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On entropy for general quantum systems

W. A. MAJEWSKI AND L. E. LABUSCHAGNE

In these notes we will give an overview and road map for a defi-
nition and characterization of (relative) entropy for both classical
and quantum systems. In other words, we will provide a consistent
treatment of entropy which can be applied within the recently de-
veloped Orlicz space based approach to large systems. This means
that the proposed approach successfully provides a refined frame-
work for the treatment of entropy in each of classical statistical
physics, Dirac’s formalism of Quantum Mechanics, large systems
of quantum statistical physics, and finally also for Quantum Field
Theory.
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Despite the efforts of many authors over a very long period of time, gain-
ing a deeper understanding of entropy remains one of the most important
and intriguing challenges in the physics of large systems — a challenge still
receiving the close attention of many prominent authors. See for example
[35). In this endeavour the techniques available for the quantum framework
still lack the refinement of those available for classical systems. On this point,
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Dirac’s formalism for Quantum Mechanics and von Neumann’s definition of
entropy in the context of B(H ), does however provide a “template” for de-
veloping techniques for the description and study of entropy in the context
of tracial von Neumann algebras. One possible way in which von Neumann’s
ideas could be refined to provide a “good” description of states with well-
defined entropy in the tracial case, was fully described in [22]. As is shown in
that paper, a successful description of states with entropy can be achieved
on condition that the more common framework for quantum theory based on
the pair of spaces (L>, L), is replaced with a formalism based on the pair of
Orlicz spaces (L°* 1 Llog(L + 1)). An important point worth noting (also
pointed out in [22]), is that this axiomatic shift leaves Dirac’s formalism in-
tact! However not all quantum systems correspond to tracial von Neumann
algebras. (Note for example that the local algebras of Quantum Field The-
ory are type I11;.) Hence no formalism for describing and studying entropy
is complete, if it cannot also find expression in a type III context. In these
notes we will provide a formalism for describing (relative) entropy for the
most general quantum systems. Our approach is to describe relative entropy
in terms of modular dynamics, for which a common input stemming from
the concept of Radon-Nikodym derivatives is crucial. As we shall show in
Section 4] the theory achieved dovetails well with existing concepts of rela-
tive entropy [Il, 2], and also allows for a “density based” description which
faithfully mimics the classical formula. Then in Section [5| we use the theory
thus developed as a guideline for introducing a concept of entropy for single
states of type III von Neumann, before concluding by indicating the way
forward. As shall be seen, the definition for entropy achieved in Section
harmonises perfectly with the above-mentioned Orlicz space formalism, and
is a natural extension of the descriptions given in [22]. We emphasize that
the aforementioned extension demands a regularization procedure which has
recently been shown to fit the operator algebraic approach to Quantum Field
Theory very naturally, cf [21].

1. Boltzmann’s H-functional and (classical) entropy

Let I" be a phase space associated with a system. We fix a reference measure
A on I'; usually it will be the Lebesgue measure. A function f such that
fe{gge L}(,dN),g >0, [ gd\ =1} = & defines a probability measure
dp = fdA. In the Boltzmann theory, such an f has the interpretation of a
velocity distribution function, cf [33] see also [29] . On the other hand we
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note that g € & can be written as

dp

(1.1) 9=

where j—ﬁ stands for the Radon-Nikodym derivative. Hence, the Boltzmann
H-functional can be written as

(1.2) Hﬂﬁzi/gbggMA:i/zil (Zi)dx u(mg(jﬁ))

provided that the above integrals exist. In [20], [2 ] [23] we have argued
that for states (probability measures) p such that N € Llog(L+1)N L,
the functional H(-) is well defined.

Remark 1.1. As the (classical) continuous entropy S differs from the func-
tional H only by sign, the above means that the entropy S (%f) is well defined
if % ¢ Llog(L+1)N L.

Let p and v be probability measures over a set X, and assume that p is
absolutely continuous with respect to v. The relative entropy (also known
as Kullback-Leibner divergence) is defined as

(13) S@AW::/’Mg< >du / Wibg<dﬂ>dy__<bg§ >

provided that the integrals in the above formulas exist, where Z— is the
Radon-Nikodym derivative of u with respect to v. Assume additionally that
v (so also p is absolutely continuous with respect to the reference measure
A). Then

d dp dA
(1.4) oH_ ol oA

dv d\ dv
and under some additional assumptions one has the more familiar formula
for the relative entropy

(1.5) S(ulv) = [ plogan,
X q

vV

Wherep——)\ andq——
Intuitively, it is easily seen that for a discrete case, the entropy of a
random variable f on X with a probability distribution p(x) is related to
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how much p(x) diverges from the uniform distribution on the support of f.
In particular, putting ¢ = 1 in the formula one gets

(1.6) S(ulr) = H(p),

where the (non-normalized) functional 7 is defined by the reference mea-
sure A. As “uniformity” can be related to the “most chaotic” state (each
microstate is equally probable), the basic property of statistical entropy ex-
pressing how far the given state is from the most chaotic, is recovered.

To clarify this point as well as to gain some intuition for a noncommu-
tative generalization, we turn to the algebraic approach to the just defined
concepts. For a fixed measure space (X, 3, \), let L*°(X, X, \) = L denote
the set of all A-measurable, essentially bounded functions on X. The abso-
lute continuity of p with respect to A is equivalent to the condition that p
can be regarded as a normal functional on L (X, 3, \), cf [5] Theorem 1,
p. 167. Since L*°(X, 3, \) is the prototype of abelian von Neumann alge-
bras, one can rewrite definitions as well as the basic properties of the above
concepts in (abelian) von Neumann algebraic terms.

To this end, let 9,(f) = [y f g’)‘\ d\(x) denote the functional over
L*>°(X, %, )\), for the reference measure A. In particular, the trace 7 over
L*°(X, %, \) is given by

(L.7) ﬂﬂ:Lﬂwm

It is worth pointing out that the existence of such a trace affords the
possibility of dealing with uniform distribution (as was indicated above). In
other words, such existence affords the possibility of discussing the relation
between entropy and relative entropy! Consequently, the entropy formula
can be given as

v e (2 (22)
E/ <Il);97 > log (%97 ) N(z) = <10g (%?) >,/

while the relative entropy formula reads

(19) amw»:Qe(gg)%,
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where g—z*‘ stands for the Radon-Nikodym derivative of functional ¥, with
respect to the functional ¥, — see the next section.

Remark 1.2. Classical equilibrium thermodynamics. To get some better
intuition, let us consider the specific case when the velocity distribution
function %f is given by the Maxwell-Boltzmann distribution

d
(1.10) % = Ze PH = glogZ=BH = K

where Z is the normalization constant, 8 > 0 (usually interpreted as “the
inverse temperature”), and H is the Hamiltonian of the system under con-
sideration.

For such cases, the above formulas for entropies read

(1.11) S (j‘;) =9 (%ﬁ) = (log(e™)) = (K)p,

while for the relative entropy of % = Zye Pl = K Z—K = Zye B> =
e’2_ one has

wz s () - (s > — (K1) — (K

It is important to note that s in perfect agreement with the second
law of thermodynamics; see Section 32 in [I7]. The above formulas can be
rewritten as

dp .d
(1.13) S (CM> = —z@<e Y L li=o
and
dp dv A uK, ik,
(114) S (d}\ d)\) = —Z£<€ tKle LK >,u|t:0

As it will be seen in the next Sections, the above recipe can easily be
generalized and quantized.

To clarify the significance of derivatives and to proceed with our exposi-
tion we need some preliminaries, which for the reader’s convenience will be
given in a separate section.
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2. Algebraic preliminaries

As the concepts of entropy and relative entropy involve Radon-Nikodym
derivatives, for the reader’s convenience, we here provide the relevant mate-
rial on noncommutative Radon-Nikodym and cocycle derivatives, thus mak-
ing our exposition self-contained. The theory of such cocycles goes back to
[9], [10], [11]. In particular, Connes proved, see [9]

Theorem 2.1. Let M be a von Neumann algebra and ¢, ¢ faithful semifi-
nite normal weights on 9. Then there exists a o-strongly continuous one
parameter family {u:} of unitaries in 9 with the following properties:

o Uy = utof(ut/), for all t,t' € R,
[ ]
(2.1) O'Zp(ﬂ?) = utaf(:c)uz‘, for all x € M, t € R,

e a unitary u € M satisfies Y(x) = ¢(uau™) for all x € M, if and only if
up = u*af(u) forallt € R,

where af (af’) stands for the modular evolution determined by ¢ (V¥ respec-
tively).

Definition 2.2. The family of unitaries described by the above theorem is
called the cocycle derivative of ¢ with respect to ¢ and is denoted by

To fully understand the next remark we need, cf [§], Theorem 5.3.10.

Theorem 2.3. (Takesaki) Let 9 be a von Neumann algebra, and w a
normal state on M. The following are equivalent:

1) w is faithful as a state on m,(9M), i.e. there exists a projector E €
MNM such that w(l — E) =0 and wlopg is a faithful state.

2) There ezists a o-weakly continuous one-parameter group o of *-auto-
morphisms of M such that w is o-KMS state.

Moreover, o|9ME is the modular group of ME associated with w.

This theorem legitimises the application of KMS theory to our approach
to quantum entropy. In other words, our scheme is related to quantum equi-
librium thermodynamics. Now we are in position to present
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Remark 2.4. We note that up = I (see the proof of Theorem 3.3, Chapter
VIII in [31]). Further, let us take (formally) a derivation of at t = 0.
Then, denoting the infinitesimal generator of O';Z) (cf) by LY (L¥ respec-
tively) one gets

dut dut *
2. L¥(z) = — L¥ —
(23) @=2] o+ <x>+x( u t:o) ,
or equivalently
dut dut *
2.4 L¥(z) — L?(z) = — — :
(2.4 (@)~ L#(z) = 2 t_0x+x( u t_o)

Theorem implies that the modular evolution for a fixed faithful normal
state ¢ on 91, can be interpreted as Hamilton type dynamics for the equi-
librium (KMS) state on 9t. This means that the derivative of u; at t =0
determines the difference of two “equilibrium” type generators LY and L¢.
The important point to note here, is the fact that in general, LY and L¥ are
unbounded derivations. Thus, the equality is not well defined for each
x. This clearly indicates that derivatives of u; should be studied carefully,
and this will be done in the ensuing sections.

To say more, let ¢ be a perturbed p-state, so ¢ = *’; for all details see
Section 5.4.1 in [§]. In particular, for P € 9 there exists an explicit form of
u;. Furthermore, it is easy to note that L¥" 2 — L¥x = i[P, x|, which is well
defined. Consequently, comparing two states which differ by a finite energy
perturbation, does not lead to any problem.

Finally, we note that KMS states can be characterized by passivity, see
[28] and/or Section 5.4.4 in [8]. We remind that among other things passiv-
ity ensures compatibility with the second law of thermodynamics. Therefore,
our scheme based on Tomita-Takesaki theory, seems to be a natural quanti-
zation of the classical case presented in Remark

The Radon-Nikodym theorem used in the previous section has gener-
alizations to general von Neumann algebras. The first generalization, for
traces, is extracted from Pedersen’s book [27], see Theorem 5.3.11 and the
remarks in 5.3.12 from that reference.

Theorem 2.5. Let T be a normal semifinite trace over M. For each normal
semifinite weight 1 on O which is absolutely continuous with respect to T in
the sense that for any a € M, the fact that T(a*a) =0 implies P (a*a) =0,
there ezists a unique positive operator h on H. (H, is GNS space for (I, 1))
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such that

(2.5) Y(x) = 7(hx).

For a general von Neumann algebra 9t and two normal faithful semifinite
weights such that one dominates the other, one has (see Theorem VIII.3.17
in [31])

Theorem 2.6. For a pair 9, v of faithful semifinite normal weights on M,
the following conditions are equivalent:

1) There exists M > 0 such that
(2.6) I(x) < Mip(x), = eMy,

2) The cocycle derivative (Di: D) = uy can be extended to an M-valued
o-weakly continuous bounded function on the horizontal strip D1 =
{z € C; =3 < Im(z) < 0}, which is holomorphic in the interior of the
strip.

If these conditions hold, then

where ny = {x € M; Y(x*x) < oo}.

Remark 2.7. We emphasize that the domination of one weight by another
is a stronger property than “absolute continuity” described in Theorem
but the domination condition is nevertheless still in the same vein as the
condition of absolute continuity. Also notice from part (2) of the above
theorem, that |u*, /2|2 in a very real sense fulfills the role of the “density”
of 1) with respect to 1.

One may ask whether there is a relation, based on the Connes charac-
terization of unitary Radon-Nikodym cocycles, between cocycle derivatives
and the relative modular operator. More precisely, see [1], [3], let ¢, ¥ be
normal semifinite weights on 91, and ¢ be faithful. Then

(2.8) u = (DY: Do), = Ay JA".

In particular, if 9t is semifinite von Neumann algebra, ¢ and 1 faithful
semifinite normal weights, 7 a faithful, normal semifinite trace on 9, then
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one has (see [12], p.470) that there exist positive operators affiliated with
9 such that Y(x) = 7(oyx), V(x) = 7(0yz) for each x € M, and

(2.9) (DY: D), = dyoy™

Hence, on applying this equality to the abelian von Neumann algebra L°
(cf. the discussion at the end of the previous section), one has

d . .
(2.10) 7 (DPut Dov) o = ilog fu — ilog fo,

where = f,d\, v = f,d\, and f, >0, f, > 0. Thus

d
(2.11) <dt (Dgu: Do) |, 0> /fﬂlog Tu gy,
— [ (futog i~ fulog 1) dx

which is in perfect agreement with the definition of relative entropy, cf. for-

mula [[L3]

We remind the reader that the proper basic structure for a description of
large quantum systems, is a von Neumann algebra of type I11. In other words,
one is forced to deal with a von Neumann algebra which is not equipped with
a nontrivial trace. Consequently, to be able to study entropy, access to the
type of functional calculus required for an effective description of uniform
distribution would be a powerful tool, which can be accessed by passing to
a larger super-algebra, i.e. to the crossed-product M. It is in this larger
super-algebra that we have access to the functional calculus for T-measurable
operators. If 9t together with a canonical faithful normal semifinite weight
w is given on a Hilbert space H, then M is the von Neumann algebra on
the Hilbert space L?(IR,H) generated by the following operators:

(2.12) (m(2)€)(t) = o_4(x)E(t), €€ LA(R,H),t € R,z €M,
(2.13) (A(s)E)(t) = £(t —5), €€ L*(R,H),teR,zcM,

where o, = o} stands for the modular automorphism.

Remark 2.8. 1) 9t can be identified with its image 7(91) in M.

2) If M is type I1I then M is a semifinite. Thus, on M there is a semifinite
normal faithful trace!
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We wish to close this section with a deep result of Haagerup, see [15]
Theorem 4.7 or/and [32] pp. 26-27. Let 1, ¥ be normal, faithful semifinite
weights on 1. 1; and 9 stand for the corresponding dual weights on M.
Then, for any t € R

(2.14) (Dq;: D&) = (Dy: DY), .
t
3. The von Neumann entropy and Dirac’s formalism

In Dirac’s formalism, a (small) quantum system is described by an infinite
dimensional Hilbert space H and the von Neumann algebra B(?). A normal
state ¢y on B(H) has the form v (a) = Troya where py is a positive trace
class operator, with trace equal to 1, i.e. Tro, = 1. Here the set of states
S is given by & ={p € B(H); 0" = 0,0 > 0,Tro = 1}. Applying the non-
commutative Radon-Nikodym theorem, see Theorem 1, pp. 469-470 in [12],
one has

(3.1) olf = (Dy : DTr),

We remind that von Neumann entropy S(o,) was defined as

(3:2) S(oy) = Tr(oy log 0y).
This definition can be rewritten in Radon-Nikodym terms in the follow-
ing way
_ d
(3.3) S(oyp) = —iTr | oy %(Dw : DTr) -

d
= —i <dt(D1/J : DTr)

)
t=0

d
B4) S(0l) =T (gulog oy — gy or,) =~ ( (s D)

and, for ¢(-) = Tr(oy-), ¢(-) = Tr(oy,-)

)
t=0

Remark 3.1. As was pointed out at the end of [22, Section 6], within
Dirac’s formalism the Orlicz space scheme for selecting “good” states with
well defined entropy, agrees with the standard approach to elementary quan-
tum mechanics. Specifically in this setting the space L'NL(log(L+1))(B(H))

where we assumed that the states are faithful.
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is precisely the trace class operators L'(B(#H)). In fact for B(#), all non-
commutative measurable operators are already bounded; for details see cf
[22], and [24]. This behaviour is not unexpected as on the one hand Dirac’s
formalism is designed for small systems, and on the other hand, restricting
to B(H), noncommutative integration theory is oversimplified. The entropy
for large systems will be examined in the next section.

4. General quantum case

Let us consider a general quantum system and let 9t be a von Neumann
algebra associated with the system. In general, for large systems, 9 is a type
IIT von Neumann algebra. Let w be a normal semifinite faithful weight on 9.
The weight w will play the role of a noncommutative probability reference
measure. We denote by M the crossed product of 9N associated with the
modular morphism o, produced by w, cf. Section 2. By @ we denote the
dual (and hence normal semifinite faithful) weight on M, and 7 stands for
the canonical trace on M. We remind that the modular automorphism &
produced by the dual weight @ has the form &;(-) = A(t) - A(t)* — for details
see [30], [32] and [21]. By Stone’s theorem one has A(t) = h’. We note that
logh can be identified with —’i%(D(IJ : DT)¢|t=0 where 7 is the canonical
trace on M. Based on the foregoing analysis we propose:

Definition 4.1. Let ¢, ¢ be faithful states on 9. We define the relative en-
tropy S(9[1)) to be S(F|¢) = lim;_,o FI[(DY: D)y — 1] if the limit exists,
and assign a value of oo to S(9|)) otherwise.

Let 9t be a o-finite von Neumann algebra in standard form [16], and
let ¢ and ¢ be two faithful normal states with unit vector representatives
W, ® € H. The basic theory of Tomita-Takesaki theory easily extends to
show that the densely defined anti-linear operator Sy (a¥) = a*® is in fact
closable. The operator Ay, is then defined to be the modulus of the closure
of S4.. In the same way that the “standard” modular operator may be
used to generate the modular automorphism group of a given state, this
operator in a very real sense encodes the manner in which the dynamics
determined by the modular automorphism group of one state, differs from
other. Using this fact, Araki then defined the relative entropy of ¢ and
¢ to be —(V,log(Ay)¥). We refer the interested reader to [Il, 2] and the
references therein for a survey of the basic properties of this entropy. However
despite the success of Araki’s approach, we prefer the above definition, since
on the one hand it is more overtly based on modular dynamics, and on
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the other it more easily allows for the incorporation of crossed product
techniques in the study of this entropy — as we shall subsequently see.
The two approaches turn out to be equivalent — a fact which is the content
of the next theorem. One of the crucial facts which help to establish this link,
is the fact that the Connes cocycle derivative (Dvy: D¢); may be described
in terms of Ay and Ay (see Appendix B of [3] for details). Another is that
any normal state ¥ on a o-finite von Neumann algebra 91 in standard form
[16], must have a vector representative [§, Theorem 2.5.31]. A version of this
theorem appears in the book of Ohya and Petz [26] Theorem 5.7], but under
the assumption that —(V,log(Ay ) ¥) is finite. Our proof is quite different
from the one used by Ohya and Petz — a fact which enables us to make
the more general conclusion stated below. In particular we are able to apply
the Dominated Convergence theorem directly to the functions [+(A" — 1),
rather than to [log A — (X% — 1)].

Theorem 4.2. Let MM be a o-finite von Neumann algebra in standard form
[16], and let v and ¢ be two faithful normal states with unit vector represen-
tatives W, ® € H. Then S(¢|¢) as defined in Definition agrees exactly
with Araki’s definition of relative entropy [1].

Proof. To start the proof we recall that in this case (Dy: D¢); = A” A i
The chain rule for cocycle derivatives informs us that 1 = (D) D@Z))
(Dy: D¢)(D¢p: D)y, and hence that we also have that

(D2 D), = (Do: DY), ' = (Al AL~ = AlTAT

Note that by construction we have that ¥ is an eigenvector of Ay corre-
sponding to the eigenvalue 1. Hence ¥ must then be an eigenvector of Al’t
corresponding to the eigenvalue 17% = 1. So for any ¢ we must then have
that

(W, (Di: DO)T) = (¥, AYA W) |
= (A", ALTW) = (U, A0 D).
It is therefore trivially clear that

lim %w[(Dwz D¢); — 1] = lim 1<\1f, (ALY —1)w).

t—0 t

Recall that Araki’s definition of entropy is

S¥le) = —(¥,log(Agy) V)
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where the latter term is understood to be
—/ log(\) d(¥, e\ V)
0

(here X — ey is the spectral resolution of Ay ). As Araki points out, the
value of this integral is either real (in the case where log is integrable), or co
otherwise. In the case where log is not integrable, it once again follows from
[1] that in this setting log is always integrable on [1,00), and hence that the
non-integrability of log is derived from the fact that — fol log(A) d(W, e U) =
00.

First suppose that log is integrable. For any ¢ > 0 and any A > 0, we
have that

1 .
’t()\zt o 1) S

%(Xit/Q - 1)()\115/2 + 1)‘ < ’i()\zt/Q - 1)‘ )

Carrying on inductively, leads to the conclusion that [}(A?—1)|<
\%(A“/Qk —1)| for any k € N. If now we let K — 0o, we obtain the inequality
|2(A" —1)| < |log())|, which holds for any ¢ > 0 and any A > 0. Hence we
may apply the dominated convergence theorem to see that for any sequence
{tn} converging to 0, we have that

lim — (W, Ay —1)¥) = lim / (A~ — 1) d(T, ey D)
’ 0

n—oo n n
= —/ log(\) d(U, e V).
0

This fact is enough to enable us to conclude that

. —it _ >
%1_{1(1) 7<\II, (Agy — D) = /0 log(A) d(U, e V).

Next suppose that log is not integrable. As was noted earlier, the fact
that in this setting log is always integrable on [1,00), ensures that non-
integrability of log is equivalent to the statement that

1 1
—/ log(/\)d(‘ll,eA\I/):/ log(A™h) d(¥, e)\ V) = oo,
0 0

In fact a slight modification of the above argument shows that for any se-
quence {t,} decreasing to 0, we then always have that

lim / (A7 — 1) d(W, e\ T) = —/ log(\) d(T, e\T) € R.
1 1

n—oo n
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We therefore need to investigate this type of behaviour on the interval [0, 1].
For any sequence {t,} decreasing to 0, we may use Fatou’s lemma to
conclude that

1. —1
00 —liminf/ sin(tn log(A™)) d(V,e)\U).
0

n tn

Since for any n we have that
R[—i( A" —1)] = sin(—t, log()\)) = sin(t, log(A™1),

this fact ensures that in this case lim,, oo fol R [t_—i()\_it"‘ — 1)} d(WU, e )
does not exist as a real number. Hence neither does

—. . Oo —‘ .
lim ti<\11, (At — ]1)@} = lim [ R [Z(A_”n - 1)] d(T, e, D).

tn—0 n—oo [q n

This suffices to prove the theorem. O

Remark 4.3. If 9 is commutative, then 9t = L>°(X, ), in which case
and ¢ correspond to positive measures on X. In particular (cf Theorem [2.1))
there exists a Radon-Nikodym derivative h = %, and h't = (Dv : D¢);.
Therefore, the definition of classical relative entropy also stems from Defini-
tion [£.1] Finally, the definition of relative entropy for Dirac’s formalism also

follows from Definition (cf formula (3.4)).

To say more, we are going to invoke some results from the theory of LP-
spaces associated with von Neumann algebras. We note, cf. [32], Theorem 36,
that

(4'1) ()\(E)JI),LQ(E))?),J, L2(9ﬁ)+)

is a standard form of 9%, where the right action A(-) is defined as A\(x)a =
ra,a € L?(9M) and J denotes the conjugate isometric involution a + a* of
L*(0m)

Next, we note, cf. [32] Proposition 4, that there is a bijection ¢ — hy
of the set of all normal semifinite weights on 9t onto the set of all positive
selfadjoint operators h affiliated with M, and satisfying 0s(h) = e~*h for
any s € R. As we wish to deal with 7-measurable operators we must restrict
ourselves to normal functionals on 9. Then, the mapping ¢ — hy is an
isometry of M, onto L'(9M). Consequently, fixing ¢ € M, 1, one gets hy €
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LY(9M) . In particular, hg € L?(9M),, and

(4.2) o(x) = tr(h;xhq%) = <h;,xh;>Lz(9ﬁ),

where tr stands for a linear functional (having the trace property) on L (901),

see Definition II.13 and Proposition II1.21 in [32]. In other words, h; is a
vector in the natural cone L?(9), and this vector represents the state ¢.

Using the above framework, the proposed definition of entropy may be
written as the claim that S(v|¢) = lim,_o Ftr(h 1/2[(D1/J D¢), — 1] 11/2)
whenever the limits exists, with S(¢|¢) = oo otherw1se The next objective
in this section, is to show that this definition can very concretely be refor-
mulated in a manner which is a faithful noncommutative analogue of the
classical formula presented in Equation [1.5] However for this we will need
some additional technology which we now review.

The first factor that suggests that such a formula may well be within
reach is the fact that in the above framework we have that

(DV: D) = high™

where hy = F= and hy = D . To see that the above claim is true, we may
use Haagerup s result and the cocycle chain rule to see that

1 = (Dy: DY), = (D D7)y(D7: D).

Equivalently
(Dt: D{bv)t = (D{/JV: Dr);?
But from Section 2 we know that (Dip: D7) = hij. Hence (DT: Dy, =

h;it. Since also (D5 : D1)e = 19, we may once again use Haagerup’s result
and the chain rule to see that

(4.3) (DY: DY), = (DI: D),
= (DV: Dr)y(D7: D),
= hghy"
Another major factor to take into account is that ¢r is only defined on

LY(91). Thus, to proceed with our objective of developing a noncommuta-
tive version of formula (|1.5) we must show that in some sense hyloghy —
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hglog hg is in L'. As we shall see below, this can indeed be achieved in a lim-
iting sense. Following Terp’s arguments, see [32] Lemma I1.19, we consider
the function

(4.4) S°3 a s hihi® € L'(M),

where obviously hyg,hgs € L'(90), and S is the closed complex strip {a €
C;0 < R(a) <1} and S° stands for the corresponding open strip. Terp’s
Lemma I1.19 easily adapts to show that the function is analytic on S°.
Taking the derivative, in the Banach space language, one gets that

(4.5) a s hg-loghy - hy * — h§ -loghg - hy~® € L'(IM)

inside SY. More importantly, the analyticity ensures that this derivative
varies continuously with respect to a in L'-norm. A fact which underlies the
above very regular behaviour on this strip, is that for any 0 < s, x°log(x)
is very well behaved continuous function which is 0 at 0, and for which
2% < 2°log(x) < 25! whenever x > e. This fact can be used to show that for
any positive T-measurable operator g, g°log(g) will again be T-measurable.

Using the above formula and letting o — 1, leads us to the promised non-
commutative analogue of formula . To understand how this is achieved,
assume that o = s + it where 0 < s < 1. Of course when computing a limit

of the form lim W at such a point, we may as well assume that

Aa—0
A« tends to 0 along the line #(A«) = 0. When we do this, it is then clear
that the fact that

hhy = hy[hgh, hy ™

leads to the conclusion that

. d s —8 . d S 7 —1 —S
—z%(hﬂ(w L D@)ihy ") = —z%(hﬁ[hghd) hg ™)

d apl—a

= h§ -loghy - hy * — hy -log hg - hy ™.

In particular for any « on the line segment {(s,t):0< s < 1,t =0}, we
always have that

d s . 1—s
i (B5(D0: Do) |

= hj -loghy - hy ™ — hj -log hy - hy~* € L'(M).
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With the groundwork having been done, we are now ready to present the
promised result.

The concept that is crucial in guaranteeing the validity of the theorem,
is the following ordering defined by Takesaki and Connes. (See [I1], Defini-
tion 4.1].)

Definition 4.4. For two normal weights ¢ and ¢ on a von Neumann algebra
M, and some positive §, we say that ¥ < ¢(9) if the function t — (DV :
D¢)y = up extends to an M-valued map z — u, which is point to weak*-
continuous and bounded on the closed strip {z € C: —§ < ¥(z) < 0}, and
analytic on the open strip {z € C: —§ < ¥(z) < 0}.

In the above ordering the case § = % corresponds exactly to Theorem|2.6

Theorem 4.5. Let M be a o-finite von Neumann algebra in the standard
form described above, and let ¥ and ¢ be two faithful normal states with unit
vector representatives h119/2, hi)/z € L2(OM). If ¢ < 9(0), then S(V|p) is finite
if and only if the limit

: e Cple=s _ps . Cpl-s
il/n%tr(hﬂ log hy - hy -loghg - hy™*)

exists, in which case they are equal.

Proof. First suppose that S(|¢) is finite and let € > 0 be given. This means
that limg o S0[(DY: D), — 1] = limyyo ot (hy * (Wi — 1]hy%) exists.
Next let s be given with % < s < 1. So for t. > 0 small enough, we will have
that

o Zitr(hy*[hif-n™ — 1]h}/%) is within € of S(9]9),

o and T4y h, " — 1]hy~° is within € of

—1

(DY : De)ihy )

1—- 1-
ﬁ( tzozh§~logh,9-h¢S—hfg-logh¢~h¢S
with respect to L'-norm.

Notice that by the properties of the trace functional ¢r we have that
t?”(hfg[h%te h;ite — ]l]h;_s) = tr(hé/Q[hfStg h(;ite . ]uhi)_sh;_l/Q).

By assumption ¢ < ¢(d). This means that ¢t — (D¢ : D), extends to an
M-valued function f(z) which is point to weak*-continuous on the closed
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strip, {z € C: —§ < ¥(z) < 0}, and analytic on the open strip {z € C: —§ <
J(z) < 0}. For each z the value f(z) is essentially just an extension of
héfh;iz . (For details of this construction see [18]). In view of this we will
simply write [hf;hq;iz] for f(z). So if we set z = —ir where 0 <r <4, we
obtain that as r ™\, 0 we will have that [hjh;"] — 1 in the weak™® topology
on M.

Next notice that for 0 < 1 — s < 4, we have that

—8 s—1/2 —871. — 1-—s 1/2
hiony Y = [hk o hy U ny
Therefore as s /1 on the interval [1 — 4, 1], we must have that

—tr(hy b by = g by ) = —tr(ho (" = )[Ry )

converges to F2tr(hy[hihy — 1)) = Ztr(hy*[hil hg i — 1]hy?).
There must therefore exist a 8 > 0 such that for any s with 1 — S<s< 1,
the term .
—t 1/2q it 3 —it. 1-s75—1/2
Ztr(hﬁ [hyhy™ = by hy ~'7)
will be within e of Ztr(hy?[hih3™ — 1]hy/*). If we combine all the above
observations, it follows that for any s with 1 — §<s< 1, tr(hj - loghy -
h(lﬁ_s — hj -loghg - h;ﬁ_s) will be within 3e of S(¥|¢). This proves the “only
if” part of the theorem.
Next suppose that S(1#|¢) = co. From the proof of Theorem it is clear
that given M > 0 we may in this case find some ¢, > 0 such that
—1 1/21, it. 1 —it. 1/2
t—tr(hﬁ/ [ e |

€

with additionally (as before) ;—fhfg [h?eh;ite — ]l]hé_s within € of

. d s . 1—s
i (hy(DY : Do)ehy )

oo =N -loghy - hy® —hj-loghg - hy~*

with respect to L'-norm. The constant § is selected as in the first part
of the proof. Combining these estimates, now leads to the conclusion that
|tr(hs -log hy - hy~ — B - log hg - hy~*)| > M — 2eforall s with1 — 6 < s <
1. Since both M > 0 and € > 0 were arbitrary, the limit lim, ~ tr(hf9 -log hy -
hé_s —hj -loghg - hé_s ) can then clearly not exist. The theorem therefore
follows. O
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5. An alternative approach to the general quantum case

Here we propose a means for defining the entropy of a single state /. This
definition turns out to be equivalent to von Neumann entropy in the tra-
cial case. Some careful preparation for and justification of this definition is
required. As a first step in identifying a suitable prescription for defining
entropy of a single state, we take some time to see what Theorem looks
like when the states in question commute. A crucial tool in this endeavour,
is the recently developed theory of Orlicz spaces for type III algebras (see
[19]). A crucial construct in the development of this theory of “type III”
Orlicz spaces, is the concept of a fundamental function. The fundamental
function of a rearrangement invariant Banach function space on (R, Bg, \),
say LP(R), is defined on [0, 00) by the prescription ¢(t) = ||xgl,, where E
is any measurable subset of R with A(F) = t. The rearrangement invariance
of the space in question, ensures the well-definiteness of the corresponding
fundamental function. The interested reader may find a more detailed in-
troduction to fundamental functions on pages 65-73 of [4]. The two facts
regarding fundamental functions that we need, is that for an Orlicz space
LY(R), the fundamental function is given by the prescription t — W
when the Luxemburg norm is in view, and by ¢ — ¢(¥*)~1(1/t) when the
Orlicz norm is in view. (See [4l 11.5.2, IV.8.15 & IV.8.17].) We will need the
following lemma in our investigation. (The proof is contained in the proof
of [19] Theorem 2.2].)

Lemma 5.1. Let a,bn9N+ be commuting affiliated operators. Let ¥ be an
Orlicz function and let @, be the fundamental function of LY(R) equipped
with the Luzemburg norm. Then

X(1,00) (@0 (D)) = X(1,00) (¥ (@)D).

Proof. Let o, 8 >0 be given. It is a known fact that a¥(5) <1< g <
s (é) If we apply this fact to the Borel functional calculus for the commut-
ing positive operators a and b, we have that x(1 ) (apw (b)) = X(1,00)(¥(a)b)
as required. O

The above lemma now enables us to make the following conclusion:

Proposition 5.2. Let 9, ¢ be faithful normal states on M with unit vec-
tor representatives hém, h;ﬂ, which commute in the sense that they satisfy
one (and therefore all) of the criteria described in [31l, Corollary VIII.3.6].

Assume in addition that ¢ < 9(0) for some § >0, . With g1,y denoting the
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fundamental function of the space Llog(L + 1)(R) (equipped with the Luax-
emburg norm), we then have that

e hy and hg are commuting operators affiliated to M,

o f= h,,gh(;1 extends uniquely to an element of M,
o and S(0]¢) = (flog(f)) =infeo[eT (X (e,00) (Plog (ho) f) +log(€) [ g f]1]-

Proof. The first step is to show that hy and hg commute.

It is clear from the proof of [3I, Corollary VIII.3.6], that the commu-
tation of ¥ and ¢, ensures the existence of an operator h affiliated to the
centraliser My, of ¢ for which we have that (D¢ : DY), = h'. But from the
discussion preceding Theoremwe know that (D9 : D¢), = (DY : D), =
h”h_” In other words for each t, hit = h”h”

On appealing to the properties of the cocycle derivative, we may now
conclude that

P — (D{?V- D%)Hs
= (DY : D§)s0?((DV : D))
—_ hzshzbshzth¢zs

or equivalently, h't = h”h’th s, So each h* commutes with each hf;

But we saw earlier that h“f = h”h Zt, or equivalently that h’t = h“%th
Together these two facts ensure that each h” commutes with each héf We
may now use the Borel functional calculus to conclude from these two facts
that hy and hy themselves also commute. This proves the first bullet.

To see the second bullet, we note from the proof of Theorem that
the requirement that ¢ < ¥(9), ensures that for » > 0 small enough, hgh;r
extends uniquely to an element of 9. Since hy and hy commute, this clearly
ensures that the closure of (hgh;r)l/ r= hqghd_)1 also belongs to 9.

For the final bullet, note that by the Borel functional calculus, the com-
mutation of hy and hy, ensures that we may write the limit formula

. s 1-s s 1-s
il/rrit?"(hﬁ-loghqg-hq5 — Ry -loghg - hy ™)

as lim, 1 tr(f*log(f)he) where f = hyh L. Tt also follows from the proof of
Theorem [4.5] that there exists an mterval [0,1] for which s — f* is point-
weak* continuous. So given p with 0 < p < 1, we may write the limit formula
as lim, », tr(f"[f1=") log(f)]hs). We may now use the continuous functional
calculus to see that since f € 9, we must have that f(1=) log(f) € M. But
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then [f(1=°) log(f)]he € L'(9M). The point-weak™ continuity of the map r —
f" on [d, p|, now ensures that

lim tr(f" (£ og()]hs) = tr(flog()hs) = é(f log(f)).
To prove the final equality, one firstly uses a similar argument to the one
in [22], Proposition 6.8] to see that

tr(ha S 10g(f)) = infletr(ho( /€) og((f /€) + 1)) +log(e)tr (g )]

On combining the preceding Lemma with [32, Lemma IL.5 & Def I1.13], we
then have that

tr(hg(f/€)log((f/€) + 1)) = T(X(1,00) (hes(f/€) log((f /€) + 1))

= T(X(l,oo)(gplog(}%)f/e)) = T(X(e,oo)(gplog(}%)f))'
This proves the final claim. O

We are now finally ready to present the definition of the entropy S(4J) of
a faithful normal state . The basic idea is to use the above result as guide,
for the kind of technical prescription that might work. Tempting as it may be
to simply replace f = hﬁh;l with hy, and ¢ with tr, to obtain tr(hy log(hy))
as a definition, this cannot possibly work. The problem with this prescrip-
tion is that tr is only defined on L!'(9M) where in the crossed product
setting, all the elements h of L'(90) have to satisfy the requirement that
0s(h) = e=h for all s. Since hy € L'(9M) we do have that 05(hy) = e hy,
But then 64(hylog(hy)) = e *hylog(e *hy) # e *hylog(hy). However the
final equality in the third bullet of Proposition does present us with a
means for overcoming this difficulty for a subspace of L'(9). The subspace
in question is the noncommutative Orlicz space L' N Llog(L + 1)(M).

Some analysis is necessary before we are able to present the definition.
Note that classically L' N Llog(L + 1) is an Orlicz space produced by the
Young’s function

t 0<t<e—-1

1() = max(, tlog(t + 1)) {“Og(m) s

We start by describing how to construct the type III analogue of the space
L' N Llog(L + 1). We will for simplicity of computation assume that each of
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Llog(L +1)(0,00) and L' N Llog(L + 1)(0, c0) are equipped with the Lux-
emburg norm. It is then an exercise to see that the fundamental function
of L' N Llog(L 4 1)(0,00) is of the form ¢en(t) = max(t, plog(t)). It is this
fundamental function that one uses to construct the type III analogue of
L' N Llog(L + 1) in accordance with the prescriptions given in [T9, 21]. Let
us for the sake of brevity denote this space by L (91). We now show that
this space canonically embeds into both L'(9t) and L log(L + 1)(9N).
From the above computations, it is clear that the functions (;(¢) =

m, and (log(t) = % are both continuous and bounded above (by

1) on (0,00). Hence for h = B2, the operators (1(h) and (jog(h) are both
contractive elements of M. It is now an exercise to see that the prescrip-
tions @ — (1 (h)Y22¢1(h)Y2 and @ — Clog(h)/22(log(h)/? respectively yield
continuous embeddings of L (9) into L'(9M) and Llog(L + 1)(IM). Using
these embeddings, we now make the following definition:

Definition 5.3. A state ¥ on the von Neumann algebra 9 is called regular
if for some element g of [Llog(L + 1) N LY(9M) " = Lent(M)*+, BY is of the
form ¢;(h)Y/2g¢(h)'/2. For such a regular state we then define the entropy
to be

S(9) = mfe7 (X (e.00) (Glog () /* G105 (1) /) + og(e)[1G1 ()21 () /2]

(Here h is the density %“E of the dual weight w.)

Remark 5.4. What we must clarify is the meaning of the term “regu-
larization” used in the above definition. The density h = % is related, by
Bisognano-Wichmann results [6], [7], to the equilibrium hamiltonian, cf Re-
mark 2.11 in [2I]. This gives a relation to thermodynamics of equilibrium
states, cf Remark Further, g—f is in L*(9) space. This and Deﬁnition
imply that the regularization procedure stems from the prescription leading
to the construction of L (90) space, see Definition 3.4 in [19].

On the other hand, it is worth noting that the same procedure was used
to define T-measurability of quantum field operators, see [2I]. Consequently,
the regularization procedure is based on the selection of such measurable
operators which are good candidates for representing states using a selection
process which is compatible with the new formalism of statistical mechanics.
We remind that this new formalism is based on the distinguished pair of
Orlicz spaces (LB ~1(0M), Llog(L + 1)(M)), for details see [22], [23].

One has (cf [21])
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Corollary 5.5. If 9 is a regular state, then S(9) is well defined (although
possibly infinite valued).

We proceed to prove a result establishing criteria under which a version
of Equation holds in the present setting. Note that in this result, the
faithful KMS state w plays the role of the reference measure .

Theorem 5.6. Let ¥ be a regular state with g—f of the form

G2 g¢i(h)Y2,

where
g € [Llog(L+1)N L) = L™ (om)*+
commutes with h. Then
S(9) = S(V|w).

Proof. We will write k for g—f. By assumption g and h, and therefore k and h,
are commuting affiliated operators. Hence so are p = kh~! and h. The proof
makes extensive use of the kinds of techniques employed in Theorem
Given a € 9 and b € L'(9)*", we will for this reason once again employ
the notational device (validated by Terp’s description of the standard form)
of writing (b'/2, ab'/?) for tr(ba).

In this case let A — e be the spectral resolution of p. The fact that both
h and k belong to L*(9M) ensures that 0s(p) = 05(k)0s(h~!) = kh~! = p for
every s € R. This in turn is enough to ensure that p is actually affiliated to
the “subalgebra” 9t of the crossed product M. Hence the spectral projec-
tions e are all elements of 9. The first stage of the proof is to show that in
general S(¥|w) is finite if and only if the integral [;° Alog()) d(h!/2, e h1/2)
converges, in which case they are equal. Additionally the only way the in-
tegral can diverge is by diverging to co. To see this observe that it is an
easy consequence of the Borel functional calculus that plog(p)x,1(p) €
M. In other words we will always have that fol Mog(\) d(h'/2, e*h1/?) =
(h'72, plog(p)x[o,1(p)h"/?) = w(plog(p)x(o,1(p)) is a well defined complex
number. Thus the integral [~ Alog()) d(h/? e*h1/2) converges if and only
if [ Alog(A) d(h/?,e*h'/?) converges. In the case of divergence, we may
then justifiably assign a value of oo to the integral. We proceed with justi-
fying the claimed equality.

Observe that we may use Equation and the Borel functional calculus
for commuting affiliated operators to see that for any ¢t > 0 we have that
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%Zﬁ[(]_)ﬁ : Dw)y — 1] = ?ﬁ[kith—it 1] = %Zﬁ[pit ]

—i i —i —i
= el = 1)) = ZE R - DR

— _Ti<p1/2hl/27 (pfit - 1)p1/2h1/2>

—1 o0

=~ AN — 1) d(n'/2 e n1/?).
0

Using this fact, it is now a not too onerous exercise to modify the proof
of Theorem to obtain the fact that S(¢|w) = lim_o I[(DY : Dw); —
1] is finite if and only if the integral [;° Xlog()) d(h/?,e*h!/2) converges.
We briefly pause to indicate how this argument works. In the case where
Alog(]) is integrable, we once again use the inequality [+(A% — 1)| < |log())|
established earlier, to invoke an application of the dominated convergence
theorem, from which the claim will then follow for this case.

In the case where Alog()\) is not integrable, it must as noted earlier fail to
be integrable on [1,00). As in Theorem we may then use Fatou’s lemma
to see that in this case the limit limy o 7 [~ A(A® — 1) d(h!/2, e*hY/2) will
fail to exist. On the other hand the integrability of Alog(\) on [0, 1] combined
with yet another application of the dominated convergence theorem, ensures
that limy o 1[5 AN —1) d(h'/2, e*n1/2) = [ Xlog(A) d(h1/2, e*h1/2). Com-
bining these two facts yields the conclusion that the limit lim; % f 100 /\()\” —
1) d(h'/2,e*h'/2) will in this case fail to exist. This concludes the first part
of the proof.

The next part of the proof is to show that (infinite values included), we
have that

igg/ )\log()\+e)d<h1/2,e)‘hl/2>:/ Alog(N) d(h'/?,e*nt/?)
€ 0 0

from which we will then be able to deduce the claim. To see this next fact
observe that for any A > 0 and € > 0, we have that log(\ + €) > log(\), and
that

0 < A(log(A +¢€) —log(\)) = Alog(1 + (¢/N)) < e.
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This ensures that
/ Mog(\) d(h'/?, e n}/?) g/ Mog(\ + €) d(h'/? e n'/?)
0 0

< / (Alog(A) + €) d(h'/? e n1/?)
0

= [ Alog(\) d(h'/? e n'/?) + ew(1)
0

oo
:/ Mog(X\) d(h'/?,e*hM/?) + e,
0

which establishes the claim.
If we combine the two facts we have proved thus far, it yields the con-
clusion that (infinite values included) we always have that

S(Ww) = igg/ Mog(\ + €) d(n'/? e nt/?).
«>0.Jo

We now use this formula to show that S(¥|w) = S(«9). This claim will follow
if we can show that for any € > 0, the equality

€7 (X(e.0) (Clog (1) gCiog (1)'12)) + log ()11 (1)1 () /2
= / (Alog(N) + €) d(h*/?, e*h}/?)
0

holds true. Let € > 0 be given. Firstly observe that by the definition of (y

and (log, we have that Cog(h) = @rog(h)@ent(h) ™! = prog(h)h71¢1 (). Thus
by the commutation assumption, we have that

Cog (1) /2 9Clog ()2 = @rog(h)h 1 ¢1 ()2 g1 ()2
= @log(h)h_lk = @log(h)p-

Hence we may apply Lemma [5.1] to see that

€7 (X(e,00) (Clog (1) /2 gClog (1) 1/?)) + log(€) |G (1) /2 g¢1 (h) /2|1
= €T (X(e,00) (P10g (R)P)) + log(€)tr(hp)
= €7(X(1,00) (Pr0g (1) (p/€)) + log(e)tr(hp)
= €T (X(1,00) (h(p/€) log((p/€) + 1))) + log(€)tr(hp).

Since h € L' (91) with p affiliated to 90, the operator b = h(p/e) log((p/e) +
1) is a positive operator affiliated to the crossed product for which we have
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that 65(b) = e~®b for each s € R. By [32], Proposition I1.4], b corresponds to
a normal weight ®;, on 9. If we now apply [32, Lemma IL.5], it follows that
Dy(1) = 7(X(1,00) (R(p/€) log((p/€) + 1))). Writing en for x(o n)(p), we next
again appeal to [32, Proposition I1.4] to see that for each N > 0, the weight
f — ®p(enfen) corresponds to the density enyben. All of these observations
may now be combined with the normality of ®;, and [32), Definition I1.13]
to see that

eT(X(1,00) (h(p/€) log((p/€) +1))) + log(e)tr (hp)

= e®y(1) + log(e)tr(hp)

= ¢ lim ®y(en) +log(e)tr(hp)

— € T 7(x(10(Aenp/e)log((exp/e) + 1)) + log(e)tr(hp)

~ ¢ lim_tr(h(enp/e)log((exp/e) + 1)) + log(e)ir(hp)

e Jim (W72, (exp/e)log((exp/e) + V) + log(e) (/2 ph'/2)
N

= lim )\log(()\/e)+1)d<h1/2,e>‘h1/2>—I—log(e)/ Ad(h'/2, e nl/?y
—00 0 0

:/ )\log(()\/e)+1)d<h1/2,e)‘h1/2>—Hog(e)/ Ad(h'/2, e nl/?)
0 0

:/ Aog(\ + €) d(h'/? e n'/?).
0

This proves the claim required to establish the theorem. To obtain the final
equality, we silently used the facts that [;~ Alog((\/e) +1) d(h/? ernl/2)
either converges, or diverges to oo, and that we always have that

/ N2, A RY2) = tr(hp) = tr(k) = 9(1) = 1 < oo.
0
|

Remark 5.7. The full significance of Theorem will be discussed in Sec-
tion 6. For now the important point to note here is that to define entropy for
large systems (so for type III von Neumann algebras) we were here working
within the new formalism, which is based on the distinguished pair of Orlicz
spaces (LM =1 Llog(L + 1)) — for details see [20], [22], [23]. In particular,
the superalgebra M was employed. In that way it is possible to define en-
tropy for non-semifinite von Neumann algebras, and consequently to study
thermodynamics for such systems. Furthermore, this should make clear in
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which way we avoided the problems discussed in [26] — see Theorem 6.10
of that monograph.

Now let 9t be a semifinite von Neumann algebra and w = 7, a tracial
state. Let 9 be a faithful normal state for which the Radon-Nikodym deriva-
tive a described in Theorem [2.5| belongs to the tracial space [Llog(L + 1) N
LY (9, 7,) (see the prescription in for example Section 1 of [19] to see how
this space is defined. When passing to the crossed product, it is known that
in the case of semifinite algebras equipped with a trace (as is the case here),
the crossed product M of 9 with the modular automorphism group of
Tw, 18 essentially just a copy of 9 ® L*°(R) [34, Part II, Proposition 4.2].
In particular, under this correspondence the canonical trace 7 on M, may
be identified with 7, ® [; -e~"dt (see Section 2 of [19]). This identification
forms the background for the analysis in Section 2 of [19], where certain
quantities described by the pair (M, 7), may alternatively be described
by the pair (91, 7,). By Proposition 2.5 and Definition 3.4 of [19], a cor-
responds to an element g of [Llog(L + 1) N LY(OM)*F = L™ (M), which
is of the form g = a ® @eni(€!). Again by [19, Proposition 2.5, the opera-
tors Clog(R)/2gCog(h)/? and ¢1(h)/2g¢(h)/? are respectively of the form
a® @rog(€’) and a @ e. Using the fact that 7, ® [, -e~" dt, we may therefore
apply [13, Proposition 1.7] and [19, Theorem 2.2] to see that we will for any
€ > 0 have that

7(X(e00) (Glog (1) 2910 (1) /) + log ()11 (M) 291 () 214

( )"%)

€T (X (e,00) (Clog ()2 gClog ()'/2)) + log (€) T (X (1,00 (C1 (1) /? g1 (R)'/?))
(
(

M

w(alog(a/e+1)) +log(€)7(a)
log(a + €1))

Il
\1

a
a

I
g

So in this case the formula in Definition [5.3] corresponds exactly to the more
familiar formula S(¥) = inf.~0 7 (alog(a + €l)) = 7, (alog(a)).

6. Discussion

As was noted in the introduction, the standard framework of classical sta-
tistical mechanics is based on the pair

(6.1) (L(T, ), LML, ),

for a measure space (I', u). Let us consider this point in detail. There are
two “extremal cases” of measure spaces which are employed in Physics. The
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first case is a countably totally atomic measure space while the second one
is based on non-atomic measure.
Let us consider the first case. Then (6.1)) reads

(6.2) (1%°(N), 11 (N))

and the states are described by

(6.3) {fz(fl,fg,...)ell;fZO,Zfizl}Cll.

It is important to note that in one has pure states and a general state
is a convex combination of pure states. Furthermore, if in ! there are only
finite sequences, so when I' =1'(1,2,..., N), then Boltzmann’s W-entropy
follows from the recipe for the H-functional, provided that the probability
distribution is uniform.

On the other hand, the second case leads to

(6.4) (LT, dp), LM (T, dp))

with the states then given by

(6.5) (€ LT £ 2 0. [ fan =1,

where the reference measure g is non-atomic. It is crucial to note that in
there do not exist pure normal states. Therefore, if as in Boltzmann’s
theory, the reference measure is akin to Lebesgue measure in the sense of
being non-atomic, an examination of the behaviour of the H-functional with
respect to pure normal states is an example of an “ill posed” problem.

Turning to quantization, the von Neumann entropy (based on Dirac’s
formalism) uses pure states and hence is related to (6.3). Contrariwise, a
general quantum system, cf Sections 4 and 5, needs to allow for type III von
Neumann algebras. It is known that a type I1I factor 99T does not have normal
pure states. Therefore, type III factors have that mathematical feature in
common with the abelian von Neumann algebra L (T, du) given in
which also has no pure normal states.

Consequently the entropy S(9) defined in Definition in the previ-
ous section, has more in common with the H-functional, than with the von
Neumann entropy. Before proceeding further let us pause to make some
important remarks on the nature of states.
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Remark 6.1. e Although in there are no pure normal states, any
probability measure is an accumulation point of the convex hull of
Dirac measures. This property of classical measure theory (the weak-*
Riemann approximation property) implies that for a continuous classi-
cal system all states are separable, see [25]. Furthermore, interpreting
a Dirac measure as a pure state, one can again say that a convex
combination of pure states leads to a state.

e A non-commutative integral, does not in general have the weak-* Rie-
mann approximation property. Thus, there is “room” for entangled
states, see [25].

e As a type III von Neumann algebra has no pure normal states, the
question of whether S(1) is zero only for pure normal states has no
sense.

e Finally, to avoid any confusion, we note that each W* algebra is also
a C* algebra with unit. So, the set of all states of such algebras has
pure states (by the Krein-Milmann theorem) but these states are not
normal!

Turning to the H-functional, we note that it is an easy observation that
H(x.,) =0, where X, is a characteristic function given by a measurable
subset I'g C T'. Clearly, x,. is a projector in L>(I',du). However, we are
again not able to simplistically translate this property of the H-functional
to general quantum systems. To see this, let us assume that a projector P
is in LY(9M). This means that 5(P) = e *P, for any s, where 6, stands for
the dual action of R on M. But, one has also

05(P) = 05(P - P) = 04(P)0s(P) = e %P,

which is only possible for s = 0. The problem here is that the entropy defined
in the previous section only makes sense for elements of L (9). So to make
sense of the “entropy” of a projector P, we first have to embed P into the
space L (9M). If indeed w(P) < oo (where w is the a priori given faithful
normal semifinite weight on 9t), then g = cpiﬁ(h)(P)gpiﬁ(h) (where h = ‘é—f)
belongs to L¢™ (9) whenever w(P) < oo [19, Proposition 3.3]. The quantum
analogue of H(x, ) would then be given by applying the prescription in
Definition with g as above. Hence, to sum up:

Some basic properties of classical entropy S as well as of the H-functional
have no quantum counterparts in the theory based on type III von Neumann
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algebras. In particular, the entropy §(19) does not exhibit some of the prop-
erties typical of its classical counterparts. This is not surprising as entropy
being a function of states, should at some level reflect the structure of the
state space of the considered system.

However, despite the above differences between the classical and quan-
tum descriptions, the new approach presented here offers a solution to old
open problems. It is well known that in classical statistical mechanics, the
Gibbs Ansatz Z le PH  is designed to describe a classical canonical equi-
librium state and that essential thermodynamical information is contained
in the partition function Z = f e PHAT. Here H stands for the Hamiltonian
of the considered system, and S for the “inverse” temperature. The quanti-
zation of e PH means that now H is the Hamiltonian operator, and hence
to have a quantum state within Dirac’s formalism, we require that e #H
should then be a trace class operator. But this is only the case when, at the
very least, H has a pure point spectrum with accumulation point at infinity.
Unfortunately, even the Hamiltonian of the Hydrogen atom does not fulfill
this requirement.

To see that this question has an easy solution in the presented framework
we note:

1) As we have seen in Section 4, there is h, = fl—f where we are using

the “language” of non-commutative integration theory, cf the previous
sections and/or see [32].

2) hi! can be identified with A(t).
3) 0s(A(t) = e ()
4) Writing A(t) = e~ one has:

0 (efth) _ efistefth o e*i(Hﬁ’S]I)t
R = =

5) Thus 0s(H) = H + sl
6) Consequently (e ") = e e~ and e~ € L1 (IM)!

7) In the above 8 =1, which follows from the standard scaling of tem-
perature in the KMS theory, cf Chapter 5 in [§].

Consequently, the quantum analogue of the Gibbs Ansatz is well defined as
an element of L'(9M). Furthermore, as there is a linear bijective isometry
between L!(9) and M., we obtain a well defined normal functional on 9.
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In particular, the quantum analogue of the partition function is also well
defined. N

Turning to the entropy S(9), we wish to get a better understanding
of its nature. To this end we will consider the important case when 1 is
the reference state w. We remind that w is a faithful normal state and by
Takesaki’s theorem, cf Section 2, w is a KMS state in terms of the modular
dynamics. In other words, w describes the given equilibrium state and we
wish to compute the entropy of such a state. Furthermore, S(w) being related
to the equilibrium state w is a candidate for quantum thermodynamical
entropy.

We have just seen that e H is in L1(9). But S(J) was defined for
functionals of the form (i(h)g¢i(h), where h = e~ and g € Le™(9M). So
we must examine what this requirement would mean for e=#.

We remind, cf. Definition that a state 9 is regular if gf is of the
form (1(h)gCi(h), where h = e~

oo e () s ()

Thus g = @ent(h), and hence

7 and g € L (9). Hence we wish to have

0 |

6.7 S@) = inf [e7 (Xeoo) Gog (1) Fent (1) Giog (1)

+loge HCl(h)%SOent(h)Cl(h)% | ’1}

)

We note that (see [13]),

(6.8) T (X(e.00) (IT]) = € HIT 1,

for T € L'(9M). Thus

S(w) = inf [e7 (X(eoe) Glog (1) ent (1) (Giog (1)

0 |-

)

+elogeT <X(e,oo) (Cl(h)%@ent(h)gl(h)%))}
- H>1£ [ET (X(e,oo)(solog(h))) +eloger (X(E’Oo)(h))]

€
Now observe that ¢joe is a continuous strictly increasing function which is
0at 0. Sot > e > 0if and only if piog(t) > Plog(€) > 0, with o (t) — 00 as
t — oo. If we combine this fact with the Borel functional calculus, it is clear
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that X(c,00)(¢10g(h)) = X(cp;);(e),oo)<h)' Consequently

(6.9) S(w) = inf er (X(wg;(e),m)(h))

e>0 L
+elogeTr (X(e,oo) (h)) }

€
=inf | ——— +1log(e) | .||A|lx
>0 _4)010;(6)

As piog(t) = m where Wio,(t) = tlog(t + 1), we have

- 1 - t
Wiog()  log(§ +1)

(6.10) Prog(t)
So

(6.11) S(w) = inf [log <1 + 1> +10ge} |1 = [inf log(1 + 6):| ||h]]1 = 0.
>0 € e>0

In commenting on this result, we note that in classical Physics, the
entropy is an extensive thermodynamical quantity. The central question then
becomes: whether the quantum entropy S(iJ) has the same property. To
answer this question we begin by taking a closer look at techniques used in
the definition of S(19). The first observation is that, from the very beginning,
we employed an approach relevant to a description of large systems, i.e. those
systems of statistical physics which can be obtained by thermodynamical
limit. The next observation is that Tomita-Takesaki theory was the basic
ingredient of our analysis.

It is crucial to note that in the representation induced by a KMS state,
basic relations of Tomita-Takesaki theory for finite volume systems survive
the thermodynamical limit. In particular, the equilibrium state vector is an
eigenvector of h corresponding to eigenvalue 1 — for more details see Sec-
tions V.1.4 and V.2.3 in [14]. Furthermore, we have already noted, cf. remark
given prior to Theorem that in the presented approach, the state w (so
a quantum counterpart of probability measure) was used as a reference mea-
sure. On the other hand, in classical statistical physics, the entropy per unit
volume is given by ‘3/(5’\‘)), where V(A) stands for the volume of the region A.
Note that V(A) is taken with respect to the reference measure (in classical
statistical physics, it is the Lebesgue measure). However, having a proba-
bility measure as the reference measure one gets V(A) = 1. In other words,

S(¥A) can be considered as the entropy per unit volume. Consequently, the
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definition of entropy proposed in the paper together with the regularization
procedure, incorporates some basic ideas of thermodynamic limits.

Thus, the entropy S(¢)), defined in terms suitable for large systems,
should share its properties with the density of entropy. All of this points to
the fact that S()) can be considered as an intensive quantity.

To get some intuition about entropy density properties, it seems to be
useful to note that the density of entropy for quantum lattice systems is
taking its values in the interval [0, N < oo|, where N is the dimension of
Hilbert space associated with each site of quantum spin system — see Section
6.2.4 in [§]. Finally, the important point to note here is that the result
S (w) =0, is compatible with the interpretation of the relative entropy as a
“measure” of distance between two states, cf Theorem To sum up, we
can say that the obtained result S(w) = 0 is expected.

With a suitable concept of entropy for regular states of general quan-
tum systems thus having been identified, the challenge now is to develop
computational algorithms for this entropy.

7. Conclusions

One of the challenges of contemporary physics is to derive the macroscopic
properties of matter from the quantum laws governing the microscopic de-
scription of a system. On the other hand, thermodynamics being a prerequi-
site for (quantum) statistical physics, provides laws governing the behaviour
of macroscopic variables. It is well known that entropy is a crucial concept
for this scheme.

Knowing that statistical physics deals with large systems (so systems
with infinite degrees of freedom) we proposed a concise approach to entropy.
It was done in operator algebraic language. This language is indispensable
as on the one hand it is the basis for noncommutative integration theory,
and on the other von Neumann algebra of type III are acknowledged to
be the correct formalism for large quantum systems. Consequently, using
the algebraic approach, a consistent dynamical description of entropy was
achieved.

It is worth pointing out that our results can be considered as the first step
in getting genuine quantum thermodynamics for general quantum systems.
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