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The Riemannian Penrose inequality with matter
density

HUBERT BRAY AND YIYUE ZHANG

Riemannian Penrose Inequalities are precise geometric statements
that imply that the total mass of a zero second fundamental form
slice of a spacetime is at least the mass contributed by the black
holes, assuming that the spacetime has nonnegative matter density
everywhere. In this paper, we remove this last assumption, and
prove stronger statements that the total mass is at least the mass
contributed by the black holes, plus a contribution coming from
the matter density along the slice.

We use the first author’s conformal flow to achieve this, com-
bined with Stern’s harmonic level set techniques in the first case,
and spinors in the second case. We then compare these new results
to results previously known from Huisken-Ilmanen’s inverse mean
curvature flow techniques.
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1. Introduction

The Penrose conjecture is one of the most important open problems in math-
ematical relativity. A comprehensive survey about the Penrose conjecture
for spacelike slices of spacetimes can be found in [18]. When the slice is as-
sumed to have zero second fundamental form in the spacetime, the Penrose
conjecture is known as the Riemannian Penrose inequality, resolved by two
different approaches: inverse mean curvature flow (IMCF) [11] which works
for a single black hole, and the first author’s conformal flow [2] which works
for any number of black holes, and in space-like dimensions up to 7 [5].
The latter approach is also used to prove the charged Riemannian Penrose
inequality in [17].

In dimension 3, which will be the focus of this paper, the Riemannian
Penrose inequality asserts that the total mass m is greater than \/A/16m,
where A is the area of the outermost minimal surface of the slice M3. In
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this paper, we will prove stronger inequalities of the form

(1) m =\ o+ 1oz | (RQ@) + P av.

where R is the scalar curvature of M3 and Q(x) and P(x) are nonnegative
functions which vanish inside the outermost minimal surface (representing
the black holes). Hence, R > 0 implies the usual Riemannian Penrose in-
equality. Also note that R/167 is matter density, so integrating it is quite
natural, especially since the Q(x) we discuss all go to one at infinity. The fact
that Q(x) is typically less than one represents a negative potential energy
contribution, which is also expected. Understanding the physical interpre-
tation of these inequalities is a good reason to study them.

An even more exciting reason is this: Every inequality of the form of
(1) defines a system of PDE’s which, when solutions with certain properties
exist, imply the Penrose Conjecture [20, page 40]. Hence, every inequality
of the form of (1) gives a plan of attack for the Penrose conjecture.

The easiest way to prove an inequality of the form of (1) is to use in-
verse mean curvature flow [11], as demonstrated in [20, Theorem 7]. How-
ever, there are two main limitations with the resulting formula. First, the
inequality is only proven when the outermost minimal surface is connected,
or if A is defined to be the area of the largest connected component of the
outermost minimal surface. Second, while Q(x) > 0, Q(x) = 0 in the jump
regions of inverse mean curvature flow, which destroys the ellipticity of the
system of PDE’s defined above. Hence, while the achieved formulas are very
nice, there are good reasons to look for more formulas of this form.

In this paper, we will present two more inequalities of the form of (1)
above using the conformal flow. A key advantage of these inequalities arising
from the conformal flow is that they guarantee Q(x) to be positive almost
everywhere outside the outermost minimal surface. Additionally, the con-
formal flow approach works for any number of black holes.

For convenience, we only study harmonically flat manifolds which is a
representative case of asymptotically flat manifolds introduced in [2], since
every asymtotically flat metric is a harmonically flat metric up to a C°
perturbation.

Definition 1.1. An smooth complete manifold M™ is harmonically flat if
there exists a compact set K such that M"™\ K is a disjoint union of multiple
ends and each end EJ is diffeomorphic to R™\ B;(0). Moreover, on each end
E., there exists a harmonic function u asymptotic to a constant such that

_4
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Figure 1: An asymptotically flat manifold with a disconnected outermost
minimal hypersurface .

Note that a harmonically flat end has zero scalar curvature and u satisfies
u(z) = a4+ blz|>™" + O(|z|* ™),

where a and b are some constants. Then the ADM mass of the end Ej is
2ab.
Here is the definition of the conformal flow in dimension 3.

Definition 1.2. Let (M3, g) be a harmonically flat manifold. (M3, g;, ¥(t))
is a solution to the conformal flow if it satisfies

e (M3, g,) is a smooth harmonically flat manifold outside Y.
e Y(t) is an outermost minimal surface in (M3, g;).
e g; = utg, where

(2) u(x) =1 —i—/o vs(x)dt

and v (z) satisfies

Agvi(x) =0 outside X(t)
(3) v(z) =0 on and inside X(t)
limg o0 v (2) = —e™¢

Let A be the area of the outermost minimal surface of (M?, g). Let M )
be the connected component of M3 \ ¥(t) containing the chosen end and
t(z) ;= inf{t|z ¢ Mg(t)}' Here t(z) is continuous except the times when X(t)
jumps. By definition, u; is harmonic on Mg(t)'
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The theorem presented below establishes inequality (1) with new P(z)
and @(x). This theorem is obtained by using the conformal flow [2] and
Stern’s harmonic level set method [6, 10].

Theorem 1.3. Let (M3, g) be a 3-dimensional smooth complete harmoni-
cally flat manifold. Define m as the ADM mass of a chosen end and let R be
the scalar curvature of (M3, g). Suppose the outermost minimal surface of
(M3, g) is nonempty and connected. Let p; and q; be two harmonic functions
on (M3, g) satisfying

(4)  Ap =0, p— e *ay at oo and vy(py) = prve(logue) at X(t)
(5)  A¢ =0, q — ez at oo and ¢ =0 at B(t)

where uy and X(t) are defined in Definition 1.2, v, is the unit normal vector
on X(t) pointing towards to the chosen end with respect to g, x1 is the first
component of x in the asymptotically flat coordinate on the chosen end.
Let ¢¢ be the harmonic function satisfying
. —t Ut

(6) Agpe=0; lim ¢ =e""; ¢ = on 3y,

T—00 2
and denote Uy = ¢ (pr + q1), Ura = (ur — 1) 7' (pr — q1), then

t(x)
Q(x) ::/ (IVU 1| + VU 2| )dt,
0

2. @)
7 P :Z;/O VU |71 |VPU; — 267 'V b @ Vi s
]:

2
— 20, 'y ; @ Ve + 20, 1 (N y, VU ;) g dt,

and

(®) me /MS (RQ(x) + P(x)) dV.

Remark 1.4. We need to assume the outermost minimal surface is con-
nected so that we can apply the integral formula using harmonic level method.
This assumption is necessary as the harmonic level method relies on the
Gauss-Bonnet theorem.
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In particular, we compute Q(z) in Example 3.2 under the Schwarzschild
metric. Similarly, IMCF also gives the same answer [20].

Example 1.5. Let (M3, g) be the spatial Schwarzschild manifold, i.e., g;; =
(1+ %)4&5. Under IMCF [20, Page 38|, the mean curvature of the hyper-
surface ¥, = {|z| = r}is H = (14 2)73(2 = 2), [S,] = 4nr?(1 + 2)4,

2r r
IR _
then Q = Hy/ gl = (14 5)71(1 - 21).

Since the Schwarzschild metric is the rigidity case of the Riemannian
Penrose inequality, we have P(x) = 0.

Spinors can also be used to prove the Positive Mass theorem and provide
a mass formula [9, 12]. A second version of P(x) and Q(x) are defined by
spinors in the following theorem, which produces an equality in (12). A
similar formula is established in [15, Equation (3.2) and (3.3)].

In the following theorem, we will use a chiral boundary condition for the
Dirac equation (9). For detailed discussions about the boundary conditions
of spinors, we refer to [1, Example 3.2].

Theorem 1.6. Let (M3, g) be a 3-dimensional complete harmonically flat
manifold with nonnegative scalar curvature R. Let t(x) be the minimal time
such that x does not belong to ME(t( ) Let p; and q; be the harmonic
spinors satsifying

D(pt) =0, vy -pr=p: on X(t) and ILm p: = e 2ay;

D(ar) =0, v q =—q; on X(t) and lim q; = e~ >4y,
T—00

where gy is the unit length constant spinor at oo. Denote ! := %(Pt +
(=Dlqr), I =0,1; and ¢y, are harmonic functions satisfying

1+ (1) ut

(10) Apry =0, lim ¢y = 5l and ¢r) = 5 on i,

where uy is defined in Equation (2). Then
M) o 212
Q(x) :=2 ; (G0 0e )™+ o ilve[7)dt,

t(z) 1 3
(11) P(l’)tZS/O S ot >

1=0 j=1

ve, ¢tl wt

2
[Ve, log ¢y +ej - Viog ¢t7l](¢512¢£) dt,
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(a) (M2, g:) (b) (M§<t),g7t)

Figure 2

and

(12) m = ,/% + % /M3 (RQ(z) + P(x))dV.

Remark 1.7. We presume the scalar curvature to be nonnegative to ensure
the existence of harmonic spinors. It remains uncertain whether a harmonic
spinor exists on asymptotically flat manifolds without the assumption of non-
negative scalar curvature. However, for the purpose of proposing a proof for
the Penrose Conjecture in [20], the scalar curvature could be potentially neg-
ative, but the existence theory for the harmonic spinors would have to be
established, perhaps using the dominant energy condition somehow.

2. The conformal flow

For a clear visualization of the conformal flow, refer to Figures 1 and 2 in
[2]. We use the notations |- |, V, A for norm, connection and Laplacian with
respect to the original metric g, while V, 6, A and A are the connections
and Laplacians with respect to g and g;. Here are some properties about
the conformal flow from [2, Theorem 2 and 4], also see [5, Theorem 2.2].

Theorem 2.1. 1. Forty > t1 >0, X(t2) encloses X(t1) without touching

1t.

2. The area of ¥(t) does not change under the conformal flow: |X(t)|g, =
3(0)],.

3. If the scalar curvature is nonnegative, the mass of (M3, g;) is decreas-
mg.

4. If (M3, go) is harmonically flat, then for sufficiently large t, there exists
a diffeomorphism ¢y between (M3, g, X(t)) and a fized Schwarzschild
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metric (R3\ {0}, s) such that |g: — ¢} (s)|g, — 0 and |m(t) —ms| — 0,
when t — oo.

Proof. Statement 1 and 2 follows from [2, Theorem 2 and 3].
3. We give a short scratch of the proof of Statement 3 for further purpose,
and the detail proof is given in [2, Theorem 3]. Let m(t) be the ADM mass

with respect to (M3, g;). Then —1m/(t) can be interpreted as the ADM mass

of an asymptotically flat manifold (Mg(t), g¢): m(t) (also in [5, Lemma 2.7]),

where (Mg (&)’ g¢) is obtained by the following procedures. We glue two copies

of Mg(t)
see the Figure 2b. The mean curvature matches on both sides of ¥(¢) as it is
a minimal surface. Then we conformally deform the metric to close an end

with a harmonic conformal factor ¢ to obtain (Mg(t),ﬁt), where §; = ¢} g

to get an asymptotically flat manifold (Mg(t), g¢) with two ends,

and ¢; is a harmonic function on (Mg(t), gt) defined in [2, Equation (76)]:
(13) Ag by =0, lim ¢ =1 and lim ¢ =0,
Tr—00 T—r—00

here oo is the chosen end and —oo is the other end of (Mg () gt). By symme-

try, ¢y = % on ;. Since the original metric is harmonically flat, the —oo end

in (Mg( t),gt) becomes a rerriovable singularity in (Mg(t),gt)w,see Figure 2c.
Let ¢y = u;d; and let R; be the scalar curvature of (Mg(t),ﬁt). Thus,

denote ¢; = utét and ¢; satisfies
. _ U
(14) Agy=0;  lim ¢ =e Loy = Et on Y.

If the scalar curvature of (M3, go) is nonnegative, then the scalar curvature
of (Mgt, g¢) is also nonnegative, which is due to the formula below,

(15) R, = ¢, " Ry.

Although the manifold is only Lipschitz along the surface ¥(t), we apply the
positive mass theorem with corners [19, 13, 7] to prove that m; is positive.
Hence, the mass of (M3, g;) is decreasing.

4. In this statement, we do not assume nonnegative scalar curvature.
However, since (M3, go) is harmonically flat, there exists a compact set K
such that the scalar curvature is zero outside K. Note that for sufficiently
large ¢t > 0, ¥(t) would enclose K which was proven in [2, Theorem13]. In
the proof of Theorem 13, the only place where the nonnegativity of scalar
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curvature is used is in Theorem 11, which states that the expression in the
left side of Equation (17) is bounded by 167. However, we only need this
expression to be bounded, as shown in Equation (17), to ensure the validity
of the proof. We can modify the statement and proof of Theorem 11 as
follows

Let ¥;(t) be a connected component of 3(t), then () is a strictly outer
minimizing surface in (M3, g;) implies the second variation of the area is
nonnegative. Hence, it follows

1 1 1
16 R+ -R¥— (M —X)?>0
(16) [ L AR R S

where %RE is the Gauss curvature of 3;(¢), A\ and A9 are the principal
curvature of ¥;(t). Therefore, using Gauss-Bonnet formula and |%;(t)[g, <
|X(t)|g, = A, we have

(17) / (M = Ao)? < 167 — / 2R < 167 + 2Amax |R| < o,
() i(t) K

then the proof of Theorem 13 still works without assuming nonnegative
scalar curvature. Hence, Theorem 4 in [2] implies statement 4. O

3. The harmonic level set formula

The harmonic level set method, developed by Stern in [10], was subsequently
utilized to establish the Positive Mass Theorem by Bray, Kazaras, Khuri,
and Stern in [6]. Hirsch, Miao, and Tsang later extended the mass formula
to include manifolds with corners in [13]. The Positive Mass Theorem with
corners was initially proven in [19, 7]. The following theorem provides a
lower bound for the mass in dimension 3 using a harmonic function which
is a weaker version of [13, Theorem 1.2].

Theorem 3.1. ([6, 13]) Let (M3, g) be a complete asymptotically flat man-
ifold with boundary . Suppose (2, gq) is a fill-in of ¥ such that gols = g|n
and the mean curvatures, with respect to the normal vector pointing outward
of 2, equal from both sides. Let M3 = M3, U Q. If Hy(M3) =0, then

1 IV2U2
m > —
- 167'(' M3 |VU|g

(18) + Ry|VU|gdVy,

where U is a harmonic function which is asymtotic to one of the asymtot-
ically flat coordinate, m is the ADM mass of (M3,g) and Ry is the scalar
curvature of (M3, g).
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Now we apply Equation (18) to (Mgt, gt). To satisfy the topological
assumption Ho(M?) = 0 in Theorem 3.1, we assume the manifold (M3, g)
only has one single connected outermost minimal surface. Therefore, the
outermost minimal surface of (]\4%17 g¢) is connected, then Mgt has trivial
topology.

Proof of Theorem 1.3. We use the notations in Theorem 2.1. According to
Theorem 2.1,

A
o . _
(19) m'(t) = —2m(t) and th_glo m(t) Ton’

then

(200 m=m(0)= Jim m() —/0 ! (£)dt = \/% +/0°O 2 (t)dt

Since ¢; — et at oo, §; = ¢ig is asymptotic to e 4§ at oo. Therefore,
without loss of generality, a harmonic function U/ on (Mg( )’ g+) asymptotic
to a linear function with unit length gradient should satisfy

(21) Uy — e 2z at oo,

where we choose 1 to be the first component of the asymptotic coordinate
of x.
Applying Theorem 3.1 to Equation (20), we have

22 > w/ gf Ry|VU, |- dVs dt

t|g

where V and R, are the connection and the scalar curvature on (Mg(t),gt).

We need to express the inequality (22) under the original metric g.
Note that on (M3() Gt), due to Lemma A.3, we have U; := <Z>tl/7t satis-
fying Agtut = 0. Using the asymptotic of ¢; given in Equatlon (13), the
asymptotics of Uy are Uy — e 2'z1 at oo and U; — 0 at —

Let oy be the reflection map along (t) on (]\ng(t),gt), then we define
two harmonic functions:

(23) pe(z) == Up(w) + Up(or(z)) and G (x) := Ui(z) — Ur(or()).
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Hence, U; = %(pt +qt), pr(x) = pe(oe(z)) and g (z) = —q(o¢(x)). Moreover,
the asymptotics of p; and ¢; are

(24) b — e e at £oo; G — te 2ag at + .

On X, let 7 is a unit normal vector pointing towards to the chosen end
with respect to g;. By the definition of p; and ¢ in (23), we have

(25) (pr) =0 and ¢ =0.

On (Mg(t),g), let p; := wp; and q; := w;Gx be the harmonic functions
and let vy := u?l?t be a unit vector, we have

(26) ve(pe) = uive(wipe) = wipiv(ur) = peuy 'vi(ur).
Hence, from the definition of p;, ¢ and Lemma A.3, it follows that

Ap, =0, p = e 3txy at oo and vi(p) = prve(logug) at Xy;

(27) ,

Ag =0, ¢ =e 'z at co and ¢ = 0 at 4.
Furthermore, we can use ¢, p; and ¢; to express I/~{t:
(28)
o 7157 Loy L 1 3
Up =y Ut =50 e+ @) = 50 (pe+ar) = Sl on My
~ 1-_, _ _ 1 _ 1 —~
Uy = §¢t "ot @) = §¢t "o —q) o op = Eut,Z oo, on Mg(t) \Mé(t),

where U; 1 and U; 2 are defined in this theorem.
Note that the formula for the Hessian under the conformal change g —

gt = ¢tg is

Vi f=04f —TLof

(29) 2 1 ~1 —1 Kl
:vijf —2¢,0;00if — 2¢; 0ipi0; f + 2¢; g7 Ok diOLf giy-
Then
VU2, =6 8| V2Uy — 26, Vo @ VU
(30) 2

— 207 VU © Vy + 207 1 (Vr, Vi) g
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Therefore, using formulae under the conformal metric ét = (Z;; 4 R, = ¢;4 R,
dVg, = ¢fdV and |VlUslz, = ¢; *|Vi|, then

/N RS ]5,dV;, = / RN, dV;,

Mg(t) Mg(t)

(31) —/Ms Ry|VUs|g, + Re| VU (04(2))]5.dV5,
=(t)

1

5 [ ROVUal + (V2]

=(t)

Combining (20), (28) and (30), we obtain

m ,/ Ry|VU|dV5,dt + — / / gthdt
167 SW/ / t| t| zm ‘Vut|gt

E(t)

\/; / 167 (/M

=(t)

16%2/ / Vet 1 1

E(t)

R(|VUy 1| + |Vut,2|)dv> dt+

22/{15] — 20, 'V ® VU, ;

2

— 20, 'y j @ Ve + 20, 1V, VU ;) g| dV dt.

Since R € LY(M?3) and |Vl ;| are bounded, we can switch the order of
integration of the second term in the second line of (32) which leads to the
final inequality. O

In the following example, we compute () in Schwarzschild metric.

Example 3.2. Let g;; = (1+ 22)*;;, then ( ( X ,g¢) is flat and g; = e~ 46.

Since L[t is the harmonic functlon under the metric g; asymptotic to e %z,

we have U; = e 2tz and |§L~It|gt = 1. According to [2, Equation (248)],
up = (14 2)7Ye ™ + L), when r > Ze?, then t(z) = logZ. In the
rigidity case, the conformal flow is a reparametrlzatlon of the Schwarzschild
metric outside the minimal surface.

Note that ¢; is the harmonic function on (Mg(t),ufg) and ¢ — 1 at

00, then using Lemma A.3, we have _qgt is a multiple of the inverse of the
conformal factor (14-Z%)uy, therefore, ¢y = (1+g”—re2t)*1 and ¢; = usdy = (14
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—-1_-t q; = — a4, — (ot AV S . 2tN\2,.—2
5:) e " Since gy = u;g = (e7" + gre')d, it follows oy : x — (Fe')*r “x,

then U 1 = 2gt = 2¢ 2tz implies
M ot\2 —2 2t m’ 2t —2
(33) Uo =U1 00 = 2(56 )or—fe *xy = —e*r .

Hence, let V be the connection under 4, we have

3log 3 2
Q:/ > VU 4t

3 log 2~ ma —2 .
- 1 —) VU, |dt
[ (e g) vy

=1

5 log == _92 2
:/ (1 + ﬁ) <2€_2t + m 62t7‘_2> dt
0 27" 2
m\ —1 m
—(1 —) (1 _ —) .
( + 2r 2r

We obtain the same answer for Q(z) as Example 1.5.

(34)

4. Mass formula using spinors

Here is the mass formula with spinors in the Riemannian case.

Theorem 4.1. ([9, 12]) Let M™ be a spin asymptotically flat manifold with
nonnegative scalar curvature R and total mass m for a chosen end. Then
there exists a harmonic spinor v satisfying Dy = 0 and asymtotic to a unit
constant spinor at the chosen end. Moreover,

1

4|Vy|? + RJy|*av.

The conformal change of metric will induce an isometry between spinor
bundles. By an abuse of notation, we use S to represent the spinor bundle

on M? or on Mg(t). Since we have two types of conformal changes:

P, (Mg’;(tyg) - (Mg(t),gt = u/g)
O 1 (M), 90) — (M3y) G = 6,3t
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®;, ®; would induce two maps between the spinor bundles, and we still
denote as ®;, Py:

(36) @y (M), S) = (M), S) and @ : (M), S) = (M), S).

These maps ®;, ®; between spinor bundles are almost identical maps, while
the actions of the vector fields on the spinor bundles are d_ifferent. Let X be
a vector field on Mgu then for ¢ € (Mg(t),S) and ¢ € (Mg(t),S), we have

(37) (X ) =u°X - Py(1h) and  Dy(X ) = ¢, 2 X - Dy(1)).

Before we prove the main theorem in this section, let us first identify
the action induced by the reflection on the spinor bundle of ¥(¢).

Lemma 4.2. Let Mg be the asymptotically flat manifold with two ends with
an outermost minimal surface X. Suppose there exists a reflection map o
along X2, i.e., Mg is symmetric along ¥ (see Figure 2b). Then for a spinor
Y on Mg,

(38) o Yly = v - Y|y or —iv- Y|y,

where v is the unit normal vector on ¥ and o* is the isomorphism of the
spinor bundle on ¥ induced by o.

Proof. To restrict a spinor on a hypersurface, we follow the presentation in
[14, Page 6]. The Clifford algebra CI(R™) can be split into even and odd
part: CI(R"?) = CI°(R™) @ CI}(R™). Then there is an algebra isomorphism
CI(R™1) — CI°(R") induced by e; — ¢; - en, where {e1,...,e,} is an or-
thonormal frame on R™.

In this lemma, n = 3 is odd. Let {e1, e2,e3} be a orthonormal frame on
M3. In particular, e3 = v on ¥. Let Sy and Sy be the spinor bundle on Mg
and X, then there is a isomorphism between the spinor bundles Sy/|s and
Ss. Since iv is an automorphism on Sy and (iv)? = 1, we may decompose
Sy, into the eigenspace S; and Sy, with respect to the eigenvalue 1 and —1.
As iv anticommutes with ejv, eor and commutes with ejeo, then the action
of iv on Sy; is te1eg or —iejes.

Next, we study the action of iejes on the spinor bundle of 3. Since on
Sy, the complex spinor bundle can be identified as Spans{1,7n := %(6163 —

ieses)}, see [16, Page 79], the actions of ejes3 and egeg are

(39) (eres)-1=m, (ere3) -n=—1, (eze3)-1=1in, (eze3)-n=7l.
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Note that iejes = iejegeses, then

(40) (tereg) -1 =1 and (iejes) -n=—n
Finally, we have 0*(e1) = e1, 0*(e2) = ez and 0*(e3) = —eg3, then 0*(1) =1
and o*(n) = —n. Hence, the action of c* on Sy, is the same as iejes. O

Remark 4.3. The £+ sign depends on the choice of the spin group action
on the spinor bundle.

Proof of Theorem 1.6. We use Equation (35) to express m(t), then we apply
Equation (20) to achieve a type of inequality (1). Let v be the harmonic

spinor on (Mg(t),ﬁt) which asymptotic to a unit constant spinor at co. We
need to rewrite the integral formula of 1y under the original metric (M3, g).
For simplicity, we denote D and D to be the Dirac operator on (Mg(t), Jt)

and (Mg(t)jt). Since g; = ¢}g, we have the conformal formula for Dirac
operator

(41) &, D(670; (1)) = ¢ D(¥r).

Let oy = ¢?®; L(tpy) and vy = u?®; (1), then v and v are harmonic
spinors with respect to g, and g;. Moreover, because of the asymptotic of ¢,
in Equation (13), it follows that the asymptotics of ¢ and 1, are

(42) lim ¢ = e ?%hg;  lim ¢, =19 and lim ¢ =0,
T—00 T—00 Tr—r—00

where g, ¢ are unit constant spinors and 0 is the zero spinor. Since v is
only defined on (Mg(t)7 g), we need to analyze the boundary behavior of ),
on X(t) below.

Let o; be the reflection map Mg(t) — J\ng(t), then o; induces a map o}
on the spinor bundle on Mg(t). Let p; and q; be two harmonic spinors on
(Mg(t), g¢) defined as follow

(43) Dt = Ui+ 0t Q=1 — ofUy
Hence,
ay {= %(ﬁt ) i € My;
P(x) = 5(07) " (Pr — @) (ou(x)), if € Mg(t) \Mg(t)-
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Without loss of generality, according to Lemma 4.2, we assume the action
of o} on the spinor bundle of ¥; is ii;-, then the restriction of p; and q; on
> are

(45) Pt =+ ity -y, Q= — il - Yy

Hence, on 3(t), we have the Lopatinsky-Shapiro type boundary conditions
for p; and qy

(46) Wy Pt = Pt, W Q= —q-

Recall that g; = utg, we set py = uf®~!(p;) and q¢ = uf®!(q), according
to Remark A.2, we have p; and q; are harmonic spinors on (Mg(t)7 g) with
boundary conditions

(47) Wy P =Py, - qQr=—q, on X(t),

and

(48) .
lim p; = lim u?@*l(ﬁt) = uf@fl(wo) =e 2y, lim q = e 2e)p.
T—00 T—00 T—00

Now we can use p; and q; to express 9. Since ¢¢(a(z)) = 1 — ¢¢(z) and
bi(x) = ug(x)de(x), when z € Mg(t), according to (44) and Remark A.2,

(49)
Jule) =507 (B0 @) by + ) (@), i = € MY,
ey :%(é’t o (7)™ 0 ®y)[(ur — d0) (pe—ar)|(0e()),if = € M,y \ M.

Let {e1,e2,e3} be an orthonormal tangent frame for (M3, g) and let
€ = gb;er. From Equation (57),

3
[Vijlg, = Z &7 %[ Ve, (67 2¢r) — [Ve, log(¢y)

j=1
+ej- Viog ¢u] (0, *vr)| on M.

(50)

On Mg(t) \Mg(t), for simplicity, let ¢¢1 := w — ¢, Vo= %(pt —q),
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then combining the second equation in (49) and (50), we have

(51)
Yilg, = drtletl,

3
Viulg, (@ Zd)tl‘ e, (Dr.101) = [Ve, log(¢r1) + €; - Vog ¢r1](¢ 74| -

Let ) := %(pt +qr) = Y and ¢ro := ¢ Applying the conformal
formulae dV;, = ¢¢dV,,, R, = ¢;4R, then plugging Equation (50) and (51)
n (35), we have

_ 1 ~ ~ ~
My =—— [ 4[Vl2, + Ri|iy]3 dV;
Mg,

1

1 3
@ X, |

2
€; thl d}t

2

[Ve,log dui + €5 - Viog gy il(¢, 0h)| + Re, Ll dV.

Hence, using Equation (20), we integrate (52) to obtain the final Equa-
tion (12) with P(x) and Q(z) given in (11). O

This paper was written for a special issue in memory of Robert Bartnik
(1956-2022). The first author had the pleasure of calling Robert Bartnik his
friend and role model. I met Robert the first time when I was 27, fresh out
of graduate school. Robert was a legend in the field; it was quite an honor
to meet him, which I got to do for two weeks in Australia. Robert went
out of his way to help me achieve my goals, however he could. He was very
generous with his time and suggested important papers for me to read. He
was friendly, hilarious at times, and fun to be around, both mathematically
and as a human being. Robert Bartnik’s mathematical contributions are very
important, but the example he set as a person on how to build community
is one of the reasons geometric relativity is thriving today.

Appendix A. Formulae under conformal change of metrics

We list some formulae for spinors and harmonic functions under conformal
change of metrics on an n-dimensional manifold M™.
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Suppose ¢’ = e*"g on M". Let £ = {ey,...,e,} be an orthonormal tan-
gent frame which associate with the orthonormal tangent frame {e]...,e},}
and e; = e~"e;. The map ¥ can be lifted to a map between principal Spin,,
bundles which we denote ®. See [3, Page 133] and [4, Page 308], ® is an
isometry.

Lemma A.1. Suppose ¢’ is a spinor on (M™,g'), then

(53) Dy = e 1o [D(enT_l“q)_lgo/)} .
Proof. Suppose ¢’ = ®(y), according to [3, Lemma 5.27],
/ / 1
(54) v =@ [vao - i(Vvu +V. Vu)g)] :
Hence,
= 1
Dy => @ {ej Ve = 5(Veutej- Vum}
j=1
n—1

—@{6“[Dso+ 5 (Vw)-sO]}

—1

—e D [D(enT“cp)}

(55)

O

Remark A.2. In dimension 3, suppose g = btg, let () = qb?ll?m if
'D(’QZJt) = O, then D(wt) =0.

Let {e1,e2,e3} be a orthonormal tangent frame for (M3, g). We denote
€j = gb;er. From Equation (54),
(56)

Ve, = @0 { Vi, (052 00) — 5172, 2108(60) + & - V2ox(6)] (02}

then we have the norm of the gradient:

3
(57) |Virlg, = EQS;Q Ve, (67 201) — [Ve, log(¢r) + €5 - Vlog ¢u] (¢7 )| -

=1

In addition, we also use the property of harmonic functions under con-
formal metrics. Here is the lemma from [2, Page 69].
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Lemma A.3. Let go and g1 be two conformal metrics on an n-dimensional

manifold M™, n > 3. Suppose gy = uﬁgl, then for any smooth function ¢,

(58)

nt2
Ag1 (u¢) =unr-2 Agz¢ =+ ¢Ag1u'

In particular, if Agu =0 and Ag,¢ =0, then Ay, (ugp) = 0.
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