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Coupled gravitational and electromagnetic
perturbations of Reissner-Nordstrom

spacetime in a polarized setting

ELENA GIORGI

We derive a system of equations governing the coupled gravita-
tional and electromagnetic perturbations of Reissner-Nordstrom
spacetime. The equations are derived in the context of global non-
linear stability of Reissner-Nordstrom under axially symmetric po-
larized perturbations, as a generalization of the recent work on
non-linear stability of Schwarzschild spacetime of Klainerman-
Szeftel ([9]). The main result consists in deriving, through a
Chandrasekhar-type transformation, a gauge invariant quantity
associated to the electromagnetic tensor that verifies a Regge-
Wheeler equation. In this paper, we present the derivation of the
main equations.
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Introduction

One of the fundamental open problems in General Relativity is the one
concerning the stability of the exterior of black holes under gravitational
perturbations. The stability conjecture says that the class of metrics of the
Kerr family is stable under small perturbations of initial data as solutions
to the vacuum FEinstein equation:

(0.1) Ric(g) =0,

where Ric(g) is the Ricci curvature tensor of the metric g. The conjecture is
also formulated for charged black holes, and states that the Kerr-Newman
family of spacetimes is stable under small perturbation of initial data as
solutions to the Einstein-Maxwell equation:

. 1
(0.2) Ric(9)w = T(F)u = 2F0F*, — 5gW|F|2
where F' is a 2-form satisfying Maxwell’s equations
(0.3) Viatpy =0, V*F,5 =0.

In the case of Einstein-Maxwell equation, coupled gravitational and electro-
magnetic perturbations of initial data are considered, i.e. the Weyl curvature
and the electromagnetic tensor F' of the spacetime are both perturbed with
respect to the initial spacetime.

The only known result concerning the full non-linear stability of a vac-
uum spacetime without symmetries is the celebrated stability of Minkowski
space by Christodoulou-Klainerman ([5]). The result was generalized by
Zipser to the non-linear stability of Minkowski space under gravitational
and electromagnetic perturbations in [2]. The first linear stability of a black
hole spacetime has been proved by Dafermos-Holzegel-Rodnianski in [7],
in the case of Schwarzschild spacetime. The full non-linear stability of the
Schwarzschild solution is still open, and would require a formulation of the
stability not just for Schwarzschild, but for slowly rotating Kerr solutions.
Indeed, even if one restricts to small perturbations of Schwarzschild, one
should expect that generically the spacetime would evolve to a slowly rotat-
ing Kerr spacetime, with small but non-zero angular momentum.

A recent work by Klainerman-Szeftel ([9]) addresses the global non-linear
stability of Schwarzschild black hole as solution to the Einstein vacuum equa-
tion (0.1). The authors in [9] consider a particular class of gravitational per-
turbations of Schwarzschild, namely axially symmetric polarized spacetimes.
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This choice of perturbations forces the final state of the evolution to have
zero angular momentum, therefore ruling out the general Kerr spacetime.
They can therefore prove the global non-linear stability of Schwarzschild
space, meaning that the axially symmetric polarized perturbed spacetime
close to the initial Schwarzschild evolves to another Schwarzschild solution,
with mass close to initial one.

In [9], the authors consider the celebrated Teukolsky equation (first de-
rived in [13]) verified by the extreme null component of the Riemann cur-
vature «, and apply a Chandrasekhar-type transformation to obtain a new
quantity ¢, at the level of second derivative of «, that verifies a Regge-
Wheeler equation. This transformation was first introduced in the physics
literature in the cotext of mode stability by Chandrasekhar (see [4]), and
it first appeared as a spacetime version in the context of linear stability
of Schwarzschild in [7] to derive decay estimates for solution of Teukolsky
equation. In [9], the decay estimates for q are the starting point to derive
decays for the curvature components and the connection coefficients, using
the null structure equations and the Bianchi identities. The dynamical con-
struction of the spacetime follows, along with many subtleties related to the
non-linearity of the problem.

In the present paper, we address the problem of stability of charged
black holes subject to coupled gravitational and electromagnetic perturba-
tions. A particular class of these spacetimes are the spherically symmetric
charged black holes, namely the Reissner-Nordstrom solution, corresponding
to Kerr-Newman spacetime with zero angular momentum. In local coordi-
nates (¢, r,0,¢) the metric is expressed as

2 2 2 2\ 7!
gRN=(1m+Q2>dt2+ <1m+QQ) dr?
T T T
+ 72(dh* + sin? 0d?)

where m is the mass and @ is the charge of the black hole.

Gravitational and electromagnetic perturbations of Reissner-Nordstrom
black holes have been extensively considered in the setting of metric per-
turbations. Moncrief ([I1]) reduced the governing equations to pair of de-
coupled one dimensional wave equations both for odd and for the even par-
ity perturbations. This approach corresponds to the description of gravita-
tional perturbations of Schwarzschild spacetime via Regge-Wheeler and Zer-
illi equations for metric perturbations (as in [8]), as opposed to the Teukolsky
equations for curvature perturbations (as in [7]). Chandrasekhar ([3]), us-
ing the Newman-Penrose formalism, derived a pair of decoupled equations
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for perturbations of Reissner-Nordstréom which can be transformed to one
dimensional wave equations for both parity perturbations. In order to de-
couple the equations, Chandrasekhar chooses a gauge (the phantom gauge,
as discussed in Remark and separates them in radial and angular parts.
Our approach instead is based on the use of a gauge invariant quantity, and
no separation of variables is needed to decouple the equations.

As for the vacuum Einstein equation, the general problem of stability of
charged black holes would have to be solved in the context of global non-
linear stability of the Kerr-Newman spacetime as solution to the Einstein-
Maxwell equation . However, as in the case of axially symmetric polar-
ized perturbations of Schwarzschild in [9], restricting to axially symmetric
polarized perturbations of Reissner-Nordstréom will force the final state of the
evolution to a non-rotating black hole, excluding the general Kerr-Newman
spacetime.

The present work is meant to be the initial step in order to extend the
stability result of [9] to the case of electrovacuum perturbations of charged
black holes. The main gauge-invariant quantities and the equations verified
by them were unknown up to this point.

The equations governing the evolution of the curvature and the elec-
tromagnetic tensor in the case of electrovacuum spacetime are coupled. In
particular, the Teukolsky equation verified by the extreme component of
the Weyl curvature « is coupled with the electromagnetic components com-
ing from the non-vanishing Ricci curvature. Applying a Chandrasekhar-type
transformation we derive the corresponding new quantity q veryfing a Regge-
Wheeler type equation, coupled with electromagnetic terms. However, these
additional terms are multiplied by the charge of the spacetime, so, provided
that we have control on the electromagnetic part, they could in principle be
absorbed as error terms for small enough charge.

The main new insight is the control of the electromagnetic part making
use of a gauge invariant quantity depending on the electromagnetic compo-
nents, whose null derivative appears in the Teukolsky equation for a.. Apply-
ing a new Chandrasekhar-type transformation, at the level of one derivative
only (as opposed to two derivatives as in the case of curvature), we are able
to find a new quantity q¥ verifying another Regge-Wheeler type equation,
coupled with the curvature term ¢. Therefore, we have a coupled system
of wave equations for the term encoding the curvature q and for the term
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encoding the electromagnetic part ¥ which at the linear level looks likeﬂ

(0.4) Ogq = Viq + e - M(9=2qF) + e(l.0.t.(qF)) + €2(l.o.t.(q))
' Oeq¥ = Vag¥ + e - M(q) + €2(L.o.t.(gF))

where the operator g = D“D,, is the wave operator associated to the per-

turbed metric g, e is the charge of the perturbed spacetime, and M is an

expression of the arguments. We denote l.0.t.(q) and l.o.t.(q¥) lower order

terms with respect to q and q¥ respectively.

The two wave equations are coupled: on the right hand side of the equa-
tion for the curvature term q we find an expression of the electromagnetic
term q¥, and similarly on the right hand side of the equation for q¥ we
find the curvature term ¢. Notice that those coupled terms are multiplied
by the charge of the spacetime. The coupling is not symmetric in terms of
dependence on derivatives: the presence of two derivatives of ¥ on the right
hand side of the first equation is a consequence of the Teukolsky equation
for a, in which the derivative of the electromagnetic term appears. However,
this asymmetry is good in terms of deriving estimates for such a system. In-
deed, taking one derivative of the second equation and deriving Morawetz
estimates for it, we would have a term for second derivative of q and one
term for first derivative of ¢, the latter multiplied by the charge. Those are
exactly the kind of terms appearing in the Morawetz estimates obtained
for the first equation (because of the presence of 9<2q¥), with the term for
second derivative of q¥ multiplied by the charge. Summing those estimates,
the terms on the right hand side multiplied by the charge could be absorbed
on the right hand side for small enough charge. In addition to the coupling,
there is the presence of lower order terms, which will have to be treated
either in the spirit of [10] in the case of slowly rotating Kerr (i.e. considering
a system of equations for the lower order terms), or as in [6] (i.e. deriving
decay for the lower order terms using transport equations).

In this paper, we derive the main equations leading to the system ,
as a first step towards the proof of non-linear stability of Reissner-Nordstréom
spacetime under polarized perturbations. We remark that the structure of
the system does not depend on the polarization of the metric nor
on the assumption of axial symmetry. We present the general result in the
Appendix. The system can therefore be used to prove linear stability of
Reissner-Nordstrom spacetime.

!The explicit form of the final system is (6.5]).
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1. Electrovacuum axially symmetric polarized spacetimes

We consider electrovacuum spacetimes (M, g), namely solution to the
FEinstein-Maxwell equation . We denote D the Levi-Civita connection
of the spacetime (M, g).

An axially symmetric spacetime (M, g, Z) is a four dimensional simply
connected manifold M with a Lorentzian metric g and an axial Killing
vectorfield Z on M that preserves F, i.e. LzF = 0.

The Ernst potential of the spacetime is given by

0y = Dy(~ZZ) — i €,p,5 Z°DVZ0.

The 1-form o,dz" is closed and thus there exists a function o : M — C,
called the Z- Ernst potential, such that o, =D, 0. Note also that
D,g(Z,Z) = 2G )\ Z* = —Re(0,) where G, = D, Z,. Hence we can choose
the potential o such that Re(c) = —X, where X = g(Z,Z).

Definition 1.1. An axially symmetric Lorentzian manifold (M, g,Z) is
said to be polarized if the Ernst potential ¢ is real, i.e. ¢ = —X. In this
case, we can find coordinates (p,z®) such that Z = 0,, and the metric g
can be written in the form

(1.1) g = Xdp? + gepdatdae’ = e22dp? + gopda®da®

where g, is a 1 + 2 Lorentzian metric, and ® = %log(X ). The axial sym-
metry implies that X and g are independent of ¢.

Following [5], we define the null decomposition of the curvature and
the electromagnetic tensor on a given Z-invariant polarized S-foliation of
an electrovacuum spacetime. We assume we have a fixed adapted null pair
es, €4, i.e. future directed Z-invariant null vectors orthogonal to the leaves S
of the foliation, such as g(es,eq) = —2, while on S we have an orthonormal
frame eq, es.
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We define the spacetime Ricci coeflicients, where the indices A, B take
values 1, 2

1
U3 4p : = g(Daeq,ep), 1H¥%, = ig(D4€4,€A),
1 1
(1.2) (1+3)77A = §g(D3€4,€A), (1+3)CA = §g(DAe4,63),
(1+3)w — 1

= Zg(D4647 es)

and interchanging es, ey,

1
(1+3)XAB = g(DAe?n eB)a (1+3)§A = §g(D3637 eA)u
1 1
(1.3) (3 | = ig(D463,€A), (84 = —ig(DA€3,€4);

1
(143)y .= Zg(Dses, e4)

We define the spacetime null curvature components of the Weyl curvature
W,

(1+3)

ovap i =Waaps, 33

A= =W 434,
1
(1~4) (1+3)p = ZW3434’ (1+3)QAB = WA3B3a

1 1
(1+3)§A = §WA3347 (8% = 1*W3434
We define the spacetime null electromagnetic components of the electromag-
netic tensor F in the following wayft

1 1
(15)  YBa:=Fas, B, :=Fas, Fp:= 5 Fs1, ) = 5 Fa
The Ricci tensor can be expressed in terms of the electromagnetic null de-

composition according to Einstein equation[0.2] and using the decomposition

2Note that we define the extreme components of the electromagnetic tensor using
the (F)3 notation, as opposed to the standard Fl for the spin +1 Teukolsky
equation. This choice is meant to stress the fact that in electrovacuum background
under gravitational and electromagnetic perturbation, the extreme components F 44
and F 43 are not gauge invariant (as the § component of the curvature is not
invariant, as opposed to the extreme component «). See Remark
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of the Riemann curvature in Weyl curvature and Ricci tensor,

Raﬁ'yzS = Waﬁ'yé + %(gﬂéRav + gavRﬁé - gﬁ'yRaé - ga6R5’Y)u
we can express the full Riemann tensor of the perturbed spacetime in terms
of the above decompositions.

Suppose now that the orthonormal frame on S is adapted to the axial
symmetry as follows: e; = e, = X127 with X := g(Z,Z), and ey = ey.
We define eg, eq4, g to be the reduced null frame, associated to the reduced
metric g.

We can define the reduced Ricci coefficients as follows:

X = (1+3)X09, X = (1+3)X06’ N = (HS)??a, = (H?’)ﬂ@,
(1.6) €= (H3), = (1+3)§0, ¢ = A3,
wi= 8, wi= 8y

We define the reduced curvature and electromagnetic tensor as

() o= 85 o= 8, .= 0493, .= _ (1+3)§0

[l

Notice that the polarization implies that every Z-invariant and Z-
polarized spacetime tensor U is such that its contraction with an odd number
of e, = X ~27 vanishes identically. Therefore, the polarization of the metric
and the Z-invariance of F imply that the remaining components of the Ricci
coefficients, the curvature and the electromagnetic tensor are determined in
the following way:

(1+8) = (1+3)X9<p SRS (1+3)Q<P — ) (1+3)§@ _ ),
(1+3)XW7 = eq(P), (1+3)X%0 = e3(®),
(14305, = (43), = (435 — (1+3)§w —0,

(1+3)a —

_ (1+3) _
wp = TG, Qoo =

pp — T4
and
(18) *p =0, (F)Btp — (F)éip _ (F)*p —0

Remark 1.2. Since in Kerr-Newman spacetime, the components p and
(F)% are different from zero for non-zero angular momentum, we see from
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(1.8) that the hypothesis of polarization of the metric forces the final state
of the evolution to be a non-rotating charged black hole.

Following the notation in [9], we define

O:=x—es(®), k= Ty = x + es(®)
Y= x—e3(®), K= (H?’)trxzx—i-eg(@)
Thus,
1 1
(1+3))?99 _ (1+3)>?W _ 5,197 (1+3)X% _ (HS)XW _ §Q

where (3% and UH)X are the traceless part of (113 and UH& respec-
tively.

1.1. Reissner-Nordstrom spacetime

The Reissner-Nordstrom metric has the axial symmetric vector field Z = 0,
and the polarized form (|1.1)) of the metric in standard coordinates is given
by

g = X2dp? — Tdt* + Y tdr? + r2de?,
9 2

T:zl——m-i-%, X =r2sin%0
T T

The electromagnetic tensor is given by

Q

F=_=%
T2

dr N dt.

Proposition 1.3. All curvature and electromagnetic components of the
Reissner-Nordstrom spacetime vanish identically except

2m 20?7 Q

2. Main equations in electrovacuum

Following [5] and [9], we derive the main equations in electrovacuum space-
times and then obtain their reduction, i.e. their evaluation along ey, for
axially symmetric polarized spacetimes.
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2.1. Null structure equations
The spacetimeﬂ null structure equations are

Vax 5 = 2VBE, — 2wX , 5 — XGX0B + 218BE , + 21,6,
—4¢(B¢ , + Rasss,
VaXyp = 2VB1 4 + 20X 4 g = XBX 40 + 2(EBE 4 +1151,)
+ Rass,
VsCa = —2Vaw — x5 (C + 1) + 2w(Ca — na) + x5€,

1
+2w8, — SRasss,

. 1 1
Vi€ = Van=4wE+X-(n—n)+ 5‘3@@ —n) - §RA3347

1
Vaw + Vaw = dow + €€+ (- (1 —1) =01+ 7 Rasa,
YVeX g+ CBX a0 = VBX 40 + CoX g + Rases,
1 ~
gACg BPR upcp = 2K + §trxtrx -X-X
The symmetric traceless part of the first equation in the reduced picture
becomes

e3(V) + £ = =245 — 2w +2(n+1—-2¢) — 2a

where ¢k2§ = —ep§ + ep®E, while its trace gives

1
e3(k) + §ﬁ2 2wk =2ME+2(n+n—2¢)§ —
where @€ = epf + eg(P)E .
The symmetric traceless part of the second equation gives the reduced
equation

99 —2 )52

N | —

e4ﬁ+%mﬁ—2wﬁz—2¢f‘2g—%ﬁ19+2(§§+32)— (Flg (Flg

and its trace gives

1 1
ea(r) + Grk — 2wk =24 — 500 +2(E€+nn) + 2p

3For convenience we drop the 13) labels in what follows.
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The reduction of the third, fourth and fifth spacetime equation become

esC + %E(C +1) = 2w(C —n) = B — 2ep(w) + 2wE + %’@ - %Q(g +)

+ éf}g_ (F)p(F)@
ea(§) —es(n) = B+ dws + %ﬁ(ﬂ =)

1
+ 5000 —n) - (F)y (F)g,

eaw + esw = p + (F)p2+4wg+§§+C(77_ﬂ)_7777

The last two equations are Codazzi and Gauss equations, which in the re-
duction become

o) = eg(r) — K¢ + V¢ — 26 —2F)p (Flg,
1 1
_ _ = - o (F),2
K T 419ﬁ p+ Yp

where ot = eg(9) + 2e9(P)¥. By the symmetry es — e4 we derive the spec-
ular equations.

2.2. Bianchi identities

In electrovacuum spacetimes, the Bianchi identities for the Weyl curvature
have non-homogeneous terms, in particular, using the notations in [5], we
have

1
D*W 5 = §(D7R65 - D5R5~,) =: Jgys

D[UW'y(S]aﬂ = g(;ﬁja'ya + gwon,Béo' + go',BJazS'y + géaJﬁo"y
+ g8 Jaaé + 8oa Jﬁfyé

oydaf

The non-homogeneous terms Jg,5 and jmgag can be expressed in terms of
the electromagnetic components (F)g, F)g, (F )p and their derivative.
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The spacetimeﬂ Bianchi identities equations are

1 ~ ~
Vaaap + Jttxaap = —2( 5 B)aB + 4waap — 3(XaBp + *XaBP)

+ (((+4n) ® B)ap + %(j3A4B4 + J3paad + J13404B),
VaBa +2trxfa = divaa —2wBa + ((2¢ + 1) - @) a + 3(Eap
+*€4 7p) — Jaaa,
VsBa+trxBa = Pi(—p, p)a+2(X B)a+2wBa+ (£ a)a
+3(nap +*na p) + J3a4,

3 1. 1
Dyp + §U"XPZCMV5— 5&'044‘('5‘1‘2(@5—5'@ - §J434
These equations in the reduction are
(2.1)
1 3
es(a) + (25— 4w> o=~ — S0p+ (C+ )8

+(2¢ + 30+ 2) Tp Ty — €T T,
+e9(2Fp ) + a3 ) + x P ()5
— (x+ 20) P2 — Zes(Pp?)

— s ) 2

ea(B) +2 (ks +w) B = doa + (2¢ + n)a + 3Ep — eg(F)3?)
+ea(FpIB) — (2¢ + ) (F)?)
+2(w +x) FpFIp — 26 Fp? 4 ¢ F)g (F)g,

e3(B) + (K — 2w) B = eg(p) + 3np — VB + Ea + eg(Fp?)
+ea(FpEP) + 20 Fp? + (x — 2w) Fp F)p

9y (g2 ), ) Mg ()5 4 ¢ (P2,

3 1 1
eap+5hp =B — 0o+ B+2(B+E8) - ses( 57
1
+ sea( %) + 20 P62 + (20 — ) Fp g
ey

All other equations can be obtained by symmetry es — ey.

4For convenience we drop the (1*+3) labels in what follows.
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2.3. Maxwell’s equations

We write Maxwell’s equations (0.3]) in null decomposition. The spacetime
Maxwell’s equations DoFg, + DgF,, + D,F,5 = 0 read
1 1
Vs B4 + X FBs=yaF3 , + S trX BB, + 20 B — 20 FB
+27% P+2(77A+77A)( b

The spacetime Maxwell equations D*F,3 = 0 in null decomposition are
1 ~
Vs FBa+ Va3, = - <2trx - 2w> B, — (X FB)a
- <;trx — 2w> ()34
~®-TB)a+ (a—n,) Dp,
Vs Fp + trx Fo = —div T+ (¢ —m) - T+ T,
Vi o+ tey Fp = div FB+ (C+1n) - Fp—¢- Fp

The reduced equations are therefore

1
4(F)ﬁ:—ee(F)p—2g(F)p+ (—2m+2w> Flg 4 Zy9 (g,

1
(2.2) "8 = eg o+ 20+ (—2H+ 2w> 5 + 579(%,

<F>p+d1 %—w p+<< B +¢ 0,
p+ B =rTp+(~¢—n)FB+¢"p

3. Quasi-local mass and charge

Given a Z-invariant polarized surface S we define its volume radius by the
formula

S| = 4mr?

where | S| is the volume of the surface using the volume form of the metric ¢ .

Definition 3.1. We define the quasi-local charge e = ¢(.S) of the foliated
spacetime as
1 [

47 S
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Recall that the standard Hawking mass my = mg(S) is defined by

2mpy
= — | kK
T 167 Jg =
In Reissner-Nordstrom we have
1 1 Q
¢ 471' /S p 47[' S 7’2 Q7
2 1 2 2 2 2
T 167 Jg r 72 r 72

We see that the Hawking mass does not correspond to the usual mass. We
need therefore a definition of a modified quasi-local mass.

Definition 3.2. We deﬁneﬂ the modified Hawking mass w = w(.5) of the
foliated spacetime as
o2

= m _
“ H+2T’

Observe that in Reissner-Nordstrom we have

2w 2m Q? Q2_2m

r r r2 r2 r

as desired.

Following [9], we define average quantities and the difference between a
quantity and its average in the following way. Given a function f on S we
denote

- 1 . _
(3.1 Fmrg [ F=1-F
5] Js
Observe that, by Definition of the quasi-local charge e,
e h e .
(3.2) (F)p = = (Fy = S+ (F)p,

5Observe that this corresponds to the standard definition of modified Hawking
mass w in spherical symmetry.
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4. Perturbations of Reissner-Nordstrom spacetime and
invariant quantities

We recall that by Proposition|l.3] in Reissner-Nordstrom spacetime the Ricci
coefficients &, £, 9,9, m, 7, ¢, the curvature components a;, a, 3, 8 and the elec-
tromagnetic components ()3, (F)3 vanish identically. Thus, roughly, we ex-
pect that in perturbations of Reissner-Nordstrom these quantities stay small,
i.e. of order O(¢) for a sufficiently small e. Moreover, recall that under axially
symmetric polarized perturbations, we know that *p, )Bg,, # )Qp, (F )% =0,

as derived in (1.8)).

Definition 4.1. We say that a smooth, electrovacuum, Z-invariant, polar-
ized spacetime is an O(e)-perturbation of Reissner-Nordstrom if the follow-
ing are true:

(4.1) 69,9, 0,1,¢  aa,B,8, B FB=0(),
Also,

(42) K—-F, K—EK w—W, w—W, p—07p (F)p—(?)p:O(e)

Moreover the modified Hawking mass and the quasi-local charge are nearly
constant, i.e.

(4.3) dw = O(€?), de = O(¢?)
Finally,

es(r) = SE+0(e),  er) = 5R+0(e),  eglr) =0.

We summarize the linear terms of the null structure equations, the
Bianchi identities and the Maxwell equations for perturbations of Reissner-
Nordstrém in the following proposition. Remark that we used Maxwell equa-
tions to simplify the Bianchi identities.
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Proposition 4.2. Modulo O(e?), the null structure equations, Bianchi iden-
tities (2.1) and Maxwell’s equations (2.2)) are

es(§) —es(n) = B + 4wl + %@(ﬂ —n)— F)p g
eqw + esw = p+ “Vp* + dww
e(V) + 2e9(®)9 = —28 + (eg(k) — Ck) — 2 F3
K=—p— %F&ﬁ-i- (F)p?

es(0) + 515(0) = (c9(8) ~ (¢s®)6) + () ~ 50p
+ Fp(eg )3 — 9@ F)g — 9 (Fp)
es(B) + 2668 = (ega + 269@@) —2wp+3p
+ Fp(eg FIB 4 2w F)g — 2¢ (F)
e3(B) + 8 = eg(p) + 2wB + 3np

+ () o(eg (F F)ﬁ F)ﬁ)

N | —

esp + gﬁp = (ep(B) + (ea®)B)
+ (= Fp + g I + e9(®) F8)

E:— (F)y — 277( )p—|—<—;/<:+2w> (F)@

1
es "B =eg "o+ 20T+ (—2ﬁ+ 2w> s,

es Fp=—rFp— gy 1,

F)

esTp=—kEp+ 4 5

and the other equations are obtained through the symmetry es — e4.
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The definition of O(€)-Reissner-Nordstrom perturbations does not spec-
ify a particular frame. In what follows we investigate how the main Ricci
and curvature quantities change relative to frame transformations, i.e linear
transformations of the form e/, = Q, ’es which take null frames into null
frames. We will use the fact that a general frame transformation can be
decomposed into the following three elementary types:

e Transformations which fix ez,
/ / ]- / ]. 2
(4.4) €3 = €3, 69:69+§f63, e4:e4+feg+1f es3

e Transformations which fix ey,

1 1
(4.5) ey = (63 + feg + 4f264> , ep = g+ §i€4, ey = e

e Transformation which preserve the directions of es,e4, i.e confomal

transformations of the form e} = Aes, €}, = A Ley.

where f, f are reduced 1-forms and A is a reduced scalar. A transformation
consistent with O(e)-perturbations of Reissner-Nordstrom spacetimes must
have f, f = O(e) and a := log A = O(e).

Lemma 4.3 (Lemma 2.3.1. of [9]). A general composite transformation
type(3) o type(l) o type(2) has the form,

)\(63+f69+ f2e4>
—<1+ ff>69+ Lpey 4 <f+ ff2>
S (G TZAs 0 R (AR WA LS TR

Proposition 4.4. Under a general transformation of type (4.6) the curva-
ture and electromagnetic components transform as follows:

o =a+0(?), od=a+0()

B=x"! (B+ 3pf> +0(%), p= <6+ ;’M) + O(e
(F)ﬁ/ < 5+f > (F)é/ )\< ﬁ i

P =p+0(e), Bl = ()p+0( )

) +0(@),
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Proof. Straighforward calculations using the definitions (1.7)) and Lemma
See also Proposition 2.3.4 of [9]. O

Notice that the only quantities which vanish in the background and which
are O(€?) invariant are the extreme curvature components «, a. These com-
ponents verify the Teukolsky equation, which is the first step in the deriving
the Regge-Wheeler type equation for the curvature term g.

Remark 4.5. As a consequence of Proposition 4.4} the extreme compo-
nents of the electromagnetic tensor ()8, ()3 are not O(€?) invariant. More-
over, they transform under change of frame similarly to the 3, 8 component
of the curvature. This motivates the notation. B

4.1. The new invariant quantity f

To consider the non-linear electromagnetic perturbation of Reissner-
Nordstréom we need an equation for a O(e?)-invariant quantity. By Re-
mark[£.5] we can’t make direct use of the spin 1 Teukolsky equation verified
by )3 and ()8 (see for example [12]), as compared to the electromagnetic
perturbation of Schwarzschild, treated in Section We will make use in-
stead of a new quantity for the electromagnetic part of the curvature. From

the Bianchi identity for esa, we identify the following quantity f defined by
fi= s T3+ 0 = —eg (T3 4 9@ Fg + 9 (F))

This new quantity turns out to play a fundamental role in the equations gov-
erning the coupled gravitational and electromagnetic perturbations. Indeed,
it appears in the Teukolsky equation for the extreme curvature component
« in electrovacuum. Moreover, there exists a Chandrasekhar-type transfor-
mation which transforms f into q¥, and ¥ verifies a Regge-Wheeler type
equation coupled with the curvature as in . And most importantly, f is
a O(e?) invariant quantity.

Lemma 4.6. The quantity f is O(e?) invariant.

Proof. Using Lemmal[4.3|together with the definition of ¥, we have that ¢/ =
9+ eg(f) — fea(®) + O(€?). Using Proposition and that eg Fp = O(e)
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as a consequence of Maxwell equations, we have

f = —ep 5" + ey @ (g g (F)y
= —eg((FBJrf(F ) + eo®( B+ fF Fp) 4 (9 + ep(f)
— fea(®)) Fp+ O(e?)
=f—eo(f)" )p+ee<1>(f( )+ (ea(f) — fea(®)) Fp + O() = F+ O(¢)

therefore f is O(e?) invariant. O

Remark 4.7. To the knowledge of the author, the quantity f seems to not
have been noticed or used so far in the literature. One main reason could be
found in the choice of gauge of Chandrasekhar in [4]. In treating the gravita-
tional and electromagnetic perturbation of Reissner-Nordstrom, the author
picks the phantom gauge ¢y = 0, corresponding to (F)g = (F )ﬁ = 0. From
Proposition we can see that the choice of gauge with f = — (=1 F)3
and f = — )=t (F)ﬁ gives (F)3, (F)ﬁ = O(€?) in the non-linear setting. This
choice of gauge would reduce | to ¢ (Flp,

Applying Maxwell s equations and null structure equations, and using
that [eg, e3] = $req + O(€) and [eg, e4] = Lreg + O(e) we write

e3(f) = —(eges 8 — eg®es (FB) + %E(CQ ()3 — eg® F)B)
o <(;f€ - 2w> 9 — 2(egn — ea(®)n) + ;m?) :

ea(f) = —(egea FIB — eg®es (FB) + %H(ea ()5 — eg® (F)B)

— (259 2Aes(€) — co(@)€) + 2w + 20)

(4.7)

to be used later.

5. Teukolsky equations for the O(€?)-invariant quantities
a and §

Let f be a Z-invariant scalar function. Then, by definition [g for a polarized
metric g, we have

(51)  af = —ealeald) + eoleol) = gres(9) + (~5n+20) ea)
+eg(P)ea(f) + 2neq(f)-
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as in Lemma 2.4.1. of [9]. Using this formula, we derive the wave equations
for the invariant quantities o and f.

Proposition 5.1. [Teukolsky equation for o] The O(€?) invariant quantity
a verifies the following wave equation:

Oga = —dwey(a) + (26 + dw)es ()
+ <;/m + 2wk —4p + 4 (F)p2 —deqw — 10kw — S8ww + 469((13)2> «a
+ o (2ea(f) + (26 + 4w)f) + O(€?)

Proof. Using the Bianchi identity

e3(@) + %ﬁ(@) = (eg(B) — (eg®)p) + 4w(a) — gﬁp — (g

and applying Bianchi identities, null structure equations and Maxwell’s
equations as in Proposition and formulas (4.7]), we have

eq(es(a)) = ey

—~

@w»—%@wM%—awA@w—(gymm—(“?ﬁa

; a(p) — 764( )p + deqwar + dwesar — eg Fpf — Flpeyf
= ea(eq(B)) — 69( ) (ea(a) + 2eg(®)or — 2(k + w)B + 3Ep
+ Fp(es P8 + 20 73 — 26 ) — (~Zeo®) 8- () eale)

(64E%

2
1
+ (F)p <I<;f + (egeq F)ﬂ — epPey F )ﬁ) — *Ii(e (F)ﬂ —eg® (F)B)

~—

3 3
> o — 51964( p) — 564(19)/) + deqwa + dwega+

+ Fp(269 — 2(ep(€) — eg(P)E) + 2w I + 2a) )

= es(eo(B)) — ea(®)(eo(a) + 2e9(P)ax) + 2e9(P) (ks + w)p
~eo@p-+ ea(®)5 — (5) x(@) — (2L ) a = veato

- 264(19),0 + deqwa + dwesa + Fp ((6964 (F)B — 2e9®ey (7))

- ;Iieg ()8 + <2I€ - 2w> eg® )3

+ I3k — 2(ep(€) — 2e(®)€) + 2w + 2a)>
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Using that eg(k), eg(w), ea(p), ea( F)p) = O(e), we have
eg(eq(a)) = eg(ea(B) + 2(k + w)B — 2¢5(®)ar — 3¢p — Fpey M8

(B
w( 5+2§ (F) 2)
=eg(e 4(5)) + 2(*6 +w)eg(B) — 2e9(P)eg(ar) — 2e9(ep(P))ar

—3ep(§)p + ( egea (F)ﬁ — 2weg (F)B + 2ep€ (F)p)
colea(#) + 2n-+ ) (ca@)3 + ea(a) + () 2+ 305 — dua

1
— 2ep(®)eg(a) — 2 (p — ) — (e4®)* + 4/~m>a — 3ep(€)p
+ (F)p< —eges FB + (=25 — 4w)eg T8 + (2K + 2w)eg® F)3

+ (260 + 2w + 269§)>
Using ((5.1)), we have

Ogor = —eq(es(ar)) + ep(eg(a)) — %ﬁ€4(04) + <—;H + Qw) es(a)
+eg(P)eq()

= [ea, ea)(B) + 269(®)%a + 3eg(@)€p — Zeo ()8 + (3 ) ea(a)
(5

+ <€42)) a+ 27964(17) + ;64(19%) —deawa —dwesa

2k + wes(@) + 2(k + w) (g) o

+3(k 4 w)0 p — 8(kw + ww)or — 2 <p — (P2 _ (e9®)% + im> o
~ Be(€)p — %@4(04) + <—;,{ + 2w> es(a)

+ )p< — 2(eges T3 — egdey (F)3)

- (;K + 4w> (eg T3 — eg® (1))

— (k9 — 2(2e4(€) — 2e0(D)E) + 2a))
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Using that modulo O(€?),

leo, ea](8) = Fea(B)
= g <eg(<1>)ﬁ + es(a) + (%) o — dwa + %ﬂp

+ (0 Flp — €9 73 + e (F)ﬁ)>
we have

3 3 3
Dgar = 3eo(®)Ep — 3eq(§)p + S 0ealp) + Sea(¥)p + 3(k +w)d p+ rdp

+ (—4w) eq(a) + (2K + dw)es(a) + <e4é/{) + 4eg(®)? — deqw

3
—|—4/»m+w/£—105w—8ww—2p+2(F)p2>a

+ (F)ﬂ< — 2(eges B — egPes (FIB) — (k + 4w)(eg 7B — €@ 7))

1
- (F)P(im(} = 2(2e9(§) — 2e9(P)E) + 2a)>
Using equations for e4(19), e4p, e4(k) we infer

Ogor = —dwes(a) + (2x + dw)esz(a)

1
+ <469(<I>)2 —4deqw + hits + 2wk — 10kw — 8ww — 4p> Qo

+ (F)P< — 2(eges B — egPes (FIB) — (k + 4w)(eg 7B — €@ 7))
— Fp(29 — 2(2¢4(€) — 269@)5))

Using (4.7), we can write the term multiplying (*)p on the right hand side
as (2k + 4w)f + 2e4f + 4 Fpa giving therefore the desired expression. |

It is remarkable that the new quantity f also verifies a Teukolsky equa-
tion.
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Proposition 5.2 (Teukolsky equation for ). The O(€?)-invariant quan-
tity § verifies the following wave equation:

Uef = <3m+ 2w> esf

+ <;f<a - 2w> eqf + (;rm + 2wk — 2p — dkw — 2e4w + 469‘1’2> f
n <F>p( ~ 2e3() — (26 — s@)a) +0()

Proof. We derive the Teukolsky equation verified by (¥)3. Consider the
Maxwell’s equations:

1
e3\I)B —ep )p—277(Fp+( w> ") =0,

es Tp+ 15 Fp — eg T3 — e9(®) F)3 =0

l\D

and apply the operator (e4 + %n) to the first equation and the operator
(eg + 27n) to the second and add them, keeping only the linear terms. We
are left with:

1
0=-— ( — eaes B + egeg T8 + eo(@)ep 15 — riea T8

1
+ (— 2%+2w>63 (F)B>

1
+ <2/m + wk + p — 3kw — 2e4w — egeg(<I>)> (F)Oég — 2wey (F),B

+ (5 + 2w)e3 T8 + [eg, ea] Fp — éﬁee o + (—kn + egrs — 2e4m) o

(Flg 1 < Kk + whk — 3kw — 2eqw + Fp? + (69<I>)2> (M3

— 2weq T+ (1 + 2w)es FIB + (eg (1) + 2eq(®)V
—2e3(6) + €+ 8w +46) )

which gives an expression for [g (F)B. Recall that f = —ey ) 4+ ey® F)3 +
¥ ). Using that
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1 1 1
Dl colf = greacalf) + pucacad + (62 + (o + s ) eal),
O(ep®) = ep® <(F)02 + (eg®)* — i;-m) ;

1
() = egeg? + egPept) + (—4/% + p+ wk + 8ww — 264w) 9

+ (111”2 - ”“) 9 — 2(eges(§) — ep(P)es(§)) + dw(eps — eg®€)

+ (K + 4w)(egn — eg(P)n) + dwa + 2(epB — eg(P)3)
+ 2 (F)p(eg Flayg — eq(P) (F)ozg),

Dg (F)p = (F)p <—;HI€+ 2P> + 0(6)
we have
O(eg FIB) = eg(O7)3) + [0, 0] 8

1
= <4/m — 3kw + w4+ Fp? + eg®? — 264w) eo )3

+ 2epPegeg® B + (K 4 2w) eges( (F)ﬁ) — 2weges F3
+ (coco(9) + 29()egd + 2eqeg(@)9 + eofs — 2eqes(€)
+ 8wegé + 4695) F)p + %f%s)ee( (F)3) + %@6469 )3

1
+ <(F),02 + (es®)? + 4%) eo(18)
3 (F) 1 (F)
= §/<a+2w epes v a+ 5@—2@ epeq VN a
+ (—3%@ + wk + 2 (F)p2 + 269<I>2 — 2@4g> ey (F)ag

+ <2p -2 (F)p2 — 2(eg®)* + ;Hl-{) eo® Py
+ &y (6969(19) + 2ep(P)eg) + (2/} — 22 — 9(ey®)% + ;Iifi) v

+ eolk — 2ege3 (&) + Bwepé + 4e95>
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and

O(ep® F)3) = Og(eg®) F)5 + egdTg(F)5)
— 6369(1)64 (F)ﬁ — 6469@63 (F)ﬂ + 26969‘1369 (F)ﬂ

1
= <2p — 22 _ 960@% + 2/-m> eo P

+ 69@< (ZK + 2w) es( (F)ﬂ) + (;ﬁ - Zw) e4 (F)ﬁ
+ (—3@ — 24w + 2 F)p? 4 2(ep®)? + wﬁ) (F)g

+ (e (9) + 2e9(P)V + {6 — 2e3(€) + 8wé + 40) (F)P>

Putting all this together we get

Og(f) = Og(—eo (F)ﬁ + eg® (F)ﬁ +9 (F)p)
= Og(—e "8+ eg® ) + 0(9) p + 90( 7))
—es(Dea(p) — ea(®)es( )

=— (gm + 2w> (ege3 T3 — egdes (F)3)

1
- <2f<~' - 2w> (eoes T8 — egPes 7))
1
- <—2m — 3kw + wk — 2p + 2 Fp? + deyd? — 264W> (eo T8 — g® (F)B)
), (L (F),2 2
— Yp Z/{@+2w@—p—2 p° — 4(ep®P)” — 3wk — 8ww + 2e4w | ¥
3
(592 0] 2 (ot ) = o) + (<3~ ) ean — o)1)

+2(egB — ea®B) + (26 — 4w)a>

Using once again (4.7) and

(eo(B) — (eg®)B) = es(a) + %m ~ dwa + gﬁp L)

(F(eg P — ¢y (F)g)
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we obtain

0u) = (Sn+ 2w ) eaf + (- 2) e

1
- <2/<in — 4kw + 2wk — 2p + deyd? — 264w> (eg (F)ﬁ —ep® (F)ﬁ)

1
— (F)p< (—2/%5 — 2wk + 2p — 4(eg®)? + 4wk + 264w> 9

+2e3(a) + (26 — 8w)0<>

= <Zm + 2w> esf + Gﬁ - 2w> eqf

1
+ <2K,Ii + 2wk — 2p — dkw — 2e4w + 469@2) f
+2Ep( ~ eg(a) - (x ~ 4w)a)
as desired. O

Remark 5.3. Observe that equations (5.1) and (5.2)), respectively for the
Weyl curvature o and for the electromagnetic tensor f,
Oga = —dwes(a) + (2K + 4w)es(a)

1
+ (2/@/@ + 2wk —4p + 4 (F)p2 —4deqw — 10kw — Sww + 469(@)2> o

+ Pp(2e4(f) + (26 + 4w)f) + O(e2),

Dgf = <;"4 - 2w> eqf

3 1
+ (2% + 2w> esf + <2lm + 2wk — 2p — dkw — 2eqw + 469@2) f

+ Pp( = 2e5(0) - (25 — 8w)a) + O(e?)

are coupled. As in [5], signature arguments apply. The component « has
signature 2 and the quantity f has signature 1, therefore in the wave equation
for «, f has to appear with an e4 derivative. On the other hand, in the
wave equation for §f the component o has to appear with an ez derivative.
Moreover, this coupling comes with a multiplication for ), and recall that
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from (3.2), (F)p can be interpreted as a weighted quasi-local charge of the
spacetime.

6. System of equations for the coupled gravitational and
electromagnetic perturbations

In Schwarzschild spacetime, the Chandrasekhar’s transformation applied to
the extreme curvature component « gives a quantity at the level of the
second derivative along the ingoing null direction of « that verifies a Regge-
Wheeler equation (see for example the quantity P in [7], or the quantity q
in [9]). In Reissner-Nordstrom spacetime, we will get a Regge-Wheeler type
equation, i.e. a wave equation with a good potential and no lower order
terms, but with additional terms giving the coupling with the electromag-
netic tensor. The new result is that there exists a transformation similar to
Chandrasekhar’s one, at the level of one derivative along the ingoing null di-
rection, that can be applied to the new quantity f to obtain a Regge-Wheeler
type equation for the electromagnetic term q¥, with additional terms giving
the coupling with the curvature.

Inspired by the system of three equations for the extreme curvature
component and its two derivatives in slowly rotating Kerr as obtained in [10],
we write a system of five equations for suitably chosen rescaled quantities
depending on the curvature and on the electromagnetic components, from
the two quantities o and §.

e The first three equations are equations for the rescaled «, its first and
its second derivative in the ingoing null direction, respectively. The
third quantity corresponds to the q obtained by Chandrasekhar trans-
formation in [9] which verifies the Regge-Wheeler type equation with
a new right hand side depending on the electromagnetic components.

e The last two equations are equations for the rescaled f and its first
derivative in the ingoing null directions q¥. This last quantity turns
out to verify a Regge-Wheeler type equation too, with a right hand
side depending on the curvature.

The first three equations correspond to the equations obtained by Ma
in [I0] in the case of Kerr spacetime. On the right hand side, his equations
have lower order terms in the curvature multiplied by the angular momen-
tum. In the case of small angular moment, the author is able to absorb
the error terms coming from the lower error terms. In the case of coupled
gravitational and electromagnetic perturbations, the right hand side of the
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first three equations is not given by lower order terms, but from a non triv-
ial dependence on the electromagnetic parts, which are independent to the
curvature part.

6.1. Definition of rescaled quantities and operators

As suggested in [I], we introduce the following operators as a rescaled version
of the derivative in the ingoing and in the outgoing null directionsﬂ

(61) P(f) = ra~esf + 5o/,

(6.2) Q(f) =rresf + %Tﬁ@f

The operator P is fundamentally used to define the various quantities in
, while @ is introduced to simplify the right hand side of the Teukolsky
equation for «. Observe that the operators P and (), even if consist in
derivatives along the e3 and e, directions, do not change the signature of
the quantity they are applied to.

We compute Og(P(f)) and e3(Q f), which will be useful in the derivation
of the main equations.

Lemma 6.1. We have, modulo O(e?),

W) = 1 (s + 20 (P) + (s — 40 202 ) ()

+ (;p + (F)p2> rf + gT’Dg(f) + ﬁ_lr€3<|:|g(f>)

Proof. Writing Pf = r&tesf + %T‘f, we have
Te(P) = 5 (Tar)f +r0g(f) — esr)es(f) — ealrles( )
1

+Og(s"r)es(f) + £ 'rOg(es(f)) — ea(s'r)eses(f)
—ea(k™'7)ezes(f)

5To be consistent with the previous definitions, we define the operator as P,
since the bar quantities refer to e3. The operator @ differ from the operator P =
retesf + %r f which would be used in the treatment of the corresponding system
for the spin —2 quantity a. See Remark
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Using that
1
Og(r) =7 <—2/m - P) )
1 1 1 1
-1\ __ _ 2 _ -1
e3(k™) = —Eez(ﬁ) =2 <—2'<é - 2%) =g T 2wk,
1 1 1
-1
- ———(-= 2 2
ea(K™) ﬁ264(&) 2 < 5K+ 2w + p)
1
= 5@_1 — 2wk — 2pK~2,

Og(k) = kp + 2Ke4w + dwp,

Og(es(f)) = es(Og(f)) + [Dg, €3] f
= e3(0g(f)) + s0g f — 2wes(e3(f)) + (k + 2w)es(es(f))

1
+ (4/%/*6 — 3wk + wk — 8ww — p — 2 (F)p2 + 264(w)> es(f)

L o

+ e ea(f)
we have
. _2 1 1 3
CR(2) = | (w4 20 Heaens) + (~ s o) 7+ 50400
+ <;m — 2wk + dwpr 2 — 2 (F)pzl-@‘1> es(f)
+ﬁ71€3(Dg(f))
Writing

e3(f) = %E(Ef) - %ﬁf,

caeaf = PP - 208+ )2 + (56 4 an) |
then

Cu(21) = r( 5w+ 20 2R + 1 (s — a0 = 20%2) ()

u

N

p+ (F)p2> f+ §Dg(f) + ﬁles(Dg(f))>
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as desired. O

Lemma 6.2. We have, modulo O(€?),

e3(Q(f)) = ~s(Q(E(f))) - %&Q(f) + (—kE® + 2p8) P(f)

r

Proof. We have

e3(Qf) = es <m“e4(f) + ;/mrf)
= es()rea(f) + mes(r)ea(f) + sresea(f) + %eg(ﬁ)&rf + %He?)(ﬁ)?”f
+ %ffﬁeza(?“)f + %K,@Teg(f)

= rreqes(f) + <;/m— 2w;<c> res(f) + <—lel<dl<62 + pﬁ) rf

Writing e3(f) = L& P(f) — 35f, we have

1
+ (—2/1/12 +wk? + pf@) rf
1 1 1 1
=kr| — o—kePf+ — | —srE+ 2wk +2p | Pf + —kes(Pf)
2r T 2 T

_ % <—;m+ 2wk + 20) - ;”64(f)>

+ (;/mQ — 2w/<c2> Pf+ <—;/<a/<;2 +wkr? + p:‘i) rf
which gives
a(@) = wes(2f) = gerea() + (gt + 20 ) P+ () ot

and writing es(f) = La7'Qf — brf. and es(Pf) = Ls'QPf — LnPf we
have the desired expression O

As suggested in [1], we define the following new scaling of the extreme
components of the curvature o and of the electromagnetic quantity f as the
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following:
oy = r’kla,
1 = P(do),
(6.3) By = P(Dy) = P(P(®y)),
®3 = r’sf,
¢y = P(®P3)

The quantities &g, @1, P2 contain information about the gravitational per-
turbation of the metric, i.e. about the Weyl curvature of the perturbed
spacetime. The first quantity ®g is a rescaled version of «, and being mul-
tiplied by 2 it is of signature 0. Then, ®; and ® are respectively the first
and the second derivative, through the operator P, of ®q, giving other two
signature 0 quantities. Observe that the last quantity ®o defined as

1
®y = P(P(Pp)) = r?k2e3e3P0 + 27’25_1(1 + %_1)63¢‘0 + 57“2(1)0 =

1
=t <6363a + (26 — bw)esa + <2/-€2 — 8kw — desw + 8w2> a) =q

coincides with the q obtained by Chandrasekhar transformation in [9].

The quantities ®3, P4 contain information about the electromagnetic
perturbation of the metric, i.e. about the Ricci curvature (or electromagnetic
tensor) of the perturbed spacetime. The quantity ®j3 is a rescaled version
of §, and being multiplied by k it is of signature 0. Then ®,4 is the first
derivative, through the same operator P, of ®3, giving another signature 0
quantity. The last quantity ®4, in analogy to ®o, is called gF.

6.2. Wave equations for the curvature quantities ®g, ®;, P>

We will derive the wave equations for the quantities ®qg, ®1, 2.

Proposition 6.3. Modulo O(e?),

1 1
Og®o = — (265 — 4p) @1 + (—2m —dp+ 42 4 469(@)2> D

+ Fp (i@(‘bs) — 4/@3)
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Proof. We have

Og®o = Og(r’s%a) = Og(r*k?)a + r*x*Oga

— 63(7‘2/{2)64( ) — 64(7’2,‘62)63(0()
and using that

= e3(r?)r® + 7’263(ﬁ2) 263 4 r? (KD — dwr?) = —dwr’s?,
r)k? 4+ r?(—kE? + dws® + dpk)
= 4wr?k? + 4pris,
ea(e3(r?6?)) = eq(—4wr’s?) = —dey(w)r’s? — dweys (1’ K2)

= —464(g)r2@2 — 16wwr?k? — 16wpr’s

we have
1
Oa(252) = —ea(es(r??)) + eolea(r??)) — Lrea(r’s?)
1
+ <2Ii + 2w> e3(r’?) + eg(®)eg (12 62)
= —(—464(g)r2§2 — 16wwr?k? — 16gpr2ﬁ)
1 1
— 5@(4&17'2ﬁ2 + 4p7“2ﬁ) + <—2/@ + 2w> (—4@“2@2)
= (2wk — 2wk + deg(w) + 8ww) r2k? + (16w — 2@),07’2@
Therefore,

Og®o = ((2@1 — 2wk + 4deyg(w) + 8ww) r’k? + (16w — 2@),07"2@ o

1202~ ) + (o0 + 1) s (o

1
+ (—deg(w) + in@ — 10kw + 25w — 8ww — 4p + 469(<I>)2)a>

— (—4@“2@2) eq(a) — (4&)T2ﬁ2 + 4pr2@) es(a)
+ 2r2k2 F)y (e4(f) + (K + 2w)f)
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giving

Og®o = r? < (2&52 — 4p@) es(a)
1
+ (2/@53 — 6pK? — 8wrk? + 16pkw + 4K (F)p2 + 4/4}269((13)2> «

+ 262 Fp (eq(f) + (r + 2w)f)>

Using the following relations

1
ez = ﬁ@_263(®0) + dwa,
1 1
e3Py = —kP1 — KDy,
T 2
1 1
r2k2eq(f) + (ks 4 2wk?)f = ;§64(T3§f) — 2pkr’f = ;Q((I)g) — 2pds
we obtain the desired identity. O

Remark 6.4. Comparing Proposition[5.I]to Proposition [6.3] we can notice
that the rescaled quantity ®( verifies a wave equation independent of the
quantities w,w, one of which can be made small in the ingoing or outgoing
geodesic null frame. Therefore, the wave equation for ®¢ is more natural and
frame-independent compared to the one for a.

Proposition 6.5. We have modulo O(e?),

1 3
Og(®) = ;(Iiﬁ —2p)®Ps + (—kE + 6 (F)p2 + 469(192)(191 + (2/) + (F)p2> rdq

+ (f@(m) — Q(®3) — 2ny + 7 (6p+ 4 )p?) %)
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Proof. We first compute e3(Cg®y), using Proposition

1 1
e3(Cg®o) = e3 (T (25 — 4p) &1 + <—2:‘£f€ —dp+ 4?4 4eg(<1>)2> D

4+ () <iQ(¢3) - 4p<1>3> )

1 1 1
= —ir“ﬁ(%@ —4p) D1 + = (2 (—2/<m+ 2wk + 2p> K
T

1
+ 2k <2m2 -~ 2wf<a> —4 (Zﬂp K(F)p2> )<I>1

1
— (2kk —4p) e3P + e3 (—2fm —4p+ 4(F)p + 4deg(P) ) d,

S e

(—lilﬁ dp+4 (F)p2 + 469((1))2> e3Pg

L) < (iQ(q)?,) — 4p<I>3> — %@Q(%) + 263(62(@3))

3
—4 (2144) - E(F)p2> Dy — 4p63<1>3>

and since
1 1
es3 (—2/<m —4p+4 (F)p2 + 469((19)2> = 5#&@2 + 5pK — 4@69(@)2 — 4K (F)p2

applying Lemmaand writing es®y = %@CDI — %5@0, e3P = %@CDQ — %5@1
and e3®3 = %5@4 — %@@3 we have

1 9
e3(dg®Po) = " (—2,'{/12 + 10pk + 8k (F)p2 + 4,%69(1)2> P,
1 3
+ = (2667 — 4pK) P + <4f<mQ + Tpk — 6reg(P)* — 6/-@(F)p2) o
r

2 4 2
+ (F)p<r2/<cQ(<I>4) — —rQ(®3) ;KEQCIM + (12pk + 4k (F)pQ)%)
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We have for &, = P(®y), applying Lemma to f = ®g, and using
Lemma [6.3],

Oe(@1) = L (- + 20)P(P(00) + (; —4p <F>p2> (@)
N (;p ; <F>p2) 0+ 210(90) + 7 es(Tg(00)
= %(m@ —2p)®2 + (—kk + 6 Tp? + deg®?) Dy + @p + <F>p2> rdg
+ <i@(<1>4) ~ Q(®3) — 2y + 1 (69 + 4 )p?) <1>3)
as desired. O

We derive the Regge-Wheeler type equation for the curvature term &9 = q
with right hand side coupled to the electromagnetic components ®3 and &4,
multiplied by (Fp.

Proposition 6.6. We have modulo O(e?),

Og(®2) = ( — k46?4 469@2)‘52
n <F>p(f<cz<P<<I>4>>> 2Q(@4) + (—drs + 4p)P(®y)

+r(3kk + 4 (F)pz)CI>4 + 12 (—6p — 12 (F)pz)CI)3>

+ (F)p2 (—47’(1)1 — 27"2q)o)

Proof. We first compute e3(0g®1), using Proposition . We get
1
e3(0g®1) =e3 (r(lil-i —2p)Po
3
+ (—rk 4 6 Fp? 4 4eg®?) Dy + <2p + (F)p2> r®g

+ 0 (20— Qubg) — 2as (69 477) >
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which gives

1 3 1
3([g®1) = — ( 5" kK2 + 6p + 2H(F)p2> 3+ — (kE — 2p) e3P
+ (/mz — 2pK — 125 )p2 — 4@69®2> d,
3
+ ( — ke + 60 p + 469(132>63<I>1 +r <2I€p 3/£(F)p2> o)

3
+r (20+ (F)/72> e3(®o) + Fp

+ (4kK% — 4pr) Py + 7(—126p — 168 Fp?) Dy

~ 24Q(®1) + 5Q(2y)

2
+ ;€3Q(¢4) —e3Q(P3) — 26K e3Py + 7 (60 +4 (F)PQ) 63%]

Using Lemma and writing e3®y = %@@1 — %@@0, e3® = %5@2 — %5@1,
e3Py = LkP(®3) — $kPy, and e3P3 = 2Py — 2rP3, e3Py = 16P(Py) —
%5@4 we have
1 2
e3(UgP1) = 5 (m - 2p@>£(<1>2)
1
+ 7( — 3kk% + Tpr + 8k Fp? + 4@69‘1’2) )
r

3 1
+ (2%52 — ip@ — 14k (F)p2 — 6/{69(1)2> P,

9 7
+r (—4ﬁ;p — 3k k& (F) 2) By + —KQP<I>4 — *K,Q(I);l

1 3
+ ;(—4n@2 +4pE) PO4 + S EQ(D3)
+ (6kK? + 4K (F)pQ)(I)4 +r(—15kp — 18k (F)p2)<1>3]
Applying Lemma to &y = P(Pq),
1 1 (F) 2
g (®2) = ;(—Kﬁ +2p)P(P(®1)) + S —dp =2 P(®q)

1 3
+ <2,0 + (F)P2> r®y + QTDg(‘I)l) + e es(Og(®1))
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which gives
Og(®2) = (= rts+ 6 )2 + 4ey0? ) b,
+ O 2QU@a) ~ 2000 + (-t + 4p) Pl
+r(3kk + 4Dy + 12 (—6p — 12 (F)p2)<1>3>
+ 2 (—drdy — 2r2®)
as desired. g

Remark 6.7. Notice that the wave equation given by Proposition [6.6] for
®y = q and &4 = qF has the form

Ogq = Viq + eM(q¥,0q%,004%) + e(l.o.t.(qF)) + €*(L.o.t.(q))

of the first equation of (0.4). Indeed, ®3 is a lower order term with respect
to qF.

6.3. Wave equations for the electromagnetic quantities ®3, ®4
We compute the wave equations for the electromagnetic terms ®3, ®4.

Proposition 6.8. We have modulo O(e?),
Ug®3 ——7<n@—2p)<134+<—/<c/<;—3p+4eg<13 )@3—1— | ——P1 — Py
T T

Proof. We have for ®3 = r2§f,

Og®s = Og(r?)sf + r*(D(k)f + s0(f) — es(k)ea(f) — ea(r)es(f))
— e3(r?) (ea(K)f + rea(F)) — ea(r?)(es(x)f + Kes(f))

As in Proposition [6.3], using Proposition [5.2], we have

Og®3 = ( —5p — 2wk + dpwk T + 469@2)<I>3 + 72 (/{5 — 2,0) es(f)

+2r2 (P = keg(a) + (% + dwn)a)
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Writing e3(f) = %@4 — T%(l — 2wk~ 1 ®3 and e3a = T%ﬁ_%g(q)o) + 4w, and
e3Py = %@@1 — %ECI)O we have

1
Ug®3 = - (Iiﬁ — 2p> Pos + ( — Kk —3p+ 469(192) D3

2
+ (F)p <_T<I)1 — @0)
as desired. O

We derive the Regge-Wheleer type equation for the quantity ®4 = q¥, with
on the right hand side the curvature multiplied by ().

Proposition 6.9. We have modulo O(e?),
2
Og(®4) = (—kt — 3p + 4ep®?) Dy + Fp (—7@2 + ) (4r¢>3)>

Proof. We first compute e3(0g®3), using Proposition

1
e3(dg®P3) = e3 (7" (/@@ — 2,0) by + ( — kk —3p+ 469@)2)‘1)3

2
+ (F)p <_’I“(I>1 — (I)()> )

1, 1 1
=g k(kk —2p) Py + — —5/{@+2gm+2p K
r

1
+ K (—2%&2 - 2om> —2 <—;f<op —R(F)p2> )<I>4

1 2
to (kk — 2p) e3P4 + 63( — Kk — 3p + 4eg(P) )‘I’:’,

(= = 3p + deg(@)? ) egy

2 2 2
+ (F),O<T/€‘I’1 + Py —e3 (r) oy — ;63‘1’1 - 63%)
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Since

63< — kk —3p+ 4eg(<I>)2) = —e3kk — Kesk — 3esp + 8eg(P)ezegP
1 1
= — <—2m+ 2wk + 2p) K—K <—2f<:2 — 2wf-€>
3 (F) 2 2
=3 —gEp— 87 ) — dreg(2)

)
= n + 5 pri + 31 (F)p? — drieq(®)?

and writing e3®g = %@CI)I — %@@0, e3® = %@CIDQ — %@CI)I, e3®3 = %@@4
— %5@3, e3Py = %HP‘IM — %5@4 we have

1
e3(Hg®s) = (—3#&@2 + dpr + 26 Fp? + 4@6(9(1)2) Py
1
+ 5 (ks — 2px) PO,

3
+ <2/£/£2 + 4pr + 36 (F)p2 — 6%69((1))2> O

2 3 3
+ Ep [ =S a®s + S5d1 + —kPg
r2 r 2
Applying Lemma [6.1], we have

1 1
(1) =+ + 2)P(200) + s~ 1~ 2% ) Pl0a)
1 3
" (2p <F>p2) Py + SrOg(@:) + 5 res (g (@)

1 1
= (=rE +2p)P(24) + (2/% —dp—2 (F)p2> Dy

1 3 (1
+(zp+ Ep?)rds + o f(lf@—2p)<1>4
2 2 r

2
+ (— Kk — 3p + 4e9c1>2>q>3 + F)p (-@1 - c1>0> >+
T
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1
+r < (—3/@@2 +dpr + 25 Fp? + 4ﬁ€9q)2) Py
,
1 2
+ 2 (’iﬁ - ZPE) Py

3
+ <2fm2 + 4pk + 3K (F)pQ — 6/<ceg(<I>)2> i

+ Fp <—22H<I>2 + §ﬁ¢1 + 3f<c<I>o> )
r r 2
which gives
Og(®4) = (—kk — 3p + 4eg®?) 4 + <—i¢2 + 4r <F>p<1>3)
as desired. O

Remark 6.10. Notice that the wave equation given by Proposition for
®y = q and &4 = q¥ has the form

Ogq®¥ = Vag® + eM(q) + *(Lo.t.(qF))

of the second equation of (0.4).

Using the wave equation for ®4, we can simplify the wave equation for @4
in Proposition , since the derivative PP is related to Oy := Og — (2)%ep®?
in the following way:

LQUP(®1)) = Doy + (5t~ 2p)P(4) + Py + s,

r2

where /A, is the Laplacian on the spheres S of the foliation of the spacetime.
Using Proposition [6.9] we can write

Q(P(®4)) = (ks — 2p)P(Py) + 1245, Py
+ 72 (kK + 4p) Dy + 21 (Fody — 4r3 Fp2 g
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giving
Og®y = ( k4 10F)2 4 46(,@2)@2
+ Fp <2r4A2<I>4 —20(®4) — 2kKP(P4)

+ r(5kk + 8p + 4 Fp?)dy + 72 (—6p — 20 (F)p2)<1>3)
+ (F)p2 (—4r<1>1 — 27“2(1)0)

6.4. The system of coupled wave equations

Writing the five equations together, using (3.2) to write p = £ + O(e)
in the coupling terms, we found the following system of equations modulo

O(€):
D2+§I€ﬁ+4p—4 n* | &g = ;(2/{5—4/})(1)1
2 4
+e <r3Q(‘I’3) - TQP%)

1 3
(Dz+mm—6“%ﬁ®1=rum—QM¢2+r(2p+<W¥>©o

+e Q) - 5@ - Fnse,

—_

+=(6p+4 (F)p2)<1>3> :

<

2 2 2
(Dg + kK — 10 (F)pQ)q)g = 6’<r$2<1>4 — T—2Q(<I>4) — T—Qmﬁ(@l)
1
4= (5% +8p+4 (F)p2> By — 6pds
r
4 2 ,{ 20
+ (& <—743¢1 - r2¢0> + e <_744<D3) ),
1 2 1
<|:|2 + kK + 3,0)(1)3 = f(m@ - 2p>¢’4 +e (—3<I>1 — 2<I>0> ,
r r r
3

2 4
(6.4) <|:|2 + KKk + 3,0) Py=e (T?)(I)Q + €<I>3>

where Uy = [g — (2)%e9®? is the wave operator applied to 2-reduced scalars.
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Remark 6.11. A complete analogous system holds for the spin —2 quan-
tities .. Defining the operator Pf = rx~tesf + %rf and the O(e?) invariant
quantity f= ¢ (F)é + 9 Fp, then the quantities By = r’k2a, P, = P(@B),
d, = P(gbvl), O3 = r2kf, By = P(:}E) verify the same system above, with
Qf =rresf + %T‘H@f. B

Selecting the third and fifth equation we have the system of Regge-
Wheeler type equations for ¢ = ®3 and q¥ = &, modulo O(¢?), as announced
in (0.4). We summarize it in the following theorem.

Theorem 6.12. Let (M, g,Z) be an axially symmetric polarized spacetime
solution of the Einstein-Mazwell equation (0.2)), which is a O(€)-perturbation
of Reissner-Nordstrom spacetime. Then there exist O(e)-invariant quanti-
ties q and qF related to the Weyl curvature and to the Ricci curvature re-
spectively that verify the following coupled system of wave equations, modulo
O(e?) terms,

(Dz + rk — 10 <F)p2)q =e(24,9F — 2QqF — ZrrPqF
(6.5) +1 (5kk + 8p + 4 (F)p?) qF)
(Dz + kK + Sp) qF =e(—2q

where P and Q are rescaled null derivatives, as defined in (6.1), and addi-

tional lower order terms with respect to q and q¥ appear to both, explicitely,

4 2 20
(l.O.t.)l = —6pP3 + e (—73(131 — 7‘2(1)()) + e? (—TA(I)3> ,

4
(lOt)Q = 7’73@3

Remark 6.13. The structure of the coupling in (6.5 does not depend on
the polarization of the metric, as observed in [1]. See Appendix.

6.5. Case of perturbation of Schwarzschild spacetime

Coupled gravitational and electromagnetic perturbations of Reissner-
Nordstrom spacetime are clearly a generalization of gravitational perturba-
tions of Schwarzschild spacetime as solution to the vacuum Einstein equation
, as treated in [9]. In this case, the electromagnetic quantities and the
quasi-local charge in vanish identically, and the system reduces to the
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first three equations:

1 1
<D2 + 5,«@ + 4p> Oy = — 2k —4p) D1 + 0(62)>
r

1 3
(D2 + fiﬁ)‘bl = —(kk —2p)P2 + §p7“‘1>0 + O(€?),
T

(Dg + /-@5) gy = O(e)

which are the linear parts of the equations obtained in Appendix A.3.2 of
[9]. In particular, the last equation, for q = @9 is

Oaq + kkq = Err[gq]

which is the main equation used in [9], to derive decay estimates for g,
and subsequently for o and all other curvature and connection coefficients
quantities.

In the case of coupled gravitational and electromagnetic perturbation of
Schwarzschild spacetime, namely perturbation of Schwarzschild as solution
to the Einstein-Maxwell equation , the system simplifies. Per-
turbing the background Schwarzschild, being a vacuum spacetime, we have
(F)y = O(e). Therefore, the main equation for the curvature q is unchanged,
but the right hand side is given by quadratic terms only, i.e.

Uoq + kg = 0(62)

Again since (Flp = O(e), using Proposition , in the case of perturba-
tion of Schwarzschild the extreme components of the electromagnetic tensor
(F)g, (F )ﬁ are O(e?)-invariant quantities, and verify the Teukolsky equation

Og 78 = —2wes T8 + (1 + 2w) es(F)B)

1
+ <4fm — 3kw + wk + eg®? — 264w> (F)B + 0(62)

as derived in Proposition As in [12], we can define a Chandrasekhar-type
transformation at the level of one derivative along the ingoing null direction
to obtain a Regge-Wheeler equation. Defining [ = 72(e3 g + %ﬂ(F)OéQ), in
the case of (F)p = O(e) in a frame for which w = O(e), then [ verifies the
equation

1
hi= —Z/‘iﬁ[ + 0(62)
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The system is therefore given by equations which are decoupled at the linear
level

Oaq + kEg = O(€2),
O+ %/’iﬁ[ = 0(e?)

Remark 6.14. It is only in the case of gravitational and electromagnetic
perturbations of Reissner-Nordstrom spacetime that we find a non-trivial
coupling for the linear terms of the equations for q and q¥ as described in
system . If the coupled gravitational and electromagnetic perturbations
of Kerr-Newman spacetime would have a structure similar to the one here
presented is an open question to be addressed.

Appendix A. System of equations without polarization

In this appendix, we will not assume polarization of the metric or axial
symmetry. This appendix is based on computations done through computer
algebra by Steffen Aksteiner.

Consider a null pair es,eq on (M,g) and, at every point p € M the
horizontal space S = {e3, e4}*. Let v the metric induced on S. By definition,
for all X, Y € TgM, i.e. vectors in M tangent to S, v(X,Y) = g(X,Y). For
any Y € T (M) we define its horizontal projection by

1 1
(A1) Yh=v+ §g<Yv es)es + ig(x es)es

Definition A.1. A k-covariant tensor-field U is said to be S-horizontal,
U e T’fq(M), if for any X1, ... X we have,

UYy,...Y,) =U(Y, ... Y
Definition A.2. Given X € T(M) and Y € Tg(M) we define,
DxY := (DxY)*

Remark A.3. In the particular case when S is integrable and both X, Y €
TsM then DxY is the standard induced covariant differentiation on S.
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Definition A.4. Given a general, covariant, S- horizontal tensor-field U
we define its horizontal covariant derivative according to the formula,

DxU(Yi,...Yy) = X(U(V1,...Y3)) —U(DxYs,... Y3
— = U(Yy,...DxY}).

where X € TM and Y7,...Y, € TgM.

Definition A.5. Given V¥ a 2 S-horizontal tensor, we define the wave op-
erator [g applied to ¥ by

Dg‘IJAB = gMVDuDy\I/AB

Recall the definition of spacetime Ricci coefficients and spacetime null

curvature components in ((1.2)), (1.3]), (1.4]). In particular recall

34 = Waupa,

The tensorial versiorﬂ of the invariant quantity f introduced in Section
is given by
%45 =215 FBag +2FpRan
where 75 F)5,p = Y (F),BB) + gapdiv )3, as introduced in [9].
We define the tensorial versions of the operators P and @ introduced in
Section as

1
(A.2) P(Wap) =15 "tesWap + QT\I]ABa
1
(A.3) Q(Yap) =rresVap + 57%&‘1’,43

where £ = try and k = (1+3)trx.
We finally define the main quantities that verify the system of wave
equations.

Definition A.6. The tensorial quantities qap and qf 5 are defined by

H3up =P (B <7’2ﬁ2 (1+3)a,43>> , =P (7"2&(1+3)fAB)

where k = (1+3)trx.

"Indeed, (3%gg = — (143 =, (143, = 0 in the case of polarized metric.
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We summarize in the following theorem the system of tensorial wave
equation that is verified by the two quantities q4p and qﬂ B

Theorem A.7. Let (M,g) be a spacetime solution of the Einstein-Maxwell
equation , which is a O(e)-perturbation of Reissner-Nordstrom space-
time. Then the tensorial quantities qap and q% 5 verify the following coupled
system of wave equations, for A, B = 1,2, modulo O(e?),

. 2 2 2
(Dg + Kk — 10(F),02)QAB = €<T4AQCIEB - TjQ(qu) - ﬁ”ﬁ(qgla)
1
(A4) + - (5/—{@ +8p+4 (F)p2) qu) +e(l.o.t.)1,
. 2
(Dg + Kk +3 (1+3)p> qfig=e <_7“3qAB> +e*(l.ot.)y

where P and P are tensorial null derivatives, as defined in (A.2)), (A, ¥)ap =
YPYeVp¥ap and (l.o.t.)y and (l.o.t.)y are lower order terms with respect
to qap and qfyp.

The system has the same structure as in the case of polarized metrics.
Since no symmetries are assumed in this case, the analysis of the system
can be used to derive linear stability of Reissner-Nordstrom spacetime,
as a generalization to [7].
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