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Recounting special Lagrangian cycles in
twistor families of K3 surfaces
(or: How I learned to stop worrying
and count BPS states)

SHAMIT KACHRU, ARNAV TRIPATHY, AND MAX ZIMET

We consider asymptotics of certain BPS state counts in M-theory
compactified on a K3 surface. Our investigation is parallel to (and
was inspired by) recent work in the mathematics literature by Filip
[1], who studied the asymptotic count of special Lagrangian fibra-
tions of a marked K3 surface, with fibers of volume at most Vi, in
a generic twistor family of K3 surfaces. We provide an alternate
proof of Filip’s results by adapting tools that Douglas and collabo-
rators have used [2H7] to count flux vacua and attractor black holes.
We similarly relate BPS state counts in 4d A/ = 2 supersymmetric
gauge theories to certain counting problems in billiard dynamics
and provide a simple proof of an old result in this field.

1. Introduction

Determining the existence and properties of BPS states has a long and sto-
ried history. Key applications include those to uncovering duality symme-
tries of string theory [§] and understanding the dynamics of supersymmet-
ric quantum field theories [9, [10]. Asymptotics of counts of BPS states at
large mass and charge are particularly relevant to understanding microstate
counts underlying the Bekenstein-Hawking entropy of simple black holes
[11].

The usual approach in such counting problems is to fix some super-
charges and count states that are BPS with respect to those supercharges.
However, in theories with sufficient supersymmetry, there is another natu-
ral question which, to our knowledge, has been less investigated: counting
states which are BPS with respect to any choice of supercharges at a fixed
point in the moduli space. Indeed, this is the more natural question; as we
will find below, this approach to counting detects states which the usual
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index computations miss. In a mathematical context, this question has been
recently addressed in [Il, 12], where a formula determining the large-volume
asymptotics of special Lagrangian T? fibrations of K3 (as a function of the
fiber volume) was proposed.

Let us introduce and motivate this problem from the perspectives of both
physics and mathematics. Consider M-theory compactified to 7 dimensions
on K3. We may obtain BPS states by wrapping M2-branes on supersym-
metric 2-cycles, which are simply holomorphic curves with respect to some
complex structure [13, 14]E| Equivalently, thanks to the hyper-Kéahler struc-
ture of K3, we may regard such a cycle as special Lagrangian with respect
to some choice of Kéhler form, w. That is, if our curve is C, and the holo-
morphic 2-form is denoted by €2, we have

wlc =0, vol(C)=Re (er) |y, Im <ei99) lc=0

for some 6. Therefore, we are interested in counting 2-cycles which are special
Lagrangian (with any phase @) with respect to an arbitrary Kahler form.
Actually, since these curves C generically have moduli spaces (even for a
fixed choice of Kéhler form) this is still not a well-defined problem: to count
BPS states of the M2-branes we should really study the cohomology of these
moduli spaces, and in particular their Euler characteristics. If we restrict to
genus one 2-cycles, then these moduli spaces are all topologically the same
(namely S? = P!), and so counting BPS states is thus reduced to counting
the number of these moduli spacesﬂ Finally, under the genericity assumption
of [I] which we detail below, given such a moduli space we can canonically
realize our K3 surface as a special Lagrangian fibration by fibering the curve
at a point in the moduli space (which will be singular at 24 points) over
the base SQE| Conversely, any special Lagrangian fibration of a K3 surface
has torus fibers (plus 24 singular fibers) and a spherical base. So, we have
rephrased our physics problem — counting BPS states arising from M2-branes

!The existence of massive BPS states might seem strange in light of the fact
that the vacuum preserves the smallest amount of supersymmetry allowed in seven
dimensions. However, in many dimensions besides d = 4, including d = 7, minimally
supersymmetric theories may contain massive BPS states [I5].

2In order to avoid dealing with bound states we focus on cycles in primitive
homology classes.

3 Alternatively fibering the dual torus, or Jacobian, over the same base gives the
Strominger-Yau-Zaslow construction of the mirror manifold [I6] which was studied
for K3 surfaces in [I4].
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wrapping two-tori in the internal dimensions — as one of counting special
Lagrangian fibrations of a fixed K3 surface.

The organization of this note is as follows. In §2, we give a slightly more
precise formulation of the counting problem. In §3, we solve the problem by a
distinct method from [I]. In §4, we use similar ideas to determine large-length
asymptotics of closed billiard trajectories on rectangular billiard tables, and
briefly sketch the relation of this question to asymptotics of BPS state counts
in 4d N = 2 gauge theories.

2. More precise statement of the problem

In order to be more explicit, we introduce the notion of a generic twistor
family of marked K3 surfaces, X. ‘Marked” means that we have chosen an
isomorphism H?(X,Z) — I'*'? where I'*'? is the even unimodular lattice
of signature (3,19). Physically, this marking corresponds to a choice of U-
duality frame. (Physicists may appreciate the discussion in [17].) A ‘twistor
family’ is obtained by taking a marked K3 surface, considering the positive-
definite 3-plane P C I'>'? @ R that contains the Kihler form and the real
and imaginary parts of the holomorphic (2, 0)-form, Q (all of which we nor-
malize to be unit vectors, so that they form an orthonormal basis for P),
and rotating the Kéahler form throughout the unit 2-sphere S C P. So, it is
specified by a point P in the Grassmannian

(2.1) G190 = 0(3,19)/0(3) x O(19)

consisting of positive-definite 3-planes in R*!?. All of the elements of the
twistor family have the same Ricci-flat metric. Finally, ‘generic’ means that
all elements of the family have a Néron-Severi lattice, H2(X,Z) N H'(X),
of rank (or ‘Picard number’) p at most one. Note that it is exactly this
lattice that comprises the cohomology classes of holomorphic curves, so our
genericity hypothesis is that for any choice of complex structure we have
at most one primitive curve class. Moreover, a Kahler form, if one exists,
must lie within this lattice, and so a K3 is algebraic if and only if this lattice
is nontrivial. Note that the name ‘generic’ is reasonable as such families
correspond to the complement of a countable set of proper submanifolds of
G319 by lattice-theoretic considerations.

Now, more explicitly, the problem with which [1l 12] were concerned
was to count the number of special Lagrangian fibrations in a generic twistor
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family of marked K3 surfaces whose non-singular fibers have volume at most
Vi, in the limit of large V,. Note that in a given fibration all of these fibers
have the same volume as they are homologous cycles calibrated by €.

In fact, we can easily work at the level of cohomology. That is, for any
Q € H*(X,Z) with Q? > —2 there is a Kéhler form w(Q) for which a rep-
resentative of ) is a special Lagrangian genus Q?/2 + 1 cycle, and so in
particular for any primitive null (or isotropic) Q € H?(X,Z) one obtains
(under the genericity assumption) a special Lagrangian fibration. Indeed,
this is a one-to-one correspondence [1]. By using our freedom to choose the
phase of €2, we can write the volume of a special Lagrangian representative
of @ as Q- Q(Q), where Q(Q) is the holomorphic (2,0)-form corresponding
to the Kéhler form w(Q).

Finally, we observe that the physical setup motivates the generalization
to counting primitive null cohomology classes even when P is not generic,
although in this case the count is no longer one of special Lagrangian fibra-
tions.

Having said all of this, we will now prove the following theorem at a
physical level of rigor:

Theorem 1. Given a twistor family X associated to a (possibly non-generic)
3-plane P with unit sphere S, and given any smooth weight function w : .S —
R, we have the following asymptotic formula, where the sum runs over all
primitive null vectors Q € T with Q - Q(Q) < Vi:

(2.2) > w(Re Q) ~ </SdReQw(ReQ)> V2

The implied constant multiplying the right hand side is independent of w.

We also give a heuristic argument for the result of [1] that the implied con-
stant on the right side is independent of P, for generic P. The weight function
is introduced in order to demonstrate that the points we are counting are
equidistributed along S.

We prove this theorem by adapting methods of Douglas and collabora-
tors used to count flux vacua and attractor black holes [2-7] ﬁ The restriction

4As will be clear, this is a bit overkill. We use their methods both to stress the
similarity of our counting problem with theirs and because it is neat to see their
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in the sum of to primitive vectors might seem troublesome, but since
we are only interested in the large V. asymptotics we can essentially ignore
it, since the probability for n randomly chosen integers to have greatest
common divisor 1 is 1/¢(n), which for n = dim H?(X,Z) = 22 is

1 13447856940643125
(2.3) = ~
C(22) 155366722

More precisely, for n > 2 integers selected uniformly at random in the range
[1, N], the probability for them to be relatively prime tends to 1/{(n) as
N — oo [1§]. Clearly, finite N is correlated with finite Vi, and so the finite
N errors in this result will lead to finite V, errors. For this purpose, the

more precise result ﬁ + O(1/N), valid for n > 3 [1§], will be useful.

Before continuing, we provide a simple proof that the count is finite.
We decompose a null vector Q € I'* as Q = Qr, + Qg, where Qr, € P and
Qr € P1. Q% = 0 implies Q% = |Q%]|. The special Lagrangian condition (and
our choice of phase for (Q)) forces Q1 to be parallel to Re2. So, Q- Q =

Qr-Q=1QLl = |Qrll < Vi, and this restricts our attention to a finite set
of vectors in T'319,

Similar reasoning allows one to show that

(2.4) sup Q-1 =Q-QQ) ,

tePt2=1

which relates our statement of Theorem (1| to that at the end of §1.2 of [IJ.

3. Proof
We introduce the notation
1 QL -ReQ >
3.1 o= —0 ———-1
(31) o= 5 (%)

application in simple examples. For instance, in §4) we will explain how to compute
the area of a disk via an exponentially decaying integral over the whole complex
plane!
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for a delta function that forces Re() to be parallel to Qr, so that @ has a
special Lagrangian representative whose volume is @ - QE| Similarly,

A
2(Qcll

imposes Q% = 0E| Here, A is the width of our hyperboloid in @-space, which
is needed to appropriately enclose lattice points in the integral approxima-
tion below. Its most important feature is that as we rescale Q — Q/«, we
will rescale A in the same way. Explicitly, A is determined by setting

(3.3) > ~ /R dQ b ,

Qe‘l‘—‘glj[<cg/2:07 HQL||<V
LSV

(3.2) o = 5(Q%)

as V, — oo.

In terms of these objects, we can estimate the count we are interested
in (roughly by approximating a number of enclosed latticed points via a
volume of the enclosing region) via

(34) Y wReQ) ~ Z /dReme (ReQ)0(V, — Q- Q)

Q 1“3 19
Q*=0
1
(3.5) ~ C(22)/R dQ&o/SdReﬁégw(ReQ)G(V* ~Q-9).

Next, we re-write the theta function in terms of a contour integral, so
that (3.5 becomes

(3.6) ,
11 etico 7o
lim — ——— — eV dQ sy | dReQdqw(Re)e @@L
ei%izmg(m)/em a € /R @ O/S eoguw(Refd)e

Now, we rescale Q@ — Q/ am The « integral then gives

€+1i00 20
lim —1 —da e®Vs = Vi
=0+ 271 Jo_;o, a2 20!

—100

5This is normalized so that [ dRe Q5o f(Ref) = f (”g—in) .

6This is normalized so that fRo 19 dQR 60 = A QLII"® [q1s dQpr , where S8 is the

unit 18-sphere parametrized by Qz, and Jrs.0 dQL 60 = Al Qg1 [ dQr.
"This is justified in more detail in [19].
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So, we get

V2o
* / dQéO/dReQ(Sgw(ReQ)e_Q‘Q.
R3.19 S

(37) 200 ¢(22)

Performing the radial Q)1 integral using dgp, the angular integral over
Qr = Qr/||Qrl| using dq, and then the Qg integral gives

9) [ d@nonc =2 [aQu [ don|Qulsne @eremlen
R3.19 S RO.19

(3.9) —A / dQr | Qr|e1x!
RO.19
9719/2 oo
1 A= 20 —r
(3.10) F(19/2)/0 drr*e
(3.11) — A - 72296379187200 7 .

So, the implied constant on the right hand side of (2.2)) is

199808985600
77683713

This result should agree with the ratio of volumes of homogeneous spaces
appearing in the constant of [I]. In particular, A should be independent of
P. While the analogous statement manifestly fails for the even unimodular
lattice T'1!, we expect it to hold away from low dimensions, as the integrals
over the left- and right-moving unit spheres should wash away dependence
on P.

(3.12)

Clearly, the dominant source of error in the approximation in the
large V. limit comes from the boundary, ||QL| = [|Qr| = Vi. We have al-
ready discussed the errors in (3.4)). It would be interesting to compare these
errors to those discussed in [12].

4. Billiards

We now demonstrate that identical techniques can be applied to billiards
problems of interest in the study of flat surfaces, or translation surfaces,
which are formally analogous to the counting problem treated above [I]. We
refer the reader to [20] for background. Here, we will focus on the simple
problem of counting closed geodesics on a genus one surface whose area we
normalize to unity.
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We regard the torus as arising from the identification of opposite edges
of a parallelogram. We then tile the complex plane with translates of this
parallelogram and observe that the corners thereof form a unimodular lat-
tice, I' € C. We choose the origin to coincide with one such corner. Now,
our problem is reduced to counting geodesics in C which begin at the origin
and end at a primitive vector in I'. We note that when the parallelogram
is rectangular, this is equivalent to counting closed geodesics on a billiards
table. See the illustration in Figure 1.

. e O

Figure 1: A geodesic on a billiard table; its lift to a tiling of the plane; and
the same trajectory viewed as a geodesic on a surface of genus 1.

We denote both the angle of the geodesic relative to the horizontal and
the unit vector in this direction by 6. Let 9 = d (6 — arg Q) be a delta func-
tion that forces 8 to be parallel to ) and let S denote the unit circle. Then,
the count is

1
(4.1) > w(o) ~ ©) > /Sda Sow(0)0(Ly — Q- 0)

el

1
(4.2) ~ C(Z)/ch /Sdeaaw(e)e(L*—Q.e),

where the ) runs over geodesics ending at primitive lattice points, and w(#)
is an arbitrary smooth function.
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We now do the same tricks as before to deal with the 8 function, so that
we are left with

(4.3) > w(o) ~ 2' ®) /dQ/dHégw

3L2

dr d9 w( -

(4.4)

R+

2
3L d9w( ) -

71'

(4.5)

In particular, setting w =1 and performing the mtegral yields 2 — -mwL?,
which shows that the Siegel-Veech constant for T2 is ﬁ. We note that this
quadratic asymptotic behavior applies to a very general class of geodesic
counting problems [21H25].

We can also relate this sort of counting problem to physicsﬁ Specifi-
cally, consider the Seiberg-Witten description of the low-energy limit of an
SU(2) gauge theory, possibly with matter in the fundamental representa-
tion [9] 10]. This involves an elliptic fibration over the P! Coulomb branch
of the gauge theory. We view a fiber, called the Seiberg-Witten curve, ¥,
as being cut out of P2, with coordinates x,z, by a single equation. This
embedding is quite useful because a number of properties of the low-energy
physics are illuminated by regarding the Seiberg-Witten curve as a branched
double cover of the z-plane. (This can be motivated by geometrically engi-
neering the theory in string theory, where the z-plane arises as the base of
an ALE-fibration [28H30].) In particular, ¥ is endowed with a canonical flat
surface with poles structure [26] [B1] by a meromorphic one-form, A, known
as the Seiberg-Witten differential. (Note that this induces a rather different
metric, g.> = 4\, Az, on X from the one obtained from its embedding in P2.)

8<Sort of’ refers to the fact that the relevant surfaces in the physics problem
are generally not as nice as those considered above. In particular, they have infi-
nite area, since the Seiberg-Witten differential is only meromorphic, as opposed to
holomorphic. Nevertheless, counts of geodesics on such surfaces have been investi-
gated recently [26]. The relationship between geodesics and BPS states is discussed
in more detail, and exploited in order to determine asymptotics of BPS spectra,
n [27]; in particular, examples with holomorphic differentials are discussed. E.g.,
counting geodesics on an elliptic curve is related to the BPS spectrum of the NV = 4
SU(2) theory.
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Stable BPS hypermultiplets then correspond to primitive geodesics connect-
ing distinct branch points associated to zeroes of A, while vector multiplets
correspond to primitive closed geodesics [29] 30]E|

In fact, this same 4d A = 2 field theory may be engineered in another
way in string theory, and this leads us to another math problem which is
dual to the one just discussed. Specifically, these field theories describe the
worldvolume of a D3-brane probing D7-branes and an O7 orientifold plane
[34]. Quantum corrections to this picture are described by F-theory on an
elliptically fibered K3 surface [35], where the Coulomb branch is an infinites-
imal neighborhood in the base of the fibration. BPS states now correspond
to certain geodesics, and webs thereof, on this base [36], B7]; these geodesics
trace out the positions of strings.

We thus see that two different counting problems involving geodesics
on different surfaces have the same answers. The connection between them
is provided by compactifying the F-theory setup on a circle transverse to
the D3-brane, T-dualizing, and lifting to M-theory. The compactification
manifold is our original K3 surface, but now the fibers are also part of
spacetime, and their Kéhler class is controlled by the radius of the extra
circle we introduced in the F-theory frame. The D3-brane becomes an Mb5-
brane wrapping these fibers [38], while BPS states are now M2-branes ending
on the Mb-brane with one leg along the base and one leg along the fibers
[39, 40]. It is now clear that each of the earlier counting problems was just
looking at one of the two legs of the M2-brane.
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