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Homotopy algebras in higher spin theory

St L1 AND KEYOU ZENG

Motivated by string field theory, we explore various algebraic as-
pects of higher spin theory and Vasiliev equation in terms of homo-
topy algebras. We present a systematic study of unfolded formula-
tion developed for the higher spin equation in terms of the Maurer-
Cartan equation associated to differential forms valued in L.-
algebras. The elimination of auxiliary variables of Vasiliev equa-
tion is analyzed through homological perturbation theory. This
leads to a closed combinatorial graph formula for all the vertices
of higher spin equations in the unfolded formulation. We also dis-
cover a topological quantum mechanics model whose correlation
functions give deformed higher spin vertices at first order.
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1. Introduction

Field theory for point particle is usually concerned with Lie algebras and
their representations, while string theory leads to generalization of Lie al-
gebras and various kind of algebraic structures to the so called homotopy
algebras. It was known [41], 42] that for classical closed string field theory, its
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BRST operator together with its interaction vertices give us an Lo, struc-
ture (homotopy Lie structure), and classical open string field theory has
an A structure (homotopy associative structure). Maurer-Cartan elements
on the closed string sector represent solutions of the equations of motion
of closed string field theory - classical closed string backgrounds. Similarly,
Maurer Cartan elements on the open string sector define a consistent clas-
sical open string field theory. The interplay is two-fold. Ideas from string
theory have been a source of significant inspirations into the theory of ho-
motopy algebras [24]. Explicit solutions of string field vertices in certain
topological sectors are known and widely applied to geometry and topol-
ogy: Chern-Simons type theory captures open topological string fields [40];
Kodaira-Spencer type gravity describes B-twisted closed topological string
field theory [3], [7] which is deeply related to Hodge theory.

Motivated by string field theory, we use homotopy algebras to study
higher spin field theory, a version of higher gauge theory that describes an
infinite tower of massless fields of higher spins. String theory and higher spin
theory are closely related. Massive higher spin excitations show up in string
theory spectrum, and there are certain limits in which all these masses be-
come negligible and the string spectrum looks like an infinite collection of
massless spinning particles for every higher spin [4, [3I]. One efficient ap-
proach to higher spin theory is the unfolded formulation [33]. The unfolded
equation is originally formulated in terms of free differential algebras, and
its relation with L., algebra is spelled out in [38]. This is the point of view
we will present for a systematic study using homotopy algebras. As we will
explain, the unfolded equation is precisely the Maurer-Cartan equation as-
sociated to differential forms valued in certain L.,-algebras. The consistency
condition is guaranteed by the L., structure. The higher brackets describe
higher spin interactions, and solutions to the Maurer-Cartan equation give
us classical higher spin backgrounds. This closely resembles the situation in
string field theory.

The problem of constructing field theories describing consistent propa-
gation and interactions of higher spin fields has a long history and is highly
non-trivial. This task is believed intractable in Minkovski space-time, due to
Coleman-Mandula no go theorem and its generalizations which claim that
symmetries of S-matrix in a non-trivial (interacting) field theory in a flat
space-time can only have sufficiently low spins. On the other hand, AdS
space surpasses the no go theorem [2] and nontrivial interacting higher spin
gauge theories have been constructed via Vasiliev’s system in AdS, and its
generalization in various dimensions [34-36]. Vasiliev theory is constructed
at the level of equations of motion, based on the unfolded approach and



Homotopy algebras in higher spin theory 759

introduction of auxiliary variables. Our first goal in this paper is to explore
and clarify various algebraic structures behind Vasiliev equation, and we
find homotopy algebras fit into business.

Our formulation lies on an important tool in homotopy algebra called
the Minimal Model Theorem. Briefly speaking, it states that for a given
A algebra, there exists an Ay, structure on its (co)homology which is Ao
quasi-isomorphic to the original one. We will present a concrete approach
to Minimal Model Theorem using homological perturbation theory, which
is a computational tool for transferring differentials along homotopy equiv-
alences of chain complexes. It enable us to obtain new homotopy algebraic
structure on the (co)homology of the original algebra. In certain situations,
the algebras under consideration are related to physical theory, then the
homological perturbation has physical interpretation. Generally speaking,
two complexes related by a quasi-isomorphism correspond to two theories
related by renormalization or addition and elimination of auxiliary fields.
There homological perturbation is the same as integrating out high energy
modes, and various formulas that appear in homological perturbation have
physical interpretation — summing over Feynman diagrams. In this case Min-
imal Model Theorem is about transferring a simple algebraic structure for
fields at UV to a homotopy one on zero modes which organizes the structure
of all higher effective vertices.

In our applications to higher spin theory and Vasiliev equation, we con-
sider the process of elimination of the auxiliary variable of Vasiliev equation.
The DGLA (or L) structure of Vasiliev equation is transferred to an L
structure on its homology, which is the physical degree of freedom of higher
spin equations. The set of higher brackets computed through homological
perturbation gives us consistent interacting vertices of higher spin fields.
Similar reduction process is analyzed in [29] [30] and is referred to as curva-
ture expansion therein. Using homological perturbation, we obtain a closed
combinatorial graph formula for all the vertices of higher spin equations
(formula (4.39).

Another possible way to construct nonlinear higher spin equation in
the unfolded approach is to construct the vertex by hands and check the
consistency equation order by order [33]. This can be viewed as a deformation
problem. Generally, the first order deformation of an algebra is controlled
by its Hochschild cohomology. Alternately, the consistency condition for the
first order vertex gives us Hochschild cocycle condition [32]. In higher spin
theory, this is closely related to the Hochschild cohomology of Weyl algebras
which was explicitly computed in [I1]. We illustrate a connection between the
deformed vertex and a topological quantum mechanics model [26], where the



760 S. Li and K. Zeng

Hochschild cocycle condition is implemented through the quantum master
equation. This sheds light on the first quantized nature of Vasiliev theory.

One important aspect of higher spin theory is its fundamental role in
AdS/CFT correspondence. Vasiliev’s higher spin gauge theory in AdSjy is
conjectured to be holographically dual to O(N) Vector Models [22], and
non-trivial checks of the duality appear in [I4, [I5]. This duality may be
regarded as the simplest non-trivial example of AdS/CFT correspondence.
There are recent works [0, 8] suggesting relations between AdS/CFT cor-
respondence and an algebraic operation called Koszul duality. Our results
provide mathematical preliminaries to study the structural aspect of higher
spin theory. We hope to address its link with AdS/CFT and Koszul duality
in our later work.

The organization of this paper is as follows. Section 2 gives an intro-
duction to the Ay, and L., algebra. Section 3 introduces homological per-
turbation theory and we illustrate its physics meaning via the example of
Chern-Simons theory. In section 4, we introduce higher spin theory and
Vasiliev equation, and apply homological perturbation theory to analyze
Vasiliev equation. In section 5, we introduce a topological quantum mechan-
ics model whose correlation function give us interaction vertices in higher
spin equation.

2. Homotopy algebras

In this section we introduce basic examples of homotopy algebras: the Aso-
algebra (homotopy associative algebra) and the L.-algebra (homotopy Lie
algebra). We discuss the associated Maurer-Cartan equations and explain
how Maurer-Cartan elements can be used to twist homotopy algebras. Phys-
ically, this corresponds to expand the theory around a background, which
will play an important role in our applications to higher spin theory and
Vasiliev equation.

Conventions

We will mostly work with Z-graded C-vector space

V=V,

nez
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The grading n is related to the ghost number in physics. The degree of an
element v € V,, is denoted by |v| = n, and such a v is called a homogeneous
element.

For V' and W two graded vector spaces, V ®@ W denotes tensor product
over C and Hom(V, W) denotes C-linear maps (continuous with appropriate
topology that we will always be sloppy in our discussion). They are all graded
vector spaces where

(VeW),= @ VieWw;, Hom(V,W), =D Hom(Vi, Wirn).
i+j=n i

In particular, the linear dual V* is a graded vector space with (V*),, =
Hom(V_,,,C).
We denote the Koszul sign braiding on tensor products to be
TV,W : VoW ->WeV
v@w— (=)l @ v

In the above formula v and w are supposed to be homogeneous. Then v/,
is extended to general elements by linearity. This sign rule appears naturally
in physics from interchanging bosons or fermions. In general we can consider

interchanging n particles, then the above sign rule induces naturally a sign
rule for the action of symmetric group .S,, on the n-th tensor product V®"

V1 QU Uy — 6(07 U)Ua(l) ® Vo (2) O Vo(n)

where €(0,v) is called the Koszul sign.

This sign rule has very important consequences. It explains, for instance,
the sign rule for tensor products of maps. Given graded vector spaces V, W,
we have the following chain of linear maps:

TwW*,v
o~

(VW e (VeW) VieVvewreWw YEYceCcxC

where ¢y : V*® V — C is the natural pairing. This gives us the following
formula for fe V*,ge W* v e V,we W:

(fe@g)(vew) = ()M fw) o g(w).
Similarly for f, f/ € Hom(V,V),g,¢" € Hom(W, W):
(fego(f@d) =) VW(fof)a(god)

where o is the composition of linear maps.
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2.1. A.-algebra

In this subsection we briefly introduce A, algebra. See e.g. [2I] for more
details.

Definition 2.1 (A.-algebra). Let A be a Z graded vector space A =
P, An. An A structure on A is a collection of linear maps my : A%k 5 A
of degree 2 — k (k > 1) that satisfy the identities

n—1n—r

(21) ZZ(_l)rk+(nfkfr)mn_k+lo(]l®r®mk®]l®(nfkfr)):0’ n>1
r=0 k=1

Let us analyze the defining relations for small values of n:

1) n = 1. The relation is mj o m; = 0, which means that m; is a differ-
ential on A.

2) n=2. We have mj omg = mg o (1 ® mj; + mj; ® 1), or equivalently

my (ma (w1, 02)) = ma(my (1), 2) + (1) lmg (21, my (z2))

which says that mq is a derivation with respect to the product on A

defined by mo.
3) n = 3. The relation yields

mao (me®@1 —1 & msy)
=miomz+mz(m @12 +1@m; @1+ 192 @ m,).

This says that ms is an associative product up to homotopy given by
ms.

Tree description. We pictorially represent each product my as

R

We define a differential d on Hom(A®", A) by

n—1
o(f) =maof— (=DM fo(1® @my@1®"177)), feHom(A®", A).
r=0

Then the A relation can be represented as
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Z Zlgjgki \V 1 2 n)

—n =0

The general structure for an A, algebra is that the maps satisfy versions of
certain associativity identities up to homotopy.

Example 2.1.

1) An A algebra with my = 0 for k£ > 3 is called a differential graded
algebra (DGA). We usually denote a DGA by (4,d, ).

2) A commutative differential graded algebra (CDGA ) is a differential
graded algebra (A, d,-) with supercommutative product: for any two
homogeneous elements x,y

3) The de Rham complex of differential forms on a smooth manifold,
equipped with the de Rham differential and the wedge product form
a CDGA (2*(X),d, N).

2.2. L,-algebra

An L,-structure is a natural generalization of a graded Lie algebra that
includes an infinite number of skew-symmetric multi-linear “brackets” sat-
isfying an infinite number of generalized Jacobi identities. It also appears
many places in physics. For example, Zwiebach found that the n-point func-
tions equip the BRST complex in the closed string field theory with such a
structure [41]. For more detailed introduction to Lo, algebra, see e.g [25].
Our sign convention follows [12].

Definition 2.2 (L-algebra). Let g be a Z graded vector space g =
D, 9n- An L structure on g is a collection of multi-linear maps Iy, : g®F = g
of degree 2 — k (k > 1) that are graded skew-symmetric

ln(.%'a(l), e ,xg(n)) = (—1)06(0', a:)ln(a;l, v ,xn)
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and satisfy the following identities

Z(‘Uk Z (—=1)%€(0, 2)lp_py1

k=1 c€Unsh(k,n—k)
X (lk(xa(l)a s 7$U(k}))7 Lo(k+1)s - - 7'7}0(71)) =0

where €(o, z) is the Koszul sign of the permutation o, and Unsh(k,n — k)
is a subset of the permutation group called (k,n — k)-unshuffle. It is the set
of permutation o such that

(1) <o@) < <o(k), alk+1)< - <oln)
The Cardinality of Unsh(k,n — k) is (})

Let us analyze the defining relations for small values of n:

1) n = 1. The relation is [; o [; = 0, which means that [; is a differential
on g.

2) n = 2. We have

h(la(w1,22)) = la(li(21), 22) + (—1)" g (21, 11 (22))

which says that [y is a derivation with respect to the binary map Io.

3) n = 3. The relations yields

lo(lo(z1, @), z3) + (—1) Ul Hlz2Dlzslpy (1 (25 21), 29)
+ (=) z=lFlzsDlzal, (19 (29, 25), 21)

= Uls(x1, 29, 23) + l3(l1 (1), w2, w3) + (1)1l ig (21, 1y (22), 23)
+ (—1)m Rl (2, 29, 1 (23))

which says that lo satisfies Jacobi identities up to homotopy given
by 13.

Example 2.2. 1) An Lyo-algebra with [, =0 for k > 3 is called a dif-
ferential graded Lie algebra (DGLA). We usually denote a DGLA by

(97 d7 [_7 _])

2) For g an L., algebra, (A,d4) a commutative differential graded al-
gebra, the tensor product A ® g naturally inherits the structure of an
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Lo, algebra. Denote {Ij, : g®¥ — g, k > 1} the L, structure on g, then
the Lo, structure on A ® g is given by

ha®z)=dia®z++(=1D)" i (2)
(a1 @ z1,an @ ) = (—1)Zi<-f zillaslg, . ag -+ a, @ le(z1, .. xn), k>1

where 3, |zil|a;| comes from Koszul sign.
In particular, when A = Q°(X), 2°(X) ® g naturally inherits an L
structure.

3) For an associative algebra V' with product a ® b+ a - b, the commu-
tator of this product [z, z9] = 1 - 29 — (—1)1#l12lz5 . ) defines a Lie
algebra structure on V. Similarly, if {my : V* =V, k> 1} is a A
structure on V, then the collection {l;, : V% — V, k > 1} defined by
anti-symmetrization

ln(x1,...,2pn) = Z(—l)”e(a, )My (To(1)s - - > To(n))

g

defines an L., structure.
2.3. Algebras encoded in coderivations

There are equivalent descriptions of A, and L., algebras in terms of degree
one coderivations on the free coalgebras T¢(V[1]), S¢(V[1]). The defining re-
lation is compactly encoded in the single equation saying that the coderiva-
tion squares to zero. Roughly speaking, the geometric counterpart of an Lo
algebra is a formal pointed manifold equipped with a cohomological vector
field [20]. Similarly an Ay is the same as a cohomological vector field on
a non-commutative formal manifold. In this section we briefly review this
construction. See e.g. [13] for more detail.

Naively, “coalgebras are the dual of algebras”. Given a (finite dimen-
sional) algebra A with an associative product p: A ® A — A, its dual gives
us a map p*: A* - A* ® A*. The associativity of p implies that p* sat-
isfy (u*®1)opu* = (1® p*)op*. This motivates the general definition of
coalgebra:

Definition 2.3.

(1) A (graded) coalgebra is a (graded) module C' with a comultiplication
A : C — C ® C of degree 0 such that the following diagram commutes
(co-associativity)
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c—2 .ceC

Ai |aor

(2) A coderivation on a coalgebra is a map L : C'— C such that the fol-
lowing diagram commutes (co-Leibniz rule):

C L c .
| o
C ® C 1QL+L®1 C ® C

(3) A differential graded coalgebra is a graded coalgebra with a coderiva-
tion b: C — C of degree 1 such that b? = 0.

The basic example of a graded coalgebra is the tensor coalgebra of a
graded module

T(V) = é ver
n=0

with comultiplication:

(2.2) Alv;®@ - @ vyp) :Z(m@---®v¢)®(vi+1®---®vn)
1=0

We will frequently work with the reduced tensor coalgebra
o
(V) = Pven
n=1

with the reduced comultiplication

n—1

(2.3) A ® - Q@uy) = Z(vl ® Q) ® (Vig1 ® -+ ® Up).
i=1

For a tensor algebra, a derivation is completely specified by its action on
the generator: the Leibniz rule tells us how to extend the derivation on ten-
sors. A dual statement is also true: a coderivation is completely specified by
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the V' component of its action. That is, we have the following identification
(2.4) Coder(T¢(V)) = Hom(T¢(V),V)
To see this, denote
projy : T¢(V) =V

the natural projection and

jv®n : V®n — TC(V)
the natural inclusion. On one hand, a coderivation L determines a map

projy o L € Hom(T“(V), V)

or a set of maps Ly, = projy o L o jye. € Hom(V®* V), k > 1. On the other
hand, given a set of maps {Lj € Hom(V®* V), k> 1} or an element in
Hom(7“(V),V), it determines

n n—1i

(2.5) L= Y 1¥eLgl""

i>1 j=0

as a coderivation, and L defined above satisfies L; = proji, o L o jye:.
If b is a coderivation of degree 1 on T¢(V) with components b,, : V& —
V', then its square is a coderivation of degree 2 with components

(2.6) b= > nif bio (1%F @ b; @ 1" )

i+j=n+1 k=0

For b to be a differential we must have all the (b?),, vanish. We see that the
resulting relation is similar to the defining relation for an A, algebra except
for the sign difference. This is encoded in the degree shifting as follows.

For V a Z graded vector space, we denote V[n] the degree n-shifted
space such that

(2.7) Vinlm == Vatm
We also use the notation of suspension sV defined by the tensor product
(2.8) sV:=Cs®V

where Cs is the one-dimensional graded vector space spanned by s with
|s| = —1. In particular, (sV),, = V41, or sV = V[1]. We can also regard s
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as a degree —1 linear map s : V' — V[1]. For a homogeneous a € V', we have
sa € V(1] and |sa| = |a] — 1.

Similarly, let Cs~! be the graded vector space spanned by s~! sitting at
degree 1. We define the desuspension of the graded space V' by

sV =Cs eV

In particular (s™'V),, = Vj,_1. We can also regard s~! as a degree 1 lin-
ear map, such that s~'s = ss~! = 1. The desuspension map induces maps
(s7H®k . (V[1])®F — VO,

For a linear map my, : V®* — V| it can be identified with a linear map
b« (V[1])®* — V[1] defined by by = s omy o (s71)®* or by the following
commutative digram

V®k

The Koszul sign convention gives

(2.9) br(sar ® - - - say) = smp(s ) (sa1 @ - - - say,)

= (—]_) f;ll(kil)‘a1|7k(k‘71)/28mk(al X .- ak)

Note that s®¥(s~1)® = (—1)k(k=1)/2 Therefore

bp = somy o (s )P = my, = (—1)FFD/2571 oy 0 5%,

For maps {my},>1 satisfying the A relation ({2.1), we consider maps
b = somy, o (s71)®%, It defines a coderivation whose square is

n—1ln—r

Z Z bp—41 © (]l®r ® by, ® ﬂ@(n—k—r))

r=0 k=1
n—1n—r

_ Z Zs 0 Mp_f41 © (8—1)®n—k+1 ° (]l®r ® s0my o (5—1)®k ® ]l®(n—k—r))
r=0 k=1
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n—1ln—r

_ (_l)n—k—rs 0 Mip—jo1 0 ((8—1)®r ® my o S®k ® (8—1)®(n—k—r))
r=0 k=1
n—1n—r

_ (_l)kr—l—(n—k—r)s 0 Mp_k41 © (]l®r ® Mg ® ]1®(n—k—r)) o (8—1)®n
r=0 k=1

=0

This shows that the following data are equivalent

e A collection of linear maps my, : A% — A of degree 2 — k satisfy-
ing A, relation.

e A degree 1 coderivation b on T°(A[1]) satisfying b* = 0.

Remark. The coalgebra definition for A, algebra is unambiguous. How-
ever, there are two conventions of the A, relation for my, k > 1, one is ob-
tain by defining by = s 0 my, o (s71)®* as what we use, the other is through
my = s 1 obg o s®. These two convention lead to different my, that differ
by a sign s®*(s~1)®*¥ = k(k — 1)/2. We take our convention so that the MC
equation is simple without extra =+ sign.

There is a similar construction for the L., algebra. Instead of the tensor
coalgebra, we consider the cocommutative coalgebra S¢(V') and its reduced
version S¢(V') where

S(V) =@ (V) =T(V)/Ig, SU(V)=E"(V):=T(V)/Is.
n=0 n=1

Here Ig is the subspace generated by vectors of the form.
V1 Q- @y — €(0,0)01) @+ B Vg ()

In other words, S¢(V') is the graded symmetric tensors, i.e., the quotient of
T¢(V) by the graded permutations. Let

g VO — S™(V)
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be the natural quotient map and we denote

V1O Ouy =75V @ - @ vy).

We define the coproduct A : §¢(V) — S¢(V) ® S¢(V) by

(210) A1 ©---Owvy) Z Z €(0,0)(Vp(1) © - -+ © VUg(3))

i=1 o0€Unsh(i,n—1)
® (Vo (it1) @+ O Vo (n))

Then the following data are equivalent

e A collection of linear maps I, : g®¥ — g of degree 2 — k satisfying
L relation.

e A degree 1 coderivation @ on S¢(g[1]) satisfying Q2 = 0.

The abstract definition via codifferential on coalgebra enables us to es-
tablish powerful techniques like homological perturbation theory that will
be introduced in the next section.

2.4. Maurer-Cartan equation

In this subsection, we discuss the Maurer-Cartan equation associated to an
Ay or Ly algebra. We will show that given a Maurer-Cartan element, we
can twist the original Ao, (or L) algebra to get a new A, (or Loo) alge-
bra. Physically, this corresponds to expand the theory around a background
solving the equation of motions.

Maurer-Cartan equation. Given an Ag-algebra (A,mi,ma,...), a
Maurer-Cartan element is a degree 1 element « € A satisfying

(2.11) > mgla,... ) =0.

k>1

The above equation is called Maurer-Cartan equation. The set of Maurer-
Cartan elements is denoted by M C/(A). Similarly, given an L.-algebra g, a
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Maurer-Cartan element is a degree 1 element o € g; satisfying

1
(2.12) Hlk(a, .. ,a) =0.
k>1

The set of Maurer-Cartan elements is still denoted by MC(g). Note that if
g comes from anti-symmetrization of an A, algebra A, then the Maurer-
Cartan equation for A is equivalent to the MC equation for g.

Remark. Strictly speaking, the Maurer-Cartan equation is defined as a
functor on local algebras: let R be a finite dimensional C-algebra and R its
maximal ideal. There exists N > 0 such that RY = 0. Let A(R):= A® R,
which is called the R-point of A in the language of algebraic geometry.
A(R) is naturally an A, algebra by R-linear extension. Precisely, « in the
Maurer-Cartan equation liesin (A® Ry)1. Then o ® -« times @ @ =
0 for k > N and is a finite sum, hence well-defined. This construction
is functorial in R, leading to the formal mathematical meaning of
. We will ignore this subtlety in our later discussion to simplify the
presentation. Careful reader can fix the sloppy formulae.

Twisting homotopy structures. Maurer-Carten elements can be used
to twist the original A (Loo) structures to arrive at new Ay, (L) struc-
tures.

Ao, case. First we consider the f400 case. Given an A, algebra A, let b
be the associated coderivation on T¢(A[1]). b is equivalently described by

be = by + by + - - - = proj 4y © b € Hom(T(A[1]), A[1]).
We naturally extend b, as a coderivation on T°(A[1]) in terms of
b, € Hom(T°(A[1]), A[1]) — Hom(T“(A[1]), A[1]) = Coder(T*(A[1])).
Given an element ® € (A[1])p, we introduce the notation

eq’:1+<1>+<1>®®+~-:2¢>®k.
k>0

Assume @ solves the Maurer-Carntan equation b.(e®) =0, which is
equivalent to

b(e®)=e? @b (e?)@e? =0.
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We define new A, operations by

(213) b (z1®@ - @) =bu(eP @1 @e? @12 ® - @e® @1y @e?).

It defines a new coderivation b®. It is a good exercise to show that Maurer-
Cartan equation of ® implies

b2 0 p® =

This shows that (T¢(A[1]),b®) defines a new A, structure. For example,
the new differential b% : A[1] — A[1] is given by

0P(z) = D b1 (" @z "), z € A[l.

m,n>0

The twisting can be stated using the maps m, on unshifted space A. For
@ € A1 a Maurer-Cartan element, the set of maps

my (21,..., ) ::Z Z (=1) S == ) (=)

120 I+ lpq1=l ; ; ;
X Mp 41 (%" © 1 @ P2 @ - - mp @ PP

satisfy the Ao relations (2.1)).

Lo case. The case for Ly, algebra (5¢(g[1]), Q) is similar. @Q is a coderiva-
tion on S¢(g[1]), which can be viewed naturally as a coderivation on S¢(g[1]).
Q is determined by

Q. = projgy o Q € Hom(S“(g[1]), g[1)).

Given ® € (g[1])o, let

1 1

d Ok

=140+ POP+ =Y OOk,
2 !

Assume ® solves the Maurer-Carntan equation Q. (e®) =0, which is
equivalent to

Qe?) = e? 0 Qu(e?) @ e® = 0.

We define new L., operations by

(2.14) QP10 Oxp) =Que? 01 Oz ® - O xy).




Homotopy algebras in higher spin theory 773

It defines a new coderivation Q® such that
Q"o Q" =

This shows that (S¢(A[1]),Q®) defines a new Ly, structure.
The twisting can be reformulated for maps lx, & > 1 on unshifted space
g. For ¢ € g; a Maurer-Cartan element, the set of maps

1
(2.15) I7(v1,v2,...,0) = § ﬁlk+i(<p, ey Py VL, ., UE)
i>
defines a new Ly, structure on g.
Gauge equivalence. Let Q} = R]t, dt] denote the algebraic de Rham com-
plex in one variable ¢ valued in R. We consider the graded vector spaces

g[t, dt] = g ®r 7, which naturally inherits an Lo, structure. For tg € R, we
define the evaluation map

glt,dt] — g
a(t) + B(t)dt — a(to)

Let aq, a2 be two elements of MC(g). We say

‘al is gauge equivalent to as ‘

if there exists @ € M C(g[t, dt]) such that ep(&) = ap, e1(&) = a;. Explicitly,
let & = a(t) + B(t)dt be a Maurer-Cartan equation element, then

(h + di)(a(t) + B(t)dt) +Zflk t) + B(t)dt, ... a(t) + B(t)dt) =

k>2

which is equivalent to
le(a(t),...,a(t)) =0
Sist mlerr(a(t), ... alt), B(1).

??“H

7
Ba(t) _ dﬁ( )

aq is gauge equivalent to g if and only if we can find «(t), 5(t) that a(0) =
ap, a(1) = a1 and satisfy the above equations. The first equation says that
a(t) gives a family of Maurer-Cartan elements, and the second equation says
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that the variation of «(t) along t is given by the infinitesimal form of gauge
symmetry

(2.16) Sa=dB + Z %llﬁ-l(a, o, B)

k>1

3. Introduction to homological perturbation theory

Homological perturbation theory is concerned with transferring various kinds
of algebraic structure through a homotopy equivalence. It provides us tech-
niques for the transference of structures from one object to another.

In many situation, algebras under consideration are related to physical
theory. Then the homological perturbation theory has physical interpreta-
tions. Generally speaking, homological perturbation is the same as inte-
grating out high energy modes or axillary field. Various formulas that ap-
pear in homological perturbation theory have the physical interpretation of
summing over Feynman diagrams. In this section, we present an introduc-
tion to holmological perturbation theory to prepare for our applications to
higher spin theory. For more about homological perturbation theory, see e.g.
[0, 18, [19].

3.1. Homological perturbation lemma

A chain homotopy equivalence between two chain complexes (W, dy ) and
(V,dy) is a chain map i : W — V such that there exist a chain map p: V —
W, with ¢ o p homotopic to 1y and p o ¢ homotopic to Ty .

(3.1) hC(W dv) = (W, dw)Q b

iop—1y =dyoh+hody, poi—1lwy=dyoh' +h odwy

In this case, W and V are called chain homotopy equivalent. If ' = 0, then
1w = poi, ¢ is injective, p is surjective and the chain complex W is called
a deformation retract of V.

(3.2) hC(v, dy) = (W, dw)

A deformation retract satisfying the following conditions

(3.3) hot=0, poh=0, hoh=0
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is called special deformation retract, or SDR.

Lemma 3.1 (Homological Perturbation). A perturbation § of is
a map on V of the same degree as dy, such that (dy +0)?> = 0. We call it
small if 1 —6h is invertible. Then given a perturbation §, there is a new
chain homotopy equivalence

p/
h’C(v, dy +0) 2 (W,diy)

where the maps are given by

B =h+h(1—5h)"1oh
P =p+p(l—0h)"Lon
' =i+ h(1—35h)"1di
W = dw + p(1 — 6h)~18i

Moreover, when the initial data is a SDR, the perturbed data is also a SDR.

We will focus on the SDR case in our applications of homological per-
turbation theory.

3.2. Transferring algebraic structure

Given two isomorphic vector spaces and an algebra structure on one of them,
one can always define, by means of identification, an algebraic structure on
the other space such that these two algebraic structures become isomorphic.
Physically, however, we are not only interested in theories that are isomor-
phic, but also interested in theories that are related by renormalization. This
usually leads to quasi-isomorphisms. Given two quasi-isomorphic chain com-
plexes and an algebra structure on one of the chain complex, one can still
define an algebraic structure on the other. But in this case, the algebraic
relations are satisfied only up to homotopy. In this section we explain this
philosophy in terms of the situation that an associative algebra structure
will be transferred to an A, structure.
Consider the following deformation retract

hC(A,cm & (H,dn)
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where (A,dy) is a differential graded algebra. That is, we have a map
e A® A — A satisfying p(u(a,b), c) = p(a, u(b, c)), Ya,b,c € A, and a dif-
ferential d 4 which is a derivation with respect to the product u: dau(a,b) =
p(daa,b) + (=1)" u(a, dab).

We then consider transferring this algebraic structure from A to H. First,
we can define a binary operation ms : H®? — H by the formula mz(a,b) =

pu(i(a),i(b)):
\ / \K
mo =

| D

dpr can be shown to be a differential with respect to ms. However, the
associativity is not granted: the failure is measured by the associator as in
the following picture:

N/ N/ \/ \/

top g i 1op

m m
v/ O\, Y Y
my  m2 _
\ P 2

We see that if i o p equals to the identity, then msy would be associative,
but this is not true in general. Since io0p equals to the identity up to
the homotopy h, the obstruction of mso being associative is expected to be
measured by h. We introduce the element ms3 : H®3 — H by ms(a,b,c) =

pu(hp(i(a), i(b)),i(c)) — pu(i(a), hu(i(b),i(c)))
NI/ ow
ma3
‘ =

Then one can check that

d(mg) = mao (ma®@1) —mgyo (1 ®ma)
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This is depicted as:

\ / \ /
mo 2
NV v/ \/
a( "™ )= m2 . M2

This means that the associator of ms vanishes up to the homotopy by ms.
Generalizing the previous formulas, we have the following family of maps

(3.4) my = Z tmr|, Vn>2
TePBT,

where the notation PBT,, stands for the set of planar binary rooted trees
with n leaves. The operation m¢ is obtained by putting ¢ on the leaves,
on the vertices, h on the internal edges and p on the root.

\\m// .

PBT,

With an appropriate choice of sign, {m1 = dg, my : H®" — H,n > 2} de-
fines an Ao structure on H. We will use homological perturbation theory
to show this in the next section. For more about the tree description, and
its generalization to transferring A, structure, see e.g. [27].

3.3. Transferring via HPT
In this section, we explain how to use homological perturbation theory to

transfer algebraic structure. For more detail, see e.g. [18]. Consider a SDR
data

(3.5) hC(v, dv) 2 (H,dp)
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with
1g=poi, top—Lly=dyoh+hody

and

hoi=0, poh=0, hoh=0

We are interested in the case when V' carries further algebraic structures,
e.g., associative algebra structure. We hope to transfer this structure to H.
In this section we consider an A, structure on V', and recall that an A
structure is encoded in a coderivation b on the reduced tensor coalgebra
T¢(V[1]). Hence one seek for a new SDR data as follows

Since in this section we always work with degree shifted space, we omit the
suspension s for a moment. The complex and corresponding maps are all
assumed degree shifted. For example V — V[1], i = soios™',d = sodo
571 h — sohos! The first step is to extend the SDR data (3.5) to tensor

coalgebra.

(3.6) T°h C(TC(V), T dy) :gj (T°(H), T dy)

Teq

where the new differential T°dy, T“dy is obtained by extending the original
differential by Leibniz rule

n—1
T°d=>Y > 1'edel" "
n>14=0
The new projection and inclusion map are defined by
T = Zz@", T = Zp@m.
n>1 n>1

The deformation retract is defined as

n—1

Th = Z Z 1% @ h @ (iop)®n—i-L,

n>1i=0
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One can first check that

Tcp oT% = Z(p o] i)®n = ]lTCH-

n>1
We denote
n—1 ‘ n—1 A A
h,, = Z]léin Qh® (Z Op)@m_l_l’ d, = Zﬂz Rdy ® n—i-1
=0 =0
Then

dp o hp + hypody, = —Z]l@@h@(z’op)@j*“l ®dyoiop® (iop)®n1-I
i<j
+Y 1% @dyoh@(iop) ™!
i
+ Z 190 R dy ® 1®i—i—1 Qh® (z‘ Op)®n717j
i<j
+> 19 @he (iop)™ T @iopody ® (iop) "
i<j
+) 1% ®@hody ® (iop) !
i
_ Z 1®i 2 dy ® 1 ®i—i—1 Qh® (z‘ Op)®n—1—j
i<j
Y 1@ (iop-1) o (iop)™ !
i

= (iop)®" —1%"
Therefore we have
TCdy oTh + T hoTdy =T% 0T — 1pey.
One also easily checks that
ThoT% =0, TpoTh=0, T°hoTh=0.

Hence (3.6) is indeed a SDR. The above construction is also called the tensor
trick. The A, structure on V' is given by a codifferential

b=T° Ay +by+b3+---=T%y + 9
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satisfying b = (Tdy + 6)? = 0. So we regard § = by + b3 + - - - as a pertur-
bation and apply Lemma [3.1] It gives us a homotopy equivalence data

where

H =T+ T°h(1 — 6§T°h) " 6T°h
P =T+ T(1 — 6T°h) " 6T°h
I =TC%+TC%(1—8T°h)~16T¢

0 =Ty + T°p(1 — 6Th)~16T¢

The codifferential 9 then encodes the transferred A, structure on H.

Example 3.1. We consider the case V being a DGA (V,dy, u) as in the
previous section, then b = T°dy + by. The transfered codifferential on H is
given by (Remember the implicit degree shifting in our formula)

O =Ty +T°p(1 — boyT°h) by TC.

We can write this codifferential in terms of the set of maps m,, : H®" — H,
and find

my = —s ‘o projgp o (Tp(1 — boT°h) " byT%) 0 %% = po po (i @)

and
m3=—s ‘o projgpy o (Tp(1 — boT°h) by T%) 0 593
=po(hopo(i®i)®i)—po(i®@hopo (i®i))
This is precisely the formula we find in the previous section. Moreover, the
whole formula for 9 is equivalent to the plenary binary tree construction of

A structure of H, and the degree shifting remember the sign appearing in
our formula

As we will see, Homological perturbation theory will become a powerful
tool for us to analyze the higher spin equation and the Vasiliev equation.
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3.4. Example: Chern-Simons theory

We explain the physics content of homological perturbation theory via the
example of Chern-Simons theory. Let X be a smooth orientable 3-dim man-
ifold. Let g be the Lie algebra of a Lie group G. Chern-Simons theory on
X concerns with the following differential graded Lie algebra (we consider
trivial principal G-bundle for simplicity)

E=0X)®g.

The differential is the de Rham differential d on X, and the Lie bracket [,
is induced from g. The classical Chern-Simons functional (in the BRST-BV
formalism) is given by [1]

C’S(A):/ Tr%A/\dAJréA/\[A,A], Ac el
X

The component Q'(X) ® g is the connection field, Q°(X) ® g is the ghost
field for the infinitesimal gauge symmetry, and the 2-form and 3-form com-
ponents are the corresponding anti-fields. The equation of motion is

dAJr%[A,A]:O

which is nothing but the Maurer-Cartan equation.
Let us choose a metric on X. Let d* : £ — & be the adjoint of d, and

A:=dd" +d"d

be the Laplacian. Let H = ker A C € be the subspace of harmonics. This
leads to a data of special deformation retract

P
hC(S,d) = (H,0)

Here h = —d*% where % is the Green’s operator on forms. h is precisely
the propagator of Chern-Simons theory. ¢ is the natural inclusion. p is the
harmonic projection.

Treating the Lie structure [y as a perturbation allows us to transfer the
DGLA structure on £ to an L., structure on H. The tree formula
gives the tree level Feynman diagrams for Chern-Simons theory, and the
transferred L.o-structure is a way to organize the structure of effective theory
on zero modes.
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4. Unfolded higher spin equation and Vasiliev equation
4.1. Unfolded equation as Maurer-Cartan equation

The problem of constructing consistent gauge invariant theories of interact-
ing massless fields of higher spin (HS) is one of fundamental problem in
field theory. For several decades, a lot of efforts have been put to attack
this problem, and it turns out that the unfolding technique is a prominent
starting point towards nonlinear higher spin theories at all orders. Based on
this unfolded approach [33] [34], the full nonlinear dynamics of higher spin
fields has been constructed at the level of equations of motion in Vasiliev
theory. In this section we introduce basic concept of unfolded equation. The
unfolded equation is originally formulated in terms of free differential alge-
bras, and its relation with L, algebra is spelled out in [38]. Instead of using
traditional language in physical literature, we explain the unfolded equation
in terms of L., algebra which is also basis independent. The advantage is
that the underlining algebraic structure becomes clear. We will find that
many problems like finding the full nonlinear equations become pure alge-
braic, and powerful techniques like homological perturbation theory can be
applied to analyze them.

For an Lo, algebra (g,l1,l2,...), and a smooth manifold X, we consider
differential forms on X taking value in g, i.e.

E=0'X)®g.

There is naturally an L, structure on this space as we described previously,
and this can be viewed as the Lo, generalization of ordinary Chern-Simons
theory discussed in Section[3.4] Then what physicists called unfolded equa-
tion is just the Maurer-Cartan equation associated to this Lo, algebra:

1
(4.1) F=dV+ ) sz(wk) =0, We&l
E>1

Here d, is the de-Rham differential. We check that the field equation F
satisfies the consistency condition d2 = 0

PO = dy(~ 3 ()

m>1

- —i Z(—l)zf’"ﬂ’l% (W, d T, W)

i=1 m>1
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=2 Z<—1)m+1%% m1 (I (UEF), )

m>0 k>1
nt1 1 & n n—
D ICIEED WE (IR S
n>k T k>1
=0

We used L, relation in the last line. This shows that the L., structure
automatically implies the consistent condition d2 = 0. The gauge transfor-
mations can be analyzed similarly. We use the infinitesimal form of gauge
symmetry of Maurer-Cartan equation introduced earlier ,

1
(4.2) Al = d, A+ Z szﬂ(\p@k,A), for A € £°
k>0

For ¥ a MC element, we know from ([2.15)) that the twisted maps

1
W(X)=d X+ yzkﬂ(wk’ X)
k>0

1 )
Z;I,(le---yXi):Zylk—l—i(w@kaXl,-'-,Xi)a fori>1
k>0 "

(4.3)

define a new Lo, algebra structure on £°. Observe J, ¥ = [} (A). Using these
properties, we can check that the field equation is invariant under the gauge
transformation

OaF =1 (0a) = Iy (I (A)) = 0.
Example 4.1. If (g,[—, —]) is an ordinary Lie algebra, then £* = Q°*(X) ®

g is the space of Lie algebra valued form on X. The unfolded equation
becomes the zero curvature condition for the one form A € Q1(X) ® g

1
dpa A+ i[A’A] =0.
The gauge transformation also takes the familiar form
0¢A =d £+ [A €]

The unfolded equation in this case is the equation of motion of Chern-Simons
theory.
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Unfolded equation in physical literature. For an L, algebra g with
a basis {e4}, one can write a general element of £ as ¥ = 3" , e 4W*(2),
where WA is a set of differential forms. Then the above unfolded equation
takes the following form

(44)  dWA=FAW) =) > f . g W A B
N |By|+| B, |=1+|A|

where fé .3, are structure constant determined by the e component of
ln(es,,...,eg, ). This is the familiar form of unfolded equation in physical
literature. The consistency conditions

§FA
4.5 PWA=F5N == =0
( ) 6WB
is guaranteed by the Lo, relation as we explained previously. We have gauge
symmetry

(4.6) SWA = de? — BogFA

A

where e is a differential form of degree |A| — 1.

2. Unfolded linearized higher spin equation

The linearized equation of higher spin field has been known for a long time.
In this paper we only consider 4d bosonic higher spin theory, and in this
section we introduce the unfolded equation for linearized higher spin field in
AdS background. Here we briefly review the relevant data, and we refer to
[9, 37] for detailed discussion.

Weyl algebra. Given a vector space V', dim(V') = 2n, we denote its ring
of formal functions by

(4.7) O(V):=8(v*) =] s¥(v")
k>0

which has a natural commutative product. The Weyl algebra can be regarded
as a quantization of this commutative algebra. Choose a basis e; for V' and
let y* € V* be the dual basis. Then O(V) can be regarded as the space of
functions f (Y1,.-.,Y2n). Let i be a formal parameter, and we consider the
space O(V)[[A]]. To define the Weyl algebra, assume V is endowed with a



Homotopy algebras in higher spin theory 785

linear symplectic pairing w of the form

1 4 4
w= iwijdyz Ndy’.

This symplectic form induces a bilinear Poisson bracket denoted by {—, —}.
We define the Moyal star product x on O(V)[[A]]:

h .. 0 0O
4.8 * 7h = € 7(/.)1'] -
(4.8) (f *g)(y,h) = exp <2 o4 o]

) f(y17 h)g(y27 h)‘ylzyz:y

where (w%) is the inverse matrix of (w;;). This definition does not depend
on the choice of basis. It is straightforward to check that the Moyal product
* is associative and its first order non-commutativity is measured by the
Poisson bracket

lim ~(fxg—gxf)={f0}, f.9€ O[]

~

We define the Weyl algebra A,, to be the associative algebra (O(V)[[A]], *).
Alternately, the Weyl algebra A,, can be defined by the tensor algebra T'(V*)
module the relations

(4.9) vy —yly’ = hw'.
The equivalence between the two definition is established by choosing a

symmetric ordering of the generator.

Higher spin algebra hs. We introduce the higher-spin algebra hs, which
is the even part of the Weyl algebra As with four generators.

We use the notations as in physical literature. Denote the basis of V* as
v, 7%, (o, & = 1,2). Our convention for the symplectic form is

w = 2eaﬁ,wd6 = 26d6, where €2 =—¢1 =1.
So we have the following relations:
v xy® =y + he®, [y®,yP] = 20
10 T x g0 = 705 + hed® [, 5% = 2he®
Spinor indices are raised and lowered as follows

(0% (0
U :eﬁug, ua:uﬁega, €19 = —€91 = 1.
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In this paper we use Y4 to collectively denote y®, 5®, and use the notation

AB P 0
¢ o e‘j‘B '

So we write [Y4, Y 5] = 2heB. The Moyal product in this notation becomes

o 0
OYA OV,

(f % g)(¥) = exp (heAB ) (FD)g(¥a)) vy

There is also an integral formula for the Moyal product that we will use

4 4
411)  (fxg)(Y) = / égg é;;f(Y +U)g(Y + V)exp VaV/h,

By definition elements of HS algebra hs are identified with even elements

f(=Y) = f(Y).

Higher spin equation on AdS background. The quadratic monomial
in hs can be shown to form the Anti-de Sitter algebra so(3,2). We denote

1 - 1 1
(4.12) Lag = 5p9ays:  Lag = 570alg: Dop = SYals

They satisfy the s0(3,2) commutation relation

[La10t27 Lﬁ1ﬁ2] = 6011,31L04252 + 6&152La251 + 6a251 La152 + 60&252[’01151
[Lalazvpﬁg'] = €a, 8,5 T €anp b,
[Pao'“ Pﬁﬁ] = hQ(fa,BLd/g + EdBLaﬁ)

From above we see that h~! is identified with AdS radius. Then the back-
ground frame field h®* and spin connection w®® can be packed into a hs
valued 1-form

(4.13) 0= %waﬁLaﬁ + h®Y Py + %ﬁdﬁiw
The zero curvature condition for the above connection d2+ Q+xQ =0 is
just the defining equation for AdS, vacuum.

The field content of unfolded higher spin equation can be packed into
a flat connection €2, a hs valued 1-form w and a hs valued O-form C. The
unfolded equations for linearized higher spin field on AdS, background have
the following form:
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dw+ Qxw+w*Q+V(Q,QC)=0

(4.14)
dC+QxC —-Cx7m(Q)=0

where 7 is an automorphism of the Weyl algebra:

()Y, 9) = f(=4,9).

The vertex V(Q,Q, C) is given by

2 2

C(0,9) — h*Y A K2

4.1 Q.Q.C) = —h% A RS : _g
(4.15) V(Q,Q,C) = —h /\hvagdayﬂ ey

C(y,0).

The automorphism 7 is an important ingredient of HS theories. It can
be realized as an inner automorphism through the star product. Define the
following Klein operators

(4.16) sy = 2m6%(y), By = 2162 (7).
Then one can check that
(4.17) wyx sty =1, syx f=m(f)* .

Strictly speaking the Klein operator does not belong to the Weyl algebra.
Nevertheless, the star product between a polynomial function and the Klein
operator is defined using the integral formula. We have written down the
free equation of motion for higher spin field. The next step is to turn on the
interaction, or to find possible nonlinear completion of the equations. We
will analyze the algebraic nature of this problem in the next section.

4.3. Nonlinear higher spin equations

So far we have introduced the unfolded form of free equation for higher
spin field and they have interesting structure related to Weyl algebra. If we
believe in the existence of the consistent nonlinear higher spin theory then
these equations must be the linearizion of the following nonlinear unfolded
equation
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0=dw+V(w,w)+ V(w,w,C)+ V(w,w,C,C)...

418
(4.18) 0=dC + V(w,C) + V(w,C,C) + V(w,C,C,C)...

where the vertices V correspond to certain interaction and need to obey
the integrability condition of the unfolded equation. Indeed, if we substitute
w — Q+ gw, C — gC and pick up the terms of the first order in g, we can
match the form of the linearized equation, and the known linear equation
tells us that

(4.19) V(w,w)=w*w, V(w,C)=wxC—Cx*r(w)

As a trivial example, we have the following equation that satisfies integra-
bility condition

0=dw+ V(w,w)

(4.20) 0=dC + V(w,C)

However, this cannot be the physical theory since it does not give us the
gluing term V(Q,Q, w) derived from free higher spin equation. Therefore,
we look for nonlinear deformation of the trivial equation , subject to
the condition . As we explained, the unfolded equation is nothing but
the Maurer-Cartan equation of certain L, algebra. Then the deformation
of an unfolded equation is mathematically the deformation of certain Lo,
structure. Let us first write down the L., structure of the unfolded HS
equation.

If we regard the hgher spin algebra hs as a Lie algebra, then the corre-
sponding MC equation is the zero curvature equation for the HS connection:
dw + w*w = 0, where we miss the zero form C. To incorporate the zero
form, we introduce a formal symbol € of degree 1 and square to zero ee = 0.
We consider the space

hsle] = {a + bela,b € hs}
and extend our Moyal product x to an algebraic structure on hs|e] by defining
(4.21) exe=0, fxrxe=fe, exf=mn(f)e

It is easy to check that this defines an associative algebra structure on hsle|.
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Remark. Note that the Klein operator and the formal symbol € both gen-
erate the m automorphism. We emphasis that they are not the same. € have
degree 1 and square to 0, which is only a formal symbol and is added to
the algebra by hand so that we can compactly organize the unfolded HS
equation into a single Maurer-Cartan equation.

By anti-symmetrization, we naturally have a Lie bracket on hs[e] given
by

L1 ol = [f1s ol Lf1s fael = (fr % fa — fax (1)),
[f1€, f2e] =0, f1,f2€bs

The Maurer-Cartan equation for the DGLA £°* = Q°(X) ® bsle] is
1
A, + [0, 0] = 0

where ¥ € €' = (Q1(X) ® bs) @ (Q°(X) ® bse). If we write explicitly ¥ =
w + C'e in components, the Maurer-Cartan equation becomes two equations

0=dw+wx*w
0=dC+wxC —Cx*m(w)

This tells us that the Maurer-Cartan equation for the DGLA £°* = Q*(X) ®
hsle] is the unphysical and “trivial” one (4.20]). Then to find the right full
nonlinear HS equation, we face the following algebraic problem

Problem: Deform the Lie algebra hs[e] into an Lo, algebra, so that 3
reproduce the term (4.15) and the higher operations give us a set of
consistent equations.

There are two approaches to this deformation problem. One is to con-
struct the vertex by hands and check the consistent equation order by order.
Following this line, the cubic vertex is constructed [33]. However the higher
order vertex is hard to construct. The other approach is to first introduce
auxiliary variables Z4, and write down equations whose consistent condition
is easily checked and reproduce the linearized equation upon reducing the
auxiliary variables Z4. This approach is the Vasiliev higher spin theory and
we will introduce it in the next.
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4.4. Vasiliev equation

The key elements for the construction of Vasiliev equations consist of the
doubling of variable from Y to Y, Z and a nontrivial star-product that mixes
Y and Z. Denote V the vector space whose dual V* has basis Y. Consider a
copy Vz of V. Denote a basis of V; by Z4 = (2%, 2%). We consider the space
of formal function @(V@ Vz) on the doubled space V & Vz. The vector
space V is equipped with a symplectic form w?B = 2¢48 as before, and
as a copy, Vz have the same symplectic structure. Hence V' & Vz naturally
has a symplectic structure. However, instead of the standard Moyal product
associated to this symplectic form, we give @(V @ Vyz) the following star
product

- as( 0 9 N( 9o 0
42 (1ro)i2)=ew (1 (5 + 52 ) (g 577
x (f(V1,21)9(Ya, Z2))|vi=v,z,=2

which has an integral expression

(4.23)
d*U d*V o
(fx9)(Y,2) = / (27)?2 (27r)2f(y +U,Z+U)g(Y +V,Z —V)e UaVi/n,
We have

(24,28, = 21eB, (24, Y B, = 0.
The field content of the Vasiliev equation is given by the following set

~

of fields all taking values in the extended algebra (O(V @ V), *):

1) Gauge connection W = W, (z|Y, Z)dz", whose value at Z =0 gives
the connection one form of the higher-spin system w = w,(x|Y")dz".
The bosonic projection implies W(z|Y,Z) = W(z| - Y, -Z2).

2) Zero-form B = B(zx|Y, Z), whose value at Z = 0 gives the zero-form
of the higher-spin system C' = C'(z|Y"). The bosonic projection implies
B(z|Y,Z) = B(z|-Y,—2).

3) Auxiliary field A = A, (z|Y, Z)d2* + Aus(z|Y, Z)dz%, viewed as a one-
form in the auxiliary Z-space. We require that

Aa(x| -Y, _Z) = —Aa(az\Y, Z)v -Aoz(x‘ - Yv_Z) = —Aa($’K Z)

We can combine W and A into a single one form W = W + A. The Vasiliev
equation takes the following form:
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AW +WxW = d2*V (B % ») + dz*V (B * %)

(4.24)
dB+Wx*xB—Bxm(W)=0

Here d = d, + dz. The automorphism 7 is defined by
w(y,z,dz) = (—y,—z,—dz), =(y,z,dz) = (y,z,dz)

We define the Klein operator s = s, % s,, which can be calculated to be
(4.25) » = /dzudzv(SQ(y + u)6%(z — v)e*““”a/h = ¢ %V /R,

Similarly, 5 = e %¥"/"  Note that s f+ s =m(f). V,V appeared in
the equations are arbitrary star product function V(X)=co+ X +
co X * X .... In this paper we will focus on the case that V only has lin-
ear term V(X) = 1 X, V(X) = ¢ X.

The consistent condition of Vasiliev equations can be checked by direct
computation. In the next subsection, we will construct the L, structure of
Vasiliev equation. The consistent condition will follow automatically.

4.5. L, structure of Vasiliev equation

We focus on the case that V(X) is a linear function in Vasiliev equation,
then the associated Lo, structure is in fact a DGLA, with vanishing [; for
k > 3. First we consider the vector space of formal function of Y, Z and
differential form on Z space

OV @ Vyz) @ A*(V5).
A general element of this space can be written as

a=aa, a,(Y,Z)dZM N NdZA

The product structure on this space is induced from the wedge product on
forms and star product (4.22)) on formal function of (Y, Z)

(4.26) axfB=an . a(Y,Z)%Bp,. 5, Z)(dZM A NdZ)
A(dZBr NN dZBr)
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There is a natural grading on this space by requiring deg dZ4 = 1. As before,
we need to add a twisting element € of degree 1 to incorporate the zero form
into our equation. Therefore we consider the space

~

OV @ Vz) @A (V)
and extend our product structure by
(4.27) exe=0, axe=oae exa=(—1)%%(a)e

Here we extend the automorphism 7 on differential form by w(dz,dz) =
(—dz,dz). This defines an associative product.

Definition 4.1. We define the algebra A® to be the even part of @(V <)
Vz) ® A*(V)]e] under the following Zg action:

(4.28) Y,Z,d7 — —Y,—Z,—dZ.

We consider the differential dz on A® which extends the de Rham dif-
ferential on Z-variables such that

dz(ae) = dgz(a)e.
The graded Leibniz rules are satisfied:

dz(axB) =dz(a)* B+ (—1)%% x dzB
dz((ae) * B) = (1) dz(ax m(B)e)
= (—1)%8Bdy(a) x m(B)e + (—1)defrdesay 4 n(dyB)e
= dy(ce) * B+ (—1)48 T (e) x dy 8

Thus we have a DGA (A°®,dz,*), and we denote the associated DGLA by
(g°,dz, [, ])- The Maurer-Cartan equation of the DGLA Q°(X) ® g* gives

1
(do + dz) ¥ + 5[¥, 9] = 0.

We can expand the field ¥ = W + Be, and find that the above equation is
the Vasiliev equation with V =V =0

AW +WxW =0
dB4+WxB—-Bxmt(W) =0
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It is now natural to expect that upon reduction of Z, this equation reduces
to the undeformed higher spin equation . This is indeed the case and
we will show this later.

To get the full nonlinear unfolded higher spin equation, we need to add
structures to the DGLA (g°,dz, [, ]) so that we have nonzero V,V in our
equation. Consider perturbing the differential by a d. which is defined as
follows:

(4.29) d(Y,Z,dZ) =0, de(e) = erdz?s + ¢1dz% 5

Denote K = c1dz?s + é,dz% 5. In general for differential form o, 8 we have
(4.30) de(a+ Be) = (—1)%ePg 4 K

The graded Leibniz rule can be checked:

de(a*B)=0=d(a)* B+ (-1)%% x d.(3)
de(a* (Be)) = (—1)d8atdeeBy 4 B4 K = de(a) * Be + (—1)38%q  d,(Be)
de((ae) * B) = (—1)%8% x () x K = (—1)%8% « K
= d.(ae) x B+ (—=1)%8H L (qe) x d.(B)

We find that
d>=0, dedz+dzd. =0, (dz+d)?>=0.

Therefore we obtain a new DGA (A®, dz + d., ) and a new DGLA (g°,dz +
de,[, ])- The Maurer-Cartan equation associated to the new DGLA is

AW + W x W = (c1d2’B * > + ¢,dZ° B * x)

(4.31)
dB+WxB — Bxm(W) =0

which corresponds to V(X) =1 X,V (X) =& X as we want. Much infor-
mation about the Vasiliev equation is encoded in the algebraic structure
of the DGLA (g°,dz + d.,[—, —]). In particular, the consistent condition of
Vasiliev equations follows automatically.

Remark. Although we will only consider the case for V(X) = ¢; X,V (X) =
c1X, we can easily incorporate general cases by adding higher product for
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A°®. For example, we can define the following us:

p3(fre, fo€, f3€) = c3dz®(fi x 2) % (fo * 3¢) x (f3 % 5)
+ E3dZ2(f1 % 7) % (fo * ) * (f3 x )
p3(f1, fa€, f3€) =0, p3(f1, fo, f3e) =0,  w3(f1, f2, f3) =0

One can check that this pus satisfies the required condition for an A, al-
gebra. The resulting Maurer-Cartan equation becomes the Vasiliev equa-
tion with V(X) = X + a3 X * X x X, V(X) =X +&B3X » X« X.
And this construction can be generalized to arbitrary star product function
V(X).

4.6. HPT analysis of Vasiliev equation

Having known the algebraic structure of Vasiliev equation, we can use tech-
niques introduced in Section |3| to analyze it. The process of reduction of
Vasgiliev equation to physical degree of freedom is nothing but applying
homological perturbation theory. The DGLA or L., structure of Vasiliev
equation is transferred to an Lo, structure on hsle], which gives us a solu-
tion to the deformation problem, or equivalently a full nonlinear unfolded
HS equation. Similar reduction process is analyzed in [29, [30] and is referred
to as curvature expansion therein. Our method using homological perturba-
tion theory gives a compact and clean formula calculating all order vertex
of the unfolded higher spin equation, and can reveal some hidden structure
in Vasiliev equation.

Firstly, the Z dependent part of the algebra A°® is the usual de Rham
complex. Poincare lemma implies that we can naturally identify

hsle] = H*(A®,dyz).

We have the following homotopy equivalence data

(4.32) hC(A', dz) & (M,0)

where we denote H = hsle]. ¢ is the natural inclusion, p is the projection:

p(f(Y,2)) = f(Y,0), and p(azdZ®) =0, for |I| >1
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h is the homotopy operator given by Poincare lemma as follows. For f a
O-form (a function), we have h(f(Y, Z)) = 0. For a g-form

a=> ai, (Y, Z2)dZ" N---dZ",
we have

1
(4.33) ha)=—-q >  Z" / Attt oy, 4 (Y, tZ)dZ2 A - - - dZ'
i1y i 0
It satisfies
dh+hd=1i0p—1

and

hoi=0, poh=0, hoh=0.

Therefore gives us a SDR data. Note that the choice of this homotopy
equivalence data is not unique. Here we use the conventional choice to illus-
trate the HPT techniques. See Discussion at the end for further remarks at
this point.

Construction of Chapter 3 can be applied, hence we naturally have the
following SDR. data on the tensor coalgebras

T C(TC(A’[l]), D) = (T°(H[1)).0)

Teq
where
n—1 A .
T =Y T =3 p" Dy =3 Y 19 @ dy 0 19010),
n n n  j=0

T°h is defined by

Th=> Y 19 @h® (iop)®" 1.

noJ

The suspension is implicitly assumed in our formula. We denote p the mul-
tiplication (star product) in A®. It defines a coderivative Dy on T¢(A*[1])
and satisfy (Dz + D3)? = 0. By homological perturbation lemma we have
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the following data

H’C(TC(A’[l]), Dz + Dy) g (T°(H[1]), Q)

I/
where
(4.34) Q = T°p(1 — DyT¢h) 1 DyT%.

By the definition of h, ) vanishes on the subalgebra hsle]. And for a,b €
bsle], u(a,b) = axb € hs[e]. Therefore T°hDyT¢ = 0, and we find that Q =
T°pDsT*%. This shows that @ is defined exactly by the usual star product
on hsle].

We conclude that the transferred structure is just (hs[e],x), which is
equivalent to the Vasiliev equation with V =V = 0 reducing to the unde-
formed HS equation, as expected.

The next step is to consider adding the linear term of V in Vasiliev
equation, or equivalently adding the differential d.. Consider d. as a pertur-
bation of dz in the homotopy equivalence data , we have the following
perturbed SDR data

(4.35) he C(A‘, Az +do) = (H,0)

where we used the fact that the new differential & = p(1 — d.h)~1d.i on H
vanish since pd. = 0. We have the following

he = h+ h(1 — dch)"Ydeh = b+ hdch
pe =p+p(l —dch)'deh =p
ic =i+ h(1 —dch) Ydei =i + hd.i

We then apply the tensor construction and find the following data

T°h, C@cwm),z}z 1 D) = (TH).0)

Tei.

where D, =" E}:Ol 1% @ d, @ 1®(~1-3) We omit the suspension map
to save the notation as before (the suspension is essential when we calculate
the vertex, which gives us the right sign). We perturb the above data by the
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differential D5, and find that

I

H”C(TC(A'[l]), Dy + Dy + D) e (T°(H[1]), D)

where the new differential D on T¢(#[1]) is given by

D = T°p(1 — DoThe) "L DoTCi,.
This differential D gives us a set of map Dy, : H[1]¥* — H[1], k > 2 as follows
(4.36) Dy, = projyTp(D2T he)* > Do %e.

They define a set of map my = (—1)’“(’“_1)/25_1 o Dy, 0 s®% that satisfy the
A, relation.

Calculation shows that mae = pu(i ® 7) is the star product on hsle], there-
fore the vertices V(w,w) = wxw, V(w,C) = wxC — Cxm(w) as we want.
The higher terms my, k > 3 then encode all higher vertices V(...). For ex-
ample, we easily find that mg is

mg = pu(hp ® 1)(1 ® hd. @ 1)
+pu(hp @ 1)(hde @ 1 ® 1)
—pp(l@hu)(1®@1® hd)
—pu(1 @ hu)(1® hde @ 1)

We can denote the above four vertex by e(e(e)), e((e)e), (e(e))e, ((e)e)e.
They can be depicted by trees as

i hdgi hdgi 1 1 hdgt
' h i h h '
o(o(s)) = - o((o)0) = - (o(e))0 =
p p p
hdpi 4
A i
((e)o)e =
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Explicitly, for f1, fa, f3 € bs, we have

m3(f1, f2, f3€) = —p[f1 x h(f2 x h(f3 * K))]
m3(f1, fa€, f3) = plh(f1 * h(fax K)) * f3] — p[f1 % h(h(f2 % K) * f3)]
ms(fi€, f2, f3) = plh(h(f1 x K) % f2) * f3]

m3(f1, f2€, f3€) = p[h(f1 % h(f2 % K)) x f3 — f1 x h(h(f2 % K) * f3)

+ fixh(fexm(h(f3 % K)))]e
m3(fi€, f2, f3€) = plh(h(f1 %K) * f2) x f3 + fi x m(h(fa x h(f3 % K)))]e
ms(fie, f2¢€, f3) = plh(h(f1 * K) * fa) x m(f3) — h(fi *x 7(h(f2x K))) * 7(f3)
+ fixw(h(h(fe %K) x f3))]e

Anti-symmetrization of mg gives us the interaction vertices V(w,w,C),
V(w,C,C') of higher spin equation:

1
V(U),U),C) = —C w,za/ dtg w, 2 dtltl(c*%)Z*)tIZ
0

1
—C w,ZO‘/ dto |w, zZ
0

. ZﬁtQZ_ Z=0

dt1t1(C x ) 74,2

\\\\

L L B ZHtQZ_ 7=0
- ) ~ _ qT
V(w,C, C) =—C C, Za/ dtg w, 2, dtltl(c*%)zﬁtlz
L 0 L 1272 5
1 r T
+c |w, 2 / dty |C, 2z dtltl(C’ * %)Z—nle
L 0 L . Z*}tzZ_ Z=0

1
]
3

1 _
—C C,Zd/ dity w,Zd/dtltl(C*J_{)Z_)tlz

I 0 i 1262] 7
(4.37) + ¢ |w, 2% / 1 dts -C, Z4 / dt1t1(C % %) 75, Z_W

i 0 L 1z-t.2] ,_,
where we define the twisted bracket [—, —]™ as
(4.38) [a,b]" = ax7(b) —bxa

Note that the vertex satisfies V(w,C,C) ~ Ce%V(w,w,C). This is also
observed in [33] and generalize to higher vertices.
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4.7. Tree description of all vertices

What we have done in the last section is to transfer the DGA structure
of Vasiliev equation to its cohomology. As we discussed in Section [3.2] the
formula obtained from HPT has a “Feynman diagram” expansion.

My = Z (=1)"Dmyp, ¥n > 2
TePBT,

Recall that the PBT,, stands for the set of planar binary rooted trees with
n leaves. The map my is obtained by putting i on the leaves, p on the
vertices, he on the internal edges and p on the root. We draw it as:

For example, for T as in the above figure, my is
mp = pp(hepp @ hep) (19° @ hep)i&.

In this section, we mostly follow [27] for the description of the sign J(T")
appearing in the formula. First we need to introduce some notation. For a
vertex v of T, we call the inputs of v as the set of incoming edges connected
to v. For planar binary tree, every vertex has 2 inputs, and we label them by
1 and 2 from left to right. For a vertex v, we denote r;, ¢ = 1,2 the number
of leaves of T' such that the unique path from this leave to root contain the
i-th input of v. We define the function

Ir(v) = ¢(ry,re) = ri(re + 1)

Then the sign is
I(T) = Ir(v).
veVr

For example, considering the following T’
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U4

U1

There are four vertices vi,v9,v3,v4. We find that for vy, (r1,72) = (2,3)
Ur(v) =2-4, for vy, (r1,72) = (1,1) dr(ve) =12, for vs, (r1,7r2) = (1,2)
Yr(vs) = 1-3, and for vy, (r1,7m2) = (1,1) 97(ve2) = 1- 2. Therefore 9(T") =1

mod 2.

Since i. = i + hd¢i, and he = h + hdch, we can further expand every mrp
by replacing each i by either ¢ or hd.t, and h, by either h or hdc.h and then
sum them together. To make this precise, for each tree T', we define the set

Sr={f: Er\{root} — {1,2}}

where Ep refers to the set of edges of T', and we denote root the only edge
connected with root. For each assignment f, we define a map mr s as follows.
For e a leave, we put i on it if f(e) =1, and we put hd.i on it if f(e) = 2.
For e an internal edge, we put h on it if f(e) = 1, and we put hdch on it if
f(e) = 2. All vertices are still assigned with u, and the root is assigned with
p. Then every mr has the following expansion:

mrT = 2{: ﬁpnf

fe€ST

However, note that many mr ; actually equal zero. For example, the follow-
ing maps all equal to zero.

The first one equals to zero because we will get a 1-form before the
projection map p. The second one equals to zero because h is zero when
restricted on Bs.

We can find a rule to determine if an assignment f gives us a zero map
mr . First define the form degree of map by deg’ i = deg’ u = deg’ p = 0,
deg’d, = 2 and deg’ h = —1. We also define a partial ordering on the set
VrU Ep: x <y if and only if y is contained in the unique path from z to
the root. Given an assignment f, we denote ¢(x) the map assigned on the
vertex or edge x. Since each vertex is assigned with the multiplication we
have ¢f(v) = p and deg’ ¢f(v) = 0. Then we define the form degree of a
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hdci  hdci

Figure 1.

vertex v by

degpv = Z deg’ ¢ (x)
v, €L

For example, for the map of fig[Tal, we have four vertex vy, ve, v3,v4, and we
can calculate that deg;vy =2, degyvs =2, degyvg =1, degpvy = 1. This
map equals to zero just because degy vy = 1, since after projection p it gives
us 0. For the map of fig , we have deg; vy =0, degyvs = —1,deg; vy =
0,degyv1 = —3. This map equals zero because degy vy = 0, degyve = 0, for
the homotopy h after them.

We summarize the rule as follows. For a tree T', an assignment f is called
admissible if deg; v > 1 for all v not connected to the root and degy v =0
where v is the unique vertex connected to the root. We denote

Sr = {f: Er\{root} — {1,2}, f admissible }

Then we have the following formula for the A, structure

(4.39) ma= > (=D N mpy, ¥n>2

TEPBT, Fedy

Expanding this formula for mg, we find exactly the same result as we
calculated using homological perturbation theory.

Remark. The tree construction easily generalizes to the case when the
function V' of Vasiliev equation contain cubic or higher order term. As we
discussed previously, they correspond to an A, structure with non vanishing
higher product ug, k > 3. There are still tree description of the transferred
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structure. We need to consider summing over all rooted planar trees, and
we assign uy to vertex with k inputs edges.

5. Relation to a topological quantum mechanics model

The appearance of Weyl algebra in higher spin theory suggests that it might
be related to quantum mechanics. Indeed, we will show in this section that
there is a topological quantum mechanics model hidden (at least at first or-
der) in the nonlinear higher spin theory reduced from Vasiliev equation. The
general idea is that, as we explained previously, the construction of nonlinear
higher spin theory is a deformation problem. Generally, the first order de-
formation of an algebra is controlled by its Hochschild cohomology. We will
explain that in the topological quantum mechanics model, the Hochschild
cocycle condition, or equivalently the consistence of higher spin equation to
first order, is implemented through the quantum master equation.

5.1. TQM and Hochschild homology

We will describe a toy model of topological quantum mechanics [26] to ex-
plain its relation with the vertex of Vasiliev equation. To illustrate the gen-
eral idea, we consider first an easier model for Hochschild cocycle of the
Weyl algebra.

FFS cocycle. It isrelatively easy to calculate the dimensions of Hochschild
(co)homology of Weyl algebra, and it is known that

C, j=2n

0, otherwise

(5.1) HH'(A,) = {

However, it is much more difficult to find an explicit expression for the
nontrivial 2n-cocycle 19, [11], which is related to the formality theorem for
Hochschild chains [20), 28].

We first explain the FFS formula for m,[11]. Let us fix the standard
symplectic structure

n
w= Zdy%_1 A dy%.
i=1
Let Ao, be the standard 2n-simplex:

Agp ={0=ug <up <--- < gy < 1}
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We denote partial derivatives of the k-th component of the i-th variable y;
by

and write

kl
aij = w (pi)k(pj)i-
Regarding (p;)x, 1 < i,k < 2n as a matrix, we denote 7y, to be the determi-

nate 7o, = det((p;)x). Then the cocycle 79, has the following form:

1
(5.2) Tgn(f(), ‘e ,fgn) = T2n /A d2"u exXp Z h(u, —Uj; — i)ai]‘

0<i<j<2n

X fO(yO) T f2n(y2n)|yo=---y2n=0

In [I1], this formula is found by simplifying integrals over configuration
spaces that appear in the formality conjecture. We mention that similar
formula was found in [33] in the special case of As. In the following part of
this section, we will provide a topological quantum mechanics interpretation
for this cocycle.

Field content and Lagrangian. The Hochschild cocyle 75, can be ob-
tained by an explicit path integral for specified topological observables in
topological quantum mechanics model. This follows from the construction
in [26] that we briefly describe here.

We consider the standard symplectic space (R?",w) where

n
w = Z dz' A dp.
=1

We associate a topological quantum mechanics model as follows: the
fields are

E=0Q(I) @R*"

Here I is a one-dimensional manifold parametrizing the time ¢. The fields
are given by 2n copies of differential forms on I. We can describe the fields
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in terms of components by
XU(t) = ' (t) + & (t)dt, Pi(t) = pi(t) + mi(t)dt

where z(t), p;(t) are bosons, £(t),n;(t) are fermions and anti-fields of the
bosons. We assign the cohomology degree (ghost number) by

deg(z") = deg(p') =0, deg(&) = deg(n;) = —1.

We introduce the BRST operator () of degree 1 representing the de Rham
differential:

Q‘/L‘i = O) ng = 8t$i7 sz = 07 an = 8tp1,

The action functional in the BRST-BV formalism is the free one

(5.3) S = / P;dX = / pida’
1 I

which is manifest BRST invariant. We will consider the case when I = S*.

Gauge fixing condition. To perform the path integral in the BRST-BV
formalism, we need to choose a super lagrangian subspace

(5.4) LCE.

This lagrangian subspace L is also called gauge fixing condition. This allows
us to compute correlation function for an observable O by

(0) = Aoes/ﬁ.

In particular, if O is closed under BV operator, then this value does not
depend on continuous deformations of £. This features quantum gauge in-
variance in the standard BRST-BV formalism.

To specify the gauge fixing condition, we choose the standard flat metric
on S'. Let d* be the adjoint of d. Hodge theory gives the decomposition

Q°*(S") = Imd @ Imd* @ H(S")

where H(S!) is the space of Harmonic forms representing the zero modes.
Denote

H(SHt = Imd @ Imd*.
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Equivalently
H(SY) = {f +gdt]| f,g € R} = Rdt],
H(Sl)L:{ )+ glt dty/ /g—O}
We choose the gauge fixing condition £ in such a way that:

L1:=LN(H(SHT @R™) = {€(t) = n;(t) = 0} = Im d*.
Ly:=LN(H(SYH @R = {z! = p; =0}
L=L® Lo

In other words
c={a0+ dinmyonar) [ o0 = [ no=of.
Sl Sl

The choice of the lagrangian subspace £ = L1 @ Lo tells us how to do path
integral. Integration over £; can be computed by Feynman diagrams with
the propagator that we will soon calculate; integration over Lo is imple-
mented by a Berezin integral [ d"&d™.

The nontrivial propagator on the subspace £; is given by

(' (t1)pj(t2)) = 3;P(t1,12)
where
1
(5.5) P(tite) =ti —ty — 5, for 0<ti—ty <1t € St =R/Z.

The propagator is computed as follows (see |26, Appendix B]). The choice
of gauge fixing condition £; implies that the propagator is the kernel of the

operator
1 o
d'= = / d*e™"Ddu
O 0

where [ = dd* + d*d is the Laplacian on forms, % is the Green’s operator,
and e M is the heat operator. Recall the heat kernel function on the unit
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circle S' = R/Z is given by

(01 —02+n)* n)? A2, 2 . _
(91’ 02 § :6 - _ Z e 47%n te27mn(91 02)'
v n

€Z nez

The propagator can then be calculated through

< 9 i .
P(6y,05) = K0y, 05)dt = = 2min(61=02)
(01,62) a0, ¢(01,62) e;\:{o} 7€

This is precisely the Fourier expansion of the function in (5.5)).
BV structure. The BV anti-bracket is
{'(t1),m;(t2)} = {€'(tr), pj(t2)} = 850 (t1 — t2).

The BV operator A is given by the standard form
4] o 4]

5
A= /dtldmé(tl —tg); <5$i(t1)5m(t2)  SE 0 Silla)

).

Strictly speaking this is ill-defined due to the UV divergence and requires
renormalization. We refer to [26] for a careful treatment of renormalized BV
operator, as well as the rigorous meaning for various naive formulae in the

discussions below.

Topological observables. Given a function f(z,p), we associate the fol-

lowing local observables f(X!(t),Pi(t)) = fO(t) + fM(t) where

FO@) = fla(t),p(1)),

FO@) =D () f (1), p(1)) + i (£) Dy, f ((t), p(1)) dt.

i

One can easily check that

QfY =0, a9 =0QsM, A0 =AF1 =

It follows that

(Q+hA)FO =0, (Q+hA) / P
Sl



Homotopy algebras in higher spin theory 807
Also note that

FO@2) = fOt1) = (Q + hA) : F

t1

which says that the BV homology class of f(©) (t) does not depend on the
position of t. This is a general property of topological field theory.

Operator product expansion. Using the propagator we can compute
the OPE (still denoted by «) for two local observables

— —
FO(t1) % g (t2) = [ (1)) Z(0 5= 5.0 0) 1)

In particular, we find that

(5.6) lim fO(t1) g (t2) = (f % 9) O (t2)

t1 =12

where f x g is the standard Moyal star product.
We consider the effect of BV operator on product of observables. First,
for the simplest case, we have

1

@+ ha)(7O0) [ o) = [£,9”0).
Here we have used OPE to expand the fields (given by the Moyal star product

as above) when (Q + AA) brings f and g to the same point. Generally, we
have

Q1 hA) < / W, >f§”(t2>~-f$><tm>>
- /A (fox 1) <to>f§><t2>~--f£%>(tm>>
m—1
=3 ) fO () - ik fia) V() 1D (tn)
=1

0 [ e ) O ) A ()
TQM interpretation of FFS cocycle. We define the following map

(5.7) <1><fo,...,f2n>=< /A £ (o) f”(ul)fél)(w)--~f§}3(mn>>.

This correlation function is computed with our gauge fixing £ and can be
represented by
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13 (t2)
) Fan! (t20)
)
Let O denote the Hochschild differential
2n
OD(fos -5 font1) = D _(=1)'®(fo,- ., fix fir1, o, foni1)
i=0

— ©(fon+1* fo, f1,-- -, fon)
We see that @ is a Hochschild cocycle since
0P (fo, .-, fon+1)
B <<Q +hA) /A 13" o) {1 () 15 () - f§33+1<u2n+1>> -

Using the propogator we easily calculate that ® is precisely the Hoschschild
cocycle 7o, in ([5.2)).
(58) TQn(ny---7f2n):q)(f07-~-7f2n>

The above constrution gives us the following quantum mechanical inter-
pretation of the Hochschild cohomology of Weyl algebra

Hoschschild cocycle condition < BV quantum master equation

The construction can be generalized, and we will consider a topological
quantum mechanics model that calculates vertices in higher spin equation.

5.2. Vertex mg in Vasiliev equation

In this section we perform the calculation of the vertex ms. We write

U-v=u " = eaﬂuavﬂ, U-U=Ug0" = ed[;}ﬂaﬁﬁ,

U-V=UsVA = esgUAVE.
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For any function f1(Y), we can write

AY) =P AY)|vi—o

where P} = 0/0Y]. In general, we consdier linear operator acting on n func-
tions that can be represented by its symbol as a function of P;,1 < i < n.

U(f1se s Ja)(Y) = v(Y, Prye Pa) 1Y) - fu(Ya) lvi=o

For example, the Moyal star product, as a bilinear operator, can be written
as

(fix fo)(Y) = PPV Bl (V) £(Ya) yi—o

We also introduce a trace on Weyl algebra

and define a bilinear pairing B(-, -)

B(f,g) =tr(fxg).

This pairing allows us to identify a linear operator ¥ : V*®" — V* with a
linear map V*®"*+1 — k through

B(an \I](flv ey fn)) = tr(e_Y.Po * V(Y7 P17 v 7Pn))fO(%)fl(Yl)fQ(Yé)|Y;=0
=v(=hPy, P, ..., P,)fo(Yo) f1(Y1) f2(Y2)lv,=0

We will find the operator v correspond to the vertices of ms.
1. e(e(e)). Product with Klein operator can be written as

_ Da— L iy — D
(_ng)e zy/hzeng ey yp3f37

(y, _2)6*2@/5 — Z P35 ZY—YPs 3

&

Therefore we have

o (o(e)) = _p[e*yplfﬂﬁl * h(efypfz*@ﬁa

% h(cldQZez(f%erpg)*@I% 4 61d2265(*%@+53)*y1’3))]f1f2f3
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Since the star product does not mix ¥,y we can first calculate the following:

ple P % k(e % h(d2ze*wYTPa)))]

e YpP 4 h(efypz * (6a52’adzﬁt06t°z(7%y+p3)))]
1
dtople ™ x h(e T (eqp(2* + ip§)dzPtoeloGHPe) (= hutpatpa)y))

1
dtodt ple P * (€ VP2 (eqp(t12* + hpY) 2P tgelo (hzthp) (= zy+patps)))]

1
dtydtople VP * (e7YP2 (Eaﬂ(hpg)zﬁtoeto(tlz-‘rﬁpz)(—%y+p2+P3)))]

S

Il
o— — >—

1
— _h2/ dtidtop: ,p2toe—ypl+(—y+hp1)p2+to(ht1p1+hp2)(—%y+p1+pz+p3)
0

We make the following change of variable

tot1 = 2uy, to = 2ue, 0 <tpy,t1 <1

1 4
= O<u <us < 5, dtodt; = ;du1dU2
0

Then we find
ple VP % h(e VP2 % h(d?ze*WHPo)Y))

= —4ﬁ2/du1du2p1 D2

> e—ypl(1—2u1)—yp2(1—2u2)+hp1p2(1—2u2+2u1)+hp1p32u1+hp2p32uQ

Using the bilinear pairing we turn y — —hApyg, the symbol of the above op-
erator can be written as

/ duydugpy - p2
> etho-p1P(ul—uo)-l—h2po-p2P(uQ—uo)+h2p1 -p2 P(ua—u1 Hh2p, -ps P(us—us Hh2ps-ps P(us—uz)

where we denote P(u) =1 —u, and up = 0,u3 = . Restoring the anti-

holomorphic part, we find that the full vertex including the anti-holomorphic
variable is given by

771371 = 0(0(0)) = 4h201/ duldUQppo
Al

x 2 201 P(wi—u;)+h Y, ) 20500 P (wi—u;) +ee
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where we define P(u) = 4. The integration is taken over Al = {0 =g <
up < ug < Uz = %} The “complex conjugate” is implemented by ¢; — ¢y,
Pi = Di-

2. (o(®))e. The holomorphic part of this vertex is
plh(e VP % h(d2zez(_%y+p2))) * e~ YP3]

= — 4ﬁ2/du1dqu1p3

% efypl(172u2)7yp3(172u1)+hp1p3(172u272u1)+hp1p2(2uz)+hp2p3(72u1)
where 0 < w1 < ug < %

3. o((e)e).
— ple " x h(h(d?2e* T nYTP2)) 4 gUPs)]

= —4h? / duiduapips

w e~ UP1(1=2u1)—yps(1—=2uz)+hp1ps(1—2us—2u1 ) +hp1p2 (2ur)+hpaps (—2usz)

where 0 < u; < uz < 3. Note that the two vertices o((e)e) and (e(e))e is
symmetric under the change u; <> uo, therefore they can be combined to
give a vertex

o (o(e)) + (o(e))e
=i / duydugp pae i<t PPt
x PPt (1=2ur)+pops (1=2us ) +hpips (1=2us —2us ) +hp1pz (2u)+hip2ps (=2us) 4 (. .

where 0 < u,us < 1 We make the change of variable us — 1 — us, and
define ug = 0,up = 3, and find that

m3z = (e(e)) @+ e ((e)e)
= 4h%c; / ] duyduzp1ps

« eﬁEKzQﬁjﬁzp(uzfuj)JrﬁZKz2PjPzP(uL*uj)|p3_>_p3 +ec

where the integration is taken over A% = {0 = up < u3 < ug = % <wug < 1}
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4. ((e)e)e.
p[h(h(dQZez(—%erpl)) s €7YP2) e g YP3]

= n? / duyduapops

w e~ YP2(1=2us2)—yps(1—2us)+hp2ps (1—2uz+2us)+hpspi (2us)+hp2pi (2u2)

where 0 < ug < us < % We make the change of variable ugo — 1 — us, ug —
1 — ug, define ug = 0,u; = %, and find that

mg3 = ((e)o)e = 4h201/ duaduspips
A3

AS. 2000 P(ui—u))+hS . 2000 P(u;—u;
X e ZJ<1 PP (ur—u;) ZJ<1 P, 01 P(w J)|p2,p3—>—p2,—p3 + c.c

where the integration is taken over A% = {ug = 0,u1 = 3 < ug < ugz < 1}.

The above form of the vertices suggests to consider P, P as propagator of
some physical model so that we can rewrite the vertices as the corresponding
correlation function.

5.3. A TQM inside Vasiliev equation

The symplectic group Sp(n,R) acts on the symplectic space (V,w) by linear
transformation preserving w. For an element g € Sp(n,R), we consider field
with twisted boundary condition

p(t+1) = gp(t).

Specifically, we consider the case dim V' = 4 as in higher spin theory, and
denote the dual basis by y', 2, 7', 7. Recall that different from previous
subsections the symplectic form we use in defining the star product
is wB = 2¢ W = 2¢48 We consider first the “holomorphic” part of the
vertex mg, which correspond to a Z, action defined by

T L R . e

In other word, the 7 directions have anti periodic condition and the y direc-
tion is unchanged. Accordingly, the propagator will be different for the anti
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periodic boundary condition. The heat kernal in this case is

(01 —02+n)2 5 0,
(01,92 Z T4 = e (2n+1) t62(2n+1)ﬂ—(01_02),
\/ﬂ Z

nez neEZ

We find the propagator

>0 i i(2n+1)7m (01 —05)

P(6y.05) = —K; (61,05)dt = _
(01,05) o 061 ¢ (61,02) %(2114—1)776

and we have
_ 1
P(61,0;) = 3 for 0 <61 — 0y < 1.

This is exactly the P we defined in last section. We find that the vertices
found in last section can be calculated through the following correlation
function

maa =er { [ 10 s ) ) ws) )

maa == ([ 77 o)1) 7 () V)
2 0)(, | (0) ) 0

maa = er [ 10 )n() O () V) )

These vertices can be drawn as

O (ug =1/2) Dy = 1/2) Oy =1/2)
) (4 — ) (4 — 0) ) (40 —

&
The appearance of m above seems unnatural. We can define an operator %
by
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Then we have the following formula
%
0

tr(fo x ma1(f1, far fa€)) = 4h%cy < £ () £ (un) £5M (ua) 132 (uz)e—

Al Oe

\/

S

(o xmaa(fi, foe, f3) = —4hcr < o) 17 ) 1 wa)es us)

;

The construction for the anti-holomorphic part is similar, the TQM model
is specified by the following Zo action

(_
tr(fo £ maa(fre, fo, f3)) = 4% < /. fo(o)(uo)ffo)(ul)efél)(uz)fél)(w)886>

'yt ot g oy o
6. Discussion

Our studies revel various structural aspects of higher spin theory. We give
formulas to compute all order vertices in principle, which can be performed
in ways by calculating tree level Feynman diagrams. This is obtained by
applying homological perturbation theory to the choice of SDR data .
Note that the choice of this homotopy equivalence data is not unique. Al-
though different choices will lead to equivalent L, algebra in principle, they
might be related to nonlocal field redefinition, hence is of physical signifi-
cance. A new class of shifted homotopy operators is introduced in [10, 7],
and it is shown that proper choice can be used to decrease the level of
non-locality of HS equationsﬂ It would be important to explore to use of
homotopy algebra techniques to fully analyze the locality of HS equations
in all orders in interactions that is speculated in [17].

Here we would like to comment on the issue of AdS/CFT. Recall that
the AdSy background is packed into a single hs valued connection

1 - 1_.5=
0= §waﬂLaB + haapad + iwa’BLdﬁ'.
It satisfies the equation

1
Az + 5[0, 90 = 0.

'We thank M. A. Vasiliev for pointing out this important issue
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Moreover, ¥ = € is a solution to the full nonlinear HS equation, or equiv-
alently, a Maurer-Cartan element. Therefore we can consider twisting the
Lo structure by

1
(X)) =deX + ) ElkH(Q@k, X)
E>0

1
P(X,. X)) =) HlkH(Q@k,Xl, LX), fori>1

k>0

We then have the Maurer-Cartan equation associated with this twisted Lo
structure

1
> Hzg(qf@’“) =0.
E>1

The physical meanings of this twisted Maurer-Cartan equation is that this
is the original nonlinear HS equation fully expanded around the AdSys back-
ground (2. Specifically, the linear part

BY(w) =0

is the linearized higher spin equation . The holographic calculation of
n-point function can be formally summarized as solving the above Maurer-
Cartan equation with prescribed boundary behavior. Here we briefly de-
scribe it. We expand the field as

U =004 v®@ gt ...
They satisfy

ey =0

1
$He®) + izg(qﬂl), vy =90

$He®)) 4 %zg(w(ﬂ, W gy 4 w® gy =g

We can start with (1) = KWy and solve these equation order by order,
where K is the boundary to bulk propagator and ¥y is the boundary source.
Then the n-point function can be calculated (up to some normalization
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coefficient) by

5n\1,(n— 1)
SUS U 6Ty

(JsJs, ... Js,_,) ~ spin s part

where W3 refer to the spin-s part of the boundary source V. However,
calculation in this way is cumbersome in practice. Simplification technique is
developed to calculate the three point function in [I5], where they essentially
used Lo, morphism to solve the MC equation. It would be very interesting
to understand AdS/CFT for higher spin theory in terms of the algebraic
structures we formulated in this paper, in particular from the perspective
of Koszul duality [6, [§]. Some perspectives of holography duality in the
unfolded formulation related to homotopy structure is also discussed in [39].

We also find that a topological quantum mechanics model hidden inside
Vasiliev equation. This is not so surprising because the higher spin theory is
based on the Weyl algebra which has quantum mechanical origin. This also
implies that the Vasiliev theory itself is of first quantized nature. This closely
resemble the case of string field theory, and further suggest its intimate
relation with string theory.
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