f) .
=3 (=4 ()| Phas),

2
7=0
: " a?s2  m () s m () '
+]Z%/r1 <88[( 5TV () ¢ (3,7’)>PJhAB‘Sds

242

a?s m (.9) 3@25(i‘j)
=(5=+2)0s Y (s;r)+252 4 (s,7)

L) T als  ms.
+Z/ T,ZJ (S,T)/ (7 — F)P]hAB‘ydde

1

-~

2 G7) ,
=f7 (J7 (2 —m) 5 (y,r)dy) Pihap). ds
+b.d.|,, ,

It follows that, in addition to (290), a term

D
QS m w )

with £ > 1 and 0 < £ # 2, induces terms involving 1/s, 1/s*, and a term

_ (k+1,7)
(297) kit 2((12 _% <a2(4 —0)s L om(1 - e)s*f”) in ¢ ;

cf. Figures B.2 and B.3. This shows in particular that the recursion formu-
lae (291) and (292), established with o = 0, remain valid for a, m € R; but
e.g. (294) does not hold anymore when m # 0.

To continue, it is convenient to set

(kv_l)
(298) ¥ ,=0.

Using this notation, putting together (290) with (297) we find the recursion
formula, for k >7¢>0and k > 1,

o (oL (ktbl,i) - (ktﬁM) )
Y (s,r)= ¥ o)+ 817’ + 544r
k+3 1—¢ 0 —9 2m(1 — )\ (k9
— (krif )
L (-1 kin

W ¥ y(r)
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(2,1) 1.0 (2,2) 11
¥ or (1,0) ¥ or (X)
[l L
LT Iy
v Y v v Y
(3,1) (2,0) (3,2) (2,1) (3,3) (2,2)
$ oor x $ oor x $ oor x
1 [ [
(4,1) (3,0) (4,2) (3,1) (4,3) (3,2) (4,4) (3,3)
T T T T
) ) 11 )
GD (4,0 G2 @ 63 (42 G4 (43) G5 (4,4
or or or or or

Figure B.2: Recursion tree for the integral kernels. The dash-dotted lines de-
scribe the contributions from the mass parameter m, increasing each power
by 2. The dotted lines describe the contributions from the Gauss curvature
g, increasing each power by 1. The dashed lines arise from the cosmological
constant, and are slanted to the left to visualise the fact that they decrease
powers by 1.

e e e
=V o+ ———+—
(ki) (ki)
P3N p[EU=0 V) m 1) W i(r)
2(0—2) st-t (-2  gtt2

(=4
e (ki) 1 (k,i—1) 1
+ (5 ¥ o(r) + -3 (& e(ﬂ)sgﬁ] ;
An identical formula holds for x with k£ > ¢ > 0 after setting

(299) Y ;1 =0.

One is led to:
@) (i)
LEMMA B.1. The integral kernels 1 and x are polynomials in 1/s with
coefficients depending upon r, with no terms 1/s> and 1/s>. Moreover
‘ (1.3) o
a) Whenm = 0, the integral kernels 1 ,i > 1,1 < j <1, are polynomials

(4,0)
in 1/s of order i+ 3, with v of order 1.
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(1,7) j=1 2 3 4 5
=1 374
v
1
v u
2 876 875
[ 1
1 1
v U v u
3 878 377 876
! ! !
1 1 1
v v q v u
4 5710 879 878 877
1 1 1 . 1
1 1 .. 1 1
v 4 v Ty v v d
5 5712 8711 8710 879 878

(4.5)
Figure B.3: Highest powers of s™' in ¢ when m # 0. The dash-dotted
lines describe the contributions from the mass parameter m, corresponding

to an increase of the highest power by 2. The dotted lines describe the

contributions from (290), increasing the power by 1. The tree for (ng) is

identical after replacing (7, j) in the table by (i — 1,5 — 1).

b) When m = 0, the integral kernels (3’3), 0 < j <, are polynomials in
1/s of order i+ 4.
c¢) Whenm # 0, the integral kernels v ,i > 1,0 < j <1, are polynomials
(4,0) (4,1)
in 1/s of order not larger than 2i + 3 — j, with ¢ and 1 of order
(4,8

2i 4+ 2, and v of order i+ 3.
d) When m # 0, the integral kernels (ljé), 0 < j <, are polynomials in

'70 .
1/s of order not larger than 2i + 4 — j, with (ZX) of order 2i + 4, and
(ZXJ) of order i + 4.
Proof. We summarise the arguments so far, and add some details:

1. The functions that initialise the induction for d,h4p involve only 1/s
and 1/s* terms, and the functions that initialise the induction for
Ouhya involve only 1/s and 1/ s® terms.

2. One then applies the recursion formulae (290) and (297); cf. Fig-
ures B.1 and B.3. We note that Inr- and/or In s-terms could a priori
arise in the induction from 1/s terms in some integrals, but the multi-
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plicative coefficients (£ — 1) which appear in the second and third lines
in (290) and (297) guarantee that there will be no s~2 terms in any
of the integral kernels, which in turns guarantees that no logarithmic
terms will occur.

(4,4)

3. When m = 0, the fact that @ is of order i+3 in s~! follows from (346).

(4:9) (i—1,j—1)

4. Point a) together with the equality ¢ , 4(s,7)=2r%" X 3(s,7)

(cf. (294)) establishes b).

(4,1) ,
5. It follows from (291) that 1 is of order s~*~3 when m = 0, and

Figure B.3 makes it clear that this is not affected by the non-vanishing
of m.

6. By following the dashed-dotted arrows in Figure B.3 starting from the

(1,1) entry makes it clear that (Lwl) is of order 2i + 2 in s~! when
m # 0. The same holds for (117/?) since the recursion formulae do not
depend upon the index j of (z{;)’ and both initialising polynomials (I@Z))
and (11’;) are of order 4. In fact one checks that

2
(k,0) (—m)F ((2k + 1))
(k.0) r(=m)*  ((2K)N\?  3m®kD
(301) (0 2k+2 — 23k—1(k— 1)!< A ) = —5 (0 2k+2 >
which further implies
(k,0) 1 (k+1,0) 1 (k+1,1)
(302) X 2k+4 = 3o (RS TWES 92 Y okyd-

We finish this section with the following relations, needed for (370):

LEMMA B.2. For k > 2 we have

(k=100  (K0) (k—1,00  (K0)

(303) X okt2 ¥ ookr1 = X 2k+1 ¥ okt2s
(k—1,0) (k,1) (k—1,1) (k,0) (k—1,0) (k1)
(304) X 2kt2 ¥ ookr1= X 2k+1 ¥ okt2 T X 2k+1 ¥ ook+2s
(k=1,0)  (k2) (k-1 (B

(305) X 2%+2 ¥ ok41= X okt1 ¥ okio-
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Proof. We start by noting the following recursion formulae, which can be
read off (298)-(299), for k> 1, k> >0, and n > 5:

(ki) (k—1,0) (k—1,0) (k—1,0) (k—1,i-1)
Xn=Mn X p2ten X pno1T X pt1 Tl X pois
(kvl) (k_lvl) (kJ—l,Z) (k_lvl) (k_lvl_l)

YVy=my Y o, oten Y o, tan Yot Y g,

where m,, arises from the mass m, &, from the Gauss curvature ¢ of ¥, ay,
from the cosmological constant encoded in «, and ¢, is associated with the
term containing a shift in i:

B (n — 3)? _n _ on(n—23)
Mn = =M= —— =, En=¢cy, an= 042(”_1>,
n—2

mE (-4

By Lemma B.1, the coefficients (ng),g vanish for ¢ + 5 > 2i + 4, and the
(4,9)
coefficients v , vanish for ¢ + j > 2i 4+ 3. Thus, for k > 2 we can write

(k,0) (k—1,0) (k1) (k—1,1)
Y oopro = Magy2 Y o, Y oopro = Magy2 Y o,
(ki) (k—1,0) (k—1,0) (k—1,0)
Y oopp1 =Makt1 Y op—1 2kt Y o T okt Y gpgo
(k—1,i—1)
+lokt1 UV ok
(.2) (k—1,2) (k—1,2) (k—1,2)
Y oopy1 =M2k1 Y gp1 FE2%k+1 Y g T2t Y gkio
=0
(k—1,1)
+lokr1 U ook
(k1) (k—1,1) (k—1,1) (k—1,1)
VY ookp1 =M2k1 Y op1 FHE2%k11 Y o T Rkt Y opyo
T
(k—1,0)
+lokr1 U o,
(k,0) (k—1,0) (k—1,0)
VY ogki1 =M2k1 ¥ o1t E2mk1 Y 9
(k—1,0) (k—1,—1)

+aokt1 U opgo tlokrr U g -
=0
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Similarly for k > 3 we have

(k_lvo) (k_270)
X 2k4+2 = M2k+2 X 2k>
(kilvl) (k7271) (k7271) (k7271)
X 2kl = M2k+1 X 2k—1 T E2%k+1 X 2k T Q2k+1 X 2k42
-0
(k—2,0)
+lok+1 X 2k
(k—1,0) (k—2,0) (k—2,0)
X 2k+1 = M2k+1 X 2k—1 T E€2%k+1 X 2k
(k—2,0) (k—2,—1)
T a2k+1 X okq2 T l2k+1 X 2k -
0
We now check that (303)-(305) hold with k& = 2:
(1,0) (2,0) (1,0) (2,0
X 6 (O = X 5 (S )
— 25 by (282); =255, by (277); 5 by (282); 0mr py (277);
(1,0 1 (1,1) (2.0
X 6 (O = X 5 (2
— % by (282);r2e— 23" by (278);  § by (283); 2m2r by (277);
(1,0) 21)
+ X5 (o )
N~ ~—~—~
£ by (282); —3mr?2 by (278);
(1,0) (2.2) (1,1) @D
X 6 vs = X5 Yo

~—~ —~—
2 by (279); L by (283); —3mr2 by (278);

)

5

— 37’" by (282);

o

To continue, let k£ > 3 and assume that (303) holds with & replaced by k—1,
then:

(k=10  (&0) (k=100  (k0)
X 2k+2 (0 2k+1 — X 2k+1 (0 2k+2

(k—2,0) (k—1,0) M

= mopta X ok(Makt1 ¥ op1 +EmTT ¥ o)
(k—2,0) M (k—=1,0)

—(makt1 X op_1tE X ok)Mokt2 U o

(k—2,0) (k—1,0) (k—2,0) (k—1,0)
= moppomops1 (X ok 9%—1— X 2k-1 ¥ o

=0.
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Next, we assume that (304) holds with k replaced by k& — 1. Then

(k—1,0) (k1) (k—1,1) (k,0) (k—1,0) (k1)
X 2k+2 ¥ o2kr1— X 241 ¥ 22— X 2k+1 ¥ 242
(k—2,0) (k1) (k—1,1) (k—1,0)
=Mok+2 X ok ¥ 2kt1— X 2kt1M2k+2 Y o
(k—1,0) (k—1,1)

— X oky1Mokt2 Y ok

(k—2,0) (k=1,1) m
:m2k+2[ X 2k<m2k+1 Y op_1 T E2wT1

(=
+irt Y Qk)

(k—2,1) M (k—1,0)
—(m2k+1 X ok—1TL X 2k> (CRE T
—<m2k+1 X o2k-1TE > (4 2k]

(k—Q,O) (k—l,l) (k—2,1) (k—l,O)
:m2k+2m2k+1[ X 26 ¥ ok—1— X o-1 ¥ o

X ok-1 ¥ 24
=0.
Finally, suppose that (305) holds with & replaced by k£ — 1. Then

(k—1,0) (k,2) (k—1,1) (k,1)
X 2k+2 (0 2k+1 — X 2k+1 (0 2k+2

(k—2,0) (k—1,2) M

= mopy2 X ok (Mokt1 ¥ op_1 +iowrT U o1
(k=2,1) M (k=1,1)
—(makt1 X ap1 + T X ok)l2ki1 U ok

mokromor1 (X ok k1~ X 2k-1 ¥ ok)
= 0.
The validity of (303)-(305) follows thus by induction. O

Appendix C. Operators on S

The aim of this appendix is to analyse the mapping properties of sev-
eral operators acting on tensor fields defined on a compact orientable two-
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dimensional manifold (M = S,%) with constant Gauss curvature ¢ €
{0, £1}.

C.1. Vector and tensor spherical harmonics

For integers £ > 1, —¢ < m < [, let Y (™) he the standard spherical harmon-
ics on the unit sphere. Following the notations and conventions of [2, 20],
we define the wector spherical harmonics, as well as trace-free symmetric
2-tensor spherical harmonics on S? as:

1. For £ > 1, —¢ < m </, define the vector fields

(306)

(em) _ 1 o (m)  ppltm) 1 © By (6m)
U™ . _pyem glm._ . pBym)
A w+y 4 sy’

where €45 denote the volume two-form of S2.
2. For £ > 2, —¢ < m </, define the trace-free symmetric 2-tensors

m ]' m
(307) )=~ C(EU™) 45,
s0(l+1)—1
m 1 m
(308) plim) = CH™) 45,
H(+1)—1

where the operator C(&)ap = T'S(Da&p) of (38) corresponds to the
operator —P5 of [2, 20].

Let us summarise the properties of these tensor harmonics, as needed in
the main text. More details and proofs can be found in [20], see also [17].

LEmMA C.1. The following holds.

1. On S?%, L?-integrable functions f, vector fields & and trace-free sym-
metric 2-tensors @ can be decomposed as

f= Z Z fémy(fm) ’

>0 —0<m</{
€4 = Z Z f(fm)E (fm) + é.(fm)H m) 7
£>1 —0<m</{
Zm Im) (fm
pap=>_ > &R+l

0>2 —0<m</{
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where

e = | Y s,

T R
Im Im Im Im
o™ = /S APy, oy = /S eP Ol s

2. It holds that for £ > 2,

- m 1 m
(309) DA = SUU+1)—1 Y™

. m 1 m
(310) DA = S +1)—1 H™

3. The space of conformal Killing vector fields on S? is spanned by Egm)
and Hﬁllm).

C.2. The conformal Killing operator

Consider the conformal Killing operator on a closed 2-dimensional Rieman-
nian manifold (2M,%):
(311) & Dap + Dpéa — DEciap = 2C(€) b -

We have

ProrosITION C.2. The conformal Killing operator on two dimensional man-
ifolds is elliptic, with

1. siz dimensional kernel and no cokernel on S?;

2. two dimensional kernel and cokernel on T?;

3. no kernel and 6(g — 1) dimensional cokernel on manifolds of genus
9> 2.

Proof. We first show that C is elliptic. For this, let 0 # k € T*(2M) and let
o(k) be the symbol of C, with kernel determined by the equation

(kalp + kpéa — K9cHan) = 0.

DN | =

(312) (o(k)) 1 =
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Contracting with k4%® one obtains
(313) KAk akCec =0 o K¢ =0.
Equation (312) becomes now

(314) kalp +kpéa =0.

Contracting with k% one concludes that
(315) kA katp =0.

Hence £ = 0, and ellipticity of C' follows.
Concerning the kernel in point 1., we start by noting that the equation

(316) Daép+ Dpéa — Déciap =0

is conformally invariant. Hence it suffices to analyse it on the unit round
sphere. Therefore, by Lemma C.1, its solution are of the form

€a=Dap+eapDPy,

where ¢ and v are linear combinations of ¢ = 1 spherical harmonics. The
p-solutions are in one-to-one correspondence with the three generators of
boosts of four-dimensional Minkowski space-time, while the -solutions cor-
respond to rotations.

The statements about the kernel in points 2. and 3. follow from Propo-
sition C.3 which we are about to prove.

The statements about the cokernels follow from

CT = —dIV(Q)
where diV(g) is the divergence operator on two-symmetric trace-free tensors,
(317) (diviy h)a == DPhagp,

together with the results in Section C.3 below. O

Recall that we use the symbol CKV to denote the space of conformal
Killing vectors, while T'T denotes the space of trace-free divergence-free
symmetric two-tensors, and orthogonality is defined in L?. Then:
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ProrosiTion C.3. 1. On'T? all conformal Killing vectors are covariantly
constant, hence Killing.
2. There are no nontrivial Killing vectors or conformal Killing vectors
on higher genus two dimensional manifolds.
3. im(div(g C') = CKV=.
4. For any vector field & we have C(£)ITT = 0.

Proof. 1. and 2.: Taking the divergence of (316) and commuting derivatives
leads to

(318) D*D4ép + Rpct® =0.

Multiplying by ¢7 and integrating over 2M one finds
(319) /(1155\2 — Rpc€Bef) =0,

If ]%Bc < 0 we find that £ is covariantly constant, vanishing if ]D%Bc < 0.
3. Let n be L?-orthogonal to the image of div(g) C, thus for any vector
field ¢ we have

0= / 0 Dp(Daép + Dpéa — D¢ciap)dus
S
= 2/nAl°?B(TS(l°7A£B))dM
S
— _2/ DBpATS(Datp)dus = _2/ TS(DEy) TS(Datp)dps .
S S

Letting £ = 1 we conclude that 7 is a conformal Killing vector.
4. The field (&)™ is obtained by L?-projecting C(£) on TT. As such,
for any h € TT we have

/ WABO(E) ap dpy = / BAB(TS(Dap)) dus
S S

= /TS(hAB)f)AgB dps :/hABf)AgB dus
S S
a A
— _/SDAh Bepduy=0.
0

Hence C(&)[T = 0. O
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C.3. div(y)
We denote by diV(l) the divergence operator on vector fields:
(320) diviy & := D
and by diV(z) that on two-symmetric trace-free tensors,
(321) (diviyy h)a == DPhagp.

As is well-known, div(g) is conformally covariant in all dimensions. In
particular, in dimension two if gap = e¥gap then

(322) DhAB = 729D 4 (29hAB)

where D is the Levi-Civita connection of g and D that of g. It follows that
it suffices to understand the kernel for metrics of constant Gauss curvature.

As already pointed out, on a two-dimensional closed negatively curved
manifold of genus g > 2, the operator diV(Q) has a 6(g — 1)-dimensional

kernel; it has no kernel on S?; on a flat torus dEV(Q) has a two-dimensional

kernel consisting of covariantly constant fields (cf., e.g., [10] Theorem 8.2

and the paragraph that follows or [11, Theorem 6.1 and Corollary 6.1]).
We claim that:

LeEMMA C.4. Consider a two-dimensional Riemannian manifold (M, 7).
Then the operator div oy acting on symmetric traceless tensors is elliptic,
and it holds that

im d;V(z) = CI(\[L .
In particular if Rpe < 0, the operator diV(Q) 18 surjective.

Proof. We start with ellipticity. For this, let 0 # k € T*(2M) and let o (k)
be the symbol of div(s), with kernel determined by the equation

(323) (o(k)h) , =k hac =0.
In an orthonormal frame in which k% = 0 this is equivalent to
(324) hi1 = h12 =0.

For symmetric and traceless tensors hap this is the same as hap = 0. So
o(k) has trivial kernel for k£ # 0, which is the definition of ellipticity.
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Next, let € be L?-orthogonal to the image of diV(z), then for all smooth
symmetric traceless tensors h we have

(325) 0= /gAthAB = —/ngAhAB = —/TS(I’)BgA)hAB.

This shows that TS(DB¢A) = 0, hence ¢4 is a conformal vector field.
Since no such fields exist when the Ricci tensor is negative by Proposi-
tion C.3, surjectivity for such metrics follows. O

C.4. L and L

To continue, we wish to analyse the operators
(326) L= —divgyCL, L= (Ddivyy —divC+e);

recall that div(y) € = Daé?, (diviy h)a = DPhap, and that e € {0, %1} is
the Gauss curvature of 5. )
We consider first the operator § — div() C(§). One finds

(327) (diviy) C(©)) , = 5(85 +)es,

which is elliptic, self-adjoint, with kernel and cokernel spanned by conformal
Killing vectors.
Next, we turn our attention to L:

(3828) L(©a = DaD%c + 5(DaD%c — D(Dagc +Dcta)) +eta
—RC 4¢c

o o 1
= DsD%c + 5(— Ay +e)éa.

One readily checks that L is also elliptic and self-adjoint.
Applying D4 to (328), commuting derivatives, and using

(329) Rup = e9ap

one finds that the kernel of L consists of vector fields satisfying

1 o
(330) 5A&D 284 =0,
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hence D 464 = ¢ for some constant c¢. Integrating this last equality over 2M
shows that ¢ = 0. It now follows that the kernel of L consists of vector fields
satisfying

(331) (—Ay+e)éa=0, Dat?=0.

Recall the Hodge decomposition: on a compact two dimensional oriented
manifold every one-form can be decomposed as

(332) éa =D+ eapDP+ra,
where r4 is a harmonic one-form, i.e. a covector field satisfying
(333) lO)AT'A =0= eABZO)ATB = (—A:y + 6)7“,4.

On S? the forms r4 vanish identically, and on manifolds with genus g the
space of r4’s is 2g-dimensional; cf., e.g., [8, Theorems 19.11 and 19.14] or
[9, Theorem 18.7].

From the second equation in (331) together with (332)-(333) we find
that the Laplacian of ¢ vanishes, hence 1) is constant, and the first equation
in (331) gives

(334) APDpAsp=0.
It readily follows that ¢ is also constant, hence £4 = r4, and we conclude
that:

LeEMMA C.5. The operator L is elliptic, self-adjoint, with kernel and cokernel
consisting of one-forms ra satisfying (333), hence of dimension equal to
twice the genus of the compact, oriented, two-dimensional manifold.

We are ready now to pass to the proof of:

ProrosiTioN C.6. The operator L is elliptic, self-adjoint, with
ker L, = coker L = CKV + H.

In particular:

1. on S? and on T? we have ker L = coker L, = CKV;

2. on two-dimensional compact orientable manifolds of genus g > 2 both
the kernel and cokernel of L are spanned by the 2g-dimensional space
of harmonic 1-forms.



Characteristic gluing with A: 1. Linearised EE on 4D spacetimes 783

Proof. We first check that L and —div<2) C commute. In view of (327)-(328)
it suffices to check the identity

(335) (A 4 e)DaD%c = DaDC(A5 + €)éc,

which follows from a straightforward commutation of derivatives. This shows
that L is the composition of two commuting self-adjoint elliptic operators,
hence elliptic and self-adjoint.

On S? the operator L is an isomorphism by Lemma C.5, hence the
cokernel of L is determined by that of _diV(Q) C. The claim on the kernel
follows by duality.

It should be clear that in manifestly flat coordinates on T? the kernels
of both L and —diV(Q) C consist of covectors €4 with constant entries, which
span the space of conformal Killing vectors on T?. Self-adjointness implies
the result for the cokernel.

In the higher genus case the operator —diV(Q) C is an isomorphism, so
that the kernel of L coincides with the kernel of L, as given by Lemma C.5.
One concludes as before. O

C.5. P

Consider the operator
(336) Phap :=TS[DAD hpc].

of (97). where h is symmetric and 7-traceless.
We have:
ProrosiTioN C.7. The operator P is elliptic, self-adjoint and negative, with

1. siz-dimensional cokernel and kernel on S?;
2. two-dimensional kernel and cokernel on T?;
3. 6(g—1)-dimensional cokernel and kernel on manifolds of genus g > 2.

Proof. Note that
(337) P =Codiv(y,
is a composition of elliptic operators, hence is elliptic. Using

(338) divigf = —C, O = —div(y ,
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we have
(339) P = —div(y) o divey ,

from which self-adjointness follows.
Finally, we have

(340) / hABPhp = — / hdivig) o diviy h = — / |divy h[* <0,

hence all eigenvalues of P are negative, and Ph = 0 implies diV(Q) h=0. O

C.5.1. S2. Asalready discussed in Section C.1, it follows from [2, 20] that
on S? we can write symmetric trace-free 2-tensors pap as

(fm) m) , (fm
(341) YAB = Z Z T/JAB <(Z> )(Z)EqB) :

022 —0<m<¥

It follows from (307)-(308) and (309)-(310) that the operator P of (152),

namely
(342) Poap =TS[DaDppc] = C(DCpcp)an,
acts on pap as
(343)
Poap =Y. Y. MOy + oM odP )

022 —0<m<Y

=3 Y ey -1 (OB ) 4 4 G CH )

122 —4<m<t
-y ¥ ( z+1_1>( "yl + oMo )
0>2 —4<m<t
>0 for £>2

In particular the operator P is self-adjoint and has trivial kernel on S2. On
the other hand the operator div sy (P+2), which appears in (221) withp = 1
and m = 0, acts according to

(344)
divig) (P +2)(p)p == DA (P + 2)pap
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== > (MR —1-2) DA (S + M)

>2
Im|<¢
_ Z (z(z+1) - 3) (e Y ( (em)E(zm) i (em)H(zm)>
= 2 2 Py B 1) B .
>2
|m|<¢ =0 for ¢=1,2

>0 for £>2

It follows that the L2-orthogonal (im(diV(g) (P+ 2)))L of im(diV(z) (P+2))
is spanned by conformal Killing vectors together with spherical harmonic
vector fields with ¢ = 2. Subsequently, for any covector field X4 € L? the
equation

(345) DB (P +2)pap— 57 =X,

admits a unique solution with a symmetric traceless 2-tensor p4p and a
(<2]
covector field ;7.
For a C?2 C’(Ofm 4) gluing we need the operator

div(g) (P? + 7eP + 10¢)
2,i
as determined from the coefficients of Ag in the formulae (286) for (Xl).
On S?%, a calculation similar to that in (344) shows that its kernel consists

of spherical harmonic tensors with ¢ = 1,2,3, which results in a cokernel
spanned on spherical harmonic vectors with £ = 1,2, 3.

C.5.2. Polynomials in P. In this section we assume that m = 0.
b )

k_ 1143 g (ki i . . .
For C"-gluing, the operator ) ;" , X 44" appearing in (221) is of the

form
k (Fi) . k 1
(346) ZO X kia(r2) Pt = ¢ Ul(P +ea;), a; = 5z'(3 +1i),
where
L 1
*T Rkt 3)

This can be verified by induction.
Indeed, when k = 1 this follows from (282)-(283) with ¢; = 1/4. Using
the recursion formula (290), a straightforward calculation shows that the
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K45 component of the (k 4 1)-order coefficient are given by

(k,0) .
EAk41 X kid> 1=0,
(k+1,1) ki—1
(347) X k+5 = Ck X 5ak+1(X)k+4+( ZX )k+4> 1<i<k,
(k,k) .
X k44 1= k + 1 y

k+3
(k+4)(k+1) "
is actually rs-independent and reads,

with ¢, = Therefore, assuming (346), the operator at order k+ 1

= (k) (k)
X k5(r2)P _ckZ<Xk JPH teap Xk+4P>

k
(ki)
=k Y (X kraP) (P +eari1)
1=0

k
= cxCk(P + cagy1) H P + ea;)
=1

k+1
= Ckt1 H(P + 6a¢) , with €xyr1 = cxCk -
=1

It thus follows from (343) that, on S?, spherical harmonic vector fields with
mode ¢ > 0 satisfying

k k

(348) 0:H<—%€(€+1)+1—|—ai>:%H(1+i—£)(2+i+€)

i=1 i=1

belong to ker [ > o X 44P" |. The corresponding values of ¢ are ¢ =

Wk + 1
For the remaining topologies, each of the operators

P—i—sai

appearing in (346) is negative. On T? its kernel, when acting on traceless ten-
sors, is two-dimensional, consisting of covariantly constant tensors. Hence,
in the toroidal case, the kernel of the left-hand side of (346) is also two-
dimensional, which can be seen e.g. by a Fourier-series decomposition.
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On higher genus manifolds P + €q; is strictly negative and therefore has
no kernel. Hence so does the left-hand side of (346).

Appendix D. A trace identity

The aim of this appendix is to prove the following curious consequence of
Bianchi identities:

1 o
(349) r ARG p = —§7A38T5RAB + DA6Ga

when 9:08 = 0 (i.e., 0.0G,, = 0) for i = 0, 1.

For this, we start by noting that the operator gZ R p is related to that
appearing in (69), which can be seen as follows: From the definition (48) of
the Einstein tensor G, and the Bondi parametrisation of the metric (10)
we have

1 1
(350) Gur = 56259”GM —UAG,a + 5625 d*PRap .

Now, from the linearisation of (350), when 63 = 0, G- = 0, and 926G, = 0,
we have

(351)

1 1
5100Ras =1%Guw = SiP0,0RAp = 206G + 120:6Gur

and hence the identity (349) is equivalent to

!

(352) DA6Grp — T&AB(SGAB = 216Gy + 120,0G .

Meanwhile, it follows from the divergence identity (122) with v = r that

1 1
(353) 0= maﬂ( V ‘g‘gﬂr) + §ar(gup)‘§uﬂ'

Vgl

The linearisation of (353) with 9,0G,, = 0 gives,

1 1 . 1 1.
(354) 0= —T—Zar(r%am) + ﬁDA(SGTA + 50 (T—27A3> 6G ap,

and hence,

o 1
(355) 2r8Gur + 120,0Gyr = DA6G 4 — ;&ABéG AB,
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which agrees with (352).
Appendix E. Conserved charges for Biﬁu A
The aim of this appendix is to present an alternative way to obtain the

obstructions for gluing of 9! h, 4, i = 0, 1, in terms of gauge-dependent radial
charges, as suggested to us by S. Czimek. We assume in what follows that

m=0.

Similar calculations can be done for m # 0 and for higher derivatives, but
we have not pursued these ideas any further.

E.1. hya

Recall (103):
(356) Or <3EUA + rOhys —r2DPh AB) = *DBhap.
In particular we obtain a collection of radially-conserved charges

(357) oy / A <3huA + 7"&1@,4) duy =0,
S

[4,0]
= Q (x4)

where the 74’s are conformal Killing vectors of (S, 7). Keeping in mind our
assumption that m = 0, under gauge transformations we have

. . . . 1 o
(358) 3hya 4 r0phya > 3hya 4+ 10phys + T—2L1(5“)A + 3(0uéa + a®D LY.

[4,0]
Hence the gauge-dependent radial charge () transforms as,

[4,0] [4,0] o
(359) Q ()~ Q (7 + 3/7TA(8U£A + a2DA£“)d,u§,

since the Li-gauge term in (358) has zero projection onto the 4.
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E.2. 3uiLuA

Now, we hope to obtain a conserved radial charge involving d,A, 4. For this,
take 0, of (356):

. . 1. .
(360) Or (36uhuA + r&né?uhuA> = ;DBGT (OuhaB) -

We can then achieve the goal by rewriting the RHS into terms of the form
Or(+) + (terms involving only 9'h4p). For this, recall (90) with §3 = 0:

(361) 0 =0, [rOuhap - %varhAB = 21—rthB 7 TS [Dahus] |
+ 50 (V/)has — TS [Dahus]

We wish to combine the above two equations by taking RHS of (360)
+ Ar¢ x DB (361) for some constants A,c such that all the 8u15371AB
terms collect into the form BGT(T“ZO)B(%;LAB), for some constants B, a. By a
straightforward comparison of coefficients, we find that this is possible with
A= —% = —B and ¢ = —2, a = —1. Indeed, we have,

. . 1 . . 1 o oy
O, (3auhuA - rarauhuA) = ~D®0, (uhap) = 550, (r0uD hap)
+11°)Ba[1vah + Vg + TS [Dab |
P sY TS r o r n
9,2 > ap+ 5 Vhap Ahup
1 s By 1 -p .
_ E&(V/T)D hAB + F‘D TS [-DAhuB]
1 1. -p-
- _8r<_auDBhAB>
2 T
+ iﬁBa FVE) hap + iVilAB +rTS [bAil BH
272 "2 2r “

1

o 1y~ 1 = o o
— @8T(V/T)DBhAB + ﬁDB TS [Dahus] .

We rewrite this as

. . 1 o oy
(362) 0O, (3auhu,4 + 10,0y hy s — ZﬁuDBhAB)

1 - V. V. 1 V\ < ps
= — DBy, |=08,h —hag| — —0,( — | DBA
212 0 [28 AB T+, AB} 47’28 <7‘> AB
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1 1 - o
+ 550 (rDP T8 [Dahus] ) + 55 D7 TS [Dahus]

Next, we perform a similar trick, by taking RHS of (362)
+ D% x DBTS[DA[LHS of (356)]] to collect all the D TS[D 4h, 4] terms
into the form

A0, (r*0,(r" D TS[D ahya)))

for some constants D, d, A, a,b. By power ~matching and comparing coeffi-
cients, we get d = —1 and D = —3/8 = A = —1/b = 1/a. Explicitly, as a
first step we write

1 - .
550 (rDP T8 [Dahus) ) + 55 DP TS [Dahus]

- % Oy <3bB TS[Dahup] + 19, D" TS[bAhuB]>

:%ar(ﬁBPilAB> by (356)

30, (550, (¥ DP TS D b))

Substituting this into (362) then gives,

. . 1 .
Or <38uhuA + 70, 0uhya — 2_rauDBhAB>
. V. 1 VN ens
fd —DB r - - T oUr\ — DB
272 O { Orhap + 2r hAB] 47"28 (r) hap
8 8 o o - 3 o .
9 -8 8 AB B B
8@(7“ Or(r3 DP TS[Dahus])) + 550 (D#Phag) .
which we rewrite as
~ v 1 ° By 3 _8 8 o B o v
Or | 30, hya + 100y hya — g&lD hap + gr 30, ('rsD TS[DAhuB])
1 gV V. 1 V\ =5
=520 8T[2arh/‘3+ 2rhAB] 47«2&’<r>D han
3 .
+ 520 (D PhAB>
V . V - 3
=8, —DPh —DPd,h —_Ph
(47“5 AB 4rd AB 8rd AB>
(% B 30,V

3
- DBPhp,

476 4rd

>BBhAB + .



Characteristic gluing with A: 1. Linearised EE on 4D spacetimes 791

or equivalently,

- - 1 ° - 3 8 8 o o -
Or <3auhuA +70,0uhya — 2_rauDBhAB + g"“_gar (TEDB TS[DAhuB])

V B V ~B 3
_4_’[“5D hAB—mD arhAB—@PhAB>
(363)
3 - 3V
:EDB<T—arV+P>hAB
2
=2¢

Let us denote by,

1 ~ ~ 1 o - 3 8 8 o ° -
04 =30u0a + 10,0 — 5 0uDPlap + 5110, DB TS[D )

V -p V -p 3
(364) —ED hAB—mD 8ThAB_@PhAB-

Let pa € coker(diV(g) (P + 2¢)). Equation (363) gives

(365) 2,Q () =0,
where

5] A Al
(366) Qi) i= [ e s

We have thus found a gauge-dependent radial charge involving dyf,4.
From the analysis in Appendix C.5.2, on S coker(diV(g) (P + 2¢)) is the
16-dimensional space of £ = 1 and ¢ = 2 spherical harmonic vectors; on T?,
coker(divm) (P + 2¢)) is the two dimensional space of covariantly constant
vectors; on negatively curved manifolds of higher genus, coker(diV(Q) (P+2¢))
is trivial. Note that coker(divm (P + 2¢)) corresponds exactly to the space
of obstructions for solving (221) with p = 1 (compare also (344)).

1
Under gauge transformations, [q] A transforms as

1 1 302 o . .
[Q]A — [q]A — %L1(£“)A + %(DADBgB + DBC(€) aB)

3 .
+ 30264 — 4—702DB(25 + P)C(€)aB -
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Note that the r-dependent gauge terms in this equation vanish upon pro-
(5]
jection onto pu. Hence, the charge Q transforms as,

(367)
15 15

2 o o o
Q) Q) +3 [ 1 (5 (DADRE® + DPCOam) + 2 s
Appendix F. An identity

One Way of ensuring continuity of 9%h, 4 and O, hEL‘T ] at ro is through the

(2p+4] s 1@
fields { ¢ EBT I optt [CKV]} and the gauge field 8” § oy respectively.

This turns out not to be convenient from the perspective of nonlinear the-
ory, as it involves losses of derivatives, which is avoided by the argument
presented in the main body of the paper. We present this alternative calcu-
lation here as it involves some unexpected identities which might be useful
for further applications.

We thus revisit (225). For the sake of the induction here we assume that

[l
the fields pap for £ < 2p + 2 are known and collect them, together with
(p)
—0Ph, A|§2, into a new term X 4, allowing us to rewrite the L2-projections
on CKV and CKV* of (225) respectively as

(p)

2) 2
se8)  ont el = XY,
(p)
(p,0) [2p+4] n (2) n 2 n
(369) _ pX 2p+4(7‘2)DB % [ZE 1 _ aﬁ+1 5 [CKV }_i_ X[CKV ]
o 5, (9,0) (p.1) 2P 48] pps
+ DB yprs(r2) + X apis(ra)P) ¢ Gn L.

An argument identical to that below (213) shows that, both on S? and
(p)

(2) 2
T2, (368) determines 951" ¢ va] uniquely in terms of X ESKV] while (369)
(»)
[2P+4] n [2p+3] 1
determines ¢ [A B B uniquely in terms of X [CKV }, %) fg I and

2 L [2p+3) i n
otle fKV ). the fields & ELU_E l and 85“ § [EKV ] remain free to use for

other gluing equations. On negatively curved sections with higher genus, (369)
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[2p+4] (@ [2p+3]

determines @ E;PBT Vin terms of X 4, 7 E‘FBT I and aotte [ACKV ]
(2) [2p+3] e (2
Ot ¢ 4, with the fields ¢ E}g I and a2t £ 4 remaining free.

[2p+2] [2p+1]
Next in order to take into account the dependence of ¢ and ¢

upon 8p 5 CKV ], we consider the equation obtained by acting with diV(Q)

n (241). There occur some miraculous cancellations, which are likely to
have some simple origin:

(370)

L . . (2) L
DAaph[TT }’S —DA\I/[TT }(TQ,.%A) —QT%DATS[DAag [BE]KV }]

(»,0) (p,1) (2p+2] e
L DAY gpra(ra) + 1 9pia(r2)P) @ E]

4,20 (p,1) (r,2) o\ PPy
+ DAy opt1(12) + U 9p 1 (1) P+ ¥ 9,04(r2)P?) @ g

()

— DAUIT (g, 2) — 2:2DATS[D 4 apg[CKV ]]
@0 (p-1,0) CKV*
+ ¢ 2p+2/ X 2p-l—28 5[ }

(7) _)

, o @, .
+ ¥ 9pia/ v X 2p+2 DAC(ar ¢ [OKVT) 4

(2) n
DA\II[TT ](Tg,a:A) — 3mrodl, [ISKV ] ,

. : . 2P 42 ppag
where in the second equality we made use of the expression for ¢ 4p

from (369) at order (p — 1), while the last equality uses (302)-(305), Ap-
pendix B. Thus, continuity of %hfg I can be achieved by solving (370) for

@) L
e

@) 1oy . n -
(371) 3mrpdl € 5V = —DAGERL T s+ DARTT (2.

In fact, Lemma B.2, p. 772 shows that we have the factorisation

(p—lyo) (p>0) (pzl) (p72) 2
X 2p+2(7"2)( VY opi1(12) + ¥ 9y i1 (r2) P+ 9 9y (r2) P )
(p,0) (p,1) (p—1,0) (p—1,1)

:( Y opra(re) + ¥ 2p+2(7“2)P)( X opr1(re) + 7 X 2p+1(7"2)P)-
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