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Projections, modules and connections for

the noncommutative cylinder

JOAKIM ARNLIND AND GIOVANNI LANDI

We initiate a study of projections and modules over a noncommu-
tative cylinder, a simple example of a noncompact noncommutative
manifold. Since its algebraic structure turns out to have many sim-
ilarities with the noncommutative torus, one can develop several
concepts in a close analogy with the latter. In particular, we exhibit
a countable number of nontrivial projections in the algebra of the
noncommutative cylinder itself, and show that they provide con-
crete representatives for each class in the corresponding Ky group.
We also construct a class of bimodules endowed with connections of
constant curvature. Furthermore, with the noncommutative cylin-
der considered from the perspective of pseudo-Riemannian calculi,
we derive an explicit expression for the Levi-Civita connection and
compute the Gaussian curvature.
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In the rapidly developing and conceptually growing field of noncommutative
geometry it has been of paramount importance to have at least one tractable
example exhibiting many of the nontrivial subtleties of the theory. In this
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respect, the noncommutative torus is perhaps the most studied object in
noncommutative geometry, and it has served as a inspirational source (as
well as testing ground) for many results and concepts in more general situ-
ations. However, to explore the notion of noncompact manifolds, the torus
is not equally well suited.

In this paper, we set out to study the noncommutative cylinder as a sim-
ple manageable example of a noncompact noncommutative manifold which
still exhibits nontrivial features. Inspired by the algebraic similarities with
the torus, we follow the same lines of thought in order to see to what extent
known concepts apply in this noncompact situation as well.

Starting from a known description in terms of Fourier transforms, we
choose a particular presentation of the noncommutative cylinder and intro-
duce a (commuting) set of hermitian derivations as well as a trace. After
providing basic results about these structures, we proceed to construct a
class of projections in the algebra itself, and show that they are classified
by the integers. Moreover, by showing that the corresponding projective
modules respect the group structure of the integers, we conclude that these
projections provide concrete representatives for each class in the Ky group
of the noncommutative cylinder (which is known to be Z). A corresponding
“Chern number” can be computed for each projective module by evaluating
the projections against a cyclic 2-cocycle.

Next, in analogy with the torus modules defined by Connes and Rief-
fel [Con80, Rie81], we find a class of bimodules for the noncommutative
cylinder, on which connections of constant curvature are defined. Interest-
ingly, these modules turn out to be isomorphic to copies of the algebra itself.
Although the details of the bimodule structure depend on a choice of pa-
rameters, it is the case that the curvature only depends on the deformation
parameters h and 1’ defining the left and right algebras, respectively.

Finally, we recall the framework of pseudo-Riemannian calculi, and show
that for a given choice of metric, there exists a calculus over the noncommu-
tative cylinder with a unique torsion-free and metric connection, for which
one may explicitly compute the Gaussian curvature. Moreover, we illustrate
a Gauss-Bonnet type theorem where the total curvature (that is, the integral
of the Gaussian curvature with respect to the Riemannian volume form) is
shown to be independent of a class of metric perturbations.

2. The algebra of the noncommutative cylinder

Let us start by recalling the definition of the algebra of the noncommutative
cylinder. Let S(R x S1) denote the space of Schwartz functions on R x S?.
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Every f € S(R x S') may be written as

(2.1) Flut) =" fu(u)e™n,

nez

with f, € S(R) and we introduce the Fourier transform of the coefficients

fn as
_ / fn(u)ef2ﬂiuxdu.
R

Thus any function as in (2.1)), is written as

u t Z/f 27ri(nt+ux)dl“

neZ

Following the general strategy of |[Rie93|, we define a twisted convolution
product on S(R x S!) via

22 e =Y / Fe@)ni(z — ¥)on(d T — Py

kEZ

where Z = (z,n), ¥ = (y, k) and oy, is a cocycle fulfilling the condition
(f g)O'h(l' + ya ) - Uﬁ(fag—i_ g)ah(ga 5)7

ensuring associativity of the product. For our purposes we will choose a
particular cocycle given by

(2.3) on((z,n), (y, k) = e2mihyn

Note that this cocycle is cohomologous to its antisymmetrization

(f ?7) ﬂzh(ynfa:k)’

giving the corresponding twisted convolution as defined in [vS04]; the two
corresponding algebras are thus isomorphic.

Definition 2.1. Let C° = (S(R x S'),e;) be the algebra defined by the
vector space S(R x S!) together with the product e in (2.2) for the cocycle

on ((x, n), (y, k)) = e2mihyn,
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As the product in C;° is defined on the level of Fourier transforms, let us
derive a more explicit expression in the following form.

Proposition 2.2. Let f,g € C;° be such that

= fal@e™™  and  glust) = 3 ga(u)e™ ™.

nez neZ

Then

(feng)wt) =3 [ka w)gn—k( qukh)] e?mint,

n€Z - keL

Proof. The proof consists of a straight-forward computation:
(f ®n 9)n / Fon gn(x)e?™ " dx

//fk gn k ) 27rzh(:tfy)k627ri:pudydl,
kez

= 2/ fk [/ ﬁn—k(ﬂﬁ _ y)ezmx(wkh)dlﬂ} 6—27riykhdy

keZ

_ Z/ fk 27rzy (utkh) |:/ k(x)627rias(u+kh)dl,:| e—QWiykhdy
keZ

= [ oo+ )y = 37 fiwg it D).
keZ keZ

From Proposition 2.2 one infers the simple commutation rule
(2.4) Fw)e?™™ o, g(u) = f(u)g(u+nh) e ™"

which we shall often use in the following. To slightly simplify the notation,
let us introduce W = 2™ such that every f € S(R x S!) may be written
as

t) = Z fn(u)W

neZ

In particular, (2.4) now reads

(25) wmn (I3 f(u) = f(u+nh) (13 wm.
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Remark 2.3. As aside remark, we note that the relation (2.4]) can formally
be derived from the canonical commutation relation [u,t] = ih/27 via

- 2mit)"u (273) ™ (ut™ — inht" 1 /27)
e27rztu — Z ( Z

n! n!
n>0 n>0

27th hz 27”t U+h) 27rzt

k>1

which is in close analogy with the noncommutative catenoid defined in
[AHIS].

One may readily introduce a x-algebra structure on Cp°.

Proposition 2.4. For f =3 . fo(u)W™ € Cp°, set

fr —anu—nh Zf_ (u+nh)W

nez neZ

Then it follows that (f*)* = f and (f ex g)* = g* e5 f*.

Proof. Just compute

= Z f2, (w4 nh)W"
neZ

= @t nh—nh)W" =" fu(w)W" =
neZ neZ

Next, consider

f= an(u)Wn and g = zgn(u)Wn

nez neZ
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and compute

(gon 1) = (gon f)—n(u+ni)W"

nez
= Z ge(w+nh) fop_g(u+ (n+ kE)R)W"
n,kEZL
=Y fa(u+1h) gy (u+ nh)W™"
n,EZ
= > falu+1h) g_p(u+Ih+ (n = HR)W™
n,EZ
=Y g (ut+ W™ = [* ey g,
n,E€Z
which proves the second statement. [l

Thus, with respect to the involution defined in Proposition the algebra

C$° is a *-algebra. By representing Cg° as multiplication operators on L?(R x

SH, ie. Tpp(u,t) = f(u,t)p(u,t) for f € C°, one may complete Cs° in the

operator norm to a C*-algebra which we shall denote by Cp, (cf. [vS04]).
Next, let us introduce a set of commuting derivations.

Proposition 2.5. For f € C;° with

= an(u)W

nez

define

ouf = frwW" and Oof =2mi» nfa(w)W

nez nez

Then 01 and Oy are hermitian derivations of Cp° such that [0y, 02] =

Proof. 1t is clear that 91 and 0, are linear maps; let us show that they satisfy
Leibniz rule. One obtains

Ou(fong) = D (F()guoi(ut hk) + filu)yy(u+ kh) )W

n,kEZ
= " flwgnr(u+ BEW + 3 fu(w)g_y(u+ kR)W"
n,kEZ n,kEZ

(O1Lf) ®n g+ f o (D19),
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and

Oa(f ong) =2mi Y nfr(w)gn k(u+kR)W"

n,kEZ
=2mi Y kfn(u)gn—p(u+ kR)W"
n,kEL
+ 2mi Z fr(u k)gn—k(u + kR)W™
n,kEZ

= (O2f) ®n g + f o (029),

showing that 01,02 are indeed derivations of Cp°. Furthermore, it is easy to
see that

[0, 3a](f) = 2midh Y _nfu(w)W" =32 fr(u)

neZ nez

Finally, let us show that 9; and 0y are hermitian derivations. One computes

= (X ) =3 Tt bW

nez nez
=01 Y fon(u+nh)W" =0y(f)
ne”Z
as well as
(0()" = (2mi ) nfn(uw") — —2mi 3 (n) o B W™
nez nez
—szan (u+ nh)W 822]‘ (u+nh)W" = d(f")
nez neZ
which proves that 0,0, are hermitian. O

Remark 2.6. Clearly the function u does not belong to the algebra Cp°.
In spite of this a direct computation shows that one can formally obtain a
commutation expression for the derivation ds, that is

21

(2.6) Dof =— (fu —uf)
for any f € Cp°.

On the algebra Cp° we have a trace as well.
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Definition 2.7. For f € C;° with

t) = zz:j%(u)vv
nez
we set
(2.7) (= [ i

It is clear from the definition that 7 is a linear map.

Proposition 2.8. The map T is a positive invariant trace; that is, it has
the properties

1) 7(f*) =7(/),

2) 7(f* en f) 2 0,

3) 7(feng)=1(genf),

4) 7(01f) =7(02f) =0,
for all f,g € Cp°.

Proof. It is immediate to see that 7(f*) = 7(f). A direct computation yields

T(feng)= /ka gku+kﬁdu—/zgku—kﬁfk()

kEZ kEZ

— [ Eao)-ato+ khydo = vl o1 )

keZ

Furthermore, one finds that

r(01f) = /R f(w)du = [fo(w)]™_ =0

as well as
7(02f) = T(ann(u)W”> = / 0- fo(u)du = 0.
nez R

Finally, we check that

A on )= S S f ot k) = S |t k)P >0,

kEZ kezZ
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which completes the proof of the statements. O

From now on we shall drop the cumbersome notation f e; ¢ and simply write
fg when no confusion can arise.

For the noncommutative torus, there exists a convenient cyclic 2-cocycle
which can be evaluated on 2-forms. For the noncommutative cylinder, one
can make use of a similar construction. The cyclic 2-cocycle below will be
used in the next section in order to compute “Chern numbers” of a class of
projective modules.

Proposition 2.9. For fo, fi1, f2 € C;° we set

(o, fis o) = 57 (fol@f1)(@2f2) — fo(@af2)(015o)
Then W is a cyclic,
V(S o f1) = W(fo, i, 2),
Hochschild 2-cocycle,
W(foft, forfs) = W(fo, fifar f3)+ o, fus fos) = W(Ssfo, . f2) =0,
for all fo, f1, f2, f3 € Cp°.

Proof. Let us first show that W is cyclic. By using 7(fg) = 7(¢f) one finds
that

21V (f2, fo, f1) = T[fz(alfo)(32f1) - fz(azfo)(alfl)}
= T{(alfzfo)(@fl) — (02f2f0)(O1f1) — (91f2) fo(D2f1) + (32f2)f0(31f1)}
= T{(31f2fo)(32f1) - (32f2f0)(31f1)] + 2mi¥(fo, f1, f2),
and since 7(01 f) = 7(d2f) = 0 (by Proposition it follows that
2mi¥(f2, fo, 1) = 2mi¥(fo, f1, f2) — T{f2f0(3132f1 - a231f1)}
=2mi¥(fo, f1, f2)

since [0, 02] = 0. To show that ¥ is a cocycle, i.e.

U(fofi, f2, f3) — W (fo, f1f2, f3) + ¥ (fo, f1, fof3) — U (fafo, f1, f2) =0,
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is a straight-forward computation where one expands all derivatives of prod-
ucts of functions, and uses the fact that 7(fg) = 7(gf). O

3. Projections in the algebra

For the noncommutative torus, it is well known that its algebra, in con-
trast to the commutative case, contains nontrivial projections which one
may explicitly describe [Rie81]. In this section, we will show that a similar
construction can be carried out for the noncommutative cylinder. Namely,
we shall construct projections p € C;° of the following form:

p=gu+nW+ f(u) +glu)W L
Proposition 3.1. Let f,g € S(R) be real-valued functions, and set
p=g(u+h)W + f(u) + g(u)W.
Then p* = p. Moreover p> = p if the functions f and g satisfy

(3.1) 9(u)g(u+h) =0
g(u)(1 = f(u) = flu—h)) =0
9(u)* + g(u+h)* = f(u) — f(u)?

for all u € R.

Proof. Since f and g are real-valued, using one immediately obtains
P = Wlg(u+h) + f(u) + Wo(u) = gl)W = + f(u) + g(u+ W)W = p.

Then, a straight-forward computation of p? gives

= g(w)g(u— )W+ (f(u)g(u) + g(uw) f(u — )W
+ (f(u)g(u+h) + g(u+ h) f(u+ R))W + g(u + h)g(u + 2R)W?

+g(u+h)?* + f(u)* + g(u)®

which indeed equals p by using (3.1)—(3.3)). O

Let us now construct a particular class of projections satisfying the require-
ments of Proposition Let fo be a function increasing smoothly from 0
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to 1 on the interval [0, i], and define f,¢g: R — R as
0 ifu<O0oru>2h

(3.4) f(u) = ¢ fo(u) ifo<u<h
1— folu—h) ifh<u<2h

ifu<horu>2h

0
(3.5) g(u) = { f(u) — f(u)? if h <u < 2h.

Next, for n > 1 we set
Falu) =Y W2 fluyw?*
k=1

gn(u) _ Z W_2kg(U)W2k,
k=1

237

resulting in n shifted copies of the original functions, as depicted in Figure
Note that f,, and g,, have compact support being defined on [0, 2hn], where

they are 2h-periodic by construction.

fu(u)

gn(u) = - -

Figure 1: The functions f,, and g, as constructed from (3.4) and (3.5).

It is straightforward to check that f,, and g, satisfy (3.1)), (3.2) and (3.3]).
For instance, for u € [0, 7] it is immediate that (3.1)) and (3.2]) holds since



538 J. Arnlind and G. Landi

g(u) = 0. Moreover,

glu+h)? = flu+h)— flut+h)* =1— fo(u) — (1 — fo(u))’
= fo(u) = fo(u)* = f(u) — f(u)?,

showing that (3.3]) is satisfied as well. Thus, one may conclude from Propo-
sition [3.1] that

(36) Pn = gn(u + h)W + fn(u) + gn(u)Wil

is indeed a projection in Cp°. Next, let us compute the trace of these pro-
jections.

Proposition 3.2. Let p, be defined as above. Then 7(p,) = nh.

Proof. Since f, is supported on [0,2An], where it is 2h-periodic, it follows
that

2h

() =7 (gn(w+ AW + folw) + ga(@W ™) =n [ fu(w)du,
0
and from the definition of f,, one obtains
h 2h
T(pn) = n/ fo(u)du + n/ (1= fo(u—h))du

0 h

2%
=n du = nh.
/ ;

The curvature 2-form related to the projection p,, is given by F,, = p,dp,dpy,
which may be evaluated against the cyclic 2-cocycle defined in Proposi-
tion

Proposition 3.3. For any projection p, as in (3.6), one has

\I’(pnapmpn) = n.

Proof. As

\Ij(pnypnapn) = (pn(alpn)(62pn> _pn(62pn)(61pn))

T
211
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we compute

DPn = gn(u + h)W + fn( ) +gn(u)W
Opn = gp(u+ R)W + f(w) + g, (w)W !
Dopp = 2mign (u + W)W — 2migy, (u)W L.

Writing

Pn(01Pn)(02pn) — Pn(02pn ) (010n) = ZA

nez

one finds that

(u)(gn u+ Wyl (W)W — g, (u )W’lg;(u+h)W>
— Gl YW ga ()W ™ 1 () + g ()W g+ A)W 1 ()
— fulw)( = g+ MW ga()W ™" + gl (W)W g + )W)
o+ a1+ W)W f1(0)ga ()W " = g ()W 1 (1) g1 + B)W
= fal )(agn w+ h)gh (1 + ) = 2a(u)gh(w) ) = gulu+ B2 ()
+ gn () fr.(w) + gp (u+ 1) f1.(w + ) = ga(w)? f,(u = h)
= (fu(w)galu+ 1) = fulw)ga(w)?), = 2gn(u+ 1) f1(w)
290 ()2 1) + gl + 1) o+ 1) = ga(w) o (u — ),

giving

5 -7(A40) = 7 [200(u + W) + g ()2 (a1

27
= 29 ()2 f1(u) = gu(u+ B2 f1(u+ 1)

—3 / " () f(u— Bdu —3 / " g f (u)du.

\I’(pnapnvpn) =

Since g, (u) = 0 for all u € 27k, 2wk + h] and f,(u) =1 — f,(u — h) for all
u € [2kh + h,2kh + 2h) for k =0,...,n — 1,

/Z gn(u)? fl(u)du = — /Z gn(u) . (u — B)du,
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and it follows that

o) 2h

\I’(pnapnvpn) = 6/

—00

h
Noting that for u € [h, 2h)
g(u)? = f(u) = f(w)* =1~ flu—h) = (1~ f(u—h))?
= flu—h) — f(u—h)*
one computes
2h

Y (pn, Py Pn) = Gn/ (f(u —h)— flu— h)z)f'(u — h)du

h

—6n/1(3—32)d8—6n1—1 =n
o o2 3]

which proves the statement.

gn () (1 — h)du = 6n / 9(w)* ' (u — B)du.

O

Considering the construction of the projection p,, and the results in Propo-
sition [3.2] and Proposition it is natural to ask how the direct sum of the
projective modules defined by p, and p,, is related to the module defined

by pm+n- The next result shows that they are indeed isomorphic.

Proposition 3.4. Let n,m be integers with n,m > 1. Then
PnCr° @ PimCr = pntmCr

as (right) C3°-modules.

Proof. Let p, and p,, be given as

Pn = gn(u+ )W + fo(u) + gn(w)W 1
P = gm (w4 B)W + o (w) + g (u) W1

and introduce

P = W2, W = g, (u+ b — 2nh)W
+ fon(u — 2nh) + g (u — 2nR)W L,

Since Py, is unitarily equivalent to pp,, the modules p,,C;° and p,,C;° are
isomorphic and, furthermore, it is clear that p, + Py = Pn+m. Next, let us
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show that p, and p,, are orthogonal; i.e. that p,p,, = 0. Introduce

Im(u) = gm(u — 2nh)
fm(u) = fm(u — 2nh)

and note that

gn(u)gm(u) - fn(u)fm(u) - gn(“)fm(u) = fn(u)gm<u) =0

since supp(fn, gn) C (0,2nh) and supp(fm, Gm) C (2nh, 2(n + m)h) are dis-
joint. Using these facts, one finds that

Prbm = gn(t =+ B)Gm (u + 2R)W? + fro (w) i (u 4+ R)W
+ gn (W) fin(uw — BYW " + g (w)Gm (u — R)W 2.

First of all, it is clear that g, () fum (u — k) = 0 and g, (u)gm (u — i) = 0 since
u — h < 2nh whenever u € supp g, C (0,2nh). Furthermore, it also follows
that gn(u + h)gm(u+2h) =0 and f,(u)Gm(u + h) = 0 since gy (u) = 0 for
u € [2nh, (2n 4 1)A]. Thus, we conclude that p,p,, = 0. For orthogonal pro-
jections,

PnCr @ PmCh =~ (Pn + Pm)Cy
and in combination with the previous arguments one obtains
PnCr @ pmCi” =~ pnCi° @ PmCi” = (pn + Pm)Cr" = PrmCy
which proves the desired result. ]

Let us discuss these results from the perspective of K-theory. In [vS04], K
of the noncommutative cylinder was shown to be isomorphic to Z. Since the
algebra is nonunital, one then expects that there exists a countable class of
nontrivial projections . In this section we have constructed projections p,
(for each n > 1), and Proposition shows that if m # n then p, and py,
are not equivalent. Moreover, from Proposition it follows that the map
Pn — n respects the group structure of the integers, and we conclude that
prn, represents the K class labeled by n. In this sense, one may consider the
projection p; to be a generator of Kj.
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4. Bimodules

We now construct Cp°-modules on the space of Schwartz functions in one
discrete and one real variable in analogy with the noncommutative torus.
We show that one may construct left and right C;°-modules, as well as
bimodules, depending on a set of parameters. Furthermore, it turns out that
these modules are in fact isomorphic to a number of copies of the algebra
itself. To begin with, for {,n € S(R x Z) set

€ =3 [ el bt

kEZ

enR—Z/Uk (v, k)dz = (&),

keZ

The corresponding left module structure is given in the following result.

Proposition 4.1. Let M\g,A\1,6,h € R and r € Z be such that Age + \ir =
—h. For f=73%" y fa(W)W" set

(4.1) (fE)(x, k) Z fn(Qoz + M Ek)é(x — ne, k — nr)

nez

for £ € SR x Z). Then S(R x Z) is a left C;°-module such that

(fga 77)L = (&7 f*U)L
for all f € CpF.

Proof. In order for (4.1)) to define a module action, one has to check that it
respects the relations in the algebra; i.e. ((f9)§)(z, k) = (f(9€))(z, k). One
finds that

(F(96)( Z FaQox + Mk) (g€) (x — ne, k — nr)

=3 fulrer + Alks)gm(Ao@c — ne) + Ai(k — nr))

n,meZ
x &(x — (n+m)e, k— (n+m)r)
= fa(dox + Aik)gi—n Moz + Mk — n(Xos + M) E(z — e,k — Ir)
n, €L

= Z Jn(Xox + Mk)gi—n ()\ox + Mk + nh){(az —le,k — lr),
n,l€Z
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by using that A\oe + Air = —h. On the other hand

((F)€) (@, k) =( 5 fm<u>gn_m<u+mh>wns) (. k)

n,mez

= Y Fn(Roz + ME)gnom(Nox + Mtk + mh)E(x — me, k — mr),

n,me”Z

which is seen to equal (f(gf))(x,k:) Next, let us show that (f&,n)r =
(&, f*n)r by first computing

(femr =Y /R (Z fn<u)W"£> (2, k(e ) da

keZ nezZ

=) /an(on + Mk)é(z — ne, k — nr)n(z, k)dz.

k,neZ

Let us compare this with

€rme=3 [ et (X Tt amw) e ba

keZ neZ

= Z / E(x, k) f—n(Xox + A1k + nh)n(z — ne, k — nr)dz.
kn€Z R

Setting m = —n gives

&L= / §(@, k) fm(Nox + Ak — mh)n(x 4+ me, k + mr)ds
k,m€eZ R

and changing the integration variable to y = = + me yields
& =Y /é(y—ms,k)fm(/\oy+/\1k—Aome—mh)n(y,k‘+m7“)dy-
km€eZ R
Finally, we set | = k 4+ mr and use that A\ge + A\;r = —h to obtain
€5 =3 [ ey met—nr) oy + M D
l,meZ R

which equals (f§,n)r. O

In the same way, one may construct a right module structure on S(R x Z).
The proof is analogous to that of Proposition [4.1}
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Proposition 4.2. Let ug, u1,€', 1 € R and v’ € Z such that poe’ + prr’ =
W. For f=>3 cp fn(w)W" set

(4.2) Ef)(x, k) = Z falpoxr + prk — nh)é(x — ne', k — nr')

nez

for £ € SR x Z). Then S(R x Z) is a right C7y-module such that

Ef,mr=(nf")r

for all f € Cpy.

A (left or right) Cp°-module constructed as above will be denoted by &
with a suitable choice of parameters implicitly assumed. If the parameters

of the left and right module structures are compatible, S(R x Z) becomes a
(Cpe, Cpy)-bimodule.

Proposition 4.3. Let Ao, po, A1, pt1,¢,€, b, € R and r,v’" € Z such that

Ao+ \r=—h ,LL()E/ + /LlT/ =
Aog’ + A" =0 Ho€ + p1r = 0.

Then S(R x Z) is a (Cp°,CpY)-bimodule with respect to the left and right
actions defined in Proposition and Proposition [{.3.

Proof. In order for S(R x Z) to be a (C;°, CpY)-bimodule, it must hold that

(g(ff))(l"; k) = ((gf)f) (x7 k)

for all € € S(R x Z), g € C° and f € C;y. One finds that

(9(€N) (@, k) = gn(Nox + Mk)(Ef) (@ — ne,k —nr)

nez
= Z In( Aoz + Mk) fr (po(x — ne) + p1(k — nr) — mh')

n,meZ
x &(x —ne —me' k —nr —mr')

= Z In( Mo + Aik) fm (o + pik — mbi)E(x — ne — me' k — nr —mr’),
n,meZ
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by using that pge + p17 = 0. On the other hand

((96) ) (x, k) Z fm(pox + prk — mh')(g€)(x — me', k — ma’)

meZ

= Z Jm(pox + pik — mh/)gn(/\o(x — ma’) + A (k— mr’))

m,ne”Z

x &(x —me' —ne, k —mr’ —nr)
= > gn(Now + MiE) fon(pox + prk — mH')
m,nez
x &(x —me’ —ne, k —mr’ —nr),

since Age’ + A1’ = 0. We conclude that (g(¢f))(z, k) = ((9€)f) (2, k). O

A bimodule defined as in Proposition will be denoted by &, s, again
tacitly assuming a choice of the parameters Ao, A1, po, pi1, €, € Rand r,r’ €
Z satisfying the requirements in Proposition[4.3] Note that one can construct
bimodules for arbitrary choices of h, i’ by choosing e.g. €,¢’,r,r’ such that
er’ # ¢'r and setting

k! he'
Tl AL = ol o
er' —¢lr er! —elr
Kr ke

— =
er' —¢e'r er' —¢e'r

Ao =

Ho =

Let us now point out some obvious isomorphisms between modules defined
by different sets of parameters. To simplify the description, we make the
following definition.

Definition 4.4. The vectors (z1,...,2,) € R” and (y1,...,yn) € R are
called 0-compatible if either z; = y; =0 or x;,y; #0 for i =1,...,n.

Proposition 4.5. Let &, and &, be left Cp-modules (as in Proposition
defined by the parameters (Xo,e,A1,7) and (Mo, &, A1,7), respectively. If

(Mo, €) and (Ao, ) are 0-compatible then & ~ &y as left Crpe-modules.

Proof. Note that since A\og + A7 = —h = NoE + A1r, it follows that AoE =
Aoé. We shall proceed by defining module homomorphisms ¢, : &, — & as

¢T(£)(xv k) = 5(7_1'? k)

for 7 € R. Note that ¢, is a linear map and if 7 # 0 then ¢, is invertible.
Now, let us derive conditions for ¢, to be a module homomorphism; thus,
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we demand that ¢-(f€&) = fo-(§) for all f € Cp°. To this end one computes

O (fE) (@, k) =D fu(hoTz + ME)E (T2 — ne, k — nr)

nez

(f6:()) (@, k) =D falox + \k)d-(€)(x — né, k — nr)
nez

= Z fn(S\O.T + )xlk)f(T(x —né), k— nr).
nes

The above expressions are equal if
(4.3) MT =X and e=7é

Note that since (Ag,e) and (g, &) are O-compatible, either both sides of
each equation are zero (i.e. trivially giving a solution) or both sides are
non-zero (as long as 7 # 0). Thus, if A\g = \g =0 and € = £ = 0, then ¢,
is an isomorphism for any T # 0. If Ao, o # 0 and € =€ =0, one can set
=X /Ao, solving (4.3) (and similarly in the case when ¢, # 0 but A\g =
o = 0). Now, for the case when Ao, Ao, €, & # 0 one sets 7 = )\0/>\0 and notes
that
~ 5\05 . )\06 .
TE = N 3

giving a solution of . Thus, it follows that under the assumptions given
in the proposition, there exists a module isomorphism ¢, : &; — & O

Somewhat surprisingly, it turns out that these modules are in fact isomorphic
(as modules) to copies of the algebra itself. More precisely, we formulate the
statement as follows.

Proposition 4.6. Let &, be a left C;°-module defined by the parameters
X0, A1, €, 7 such that Aoe + \ir = —h and Ao # 0. For arbitrary F' € (C°)"
(considered as a left C3°-module) we write F = (FO, F' ... F"~1) with F* €
C for k=0,1,...,7 — 1, and introduce the components F¥(u) via

nez
Furthermore, for an integer k we let kg € Z and 0 < k1 <r — 1 be defined
by k = kor + k1. Then the map ¢ : (Cgo)r — &, defined as

O(F)(x, k) = F,fol (Ao + M\k),
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is an isomorphism of left C;°-modules.

Proof. First of all, it is clear that ¢(F + F') = ¢(F') + ¢(F’). Furthermore,
one finds that

S(fF)(x, k) = (FF)3t(hox + Aik)
=5~ fulPox + ME)EF_ (Aox + Ak + nh)

nez
as well as
(fo(F) = fhox + MEk)$(F)(x — ne, k — nr)
= nze‘ff(xom + ME)G(F)(x — ne, (ko — n)r + ki)
= ”26% FOoz+ME)EE_ (Mo(z—ne)+ A1 (kor+k1) —nir)
= ni% FOoz + ME)EE (Xox + Ak + nh) = ¢(fF)(x, k)
nez

by using that —n(Aoe + A1) = nh. Hence, ¢ is a left module homomorphism.
One may readily construct the inverse

gb_l(f) = (F LEFTT 1 Zf )\i u— A ( nr+k)),nr+k)W”
nez

and check that

(671(O)) (. k) = (671(9)} (hox + Ark)
= f(.fc - Al(k()r + k1) + Mk, kor + k1) = {(m, k)

We conclude that ¢ is indeed a left module isomorphism. O

In the case when r =1 and, moreover, &, is a Cp°-bimodule, one can
strengthen the result to obtain a bimodule isomorphism.

Proposition 4.7. For h >0, let &5 be a C°-bimodule (as in Proposi-
tion with Ao # 0 and r =" = 1. The map ¢ : C;° — Ep , defined as

(4.4) O(f)(x, k) = fr(Aox + Aik)
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for f =3 cs fa(w)W™, is a bimodule isomorphism with inverse

=> &(Eu—Mn),n)wm.

nez
for & € Epp.

Proof. The fact that ¢ is a left module isomorphism with

= &(F(u—An),n)Ww"

neZ

follows immediately from Proposition (and its proof). Before showing
that ¢ is a also a right C;°-module homomorphism, let us derive a few
properties of the parameters defining the module. For a bimodule with & =
R >0 and r =7’ = 1 one necessarily has £ # £’ (otherwise implying i = 0).
Hence, one may solve for Ao, ug and Aq, u1 to obtain

h he’ he

/ )‘1:_1 1 =—7
g —€ g =€ g —¢€

Ao = po =

and we note that

—he — (¢ —e)h he'
(4.5) p1—h= i :—5/_5:)\1.

Now, one computes for f,g € C°

o(f9)(x, k) = (fg)e(Moz + Mk)
= fa(Mox + Aik)gr—n(Xoz + Mk + nh)

net
and
(@(f)g) (@ k) =D gu(pow + puk — 1o (f) (x — 1’ k = 1)
= lzeé Fromt(Mo(z = 1) + Mk — 1) gi(pox + ik — Lh)
= lzerk_l(/\ox + Mk — (X" + M) gi(pox + pak — Uh)
ne

=" fiei(Roz + Aik) gi(pox + pak — 1h)
nez
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since 0 = A\oe’ + A7’ = Xge’ + A\1. Moreover, changing the summation index
ton =k —1 gives

(¢(f)g) (z, k) = Z In ()\OCE‘ + /\1k‘)gk_n(,u0$ + (u1 — h)k + nh)

nez
=" fa(Roz + Aik) gron(Nox + Mk + nh) = ¢(fg)(x, k),
nez
by using that A\g = po and p; — h = A1, as shown in (4.5)). 0

4.1. Hermitian structures

Continuing the analogy with the noncommutative torus, we show there exist
hermitian structures on the (Cp, Cs/)-bimodule & p.

Proposition 4.8. Let &, be a (Cp,Chr)-bimodule, as in Proposition
and define o(-,-) : Enp X Enw — Cr and (-,-)e : En X Enp — Crv as

.<§,?7> = Z [/R (5’ ezmgAC“W"n)LeQ”f“dj] wn

nez

<§’ 77>. _ Z |:/]R (§e2wiiuwn,n)R62ﬂ'i:fcudi{| wm.

neZ

Then it follows that

o(a&m) =a((&m)  (§nb)e = ((£;m)e)d

as well as the compatibility condition

0<£7n>¢ = £<777¢>0
fora €Cph, b€ Cxr and §,n,¢ € Ep .

Remark 4.9. Strictly speaking, e>™“W " is not defined since e>™** does
not decay as u — oo (and, hence, does not belong to the algebra). However,
having in mind the left action (4.1)), we interpret the above expression as

(Ea eQﬂ'ii‘uwnn)L — Z/ é.(.%', ]f)?’](fﬂ — ne, kL — nr)e—zﬂii‘()\ox-‘r)\lk)dx
kez /R

and allow ourselves a formulation as in Proposition [4.8] since it more clearly
reflects the idea behind the construction. Similarly for the right structure.
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Proof. Let us start by showing that ¢(a&,n) = a(e(§,n)). Thus, we set
a= Z ap(u)Wk
k
and write
.<a€777> = Z/R (ak(u)Wkg, eQﬂirf:uWnn)Le%rifcuWndi
= Z/ (5’ W—kme%riiuwnn)L€27ri;i’uWndi,
k,n R
— Z / (5’ m62mi(u7k’h)wn7kn)L€27TiiuWndi_.
R
— Z/R (5’me%riiwn—kn)L€27ri:%khe27ri£uwndi,'
Now, let us replace ag(u — kh) by its Fourier integral:
.<a£’ 77> —_ Z / (57 ag (x)e—?wiz(u—kh)e%riiuwn—kn)L€27ri:fckh627ri§:uwndxdj
= Z // 2mu (z—=x) wn— kn)Ldk ($)€2ﬁi(ifx)khe2ﬂiiuwndxdi,.
By a change of variables we set | =n — k and y = & — z, giving
.<a§7 17> = Z // (67 e27riunln)Ldk(m)627riykﬁe27ri(m+y)uWk—O—ldxdy
Kl IR
_ Z/ dk(x)e%ri:cudx/ (57 e27riunln)L627riykh€27riyuwk+ldy
ki /R R?

_ Za’k / 6, 27rzunl ) 27riquldy _ a(. (57 77>)

The proof of the statement (£,ma)e = ({(£,M)e)a is completely analogous.
Finally, we need to show compatibility of the two products; namely, that

o(&m =&, 1)e
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for £,m,% € Ep . One writes

(.<£, 7’]>¢)(1‘, k‘) _ ZA (5’ eQWiiuWnn)Le27rii(/\ox+/\1k)w(x —ne k — m“)dic

=3 [ sty =z Ty
n,l

% e27ri9E()\0:v+)\1k)w(

x —ne, k —nr)dydz
_ Z/ / 2o (2—y)+ M (k1)
w1 JRJR
x &(y, n(y — ne, l —nr)(x — ne, k — nr)dydz
=3 [ 800e — ) + Xtk = D)6 1)
n,l R

n(y ne,l —nr)p(z — ne, k —nr)dy

—Zﬁ (k —1)A1/Xo, 1)

x n(z+ (k= 1)A1 /Ao — ne,l — nr)y(z — ne, k — nr).

A similar computation for £(n,1)e gives

(€<777¢>')(337 k) = Zf(l' - n/5/7 k — nlrl)

n/’l/

xn(x+ (k= U)p1/po —n'e’ Il —n'r')
x P(a + (k= 1)/ po, ')

To prove that the expressions for (o(&, n)¥)(z,k) and (£(n,v))(z, k) are
equal for all x and k, we compare the sums term by term. Let us proceed as
follows: We fix arbitrary n in the expression for (¢(£,7)1)(x, k) and arbitrary
n/ in the expression for (§ (n, w).) (x,k). Now, for every such choice we will
prove that there exists [ and I’ such that the corresponding terms are equal.
Setting

l=k—n'r' and U'=k—nr,
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one finds (by comparing the arguments of £, n and 1)) that the corresponding
terms in the two sums are equal if

A
A—(l)(k —1)=-n'd
A1 51 ’ I,
—(k—=-1l)—ne=—(k-10')—n'e
k= 1) —ne =Lk 1)
l—nr=10—-nv

K1 /
—ne=—(k-1

Mo( )

Inserting | = k — n'r’ and I’ = k — nr into these equations yields
Mg + M7 =0 and poe + pir =0

as the remaining conditions. However, these conditions are true due to the
fact that & p is assumed to be a bimodule fulfilling the requirements of

Proposition O
4.2. Bimodule connections

Let us now turn to the question of finding connections V on the bimodule
En,nr, of the form

(4'6) Vlf(ac,k:) = O‘g;(ka) V2§(l‘,k‘) = Bx£($’k;) +’7k§(x’k)’

for a, 8,7 € C, and we start by working out the conditions for V to be a left
connection; that is, such that

V() = Vi€ + (Okf)E
for k=1,2, (€ & and f € Cr°.
Proposition 4.10. Let &, be a left C;°-module with respect to a choice of
Ao, A1, 6,7 (as in Proposition with Ao # 0. If a« = 1/\o and Pe +yr =
211 then V, as defined in (4.6), is a left module connection.

Proof. One finds that

V() (x, k) = a(f&) (2, k) + aXo((81 1)) (2, k)
= (fVa&)(x, k) + ((01.1)€) (, k)
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since aAg = 1. Furthermore,

Va(FE) k) = (F(V26) (k) + 2 (@ )6) )

= (f(V29)(z, k) + ((02£)8) (=, k)

since fBe 4+ yr = 2w, showing that V is a left module connection. O

Remark 4.11. By using the isomorphism ¢ : C;° — & in (4.4) one may
induce connections on the algebra itself via

Vif = ¢ (Vio(f))
for f € C;°, giving
Vif=0of

and

211

Vof = <aﬁh + 1> Of +aBuf =df +abBfu,

using the expression (2.6|) for Os.
It is straightforward to compute the curvature of V in (4.6):
F12€(x7 k) = (v1v2 - VQVl)f(%, k) = aﬂf(x, k)

showing that V has a constant curvature equal to a3. Note that the curva-
ture does not depend on v, which implies that one may construct connections
with arbitrary constant curvature. Namely, let R € C and set

1 21t — A
o= — B=M\R ,},:LOER
/\0 r

clearly fulfilling the requirements of Proposition [4.10] giving a connection of
constant curvature a8 = R.
Moreover, one easily shows that the curvature is Cp°-linear, that is

Fia(f&(z, k) = f(F12€(x, k))

for £ € &, and f € C;°, implying that the curvature Fis is an element of
Endex (Er) ={T : & = &) | T(fE(x, k) = f(T€(x, k))}

for £ € &, and f € C;°; this is an algebra under composition.
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Given a left connection on &, one can define associated derivations on
Endcye (€) from the commutators

(4.7) 56(T) =V oT —T oV,

for k =1,2 and T' € Endcy (&r). If & is also a right CpP-module, then Cpf
(acting on the right) is a subalgebra of Endcx=(€s). On the algebra Cpy,
with the connection V as in one recovers a rescaling of the natural
derivations from , as stated in the following result.

Proposition 4.12. Let & be a (C2°,CrY)-bimodule with and let V be a
left module connection as defined in (4.6). Then on f € C3y the derivations

in (4.7) are given by

51(F) = (o)  da(f) = Pt g

21

Proof. With the right structure as in (4.2)), one computes

(£01f) (2, k) = Vi(&f) (k) — (V1) f)(x, k)

— (o) 3 Falpow + juk — nl)e(w — ne' sz — nr’)
nez

= (apo)(E01f)(z, k),

as well as

(552f)($7 k) = v2(§f)(xa k) - ((v2§)f)($v k)
= (Be' + 1) Z nfn(por + pi1k — nk)é(x — ne’, x — nr')

NeEZL
Be" + ~r'
= k
which establish the results. O

As a corollary we have the condition for V to be a right module connection.

Proposition 4.13. Let & be a (C2°,Cr?)-bimodule with and let V be a
left module connection as defined in (4.6). If « = 1/ug and Be’ + vr' = 2mi

then V is a right module connection; that is,

Vi(€f) = (Vi&) f + &0k f)

fork=1,2, €& and f € Cp7.
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Proof. With the restriction on the parameters one has dx(f) = Ox(f) for
k=1,2and f € Cpy. With T' = f (acting on the right), (4.7) becomes

§Okf) = ViESf) — (Vi§)f,

showing that V is indeed a (right) connection. O

In order for V to be a bimodule connection on &, the parameters, apart
from satisfying the requirements of a bimodule, need to satisfy the require-
ments of Proposition [£.10] and Proposition [£.13] Let us work out what this
implies for the parameters.

Proposition 4.14. For \g#0 and h, ' >0, let &,y be a (C3°, C5?)-bimodule
with parameters \o, A\1,€,7 and Ao, pu1,€,7" respectively, satisfying the re-
quirements of Proposition[{.3, and assume that 3,7 € R are such that

Be +yr = Be' + yr’ = 2mi.
1) Ifh="H thenB3=0,r=1"#0,ec#¢ and

h he’ he 2mi
AO—E Al——m W= 7=

2) If h £ 1 then b/ =r/r" € Q and

W—h | o
Ml—rl_r-i-)\l 5——)\—0(71—1-)\17’) 5——)\0
. h=H 2mi . h=H

B = 27T7/)\0W Y= 7 + 27TZ>\1W

Proof. The requirements on the parameters can be summarized as:

(4.8) o€ + A\ir = —h

(4.9) Ao’ + M7 =0

(4.10) Nog" + pr’ =1

(4.11) A€+ pir =0

(4.12) Be +r = Be' +yr' = 2mi,

and we note that (4.8) and (4.11)) imply (A — p1)r = —h, and (4.9) and
(4.10) imply that (A — p1)r’ = =1, giving

(4.13) M —p)(r—7")=H —h.
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Let us first consider the case when h = K/, which implies by that
A1 = pq orr = r'. However, if \; = p then and imply that A = 0,
which contradicts the assumption that A > 0. Hence, one must have that
r = 1r’. Next, we note that »r = 7’ # 0 since otherwise and imply
that & = 0. The same kind argument shows that &’ # ¢ if r = 1/ (otherwise
and imply that & = 0). Thus, the following equations remain to
be solved:

A+ Mr=—h
M€/ +\r=0
Mg’ + pr =h
A€+ pir =0

Be +yr = Be' + yr = 2mi.

The last equation implies that (¢’ — ) = 0 which gives 8 = 0 since € # ¢’
Solving the above system for the variables Ao, A1, 11,7 immediately gives
the claimed result.

Next, let us consider the case when h # /. Equation then implies
that A1 # p1 and r # 1/, giving

W —h

r—r

Equations (4.8)) and (4.11)) imply that g1 — A\yr = A which, by inserting the

above expression, gives

p1 = + A1

hl r /

(4.14) ==

which in particular implies that i'/A € Q. With puy = (W' —h)/(r — ') + )\
and W' /h =1"/r, (4.8)-(4.12)) are equivalent to

Aog + \ir = —h
)\06/ + )\17“/ =0
Be +yr = Be’ +yr’ = 2mi.

Solving the first to equations for e, &’ gives

1
€= —/\—O(h—i—)\lr) and ¢ =

B A7’
Ao
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which, furthermore, gives

Be-) =20 -1) = v=p (-5t ):

Inserting the expression for v into Se + vyr = 27i gives

Ao(r —1r") Lor/r =1 . h—H
B = 27TZT = 27TZAOT = QWZAOW
(using W' /h = r'/r) and finally
271 . h—H
Y= 7 + 27”)\1W7
completing the proof. O

Thus, if i = A’ then § = 0 which implies that a (C3°,Cs°)-bimodule connec-
tion of the type (4.6) has zero curvature

(V1Vy — VaV1)€ = aB € = 0.

In the situation when h # I/, Proposition shows that in order for such a
bimodule connection to exist, the ratio between & and &' has to be rational
(note that, they need not themselves be rational). Moreover, in this case
one may always find module parameters guaranteeing that V is a bimodule
connection. The curvature then becomes

h—H
(415) (V1VQ - V2V1)§ = Oéﬁf =27 W 5
It is noteworthy that the curvature is independent of the particular pa-
rameters defining the bimodule structure, since it only depends on A and
. Moreover, since 1i/I is rational from ([4.14)), the curvature is a rational
multiple of 27i.

5. A pseudo-Riemannian calculus

In [AWI1T7al [AWI7D] the concept of pseudo-Riemannian calculi was intro-
duced in order to discuss Levi-Civita connections on vector bundles over
noncommutative manifolds. In this particular setting, one can prove that
there exists at most one metric and torsion-free connection on a vector bun-
dle which is equipped with a soldering map; that is a linear map which maps
derivations into sections of the bundle. In this section, we shall construct a
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pseudo-Riemannian calculus for the noncommutative cylinder and explicitly
compute the Levi-Civita connection as well as the corresponding curvature.

We first recall a few definitions. For the time being, we assume that A
is an arbitrary *-algebra.

Definition 5.1. Let M be a (right) A-module and let i be a non-degenerate
A-valued hermitian form on M. Furthermore, let g C Der(A) be a real Lie
algebra of hermitian derivations of A and let ¢ : g =& M be a R-linear map.
The data (M, h, g, ) is called a real metric calculus over A if

1) the image M, = ¢(g) generates M as an A-module,
2) h(E,E')* = h(E,E') for all E,E' € M,

An affine connection V on (M, g) is a map V : g x M — M such that (with
the notation V(9,U) = Vy(U)), one has

1) Vo(U + V) = VU + VoV,
9) Vaoso U = AVoU + Vo U,
3) Vo(Ua) = (VaU)a + Ud(a),
for all U,V € M, 8,8 € g, a € Aand \ € R.

Definition 5.2. Let (M, h, g, ¢) be a real metric calculus and let V denote
an affine connection on (M, g). If

WVoE, E') = h(VyE, E')*

for all E,E" € M, and 0 € g then (M, h,g,p, V) is called a real connection
calculus.

Definition 5.3. Let (M, h,g,¢, V) be a real connection calculus over M.
The calculus is metric if

O(h(U,V)) =h(VaU, V) + h(U,VyV)
forall 0 € g, U,V € M, and torsion-free if
Vop(d') = Vop(d) — ¢([0,0]) =0

for all 9,0" € g. A metric and torsion-free real connection calculus over A is
called a pseudo-Riemannian calculus over A.



Projections, modules and connections 559

Within this framework, the uniqueness of a metric and torsion-free connec-
tion can be stated in the following way.

Theorem 5.4 ([AW17b]). Let (M, h,g,p) be a real metric calculus over
A. Then there exists at most one affine connection V on (M,g), such that
(M, h,g,¢,V) is a pseudo-Riemannian calculus.

Let us now return to the noncommutative cylinder. The algebra C;°
consists of smooth functions on R x S! that fall off rapidly at infinity. Of
course, there are many more smooth functions on R x .S I'and in this section
we allow ourselves to consider a different algebra Cp° consisting of elements

0= falwpem

ne7Z

where f,, € C°(R) is such that f,, # 0 only for a finite number of terms.
The product is defined as before as

(f ong)(u,t) = Z[ka )gn—k(u + kh) |70

neZ - keL

and the *-algebra structure is again given as in Proposition [2.4] Note that
whenever f,g € C;° N C°° the products of the two algebras coincide (as well
as the involutign). In what follows, we shall construct a pseudo-Riemannian
calculus over Cp°.

Let g denote the real (abehan) Lie algebra generated by the hermitian
derivations 01, 02, and let TC;.L denote the free (right) Ch -module of rank
2, w1th bas1s e1, e2. Moreover, we introduce the hermitian form h : 7' C
TCh — Ch

h(X,Y) = (X*)*h;;Y?

for X = X’; and Y = Y'e; and hi; € é\?f such that h* = hj; = hy;. (Here
and in the following we sum over up-down repeated mdlces from 1 to 2. ) We
shall assume that A is invertible in the sense that there exists h¥/ € Ch such
that h”hjk = hk]hﬂ = (5’ (For instance, one might choose h;; = er(“)é
for arbitrary (real) k(u ) € Ch .) Clearly, h is nondegenerate in the sense
that 2(X,Y) =0 for all Y € Té\ implies that X = 0.

Finally, we define ¢ : g — TC°° as (0x) = ey (for k = 1,2) extended linearly
to all of g. It is immediate that the image of ¢ generate TC,?LO and that
h(E, E') is hermitian for all E, E’ in the image of ¢. These considerations
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imply that (TCA;?,h, g,¢) is a real metric calculus over CA};O The (unique)
Levi-Civita connection can be computed via Koszul’s formula (cf. [AW17al,
AWI17b]) which, since [0;, ;] = 0, becomes
1
h(VZ-ej, ek) = 5 (&»h(ej, €k) + 8jh(€k, 6,‘) — akh<6i, €j)),
where V; = Vy,. Writing V;e; = elFéj gives

(T4)* ha = = (0shji + Ojhu; — Orhij),

N =

and one finds that
1
Féj = §hlk (@hjk + @»hki — 8khzj)
Let us exemplify this construction for h;; = e2k(“)5ij. In this case, one obtains

Fh = F%2 = F%l = _1%2 = k:’(u)

F%l = F%Q = F%1 = F%z =0
giving
Vier = e1k/(u) Vies = Vaer = esk/(u) Vaoes = —e1k(u).
We immediately note that
h(Viej, Vie))™ = h(Vie;, Vier)

since both V;e; and h;; depend only on w. This implies that the curvature of
the connection will have all the classical symmetries [AW17b|; hence, there
is only one independent component of the curvature, and one finds

R(81,82)61 = V1V261 — V2V161 = egk”(u)
R(al,ag)ez == V1VQ€2 — v2V162 = —elk‘”(u)
Risiz = her, R(91,92)e2) = —e2F W (u),

giving the Gaussian curvature as
1. ..
K = ihZ]Rikjlhkl — —6_2k(u)k//(u)_

For a metric of the above form, a natural integration measure corresponding
to the volume form is given by 7,(f) = 7(fe2*(*)). For the sake of illustration,
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let us compute the total curvature (when it exists)

Th(K) = —/ e*%(“)k”(u)e%(“)du = —/ K" (u)du

o / IRt /
=g k) - i k)

Here one notes a certain independence of the total curvature with respect

to perturbations of the metric; i.e. for k(u) = d(u) + k(u) one finds that

Th(K) = 71,(K) whenever

. / _ . !

W50 = Jn o),
For instance, for k(u) = In(cosh(u)), corresponding to the induced metric on
the catenoid (cf. [AHIS§]), one obtains

h(K) = lim tanh(u)— lim tanh(u) = —2
U——00 U—00
which, in the geometrical situation where the trace naturally gains a factor
of 27 (from the integration along S'), gives the expected value of —4r for
the total curvature of the catenoid.
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