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Opers, surface defects, and
Yang-Yang functional

SAEBYEOK JEONG AND NIKITA NEKRASOV

We explore the non-perturbative Dyson-Schwinger equations
obeyed by the partition functions of the Q-deformed N =2, d =4
supersymmetric linear quiver gauge theories in the presence of sur-
face defects. We demonstrate that the partition functions of differ-
ent types of defects (orbifold or vortex strings) are related by ana-
lytic continuation. We introduce Darboux coordinates on a patch
of the moduli space of flat SL(IN)-connections on a sphere with
special punctures, which generalize the NRS coordinates defined
in the SL(2) case. Finally, we compare the generating function of
the Lagrangian variety of opers in these Darboux coordinates with
the effective twisted superpotential of the linear quiver theory in
the two-dimensional 2-background, thereby proving the NRS con-
jecture and its generalization to the SL(3) case.
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1. Introduction

The dynamics of supersymmetric gauge theories is a rewarding research sub-
ject. The exact low-energy description of the four-dimensional gauge theories
with N = 2 supersymmetry was proposed in [3, 4] for the SU(2) theories
with various matter multiplets. The proposal has been generalized in the
subsequent papers, allowing for different gauge groups and matter represen-
tations. In many cases the Coulomb branch of the moduli space of vacua
is a family of algebraic curves (called the Seiberg-Witten curves) equipped
with meromorphic differential. The periods of the differential compute the
central charges of the supersymmetry algebra determining the masses of the
BPS particles at this vacuum. The microscopic study of these theories using
direct quantum field theory methods and supersymmetric localization was
initiated in [I5], leading to the exact computation of the partition functions
of a deformed version of the theory, the realization they coincide with the
partition functions of some two dimensional chiral theory, and connecting
that theory to the M- and string theory fivebranes [15, [19} 20} 37, [40].

The method of [I5] reduces the computation of the path integral to a
problem of counting fixed points under the action of the global symmetry
group on a finite dimensional BPS field configurations. More specifically, the
partition function can be written as a product of analytic functions,

(1) Z’(aa m, e, q) - Z’classical(a’ g, q) Zl-loop (a7 m, E) Z’inSt (av m,e, q)

Here q schematically denotes the gauge couplings of the theory, while a, m,
and € = (e1,e2) denote the equivariant parameters for the group of global
gauge symmetry, the group of flavor symmetry, and the group of Lorentz
symmetry, respectively. € 2 are also called (2-deformation parameters (See
appendix [A| for a more detailed review of the N = 2 partition functions).
The effective prepotential is then obtained by taking the limit (while keeping
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a, m, q generic)

(2) F(a,m,q) = lim eje5logZ(a,m,e,q),
£1,62—0

which provides the direct microscopic derivation of the results in [3, 4] (either
using the limit shape approach [16], or the blowup equations [17]).

Meanwhile, it was observed in [8-10] that the Coulomb branch of vacua
of a N = 2 theory canonically has a structure of a base B of an algebraic inte-
grable system. The full structure is revealed when the theory is compactified
[13] on a circle Sk [25]. The moduli space of the effective N = 4,d = 3 the-
ory is a hyper-Kéhler manifold which metrically collapses to the Coulomb
moduli space B of the four-dimensional theory in the limit R — oo [13].
In this limit, one of the complex structures, say, I is singled out, with re-
spect to which we have a holomorphic symplectic form ;. For finite R, the
moduli space is a 27-Lagrangian fibration over B by abelian varieties. More
specifically, the Coulomb branch B is parametrized by the expectation val-
ues u = (Oy) of chiral observables (these are local operators anticommuting
with the four nilpotent supercharges of one Lorentz chirality).

These observables carry over to the theory with finite R. We define the
Hamiltonians to be the I-holomorphic functions on the moduli space of the
compactified theory by

(3) H,={(04), k=1,...,dimB,

and it is not difficult to show that these functions Poisson-commute with
respect to the Q;l.

1.1. Quantization via gauge theory:
Effective twisted superpotential as Yang-Yang functional

The remarkable correspondence between the gauge theory and integrable
system was promoted to the quantum level in [23], by placing the gauge
theory into the realm of Bethe/gauge correspondence [21], 22]. We consider
the theory in the -background affecting two out of four dimensions of
spacetime. Equivalently, we take the NS limit (¢1 = h # 0,69 — 0) of the
general Q-background, so that the theory retains the two-dimensional N =
(2,2) supersymmetry. The effective action includes the twisted F-term given
by the effective twisted superpotential,

(4) W(a,m,h,q) = lim eglogZ(a,m,e; = h,e9,q).

e2—0
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Typically, the theories with four supercharges have isolated vacua. In this
way the Q-deformation of the four dimensional theory lifts the continuous
moduli of vacua. The discrete set of vacua is in one-to-one correspondence
with the solutions to the following equation,

OW(a, m, h, q)

e =1, «a=1,...,dim3B

(5) exp
In the context of Bethe/gauge correspondence, this equation is identified
with the Bethe equation which determines the set of joint eigenvalues of the
mutually commuting Hamiltonians. The Coulomb moduli a in map to
the quasi-momenta, or Bethe roots, of the integrable system. The spectrum
of the Hamiltonians for a given solution a, of is computed as

(6) up (e, m, hyq) = (O))55he=0ma,

The Q-deformation parameter h plays the role of the Planck constant of the
quantum integrable system. The potential W of the Egs. determining
the Bethe roots is identified with the Yang-Yang functional [74] in the con-
text of the integrable system. The effective twisted superpotential, or the

Yang-Yang functional, can be written in the following form according to the
decomposition of ,

+ \Xﬂ—loop(a7 m, h) + Winst(a’ m, h’ q)

The 1-loop part depends on the regularization scheme but is independent
of the gauge coupling q, while the instanton part is expanded as a series in
q.- The series can be exactly computed by taking the NS limit of the Young
diagram expansion of the instanton partition function. See appendix [A] for
more background on the localization computation of the effective twisted
superpotential.

1.2. Hitchin systems, flat connections, and opers

In this paper, we study a specific subclass of the four-dimensional N = 2
theories, which is called the class-8 theories [37]. The class-§ theory Tg, C]
(g = ADE) is the four-dimensional N = 2 superconformal theory engineered
by compactifying the 6-dimensional (2,0) superconformal theory of type g
on the Riemann surface €, with a partial topological twist. As we discussed
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earlier, the further compactification of 7T[g, C] on a circle S! yields a three-
dimensional N = 4 gauge theory whose Coulomb moduli space is the phase
space of the Seiberg-Witten integrable system. By changing the order of
compactification on € x S[39], it can be verified that the moduli space is
equivalent to the moduli space Mg (G, C) of the Hitchin pairs (P, ¢), that
is, the locus of the Hitchin equations on € [46],

( 8) F A+ [@7 ] 0
Oap =0, 940 =0.

modulo the G-gauge transformations. Here, G is the simple Lie group cor-
responding to g, A is a G-connection on the principal G-bundle P — €, and
p €T'(C, Ke ® adp) is the gc-valued (1,0)-form called the Higgs field. Note
that € may have punctures, and the Higgs field is prescribed to have specific
singular behaviors at those punctures. Therefore, the Seiberg-Witten inte-
grable system for the class-8 theory 7[g, €] is the Hitchin integrable system
with the phase space My (G, C).

As discussed in [60], we can view the Hitchin moduli space My as a
hyper-Kéahler quotient of the affine space W of all the field configurations of
(A, p). W is hyper-Kihler with a natural P!-family of complex structures,

9) T=al +bJ+cK, I?°=-1, for a®>+b*+c* =1,

where we may choose the convention that I, J, and K are the complex
structures with the holomorphic coordinates (Az, ¢.), (A, = A, +ip,, Az =
Az +ipz), and (A, + ., Az — ¢z), respectively. The corresponding Kéahler
forms are

w,:_;/Tr(aAAaA—égoMso),
7

1

(10) Wy = 27‘(

/ |d?2| Tr (§pz A SA, 4 60, ASA3),

WK = Tr (6A N ).

o

Then the Hitchin equations are just the moment map equations for
these Kéhler forms. Therefore My (G, @) is also hyper-Kéhler with the same
complex structures and Kéhler forms. We also define Q; = wy + iw;. and its
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cyclic permutations,
1 2
Qr=— [ |d°z| Tr (6p. A dAz),
TJe
7
Qr=—— [ Tr (6ANS
. /8 r (BANGA),

Qx = _1/ |d%2] Tr(6A4z A GA, — 6oz A b,
2w e

each of which is a holomorphic symplectic (2,0)-form with respect to the
complex structure I, J, and K, respectively.

The complete integrability of My (G, €) is manifest when we work in the
complex structure /. We restrict our attention to the case g = Ay_1 from
now on. Let us define the Hitchin fibration by the map,

N
m: Mpg(An_1,€) — B =P H"(C,KE),
(12) k=2
AN
(P.g) — (Trgh)
k=2
It is possible to show that under the partial topological twist, the vac-
uum expectation values of the chiral observables of U(1) R-charge k ex-
actly span HY(C, K ’Cf,) Therefore, we observe that the base B of the Hitchin
fibration is precisely the Coulomb moduli space of T[An_1,C]. It is clear
from the expression for Q; in that all the base elements are mutu-
ally Poisson-commuting under ;. A dimension counting also shows that
dim B = $ dim Mgy (Ay_1,C). Finally, the preimage of u = (up(2))h_, € B
can be shown to be an abelian variety, the Jacobian Jac(X,) of the spectral
curve

N
(13) Yu= {(z,:c) eT*C| 2N + Zuk(z)fok = O} c T*e,
k=2

establishing the algebraic integrable structure of My (An_1,C). The spec-
tral curve X, is identified with the Seiberg-Witten curve of the theory
T[AN-1,C].

On the other hand, we can alternatively view Mg (An_1, C) through the
complex structure J. Up to some stability issue that we do not discuss here,
the hyper-Kéahler quotient can be equivalently performed by imposing only



Opers, surface defects, and Yang-Yang functional 1795

the moment map equation for €27,
(14) F=dA+ ANA=0,

and moding out the G¢(= SL(N))-gauge transformations. Thus, the Hitchin
moduli space My (An_1, C) is identified with the moduli space of flat SL(N)-
connections on €, Mg, (SL(N), C). It is convenient to use the holonomy map
to express Ma,t(SL(N), C) as the character variety, i.e., the representations
of the fundamental group of C,

(15) Maut(SL(N), €) = {p € Hom(m (€), SL(N)) | [p(7:)] fixed} /SL(N),

where {i} enumerates all the punctures in C, ; is the loop encircling the i-th
puncture only, and the bracket [- - - | denotes the conjugacy class. The Poisson
structure induced by €7 on Mg, (SL(N), €) can be explicitly written as the
skein-relations on the Wilson loops [47, 48].

To see the quantization at work, the class-8 theory T[An_1, €] is subject
to the -deformation in the NS limit. This is most effectively implemented
by deforming the underlying geometry into the product of a cylinder and a
cigar-like geometry, X4 =R x S! x D? [24]. The following metric on D? is
taken,

ds® = dr?* + f(r)do*, rel=10,00], 6 ¢€][0,2m),
(16) with f(r) ~ r? for r ~ 0,

f(r) ~ const for sufficiently large r

Note that this metric asymptotes to X4 ~ R x S* x I x S1. One recalls that
the ()-deformation with respect to the isometries of the two-torus can be
undone by a redefinition of the fields of the theory [24]. In the limit where
both circles S' and S! are small we can approximate the theory by its re-
duction. The dependence of the theory on the radii of the circles S and
St is Q-exact, where @ is the supercharge preserved by the Q-deformation.
The dimensional reduction along the two-torus S! x S1 results in a two-
dimensional N = (4,4) sigma model, with the worldsheet R x I and the tar-
get space Mg (An_1,C). The quantization of the Hitchin integrable system
arises by correctly specifying the boundary conditions at 0,00 € I [24]. The
boundary condition at oo € I determines the space of states in the inte-
grable system, implemented by a wg-Lagrangian brane. It is also argued in
[24] that the effect of the 2-deformation is correctly accounted by the bound-
ary condition at 0 € I corresponding to the canonical coisotropic brane of
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Mg (An—1,C) [36]. Surprisingly, this brane could be T-dualized along the
fibers of the Hitchin fibration to produce a brane supported on a distin-
guished Jp-holomorphic €, -Lagrangian submanifold of My (Ax_1,C): con-
jecturally, the variety of opers [53]. Here, J;, differs from I, —I, and is deter-
mined by the Q2-deformation parameter A. In the absence of punctures on €
all complex structures different from I, —I are diffeomorphic. When punc-
tures are present the diffeomorphism rotating J to J changes the masses
of the matter hypermultiplets, and, accordingly, the eigenvalues of the mon-
odromy around the punctures. With this subtlety understood, we shall skip
the subscript 7 in the notation for the complex structure J in what follows.

The variety On|[C] = {D} of opers can be locally represented as a set of
N-th order meromorphic differential operators

(17) D=0 +t(2)0N 2+ -+ tn(2),

_N-1 ~
acting on (—M)—differentials K, * . Here we view © as an element of

2
Maat(SL(N), €) by associating it to the representation

(18) ps : m(C) — SL(N)

where M.y(@) is the SL(N)-valued monodromy of the solutions of D along
the loop . More specifically, the conjugacy class of the monodromy around
each puncture is fixed, so that

(19) OMﬂ:{@‘[Mﬂ@ﬂﬁm@,

leaving only dim On[C] = dim B degrees of freedom for the meromorphic
functions (tk(z))/{c\fz2 which is equal to the half of the dimension of the full
moduli space Mga(SL(N),C). In fact, as an oper can be regarded
as a quantization of the Seiberg-Witten curve , the variety of opers
On[€] provides a quantization of the Coulomb moduli space B, and the
holomorphic functions on Ox[C€] precisely correspond to the off-shell spectra
of the mutually commuting quantum Hitchin Hamiltonians [52].

The wg-Lagrangian brane at infinity co € Iis T-dualized to another wg-
Lagrangian brane L. The ground states of open strings with two ends on
On|[C] and L, respectively, define the space of morphisms in Fukaya category

(20) H = Hom(Oy|[C], L).
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The space of morphisms between two Lagrangian branes in Fukaya category
is the symplectic Floer homology HFg,,,,(ON[€], L), which can be obtained
as a cohomology of a complex spanned by the intersection points with the
differential obtained by studying pseudo-holomorphic disks with boundaries
on Oy|[C] and L. For hyper-Kéhler manifolds, such as the Hitchin space in
our case, there is no contribution coming from the disks of non-zero relative
degree, thus the space of states are determined by the classical intersection
pointsE In other words, the problem of quantization reduces to enumera-
tion of the intersection of the variety of opers and a wg-Lagrangian brane.
The isolated intersection point defines a common eigenstate of the quantum
Hamiltonians. The spectra of quantum Hamiltonians are the holomorphic
functions on the variety of opers restricted to this locus.

1.3. The NRS conjecture

Since the variety of opers Oxn[C] is a complex Lagrangian submanifold of
Maat (SL(N), €), there exists the generating function S [On[C]] for On[C],

_ a5 [0x[e)

. 1.
vy z:1,...,§d1mMﬂat(SL(N),G),

(21) Bi
for any Darboux coordinate system {ca,3,} = d;; on Maa(SL(N),€). In
[1], it was suggested that there exists a specific Darboux coordinate system
(which we refer to as the NRS coordinate system), in which the generating
function for the variety of opers is identified with the effective twisted su-
perpotential, up to a contribution from the boundary at the infinity which
is independent of the gauge coupling, namely,

(22) S[Oxlel = = (WITEAv-1,€) - Wac)

In the N =2 case, the NRS coordinate system on the moduli space of
SL(2,C)-flat connections essentially restricts to the coordinate systems pro-
posed in [49H51] for the SU(2) flat connections, Teichmiiller space (which
is a component of the moduli space of SL(2,R)-flat connections) and the
SO(1,2)-flat connections, respectively. The intuition behind the above equiv-
alence is that as we vary the complex structure of C, the corresponding vari-
ation of 03]C] is represented by a closed holomorphic one-form on O3[€],

IThere is a subtlety when the Lagrangians are not transversal. It appears the lift
of degeneracy of the ground states [32, B5] in quantum mechanics corresponds to
such singularities.
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which is a derivative of a holomorphic function since O2[C] is simply-
connected. As we noted earlier, the holomorphic functions on O,[C] are
the spectra of the quantum Hamiltonians, which are, in the spirit of the
Bethe/gauge correspondence,

OW [T[A, €]]
(23) u=q o .
Since the complex structure of € is controlled by the gauge coupling q, this
motivated [I] to identify the generating function for the variety of opers with
the effective twisted superpotential, and thereby with the Yang-Yang func-
tional. As a result, the classical symplectic geometry (which operates with
symplectic manifolds and thier Lagrangian subvarieties), the N = 2 gauge
theory, and quantum integrable system (which belongs to the domain of
noncommutative algebras, their commutative subalgebras, and representa-
tion theory) are nicely interconnected through the equality . Note that
this is a finite-dimensional version of the quantum/classical duality stud-
ied at some examples in [12], which connects the integrable quantum field
theories to the classical nonlinear differential equations.

There were many questions that remain unanswered. Some of them are:

1) Can one precisely describe the variety of opers Oy[C] as of a defor-
mation of the Coulomb moduli space B (of course, the first order
deformation is simply the WKB approximation)? In particular, how
the meromorphic coefficients (tk(,z))kj\;2 in are related to the ex-
pectation values (uy)y_, of the chiral observables in (©)?

2) How is the NRS coordinate system generalized to the higher rank case,
at least for g = AN—17E|

3) How should the equality be understood? Specifically, the left hand
side is written in the NRS coordinates, while the right hand side is writ-
ten in the gauge theoretic terms. How do we match these parameters‘.ﬂ

4) Most importantly, derive the equality from the first principles of
the gauge theory (to all orders in the gauge coupling q)?

We address these questions below:

2In the genus one case it was done in [5, 57].
3Some of these questions are addressed in [65] from a geometric point of view.
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1.4. Outline

The key players of the work are the half-BPS codimension two (surface)
defects in the four-dimensional N = 2 gauge theories. The surface defects
can be constructed in several ways [20] 61, 62]. The exact computation of
their partition functions became accessible in part by [41H43], and in a more
general setting in [30]. In particular, the explicit forms of the surface defects
as the observables in the underlying gauge theory were written down in [30].

Meanwhile, the analysis of the analytic properties of the N = 2 partition
functions became available since [27]. The gg-characters were introduced
as gauge theory observables, which can be constructed out of the spiked
instanton configurations [28 29 [34]. The crucial property of these observ-
ables is the regularity of their expectation values [27], which follows from
the compactness theorem [28]. From the regularity of gg-characters follows
the vanishing theorem for the non-regular parts of the expectation values,
thereby constraining the partition functions. We call these vanishing equa-
tions the non-perturbative Dyson-Schwinger equations [27].

In section [2], we recall two independent constructions of surface defects:
the quiver and the orbifold. In section [3| we describe the fundamental gg-
character for the surface defects, and derive the non-perturbative Dyson-
Schwinger equations for their partition functions. We show that the final
equations satisfied by the surface defect partition functions can be regarded
as a quantized version of the opers, in the sense that they reduce to the
differential equations for the opers in the NS limit €5 — 0. The relations of
the expectation values of the chiral observables to the holomorphic coordi-
nates on the variety of opers are naturally revealed through this procedure,
clarifying in what sense the variety of opers is a quantization of the Coulomb
moduli space.

Being solutions to the non-perturbative Dyson-Schwinger equations, in
the NS limit the asymptotics x of the appropriately normalized surface de-
fect partition function becomes the oper solution ®y = 0. Consequently, the
monodromy of the solutions of the oper can be obtained by first computing
the monodromy of the surface defect partition functions and then taking the
NS limit. However, each surface defect partition function has its own con-
vergence domain, and to compute the monodromy we need the connection
matriz which links the surface defect partition functions lying on different
domains. This is the subject of the section [4] Namely, we present how the
surface defect partition function is analytically continued to another conver-
gence domain, and how they can be glued together. In fact, the analytically
continued quiver surface defect partition function is shown to be identical
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to a specific orbifold surface defect partition function, suggesting the equiv-
alence of the two distinct types of surface defects. It may be regarded as
an independent nontrivial result in itself, realizing the duality between the
surface defects [38] at the level of the partition functions.

In relating the gauge effective theory twisted superpotential to the gen-
erating function of the variety of opers, we need to specify the Darboux
coordinate system on the moduli space of flat connections relevant to the
correspondence. More precisely, we need at least the coordinates on the
patch of the moduli space, in which the theory has a weak coupling descrip-
tion (the twisted superpotential is defined, of course, everywhere, however
we can only compute it directly in quantum field theory in that region).
It may appear that the coupling constant of the theory, being the complex
moduli of the underlying Riemann surface, has nothing to do with the co-
ordinate charts on the moduli space of flat connections in the J-complex
structure, as the latter depends only on the topology of €. The explanation
is the following. The continuous dependence on the couplings q is indeed
absent. However, the universality classes of the Lagrangians describing the
theory depend on the type of the degeneration of the Riemann surface C,
the so-called pair-of-pants decomposition. The latter is determined by the
choice of a handlebody (together with an embedded graph) whose boundary
is € (with the punctures being the end-points of the graph edges).

With this understood, in section |5, we propose Darboux coordinates on
a particular patch of the moduli space of flat SL(N)-connections on the
r + 3-punctured sphere. Our coordinates agree (up to a simple shift) with
the NRS coordinates [1] restricted to the corresponding patch of the SL(2)-
moduli space. We verify the canonical Poisson relations for the proposed
coordinate system by using the geometric representation of Poisson brackets
between the Wilson loops in the classical Chern-Simons theory. We compute
explicitly the invariants of the holonomies of flat connections in our main
r =1 example[]]

4There are alternative approaches to the construction of Darboux coordinates
from spectral networks [63], motivated by the work of A. Voros [72] on the exact
WKB approximation, and from symplectic doubles [56], motivated by the work of
W. Thurston on the measured laminations. The spectral networks were used in
[56l, 63H65] to generalize Fock-Goncharov [54], NRS [I], Goldman [47] and Fenchel-
Nielsen [50] coordinates. We stress that we only work on an open subset of the
moduli space, so the subtleties discussed in [54H56], forcing one to work on certain
covers of the moduli space, are not visible at the level we are working.
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Finally, the monodromy data of opers is computed in section [} More
precisely, we compute the analytic continuation of the surface defect parti-
tion functions, using the results of section 4, Then we take the NS limit of
the resulting transfer matrices to reduce them to the monodromies of the
opers. Then we express those data in terms of the generalized NRS coor-
dinates proposed in the section [5] This procedure reveals that the effective
twisted superpotential is naturally identified with the generating function
of the variety of opers. The conclusions and discussions are presented in the
section [7} The appendices contain some computational details.
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2. Surface defects

We start on the Hitchin system side. We will mainly consider the four-
punctured Riemann sphere € = P'\{0,q,1,00}. All the punctures are as-
sumed to be regular. That is, we only allow a simple pole for the Higgs
field ¢ at each puncture. Moreover, we call a puncture mazimal when the
residue of ¢ at the puncture belongs to a generic semisimple conjugacy class
of g = Ay_1, and minimal when the residue is in a maximally degenerate
semisimple conjugacy class (as in [6l [14]). We assume the punctures at 0
and oo are maximal (this is the typical limit of a Hitchin system on a sta-
bly degenerate curve, see [7]), while the punctures at q and 1 are minimal.
In what follows in listing the punctures we underline the minimal ones, as
in {0,q,1,00}. We shall also denote by € the punctured Riemann surface
together with the assignment of the minimal and maximal punctures, e.g.
€ =P!\{0,q,1,00}. There is no distinction between the maximal and the
minimal punctures in the N =2 case. For N > 2 the difference is signif-
icant. The corresponding class-8 theory T[An_1,C] is the superconformal
N = 2 gauge theory with the gauge group SU(N) and the 2N hypermulti-
plets, whose gauge coupling is q and the masses of the hypermultiplets are
determined by specific combinations of the eigenvalues of the residue of ¢
137].
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A half-BPS surface defect on T[An_1,€] can be constructed in several
ways. Here we present two constructions relevant to our study. It is conve-
nient to treat the gauge group formally as U(N), by making an overall shift
in the masses of the hypermultiplets, as we do throughout the discussion.
The SU(N) gauge theory parameters can be easily recovered by shifting
back the Coulomb moduli and the masses of hypermultiplets.

2.1. The quiver construction

The construction starts with the superconformal As-quiver U(N) gauge the-
ory. As reviewed in appendix[A]in detail, the equivariant localization reduces
the instanton partition function of the theory to that of a grand canoni-
cal ensemble on the 2N-tuples of Young diagrams A = {)\(i7°‘) li=1,2, a=

1,...,N}. It can be conveniently written as
®
(24) Za, (ag;an; a0 asler, ealqr,a2) = > [ o e[ Ta,[A]]
A i=1,2

where the character T4, is

(25) Ta, = Y (MK} + q12Ny K; — PioKGKY)
i—12
— MoKy — qi2M3Ky — N1 K5 — q12aNy Ky + Pia K1 K5,

and the e-operatiorﬁ, also known as the plethystic exponent, converts a
character into the product of weights,

(26) e(R)zm for 0 € Lie(T), R= 3" e — 3™ ul0)

Let us choose § € {1,...,N}, and tune the Coulomb moduli of the first
gauge node as

(27) {CLI,B = ap,3 — &2

weERT weR~

a1,0 = G0, for a #

We define the defect partition function as Z 4, with the constrained Coulomb
parameters:

(28) 2§ = 2, (a0; a1,a = ao,a — €200,0; A2; @3 | 1,62 g1 =2"",q2 =1q) .

5Not to be confused with the 2-deformation parameters €1, 5.
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The constraints can be succinctly expressed as the relation between the
characters

(29) MO = N1 — Pg,u,

where we have defined p = ef(@.5=22) Note that due to the constraints,
almost all the Young diagrams for the first gauge node have vanishing con-
tributions to the partition function, except the ones of the form

(30) AL = @,...,@,ﬁ k.o,....o|,
L]
which is empty A(1:®) = & except the single-columned ALB).,

We can view the constraint as adding an extra equation in the
ADHM construction for the quiver instanton moduli space, as we now re-
call. First, the As-quiver U(N) theory can be obtained by the Z4-orbifold
procedure from the N = 2* U(4N) theory. The ADHM data for the N = 2*

U(4N) gauge theory is the following collection of linear maps between com-
plex vector spaces:

Bl727374:K—>K
(31) I:N—K
J:K — N,

where N = C*N and K = C*1 %2 The reason for strange dimensions of these
spaces will become clear momentarily. The extended ADHM equations are
written as [28]

[B1, By +IJ + [Bs, Byt =0
[Bi, B3] + [Bs, Bo) =0
(32) By, By + [Ba, Bg]Jr =
st =Bl + (JBy) =0
s~ =Byl — (JB3)' =0

We also impose the stability condition (cf. (A.18))

(33) C|[B1, By, Bs, ByJI(N) = K.
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Upon the Zg4-orbifolding, the spaces N and K become Z4-modules, and
therefore can be decomposed according to the Z4-representations

(34) N=P N.®Ry, K= K,®R,.

WEZLy WEZLy

The coupling constant is also fractionalized accordingly, q., for w € Z4. We
manually set qo = q3 = 0, then we are restricted to Ky = K3 = 0 due to the
measure factor quK“‘. Let |K1| = k1 and |K3| = ko. Also, we impose the Z4-
weights to the space N in such a way that N, = CV for each w € Zy4. Let

the maps
(35) Qn: N — N, Qg:K—K,

be defined by the diagonal action of i“ to the elements in N, and K. Then
we impose the conditions for the ADHM data

Qi B2 Qk = Bia
Q' B3 Qi = iBs

(36) Q! By Qi = —iBy
QIO =1
O T Qe = J,

which fractionalize these matrices as

B,1: K, — K,
B,o: K, — K,
B,3: K, — Kyt
Bys: K, — Ky
I,: N, — K,

Jo 1 Ky — Ny,

(37)

Note that many of these maps are identically zero due to the restriction
Ko = K3 = 0. Hence only the following equations survive among the ADHM
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equations ,

[Bi1, Bl + InJi — B] 4B} ;=0

[Ba,1, Bop] + InJy — BY Bl 5 =0

By1B13— B13B11 + BQ,QB; .~ B} 4BI 2 =0
By1Boy — Ba4Bo + 317335 ,— Bj BI 3=0
s{ = Bisli + B}, J{ =0

sy = Boalo — B] 3J3 = 0.

The stability condition also becomes
(39) C[B11, B12, Ba,1, B22, B1 3, Boa|I[(N) = K.

We find that the sum of the squares of the norms of the first two equations
of can be simplified, using the other four equations, into a sum of
squares,

(40) 0 = ||[B1,1, Bi2] + Iih||* + ||[B21, Baa] + Lo Jo|?
+ || B1sIi||* + || Boala|]? + || B2 Biz — BigBial|?
+ ||B11Bag — BoaBa1|*.

Applying the last two equations to the stability condition, we can commute
By 3 and Bg4 through all the way to hit I;(IN7) or I3(IN3), respectively.
This vanishes as a result of the third and the fourth equations. Hence, the
stability condition is reduced to

(41) C[Bi1, Bia)i(N;) = K;, i=1,2.

This implies By 3 = Ba4 = 0. The first and the second equations of
provide the reduced ADHM equations

(42) [Bi1, Bipl + Ii; =0, i=1,2,

which are precisely the ADHM equations for the instanton moduli space of
the As-quiver U(N) theory.

In this construction of the As-theory, the constraint can be under-
stood as adding an equation “s(f” : No — K. Note that we neglected the



1806 S. Jeong and N. Nekrasov

N (w1

1 2
;«0.111 jjl 121 j]g
S0 .

Bi1, B2 Bai, Bopo

Figure 1: The ADHM data for the As-quiver gauge theory, with the extra

map sar .

equation
(43) sq = Boslo+ B] 4J3 : No — K1,

since it is identically zero by By 3 = Iy = B4 = Jo = 0 due to the restriction
Ky = 0. However, we can avoid this restriction if we first set

(44) No=N®L, N =N®glL,

where we have chosen an one-dimensional subspace L C Ny, which corre-
sponds the choice of 8 € {1,...,N} in the constraint (27). Then we may
define a non-vanishing map

(45) SS_ZII‘N@BL2II|L:NO—>K1'

Adding the equation s§ =0 to the ADHM construction, we find that the
space K1 is further restricted by the stability condition ,

(46) Ky =C[B11,B12) I1(N1) = C[By1] I1(L).

In other words, the Young diagram that denotes the space K; only grows
in one direction from the chosen basis vector I1(L). This exactly manifests
the single-columnedness expressed in . The physics picture of what is
happening is the following. The constraint makes N hypermultiplets
nearly massless (exactly massless in the absence of Q-deformation). The
theory can then go to the Higgs branch, where the gauge group is partially
Higgsed to a subgroup, by the expectation values of the hypermultiplet
scalars. Now, the theory allows for the half-BPS field configurations where
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the gauge group is restored along a codimension two defect, essentially a
vortex string. Consequently, the gauge field configuration of the first gauge
node is squeezed into a two-dimensional plane (e;-plane), effectively form-
ing a vortex. The resulting two-dimensional supersymmetric sigma model
couples to the remaining four-dimensional Ai-theory, generating a surface
defect in the four-dimensional point of view.

We can confirm that the 2d-4d coupled system arises at the level of the
partition function. First we have the simplified expression for

1—gf
1—q

Therefore, the character can also be simplified into

(48) Ta, = [N2K5 + qiaNy Ko — P1o Ko K5 — N1 K5 — qiaM3 K|
+ [qulfo + qi2 K1 (N{ — 55)} .

Accordingly, the partition function of the As-quiver gauge theory is
reduced to the expectation value of an observable in the A;-quiver gauge
theory

(2)
(49) 2k =3 TN € |74, A2)| = (Zh) 2,
A2

where we have defined the character for the A;-theory
(50) Ta, = N2 K35 + q12aNs Ko — Pia Ko K3 — N1 K3 — qi2aM3 Ko,

which defines the instanton partition function of the Ai-theory by

(51) Za =Y dh e[ Ta A,
A2
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and the surface defect as an element of the chiral ring

(52) THA®) = 3 af € [Pasdh K7 + qakr (V] - 53)]
k
= af ¢ |>_di(Pa+ nga(Ny — S3))

¢ I1 Yo(ag,s + le1) AP)]
e ! 11 P agﬁ —|—l51) ’
Here, we have used the Y-observable for the second gauge node, and
Py(x) = Hiv:1($ — ag,o) by definition. Let us focus on the zero bulk instan-
ton sector, |)\(2)\ = 0. The contribution of this sector is the vortex parti-
tion function of a two-dimensional gauged linear sigma model. This sigma
model generates the surface defect, when coupled to the four-dimensional
bulk [20, 41]. The Y-observable in this sector simply reduces to a poly-
nomial Ya(z) = Az(x) = ngl(x — ag,q). The partition function is ex-
actly that of the gauged linear sigma model on the Hom(O(—1), C")-bundle
over PY~1 whose Kihler modulus is q; [30]. For the non-trivial sectors of
the four-dimension, the two-dimensional sigma model couples to the four-
dimensional gauge theory through the non-perturbative corrections to the
Y-observable. Thus, the full partition function represents the 2d-4d cou-
pled system in this manner.

It is instructive to cast the surface defect partition function into
the form relevant to our study. Recall that the Y-observable @ can be
written as a ratio

N

(53) Yi(z)[A] = H [loeo, avw (& = c)

a=1 HDea_)\(i,Q)(aj —co— E) .

This suggests to represent the Y-observable as a ratio of two entire functions
27,

Qi(z)

54 (z) = —2L

( ) Hl(x) Qi(x_el)

where we have defined the Q-observable

N T—aj o

55)  G@nN=]] F(‘(i” [[ ‘o=

T—0ai o X C
o ) OeAta) =
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Therefore, the surface defect can be understood as an infinite sum of
Q-observables,

(56)

o) N a0, 00,
@ =%"d | T] F (1 T ) Qa(ao,s + ’%1)[)\(2)]
— ac1 VT (k +1+ %) Qs (ao,s)[AP)]

We will observe that the Q-observable reduces to the so-called Baxter Q-
function in the NS limit. It will be more apparent in section [3| that this
representation is useful for our purpose.

Likewise, we can similarly impose the constraints for the Coulomb mod-
uli in the second gauge node,

23 =0a33 —€—€
(57) 2,8 3,8 2
a2 o = 3,0 — € 057&67
for some chosen € {1,..., N}. Here, we are using the abbreviated notation

€ = €1 + &9. The constraint can also be written as
(58) 4o M3 = Ny — Py,

where now p = e#(@.5=¢=22) For a reason that will be clarified in section
we make the following re-definition for the parameters after imposing

the constraints ,

a9, — —Q0,a — €
(59) a1, — —01 . a=1,...,N
a3, —> —a3,q + 2¢,

The corresponding partition function,

(60) 2ZF =24, (— aga — & —1,0; —a3,a + € — €264.3;
—aga+2 e |qi=0q9=q"2),

can be likewise simplified to:

(61) 2=l AW e [T, A0
A
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where the character for the Ai-theory is now
(62) Ta, = MiKT + qiaNT K1 — Pio K1 K7 — MoKy — q12N3 K1,

and the surface defect is

[e's) k

+ l€1)
63) IR k Y1(—asp
( 2::% Pl P3(—asz g + 2+ le)
> a5 ﬁ t (1 s w) Q1 (—asp + ke1)
=0 a—l \ T (k; 14 Gt ‘*) Q1 (—as,p)

where we have used the Y-observable for the first gauge node and Ps(z) =
ngl(m + a3 o — 2¢) (Be cautious about the re-definition of the parameters).
Also, the Y-observable has been replaced by a ratio of Q-observables in the
second line. Note that the bulk coupling is now q1, while the Kéhler modulus
for the two-dimensional sigma model is q. Thus it is natural to expect that
the qo of Zg would correspond to q; of Zg, when we try to connect these
partition functions. The issue will be clarified in section [4

2.2. The orbifold construction

We construct a surface defect by placing the gauge theory on an orbifold. We
first form an orbifold C,, x (C,,/Z,) by the following Z,-action on C,, x Cg,

(64) C:(21,22) = (21,(22), (=exp (T) € Zyp.

Here, C., denotes the complex plane with the equivariant parameter ¢;
for the C*-action. Then the surface defect is constructed as a prescrip-
tion of performing the path integral only over the Z,-invariant field config-
urations. Indeed, under the map (21, 22) — (21 = 21, 22 = 25), the orbifold
C., x (C.,/Z,) is mapped to C., x Cp,, and the field configurations are
allowed to be singular along the surface zo = 0. Therefore, the resulting the-
ory on C,, x C,, can be interpreted as a surface defect inserted upon the
underlying gauge theory.

To fully characterize the surface defect, we have to specify how the field
configurations are projected out by the Z,-action. We present here how this
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is done for the A;-theory. Let us introduce the coloring function
(65) c:[N| — Zp.
Then the space N is decomposed according to the Z,-representations,

(66) N=EP No@R,, No= D e

WEZyp acc ' (w)
Also,

1(A@)

N
(67) K = @ K,®R,, K,= Zeﬁa“ Z ¢! Z o,
a=1 i=1

wEZyp 1< <AL
¢(a)+j—1=w mod p

where R, is the one-dimensional irreducible representation of Z, with the
weight w, and [ ()\(0‘)) = )\ga) " is the number of rows in the Young diagram
M@ Tt is straightforward to include the fundamental matter fields, namely,

(68) M= My ® R

WEZLy,

Now as explained, we perform the path integral only for the Z,-invariant
field configurations, projecting out the non-invariant contributions. At the
level of the character (see (A.24)), this is to pick up the Zy-invariant piece,
namely,

(69) Tl = [1

Zp
—SS* + M*S ,
- >]

from which the partition function is given by

(70) 2ie = " g el e [T (A]]
A

Though providing a concrete formula, it is not so obvious from that the
partition function can be interpreted as an insertion of an observable in the
Aj-theory. Thus it is important to properly construct the projection of the
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set of N-tuples of Young diagrams
(71) prA— A,

where A is supposed to enumerates the fixed points of the instanton moduli
space of the Aj-theory on C., x C,e, = C?/Z,.

The construction of the map p can be done as follows. Let us first re-
define the Coulomb moduli by the shift

(72) Ao = aq — €2 (),

so that

(73) N, = Z Pl N = ZNw.
acc 1 (w) w=0

and

N Z(A(ﬂ)) lﬂi,a,w
(74) Ko=Kug® =3 ™ > a7t > @&
a=1 i=1

j=lor2
where
(@)
A — -1
(75) s = |2 +c(a) —w+p
p
(76) ©=q¢ (52 =pea),

and the lower limit of the sum over j is equal to 1 for ¢(a) < w and 2 for
¢(a) > w. In particular, for w =p — 1,

(A) AR

N
(77) K=K, = Z ofaa Z gi! Zflﬂ{l,
a=1 j=1

i=1

N
a=1

where we have defined a new N-tuple of Young diagrams A = (A(O‘)) by

A 4 ()

78 AY = =
( ) ,a,p—1 D

)

The map p is defined by this relation, p(A) = A.
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The partition function is a weighted sum over A, which can be first
summed over p~!(A) for fixed A and then summed over A. We will show the
sum over p~!(A) provides an observable insertion to the Aj-theory whose
measure for the partition function is given by A. First, the vector multiplet
contribution in the measure is

L
(79) - Z wiw:vq%jﬂéfiw/_i_w//,
wor o P11 = @)
where we have used the identity
-1
1 1 %
80 = — s R,
After defining
p—1
(81) So=Sug;¥, S=)_ S.=N-PRPK,
w=0
the character can be written as
SS* 1 ~
(82) —=—+5 > S8
Pry L o<w<wr<p

Note that the first term is precisely the vector multiplet contribution to the
partition function of the A;-theory on C., x Cg, in the k-instanton sector.
The second term is interpreted as an observable insertion to this theory. We
can further simplify it by introducing

(83) Su=No+ -+ Nooi— PKy 1 +GPK, w=1,...p

The second term in is now given by

-1
13 .
(84) Py E (Bwr1 — Zu) X5,

w=1
Similarly, the matter contribution in the measure can be written as
p—1
M*/S " 7
85 S 0, -
( ) Z P1(1 — q2)q2 w—w'+w

w,w’ w'""=0
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After defining M, = M,,q5“ and M= dy ! Zf);t Mw, it can be re-expressed
as

~. —1
M*S 1%L~
(86) = + — MY +1

Note that the first term is the usual fundamental matter contribution to
the measure of the A;-theory on C., x Cz, in the k-instanton sector. The
second term is interpreted as an observable insertion to the theory.

We also introduce the auxiliary variables (z,) and q to express the frac-
tionalized couplings,

(87) e

so that
p—1

(83) [[a.=a
w=0

Note that q is weighted with the power k in the measure and therefore is
the bulk coupling of the A;-theory on C., x Cs,.
As a result, the full partition function can be written as

(89) 2Pt = EA: g A € []5112 (—§§* + M§)] = (T.) Za,,

where the surface defect is expressed as a chiral ring element

p—1
90) ZAl= > & e

A€p~H(A) w=0

—1
1 (% — —~
X ?1 (Z <(Mw_1 — Zw)*zw + Zw+12j,> + M;lS)

w=1
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Let us focus on the zero-instanton sector, |A| = k= 0. An element of the
inverse image A = (/\(0‘))2[:1 € p~1(@) is of the form

c(a) |le(a)+1] ... | p—2

(91) A =

where the number in each box denotes its color. We may define the length
of the column of color w to be dy41.4 (¢(a) <w < p—1). Note that ky_1 =
> o dw.o. Consequently, we have

d.,
Ao

+1,c

§ : i—1
Q1 )

=1

%

(92) Ko=) ¢
c(a)<w

from which we simplify as

(93) Sw= Y efnglee,

c(a)<w

Therefore, the partition function is reduced to a sum over the non-
negative integers

(94) { dua > 0

w=1,....,p—1, ¢(a) <w
dw,azdw—&—l,oz '

with the simplified 3, given above. This is precisely the partition function
of the gauged linear sigma model on the @Z;ll Hom(&,,, M,,—1)-bundle over
the partial flag variety Flag(ly,lo,..., N), with

(95) lo = {or| e(a) <wi,
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under certain stability condition [30]. Here, &, is the w-th tautological bundle
with rk &, = l,,. The Kéhler moduli are precisely {qu—1 = zw/ay-1 | w =
1,...,p—1}

In the non-zero instanton sector of the four-dimensional theory, the
sigma model couples to the four-dimensional gauge theory through in
a non-trivial way, generating a surface defect. In this way, the full partition
function represents the 2d-4d coupled system.

The investigations in this paper mainly utilize the special case, the (N —
1,1)-type Zy-orbifold. That is, we set p = 2 and assign the coloring function

(96) es(a) = {1 fora =0

0 otherwise,

for some chosen € {1,...,N}. We also set ]\70,]\71 = CN. For later use,
it is instructive to separate out the instanton part in the partition function

7

(1) 2% =3 qN Ty[A € [1\7*?{ + ¢ NK* - P KK — M*K|,
A

where the instanton part of the surface defect is

(98) Tyla]l= > e[ (Ko - K)(No - P + P
AEp~H(A)

+i N1 (Ko — @2K1)" — M{ (Ko — @2K1) — PAM{ K |

In this special case, the target space of the two-dimensional sigma model
that generates the surface defect is the Hom(O(—1), C)-bundle over PN 1,
which is exactly the same with that of the quiver surface defect in section
Thus it is natural to expect the two distinct types of surface defects are
actually related to each other. However, it is not so obvious from the explicit
expressions for their partition functions, and , how they can really
be associated. In particular, the combinatorics that define these partition
functions are quite different; one involves a simple sum over non-negative
integers while the other involves the non-trivial mapping p between N-tuples
of Young diagrams. We come back to this problem in section [4.2
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3. Non-perturbative Dyson-Schwinger equations

We investigate the non-perturbative Dyson-Schwinger equations satisfied by
the surface defect partition functions that we constructed in the previous
section. The primary object of this investigation is the gg-character, which
is a gauge theory observable formed as a certain Laurent polynomial of Y-
observables [27]. The most general gg-characters were constructed in [27, [29]
from the spiked instanton configurations, by integrating out the degrees of
freedom orthogonal to the four-dimensional gauge theory. The compactness
theorem for the spiked instanton moduli space proven in [28] provided the
crucial property of the gg-character, the holomorphicity of its expectation
value. Schematically,

©) (X)) = g X XN 4 sy = Tl
A

where T'(x) is a polynomial in z of certain degree. Therefore, the gg-character
generates an infinite number of constraints that the partition function sat-
isfies, from the expectation values of its non-regular parts

(100) 2] <x(y(x))> =0, n>1,

which we call the non-perturbative Dyson-Schwinger equations.

In this section, we present the fundamental gg-characters relevant to each
surface defect, and study the consequences of their non-perturbative Dyson-
Schwinger equations. For other analysis on the non-perturbative Dyson-
Schwinger equations, see [31, B3] in the context of the BPS/CFT corre-
spondence, and [32] in the context of the Bethe/gauge correspondence.

3.1. The quiver

As in section we start with the As-quiver gauge theory with the U (V)
gauge group. The fundamental gg-characters for this theory is given by [27]

(101a) Xy(x) =Yi(z+e)+q W + qquW’
)Y
Y2

2
(
3(r +¢) Yo(z —e)¥s(z +¢)
(2

h@ + 192 )

(101b) Xo(z) = Yo(z + ) + g2 ) Yi(z —e)
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where Yo(x) = ngl(x —ap,o) and Y3(z) = ngl(x —aga) by deﬁnitionﬁ
We construct the surface defect by imposing the constraints or for
the Coulomb moduli. In each case, the Y-observable of the first or the second
gauge node is simplified to

T —agg+ e — kier

(102a)  Yi(@) AV (k)] = Yo(z)

., for (27
xr — aowg — k161 or ‘.'

+azp —e1 — kagy
102b A®) (ky)] = .
(102b) Yo (2) [N (k2)] = Ys(z + ¢) T +asg—€— kper

for (57)

It is now straightforward to plug (102)) back into (101 and compute their
expectation values of the non-regular parts. However, it is convenient to
follow the systematic procedure established in [33]. First let us define

3

Jo(z) H2i0(1 +tz) ;ZM ez X (- e(1 - 1))

N9
_,;) —

(103)  S(a;t) =

where we have defined the parameters z; by q; = Z_Zi'l (221 =00 and z3 =0

by definition), and ¢ is an auxiliary parameter. The non-perturbative Dyson-
Schwinger equations imply

(104) 2] <H0(a:)9($;t)> =0, n>1,

for any value of t. In appendix [B] we summarize the systematic approach
for computing G(~™)(¢). We focus on presenting the results below.

3.1.1. N = 2. We observe that Yo(x) = Hflv(m — ap,o) 1s a polynomial of
degree N. Hence in the case of N = 2, the ™ !-term in (104]) is

(105) 0= <9(_3) (t)> — (ao,1 + ao,2)<9(_2) (t)> + ao,1a0,2<9(_1)(75)>-

5Be cautious about the re-definition of parameters when we deal with the
case (57)). The expressions for Yo and Y3 also change correspondingly.
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Recall that with the constraints the Young diagram AD for the first
gauge node is restricted to be single-columned. Thus we can simplify

(106) < 3 CD> = (ao.s —5)<k1> + %1<k1(k1 + 1)>

Oex®
1 €1 8 €1 8 2 L
= —e— ) qi— 4 — (g — ) | 25
25 [(ao’ﬂ ) Z)qlach T3 <q13q1> g

Using this relation, the residue of (I05)) at t = —z; ' can be written as the
following second order differential equation

2, 0\
(107) 0= &1 <Z()azo>
2
— €1 (Z 7 Az(l) + 2&0”/5 —ap,1 — a0,2> (Zoazo>
ey (L ()
im1 Zi — 20 2 v 1

0
—e1622i7— — (ap,1 + ao2 — aO,B)A§1)>

8zi

n 2122 ) <A§1) _ 8) Agl)] z§7

(21 — 20)(22 — 20

where we have introduced

N
(108) Al

(af'e — (@it1,0 — e)"), i=1,2.
a=1

Here N = 2 but we will also extend to the higher N by the same expression.
In particular, for n = 1 we can write

(109) AW = N(a; — i1 +¢),

where we have defined a; = % 25:1 a; . For our purpose of investigating
the relations with the opers, it is important to re-define the partition function
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as

2 T,
~ Py
110 = L -
( ) Z'Az H % H ( Zz) Z'sz
=0 0<i<y<2

where we have multiplied the prefactors with the exponents,

(aiv11 — ait12)? — (ai1 — a;2)*

L;

4e1e9
(111) 4+(ai—%%+14‘5ﬂai—fﬁ+ﬂv i=0,1,2,
£1€2
T, - 2(a; — @41 +€)(a — @z’+1)’ =012
£1€9

With the constraints imposed on these prefactors, the modification
for the surface defect partition function Zg is simpler than the most generic
case. Let us set zg = z, z1 = 1, and 2o = q by using the redundancy of overall
scaling of z;’s. Then we find the prefactors (with the overall constant that
we choose at our convenience) for Zﬁ% can be written as

2ag—2ap+2eq feg

1 e e2—(ag,1—a2,2)? 1 2e1
(112) <—> g e <1 - )
z z

ag—ag+e

2(ag—ag+e)(2ag—2ag—e9)
X( _ﬂ) b (-0 ,
z

where we have defined

—ap,1 +ap2+€+¢e2 ap1—apgete+ 62)
)

13 (ua)yra = (

251 ’ 281
and
Ay = e — (a31 — a32)”
o 46152
_ (ag—a3)(ag — a3 +¢)
Ag=—
(114) A= L
A= (2@0 — 2a9 + 2e1 + 62)(2&0 — 209 — 52)
1= 46152
A = &= (a01 —agp)’
o = .

48182
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For the re-defined partition function ié’ , the differential equation (107]) be-
comes

2z —1 qg—1 9
1 _ 252 _ /= - o 1. ~Uas
(115) 0 [818 81822(2—1)8+81€22(Z_1)(Z_q)q8q
Aq Aq
(2—1)2+(Z_q>2
T AT A Mo A
z(z—1)

Ag
+e1&9 — +
z

~L
Z5.

We can_view this differential equation as the second-order differential op-

erator ’)52 annihilating the modified partition function Z’é . Note that the

operator 52 is independent of 3, so that each choice of § € {1,2} provides

a solution to D,. We may regard D, as the quantization of the SL(2)-oper
D5 for the four-punctured sphere P'\{0, q, 1,00}, as we now argue.

Under the NS limit (¢; # 0,2 — 0), the surface defect partition func-
tion (49) is dominated by the limit shape [16]. Viewed as the expectation
value of Ig in the A;-theory, the surface defect partition function gets the
singular contribution, or the effective twisted superpotential, from the bulk
Aj-theory, while the observable Ig only contributes regular terms. There-
fore, we arrive at the following asymptotics of the partition function

W(a,q)

(116) zé(a2 =a,z,q)=e = (Xﬁ(aazvq)+0(€2))a

where we have omitted the subscript for the Coulomb moduli ag since it
precisely becomes the Coulomb moduli a of the A;-theory. W is a part of
the effective twisted superpotential of the underlying A;-gauge theory,

(117) W = lim & log zé’

g9—0

\classical Ainst \extra,
=W + W+ W
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where we have defined

2
(118&) Wclassical = _M logq
481
(118b) Wt = lim e, log 2750
g9—0 1
~ 1
(118c¢) Wwextra = o <4 —0q — (50) log q

n 2(6_10 — C_L)(@ —as +€1)

log(1 —
- og(1—q),

where the instanton partition function ,‘Z,ij“ft for the Aj-theory is given by

. In particular, Winst g fully determined by the Young diagram expan-
sions reviewed in appendix [A] Also, we have defined the limit,

(119) e 22% 215, i=0,q,1,00.

We have emphasized that is only a part of the full effective twisted
superpotential, since we are missing the 1-loop term. This is because the
1-loop term is independent of the gauge coupling and therefore ignorant of
the differential equation that the partition function satisfies. The missing
1-loop part will re-combine in section [6]

Thus, under the NS limit the equation for the differential operator D
becomes

do 01 4]
12 = 0%+ = 1
(120) 0= P+ 3+ oot ooy
_51+5q+50_5oo H
2(z—1) 2(z—=1)(z —q) X8,

which is exactly the equation for the Heun’s oper, the Fuchsian differential
operator ®s of degree 2 with fixed conjugacy class of monodromy at each
puncture of P\ {0, q, 1, 00}. The variety O2[P'\{0, q, 1, 00}] of these opers is
spanned by the accessory parameter,

(121) H= —Q(l—Q)gaiq

1 . 1
= (1 — q) <26%€121£I>10 <OQ>A1 - Z + 55[ +60>
2Nag —a)(a—as + ¢
N (ao )(52 3 1)q'
1
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All the terms are just some constants except the expectation value of chi-
ral observable Oy = Tr¢3. Thus, a holomorphic coordinate on the variety
O2[P1\{0, q,1,0}] of opers is provided by the expectation value of the chi-
ral observable Oy in the limit o — 0. The variety O2[P*\{0, q, 1, 00}] of opers
is a quantization of the Coulomb moduli space of T[A;,P!\{0,q,1,00}] in

this sense. The expectation value lim., o { O2 N is also identified with the

off-shell spectrum of the quantum Hitchin systemlon P'\{0,q, 1, 00} through
the Bethe/gauge correspondence. Hence, we observe that the relation
establishes the connection between the accessory parameter H of ®5 and
the off-shell spectrum of quantum Hitchin Hamiltonian. A proper on-shell
condition is expected to be introduced by a wg-Lagrangian brane which
intersects with Oo[P*\{0,q, 1, 00}] at isolated points. As we argued earlier,
the holomorphic coordinate, i.e., the expectation value, evaluated at
these points gives the on-shell spectrum of the quantum Hitchin system.

Remarks.

o It was checked in [66] [67] that the series expansion for the acces-
sory parameter H matches with the direct computation in which H is
determined by fixing the monodromy of the oper D4 along the A-cycle
(see Figure , up to some low orders in the gauge coupling q. The
derivation above is purely gauge theoretical and therefore guarantees
the validity to all orders in g.

e The series expansion for the instanton partition function is valid when
0 < |q1],]g92| < 1. This implies that the solutions Zg for the operator

D, are in the convergence domain 0 < lq) <1< |z].

e The solution g for the oper 332 can be represented as a sum of the
Baxter Q-functions, by using and taking the limit g — 0. This ex-
pression reflects that the equation for the oper is the Fourier transform
of the Baxter T'Q-equation.

e The fact that coincides with well-known null-vector decoupling
equation in two-dimensional CFT [73], see also [68H70], confirms the
paradigm of the BPS/CFT correspondence [19] at the example of the
AGT correspondence [40].

Similarly, it is not too difficult to derive a closed differential equation
for Zg. Again, we re-define partition function as in ([110]) with the prefac-
tors ([111f), yet with the constraints . Also we need the re-definition of
parameters for the prefactors this time. By setting zo = 1, z1 = q, and
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z9 = z, the relevant prefactor for Zg is

2 2
—Tr,s £ —(@1,1-a1,2)" A Ay | 2e+eg
(122) <_ﬂ) g~ e Ro—AG+70
z

2a) —2agz+2ec1+eg

(ag—aj+e)(2a; —2ag—eg) ag—ajte z 2eq
x (1—1q) c1e2 (1—2) = 1—-
q

where we have defined

—a31+a3a+e€ a3l —asza+e¢
123 = ) ) 3 5
12 (rrs)smrs ( Lra et ) |
and
A = _ (2&1 — 2ag — 52)(2@1 — 2a3 + 2¢1 + 52)
(124) T de1€2
A = (ap —a1)(ap — a1 +¢)
1= v .

Then the differential equation satisfied by the modified partition function
2B is
B

(125) 0= [5%82 - 6162:(2:1)3 + €1€2Z(Z_ql_)(i_q)ng
+ €182 <A20 + = + =
2 (z—1)2  (2—9q)?
B 2§§2+A’1+AQ+AOAOO>12R
z(z—1) B

Note that this differential equation is precisely the equation for ’)52,
except A; — A, Ay — A{]. To equate these quantities to get the same equa-
tion, we have to clarify how the Coulomb moduli of the two theories are
associated. This will be the subject of section [£.2.2]

Remarks.

e This time, 0 < |q1], |q2| < 1 implies the convergence domain 0 < |z| <
lq| < 1. Thus the domains for the solutions Zg and Zg are disjoint.
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3.1.2. N = 3. Since Yo(x) is now a polynomial of degree 3, the 2~ !-term
of (104) can be written as

(126) 0= <9(‘4) (t)> — 23: ao,a<9(‘3) (t)>
Y aana{50) - [Lna(5 0

1<a<B<3

In addition to (106, we utilize the following relation from the single-
columnedness of A

(127) < > c%>=(ao,ﬁ—e>2<k1>+sl<ao,ﬁ—s><k1<k1+1>>

Oea®

2
El (k1 + 1)(2k1 + )>

i j ﬁ—i—e(a _5) i ’
é 3 lhaq 9 1(ao,8 q18q1

(5 + o s - e0) (m;ql)]zg.

Using the relations ((106]) and (127} - the residue of (126)) at t = —z; * can be
written as the followmg third order differential equatlon

(128)
3 3 2
0= e3 <z ) +e2| 3aps — ag.o — €
[ 1| #05 1 0,8 3;1 0, 221 ~ %
2 z 1) 0 \2
Z i 1
+ — Z2i — 20 Al ) <ZO 82()) & (H (CLO,,B o aO,a)
i=1 a#p
Z1%2 (1), 4(1) 21
+ A5 7 (A —¢e) —ege(2a93 — € — €
(21 — 20)(22 — 20) 2 ( 1 ) 2€ ( 0,8 1) 21— 2
2 . 3 " 9
Z i Z 1
! =1 71T A0 ((2%”8 a=1 aO@) A 51523%37%
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+ H ag,o .Agl) — £1&9€ 22(92)
a#p

20(21 — 22)

— 2¢e1¢ c

1 2(2,0 —21)(20 — 22) < ng D>A2

2129 Lo (2) (1) 2
R e (2 (A —2) <A2 +(A9)
3
1
I 5./451) <A§2) + (.Ag ) ) A(l (_Agl) — 5) (Z ap,o — Q08 t+ 6)
a=1

0 0
— £1€2 <A§1)218Zl + (.Agl) — 26)22az2>>] Zg,

where we have used ((108)). We modify the partition function by multiplying
the prefactors,

(129) Hz I1 ( —’Z)TU Zs,

0<i<y<2
where
(130)
I, = (ait1,1 — @ir1,2)? + (aix11 — @is1,3)% — (@it1,1 — aiv1,2) (@11 — @it1,3)
v 36162
 (@i1 = ai2)® + (ain — ai3)® — (ai1 — ai2)(ai1 — aig3)
36162
3 A — - e A — -
BB T @G i) g
€1&2

3(a; — a1 +€)(a — as

Tz‘jE ( J j+1 + )( { 2+1)7 i,j=0,1,2.

£1€9
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With the constraints , the prefactors simplify. We also set z9 = z, 21 = 1,
and zo = q. Then the prefactor for Zé becomes

(131)
< 1>—TL,5 —Ag—Aot 1 (82_(az,l*a2,2)2+(a2,1*%,3)32*(&2,1*%,2)(”2,1*“2,3))
q

£1€2

z
3ag—3ag+3c—eg

1 3e) 521& (ag—ag-+e)(3a_3ag—eg)
- (1_> (-1 " a-w :

z z

where the exponents are

3
—3ap,8 + S8 g~ + 31 + By
3 —_ bl —1 77
(132) (TL,6)5:1 = ( ! 3 ,
1 =1

and
(133)
Ag = 1 &2 _ (az1 — a3,2)2 + (as) — 613,3)2 —(a31 —as2)(az1 —az3)
£1£€9 3
- 3((_12 — 6_13)(&2 — a3+ 5)
Ay=-—
£1€2
Ay = (3@0 — 3ag — 82)(3@0 — 3ag + 3¢ — 82)
1= 36162
1 5 (ap1 —ap2)? + (o1 —aos)? — (ap1 — aoz2)(ao1 — ao3)
Aoo = —1& — .
€1€9 3

It is also convenient to define the quantities

(134)
A = (2031 —asp —a3s)(—asq + 2a32 — az3)(—as1 — az2 + 2a33)
0= 27¢3
A = (C_LQ — (_13)((_12 —az + E)(Qc_lg — 2a3 + 5)
q = =3
1
A - A 2 € _ _ 2e
Alzg?(ao_@_?,) <a0—a2+€—§2) <2a0—2a2+5—32>
A = (2a01 — ap2 — ap3)(—ao1 + 2ap2 — ap3)(—ao1 — ao2 + 2ap3)
oo — .

27¢3
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Then under the modification, the differential equation (128 defines an op-

erator 533 annihilating the partition function 2L )

5
(135) 0= {5?83 —clea (Z

—3 R N -
27_1)82 + e1ta(2,9)0 + t3(2,q) Z’éa

where we have defined the meromorphic operators,

~ _ Ag Aq Aq
(136a) ta(z,q) =e1e2 <22 + G—q? + G-1)
+AOO—A1—Aq—A0—|—3€37—?+ ﬁl
z2(z—1) 2(z—q)(z—1)
te 361—|—262_2(EL2—ZL3—|—E) L_lo—C_LQ—l—e—%
2 (z—q)? (z—1)?
B 3ag — 9ao + 6a3 — 16e9 B 2(1 — q)((_lz — a3+ E)
3z(z—1) 2(z—q)(z—1)
E%AQ 6:{’Aq 5:{’A1

(136b)  E(,q) =

23 (z_q)3 (2_1)3
ef(Aoo — Ao — Ag — A1 — %W)

z2(z —q)(z —1)
(1 —q)(6ag — 6az + 3e1 + €2)

+

62(2 —q)(z — 1)2 182
X <—AOO+AO+Aq+A1 _ 3€+€2>
351

1
S 22(z—q)(z—1)
« 2@2—2&3+€+6@0—6@2+361+82 ﬁl
z—q 3(z—1)

2(z _1:)2(2 .y + %18 (%\2(2, q)) +ea(-r).

£1€2

+

We have omitted the last term in #3(z,q) which is rather lengthy but is
constant and subleading in €9. This term decouples in the limit €9 — 0.
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Also, we have defined

)
1 = —q(1—q<
(137) L= a0
- 1
(137b) Hy=—(1—q) §<03>A2
2
+8182<3a2_03+351—5 82)q83q+...>

+q (8182(3&0 — 6asz + 3as — 2¢ — 82)‘3138CI +- )
2

I—q

X (3ap — 3ag — 2)(az — az +¢).

_|_

(3@0 — 6asg + 3ag — 2 — 62)

It is not very instructive to write down the full lengthy expression of ﬁg
here, but we emphasize that it is fully expressed in gauge theoretical terms.
In particular, it includes the expectation value of the chiral observable

(138) TI‘¢2 Z a9 a 351€2€/€2 — 68182 Z cO
Oex®

of the As-theory. We present the full expression for ﬁz in the appendix
In the NS limit, the partition function exhibits the asymptotics:

W(a,q)

(139) Zhas=a,z,q)=¢ = (xs(a zq)+O(e)),

where W is a part of the effective twisted superpotential of the underlying
Aj-gauge theory,

(140) W = lim e log Zb’

g9—0

— Wclassmal + Wlnst + Wextra
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Each piece is given as

Jclassical _ (a1 — az)® + (a1 — a3)* — (a1 — az)(a1 — a3) log q

141
(141a) 3,

(141b) W™t = lim e, log 2135t

go—0
3(a—az+¢)(ag —a)

(141c) W2 =g (1 — dq — 60) logq + .
1

log(l - q)7

where Winst ig the is fully determined by the Young diagram expansions.
Also we have defined the limit,

(142) e 22% c15: i=0,q, 1, 00.
It is convenient to define also
(143) A 22% N, i=0,q,1,00.

It is clear that J; and \; are written in gauge theoretical terms by their
definitions. Now, the equation (135) for the operator ’)53 becomes

(144) 0= [0% +t2(2)0 + t3(2)] x5,

where the meromorphic functions ¢;(z) are obtained by taking the limit to
the meromorphic operators t;(z, q),

do 6q 01 0o — 01 — (5q —do
14 =
( 5a) tQ(Z) o + = Cl)2 + = 1)2 + 2=1)

H,y
2(z—q)(z—1)
Ao A A Ao — Ao — A — A1
145b) ¢ == g a
D) () = o o T e T - 1)
H; 1 [(2a—2a3+ ¢ 2a0 — 2a + €1
- — +
22(z—q)(z—1)e1 zZ—q z—1
Hoy

TGk

(1 — q)(2@0 — 2a9 + 81) l

1
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This is exactly the equation for the SL(3)-oper 53 on the four-punctured
sphere P'\{0,q,1, oo} In particular, the monodromies of ®3 around
the punctures exhibit the desired semi-simplicity and degeneracy of the
eigenvalues, as verified by the analytic properties of the solutions y ob-
tained from the surface defect partition functions (see section@. The variety
O3[P'\{0, q, 1, 00}] of such opers is parametrized by the accessory parame-
ters,

10w
€1 8q’

—(1—q) (1 tim (02) —1+4, +50>

25% £2—0

(146a)  Hy=—q(1—q)

N 3(a —ag +¢€1)(ap — a)q

2
€1

(146b)  Ha=—(1-gq) (1 fimny <03>A1

36? eo—0

P L (3 gy 51} 2V
e? 5779 ) Taq

! (30 — 6a 4 35 — 26) oW
+ —(3ag — 6a + 3as — —— +

9% 3(ap —a)(a —as + e1)(3ap — 6a + 3ag — 2¢1)
1—gq g3 '

_|_

We present the full expression for Hs in appendix[C] Notice that the acces-
sory parameters are expanded as series in ¢ whose coefficients are completely
determined in gauge theoretical terms. In particular, the series begin with

(a1 —a2)? + (a1 — a3)?® — (a1 — az)(a1 — a3)

H =
: 3e3
— 1494+ 0+ O(q)
Aq (201 —az —a3)(—a1 + 2a2 — a3)(—a1 — az + 2a3)
Hy =X — = — s
2 27ey
(147) e
2a — 2@3 +ée1
+ - - -
261
—as)2 N2 B
> <50 14 (a1 — a2)” + (a1 — a3) ! (a1 — az)(a1 a3)>
3e7
+ O(q).

"The equation (144 matches exactly the one for the generalized Heun oper in
[65], where it is derived from the constraints for the minimal punctures.
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Thus holomorphic coordinates on the variety O3[P'\{0,q,1,00}] of opers
are given by the expectation values of the chiral observables in the A;-
theory, O and O3 |§|, in the limit e — 0. Hence we observe that the variety
O3[P\{0,q,1,}] of opers gives a quantization of the Coulomb moduli
space of T[Az,P'\{0,q,1,00}]. The Bethe/gauge correspondence identifies
the NS limits of the expectation values of Oy and O3 with the off-shell spec-
tra of the Hamiltonians of the quantum Hitchin system on P'\{0, q, 1, co}.
Thus, the relations establish the connection between the holomorphic
functions on the variety O3[P'\{0, q, 1, oo} of opers and the off-shell spectra
of the quantum Hitchin Hamiltonians.

Remarks.

e The gauge theoretical derivation of the series expansions for the
accessory parameters guarantee their validity to all orders in the gauge
coupling q. It would be nice to mimic the procedure in [66] 67] and
check the series expansions by directly computing the monodromy of
the oper ©3 along the A-cycle on P'\{0,q,1, 0o} (see Figure .

e From the point of view of the AGT correspondence [40], the expecta-
tion value of the higher chiral observable O3 corresponds to the confor-
mal block with a W-descendant (we briefly mention this issue in sec-
tion . It is not very obvious how we should relate the semi-classical
conformal block with a W-descendant to the off-shell spectrum of the
higher quantum Hitchin Hamiltonian. In the gauge theoretical per-
spective, the Bethe/gauge correspondence immediately establishes the
relation between the expectation value of O3 and the off-shell spec-
trum of the higher quantum Hitchin Hamiltonian. Thus, the relation
between the accessory parameter Hy and the off-shell spectrum of the
higher quantum Hitchin Hamiltonian is also revealed through .

Similarly, we can start by imposing other constraints, e.g. on the
As-theory. Hence we consider the partition function Zg . Again, we
modify the partition function as (129)) with the prefactors (130]), yet this

8Here, we are using the fact that

L
<IB O3>A
lim <03> — lim A1 _ gy <og> ,
ea—0 As g9—0 <IL> eo—0 Aq
Ay

since the expectation value is dominated by the limit shape when €2 — 0.
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time under the constraint and the re-definition (59). The final form of
the prefactor is

a] 1—a 24(ay 1—a 2_ (a1 1—a aj 1—ay -
( q) TR.B 1 (2 (a1,1—a1,2)"+(a1,1—a1,3)"—(a1,1—a1,2)(a1,1 1,3)) 2/q Ao 3eteo

£1€9 3 3eq

z
3a; —3ag+3c—eg

(@ag—ay+e)(3a; —3ag—eg) ag—aj+e e
Y e (E (T I

where we have defined

3
—3a + 3_ a 3e
(149) (TR75>Z:1 = < 3,8+ 2n=193 )

361 5=1
and
A = _ (3a1 — 3as —e2)(3a1 — 3as + 3 — £2)
= 3e1€9
(150) S
A = (@0 —ai)(ao —ai +¢)
1 = - .
£1€2
Let us also define
A = (3@1 —3as + 3¢ — 52)(3@1 — 3as — 52)(6&1 — 6ag — 3¢ + 262)
q= 3
(151) L _ 27&;1
= (ap — a1)(ap — a1 +¢)(2ap — 2a1 +¢)
1= 3 .
€1

Then the modified partition function Zg satisfies the equation of the form
(135), after substituting Aq1 — A} ; and Ag1 — A ;.

3.2. The (N —1,1)-type Zs-orbifold

We construct the surface defect on the A;-theory by placing it on Z,-orbifold.
Due to the orbifolding, the bulk Y-observable fractionalizes into p observ-
ables,

(152) Yo@)A = J[ @-a) [] %56;51 | ——

rT—co—¢
accH(w) OeK., ek, =
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The fundamental refined gg-characters are given by [29]

Py(z)
Yo(x)

(153) Xo(z) = Yus1(z +€) + qu

It is often possible to derive a useful equation for the partition function
for specific p and the coloring function ¢ from the non-perturbative Dyson-
Schwinger equations of . We now describe how this is be done for the
(N —1,1)-type Zs-orbifold. The details of the computation for the non-
regular parts of X, is given in the appendix Below we focus on the
results.

3.2.1. N =2. For N =2, we consider (1,1)-type Zg-orbifold. This case
is special since the coloring function is one-to-one. Let us define

(154) Tl =8, <10)=5

without any loss of generality. Each of the non-perturbative Dyson-Schwinger
equations

(155) 2™ Xo(@)) = 27 (Xu(@) ) = 0

involves the unwanted term

(156) <Zm—2@>

OeKo OeK;

but they can be combined to cancel this term and to yield the following
closed equation
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(157) 0= |e2(20)> —51{—2aﬁ+ 3 e = e Y (G — )
a=1,2 o q a=1,2
1 o
LT
a=1,2
2
I Uk VP i
1€27—~7_ M a_ o 3 — —+,
(1-2)(z—q) ' dq 2\ 7 e
+505-5 D Mia
a=1,2
r 2
- 72 11 <5B - ﬁ“r@) +Zi% ﬁli,a]
(1-2) L a=1,2 a=1,2
- _ 2 _ 9
q ~ ~ €2 <~ 62)
—— || ag — Mm_o—— | +lag+ =
Q(Z—q)_(ﬂ a§2 i 2) D)
5\ 2
~ Zo
-5 (o 3) ||
a=1,2

. . . g
where we have re-defined the couplings as in , do=—z and q = —
(up to the sign which is not very important). Now, let us also re-define the
parameters as

(158) 5a = a2, T?L.ha = a0,a; ﬁl_,a = Q3o — €1 — ENQ, o = 1, 2.

Then we decouple multiplicative prefactors

)
~ 1 s e2—(ag,1—ap 2)? “Au—A e(2ag—2ag—ep)
(159) 2%2 = — <—) q deyeg 0 q(l — Z) 2eq1e9

z
(2ag—2ag—ep)(ag—ag+e) q 62757[113“ Zo
x (1—1q) c1e2 (1 — ;) 25,
where
(160) (TZQ) _ (021 taz2t€ ag1— a2 +e€
B )p=12" 21 ’ 2¢e1 ’
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and the other exponents have been defined in the previous section. The
differential equation (157 then becomes

2z —1

z(z—1)
Ag AN | Aq

+e1€2 <22 + -1y + G—q7

_23;@+A1+Aq+AO—AOO>]£ZZ
_ z,

q—1 9

0+ e169
z

(161) = [6?32 — €182 2(z—1)(z—q)0q

z(z—1)

which is precisely the differential equation (115)) for Ds.

Remarks.

e The convergence domain for the partition function is 0 < |qol, [q1] < 1.
This implies the solutions 2%2 are in yet another intermediate domain

0<lgl <zl <1

3.2.2. N =3. For N =3, the computation is more involved. First, re-
call that the (2,1)-type Zo-orbifold surface defect partition function is
split into the underlying A;-theory part and the surface defect part. The
fixed points of the instanton moduli space of the underlying A;-theory are
enumerated by the Young diagrams A , whose weights are encoded in
the space K = K3 . Thus the observables in the underlying A;-theory
descends from the observables in the space K; of the original theory on the
Zo-orbifold . In particular, we have

(162) Yo=Y o+ %ENle?

OeK, OeA
where
(163) O =ada+(i—1)er+ (j—1)&, for Oy e A

We will reduce the non-perturbative Dyson-Schwinger equations so that the
final equation only involves the expectation value of this observable, since it
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comprises the chiral observable
3
(164) 03[A] = Z’di — 3e182(e1 + €2)k1 — 6e1E2 Z co,
a=1 OeA

of the underlying A;-theory. The non-perturbative Dyson-Schwinger equa-
tions that we utilize are

(165) WX (@)) = )Xo () ) = [ (Yo () ) = 0.

The second equation can be used to cancel the unwanted terms

(166) < > cD>, <(l<:0—k1) Y em- Y >
OeKo OekK, Oek,

while the first and the third equations can be combined to cancel the un-
wanted term

(167) < dd- > cQD>,
OeKy Oek;

The final equation only involves the partition function itself and the expec-
tation value < Y Oea ED>:

(168) 0= | —£3(20)> + €2 (322/3 —3a+ z?fq (—a+m-)
62 = =
] (a— m+)> (20)*
. 3 2 3
R s <<Za’5 - me) +) aj— Zmi,a>
BB a=1 BB a=1

1—2) +2 €1+ —

2

L Ger(a-ma)z 5 < §2>



1838 S. Jeong and N. Nekrasov

+ 5.5 (61 +3 - 55) P ale—a) z(e1+ &) (251 +e- 237&555)
-4 2(1 — z) 2(z — q)

_ ﬁ ((55 —3m_ — €~2)2 + (51 + 52)(5,3 —3m_ — 52)

B s (a2

a=1
2
l—z ((Z% > +Z&%
BB BB
_Zm+a+€1<z% Zm+a>>
BB a=1
~ z(1—q) 3(21'—7%)
_ 5152m (% ag— 3mJr + z—1+>
x (2 S a5 - 3wy + 3@ Zﬁfl) ey 3q(z — ﬁ”) } (20)
578 |
2e12 1+2 ~ o= 3(@a—my)+er 3q(@—m-)
+{(11z)2+2(1z)<2ﬁ%%+3m+ ) ter = >
O € B SO Gk RO G kD O 7 )
A-2G-a 2 212 2(z - q)
Z(_ZB#%JF?’H“) (@g—&%—-3m_)g| . 0
20z 1) T - (M5
2(1—q) N N N .
+ m <2€162< E%\CD> + 6162(81 + 62)q8q>
2
(o) g )
BB BB a=1
1_2 ((Za5—3m+> —i—Za—Zera)
BB B ot/
x (2255 3, 00 _ji) ey 3q(z:m_)>
3726 1
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a (@3 —z)° (@s+ %)3 =Y (et %)3
_z—q( 6 * 3

+

o e )

2

6 3

_ 3
I P ~ 3 =
p ( (Z/#B ag — 3m+> . 252605 — La=1 i
1—2z

+

~ = ~ 3 ~
(ZB#B az = 3’m+) (ZB# a% ~ Yo m?ha) ) o2
2 B>

where we have re-defined the couplings as qo = —z and q; = —3. Let us also
re-define the other parameters as

(169) Zia = G2, q; 7%+7a = a0, Tfﬁ,’a =as,a — €1 — gg, o = 1, 2, 3.

and modify the partition function by the prefactors,

(170)
z
=7 1 Ty’ 1 (EZ_(a2,17‘12.2)2+(‘12,1*“2,3):*(‘12,1*az,z)(@2,17‘12v3)>_Aq—A0
Z’ 2 —t— _ q€1€‘2 <
s z
ag—ag—+e
__2(3ag—3az—eg) (Bag—3ag—eg)(ag—ag+e) q % 7
x (1—z 1— A
(1-2) (1-q) ; :

Here, we have defined the critical exponent for z as

3
3 —3as 5+ 332 . a + 3¢

(171) (%) :( 20 %_1 =t ) .
p=1 €1 51

Then the equation satisfied by the modified partition function Egz becomes

of the form ((135]).

4. Analytic continuation and gluing

To compute the monodromies of the solutions to the quantized opers, it
is necessary to know how to connect the solutions in different convergence
domains. We accomplish this by analytically continuing the surface defect
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partition functions to different convergence domains, and gluing those con-
tinuations in the intermediate regime.

4.1. Analytic continuation

We use the duality transformation similar to the one described on p.13
of [II]. There, one traded the sum over the fluxes of the two dimensional
abelian gauge field (magnetic fluxes) for the sum over a dual integral variable
(electric flux), which could be viewed as the label enumerating the sheets of
the (possibly disconnected) effective target space.

4.1.1. Gauged linear sigma model. Let us begin with the two-
dimensional gauged linear sigma model (GLSM), which would generate the
surface defect when coupled to the four-dimensional A;-theory. In section
we have shown that the 2d GLSM responsible for the quiver surface defect
and the (N — 1,1)-type Zg-orbifold surface defect is the one which flows
to the non-linear sigma model on the Hom(O(—1),C")-bundle over PN 1.
This theory is the N = (2,2) supersymmetric U(1) gauge theory with the
field contents

Twisted chiral : ¥ = (0, A)
(172) Fundamental chiral : @, a=1,..., N,
Anti-fundamental chiral : @a a=1,...,N,

where we have only denoted the bosonic component fields. By weakly gaug-
ing the (U(N) x U(N)) /U(1) flavor symmetry, the fundamental and the
anti-fundamental acquire the twisted masses which we denote as (GO,a)]aV:l
and ((l27a)iv:1 respectively, for the reason to be clarified soon. Note that we
may re-define ¢ by a constant amount so that the twisted masses appear as if
weakly gauging the full U(N) x U(N) symmetry. Due to the twisted masses
all the chiral multiplets can be integrated out. The resulting effective theory

is the N = (2,2) U(1) gauge theory with the effective twisted superpotential

N

(173) W(o) = —to — Y (0 — ap,) (log(o — ap.a) — 1)
v a=1

=) (~0 +aga) (log(—0 + aze) — 1),

a=1

where we have introduced the complex coupling t = r — i from the Fayet-
Illiopoulos parameter r and the two-dimensional #-angle. Hence the vacuum
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equation reads

N
(174) ot %a el =z,

a—1 0 — 40,«
with the Kihler modulus defined by z = e'. Note that the Fayet-Illiopoulos
parameter 7 is not renormalized since the total charge of the chiral multiplets
is zero, and we can imagine flowing from the region r > 0 to the region
r < 0. The GLSM in both regions gives rise to the non-linear sigma model
on the Hom(O(—1),C")-bundle over PY~! yet with the base and the fiber
exchanged with each other as we cross r = 0. The classical singularity at
r = 0 is actually shifted by the quantum effect, leaving only a single point
6 = N7 (mod 27) singular. Hence the flow can be smoothly continued to
the other region, connecting the two sigma models. The vacuum equation
(174]) implies that the N-vacua continuously flow from o ~ ag o at 7 > 0 to
0~ azq at r 0.

Upon the Q-deformation on the two-dimensional plane, the partition
function of the GLSM can be exactly computed by the equivariant localiza-
tion. The effective twisted superpotential only exhibits the leading singular
term in the partition function, so we investigate how the flow of z appears
at the level of the partition function. The partition function localizes on the
generalized vortex configurations,

D:Q=0:Q+A:Q=0
(175) D:Q =0

Fz+ Q) - |QV|2 =T
Depending on the sign of r, we are forced to localize on either vortices or
anti-vortices. Let us assume r > 0 for now. The asymptotics of the D-term
equation forbids the anti-fundamental ) to generate any bosonic moduli,
and only allows its fermionic zero-modes [44]. The final form of the partition

function is precisely the expression (52)) without the coupling to the four-
dimension,

(176)
N 3—0a2 o
7 GLSM i 27k o= <1 + ao,[&a )k:
k=0 k! Ha;AB <1 + LO’/slao’ )k

oV Fao (Haw—am) ;<1+aw—ao,a> 1)
€1 a=1,....N €1 aFfB
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where we have chosen the vacuum at the infinity as o = ag g. The effective
twisted superpotential evaluated at this vacuum can be obtained by taking
the asymptotics of the partition function,

Wg

(177) ZGHM = e (14 0(e)).

Once we flow to the region r < 0, the above series expansion is no longer
valid. However, we can still study the asymptotics of the partition func-
tion, i.e., the effective twisted superpotential, in this region by applying the
Picard-Lefschetz theory to the integral representation of the partition func-
tion [45]. To illustrate the idea, let us consider the case N = 2. Also let us

assume Re (1 + M) > Re (1 + %) > 0 for simplicity. Then the

€1
Euler integral representation for the hypergeometric function gives

1—1 (1 + 0«0,1;(10,2)

F(l+%)r(az%ao2)

1 ap,1—a0,2 _ az 2—aqg 2 _q_90,1—%2,1
></ dtt o (1—t) " ()T e
0

(178) 2 =

We now promote the real integral to an integral on the complex ¢-plane. We
can represent the integral as

/ dt g(t)e ™ ,
c=[0,1]

(179) gty =1 -1 —-z"1)7!
S(t) = (ao’l — CL072) logt + (a272 — ao’z) log(l — t)
— (ap1 — az,1)log(1 — zflt).

The critical points of S(t) are at

— _ _ —1
(180) S'(t) = Go1 —G22 _ G022~ 002 | (a01 —ag1)z™" 0

t 1-1¢ 1—271¢

Let us denote the critical points as t1, namely, S’(t+) = 0. Let us assume
that the masses are generic enough so that the critical points ¢+ are distinct.
We would like to deform the integration contour C' into a union of paths, in
which each path passes through one of the critical points and the imaginary
part ImS(¢) is constant along the path. Such paths are called the Lefschetz
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thimbles, and can be obtained by treating the imaginary part of S(¢) as a
Hamiltonian

(181) H(t) = ImS(t) = %(5@) ~ 5,

which defines the gradient flow by the equation

(182) t={H,T} = w™9,Hol = —agit),

where the symplectic form on the t-plane is given by w = 2%dt A dt. The Lef-
schetz thimble J. is defined as the union of these paths emanating from the
critical points t4. Note that ReS(t) monotonically decreases along the flow
, so that the integral along Ji+ would show good convergence. Now the
problem is decomposing the contour C' into a union of those Lefschetz thim-
bles, and this procedure can be done as follows. Note that the integration
contour C' defines an element of the relative homology Hy(C, C_7;7Z), where

(183) C_p = {t € C|ReS(t) < —T},

for T > 1. The Lefschetz thimbles are defined as the paths emanating
from the critical points, in which ReS(t) decreases along the flow. Hence
the Lefschetz thimbles also define elements of the relative homology, J+ €
H,(C,C_1;Z), and moreover they actually form a basis of this relative ho-
mology. Thus we can express C' as a linear combination of the basis elements
T+, say, C = >, ntJ+. Then the integral in the partition function can be
expressed as

(184) Zni/ dt g(t)e .
+ T+

The remaining problem is to find the number n. For this, let us consider
the relative homology Hi(C,CT;Z), where

(185) Cl = {t e C|ReS(t) > T},

for T'> 1. This relative homology is generated by the dual Lefschetz thim-
bles, K4, which are defined as the union of the paths (182]) converging to
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the critical point 7. Note that we have the intersection pairing
(186) <t77'a ICT'> = 57,7-’7 T, = =+,

under an appropriate orientation on these thimbles, since J+ and K4 in-
tersect at t1 and ReS(t) only decreases or increases along these thimbles.
Therefore, we derive

(187) ne = (C,Ky),

and the final form of the integral is

S(t)

(188) D (CKy) [ dtg(t)e

+ Jx

When r > 0 (]z| > 1), it can be checked that only one dual thimble, say,
K., intersects with the original contour C' = [0,1]. Hence the integral can
be performed in the WKB sense as

TEY St)
(189) ~ S g(ty)e =1 <1 +ZC+k61)

In particular, the effective twisted superpotential is essentially S(¢;). This
confirms that we have a contribution from the single vacuum o = ag g. How-
ever, when r <0 (|z] < 1) the topology of thimbles change so that both
dual thimbles K4 intersect with the contour C' = [0, 1]. Hence the integral
is rather performed as

TEL 5Ct4)
(190) ) glty)e = <1+ZC+I~:51>
TEL S(t—
Ty T S e 1+ZC Kl )

In other words, we start to get a contribution from the other vacuum, rep-
resented by the thimble [J_. The continuous flow the the vacua only
exhibits the leading contribution from 7y, but the Picard-Lefschetz analysis
shows that the contribution from the other vacuum also emerges as we flow
to the region r < 0.

For higher ranks N > 3, we have to deal with the Euler integral rep-
resentation for the generalized hypergeometric function nFx_1 which is
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N — l-complex dimensional. It is more difficult to visualize, but the ba-
sic idea is the same. When we fix a vacuum in the region r > 0 and flow to
the region r < 0, the exponentially suppressed contributions from the other
N — 1-vacua start to emerge. It can be also understood as the manifestation
of the analytic continuation of the generalized hypergeometric function. In
the domain |z| < 1, the generalized hypergeometric function is still
well-defined by the analytic continuation, and the proper series expansion
for this analytic continuation is simply obtained by the connection formula,

(191)

a —a Q, — ap.p
O 2,v> ; <1+ 0,5 0,B> .
€1 v=1,..,N €1 B#B

N T (1 et ) P (2t
€1 =
S I

(o) D (14 tepteer)

agy — a2,« a2 o — 02«
XNFN_]_ <1+’Y> ,<1+> N I
€1 y=1,....N €1 a'#a

The Picard-Lefschetz analysis provides a physical interpretation of this for-
mula, i.e., the emergence of other NV — 1-vacua as a consequence of the flow
from r > 0 to r < 0.

”’U,B‘“Z,a
(—2)t e

4.1.2. Four-dimensional theory with surface defect. The analytic
continuation along the flow of the Kéhler modulus can be conducted in a
more general setting: the two-dimensional gauged linear sigma model cou-
pled to the four-dimensional gauge theory. Let us start with the quiver sur-
face defect partition function with the constraints , namely,

(192) 2§ =2, (a0; a1,a = ao,a — £200,0; @2; 3 | €1,62 g1 =2"",q2 =1q) .

We recall that this can be expressed in terms of the Q-observables (55)). Thus
can be written as

(193)

> N (-DFT (1 - “"*’3;“"’“) r (—aoyﬁ—%)

2= e Y d I -
k

2@ —0  a=1 T (k: +1+ 7%’5;“0“*) r (—kz — 7%"’_“2*‘*)

€1

apt+hker—cg—e2  agp—co
< 11

a kel — ¢ apg —CcOo — €
Ock, 0,3 T kel 0 0,3 O 2
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o) N F <1 + ao,ﬂ—ao,a) F (kﬁ + 1 + ao,ﬂa—laQ.a>

=3 e Yd I B
0

A®@ k= a=1 T (k + 1+ 7“0’2“0"‘) r (1 + 7%“3;@2"‘)

y H apt+hker—cg—e2 app—cg
Gep. @0t key —eo app—co—e2’

where we have used the reflection formula I'(x)['(1 — z) = 4 in the sec-

ond equality. It is crucial to notice that the partition function now can be
represented as a contour integral

N T (1 + 7ao,g;a0,a) 0,5
1 20 2@
)(—Ch) g qug TR

(194) 2L = —
A2

LF (_%> Hévzl r (]_ + %)
X fdl’ (—ql)sl A
‘ Ha;ﬁﬁr (1 + %)

a:1F(1+%

T —as,— (i —1)ey ’
where we have defined

~ ap3 — ¢
(195) iy = My H %08 — 0
Dea 08— DT e

=€ [NQK; + qlgN;Kg — PlngK; — ]\40f{5< — Q12M3*K2] .

The contour C is described in Figure [2| Here, we are assuming the Coulomb
moduli ay = (agya)évzl and the masses of hypermultiplets ag = ((10704)]06\/:1
(and ag = (a37a)év:1 for Zg) are generic, so that the simple poles do not
overlap with each other. Note that this contour integral is analogous to
the famous Barnes integral. 1t is straightforward to prove that the integral
uniformly converges as long as Arg(—qy1) < 7, i.e., q; ¢ RT, using the
asymptotics of the I'-functions. The equality in is obtained as we close
the contour by adding the semi-circle Ry at the infinity, picking only the
poles at x = ag g + ke1, k € Z=0. It can be shown that the integral along
R uniformly converges to zero in the regime |q1| < 1, and therefore it is
safe to add Ry to the contour C.

Now, we take the contour integral representation as the analytic
continuation of the partition function Z[Lg. In particular, the partition func-
tion assumes a different series expansion in the regime |q;| > 1, and it
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T—ao,B

Figure 2: The contour C on the -plane.

€1

can be computed as we close the contour by adding a semi-circle R_ on
the opposite side. It is possible to show that the integral along R_ uni-
formly converges to zero in the regime |q;| > 1, and hence it is safe to add
R_ to the contour C. The resulting contour encloses the rest of the poles,
ie,r=azq+ (l ()\(270‘)) —k— 1) g1 where a = 1,..., N and k € Z=2°. First
note that the denominator in the contour integral can be absorbed into the
I'-functions, yielding

1) f (- (zmms ) [T, (= (A0 14 282
¢ Tlaes T (1+ 220

1A
(H ) r—agq— (1 —1)e — >\§2,a)62
i=1

11

g
a=1 1
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Then we can pick up the residues of the N-rays of poles at x = a2 +
(l ()\(2"")) —k— 1) el,a=1,...,Nand k € Z2°. We can write the resulting
series expansion for the analytically continued partition function as a sum
over these N-rays,

(197)  2f= i ! El o BJM/)

a2,a—0g g/
€1
a2,a—02 o/
F (T) ag o —ag, g
H —1 1)7zL—>M

_ q; (=
a'#o I <1 + 701075610,2,&/)

Q

Il
o
S
w

X

where we have defined the basis function in the regime |q;| > 1, which is
independent of the choice of 8 in the constraints , by

(198)

(o]
A —k(A@) (=1)F
2L (a0) = 3 e Sy =
A k=0

T (—k: +1 ()\(Za)) —1 ()\(2@’)) + M)

€1
F a2,a =02 o/
€1

o' Ea
CD
x H =

7:1 (2 o ) + a2,fx7a0,’v>

X

€1

N O a4+ ([ (A2D) — k= i) e — A%V,
<11 - ,

=1

—_

2

so that the choice of 8 only affects the coefficients of the continuation for-
mula (197). We will explicitly write the argument of 257 only when we
emphasize its Coulomb moduli, but otherwise we omit it. Note that the ba-
sis function can be expressed as the expectation value of an infinite sum of
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Q-observables ,

A®) |~ a2, —€ — (O
(199) 2ot =3 e [T =
2@ Oea® 2,0 — €1 (|
—k+I(A®) N(k=1(A2))
x Chl €1
k=0
N a2,0—0Q0,y
I (eeges)
X

4=1 T (—k: +1 ()\(270)) + M)

€1
9 (aa + ((O) — k- 1))
Qg (ag,q —€1) '

Remarks.

e The ratios of the I'-functions in (198]) and ([199)) can be expressed as
Pochhammer symbols, but they may appear either in the numerator
or in the denominator depending on k and [ ()\(2’0‘))’5.

e While the exponent of g2 is always positive, the exponent of q; can ei-
ther be positive or negative depending on k and [ ()\(2’0‘)). The conver-
gence regime is 0 < |q2| < |qf1\ < 1. We may introduce new coupling
constants

(200) G=d " g2 =qidh,

so that the the convergence regime becomes 0 < |q]],|q5| < 1. Indeed,
the exponent of the new coupling constant g/ is k + |A?)| — 1 (A(Q’O‘)) >
k > 0, i.e., bounded below. The first inequality is saturated if and only
if A is single-columned, namely, A(2%) = & for all & # o and A2
is single-columned. This suggests the basis function Z, is related to
the As-theory in which the Coulomb moduli of the two gauge nodes
are subject to certain constraints. We come back to this question in

section [4.2.11

e The reparametrization of the couplings q; = z~! and g2 = q of
were introduced to be consistent with the convention in (115]). Note
that q) = z and g5 = 1 under the reparametrization.

e Let O be an observable lying only on the second gauge node, i.e.,
O[A] = O[AP)]. The expectation value of such observables can similarly
be analytically continued. We simply need to insert the observable
inside , along with the measure fiye).
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Similarly, we can analytically continue the quiver surface defect partition
function . After imposing the constraints and the re-definition of

parameters (59) we consider

(201) Zg:ZAQ(— 0,0 — € —A1,a; —03,0 + € — €200,8;
—aga+2 e, g =09 =9q"%),

The partition function can be analytically continued in the same way,

N I (1 + 93,5';@3‘/3>

(202) 28=>"1] P—
a=1g#8 T (557)

where
(203)
AD |~ —kH(AG@) (=1)F
ZR—M (3, qu ‘N}JU 1, ( ) o
AM k=0 :

T <—k; +1 ()\(La)) —1 ()\(l,a’)) + w)

€1

(Zlya/—(ll_’,y

2 r(megee)
Al f<*“3*”;%>

X

2

1

_|_ as ﬂ,;al,a )
N (A (1,0) - (1)
H —a1a+a1,7+(l()\’ )—k—z)al—)\i €
y=1 =1 1

)
Z W]~ H —QAl1q —CO— € — k(A N(k—=1(\1e)
== q]_ A |H}\(1) U q2 ( ) € ( ( ))

A Ao a0 T e

o r(e)
X H =

ol | <—k L1 () ¢ %>

€1
L (ot (0 (AL)) —k —1)ep)

Qi (—a1,q — 1)

)
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We have defined the modified measure

—azp — g
a3 — €O — €2

(204)  pyo = pyo H —
Oek,

= ¢ [NK{ + qiaNT Ky — PoK 1 K§ — MoK{ — g, M5 K4 ]

Remarks.

e The convergence regime of (203) is 0 < |q1| < |g5 | < 1. We may define
new coupling constants

(205) G =0 ©=q

so that the convergence regime becomes 0 < |q}[, [q5| < 1.

e The reparametrizations of coupling constants were introduced to
be consistent with the convention in (125]). Note that the new coupling
constants qj = z and g5 = 1 match with the previous ones. Thus, both
analytically continued partition functions lie in the intermediate do-
main, 0 < [q] < |z| < L.

4.2. Gluing the partition functions

4.2.1. The connection matrix. Recall that the surface defect partition
functions are annihilated by the operators D obtained in section |3l The
uniqueness of the analytic continuation guarantees that the continued func-
tions satisfy the same differential equations. Therefore we may regard the
analytically continued partition functions as the extensions of the solutions

to other convergence domains. Motivated by the analytic continuation for-
mulas (197) and (202)), let us define the connection matrices

G S G
(206a) (Coc)op = H H

Q2,8—0Qg, o Q0,0 —0g g/ !

a3z o/ —0a3,« ay pr—ai,
(206b) (Co). = T (1 + = ) H T <4 /361 ,8)
0 = .

We will scrutinize below how the connection matrices associate the solutions

to ® in different convergence domains, for each N > 2.
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N = 2. We have shown in section B.1.1] that the modified surface defect
partition functions,

(207) %" = (Z& >a71,2’

solve the differential equation ([115) given by 52, with the prefactors in
(111)). These functions provided the solutions of the form

[e.9]

—ky1 Lotk
(208) > np, 2R gl
k‘],k}Q:O

in the domain 0 < |q] < 1 < |z|. It is not so difficult to show that they are
the only solutions once the critical exponent Ls is given. Indeed, by directly
acting ’)52 to the ansatz and expanding in z~! and g, we get a recursive
relations for the coefficients cy, ,. In particular, the zeroth order equation
is

2e +¢
(209) 0= <6%T% — 61(81 + 262)T‘L + £1€2 ( 1z 2 + A1>> €0,0-
1

The existence of the solution (¢ # 0) implies that we are restricted to only
two choices for the critical exponent ry,,

—ap,1 +ap2+e+¢e2 apl —ap2+e+er
261 ’ 281 ’

10 (e = (

which are precisely . Once ry, is chosen, the recursive relatlons fully

determine all the coefficients cg, ,. Since the partition functions %" already
prov1de two solutions, we conclude that the surface defect partition functions

%" provide all solutions to Dy in the domain 0 < lq) < 1 < |z], for each fixed
Lo.

With the modification of the partition function by the multiplication of
the prefactors , the analytic continuation formula becomes

(211)
2ag—2adgtey | 92,8~ %0,a
77‘L,a+ 0—-22T"2 e2—(a a 2
iL _ Z (C ) <1) 2e N in —Ag+ (425;2 2,2)
o T o /af
z
£5=1,2
ao—ag+te
2ag—2dg+2e1teg q 22-737° 2(ag—agte)(2ag—2ag—eg)
X (1 _ Z) 2¢1 (1 _ ;) 1 (1 _ q) c1en Zé’ﬁM



Opers, surface defects, and Yang-Yang functional 1853

Note that the critical exponent of z is independent of «, namely,

(212)  (rioap)pors = ( -

[ —a21+tasp+e agq1—aza+te
261 ’ 261 '

2ag — 202 + €2 _ G28 — CLO,a)
251 &1 B=1,2

Finally, we define the modified basis functions as

B 1\ TEoME A o(ea-a22)?
ZLM = <_ g ST
z
2ag—2ag+2e7+e f2tate
x(l—z) 2 (1—5> !
z

2(ag—ag+e)(2ag—2ag—e9) ZL—)M

X (1 — Q) f1€2 ; )

~L—M ~
%M = (Z,L*M ) .
B B=1,2

~L—-M
The uniqueness of analytic continuation guarantees that 2 also provides

solutions to 332. Therefore, the analytic continuation formula,
~L ~L—M
(213) % =Cx2

connects the solutions to the differential operators 52 in different conver-
gence domains, through the connection matrix defined in (206a)).

Remarks.

e In the limit £ — 0, the modified functions 2L=M produce solutions to
the oper ©. It is evident from the expression (199)) that the solutions
are again expressed as sums of the Baxter Q-functions.

e We observe that the critical exponent ry_,s 5 of z for ZE*M is pre-
cisely the Ly in (111)) subject to the constraint
a1g=a €
al,a = A2« (05 7& ﬁ)

This strongly indicates the identity,

(215) ZgﬁM =(1- Z)—ﬁ(ao—ar@) Za, (01,0 = 2,0 +€204.8)
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between the two seemingly distinct partition functions. Even though
this identity is rather obvious in the point of view of AGT [40], its rig-
orous proof in the gauge theory side is not. As is clear from the defini-
tion of each side, this identity implies a lot of non-trivial combinatoric
identities. It would be nice to directly prove the identity, perhaps by
using the non-perturbative Dyson-Schwinger equations, but it is not
necessary for our study so we do not attempt it here.

Similarly, we have shown that the modified surface defect partition func-
tions,

(216) 2 = (ZR)

a12

give solutions to D3 in the domain 0 < |z| < |q| < 1, which are now of the
form

0 00 5 rr+ko
ko Li+ki—k L k
(217) D Cpyp, 2R gl TR = N g, gl treth <q> :

k1,k2=0 k1,k2=0

We can act with ”}52 on this series and expand in q and ﬁ, to find the indicial
equation,

(218) 0 =e2r% —e1e TR + €162,

whose solutions are precisely (123)), namely,

(219) (rRa)acrs = (

—az1+azz2+€ az1—aszz+eE
261 ’ 281 '

Once rp is chosen, all the coefficients cg, 1, are determmed recursively. Thus

we conclude that Z provide the only two solutions to @2 in the domain 0 <
2] < |g] < 1, for each fixed Ly + rp. With the prefactors (122)), the analytic
continuation formula (202) becomes

2a) —2ag+tey 23,7 %1,8

(220) 2R = _ Z (Co)ag (_g)f”“* 241 B

B8=1,2

e2—(a1,1—a1,9)2 . ;| 2eteg (@ag—ay+e)(2ag —2ag—eg)
X q dejeg Ao~ A deq (1 — q) e1en
o 2a —2ag+2e1+eg
ag—ajte q I —
x(1—z)"= (1 - 7) v gBoM,
z
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Note that the critical exponent for z becomes, again, independent of «,

(221)  (rR->MB)gor 0 = (TR,a +

B <—a1,1 +aio+e+er an—ap +€+€2>

2a1 — 2a3 + &2 L Ba” al,,B)
261 &1 =12

2e1 ’ 2e1

Hence we define the modified basis function by

~ q\ “TrR-M.8 M,A _A/ 4 2eken
ZR_)M = — deqeg 0 ‘1+ 4eq
FM=— (3 q
(ag—aj+e)(2ag —2a3—e3) ag—ajte
x (1—q) c1e2 (1—2) =
(222) q 2a; —2ag+2eq+eg
a 2e1 R—M
X <1 Z) Z’ﬁ s

2 = (25

=12

<R
By the uniqueness of the analytic continuation, we conclude that % -

gives the solutions to D in the domain 0 < lq| < |z| < 1. The analytic con-
tinuation formula,

(223) 2=y,

connects the solutions in different convergence domains, through the con-
nection matrix defined in (206b]).

N = 3. Under the modification (129)) with the prefactors (130), the ana-
lytic continuation formula ((197)) becomes

~ 3 1\ "TEet SO SRS
L 1 €1
(224) ZL=-3(Cu)us (_Z>
=1

2 2
_ _ 1 o (ag,1—az2)"+(ag,1—az 3)"—(az,;1—az,2)(az,1—a3,3)
Ay AU—f——ElEZ (5 3

X q
3ag—3ag+3c—co 627:3+5
x(l—2) s <1— q) :

z
(ag—ag+e)(3a_3ag—e3)

x (1-q) 2L
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Again, the critical exponent of z is independent of «,

3
(225) (TL—>M,,B)5:1 3¢,

3
(-362,5 + 30y azy + 3¢ )

361

< 3ag — 3ag + 2¢2 a2 3 — aO,a>3
TLa — -

B=1
Hence, we define the modified basis functions as

SLoM 1\ e
Z =—(—-
== ()

_Aq_AO+ 1 (82_(a2,1*02.2)2+(<12.1*az,g);*(%,1*%,2)(%,1*%,3))

xXq €1e2
3ag—3ap+3e—ey ag—ag+te
(226) x(1—z) 1 (1 _ ﬂ) -
z

(az—ag+e)(3a_3ap—c)
dg—ag+e)(3a_3ag—eg LM

X (1 - q) f1e2 Z’ﬁ )
SL=M _ (s 03
27 = (zﬁ )/311'

Then the analytic continuation formula,

(227) 2" — o.M

connects the solutions to ”}53 in different converence domains.
Likewise, under the multiplication of the prefactors (148)), the analytic
continuation formula (202]) becomes

3a; —3ag+2eo  93,0-91,8

5 —TR,a—
(228) ZF =~ (Co),g (_g) , =

p=1
(@ag—aj+e)(3a; —3ag—eg) (@ag—aj+e)
N
- 1 (82_(a1,1701,2)2+(a1.17‘11,3)327(‘11,17“1,2)((11,17(11,3))_AL‘_AOJ'_SE:;#»EZ
1€2 €1
X q

3a; —3ag+3e—eg

(- YT e
z
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Note that the critical exponent of z becomes independent of «, namely,

3a1 — 3as + 2¢9 n a3,0 — al’[;)g
32’51 €1 =1

(229) (rRosa8)fey = <7"R,a +

3
_ (—3a175 + Zi:l a1~ + 3¢ + 252)
381 f=1
Therefore we modify the basis function by

~ q —TRM,B (ag—ay1+e)(3a; —3ag—e9)
o = - (<) g
z

3a] —3agz+3e—eg

x(1—2) 5 (1-— ﬂ) e

z
(230) " qal162 (Ezi(ﬂr1,1—a1,2)2+(a1,1—01‘3)32—011,1—"r1,2)(f11,1—ﬂr1,3))7A,q 7A0+3€3:f2
X ZgﬁM
~R—M ~ 3
— R—M
M = (2,5 )5:1 .

We conclude that the connection formula,

(231) 2=y,

associate the solutions in different domains, through the connection matrix

(2058).

4.2.2. The shift matrix. We have VgiLfga]c\l/[ in sec‘gvi%nﬁ\ that the ana-
Iytically continued partition functions 2 and 2 provide the so-

lutions to the operator ® in the intermediate domain, 0 < |q| < |z| < 1.
Moreover, we have found in section that the (N — 1, 1)-type Zy-orbifold

surface defect partition functions Z%2 also provide the solutions to D in the
same domain. The question arises on how these solutions are associated to
each other. Exact identities between these partition functions are established
with the help of the shift matriz

ey 0
(232) Sap = €724 dap,
which is introduced to facilitate shifting the Coulomb moduli of the under-

lying Ai-theory. We proceed below with the derivation of the identities, for
each N > 2.



1858 S. Jeong and N. Nekrasov

N = 2. Let us consider the generic ansatz for ’}52 in the intermediate do-
main 0 < |q] < |2] < 1,

o0 o0

Lo+ko
(233) E Chy s ZTM+k1—k2qL2+k2 _ E Chy s STvtLetk <g) ]
k1,k2=0 k1,ka=0

By acting 352 to the ansatz and expanding in z and 1, we find the indicial
equation

(234) 0= 5%7“]2\/[ —crery +e1e2(Ag + Ag) +e162L0.

Once the critical exponents r; and Lo are chosen to satisfy the indicial
equation, all the coefficients cy, r, are determined recursively. The solution
is unique in this sense. R

We have seen that iLHM, iR%M, and i% are annihilated by 52,
and therefore their critical exponents evidently satisfy the indicial equa-
tion ([234). Moreover, we observe from (212), (221), (160), (114), and
that

= (ng)azm ’

(235) (TL*)M,OA)azl 2 = <TR~>M,C& >
’ a1,a—02,a €2 a=1,2

(236)  Aq=A

)
a1,6—>02,0+E€2

so that the indicial equation guarantees that those solutions are identical
under the shift of the Coulomb moduli, namely,

(237) 2" M) =s 2" @) = 27 (a).
Note that the re-definitions of the Coulomb moduli and the masses of

the hypermultiplets for ZR were carefully designed to yield this equality.
Consequently, we conclude that the analytically continued partition func-
tions agree in the intermediate domain, and this is also identical to the
orbifold surface defect partition function.

N = 3. From (133)), (134]), (150, and (151f), we observe that

/
Aq,l = Aq,J_ n
a2, o TE2
(238) ez
Aq,l - A/q 1
" lay,a—az, 0 e
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Also, from (225)), (229)), and (171)), we have

3
(239) (rLaM,a)zzl = (TR—>M,a

a1,6—>02 o FE2 ) a=1

Although these relations look promising, they do not guarantee the equality
of the partition functions this time. The problem is that the equation for

’)53 involves the expectation value <(f)3>, which is an object independent of
the partition function itself. Without an additional information on equating
the expectation values analytically continued from different domains, the

single equation of @3 is not enough to fully determine the partition function.
Nevertheless, in the limit €2 — 0 the equation is reduced to the oper D3
on P'\{0,q, 1,00}, and the relations and are indeed enough to
guarantee that the solutions agree with each other. This is because, as we
have seen earlier, the expectation value 03> is dominated by the limit
shape and becomes a series only in g, comprising an accessory parameter
for the oper ®3 which is unambiguously determined once the monodromy
along the A-cycle is fixed.

We furthermore suspect that even for generic values of €9, there is a
proper matching between the analytically continued expectation values in
the intermediate domain, so that the identities,

(240) 2 7M@) =52 (@) = 27 (a),

persist to be true. We have checked the identities at low orders in the gauge
couplings z and q. We discuss more on this issue in section [7}

Remarks.

e The duality between the quiver-type and the orbifold-type surface de-
fects was realized in [38] as the M-theory brane transition, for the
Ajq-theories. It would be interesting to study the relation between the
higher rank generalization of the duality in [38] and the exact identi-
fication of the partition functions .

5. Darboux coordinates

Recall that the main assertion of [1] is that the generating function for the
variety of opers with respect to the NRS coordinate system is identical to
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the effective twisted superpotential of a class-8 theory:

(241) S(Oxlel = = (WTlAy-1,6] - Wac)
We need a generalization of the NRS coordinates for N > 2 to give any
meaning to the left hand side of the correspondence.

Here, we propose a Darboux coordinate system on the moduli space
of flat SL(N)-connections on the r 4 3-punctured sphere IP%W 41 with two
maximal and r + 1 minimal punctures, for the arbitrary higher rank N — 1.
The proposed coordinates reduce to the usual NRS coordinate system in
N =2 on a specific patch of the moduli space of flat connections.

In this section C, denotes Py, ,; =P"\{z_1,20,...,2%,z41}. We often
set z_1 = 00, zp41 =0, and zg = 1.

5.1. Construction of Darboux coordinates

5.1.1. Definition. We construct Darboux coordinates on a patch of the
moduli space of flat SL(N)-connections on the r 4+ 3-punctured sphere C,,
which reduces to the NRS coordinates in the N = 2 case. Our main exam-
ple of the four-punctured sphere is the case r = 1. As in , the moduli
space Mgt (SL(N), C,.) is the space of (stable) equivalence classes of the ho-
momorphisms of the fundamental group of the punctured Riemann sphere
to SL(N), in which the loops encircling each puncture are mapped to the
prescribed conjugacy classes in SL(N). In particular, the two maximal punc-
tures correspond to generic semisimple conjugacy classes in SL(NV), while
the r + 1 minimal punctures correspond to semisimple conjugacy classes in
SL(N) with maximally degenerate eigenvalues. We fix the conjugacy classes
by specifying the eigenvalues of the holonomy matrices ¢;, i = —1,0,1,...,
r 4+ 1. The moduli space is given by:

(242)

Maat(SL(N), €,)
gi c SL(N), stable

Det(g; —a) = (mj —2)V Tl N —2), i=0,...,r

K3

Det(g; — z) = ﬂ ((mz('a)>*5gn(i) B z) i1t /SL(N)A

a=1

— 1
- (gi)::71

g-190 gr+1 = 1IN
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The stability condition chooses an open subset in the set of matrices g;
obeying all of the conditions above. We shall not need to specify the stability
condition since we are going to work on an open patch of the moduli space
which belongs to the stable subset.

The holonomies g; ~ diag(m;, ..., m;, m; N+1) around the minimal punc-
tures require more detailed notation. We can form such an element of SL(N)
by setting

where

E;eCN, E; e ((CN)* (dual space)

(244) BB =1,

which are defined up to rescaling (EZ,El) —> (tiEi,t;lEi), t; € C*. For
fixed F;, its null subspace in CVV is N — 1-dimensional. Hence we have N — 1-
dimensional eigenspace of g; with the eigenvalue m;. The one last eigenvector
is given by E;, with the eigenvalue m;” N+1 fixed by the normalization con-
dition. The number of degrees of freedom in such a g; is equal to
(245)

2N (from E and E) — 1 (normalization) — 1 (rescaling) = 2(N — 1).

Therefore, a simple dimension count gives
(246)  dimMgae(SL(N),P3,4) =2 ((N? —1) = (N — 1))
+(r+1)(2(N —1)) —2(N* - 1)
=2r(N —1).
We need to define 7(NN — 1)-pairs of coordinates which are canonical

under the Poisson bracket. For this, it is convenient to parametrize the
moduli space as follows. Let us define the projection operators

I,=E®F;, i=0,1,....r

247
(247) II; = 1II;,

formed by the eigenvector E; (244]) of g; and its dual-vector. Then g; is
expressed as

(248) gi:mi<]lN+(mi_N—1>Hi>, i=01,...r
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Figure 3: The r + 3-punctured sphere Pj ., ;. The (—1)-th puncture (located
at z = 0o) and the (r 4+ 1)-th puncture (located at z = 0) are maximal, de-
noted by double circles, while all the other punctures are minimal, denoted
by simple dots. The holonomy along the loop encircling each puncture is
represented by g; (blue line), while the holonomy along the loop enclosing
i + 2 punctures is represented by M; (red line).

For later use, we also give the expression for its inverse:

(249) g t=m Iy + m) - DIL), i=0,1,....7
Let us also define

(250) M;=g_190---9; € SL(N), i=-1,0,1,...,7r+ 1.

These matrices represent the holonomies along the curves on the r + 3-
punctured sphere enclosing i + 2 punctures (see Figure . In particular, it
is immediate that we have M_; = g_1, M, = 9;4:17 and M, = 1. We can
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express these matrices as
(251) M= m® I,

with the projection operators HEO‘) obeying
(252) LY = 60 511,

each having rank one. Using the eigenbasis B@ ¢ CN,i=0,1,...,7 —1of
M;, and its dual-basis Ei(ﬁ) € (CN)*, E,L»(O‘) (Egﬁ)) = 0q,8, We can write

(253) n = g g £,

) 7 7

The basis vectors are defined up to rescalings
(B, E) » (t<.a>E.<a> (t<a>)‘1@<a>) 1@ e o

and reorderings Ei(a) — El.(gi(a)), o; € S(N).

Now we are ready to yropose a Darboux coordinate system. We define
the coordinates aga), Bfa ,t=0,1,....,r—1, a=1,..., N, subject to the
constraints

N
(254) Yol =0
a=1
and defined up to the shifts
(o) 5(a)
(255) Bi =B +bi, b € C
via
(256) M; B = ¢2miel” p(@)
and
2,5 EY(Ei) - Tr y ILIE L,
(257) e*ﬁi 4B, _ i ( +1)Ei+1(Ei) e\ i +1
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where Bl is defined by:
. N ()
(258) P =3P Ty (H,-HHE“)) .
a=1

Due to the constraint (254)) and the ambiguity (255]), the coordinates aga),

Bga) are redundant. Thus we refine the coordinates by choosing mutually

independent r(N — 1)-pairs

(259) (aga>, Bl = —BEN)) Ci=01,....r—l,a=1,....N—1.
to form a proper coordinate system on Mﬂat(sL(N),]P%’il).

5.1.2. Canonical Poisson relations. To show that

{al(a),ﬁga)|i:0,1,...,r—1,azl,...,N—l}

forms a Darboux coordinate system on Mﬂat(SL(N),P%m_,’_l), we have to
verify that the Poisson brackets [57] are canonica]ﬂ

=) ()
161‘ , O :572,'504,
{ J 7o i, j=0,1,...,r—1,

o ~(a) ~(8 O[,B:].,...,N.
O O

The Poisson bracket on the space of all gauge fields

(260)

(261) {A“(x), Ab(y)} = §"5P (x,y)

(the 6 is a two-form on P%,r +1) has a simple geometric description when
represented on the holonomies. To illustrate, consider two distinct elements
of the fundamental group [y 2] € m (IF%,T 11 )- We can choose their represen-
tatives y1 2 to intersect transversally. We assign to each intersection point

Tt is clear that the Poisson brackets for the refined coordinates (259) are also
canonical once (260) is proven.
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Figure 4: The sign assignment to intersection points and the resolution of
the union of curves.

T €71 M2 asign
(262) sy Ny — {£}

according to the orientation of the curves «y; 2 at x relative to the orientation
of the sphere (see Figure 4)). Then we define

(263) (7N 'yg)i ={zeyNy|s(z)==+}.

At each intersection z, we compose a resolution (v U~2), of the union of
the curves as described in Figure[d Now the Poisson structure on the moduli
space of flat connections can be represented on the holonomies p along i 2

by

(264) {p(hﬂ),p([’m])} = > p((mUurel)

z€(N1Ny2)+

- > p((mum)).

z€(y1Ny2)~

Using the geometric description of the Poisson structure, we can show
that the coordinates defined in (256 and (257) satisfy the canonical Poisson
relations (260]). Let us package (256) into the generating function:

[o.¢]
_ 1
(265) Ai(r) =Tey (x— M) ' =D e M},
=0

which has a simple geometric meaning as the generating function of the
loops which wind along the same curve (whose holonomy is represented by
M;) multiple times. Since there is no intersection among these curves, it is
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clear that we have

(266) {Ai(x)vAj@/)} =0,
for any 4,7 =0,1,...,7 — 1. Thus we derive
(267) {al(a),ag.ﬁ)} =0,

forany i,7=0,1,...,7r— 1, a,8=1,...,N.
We can also package (257)) into

N (o)
5@ Try I
(268)  Bi(w) = Ten I (w — M) 'y = €% > P P\ e A

a=1 /3

We can re-express this via:

(269) Dj(z) =Trn gi (x — Mz’)_l gi+1
=mym;q(m; Y — 1)(m;r1\1[ —1)B;(x)
Py (m; tz)
—1 i—1 3
o 1
+mym; @ < ) )

1-N -1 <P+1(m+1x)

— mimi+1 x B(x) - 1> + mz-miHAi(x),

where P;(z) is the characteristic polynomial of M;:

N
(270) Py(z) = Det(z — M;) = [| (a: - m§a>) .

a=1

In deriving the second equality of (269)), we had simple manipulations on
the determinantﬂ and (251)):

(271) P"‘;Di?glx) i (1 - m;N> Te(M; — x)~MI;
(272) I;ZZ(TE;C; —1l=z(1- mfv) Tr(M;_, — )1,

10Use that for any rank one projector I, and any operator A, Det(1 + AIl) =
1+ Tr(AII)
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The function D;(z) has a simple geometric meaning;:

o0

1
(273) Di(x) = T N 9iMigin
1=0

from which it is obvious that {D;(z),A;(y)} = 0 for ¢ # j (the correspond-
ing loops on the r + 3-punctured sphere do not intersect), as well as that
{Ds(x),Dj(y)} =0 for |i — j| > 1. From these, we derive

{B§a),a§-ﬂ)} =0, i#j a,f=1,...,N,
(274)
{BZ@,BEB)} =0, |[i—jl>1, a,8=1,...,N.

It remains to compute:

(275) {Di(x)vAi(y)}v {Di(x)vDi-f—l(y)}? and {Di(x>7Di(y)}ﬂ

which are a bit more involved. As we elaborate in appendix [E] in detail,
the rest of the canonical Poisson relations (260|) are obtained out of these
brackets, confirming that the proposed coordinate system is indeed Darboux.

Remarks.

e Other constructions generalizing the NRS-type coordinates were pro-
posed in the SL(2) case in [64], in the arbitrary group case in [56],
and specifically in the SL(3) case in [65]. In [64] and [65], the spectral
coordinates are defined as the holonomies of a (twisted) flat GL(1)-
connection on a line bundle over the N-fold branched covering ¥ of
the Riemann surface C, which is a certain uplift (called abelianization)
of the flat SL(N)-connection on € [63]. To give some credit to our con-
struction, as described above, it produces the Darboux coordinates for
arbitrary NV in an elementary fashion, albeit only on a specific patch
of the moduli space.
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5.2. The four-punctured sphere

We consider our main example, the four-punctured sphere P!\ {0, q,1,00}.
The generalized NRS coordinate system on the moduli space

Maat (SL(N), P'\{0,q,1, 00})

is just a special case 7 = 1 of the one defined in the previous section. In this
special case, it is convenient to express the generalized NRS coordinates in
terms of the trace invariants of the holonomies, and take these expressions
as equivalent definitions for those coordinates. Since the dimension of the
moduli space is dim Mg.:(SL(N),P'\{0,q,1,00}) = 2(IN — 1), it is enough
to consider two independent cycles on P! \j((), q,1, 00} which we choose to be
the A-cycle and the B-cycle in Figure []] We describe how the traces of the
holonomies M4 g along these cycles are expressed in terms of the generalized
NRS coordinates, for N = 2 and N = 3.

5.2.1. SL(2). We start with the A-cycle. It is clear that we have

2
(276) Ma=Myt =Y (m((f”)*l ).

a=1

Thus we find

—1 —1 . . (2
17 Ty = () (mg?) = e g e

It is convenient to omit the superscript and write o = oz(()l) = —a(()g) . Thus
we have
(278) Tr M4 = 2 cos 2ma.

Next, we can express the holonomy along the B-cycle as

(279) MB =029—1 = gl_lg()_l
=mgy'm; ! (1 + (mf — DI (12 + (m§ — 1ITp) .

Thus we find

(280)  TrMp =mom; "' +my my + (mg — my ) (my — my ) Tr oI,
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Note that we can express the trace in the last term using the B coordinates,

2
(281) Trllpll = Y TroII{ 1T

a=1
2 ale) | ~

=3 e P P Ty T ITY
a=1

2
(1) =(2)
=" TeIoIY Te LI + P —Ao Tron Y TeIn )

a=1
2(2)

A1)
+ePo B Ty Temr, Y,

where we have used (258) in the third equality. Using (271]) and (272]), we can

express the rest of the traces in terms of the a coordinates. For simplicity,
let us define m_; = m(fi and my = m?) Also we refine the 3 coordinate

according to the definition (259)): 8 = Bo — ,882). Then the final expression
for the trace of the holonomy along the B-cycle is

(282)
(me+my' —my —m") (m_y +m7] —my—my?)
TrMp = —
8sin” Tox
(mo+my' +my+mit) (mog +mI] +mp+mgy?)
8 cos? Tax
(e¥2“’i°‘—m0m_1)(m516¢2”°‘—m:1)(Ei%m—mflmgl)(mleizwm—mz) +8
- Z 4sin? 27 e,
+

Thus we observe that the coordinates («,(3) determine the traces of the
holonomies along the A-cycle and B-cycle on P'\{0,q,1,00} by and
. Conversely, we may take these formulas as defining equations for the
coordinates (a, 3).

Remarks.

Not to be confused with the eigenvalue my of g which appears when r > 1.
Here, we restrict ourselves only to the case r = 1 and there would be no confusion
in notation.
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e For a direct comparison with the coordinates defined in [I], let us
define

—1 —1
rr=m_1+m_j, T2=mp+my,
(283) -1 -1
Tzg=mo+m, , T4=m;+my .

Also we use the abbreviation
(284) A=TrM,, B=TrMsg.
Then we find that (282]) becomes

B(A2 — 4) = 2($1$4 + $2x3) — A(.%'ll‘g + $2.?U4)

(285) + (eﬁ + e_ﬁ) ClZ(A)C34(A)7

where
(286) cij(A) = A? — Az + 22 + x? —4,
under the canonical transformation

1 , .
(287) B— B+ 3 log (€7 2™* —mom_) (my'e™?™* —m”7)
> (627”'04 . m1—1m2—1) (mleQﬂ'ia _ m2)
I )
—mimy ) (mpe 2 —my) .
The relation (285)) is precisely the defining equation for the NRS co-
ordinate 3 for the four-punctured sphere. Thus we confirm that the
Darboux coordinate system proposed in section [5.1] is a higher-rank
generalization of the NRS coordinate system.

As we will see in section [6 the canonical transformation (287)
amounts to change the boundary contribution to the effective twisted
superpotential. Although the transformed coordinates may be natural
in some context, we will find in section [6] that our original definition
is more natural in the gauge theoretical context. Therefore we stick to
our original definition of the generalized NRS coordinates in section
without making additional canonical transformation throughout
the discussion.
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5.2.2. SL(3). We begin with the A-cycle holonomy which is clearly con-
jugate to

3
~1
(288) My = Mgt =3 (mf”) mf.
a=1
Thus we find
3 1
(289) T\I,M;‘tl _ Z (Tn(()OA))$ _ e:|:27ria(()1) + e:|:27ria(()2) + e:|:27ri(a§)1)+a§)2)).
a=1

For notational convenience, let us define the coordinates without super-
scripts,

a, = a((]a), a=1,2,3.

(290)
a3 = —] — (g,
so that we have
(291) Tr Mjl _ e¥27ria1 + e$2m’ag + 6127ri(a1+a2)'

The expressions for the holonomy along the B-cycle and its inverse are

(202)  ME'= (9790 ")"

=mf mf! (13 + (mi — DIN) (13 + (mg? — 1)IIp) .
Thus we obtain

(293) Tr ME' = mf'mT (1 4+ mF? + mf?)
+ (mF? —mH)(mF? — mF) Tr I
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Again, we can express the trace in the last term using the 3 coordinates,

3
(204) Telpll = ) TrIpl T,

a=1

3
-
=3 e P P Ty T ITY

a=1

3
=" Te oIty TrIn I

a=1
2()  =2(B)
+ 3 A e T Y.
-

The rest of the traces can be expressed in terms of the a coordinates by
using (271) and (272)). We also write the refined 8 coordinates without
superscripts,

(295> 1604 = Néa) - /B(()3)7 o = 172

Then the final expressions for the traces of the holonomies along the B-cycle
are

(296) Tr ME' = Bf + Bi5eP P2 + BEePr 4 BFePs

+ Bg:le—ﬁl'i‘ﬂz + Bgie_ﬁl + B?:Ee_ﬂz,
where

(297)
+_ -1 -1 2 —1 —1.2
By =mg m; +mgm; - +my my
3 —1 i () ,—mi i () ,—micx
_ 3 T TIO o T a
m2m; ! | oy (mo e m e ) <mle m; e
— E —
16 =~ Ha,7éa sin
— —2 —2
By =momy +mg“my + mom,
3 173 —1 i () i ' () ,—mi
_ 3 TiO0 Ty TiO, T,
mom; 2 [T -1 (mo e m e ) <mle m; e
16 Z

= [1o 2o sin

(g — Q)

21(0tg — o)
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and

(298)

Bt — _mgml—l Hizl (malemaﬁ — mgl)e_”’aﬁ) (mlemau _ mgv)e_’”%>
af 16 Ha,ia sin(ay — o) HB’#B sinm(ag — o)

B _ _moml_2 H§:1 (malemﬂ - m(jl)e_”af*> (mle”aa — mg’}/)e_ﬂiaa>
af 16 [l zasinm(ea — aa) [ 25sinm(as — ap)

Therefore, we obtain the traces of the holonomies along the A-cycle and
B-cycle on P*\{0,q,1, 00} expressed in terms of the generalized NRS coor-
dinates in and . We can conversely regard these formulas as the
defining equations for the generalized NRS coordinates {a, B, | @ = 1,2}.

Remarks.

e After our work has been completed and submitted to the arXiv, we
were informed that the generalized Fenchel-Nielsen spectral coordi-
nates constructed in [65] are equivalent to the ones obtained here in
and , up to some simple shifts for the 3 coordinates. Since
our construction is elementary and does not use the auxiliary con-
structs such as the Seiberg-Witten curve disguised in the form of the
spectral network, we may hope that more general spectral network
constructions of Darboux coordinates could be simplified as well. In
this way we expect our coordinates to match with the (generalized)
Fenchel-Nielsen spectral coordinates in [64] [65] and their higher-rank
analogues [56], possibly up to some simple shifts.

6. Monodromies and generating functions of opers

Finally, we compute the monodromies of opers to find the expressions for
the generalized NRS coordinates restricted to the variety of opers. Since
the variety of opers is a Lagrangian submanifold in the moduli space of flat
connections and the generalized NRS coordinates form a Darboux coordi-
nate system, there exists generating function & [(’)N []P’%J H]} for the variety

On [IP’%J, +1) of opers with respect to the generalized NRS coordinates:

0S |ON[PY 11|
8a§a)

(2909) B\ = . i=01,...r—1,a=1,...,N — 1.
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Figure 5: The A-cycle and the B-cycle on the four-punctured sphere
P'\{0,q,1,00}. The double circles represent the maximal punctures at 0
and oo, while the simple dots represent the minimal punctures at q and 1.
The shaded regions represent the convergence domains L, M, and R, respec-
tively. The A-cycle is represented by the dark blue line, while the B-cycle is
represented by the dark red line.

We verify that the generating function for the variety of opers is identi-
fied with the effective twisted superpotential of the corresponding class-
8 theory T [AN_l,IF’%m +1]7 for the example of the four-punctured sphere
P\{0,9,1, 00}.

The strategy to compute the monodromies of the oper Dy is to study
the holonomy of the operator D ~, and then take the limit €9 — 0. The
monodromy z}vl(zrig the A-cycle is easy to compute: as noted in the section
the solution % is defined in the domain 0 < |q] < |z| < 1 (it is easy to
estimate the growth of coefficients of z-expansion to conclude it converges
there). Thus we simply continue along the path

(300) z— ze with 0<t<2n,

to enclose the punctures at 0 and q, thereby making the A-cycle. In this
fashion we pick up the multiplicative factors from the non-integral part of
the exponent of 2 in the perturbative prefactor, and thereby obtain the

holonomy M4(®). The monodromy of the oper ® is then computed by
taking the limit:

(301) Ma(®) = lim Ma(D).

e2—0
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The monodromy along the B-cycle is more involved. First we need the
rotation matrices Ry and Ro, which are the monodromy matrices for the
2m-rotations around the punctures at 0 and co. As noted in section [3] the
solutions ZL and Z are defined by gauge theory as series expansions in the
domains 0 < |q| < 1 < |z| and 0 < |z| < |q| < 1, respectively. Thus we get

Ro by following pa along the circle z — z e2™,

and we get Ry, by following
% along the circle z — z e~2™. For completeness, we give the expressions

for the rotation matrices for the punctures at q and 1 also:

R, =My Cgl Rgl Co

(302)
R; = M;' C'R C.

It is immediate to see, in the N = 3 case for example, that the eigenvalues
of lim., ,0 Rq and lim,, o R; are maximally degenerate, which means they
correspond to minimal punctures. Now for the B-monodromy matrix, we
start from the solution ZL. By concatenating the connection matrices, the
shift matrices, and the rotation matrices, we construct the following sequence
of continuations of the solutions

L ¢, zL-M s zR—-M C;' ZR R;' %

(303) % == 2% SRR
Co, oM 87, oM Oy gt B P

Hence the corresponding holonomy is
(304) Mp(D) = Reo Coo S Cy' Ry G S~ CL.

~I =
We have seen in section that under the NS limit, the solutions Z for ®
behaves as

(305) 2= (x+0(e),

which leads to the equation for the oper, ’)Sx = 0. Therefore, we compute
the B-monodromy for the oper ® as

o~

(306) Mp(D) = lim Mp(D) =
g0—0
— lim Roo Coo S G5 Ro Cp S™L Cl e
g9—0

Now we exhibit in detail how these computations can actually be done.
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6.1. SL(2)-oper

We obtain the A-monodromy matrix for D, by letting z make the full circle

;. . SL—M . . .
2 z €2™ in the expression for % . Since the critical exponent for z is

given as (212)), we find that

= . opj=itaste  gnjoi-aste
(307) MA(’DQ):dlag(e s, 2T )

Then by taking the NS limit (e; # 0,e2 — 0), we obtain the A-monodromy
matrix for the oper Do,

(308) Ma(®y) = lim Ma(D,)

g9—0

—ajtaste; o

. 27i je=teter
= diag (e e e 261 ) ,
so that

(309) Tr M4 (D3) = 2cos 2 <a1—ag—i—51) .

261
Comparing this with (278)), we obtain

ay —ag +¢€
(310) a=—+—2"°1
2e 1
Next, we find the expression for the 3 coordinate by computing the B-
monodromy matrix. It is necessary to compute the rotation matrices first, by

. . ~ ~R
shifting z + z e ™2™ and z +— 2z €™ for Z and Z , respectively. Since their
critical exponents are given as (210)) and (219)), we immediately compute

.ag,1—ag,2—c1 —2e2 71_1-*@0,1+a0.,2*51*282 >
)

R = diag (em “1 , € =1
(311)

. —ag 1+aga+e ﬂ_iag,1a3,2+6>

Ry = diag (em 1 , € 1

The connection matrices and the shift matrices are given by (206)) and (232]).
For N = 2, it is easier to write these matrices explicitly. In particular, the
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connection matrices are

!

1

+

20,1~ '102) (2 aj
€1

—

+

140817932 ay—agy
€1
ay a3 2 a3z 1—a
1+ ) ( L

1+a31 asz,2 2
)r(

1+a2—a32) (

—

( 252) 1 )
F<1+“01 2) ( ;‘;0,2) F(1+a01 1) (a 5:02)
"7 | o) s s |
12 ) ) (e ()
r 1+a32 ag 1) ( 26—1a1 r 1+a32 as, 1> ( =
N a
Cy= .

( ) o )
Pl r(E) () T
( ) o )
( ) )

Their inverses can also be computed directly as

(313)

F<1+ao 2—ag, 1> F(aza—lal) F<1+ao,1£—lao,2> F(aQE—la,l)'

i S e B G R Cy
< ap,1 — ap,2 F(H_aoz 01> a1;a2 F(1+a01 aoz>F<a15—la2 ’

() R ()

F(1+ 11— a32> <a1€1a2> F<1+ 321a3 1)F<a1;a2>_

o oo | T
s | (e () (e () |

F(1+ 13— 32> ( 321—“1) 1—\(1+“r2—5f113‘1) F(as,:l—m) ]

Now it is straightforward to evaluate the B-monodromy matrix for ”}52 by
(314) Mp(D2) = Roo Coo S Cg' Ry Cp S™! C.

We need to evaluate the trace of the B-monodromy matrix for the SL(2)-
oper Dg, which is obtained by taking the limit,

(315)  Tr Mp(D,) = <hmR Co SC;' Ry Cp S C )

eo—0
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A few pages of computation shows that

(316)
Tr Mp(Ds)
(cosw% - cosw@) (cos T te2 — cos 7r2(““71a)>
2 sin? 7ra12€“2

2 2
(cos 1932 1a3 2 + cos ﬂi(agl a)> (cos o192 la“ 2 + cos 777(%1 a))

_l’_

2 cos? %2
€1
2
: A2—0A0,~ : azy—a1 T (a1*a2)
B 4Hv:1,2 sin =01 sin L o
SIH2 7'l'a1 1a2 T (a27a1)2
€1

e P
€1 0 _ 92 \w

X H F(al ao,\{) F(agﬁ—GQ) ’
v=1,2 e

a1 —ag,~ . az,~—az
B 41_[72172 sin =42 sin =t
s111271'a1 22
2 —1
a1 —az as,~—a1 a2—0a0,~
r ( €1 ) r ( &1 ) I ( €1 ) o 2 \Ww
X H e \da;  day

2 1—00,~ 3,4 —02
P (o) =D (25me) T (=)

It is crucial to note that the products of I'-functions in the third and the
fourth lines can be absorbed as the 1-loop part of the effective twisted su-
perpotential of the Aj-theory computed under the {-function regularization
(see and its derivation above), namely,

(317)

a1 —az a3,~—a1 az2—0p,~y

(8_8>WMHMQWQ>QHF(A)F(QJ

aal aCLQ r <a2;a1)2 =i T (a1—£(110,~,) T (as,;l—a?) .

Hence we define the full effective twisted superpotential by

(318) qull = WClassical + Wl—loop + Winst + Wextra’
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where the 1-loop part is given in (A.29) and the other parts have been
obtained in (118]),

2
(319&) Wclassical _ (al — a’2) log q

481
2
~ _ FQ(aa_aB;61762)
19b) W'ooP = Jim &1 b
(319D) szlinogz 08 i,ﬁ:l I2(aa—ao,p;€1,62)2(a3,0—ap;€1,E2)
(319¢) Wt = Jim e, log 2yt

g2—0

~ 1
(319(1) WeXtra =£&1 (4 — 52 — (53) logq

n 2((_10 — (_I)(C_L —as + 61)
€1

log(1 — q).

Thus the expression for the trace of the B-monodromy matrix is simpli-
fied with the full effective twisted superpotential Wl Let us also make
an overall shift for the Coulomb moduli and the masses of the hypermulti-
plets to recover the SU(2) parameters (see section [2). The final form of the
expression is

(320)

~

(cos7776“”‘1:“’”2 — cosw”%) <c0s7r7a°'1;a°*2 — cosw%)
Tr Mp(Ds) =

€

2cos? T
a. —Qa a Qa, —Q, a
(COSWM + COSW%) <COS7TM + cos7r2ﬂ>
€1 €1 €1 €1

+

oy L
+

This expression exactly matches with (282)) under the identification of pa-
rameters,

2sin? T

Qo, as,
9 COST <:Fa — #) COS T (Tj F oz) L1 oW

e 1 dax

sin? 2ra

380,170,271 ﬂ_-ao,1+a0,2
m_i;=e¢e€ 1 , Mp=e¢e 1 ,
(321) i @3,1Fa3 2 ﬂ_i*as,1+a3,2+51
mp =e€ €1 , My =¢€ €1

Most importantly, we observe that

yofull
(322) g— LIV

€1 8a
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Consequently, the generating function for the variety O2[P'\{0,q, 1, 00}] of
opers is identified with the effective twisted superpotential, namely,

(323) S [OQ[Pl\{Ov q,1, OO}H = ;qull [T[Ah ]P)l\{o7 q,1, OO}]] )

by the relation (322]). This identification verifies the main assertion of [I] for
all orders in the gauge coupling q.

Remarks.

e The equivalence (323)) involves an extra term in the effective twisted
superpotential, W2 Note that W@ has been completely deter-
mined in gauge theoretical terms in (319d)).

e The regularization scheme that has been used to define the 1-loop
part W1°°P was the ¢-function regularization, which is natural in the
gauge theory context. Note that it is free to choose other schemes
to regularize the infinite product, or the IR divergence, in the 1-loop
contribution. The other choices would lead to the correction in the
effective twisted superpotential of the form,

(324) Wao ~ Lig el(@a0:3s)

where [ is some linear function of the arguments. Physically, IR reg-
ulator corresponds to cutting the cigar D? at the infinity. Thus
the correction W4, to the effective twisted superpotential can be in-
terpreted as the contribution from a three-dimensional theory coupled
to the four-dimensional bulk theory at the boundary at infinity. Note
that W, is independent of the coupling q. Hence this correction to the
effective twisted superpotential corresponds to a canonical coordinate
transformation.

6.2. SL(3)-oper

Using the critical exponent (225)) of z, we see that under the z — z ¢*™ loop

the partition function % " transforms by

(325)
I~ . —2ay+as+agz+3e . ay;—2ap+agz+3e
M4(D3) = diag (3’” TSR TR e

o &1tag—2a3+3e
) )
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Hence, by taking the limit e — 0, we obtain

MA(353) = lim MA(Z‘/jg)

(326) ) Zi:; (i it an g
Comparing with , we find

(327) aa:&l"‘_gz’%zl%, a=1,2,

so that we have

(328) Tr MA(@s)il _ F2mion 4 F2micn | E2mi(anton),

For notational convenience, let us also define g = —ar; — o as before.

Next, we obtain the expression for the B coordinates restricted to the
variety of opers by evaluating the B-monodromy matrix. First, we compute
the rotation matrices by shifting z — 2z e=>™ and z — z €2™ for iL and iR,
respectively. From their critical exponents and we get

.2a0 1 —ag p—ag, 3—3e—2¢ . —aq,1+2ag g—ag,3—3e—2¢
R —di 974 2901 0,235 0.3 2 g Z20.1 0,236 0.3 2
oo = dlag| e ! y € ! ’
Qi Z0.1700,2+2a0,3—3e—2¢7
e 3eq >
)
(329) Qi 28,1 Fe3,2Fag 3+3¢ Qi 3,1 7203,2Fag 3+3¢
Ry = diagle 321 e 361
0 g ) )
g 38:1Fa8,2=2a3,3+3¢
e 3eq )

Then the B-monodromy matrix for D3 is obtained by (1304])

~

(330) Mp(D3) = Rao Coo S Cy ' Rg Co S™' C,

where the connection matrices and the shift matrices are given by (206) and
(232)). The B-monodromy matrix for the oper @3 is obtained by taking the
limit,

(331)  Mp(D3) = lim Rae Coc S C;' Ry Co S! Ol e

g2—0
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To determine the 8 coordinates, we need to compute the following traces of
Mp(D3)

Tr Mp(D3) = <€11LHOR Coo SCy' Ry Cp S~ €3 W>

(332) N
Tr Mp(D3) ' =T (th SC,'R;' CoSTtC RY )

62*)

The computation of these traces can be broken in several steps. First note
that

(333) HMB(@g)_ﬂ<1lm(c R.. Co) S (C;' Ry Co) S~ ew>

g0—0

due to the limit e — 0. Then

3 9 _ 8 A
(334) Tr Mp(D3) = ) (Coc)sa (Co)as e(a“‘ 8“5>W7

where we have defined

(335)
(Cxo)ap <th R, C )
g9—0 OéB
ag—ag’
I (aatas—2a0) . 37i(g,—a) Hﬁ/iﬁr( €1 )

— €ec1

0a,8 — 21 €1
Ao —Qy/ QAo —Qy/
[ |a,¢af (751 ) 311171'71

% H 81: <aﬁ_%‘a,) ,

€1

31 <aa_ao,a’> Sinﬂ_aa_ao,a’
€1
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and
(336)
— ] -1
(CO)OcB = <5121§0 CO Ry Co) »
aB/—aB
2 (—aa—ap+2as) xi (—as+a) Hﬁ’#ﬁ I ( &1 )

=e=1 0o, —2i €=

Qo —0q : Go! —Qu
[Toza T (T) sin 7r e

Similarly, we can write

N -1 _ . —1 -1 -1 (-1 R-1 »
Tr Mp(®3)"" =Tr | lim S (C," Ry Cp) ST (C, Ry Cx) e |,

e2—0

3 —
(337) = Z (Cal)aﬁ (Cgol)ﬁa e<6faiafﬁ>w7
a,f=1

where we have used

(338)
(CHas = <lim CJl R coo>
e2—0 Oéﬁ
ag—ag’
= (—aa—as+2a0) 32 (—Gg+a) H6/¢BF ( &1 )

=e= 0a,8 + 21 €1
Ao —Qy/ » Ao —Qy!
| |a/¢af‘ (751 ) sinr=e_=a-

€1

<11 ,
it F (aﬁ—aoﬁal>
o' =

€1

3T <ao¢_a0,a’> Sinﬂ,aa_ao,a’
€1
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and

(339)

(Cal)aﬁ — (6]2131 CO RO Co) ,

HpzsT (aﬂgaﬁ>

ir (@o+ag—2as)

37mi (= =
= e Sap+2ien @

Ao’ —0q Ay’ — Ay
Ty T (25 simrtazes
3 F (a3.a’_aa) SlnTr as, a;l_aa

Therefore, the traces can be expressed as

(340) Tr Mp(D3)*' = Bf + > B, e<8“” afﬂﬁ,
o

where we have computed the coefficients as

3
= il +1
(341) :Z e, (¢ |
and
Bt = (¢T! +1
(342) Baﬁ - (C ) (Coo )5a
4 +irlo—9s H,3y_1 Slnﬂ'% Slnﬂ-?’viaﬂ
= —4c €1
Ha’;ﬁa sin ¢ H,B’#,B sin 7T s 0p!

X H Ao H ag&aﬁ/
o' ( ) ) 6#5F( ) )
3 T (a3,~él—aa) T (aﬂgfo,w)
7:1 ]._‘ (lhy;fO,w) F (a:&,:;l—ag)

It is crucial to note that the last line of (342)) is precisely the contribution
from 1-loop part of the effective twisted superpotential of the Ai-theory,

X
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under the (-function regularization (see (A.33)) and its derivation above),

(343) (8 _ 8) Wlloor _ Jog H (M) H r <@>

8aa 8@5 ot (a /Elaa> B?@BF (M)
P (mg=) T ()
€1
X .
IEES e

We define the full effective twisted superpotential by

(344) qull = Wclassical + Wl—loop + Winst + Wextra.

Here, the 1-loop part of the effective twisted superpotential is given in (A.29))
and the rest was obtained in (141]),

(345a) Wclassical _ (a1 — CL2)2 + (a1 — a3)2 — (a1 — a)(a1 — a3)
351
3

_ Fz(aa—a5;81,€2)
345b) WP — Jim £, 10 2. f=t
( ) 62121 2708 Ha B=1 I2(aa—ao,p;e1,62) 2 (as,a —ag;e1,€2)

(345¢) W™t = lim £5log Zigst
g9—0

log q

(345d) WU — ¢ (1 — 6, — 6y) log
506 1 0
I (a —az +¢)(ap — a)
€1

log(1 — q).

Again, the expression for the traces of the B-monodromy matrix are sim-
plified with the full effective twisted superpotential WU, Let us make an
overall shift of the Coulomb moduli and the masses of the hypermultiplets
to recover the SU(3) parameters (see section [2)). Then we get the final ex-
pressions for the traces of the B-monodromy:

(346) Tr Mp(D3)*

+ L(L 7>qu11 1 pwtull 1 pawtull
=By + By e\ 0o + B13 es1 91 4 323 €1 ez
_i<L_ )qun 1 awfull 1 pawtull

+B21 e €1 \9a1 day B31 e €1 Qo +B32 6 1 g ,
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where the coefficients are computed as

(347) BE = 3t H (@m0) 4 g) EE @astao) g 500
€1
F2iet o & (@e+280) ﬂ'%
81
_1 sm7r( — ‘1‘_’—”) sinw(ag—” —aa>
_ gt (@ ag)z = ! !
[oa sin? 7 (g — Qo)
and
3 . ag,~ . as,
(348) BE, — —4etim o™ [ sin (a5 — 22) sin (% )
of [Lozasinm (oo —aa) [ asinm (ag — o)

We observe the precise agreement between (296)) and (346) under the iden-
tification of parameters,
m(_al) = 627” T, mga) = 627” 2, a=12,

2mi 20 —omis
mpy=¢€ f1, mp =e¢e€ €1,

(349)

Most importantly, we find

1 aVVfuu

(350) By = o o

a=1,2.

Therefore, we verify that the generating function for the variety
O3[P'\{0, q, 1, 00}] of opers with respect to the generalized NRS coordinate
system is identical to the effective twisted superpotential, namely,

(351) S [03[P"\{0,q,1,00}]] = ;Wf““ [T1A2,P"\{0,q,1,00}] ,

by the relation (350)).
Remarks.
e The validity of the equivalence (351)) at the 1-loop level was checked in

[65HE| The gauge theoretical derivation of (351) that we have shown
guarantees its validity at all orders in the gauge coupling q.

121n [65], a different, the so-called Liouville/ Toda regularization scheme was used.
Although Liouville/Toda scheme is natural in the context of the AGT correspon-
dence [40], the (-function regularization arises more naturally in the gauge theo-
retical context. Besides, the (-function regularization has a notational advantage
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6.3. Higher SL(N)-oper

It is straightforward to generalize the procedure to the higher SL(N)-opers
Dy on PN\{0,q,1,00}. We schematically describe how we proceed. First, we
need to express the traces of the holonomies of the flat SL(N)-connections
in terms of the generalized NRS coordinates, as we did for N =2 and N = 3
in section It is clear that the holonomy along the A-cycle is still given
by

N
a -1 o
(352) My = Mgt =" (mf?) 1.
Hence we obtain

(353) Ter,:Z(mga))_k, k=1,...,N—1.

a=1

The holonomy along the B-cycle is written as

(354) Mp = g7 lgy"!
=my'm; ! (Iy + (mY — DIL) (Ly + (m)’ — 1IIp) .

Due to the properties of the projection operators, we have
(355) Tr (Il )F = (Tr [oIy)*, ke 20,
Thus we can expand the traces of (354]) as a polynomial in TrIIoIIy,

(356) Tr ME = mgFm 7 *(V — 2 + m)* + ml'F)
+ o mgFmyE ) — Dl — 1)k (Te oM )F

in that the defining equations for the generalized NRS coordinates (291)), (296) are
written more simply without any I'-functions or square roots.
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forany k =1,..., N — 1. Since we can express Tr IIyII; by the 3 coordinates,

(357) Tr oIl = ZTrHOH
a=1

=

o) =
:Z —By +ﬂTrH0H(()a)
1

a

Tr oIl Tr T, 11

I
I MZ

() (8)
+ Z B ="y o1 T 1, 11,
-

we obtain the representation of the traces in terms of the generalized

NRS coordinates o, B, = 50 — ,60

Next, we evaluate the monodromies of the oper D ~- By shifting z —
~L—M
z eQ’rlAfor % we compute M A(CD ~). The A-monodromy matrix for the

oper ®p is then

I~

(358) MA(Dy) = lim M4 (D),

e2—0

which can be expressed in terms of the a coordinates by comparing its traces
with (353). We also compute the B-monodromy for Oy by

~

(359) Mp(Dn) = Roo Cao S C;' Rg G S~ C,

from which we compute the B-monodromy matrix for the oper D N as

~

(360) MB(Qg) = hin MB(QN) 652
€2

= lim Ro Cao S ;' Ry Gy S7! O Loty

82—)

Then we find the expressions for the traces
(361) TrMp@n), k=1,...,N—1.
By comparing these expressions with (356[), we find that

Vofull
(362) g, =2

€1 (90/,@

, a=1,...,N—1.
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This relation verifies that the generating function for the variety
On[P'\{0,q,1,00}] of opers in the generalized NRS coordinate system
{an,B, | a=1,...,N — 1} is identical to the effective twisted superpoten-
tial:

(363) S [ON[P'\{0,q.1,00}]] = ;Vvﬁl“ (T1Ay—1,P\{0,q.1, 00}]]

7. Discussion

We have shown that non-perturbative Dyson-Schwinger equations for the
class-8 theories with the insertion of a surface defect produce the operators

D annihilating their partition functions. These operators were reduced to
the opers © in the limit o — 0, providing an explicit relation between the
holomorphic coordinates on the variety of opers and the expectation values
of the chiral observables in the limit e — 0. The surface defect partition

functions, i.e., the solutions to 35, were analytically continued to different
convergence domains and glued together in the intermediate domain. This
procedure enabled the computation of the monodromies of the solutions to

5, and therefore the monodromies of the opers D by taking the limit €9 — 0.
We constructed a higher-rank generalization of the NRS coordinate system,
and represented the monodromies of opers in terms of these coordinates.
The effective twisted superpotential arose as the generating function for the
variety of opers in the generalized NRS coordinate system by construction.

We believe that the subject deserves more investigations in various as-
pects. Let us consider the example of g = A;. We have constructed the
Darboux coordinate system (c,3) in which the generating function for the
variety O3[C] oper D, is identified with the effective twisted superpotential.
Meanwhile, O2[C] is a a Lagrangian submanifold of Mg, (SL(2), €), which is
spanned by the off-shell spectra us = lim., ¢ Og? for fixed gauge couplings
g. The variation of the gauge couplings, i.e., the elements of the Teichmiiller
space T[C] of €, gives the foliation of the moduli space Mg, (SL(2), C) by the
leaves of the varieties of opers with varying gauge couplings. Thus there ex-
ists another Darboux coordinate system (72 = logq,u2) on Mg, (SL(2),C)
induced from the identification Mg, (SL(2),C) ~ T*T[C]. We observe that
the relations

1 0W oW
(364) 5_57187047 U2—877_27
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identify the effective twisted superpotential with the generating function for
the canonical transformation of the Darboux coordinate systems,

(365) (T2, u2) < (a, B).

Let us consider generalizing this relation to the higher rank g = As, for
a fixed Riemann surface, say, IP%J“ +1- We still have the generalized NRS
coordinate system {aga),ﬂga) |i=0,1,...,7r—1, a=1,...,N — 1} on one
hand, but it is apparent that the variation on the Teichmiiller space ’]I‘[IP’%J 1
does not saturate the half of the dimension of the moduli space, since the
dimension of the moduli space increases as the rank increases,

dim Mot (SL(3), Py 1) = 2r(N — 1) = 4r,

while the dimension of the Teichmiller space is independent of the rank,
dim’IF[IP’%,r 41} = 7. In other words, we need r more parameters 7; 3 to form a
Darboux coordinate system,

(366) {Ti,Qa Ti,3, Ui 2, Ui,3 | i= ]-7 o 7T})

in which the effective twisted superpotential produces the spectrum u; 3 =
lime, 0 <oi,3> of the higher Hamiltonian O; 3 = Tr¢? under the differentia-
tion with respect to 7 3. Then the effective twisted superpotential becomes

the generating function for the canonical transformation between Darboux
coordinate systems, through the relations

o1 OW
(367) 5§)=€—W, i=0,1,....r—1,a=1,...,N —1,
1 o
oW ? oW .
(368) Ui’z—aTi’Q, Ui,g—aTi737 1—17...,T.

But what is the meaning of the parameters 7 37

In the gauge theory side, the meaning of 7 3 is clear. As investigated in
[18], we may extend the theory by manually adding the higher times to the
microscopic action,

T
(369) L£=> 7 / d*0 Tr ®F + 733 / d*o Tr ®3,
i=1
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whose partition function can still be computed by equivariant localization
as, schematically,

(370)
. NG .
stt(a7 m,eq,e9; 7o, 7-3) — Z H q|l)\ I exp [Z 7i,3 Oi,3[>\]
i=1

A i=1

mx(a,m,e1,e2).

Under the limit €9 — 0, the partition function shows the asymptotic behav-
ior,

W (a,m,eq1;79,73)

(371) ZinSt(a, m,eq,£9;72,73) = € <2 (1+0O(e2)).

Then it is straightforward that we produce the relation

(372) uys = lim <oi,3> _ oW

e2—0 8713'

Therefore, the extra parameters that foliate the remaining orthogonal direc-
tions to the varieties of opers are the higher times of the extended theory.
The varieties O3[C] of opers such as are located at 733 = 0 and only
probe the 7; o-variations.

The question is, then, what the extended opers are, which rise under
the flow along the directions of the higher times. When re-phrased in terms

of the gg-characters, the problem is to derive proper extended operators D
from the non-perturbative Dyson-Schwinger equations of the extended the-
ories with an insertion of a surface defect. The limit €5 — 0 of these objects
would yield the desired extended opers. Note that the expectation values
of 0;3 would be compensated by the derivatives with respect to 73, so
that the issue of equating the analytically continued expectation values in
the intermediate domain would also be resolved with this enhancement. It
is not clear, however, how to derive meaningful expressions for these ex-

tended quantized opers D as of yet, so we leave this to future work. The
variation along the higher times has many different manifestations. It cor-
responds to varying the higher Teichmiiller structures studied in [54] [55],
flowing along the higher Hamiltonians in the isomonodromic deformation of
Fuchsian systems, and properly extending the Hamilton-Jacobi formulation
of the Painlevé equations discussed in [2] to the higher order Painlevé-type
equations. It would be interesting to see how the extended gauge theory ties
up these different realms of mathematical physics.
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In the context of the BPS/CFT correspondence, the subject reveals still
another feature along the line of [40]. The well-established relation between
the partition functions of 7[Ax_1, €] and the correlation functions of Ay _1-
Toda CFTs has to be extended when we deal with the higher ranks N > 3.
Namely, we start to face the expectation values of higher chiral observables
in the gauge theory side, which cannot be compensated by the derivatives
of gauge couplings, and they are supposed to correspond to the correlation
functions with inclusion of WW-descendant fields in the CFT side. The precise
dictionary between the two objects are yet to be accomplished. The real-
ization of the higher times of the extended theories in the CFT side is even
more unclear. The free field representation of the monodromies of degenerate
fields studied in [71] can be relevant for this study.

Another problem related to this work is the generalized NRS coordinate
systems corresponding to the non-Lagrangian theories. It is well-known that
the higher rank class-8 theories do not always admit Lagrangian descrip-
tions. Our computation of monodromy data of opers heavily utilized the
availability of the exact computations of the partition functions and the ex-
pectation values of the chiral observables. For the non-Lagrangian theories,
it is not even clear what the instanton counting means. Nevertheless, the
Fuchsian systems with the prescribed monodromies around the punctures
are still well-defined, and we may wonder if it is possible to explicitly link the
accessory parameters of the corresponding opers and the expectation values
of the chiral observables in the non-Lagrangian theories. In the case when
the non-Lagrangian theory is S-dual to a Lagrangian theory, it is desirable to
explicitly construct the coordinate transformation [I] between the relevant
generalized NRS coordinate systems and investigate their field theoretical
meaning.

Appendix A. Partition functions of N = 2 supersymmetric
quiver gauge theories

We give a brief review on the partition functions of the N = 2 quiver gauge
theories. For more details on this subject, see [26, 27].

For an oriented graph ~, we denote the sets of its vertices and edges and
Vert, and Edge., respectively. We define s, : Edge, — Vert, as the maps
which send an edge to its source and target, respectively. For each vertex
we assign two integers,

Vert,,

(Al) n= (ni)ie'\/ertn, € (Z>O) ) m = (”H)ie\/em S (ZEO)VertW .
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The N = 2 quiver gauge theory associated to -y is the four-dimensional N = 2
supersymmetric gauge theory, whose gauge group is

(A.2) Gg= X U(m),

icVert,

and whose flavor group is

(A.3) Gr=| X U(m)xU(1)P=e / U(1)Verts,

ieVert,

Here the overall U(1)Ve'* transformation has been mod out due to the gauge
symmetry,

(A.4) (ui)ieVert., ((gi)ie\/ertwa (ue)eeEdgeJ
= ((uigi)iEVertwa (Us(e)ueut_(é))eeEdg%) .

The field contents of the theory are the following: the vector multiplets
® = (®4)ievert, in the adjoint representation of Gy, the fundamental hyper-
multiplets Qg = (Qi)ievert, in the fundamental representation of G, and
the antifundamental representation of G, and finally the bifundamental
hypermultiplets Qpisyng = (Qe)ecEdge, in the bifundamental representation
(Ms(e)s t(e)) Of Gg. The N = 2 supersymmetric action is then fixed up to the
gauge couplings,

i, dmi

(A.5) q; = exp(2min;) <7‘i =5 . ) , i€ Vert,,

and the masses of the hypermultiplets,

m = ((mi)iEVert.yv (me)eEEdgeﬂ)v
(A.6) m; = diag(mi1,...,Mim) € End(C™), me € C.

The global symmetry group of the theory is
(A?) H = Gg X Gf X Gr0t7

where G4 (A.2) is the group of global gauge symmetry, Gy (A.3)) is the
group of flavor symmetry, and Gyor = SO(4) is the group of the Lorentz

symmetry. We turn on equivariant parameters for the maximal torus Ty C
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H. The equivariant parameters for G, is the vacuum expectation values of
the complex scalars,

(AS) <(I)i> —aj, aj= diag(am, ... ,ai,ni) € End((C”“’), ie Vertv.

The equivariant parameters for Gy is the masses of the hypermultiplets
(A.6)). Finally the equivariant parameters for Gy is the 2-deformation pa-
rameters €1, £9. The partition function of the theory is a function of these pa-
rameters (a, m, ) € Lie(Ty). In expressing the partition function, we abuse
our notation and denote the vector spaces and their Tx-equivariant charac-
ters in the same letters. Hence we write

A m
(29) VI ST T SN
a=1 f=1

It is helpful to use the following notation for abbreviated expressions,

=", P=1-¢ i=12

(A.10)
2 =qq, Po=1-q)(l-q).

The partition function factors into the classical, one-loop, and the instanton
parts:

(All) Z(a, m,e, q) — chassical Zl—loop Zinst‘

The classical part is given by

A.12 chassical _ _ﬁ e aiq

(A.12) (aea= [I w .
i€Vert,

The one-loop part is given by

(A.13)

1
(1 — e Per)(1 — e Pez)

2P (4 m ) =€

X Z (Ml — Ni)Ni* + Z €’BmeNt(e)N;(e) ,
ieVert, ecEdge,,
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where the e-symbol is defined by

(A.14) el---]=exp [js

L T
:OP(S)/O a5 ]],

which converts a character into a product of weights. In particular, the
e-symbol regularizes an infinite product of weights such as (A.13) by the
Barnes double gamma function,

(A.15)

1 0 e—,@x
agpet :
) [ e e—ﬂml

The instanton part Z* is obtained by a Ty-equivariant integral over
the instanton moduli space. Given the vector of the instanton charges k =
(ki)ieVert, € 729, the total framed noncommutative instanton moduli space
of the quiver gauge theory for v is

ds

d
Io(x;e1,62) = exp [—

s=

(A.16) Mymk) = X M, k),

ieVert,

where M(m, ki) is the ADHM moduli space
(A.17)

_ Big: K — K, [Bi,Ba] +1J =0,
M(n, k) = { I:N—=K,J:K—N | [B,Bi+[Bs, Bl +1IT —JlJ=¢ }/U(k)‘
(N=C", K =CF)
Solving the real moment map equation [By, By] 4 [By, Bo] + IIT — JtJ =
¢ and dividing by the compact U(k) is equivalent to imposing the stability

condition and dividing by the complex group GL(k),

(A.18)
. BLQ:K—)K, [Bl,BQ]+IJ=0,
M<”’“‘{I:N—>K,J:K—>N K = C[By, Bo] I(N) }/GL(k)‘

The Th-equivariant integration over the instanton moduli space (A.16)) lo-
calizes on the set of fixed points of Tg-action, M (n, k)"# | which is the set
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of colored partitions A = (()\(i’a))gzl)ie\/ertw where each A& is a partition,

(A19) Ao = (Agi’a) >l > s () s e o 0) 7

with the size [\G)| = I AN = g . constrained by ks = 3, Kio =

7

|)\(i)| [15, [16]. At each fixed point A, the vector space Kj carries a represen-
tation of Ty with the weights given by the formula

(A.20) Ki[A] = Z >

a=1 el
where we have defined the content of the box,

(A.21) g =aiq+er(i—1)+ea(j—1)

The tangent bundle and the matter bundle comprise the character

TA = > (VK] + qi2N{ K — Pk K] — My K;)
ieVert,
(A22) - Z eﬁme(Nt( )K( )+Q12N (e)Kt( ) PlQKt(e)K:(e)),
ecEdge,

associated to each fixed point A € M, (n,k)T#. At last the instanton part of
the partition function is evaluated by

(A.23) 2% (a: mse; q) Z H A()‘ ,

A ieVert,

where we have used the e-symbol (A.14)). Note that the one-loop part and
the instanton part can be combined into

(A.24) Z2ooP (a2 e) 2% (a; m; e; q)
-3 I W 1
A ieVert, N 6_661)(1 - 6_562)

X Z (M; — S;)S; + Z eﬁmest(e)S:(e) )

i€Vert, ecEdge,

with the character S; = N; — P2 Kj;.
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The regularized characteristic polynomials of the adjoint scalars form
important chiral observables, called the Y-observables, are defined by

— 1 !
(A.25) Yi(x) = 2™ exp Z —mTr @i o,

Their expressions at the fixed point A are written as

(A.26) Ys(a)] ﬁ( —aa) ] ($—CD—€1)(~’U—CD—€2)>.

Hosie (@)@ —co—e)

which shows that upon the regularization, the instanton contribution makes
the polynomials into rational functions of the auxiliary variable z. The Y-
observable can be simply written as

(A.27) Yi(x)[A] = B e[ S]],

Note that the Y-observables are the generating functions for the chiral ob-
servables

(A.28)

owﬂzﬁwM}

Z

ot > ((ote)+(o+e) — by (n+2))
Oeate)

The qq-characters for the quiver gauge theories are given as certain Laurent
polynomials of the Y-observables.

In section [6] it is important to correctly identify the 1-loop contribution
to the effective twisted superpotential in the A;-theory. The formula
tells that

N

(A.29) g l-loop _ Ha,5:1 I'y(aq — ag;er,€2)

) “ |
Hgﬁﬂ Io(aa — apg;er,e2)l2(as,a — ag;er,€2)

Note that we have the following identity,

(A.30) % <lim052 logfg(x;el,sg)) = —logi(x;e1),

Eo—>
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where we have defined
(A.31)

d
I'i(z;61) = exp [_ds

1/0061558—11_66“ ] _ _V21/a
-0 0 €

—Ber | T T E :
(e

Thus for the 1-loop part of the effective twisted superpotential,

(A.32) WP = Jim g5log 2 IOOp,

eo—0

we derive the identity,

(439 ( : 0 )Wl loop — Jog H (M> H F(%)

8aa 8a5 ot (a 1= aa) Grp T <a5 %)
(2 ()
€1
X )
i (e

which was used in section EI to absorb the 1-loop contribution W-1°°P into
Wil

Appendix B. Computing G(x;t)

Even though we only consider the Ap-quiver in section it is possible to
compute the generating function G, (x;t) for general A,-quiver gauge theory.
The fundamental gg-characters for the A,-theory are written as [27]

(B.34) No(z) = %(“514 S 15 o+ 2 (i) + 1 - )],
2041 IC|0 or]iel
[T|=¢

£=0,1,...,7+1,

where we have defined q; = ;*-, hy(i) = [{j € I | j < i}|, and

— - 137, 1 $+€ C
(B.35) Ei(z) = +1dz =1+ Z
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We form the generating function by

r+1
Sr(xst) = Yo(z) AT 20z 2ty (w — e(1 - 0))

(B.36) =a0 Y [(th> [1i (@ +ehii ))]

I1C(o,r] el el

(B.37) = Z S! xn( ),

n=0

where

(B.38) Ar= > (thi) T (1+tz).

Iclo,r] \i€l =0
For convenience, we define the parameter

tZi

B. = .
(B.39) YT,

Let us start from r = 0. Straightforward computation shows that
)y — (=n) 1y _ >0
(B.40) 90 (t) =1, 90 (t) = UOCO,m nezr .

We proceed to higher r by recursion. Divide the sum in (B.37)) over I C [0, r]
into two classes, where in the first » € I and in the second r ¢ I. From this
decomposition follows the relation:

(B.A1) G, (x;t) = So(a:t) +Zuj o 12 HC; ) A 18 1 (2:t)) .
ot
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Explicitly pulling out the coefficients of each negative powers of x, we can
write the recursive relations as

(B42a) GO (1) = 9(()0) (t) =1,

(B42b 9( D Zu]Cj 15

(B.42¢) G( ZU]<32+ZUJCJ 19

4 0
— € Z ujCj,lAj_lltaAj—ly
)

(B42d) 99 (1) = 2%3 + Zu; Gag D) + a5V )]
. 9
- €ZUJ'A]-__11 [Cj,ltat (Aj—19§-_11) (t)> + 2Cj,2t8tAj—1}
j=1
J . 5 )
+ 52 ZUJCJ’]‘AJ__]-l <t8t> Aj—l,
j=1
(B42e) GV =) uiGa
+ >0y [GaG D0 + 629D (0 + Gagi Y ()]
=1
- _ 0 -
—¢ Z UjAj_ll |:Cj’1t(9t (Ajflgg'_?) (t))
j=1
9 - 9
+ 2ot (8187 (1) + 3@»,3th]»_1}
- 2\° _
+€QZUJ'A]-_711 G (tat) (Ajflgg;ll)(t)>
j=1
o 2
+3¢;,2 ( 8t> Aj

r B 8 3
_ ‘SBZUjCj’lAJ—ll (t()t> Aj_l.
j=1
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Introduce the notation:

i
(B.43) Urlsi,so,nsd = > ] @iGins,) s

0<iy < <ip<rn=1

where s; € Z2% and Gi,o = 1 by definition. It is straightforward to derive the
useful identities:

)
(B.44) 15,80 = A0,

0
to; (ArUrlstseoossd) = Ar (s, se] + U [s1, 050

(B.46) Zujcjm 181,80 = Uy [51,82,...,50,m],

(B.45)

where

(B.47) UP[s1,...,8] =U.[0,51,...,80] + Ur[51,0,...,5
—i—-"—i-Ur[Sl,...,Sg,O].

Using them we simplify (B.42)) and finally arrive at the expressions

(B.48a)  §W(t) =1,

(B.48b) GV (1) = U1,

(B.48c) GUH(t) = U, [2] + Up[1,1] — eU, [0, 1],

(B.48d)  SL3(t) = U,[3] + U[2,1] + Uy [1,2] — e (U,[1, 1] + 2U,]0, 2])

+ £%U,[0,1] + U,[1,1,1] — € (2U,[0,1,1] + U,[1,0,1])
+ 220,00, 0, 1],
(B.48e) S (t) = U, [4] + U, [1,3] + U, [2,2] + U,[3,1]

— e (U-[2,1] +2U,.[1,2] + 3U,[0, 3])

+ &2 (U.[1,1] + U,[0,2]) — 3U,[0,1] + U,[2,1,1]

+ U [1,2,1] + U, [1,1,2]

—e(3U,[1,1,1] + 3U,[0,2,1] + 3U,[0, 1,2]
+2U,[1,0,2] + U,[2,0,1])
2 (6U,[0,1,1] + 3U,[1,0,1] + 6U,[0,0,2])

—6£3U,[0,0,1] + U,[1,1,1,1]

—¢(3U,[0,1,1,1] + 2U,[1,0,1,1] + U,[1,1,0,1])
% (6U,[0,0,1,1] + 3U,[0,1,0,1] + 2U,[1,0,0,1])

- 6£3U,[0,0,0,1].
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for the coefficients of the generating function. For the results in section
we simply set r = 2.

Appendix C. The accessory operator ﬁg

We present the full expression for the accessory operator ﬁ[g(z, q) in 53
below.

(C.49)

~ 1 e1€2(12a —4A(1)+2A(1)+156 + 8¢ 0
Hy(z,q) = —(1—q) §<OS>A2+ 1€2(12a0 1 y 2 1 2)qaq

" <3a0 —AD 33, 4 22az>
- ()
a=1
(2) 4 ™ & Ay”
24 —9e; —2
N A7 A —&—AéQ) (-ao 4A77 + .A e1 — 2&9 As
3 3
3
8ag + Tey + 2 2
- W AP AD = 22 (20— A AT -
e162(Ag — Ay) , £162(80 + Ao A Taoc
+M(12a0+1551+8€2)+ 1228 o)., T
6 3 2
N L ew G0.000.0r + 2(2a0 5 + 3d0) N 51e? + 482169 + 26§>Aé1)
3 18

—q e (—Agl) + AN + 25) q;q + “453)—;“4%2)
Al (—12@0 + 240 4+ 840 4 3¢ + 1052>
12
AP (<1230 + 84 + 240 — 21e; — 14z, (A(ll))S -5 (Ag”)B
* 12 * 18
(—12a0 + 4A4Y — 3¢; — 102,) (Ag”)2
36
(1230 + 2841 - 39¢, — 46¢,) (Ag”f
36

+ AL AL (2&0 561 + 8?)

+

+

+
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GoE1 appe2  3e3 4 9e162 + 3823

(1) Ay — Ag) — 251 95
+ A} <E152( a 0) 5 aog2 + 3 13

2
" €162 A — & + Ha<o/ a07aa0,o/>

3
3 4
+ A(Ql) <€1€2(A0 — Aa) + C_l() <;1 — €2> + %
125% — 15e169 — 166% €182000 — e’ + Ha<a’ @0,0:90,a
+
18 3
— a0)(2a0.5 — 2a0 — 3
T 2esae(Bg — A,) + 20008 = B0) T €1)
€3(4ap g — 4ao + 351) 353
+ .
6 9
2
q (1) ( (1) ) ( (1) (1) )
+ A AV —=3e) (A — Ay —2¢),
3(1 _ q) 2 1 1 2
where we have defined
(C.50)
A= L (o (e2i- a22)? + (az) — az3)? — (az,1 — azp)(az; — az3)
e £1€9 3 .

The accessory parameter Hs can be obtained simply by taking the limit
g9 — 0.

Appendix D. Computing the non-regular parts of X,

We present the explicit expressions for the non-regular parts of the fun-
damental refined gg-character X, for the N = 3 case, i.e., the (2,1)-type
Zs-orbifold surface defect. The computation for the N = 2 case is easier and
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can be done in a similar way.

(D.51)

271 Xo(z) =

(D.52)
[27%] Xo(z) =

o — )2 — L (ko — k k
5(0— 1) —5(0— 1) + €169k

+ (6 — aﬁ)El(k‘g — k‘l) +e1 <Z co — ZCD>
+ 4o <Z%> Zm+a+51 ko—lﬁ))

B#p

+ = Za —*Z +a 5116‘0—/{1)

ﬁ#ﬁ

—¢e189k1 + &1 (Z co — ZCD>
Ky K,

3 83
fl(kio — ]{31) — 71(]{:0 — k1)2 + E%Egkﬁl(kjo — ]{?1)

CAJ

(k‘o — /{71) — e1e9¢k1 + 2e169 Z cO
K,

+ 3 (ko — k1) (ZCD—ZCD> <;OCD_;1®)
(ch D ) + (e — ap) <€2%(k0—k:1)2

71
3

K,
81
— E(ko — kl) + e169k1 + €1 (; co — ;CD>>
2
1
+ qo 6 (Z CLB — Zm_ha + 51(]{30 — kl))
B#B @

3
19
+* E Z — E m+a ]60—/{1)4-51(16‘0—]61)2

B#8 @

— €1€2k1(k0 — kl) + 61 ko — kl (Z co — Z C|:|>
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(kg—kl —25152205+— Z Zm+a

B#B a

+ 6% <Z co — ZCD> +e1 <Z 02[] — ZC%) — g189¢ky
Ko K Ko
SO STED SETRD DI

B#B @ B#B @

— 169kt + €1 (Z co — ZCD>>
Ky K,

(D.53)
3 3 3
7] () = =L (ko — k1)* = (ko — k1) = L (ko — k)

—€1€2k0<k0—k1>+81 ko—kl (ZCD —ZCD>
v (T T o (S Ta)
K, K, K, K,

+ 2e1e9 Z co — e1e9eky — e1(ko — k1) H (e — ag)

Ko BB
<25—Za5) < ko—kl) 1(k0—k1)
B#p

+ 162k — €1 (Z o — Z@))
Ko K,
3
+ E a —Zm —e1(ko — k1) —i—ﬁ(k — kp)?
q1 6 8 . —a 1(Fo 1 B) 0 1

+€%€2k0(k0—k1) 3(/430—/61 - - <a’,8 Zm a) ko—kl)

1
— e189¢ky — 2e169 Z co + §a/3 -3 Z m_@
Ky «

+ 00— k) (ZCD_ZCD>_E; (;_;)
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€2
-l ZCQD_ZCQD + %’_Zm (ko—k‘ﬂ—é‘lé‘z/ﬂo
Ko Kl
2
_ iﬁ _ 2™ a
(Z cO ZCD> + 5

Appendix E. Computing the Poisson brackets

Let us first recap some definitions. Let N ~ CY be a vector space with a
volume form. Let

(E.54) gi, M; € End(N),, i=-1,0,1,...,r+1

be SL(N) matrices, such that

M_1 =g

gi=mi(1+(m V=)L), i=01,..r
(E.55) N

Mz‘29—19091"'91‘:nga)ﬂ§a), 1=0,1,...,r

MT+1:]1N7

where the projection operators II are written in terms of

E,E™ eN, E,E® N~

(E.56) ~ .
Ei(E) =1, E"(E) =0,
as
I;=E;®E;, i=0,1,...,r—1,
(E.57)

n =g eE"”, i=-101,..r a=1...N.

The following formulas are useful throughout the computation: for any
a,f=1,...,N,

m'®

=(a m; (mz - 1) ~(a -
Ei(+)1(Ei(6)) = (B)H @ Ei(Jr)l(Ei-I—l) i (B
miym; - — mi+1

(E.58) (o )( N )
- (o m, " (m; ] — . .
E(ED) = B (B B (BY)).
L) e
z+1 i+1 m;
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We packaged the Darboux coordinates into

o0

1
— -1 _ Z !
Al(:c) = TI'N (ﬂf - M’L) = — WTI‘N MZ
(E.59) - N Tew TLII
P A(a) i1l:
Bi(z) = Try i (z — M) " Ty = € ) e SN
_ @
a=1 x mi

where we express B;(x) via

(E.60) Di(z) = Try gi (x — Mi)f1 Jit1
= mm;pq (m; N — 1)(“‘;]\1[ — 1)Bi(z)

Py (m; tz)
—1 i—1 0
L 1
+mym ( P(x) >
N 1 [ Pir1(mipix)
1-N,.—1 +1(M441
—mm; T <Z Pz(;) — 1) + mym; 1A ().

The brackets remained to be computed are

(E'Gl) {Dl(x)aAl(y)}’ {Di(x)7Di+1(y)}v and {Dl(x)le(:‘»}

Using the geometric representation (264)), the first Poisson bracket is com-
puted as (see Figure

M; 1
E.62 D;(x), A; =T . ; i
(E.62) { () <y>} ry ((y YA Migﬂ)
M; 1
- ’I‘I‘N <gl (y _ M1)2 T — MZ gl+1)
=mmq(m; Y — 1) (m ] — 1)

M,; 1
T II;
. rN[(y—Mm’ ]x—Mi

Hi+1-

On the other hand, a direct computation gives (we omit the 27i in front of
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A 4
®

Figure E1: The geometric picture for {D;(x), A;(y)}.

the a coordinates)

o
= mym;p1(m; Y —1)(m} — 1)

( (8)
5 Z m; TI'HH Hz—i—l { (a (ﬁ)}
Ny —m )
- mimi+1( 7N —1)(m Y - 1)

TrH I )HZHH
% Z @

;
o =)y - w2

By comparing the two expressions, we derive:
(E.64) {Bﬁa’, agm} = 6ng i=0,1,....,r—1, a,f=1,...,N.

Next, we compute from the geometric representation (see Figure

(E.65)
{Di(l‘)»ﬂ)iﬂ(y)} =Try ( [gz‘ﬂ,gi(ﬂc - Mi)_ll gir1(y — Mi+1)_lgi+2) .

On the other hand, a direct computation gives
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Figure E2: The geometric picture for {ID;(x),D;11(y)}.

(E.66) {Di(x)7Di+1(y>} =mm?, migo(m; N — 1)(m Y — 1)

x (miy — D{Bi(x), Bis1(y)}

+ mim?+1mi+2(m;N - 1)(m;+]\1’ -1

(m— L
ot {min P
2

_N —-N -N

—1  Pira(mip2)
X T 1{—i_Pi(x—)i_,Bi+1(y)}.

Each term can be explicitly computed. By comparing the results we derive
(E.67) {BEO‘),BZ@} 0, i=0,1,....r—1, a,8=1,...,N.

Finally, we compute from the geometric representation (see Figure

1 1 M;
E.68) (D, D; =Tr a9 ' v AS ey
(E.68) { i(2), Z(y)} N ([y — Migz+17gz+1:| VR Lt Mi)

LT 1 M; 1
T . . . .
N gl.’L‘ — M, y Ji+-1 y— Migz+1gzy — M,

1 1
+ 1ry <gzy — Mingrl [gz+1agzx — MJ>
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A \
N e L

Figure E3: The geometric picture for {I;(x),D;(y)}.

On the other hand, a direct computation gives

(E.69) {Dxa:),mz»(y)} =mim?, (m; Y — 1)(m ] — 1)

x ({Bi(z), Ai(y)} + {Ai(z), Bi(y)})
+ mgmfﬂ(mi—N - 1)(mi_+]\1[ —1)

(o {me B e (e

~N/_—-N -N
- mgm?ﬂ (m; " — 1)(mi+1 -1)

(1 {Buto), Pt} oo () gy )

+mim?y (m Y — 1) — 1)°{Bi(2), Bi(y)},

in which all the brackets are explicitly computable. By comparing the results
we derive

(E.70) {BE“),BEB)} 0, i=01,....r=1,a,8=1,...,N.

Therefore, we confirm that the Poisson brackets for the coordinates aga), BE“)
are canonical.

References
[1] N. Nekrasov, A. Rosly, and S. Shatashvili, Darboux coordinates, Yang-

Yang functional, and gauge theory, Nucl. Phys. Proc. Suppl. 216 (2011),
69-93.



Opers, surface defects, and Yang-Yang functional 1911

[2] A. Litvinov, S. Lukyanov, N. Nekrasov, and A. Zamolodchikov, Classi-
cal conformal blocks and painleve VI, JHEP 07 (2014) 144.

[3] N. Seiberg and E. Witten, Monopole condensation, and confinement
in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994),
19-52.

[4] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry
breaking in N =2 supersymmetric QCD, Nucl. Phys. B431 (1994),
484-550.

[5] A. Gorsky and N. Nekrasov, Relativistic Calogero-Moser model as
gauged WZW theory, Nucl. Phys. B 436 (1995) 582.

[6] A. Gorsky and N. Nekrasov, Elliptic Calogero-Moser system from two-
dimensional current algebra, arXiv:hep-th/9401021.

[7] N. Nekrasov, Holomorphic bundles and many body systems, Commun.
Math. Phys. 180 (1996) 587.

[8] A. Gorsky, I. Krichever, A. Marshakov, A. Mironov, and A. Moro-
zov, Integrability and Seiberg- Witten exact solution, Phys. Lett. B355
(1995), 466-474.

[9] R. Donagi and E. Witten, Supersymmetric Yang-Mills systems and in-
tegrable systems, Nucl. Phys. B460 (1996), 299-334.

[10] E. Martinec and N. Warner, Integrable systems and supersymmetric
gauge theory, Nucl. Phys. B459 (1996), 97-112.

[11] A. Losev, N. Nekrasov, and S. L. Shatashvili, The Freckled instantons,
In: The Many Faces of The Superworld (M. A. Shifman ed.), pp. 453—
475.

[12] S. Lukyanov and A. Zamolodchikov, Quantum sine(h)-Gordon model
and classical integrable equations, JHEP 07 (2010) 8.

[13] N. Seiberg and E. Witten, Gauge dynamics and compactification to
three dimensions, arXiv:hep-th/9607163.

[14] 1. Krichever, Elliptic solutions of the Kadomtsev-Petviashvili equation
and integrable systems of particles, Functional Analysis and Its Appli-
cations 14 (1980), no. 4, 282-290.

[15] N. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv.
Theor. Math. Phys. 7 (2004), 831-864.



1912 S. Jeong and N. Nekrasov

[16] N. Nekrasov and A. Okounkov, Seiberg- Witten theory and random par-
titions, arXiv:hep-th/0306238.

[17] H. Nakajima and K. Yoshioka, Instanton counting on blowup. 1., Invent.
Math. 162 (2005) 313.

[18] A. Marshakov and N. Nekrasov, Extended Seiberg-Witten theory and
integrable hierarchy, JHEP 0701 (2007) 104.

[19] N. Nekrasov, On the BPS/CFT correspondence, Lecture at the Univer-
sity of Amsterdam string theory group seminar (Feb. 3, 2004).

[20] N. Nekrasov, 2d CFT-type equations from 4d gauge theory, Lecture at
the TAS conference “Langlands Program and Physics” (March 8-10,
2004).

[21] N. Nekrasov and S. Shatashvili, Supersymmetric vacua and Bethe
ansatz, Nucl. Phys. Proc. Suppl. 192-193 (2009), 91-112.

[22] N. Nekrasov and S. Shatashvili, Quantum integrability and supersym-
metric vacua, Prog. Theor. Phys. Suppl. 177 (2009), 105-119.

[23] N. Nekrasov and S. Shatashvili, Quantization of integrable systems and
four dimensional gauge theories, arXiv:0908.4052.

[24] N. Nekrasov and E. Witten, The omega deformation, branes, integra-
bility, and Liowville theory, JHEP 09 (2010) 092.

[25] N. Nekrasov and V. Pestun, Seiberg-Witten geometry of four dimen-
stonal N = 2 quiver gauge theories, arXiv:1211.2240.

[26] N. Nekrasov, V. Pestun, and S. Shatashvili, Quantum geometry and
quiver gauge theories, arXiv:1312.6689.

[27] N. Nekrasov, BPS/CFT correspondence: mnon-perturbative Dyson-
Schwinger equations and qq-characters, JHEP 03 (2016) 181.

[28] N. Nekrasov, BPS/CFT correspondence II: Instantons at crossroads,
moduli and compactness theorem, Adv. Theor. Math. Phys. 21 (2017)
503.

[29] N. Nekrasov, BPS/CFT Correspondence III: Gauge Origami partition
function and qq-characters, N. Commun. Math. Phys. 358 (2018) 863.

[30] N. Nekrasov, BPS/CFT Correspondence IV: sigma models and defects
i gauge theory, arXiv:1711.11011.



Opers, surface defects, and Yang-Yang functional 1913

[31] N. Nekrasov, BPS/CFT Correspondence V: BPZ and KZ equations
from qqg-characters, arXiv:1711.11582.

[32] S. Jeong, Splitting of surface defect partition functions and integrable
systems, arXiv:1709.04926.

[33] S. Jeong and X. Zhang, BPZ equations for higher degenerate fields and
non-perturbative Dyson-Schwinger equations, arXiv:1710.06970.

[34] N. Nekrasov and N. S. Prabhakar, Spiked instantons from intersecting
D-branes, Nucl. Phys. B 914 (2017), 257-300.

[35] A. Gorsky, A. Milekhin, and N. Sopenko, Bands and gaps in Nekrasov
partition function, JHEP 01 (2018) 133.

[36] A. Kapustin and D. Orlov, Remarks on A-branes, mirror symmetry,
and the Fukaya category, J. Geom. Phys. 48 (2003), 84-99.

[37] D. Gaiotto, N = 2 dualities, JHEP 08 (2012) 034.

[38] E. Frenkel, S. Gukov, and J. Teschner, Surface operators and separation
of variables, emphJHEP 01 (2016) 179.

[39] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin sys-
tems, and the WKB approximation, arXiv:0907.3987.

[40] L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville correlation func-
tions from four-dimensional gauge theories, Lett. Math. Phys. 91
(2010), 167-197.

[41] T. Dimofte, S. Gukov, and L. Hollands, Vortex counting and Lagrangian
3-manifolds, Lett. Math. Phys. 98 (2011) 225.

[42] H. Awata, H. Fuji, H. Kanno, M. Manabe, and Y. Yamada, Localization
with a surface operator, irreqular conformal blocks and open topological
string, arXiv:1008.0574.

[43] H. Kanno and Y. Tachikawa, Instanton counting with a surface operator
and the chain-saw quiver, JHEP 06 (2011) 119.

[44] T. Fujimori, T. Kimura, M. Nitta, and K. Ohashi, Vortex counting from
field theory, JHEP 06 (2012) 28.

[45] E. Witten, Analytic continuation of Chern-Simons theory, arXiv:1001.
2933.

[46] N. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54
(1987), 91-114.



1914 S. Jeong and N. Nekrasov

[47] W. Goldman, Invariant functions on Lie groups and Hamiltonian flows
of surface group representations, Invent. Math. 85 (1986), 263-302.

[48] V. G. Turaev, Skein quantization of Poisson algebras of loops on sur-
faces, Ann. Sci. Ecole Norm. Sup. 24 (1991), 635-704.

[49] W. Goldman, The symplectic nature of fundamental groups of surfaces,
Adv. Math. 54 (1984), 200-225.

[50] W. Fenchel and J. Nielsen, Discontinuous groups of isometries in the
hyperbolic plane, de Gruyter Studies in Mathematics 29 (2003).

[51] M. Kapovich, J. Millson, and T. Treloar, The symplectic geometry of
polygons in hyperbolic 3-space, arXiv:math/9907143.

[52] A. Beilinson and V. Drinfeld, Quantization of Hitchin’s integrable sys-
tem and Hecke eigensheaves, (1991).

[53] A. Beilinson and V. Drinfeld, Opers, arXiv:math/0501398.

[54] V. V. Fock and A. B. Goncharov, Moduli spaces of local systems and
higher Teichmdiller theory, Publ. Math. IHES. 103 (2006), 1-211.

[55] V. V. Fock and A. B. Goncharov, The quantum dilogarithm and rep-
resentations of quantum cluster varieties, Invent. Math. 175 (2009),
223-286.

[56] V. V. Fock and A. B. Goncharov, Symplectic double for moduli spaces
of G-local systems on surfaces, Adv. Math. 300 (2016), 505-543.

[57] V. Fock and A. Rosly, Poisson structure on moduli of flat connec-
tions on Riemann surfaces and r-matriz, preprint ITEP-73-92, (1992).
arXiv:math/9802054.

[58] V. G. Knizhnik and A. B. Zamolodchikov, Current algebra and Wess-
Zumino model in two dimensions, Nucl. Phys. B 247 (1984), 83-103.

[59] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov, Infinite con-
formal symmetry in two-dimensional quantum field theory, Nucl. Phys.
B 247 (1984), 333-380.

[60] A.Kapustin and E. Witten, Electric-magnetic duality and the geometric
Langlands program, arXiv:hep-th/0604151.

[61] S. Gukov and E. Witten, Rigid surface operators, arXiv:0804.1561.

[62] L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde,
Loop and surface operators in N=2 gauge theory and Liouville modular
geometry, JHEP 01 (2010) 113.



Opers, surface defects, and Yang-Yang functional 1915

[63] D. Gaiotto, G. Moore, and A. Neitzke, Spectral networks, A. Ann. Henri
Poincaré 14 (2013) 1643.

[64] L. Hollands and A. Neitzke, Spectral networks and Fenchel-Nielsen co-
ordinates, arXiv:1312.2979.

[65] L. Hollands and O. Kidwai, Higher length-twist coordinates, generalized
Heun’s opers, and twisted superpotentials, arXiv:1710.04438.

[66] P. Menotti, On the monodromy problem for the four-punctured sphere,
J. Phys. A 47 (2014) 13.

[67] P. Menotti, Classical conformal blocks, Mod. Phys. Lett. A 31 (2016)
10.

[68] J. Teschner, Quantization of the Hitchin moduli spaces, Liouville theory,
and the geometric Langlands correspondence I, Adv. Theor. Math. Phys.
15 (2011), 471-564.

[69] G. Vartanov and J. Teschner, Supersymmetric gauge theories, quanti-
zation of moduli spaces of flat connections, and conformal field theory,
arXiv:1302.3778.

[70] S. K. Ashok, M. Bill6, E. Dell’Aquila, M. Frau, R. R. John, and A.
Lerda, Non-perturbative studies of N=2 conformal quiver gauge theo-
ries, Prog. Phys. 63 (2015), 259-293.

[71] 1. Coman, E. Pomoni, and J. Teschner, Toda conformal blocks, quantum
groups, and flat connections, arXiv:1712.10225.

[72] A. Voros, The return of the quartic oscillator. The complex WKB
method, Annales de 'LLH.P. Physique théorique 39 (1983), no. 3, 211-
338.

[73] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov, Infinite con-
formal symmetry in two-dimensional quantum field theory, Nucl. Phys.
B 241 (1984), 333-380.

[74] C. N. Yang and C. P. Yang, Thermodinamics of a one-dimensional sys-
tem of bosons with repulsive delta-function interaction, J. Math. Phys.
10 (1969) 1115.



1916 S. Jeong and N. Nekrasov

C.N. YANG INSTITUTE FOR THEORETICAL PHYSICS
STONY BROOK UNIVERSITY
STONY BROOK, NY 11794-3840, USA

E-mail address: saebyeok. jeong@gmail.com

C.N. YANG INSTITUTE FOR THEORETICAL PHYSICS
AND SIMONS CENTER FOR GEOMETRY AND PHYSICS
STONY BROOK UNIVERSITY

STONY BROOK, NY 11794-3636, USA

E-mail address: nnekrasov@scgp.stonybrook.edu



	Introduction
	Surface defects
	Non-perturbative Dyson-Schwinger equations
	Analytic continuation and gluing
	Darboux coordinates
	Monodromies and generating functions of opers
	Discussion
	Appendix Partition functions of N=2 supersymmetric   quiver gauge theories
	Appendix Computing G(x;t)
	Appendix The accessory operator H"0362H2
	Appendix Computing the non-regular parts of X
	Appendix Computing the Poisson brackets
	References

