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Estimates of the Bartnik mass

PENGZI MIAO* AND ANNACHIARA PIUBELLO

Given a metric v of nonnegative Gauss curvature and a positive
function H on a 2-sphere X, we estimate the Bartnik quasi-local
mass of (X,7, H) in terms of the area, the total mean curvature,
and a quantity depending only on -, measuring the roundness of
the metric. If v has positive Gauss curvature, the roundness of
in the estimate is controlled by the ratio x between the maximum
and the minimum of the Gauss curvature. As k — 1, the estimate
approaches a sharp estimate for round spheres with arbitrary, pos-
itive mean curvature functions.

Enroute we observe an estimate of the supremum of the total
mean curvature among nonnegative scalar curvature fill-ins of a
closed manifold with positive scalar curvature.
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1. Introduction

Given a two-sphere Y, a Riemannian metric v and a function H on 3, the
Bartnik quasi-local mass [4, 5] of the triple (X, v, H) is given by

(1.1)

m, (2,7, H)=inf {m(M, g) | (M, g) is an admissible extension of (X,~, H)}.

Here m(-) denotes the ADM mass functional [2] and (M, g), an asymp-
totically flat 3-manifold with boundary dM, is an admissible extension of
(X7, H) if

(i) g is a C% metric of nonnegative scalar curvature;

(ii) OM with the induced metric is isometric to (X,7) and, under the
isometry, the mean curvature of 9M in (M, g) equals H; and

(iii) (M, g) satisfies certain non-degeneracy condition that prevents m(M, g)
from being arbitrarily small; for instance, it is often required that
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(M, g) contains no closed minimal surfaces (enclosing M), or OM is
area outer-minimizing in (M, g).

We refer interested readers to [1, 17, 22, 35] and references therein for other
variations in the definition of m(-).

For an arbitrary pair (v, H), it is an interesting problem to construct and
parametrize admissible extensions of (3, v, H) (see Problems 1 — 3 in [5]). In
the horizon boundary case, i.e. H = 0, under an assumption A\ (—A,+K,) >
0, where A, is the Laplacian on (X, v), K is the Gauss curvature of v, and A
is the first eigenvalue of —A. + K, Mantoulidis and Schoen [21] constructed
admissible extensions of (X,~,0), whose ADM mass can be made arbitrarily

close to 4/ ‘1%';, where |X|, is the area of (X,7). As a result, Mantoulidis and
Schoen [21] showed

‘E"‘/
1.2 m,(2,7,0) < —.
( ) B( Y Y ) — 16

Combined with the Riemannian Penrose inequality [6, 15], (1.2) determined

(1.3) m, (,7,0) = \/%.

Such a result was later extended by Chau and Martens [10, 11] to metrics
7 satisfying A1 (—A, + K,) = 0.

In the CMC boundary case, i.e. H = H, is a positive constant, there have
been a sequence of works that adapted Mantoulidis-Schoen’s methodology
to derive upper bounds for m, (X, v, H,), see [7, 27, 11]. Also in the CMC
case, an earlier work of Lin and Sormani [18] gave estimates of m (X, ~, H,)
by using Ricci flow to construct admissible extensions of (X,, H,). In all
these mentioned works, the metric v is assumed to have either positive or
nonnegative Gauss curvature.

If v has positive Gauss curvature and the mean curvature function H is
positive, Shi and Tam [31] constructed an admissible extension of (X,~, H)
based on earlier quasi-spherical metric constructions of Bartnik [3]. For such
a pair (v, H), Shi-Tam’s result [31] yields

(14) my (5.9,1) < o [ (o= ) diy,

™

where Hj is the mean curvature of the isometric embedding of (3, ) in the
Euclidean space R3 and dp, denotes the area form on (3, 7).
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In the special case v = 0, a round metric on ¥, adapting the construc-
tion of Shi-Tam [31], the first author [24, 25] derived a sharp upper bound
of m, (3, 0,, H) with H being an arbitrary, positive function:

=l (] i
1. Y00, H) < 4/ 22 |1 — Hd .
( 5) mB( y 0. ) ].67T ].67T|E|»y 5 /’L’Y

Equality in (1.5) holds if and only if the data (o,, H) arises from CMC round
spheres in spatial Schwarzschild manifolds.

In this work, we extend estimate (1.5) to allow arbitrary metrics v with
nonnegative Gauss curvature. Our main result is the following.

Theorem 1.1. Let v be a metric of nonnegative Gauss curvature on the
two-sphere X. Let H be a positive function on X. Then the Bartnik mass

m, (X, v, H) satisfies
<1+@/Hd )2—< : /Hd >2
81y Jx Hoy 871y Jx Hy ’

(1.6)
Here ry = (@:)5, C(v) > 0 is a constant depending only on v, and is

/1]
m_(X,v, H) < 7
» (37, H) < 167

invariant under scaling of . If v has positive Gauss curvature, then ((v) <

maxsy, K
——=_7_ Moreover,

C(k) for some constant C(k) depending only on Kk = —
miny, K,

there exists a small € > 0, such that, if Kk < 1+ €, then
(1.7) C(v) £Cle =1,

where C' is some absolute constant.

Remark 1.1. The extension (M, g) of (2,7, H) in the proof of Theorem 1.1
(see Section 2) is foliated by closed surfaces with positive mean curvature.
Consequently, (M, g) contains no closed minimal surfaces enclosing ¥ = OM,
and ¥ is area outer-minimizing in (M, g). Therefore, (M, g) satisfies either
non-degeneracy condition mentioned in (iii).

Remark 1.2. If  has positive Gauss curvature, (X,~) isometrically embeds
in R3 as a convex surface Xy ([29, 30]). Let Hp be the mean curvature of
in R3. The Riemannian positive mass theorem ([36, 37]) shows

mB(Zo, Y, Ho) =0.
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Applying Theorem 1.1 to (X¢, 7, Hp), we then have

[IZly ¢() / C( / i
<t/—|({1+=—>= | Hpd — Hyd
0< 167 + 8ry Js 0 GHy 8rry Jx 0 GHy ’

which translates into the following lower bound of ¢():

8Ty

(1.8) C(v) 21— m

By the classic Minkowski inequality, the right side of (1.8) is > 0 and is zero
if and only Xy is a round sphere. We think (1.8) is an interesting lower bound
on ((v) because ((y) is defined as the infimum over a family of quantities
measuring the roundness of ~, see the definition (2.32). It follows from (1.8)
and (2.32) that {(y) = 0 if and only if v is a round metric.

Remark 1.3. If we denote the right side of (1.6) by m(X,~, H), it can be
shown, along large coordinate spheres, m(X,~, H) approaches the mass of
an asymptotically Schwarzschild manifold. More precisely, suppose (M, g)
is a 3-manifold such that, outside a compact set, M is diffeomorphic to R?
minus a ball and the metric coefficients g;; satisfies

gij = (1+ 277?7“_1)5@']' +O(|z|7?), as z — oo,

where m is a constant and equals the mass of (M, g). Let S, = {|z| = r}, and
let 0,, H, denote the induced metric, the mean curvature of S, in (M, g).
Then, direct calculation gives

/ H, du,, = 8mr 4+ O(r™ 1),
Sr
K, =r 21+ 2mr Y L+ 001,

(for instance, see (5.10) and (5.14) in [31]). The equation on K, implies
the curvature ratio r, associated to o, satisfies k = 1 + O(r~2). Hence,
((o,) = O(r=2) by (1.7). These, together with the fact |S,|,, = 4mr?(1 +
2mr~H) (1 + O(r=2)), readily implies

(1.9) m(Sy, op, Hy) = m, as r — oo.

In [28], Xie and the first author found the Mantoulidis-Schoen esti-
mate (1.2), in the case of metrics v with positive Gauss curvature, can be
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reproduced by combing the methods in [31] and [24]. Moreover, in [28] it
was shown

=l

1.1 v, H) <
( 0) mB( 7,‘)/7 )— 167T

for any positive function H.

Our derivation of Theorem 1.1 is motivated by the work in [28]. Briefly
speaking, one starts with a special path of metrics {()};c(0,1], constructed
by Mantoulidis-Schoen, which connects the given metric v to a round metric
0,. Upon reparameterizing and suitably scaling {-(¢)}, one obtains a path of
metrics {7s}se[1,00)- On the product manifold ¥ x [1,00) with a background
metric § = ds? 475, one then performs a Bartnik-Shi-Tam type construction
to build an admissible extension of (3, v, H). Carefully tracing how the total
mean curvature evolves along the foliation in the extension, one can relate
the mass of the extension to the total mean curvature at the initial surface
as well as the “expense” paid by connecting v to a round metric. The area
radius appears in the estimate as a normalization factor.

Besides (1.6), estimates in this paper also give an extension of (1.10) to
metrics v with nonnegative Gauss curvature, see Corollary 2.4.

In a suitable sense, a dual problem of estimating the Bartnik mass is a
problem of estimating the supremum of the total mean curvature of nonneg-
ative scalar curvature (NNSC) fill-ins of a given closed manifold. Interested
readers are referred to [16, 19, 13, 14, 33, 32, 26] for results and questions
related to NNSC fill-ins. As a byproduct in this work, we observe a lower
bound of the supremum of the total mean curvature of NNSC fill-ins of a
given manifold with positive scalar curvature, see Theorem 4.1.

2. Extensions and mass estimates

Let ¥ denote an (n — 1)-dimensional sphere, n > 3. Let v be a Riemannian
metric with nonnegative scalar curvature on X. Let 7, be the volume radius
of (£,7), ie. |X], = wn_lr;l*l, where wy,_1 is the volume of a round sphere
of radius one in R™.

Suppose {7(t)}ic[o,1] is a smooth path of metrics on X satisfying the
following properties:

i) v(0) =+, v(1) is a round metric with the same volume as ~;
ii) () has positive scalar curvature for ¢ > 0;
iil) try4 7' (t) = 0 for t > 0, where +'(t) = Ly(t).
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We will comment on condition iii) in Section 3. For the moment, fix such a
path and define

)1 o maxz‘%’y’(t)‘i(t) N r%mingRW(t)
(2.1) a(t) = p— ; 5()—m-

Here R, denotes the scalar curvature of 7(t). Note that a(t) and 3(t) are
scaling invariant in the sense, if {7(¢)} is replaced by {c?*v(¢)} for a constant
¢ >0, at) and B(t) will remain unchanged.

Next, we adopt a construction from [28]. Given a constant b > 1, consider
a smooth function

(2.2) t(-) : [1,00) = [0,1], with (1) =0 and t(s) =1, Vs >b.
For each s € [1,00), define

Yo = 152 (H(s)).

{7s}s>1 satisfies 1 = 7"7_27 and vs = 0,, § > b, where 0, is a round metric
on ¥ with volume wy—;. Let M = [1,00) x ¥ and X5 = {s} x X. On M,
consider a background metric

g =ds>+7,, where 3, = s>~,.

This metric g has the following features:

a) the induced metric 45 on X4 has positive scalar curvature for s > 1;
b) the second fundamental form A, and the mean curvature Hy of ¥ in
(M, g) satisfy

_ ~ 1 _ n—1
(2.3) As = f + 582’)/; and H, = .

, Vs> 1.

n—1
5

Here ~., = %'ys and condition iii) is used in obtaining H =
¢) g = ds?+ s%0, is a Euclidean metric on (b, 00) x X.
The following lemma follows directly from results in [31, 12].

Lemma 2.1. Given any positive function H > 0 on X, there exists a positive
function w on M so that

1) g = u?ds® + 75 has zero scalar curvature;
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2) the mean curvature Hy of ¥1 = OM in (M, g) equals v H ;
3) u—1ass— oo and (M, g) is asymptotically flat, foliated by {Xs}s>1
with positive mean curvature.

Proof. Let Ay denote the Laplacian on (Xg,7s). The equation on u corre-
sponding to conditions 1) and 2) is

0 U, - _ _ K5,
au = H—SU2A5U+ 2FIS (Hg + |A5|2 +285H3) —U3H—’1, S Z ].,
(2.4) O
— :—H
us=1 o H 1

(see equation (5) in [12] for instance). Since Hs > 0, (2.4) has a positive
solution on some small interval [1,1 + d), § > 0. Since K5, > 0 for s > 0,
the solution exists on [1,00) by [12, Proposition 2]. Since g is the Euclidean
metric on (b,00) x 3, the claim that u satisfies 3) follows [31, Theorem
2.1]. O

Let g be the metric given in Lemma 2.1 and let m(g) denote its mass.
Let H be the mean curvature of ¥ in (M, g). Define

1
Hs = 7/ Hdys,
(n = Dwn—1 Jx, H

where dpus is the volume form on (Xg,7%s). As g is a Euclidean metric on
(b,00) x 3, we apply [31, Theorem 2.1] to deduce

(2.5) / Hydps — / Hidps = (n — Dwp—1m(g) +o(1), as s — oo.
Es Es

Since ¥ is a round sphere of radius s in ((b,00) x 3, g),

/ Hsdps = (n — l)wn_ls”*Q, Vs >b.
3

Thus,

(2.6) He = s""2 —m(g) +o(1), as s — oo.

We analyze how H, evolves along {3s}. The next proposition was in-
spired by a computation of Shi-Wang-Wei-Zhu [33, page 249].
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Proposition 2.1. The total mean curvature Hs satisfies

dH? S <n—2

2.7)

7 '(s)]23> H2 + (n—2)s 5B, Vs>1.

Here as = a(t(s)) and Bs = B(t(s)).
Proof. By the second variation of volume and the Gauss equation,

2 | 1o ey
%HS = §R»75’LL — Agu — 9 (|AS|’qu +HS2) ut

d Ul
(2.8) £/E Hydus = 5/(H§ - |As|7 utdp, + /R udps.
By (2.3) and (2.1),

(2.9) < (n—1as|t'(s)]* = as |t'(s)|*sH

d 1 n—27 1
- Hsds:_ }A__ _lds _/ R ds
o fo e =g [ (A )t g [ R

1 -2 _
> — <n — a5|t’(s)\23) / Hou " dpsg
2 S .

002 [y,
bIN

252

_l’_

By Holder’s inequality,

‘ 8‘25 s" ! n—1 2
/ Udlu’S e _1 = ( —1 ) .
fE dps fEs u”hdps

Hence, (2.10) and (2.3) imply

d 1/n—-—2
— | Hydus > = | —= — a,|t'(s)]? H,dus
d/E u_2<5 ar<s>|s)/ "

L (0= D= 2)5, 72— 1)
282 sz]s -HS dlu’s ’

(2.11)
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which proves (2.7). O

Remark 2.1. If 7y is a round metric on ¥, one can take {7(t)}sc[,1) to be a
constant path of metrics. In this case, a(t) = 0, 8(¢) = 1, and (2.7) becomes

dH? _n—2_, In—5
. A — 2)g“™
2, Hi:+ (n—2)s ,

or equivalently

2(2—n)
d [ (1% 2\
2.12 — = =5 218 <o.

This monotone property gives another insight into [24, Theorem 1].

n—2

i
| —— |
—
|
/N
€
= |4
[

Remark 2.2. In deriving (2.7), one does not need (1) to be a round metric;
neither does Y need to be a sphere. We will explore this fact in Section 4.

In the rest of this section, we focus on the dimension n = 3. In this case,
7 is a metric with nonnegative Gauss curvature K on the 2-sphere X. By
Gauss-Bonnet theorem,

Bt) < 1.

For convenience, we normalize v so that |X|, = 4x, ie. ry = 1.
Choosing n = 3 in Proposition 2.1, we have

dH? 1
.1 s - / 2 2 >
(2.13) 7 (s as|t'(s)] s> H: > sPs,

which implies
(214) di <S_16f15 o |t'(s)|*s ds 'Hz) > fq eff a,|t'(s)]?s ds
S

Integrating (2.14) from 1 to s > b, we have

(2.15) S
> / Byeli aclt @I ds gs 4 (s p)eh aclt/(sds,
1

Here we used the fact v5 = 0, hence as =0 and S; =1, Vs > b.
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Re-writing (2.15) as
2

b . s
CRNL R 5d8H%2<s—b)+/5sefsas“s)lsdws,
1

S

letting s — oo and applying (2.6), we obtain
b b ’ 25d b ’ 2¢d 2
(2.17) 2m(g) < b —/ Bee™ J sl ()Psds gg o=y aslt/(s)Psds 9,2
1

By Lemma 2.1, (M, g) is an asymptotically flat extension of (¥,~, H),
(M, g) has zero scalar curvature and is foliated by positive mean curvature
surfaces {3,}. Hence, by (2.17) and the definition of the Bartnik mass,

(2.18)

m, (3,7, H) <m(g)

l:b_/ B e_f Qg ‘t/ 8)|2sd5 ds — e fl Ocs|t’(s)‘25ds H% '

o= 3

In general, when (3, ) does not necessarily have area 4, it is easily checked
(2.19) m(3, v, H) =ry m(Z,r;Q’y,mH).

The following proposition follows from (2.18) and (2.19).

Proposition 2.2. Let v be a metric with nonnegative Gauss curvature on
the two-sphere X3. Let H be a positive function on ¥. Suppose {(t)}iec(o1)
is a path of metrics satisfying i), i) and iii). Given any constant b > 1 and
any C function

(2.20) #(-) : [1,6] — [0,1] with t(1) = 0 and ¢(b) = 1,

the Bartnik mass m,(X,~, H) satisfies
(2.21)

b
mB (27 Y, H) S % |:b - / 536_ f: as|t’(s)|23ds ds —e f1b O‘S‘t/(s)|25d5 ’H2
1

where r,, = 4/ |i|r7 and H = % fEHduv.

Remark 2.3. We comment on the C! assumption on the function #(s) in
(2.21). The argument preceding (2.18) readily shows (2.21) holds for any
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\4

—_
>~ ------=

1 1+e b b

Figure 1: On the left is the graph of T'(s), with a corner at b. On the right
in blue is the compression T¢(s) of T'(s) and in red its smoothing using a
mollifier ¢, that preserves the endpoints.

t(-) : [1,b] — [0,1] which is the restriction of a smooth function #(-) :
[1,00) — [0,1] satisfying (2.2). Now if #(-) is merely C! on [0,1] satisfy-
ing (2.20), one can consider a function T'(s) on [1,00) so that T'(s) = t(s)
on [1,b] and T'(s) = 1 for s > b. T(s) may not be smooth on [1,00), but
one can mollify it. For instance, one can first compress the graph of T'(s)
horizontally by a small factor € > 0 and denote such a function by T.(s).
Then one can smooth T, out via a usual mollifier ¢, > 0, with €; > 0 small
enough so that T, x ¢, = T near the points 1 and b (see Figure 1). As the
right side of (2.18) depends on t(-) only via #'(s) on [1,b], letting €; and €
tend to 0, one obtains Proposition 2.2.

In Proposition 2.2, the function t(s) does not need to be monotone. If

t(s) is chosen to be monotone, (2.21) can be reformulated in terms of the
inverse function s = s(t). More precisely, Proposition 2.2 shows

Proposition 2.3. Let v be a metric with nonnegative Gauss curvature on
the two-sphere . Let H be a positive function on ¥. Suppose {7(t)}ieo,1) i
a path of metrics satisfying i), i) and ). Given any C function

(2.22) s =s(t), t € [0,1], with s(0) =1 and §'(t) > 0,
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the Bartnik mass m,(X,v, H) satisfies

1 /
T B(t)s'(t) 1 2
2.2 oy H) < 2L |s(1) — dt —
( 3) mB( 7’)/7 ) — 2 |:S( ) 0 eftl Oé(t) SS/((tt)) dt efol Oé(t) SS/((tt)) dt 9
where 1~ = @'g and H = ﬁ Js H dpy.

Given any C° function ¢(t) > 0 on [0, 1] and any constant k > 0, plug-
ging in (2.23) a choice of

t
H=1+k t)dt,
s =1+k [ o)
one has

B(®)

1 1 J& (t)at
ef" O‘(t)<k¢»<:>+ #(0) )dt

1
m (S ) < 2 |k [ {1 o(t) dt
0

(2.24)
1 2

1 1 JE o) dt
efo O‘(t)<k¢<t>+ FIO) ) dt

Letting £ — 0+ in (2.24) gives the following corollary:

Corollary 2.4. Let v be a metric of nonnegative Gauss curvature on the
2-sphere 3. Let H be a positive function on Y. Then

(2.25) m,,(Z,7, H) < .

For a fixed path {(t)};c[0,1], an optimal estimate on m, (-) from Propo-
sition 2.3 would be obtained by minimizing the right side of (2.23) over all
C* functions s(t) satisfying (2.22). At the moment, we do not know a for-
mula of such an infimum. Below, we proceed using an ad hoc ODE method
to pick a choice of s(t).

Suggested by

o s(t) / o s(t)
(e e0Ea) = el OIG  a@)s(e)s' (1)

we choose s(t) so that

(2.26) B(t)s'(t) = K2a(t)s(t)s'(t) 7,
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where k£ > 0 is an arbitrary constant. Clearly, (2.26) and s(0) = 1 shows

t a 2 1 a
2.27) S@:(Hk/o ﬂ/ﬁg)dt) o 1/%<

With this choice of s(t), we have

(2.28)
1 t / t 1 Hd 2
s(1) = B(t)s S ) di — =0 (Js H dpy)
0 eft (t) 752 70y dt fo ey 9 167r|2’7

() Hdu )
= |1 2 Jia)Sdt |2 (fz v _
< —i—k/ ”45 dt) —k*4e ok TR

To simplify the above quantity, we may choose k so that

1
Hdp~.
8Ty /E F

Thus, the following corollary follows from Proposition 2.3 and a choice

(2.29) k=

of

dt
B 4ﬁ(t
(2.30) st)=[1+ 87% / H dy,

Corollary 2.5. Let v be a metric with nonnegative Gauss curvature on the
two-sphere ¥. Let H be a positive function on . Suppose {(t)}ejo,1) @5 @
path of metrics satisfying i), ii) and iii). Then the Bartnik mass m, (2, vy, H)

satisfies

(2.31)

w (5, H) < 1) 2k 1+<(7)/Hdﬂ T /Hd 2
syl =V 16w 8rry Jx 7 8mry Jx atl ’

Here ((y) > 0 is a scaling invariant quantity of -y, given by

s [0
(2:32) C(ry)_{v(t)}i[o,u/o 46(t) ar
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3. Estimates of ¢(v)

Given a metric v on a two-sphere 3, by the uniformization theorem, there
exists a function ¢ such that

(3.1) r;Q’y = e*0,.

Here o, is a round metric on ¥ with area |¥|,, = 47 and r, is the area
radius of v. Let du, denote the area form of o,. Then f2 eQ‘F’dpo =4r. In
particular, ¢ satisfies

(3.2) Inzin e*? <1 and mzin e < 1.

As a result, there exists some point p € ¥ so that ¢(p) = 0. Consequently,

(3-3) lello < Crlldelly

where C} is an absolute constant and |||, denotes the C%-norm of tensors on
(3, 05). Similarly, given any a € (0, 1), if [¢], denotes a Holder semi-norm
of ¢ given by

[p(x) — p(y)]
la = sup TS

where d(z,y) is the distance on (3, 0,), then

(3.4) [ela < Calldelly

for some absolute constant C..
The next proposition gives an estimate of ((v) in terms of ¢.

Proposition 3.1. Let v be a metric with nonnegative Gauss curvature on a
2-sphere ¥. Let ((y) be given in (2.32). Let ¢ be a conformal factor in (3.1).
Then

(3.5) ¢() < Celelo gl (14 llello) (1 + lldelo)

Here C' is some constant depending on c.

Proof. As in [29, 21], a smooth path of metrics {o(t)}4c[0,1) With constant
area 4, connecting 7., 24 to o,, can be given by

(3.6) o(t) = c(t) L2 Veg,,
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Here ¢(t) is a normalization function satisfying

" 4r

1 1—t

(3.7) c(t) / =09 qyy, > (min 62@) .
5 b

The Gauss curvature K, of o(t) satisfies

c(t) 'Ry = Ky — (1= 1) Ag, 0

(3.8) =1-—(1-1t)As ¢,

where A, is the Laplacian on (X,0,). At t =0,
(3.9) 62“07;2/}(7 =1-A, .
It follows that

(3.10) Koy = c(t)e 200% [t+ (1 —t)e* 12 K, ] .

In what follows, suppose K > 0. By (3.7) and (3.10),

. 20 1—t
miny. € . 2
3.11 > (=T el
( ) Ko < ane2%"> [t—{—(l t)K,Hgne

Here K_ = rgy miny K, > 0. In particular, (3.11) shows K, > 0,V t €
(0,1].

Next, we apply Mantoulidis-Schoen construction [21] to revise
{o(t) }1ef0,1) into a new path of metrics satisfying property iii) in Section 2.
More precisely, consider a 1-parameter family of diffeomorphisms {:}4c(o,1

on Y, generated by a smooth t-dependent vector field X; which is to be
chosen later. Let y(t) = ¢} (o (t)). Then

(3.12) 7' (t) = ¢;(0'(t) + ¢} (Lx,0(t)),
where £ denotes taking the Lie derivative. Hence,
(3.13) try @) ’y’(t) = ¢ (trg(t) U’(t) +2 diVU(t) Xy).

Let ¢ (z) = 9(t, z) to be a smooth function on [0, 1] x ¥ which is a solution
to

1
(3.14) Ay = ~5 o) a'(t),
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for each t. Such a 1), exists since {o(t)}¢cp,1) has constant volume which
guarantees

1
/ 5 to(t) o' (t) dpo(ry = 0.
3

Fix such a 9, let Xy = V()Y where V() is the gradient with respect to
o(t), then

(3.15) try )7 (t) =0

by (3.13) and (3.14). Note that v(0) = ¢;(c(0)) is isometric to o(0) = 7‘7_27.

By abusing notation, we denote ((bal)* (v(t)) still by v(¢). Then {v(t)}+cp0,1
connects 24 to a round metric, has positive Gauss curvature for 0 < ¢ < 1,
and satisfies (3.15).

Let a(t) and () be the function associated to {y(t) };(0,1], given in (2.1).
By (3.11),

(3.16) B(t) > e~ 4@-Dliel [t (11— t)K_e—2||<p||0] .

Next we estimate a(t). For the purpose of obtaining the elliptic estimate
(3.25), we normalize 1y so that

(3.17) / Wedpy, =0, YVt €[0,1].
b

This can be arranged as 1, is unique up to adding a constant for each t.
By the definition of a(t) and (3.12),

1
a(t) = 3 max o' (t) + Lx, o (1)

1
= Smax [|o0' ()2 ) + 200" (), £x,0 (0ot + 1Lx,0(0) 2y |

Let ¢; = Inc(t). By (3.6), o(t) = 2109~ q, Hence, o' (t) = (—2p—c})o(t)
and

(3.19) 0" (D)2 = 220 + 1)

By (3.14) and the fact X; = V1,

(3.20) (0" (t), Lx,0())o) = —2 (20 +¢})%.
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The term Lx,o(t) satisfies
(321) ,CXtO'(t) = QHGSSU(t) 1/)t.

Here Hess, ) denotes the Hessian on (X, 0(t)). Since o(t) is conformal to
0o, the following relation between Hess,, 1; and Hess, ;) ¢r can be checked
directly:
(3.22)

Hess, (1) ¢y = Hessg, ¢y — (1 — ) [dpy ® dp + dop @ dipy — (dep, dii) 5, 00] -

Therefore,

(3.23)
[ Hess () ila, < |Hessy, Gulo, + (1 =€) (21dtilo, dielo, + V2 |{dp, i), )
< Clelles) (L4 (1= ) ldgl,)

where C'is some constant depending only on o,. By (3.14), (3.6) and (3.17),
Yy on (X, 0,) satisfies

(324) Ao.oq/)t — 62(1775)50*@ (2@ -+ Cg) and / wt dl,La-o =0.
b
By the standard elliptic theory, for any fixed a € (0, 1),

(3.25) [l oo sy < CllAg, Ytl|co.e (s

where C only depends on o0, and «a. The Holder norm of A, 1y can be
estimated as follows:

(3.26) [21D9(20 + )] < Hez(l_t)wuo 20l + [0 [|200 + & -
By the mean value theorem, given any =,y € X,

(27) (0700 - 20000 = 51— 1)) — )]0,

for some ¢ lying between ¢(z) and ¢(y). Thus,

(3.28) 207990 < 201 1) 2079 [l

Therefore,

(3:20) [2179%(20 + )l < 2ol 2079 (1+ @ —1) 20+l ).
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Consequently,

(3.30)
21792 (2p + )

— 2(1—t)g02 /
oy = PR+ D)

S0 + )
< [Je2a=0%]| [llze + el + 28eb 1+ 1 = 1) 20 <l )]
< 2002l [4 llly + 2l (14 (1 = )4 llelly )|

where we also used the fact ¢; = Inc(t) and

[ —2¢ 2109 dy,
f e2(1—t)<pdlu0

(3.31) il = <2l -

It follows from (3.23) — (3.25) and (3.30) that

(3.32)
| Hessg(t) ¢t|g(t) = ¢ 2(0-t)pta | HeSSg(t) Uilo,

< e 20RO || A ]| cme gy (14 (1 — 1) [[dgl)

< o014 (Jgily + [l + (1= ) el [eb) (1+ (1 = ) gl
Here C;, i = 1,2, ..., are constants only depending on o, and «. It follows
from (3.18) — (3.21) and (3.32) that
(3.33)

2
a(t) < Coe A0l g2, (14 (1= 1) gl ) (1+ (1= 1) diolly)?,

where |[¢]]o,a = [|¢llg + [¢]a- Equality in (3.33) holds if ¢ = 0 in which case
v is a round metric.

By (3.16) and (3.33),

(3.34)
) Sl gl (14 (=) lipllga) (1+ (1= ) Idgl,)
A~ ’ \/t +(1- t)e*2H<P||o K_ .

Note that

2
dt =

! 1
= | >1,
0 Jrr—pe el LV K
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where we used 0 < K_ < 1. Therefore,

a(t)
339 [ /58 < oucteb gl (14 ell,) 0+ el
This proves (3.5) by the definition of {(7). O

In the rest of this section, we assume K, > 0. Applying results on the
problem of prescribing Gauss curvature on a sphere from the literature (for
instance [8, 9]), one can estimate ((y) by the ratio between maxy, K., and
ming Kfy.

Proposition 3.2. Let v be a metric with positive Gauss curvature on a
2-sphere Y. Let ((y) be given in (2.32). Then

¢(y) < C(x),

maxy, K,

where C(k) is a constant depending only on k = > 1. Moreowver,

miny, K,
there exists a small € > 0, such that, if Kk < 1+ €, then

¢(v) <Clr—1],

where C' is some absolute constant.

Proof. Let y =13 24. Then

maxy, K:Y
miny, K5

By the Gauss-Bonnet theorem, K5 = 1 somewhere on Y. Thus,
(3.36) k< K5 <k

The function ¢ in (3.1) satisfies

(3.37) Ay p+ Kze* = 1.

Replacing v by ®*(~) if necessary, where ® is a conformal diffeomorphism
on (X, 0,), one may assume ¢ satisfies a balancing condition

(3.38) / zie*?dp, =0, i=1,2,3,
¥
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where x; denotes the coordinate function on X if ¥ is identified with the unit
sphere {|z| = 1} in R3 (see [8] for instance). By (3.36) and [9, Lemma 3.1]
(also see (a)’ of Chapter 7 in [8]), there exists a constant C(k), depending
on k, so that

(3.39) lello < C(k).

It follows from (3.36), (3.37), (3.39) and L? elliptic estimates that ||¢||w=2»
is bounded by some constant depending only on x and any chosen p > 2.
By Sobolev embedding theorems, this implies

(3.40) ldello < C(k,p),

where the constant depends only on x and p. The claim ((y) < C(k) follows
from (3.5), (3.39) and (3.40).

Next, suppose « is close to 1. Then || K5 —1|| is small by (3.36). In this
setting, it was shown on page 433-434 in [34] that there exists a constant
0 > 0 such that

15 = 1]lo < 6 = [lgllw=2 < Cl[K5 — 1o,

(3.41)
hence [|¢llo.a < ClIK5 — 1o

for some « € (0,1) and C' is a constant depending only on «. Let a in Propo-
sition 3.1 be given by the a in (3.41), the rest of the claim in Proposition 3.2
now follows from (3.5), (3.39), (3.40) and (3.41). O

Theorem 1.1 follows from Corollary 2.5 and Proposition 3.2.
4. Discussion on NNSC fill-ins

Let 3 be a closed (n—1) dimensional manifold, n > 3. Let  be a metric with
positive scalar curvature on X. Let F(X,7) denote the set of nonnegative
scalar curvature (NNSC) fill-ins of (X,7), i.e. F(X,) consists of n dimen-
sional, compact, connected Riemannian manifolds (€2, g,) with boundary
such that its boundary 02, with the induced metric, is isometric to (X,7),
and the scalar curvature of ¢ is nonnegative. We are interested in an NNSC
fill-in with mean convex boundary. Let

F(3,7) ={(R.9,) € F(E,7) | H > 0},

where H is the mean curvature of 9 in (2, g,, ).
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Following [19] (also see [33, 32]), we let

1

A(%,v) = sup {m o0

Hdy | (©9.) ef+<z,v>}.

Clearly, for any constant ¢ > 0,
(4.1) A(E, %) = "PA(S, 7).

Theorem 4.1. Let v be a metric with positive scalar curvature on X. If
F(X,7) # 0, then

1
miny; R, ) 2

(4.2) A(E,v) > ’I“;l_l (m

n—1

Here 1 is the volume radius of (3,7), i.e. |X]y = wp_177

Proof. For simplicity, we may assume r, = 1. Take (,g,) € F+(%,7).
Choose 7(t) = v, 0 < ¢t < 1, and use {7(t)}e[o, 1) and the function H,
determined by (€2, g,,), in Proposition 2.1, we have

2
dH?

(4.3) >

-2

n—’H§ +(n—2)s*"By, Vs> 1.
s

where By = m miny, R,. Fix any s > 1, (4.3) implies

(4.4) STTMHZ > HT A+ Bo(s"2 - 1).

To proceed, note that if (X x[1, 5], g) is attached to (€2, g,,) by identifying
¥ with 99, we would get an NNSC fill-in of (X, s27), except the resulting
fill-in may not be smooth across 1 = 0¢). For the moment, suppose this
fill-in were smooth. Then, by (4.4) and the definition of A(X,s%7y),

(4.5) 2N, 829)2 > HE o+ Bo(s" 2 - 1).

Taking the supremum of the right side of (4.5) over (Q,g,) € F+(%,7), we
obtain

(4.6) SIS, 579)7 = A(S,7)% + Bo(s" T - 1),
By (4.1), the above becomes

(4.7) s"T2A(E, )2 > A(E,7)? + Bo(s"2 - 1),
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which yields
A(Ea 7)2 > /807

giving the estimate in (4.2). To finish the proof, we note by applying the
mollification construction in [23], the above mentioned “singular” fill-ins can
be approximated by smooth fill-ins whose normalized total mean curvature
approaches Hs (see [20, 32, 33] for instance). This completes the proof. O

If n = 3, (4.2) becomes A(%,7) > r2 (minx Kv)%~ This can be alterna-
tively derived by isometrically embedding (X,~) in R?, making use of the
classic Minkowski inequality and the Gauss-Bonnet theorem.
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