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Two-dimensional supersymmetric gauge

theories with exceptional gauge groups

ZHUO CHEN, WEI GU, HADI PARSIAN, AND ERIC SHARPE

We apply the recent proposal for mirrors of nonabelian (2,2) su-
persymmetric two-dimensional gauge theories to make predictions
for two-dimensional supersymmetric gauge theories with excep-
tional gauge groups Go, Fy, Fg, E7, and Eg. We compute the
mirror Landau-Ginzburg models and predict excluded Coulomb
loci and Coulomb branch relations (quantum cohomology). We
also discuss the relationship between weight lattice normalizations
and theta angle periodicities in the proposal, and explore differ-
ent conventions for the mirrors. Finally, we discuss the behavior
of pure gauge theories with exceptional gauge groups under RG
flow, and describe evidence that any pure supersymmetric two-
dimensional gauge theory with connected and simply-connected
semisimple gauge group flows in the IR to a free theory of as many
twisted chiral superfields as the rank of the gauge group, extending
previous results for SU, SO, and Sp gauge theories.
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1. Introduction

Mirror symmetry is a well-known duality of string theory, whose original
form has been extended in a variety of ways. For two-dimensional abelian
gauged linear sigma models, constructive proofs and various aspects thereof
were described in @, E] In particular, the paper @] gave an explicit con-
struction of a Landau-Ginzburg model mirror to many abelian gauged linear
sigma models. However, one open problem for many years has been to find
an analogous construction for two-dimensional supersymmetric nonabelian
gauged linear sigma models.

Recently, a proposal was made in E] for mirrors to two-dimensional su-
persymmetric nonabelian gauge theories. Specifically, it gave a construction
of Landau-Ginzburg orbifolds for supersymmetric nonabelian gauge theo-
ries. That work checked the proposal against a wide variety of results for
two-dimensional theories with classical gauge groups. To further develop
the underlying machinery, in this paper we will apply the proposed mir-
ror construction of [3] to two-dimensional supersymmetric nonabelian gauge
theories with the exceptional gauge groups Ga, Fy, Eg 73, to make predic-
tions for excluded loci and Coulomb branch relations (analogues of quantum
cohomology relations).

Working through these computations will also allow us to explore some
properties of those mirror superpotentials, which take the form

r N n—r
(1.1) W:Zo*a Zp,?Yi—ZaZlnXﬁ—ta
a=1 i=1 =1

N n—r
+) exp(-Yi) + ) X
i=1 fi=1

In the expression above, p{ are components of weight vectors for matter
representations of the original gauge theory, and af are root vectors (here
taken to form a sublattice of the weight lattice). As described in B], the os
encode theta angles in the Cartan subalgebra of the original gauge theory,
and have periodicities reflecting the weight lattice, or at least the sublattice
generated by the matter representations. However, the weight lattice need
not be normalized in the same way as a charge lattice. It is always possible
to find a basis for the weight lattice (in terms of fundamental weights) so
that the coefficients in the o terms are all integers, reflecting 27 theta angle
periodicities and standard charge lattice conventions, but one can also con-
sistently work in other bases as well. For the case of G5 gauge theories, we
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will use a naive basis which results in nonstandard theta angle periodicities
and charge lattices. For F), we explain in detail how to use instead a basis
of fundamental weights, which results in standard theta angle periodicities
and charge lattice normalizations, and we will use that convention for all of
the other gauge theories discussed in this paper (except G2, which we retain
as an illustrative example).

In each case, we shall also study the mirror to the pure gauge theory, to
follow up observations in M] In particular, M] argued that two-dimensional
pure (2,2) supersymmetric SU (k) gauge theories flow in the IR to a free
theory of k — 1 twisted chiral multiplets, which B] checked at the level of
topological field theory computations and extended to SO(n) theories with
discrete theta angles and to Sp(k) gauge theories. In each case, for one dis-
crete theta angle, evidence in TF'T computations was given that the theory
flowed to a pure gauge theory of as many twisted chiral multiplets as the
rank of the gauge group. We shall check the analogous claim for pure gauge
theories with exceptional gauge groups in this paper, at the level of topo-
logical field theory computations, and will find evidence for the same result
— that the pure gauge theories (for simply-connected gauge groups) flow in
the IR to a theory of as many twisted chiral multiplets as the rank of the
gauge group.

Combining the results of this paper with those in E], a simple conjecture
emerges: a pure two-dimensional (2,2) supersymmetric gauge theory with
connected and simply-connected semisimple gauge group flows in the IR to
a free theory of as many twisted chiral superfields as the rank of the gauge
group. A check of this conjecture for Spin gauge theories can be derived from
the results for SO gauge theories in E] Now, SO groups are not simply-
connected; however, we can apply two-dimensional decomposition ﬂa, ] and
the results for SO theories with various discrete theta angles to argue that
a pure Spin gauge theory flows in the IR to a free theory of as many twisted
chiral superfields as the rank. Combined with the results in this paper forEl
pure two-dimensional supersymmetric Ga, Fy, and Eg 75 gauge theories, we
have the conjecture above.

We begin in Section [2 by reviewing the nonabelian mirror proposal of
B], which will be applied in this paper to theories with exceptional gauge
groups. In Section Bl we compute the mirror Landau-Ginzburg orbifold of G

LGy, Fy, and Eg have no center, but Eg has center Zs and E- has center Zo, so
for those groups we must specify the simply-connected cover. See H appendix A]
for further details on centers.
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gauge theories with matter in copies of the fundamental 7 dimensional rep-
resentation. In Section [4] we compute the mirror Landau-Ginzburg orbifold
of F) gauge theories with matter in copies of the fundamental 26 repre-
sentation. In Section Bl we compute the mirror Landau-Ginzburg orbifold
of Eg with matter in copies of the 27 representation. In Sections [ [7 we
perform the same analysis for E7 and Eg with matter fields in copies of the
56 representation of F; and 248 of Ej.

In the published version of this paper, we have omitted a number of
extremely lengthy expressions for superpotentials and ring relations from
the analyses of Fjg7g gauge theories, which are straightforward to derive
using the same methods as for G2 and Fy gauge theories. Those expressions
can be found in the online version of this article, at ﬂ]

2. Brief review of the nonabelian mirror proposal

The nonabelian mirror proposal of E] is a generalization of the abelian
duality described in @] (see also ﬂa]) It takes the following form. For an A-
twisted two-dimensional (2,2) supersymmetric gauge theory with connected
gauge group G, the mirror is a B-twisted Landau-Ginzburg orbifold, defined
by (twisted) chiral multiplets

e Y, corresponding to the N matter fields of the original gauge theory,

e X, corresponding to nonzero roots fi of the Lie algebra g of G, of
dimension n,

e 0, =D, D_V,, as many as the rank r of G, corresponding to a choice
of Cartan subalgebra of g, the Lie algebra of G,

with superpotential

r N n—r
(2.1) W:ZJCL ZP?Yi—Za%lnXﬂ—ta
i=1 =1

=1
’ N n—r
+D_ e (Vi) + ) Xp— Y Y,
i=1 a=1 i

In the expression above, the p are components of weight vectors for the
matter representations appearing in the original gauge theory, and af are
components of nonzero roots (here viewed as defining a sublattice of the
weight lattice). (Also, sometimes one uses Z = — In X for simplicity.) The ¢,
are constants, corresponding to Fayet-Iliopoulos parameters of the original
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gauge theory, and the m; are twisted masses in the original gauge theory. One
then orbifolds by the Weyl group, which acts naturally on all the fields above,
and leaves the superpotential invariant. The expression above was written for
A-twisted gauge theories without a superpotential, but can be generalized
to mirrors of gauge theories with superpotentials by assigning suitable R-
charges and changing the fundamental fields accordingly, as explained in B]

In the analysis of this theory, it was argued that some loci are dynami-
cally excluded — specifically, loci where any X vanishes. These loci turn out
to reproduce excluded loci on Coulomb branches of the original gauge the-
ories. Furthermore, critical loci of the superpotential above obey relations
which correspond to relations in the OPE ring of the original A-twisted
gauge theory. For gauge theories with U(1) factors in G, one has continu-
ous Fayet-Iliopoulos parameters, so one can speak of weak coupling limits,
and those OPE relations are known as quantum cohomology relations. In
cases in which G has no U(1) factors, so that there are no continuous Fayet-
Iliopoulos parameters, there is no weak coupling limit, and so referring to
such relations as ‘quantum cohomology’ relations is somewhat misleading.
In such cases, we refer to the relations as defining the Coulomb ring or
Coulomb branch ring.

The work B] checked the predictions of this proposal for excluded loci
and Coulomb branch and quantum cohomology relations against known re-
sults for two-dimensional gauge theories in e.g. |, and gave general ar-
guments for why correlation functions in this B-twisted theory should match
correlation functions in corresponding A-twisted gauge theories, such as in
e.g. E@} It also studied mirrors to pure gauge theories, to test and refine
predictions for IR behavior described in @] In this paper, we will apply
this mirror construction to make predictions for two-dimensional (2,2) su-
persymmetric gauge theories with exceptional gauge groups. To make all of
these comparisons, the paper E] utilized the following operator mirror map:

.
(2.2) exp(—Y;) = =i + Y _ oup,
a=1
T
(2.3) Xp =) oa0l,
a=1

which we shall also use in this paper.
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3. G,

In this section we will consider the mirror Landau-Ginzburg orbifold of G,
gauge theory with matter fields in copies of the 7 representation, and then
we compute quantum cohomology ring.

3.1. Mirror Landau-Ginzburg orbifold

The mirror Landau-Ginzburg model has fields

e YVig,ie{l,...,n}, B €{0,...,6}, corresponding to the matter fields
in n copies of the 7 of G,

o X, X’m, m € {1,...,6}, corresponding to the short, respectively long
roots of G,

e 04, a€{1,2}.

We associate the roots and weights to fields as listed in Table [ and
Figures [ 2

Field Short root Field Long root Field Weight
X, (1,0) X (32372 | v, (1,0)

Xy (U2V3/2) | Xz (3/2V3/2) | Ya o (1/2,V3/2)
X (-1/2,-V3/2) | Xu (=3/2,—V3/2) | Yu  (~1/2,—V3/2)
X5 (-1/2V3/2) | X5 (0.V3) | Y (~1/2,v3/2)

Xo  (1/2-V3/2) | X (0,—V3) | Y (1/2.-V3/2)
Y, (0,0)

Table 1: Roots and weights for G5 and associated fields.

The mirror superpotential takes the form

(31) W=o0, (Z (Yi1 = Yiz + (1/2)Yis — (1/2)Yia — (1/2)Yi5 + (1/2)Yig)

+ (Zl — Zs+ (1/2)23 — (1/2)Z4 - (1/2)Z5 + (1/2)Z6)

+ (—B/2 21+ (3/2 2 + (3/2) 2 — (3/2)Z4>> +
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+02<(\/§/2)Z(Yi3—Y7}4+Y¢5—Yi6) +(V3/2) (Zs — Za+ Z5 — Zs)

(A
+(V3/2) (21 Tyt Ty — T4+ 275 — 226)>
6 6 6 _
DD exp (Vi) + ) X+ D X — ) iiuYia,
i a=0 m=1 m=1 i,

where X, = exp(—Z,,), X, = exp(—Zm), with X,,, X,, the fundamental
fields and m; are the twisted masses.

Figure 1: Roots of Ga.

The logic of the assignments above is that X,qq, Xodqq correspond to
positive roots, Xeven, Xeven correspond to their opposites, and the weight
vectors are associated to matter fields similarly. We follow the conventions
of ﬂﬁ, chapter 22]: short roots are given by

(:l:la O)a :l:(+1/27 \/5/2), j:(_l/27 \/5/2)7
long roots are given by

+(-3/2,V3/2), +£(+3/2,v3/2), +(0,V3),
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Yis Yi3

Y; Yo Yi

Figure 2: Weights of 7 of Gbs.

and the weights of the 7 are given by

Before moving on, there is an important subtlety in the expression for
the mirror superpotential above, involving the theta angle periodicities. As
described in ﬂg], the factors multiplied by os are not single-valued, reflecting
the fact that the o terms encode theta angles in the abelian subgroup de-
termined by the choice of Cartan subgroup of the original gauge group. The
periodicitieﬂ of these theta angles are determined by 27 times the weight
lattice, or at least the sublattice generated by the matter representations.
However, the weight lattice need not be normalized in the same way as
a charge lattice. For example, in our conventions for the weight lattice of
G above, the o1 terms determine a theta angle periodicity of 27/2 =7
rather than 27, and the oy terms determine a theta angle periodicity of
(v/3/2)(2m) = /3w rather than 27.

Now, on the one hand, the normalization of the charge lattice is ulti-
mately a convention, and so long as one is consistent, one can work with
alternative conventions. On the other hand, it is also often helpful to work
with standard conventions.

For the case of G2, we shall use the normalization above, hence a non-
standard charge lattice normalization. However, it is always possible to ro-
tate to a conventional charge lattice normalization by writing the weights

20n a noncompact worldsheet, the theta angles generate electric fields with peri-
odicities determined by the matter representations — as theta increases, the electric
field density eventually becomes strong enough to allow pair creation of matter
fields.



Two-dimensional supersymmetric gauge theories 75

in a basis of fundamental weights, for which any other weight is an integer
linear combination. In terms of that mathematical basis, the theta angle pe-
riodicities determined by os are all 27, reflecting a standard charge lattice
normalization. We will discuss this alternative basis in more detail for F},
and in fact will use that alternative basis (and standard charge normaliza-
tion) to study all the other gauge theories in this paper, after Go. We study
(G2 in nonstandard conventions for illustrative purposes.

3.2. Weyl group

Now, let us explicitly describe the action of the Weyl group on the fields of
this theory and outline explicitly why the superpotential is invariant in this
case. (General arguments appeared in E], but as the Weyl group action is
more complicated here than in the examples in that paper, a more detailed
verification seems in order.)

For any root «, recall that the Weyl group reflection generated by « acts
on a weight 1 as follows:

(3.2) = p— 2(O;é'u)a

For example, for the Weyl reflection generated by o = (1,0), it is straight-
forward to compute that the group action on fields corresponding to roots
is given by

(33) X1 (—)XQ, X3(—)X5, X4(—)X6,

Xl < Xg, X2 < X4,
and X576 are invariant. The action on matter fields is
(3.5) Yii < Yie, Yiz & Vi5, Y < Y,
with Y;7 invariant. This is just a reflection about the y axis, which multiplies
the first coordinate by —1 but leaves the second invariant. It is straightfor-
ward to check that the superpotential will be invariant under this reflection
so long as

(36) o1 <> —01,

and o9 is invariant.
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For another example, for Weyl reflections generated by a = (3/2,1/3/2),
it is straightforward to compute that the group action on fields corresponding
to roots is given by
(37) X1 <~ X4, X2 <~ X3,
with X5 ¢ invariant, and
(38) Xl 4 Xg), Xg 4 X@;, Xg <~ X4.

The action on matter fields is the same as on the mirrors to the short roots:

(3.9) Yir > Yia, Yi2 < Yis,

with Y5, Y invariant. The o, fields are similarly rotated:

1 V3
o1 —50'1 — 70’2,

V3 1
09 > —70'1 + 50'2

(Note that if we describe the action above as mapping & — A& for a 2 x 2
matrix A, then for the choice of A implicit above, it is straightforward to
check A = A~1) It is straightforward to check that the superpotential is
invariant under the action above. For example, the terms

01 (21— Zo+ (1/2) 2 = (1/2) 24— (1/2) 25 + (1/2)Z)
+09(V3/2) (Z3 — Zy + Z5 — Zg)

= (~(1/2)01 - (V3/2)0)
X (Zy—Zs+ (1/2)Zy — (1/2)Z1 — (1/2)Z5 + (1/2) Zg)
+ (~(V3/2)01 + (1/2)02) (V3/2) (22— 21+ Z5 — Zs),

which is easily checked to be the same as the starting point,

o1 (2 — 2o+ (2) 25 — (2) 24— (1)2) 75 + (1/2) )
+ 02(\/3/2) (Zg —Zy+ Js — Z@) .

Similar statements are true of other terms, and so the superpotential is
preserved.
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To be thorough, we will consider one more example of a Weyl group
action, this time a reflection defined by a short root, specifically a =
(1/2,4/3/2). It is straightforward to compute that the group action on fields
corresponding to roots is given by

(310) X+ X67 X9 & X5, X3 — X4,
and
(311) Xg <—>X6, X4<—>X5,

with XLQ invariant. The action on the matter fields is the same as on the
mirrors to the short roots:

(3.12) Yii < Yig, Yio < Y5, Yiz & Y.

This is another reflection about the axis pass through X5 and Xg. The o,
fields are similarly rotated:

1 V3

o1 50’1 — 70’2,
N V3 1

g ——01 — <09.

2 2 1 2 2

It is straightforward to check that the superpotential is invariant.

3.3. Coulomb ring relations

Integrating out the sigma fields in the superpotential ([B1]), we obtain two
constraints:

> (2Yi1 — 2V + Yiz — Yis — Yi5 + Yie)
i
+ 22y — 229+ Zs — Zy — Zs + Zg)
-+ <_321+3ZQ+323—324> =0,
> (Yis = Yia + Yis = Yig) + (Z3 — Za + Z5 — Zs)
i

—|—<21—22+23—24+225—226)ZO.
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With the two constraints above, we are free to eliminant two fundamental
fields, which we will take to be Y3 and Y,;:

n

n—1
Yoz =Y (Yi Yo —Yi) + D Y+ (21— Zo+ Zs — Z)

=1 =1
+ (—21—1—224-223—2244-25—2(3),
n n—1
— n3:Z(Yé —Y§2—Yz‘5)+ZYi6+(Zl—Zz—Z5+Zﬁ)
=1 =1

+(2h 422+ 2 - Za - Zs + Zs).
For convenience, let’s define:
(3.13) I3 = exp (—Ya3),

Xo Xy X1 X3 Xg
X1X3 X2X§X5 ’

n n—1
= [ exp (Yir — Yiz — Yia) [ ] exp (Vi)
=1 =1

(3.14) IIg = exp (—Yae) ,

n n—1 S <
XoX5 X2X, X5
= [I exp (Vs = Yiz = Yis) [ ] exp (Yie) =T o
i=1 i—1 X1X6 X2X3X6

Then, the superpotential (B1) reduces to

W = 3" [exp (~Yio) + exp (=Yi) + exp (~Yiz) + exp (~Yia) + exp (~Vis) |
=1

n—1 6
+ Z [GXP (—Yi3) +exp (_YiG)} + 15 + IIg + Z (Xm + Xm)
i=1 m=1
n
—Zmi(ﬁo+3§1+n2+1@4+3§5)
i=1

n—1

— " (Yig + Yig) + 1t (In 13 + In ).
=1
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Notice that the superpotential has poles at X1 # 0, X3 # 0, X¢ # 0, X5 #£0,
X3 #0, X5 # 0 and Xg # 0. With the mirror maps,

exp(=Yig) = =i + > 0apii,

=12

(3.15) o
Xm = Z O'aa?m Xm = Z O'ad?m
a=1,2 a=1,2
one can get the excluded loci:
(3.16) a103(0f — 303) (307 — 03) # 0,
1 3
(3.17) 1;[(—777,@ + 01)(—mi — 01) <—mi -+ 501 =+ {02>
my; 20’1 5 g9 m; 20‘1 5 g9

1 3
X <—mi + 50’1 — \2[0'2> # 0.

The critical locus is given by

ow
8Yio:exp(—Yi):—mi, for 1=1,...,n,
ow
3 cexp (=Yi) =g + g — m; + 2my,, for i=1,...,n,
Yi
w
0 cexp (—Yie) = —IIg — IIg — m; — 2my,, for i=1,...,n,
Y2
ow
cexp (—Yj3) =13 —m; + my,, for i=1,...,n—1,
Y3
ow
aYM:exp(—Yi):—Hg—mi—mn, for 1=1,...,n,
ow
a}/ig):exp(—i/;):—ﬂﬁ—mi—mn, for 1=1,...,n,
aW:eXp(—YQG):HG—mi—&—mn, for i=1,...,n—1,
0Ys
ow
— X5 =11 1I 217
9X, 1 3+ g + 2my,
ow

— : X9 = —1I3 — Il — 27
X, 2 3 6 My,
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ow
0X3
ow

0X4
oW
0Xs
oW
0Xe
oW
X,
oW
0X,
oW
0X3
oW
0X4
oW
0Xs
oW
0Xe

Gu, H. Parsian, and E. Sharpe

: X3 =13 + m,,

Xy = —I5 — 17,

: X5 = —Ig — 17,

: Xo = g + my,

: X = —II5 — 200 — 31,
. Xy = I3 + 205 + 3riy,

. X3 = 2003 + Ilg + 3ri,,

: Xy = —2I0I3 — Ilg — 31,

: X5 = 113 — g,

: X = —1I3 + 1,

Plug the above equations back to (8.13), (8.14)), one obtains the Coulomb

branch relations:

n—1 n
(3.18) s = [ [ (s — i + i) " [ ] (s + g — s + 20m)
=1 =1
X (—Hg — H6 —m; — 2771”)(—1_[3 —m; — mn),
n—1 n
(3.19) g = [ [ (e — i + )" ] (s + g — s + 20m) "
=1 =1
X (—Hg — H6 — fni — 277},”)(—1_[6 — mi — mn)

With the mirror map ([BIH), on the critical locus relations, one finds

1 V3

1 V3

I3 =-014+ —090—my,, llg=—-01——09— my,.

2 2

2 2
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Plugging them back in, one obtains the Coulomb (quantum cohomology)
ring relations for Go,

(3.20) H(—m — ;) (—;01 - \2302 - m)

(3.21) Zf[l(gl — i) <;01 + ‘f@ - m>
(s - o) <;01 - ‘f@ - m)
=1

n
1 3 1 3
o2 [Teo - (<o Foumm) (m+ G-t
1=
—ﬁ(a — M) 1o —i——ga m; 1a—§a m
— il 1 i 2 1 2 2 ) 9 1 9 2 3 I
Lyt 3 1 3
(323) H <20'1 + 70’2 — m1> <—20'1 + 70’2 - mz>

s
I
—

|
\
2
|
|
N}
|
E

() G- -),

I

s
Il
i

\)

3.4. Vacua

In this section, we will count the number of vacua in cases with small num-
bers n of fundamental fields. To solve the Coulomb branch (quantum co-
homology) relations ([B.20)), (B:2I]) in general is not easy. However, since the
superpotential is invariant under the Weyl group, the Coulomb ring rela-
tions (3.:20), (B:21) will be covariant under the Weyl group action, which we
check explicitly.

The Weyl group of G4 is the dihedral group Dio of degree 6 and order
12, which can be described as ﬂﬁ, Section 7]

Diy = {aixj ]a6 =1=22 zar = a_l} .
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(See e.g. ﬂﬂ, Section 47] for a discussion of representations of the dihedral
groups.) Among the twelve elements of the Weyl group, there are six reflec-
tions, and below we list group elements and the field corresponding to the
root about which the reflection takes place:

X & a3m, X3 & a5x, X5 ¢ ax,

X1 & d®z, X3 a'z, X5z

Notice that the reflections are also generated by the Weyl group reflec-
tion (B2)) and we denote the reflection matrices by the fields correspond
to the positive simple roots. There are also five nontrivial rotations, corre-
sponding to (a) C Dqa.

Now we can start to solve for the vacua (solutions of the Coulomb ring
relations ([B.20), (B21I])) begining with the case of small number of funda-
mental matter fields.

e n = 1, the only solution is o1 = 09 = 0 and it is excluded by the con-

straints (B.16), (B.1717),

e n =2, there are seven solutions but all of them are excluded by the
constraints (3.10)), (3.17),

e n = 3, there are ninteen solutions but all of them are excluded by the

constraints (B16]), BI7).

Starting with the case n = 4, we begin to obtain non-trivial solutions.
First, let us analyze the case of n = 4 in detail. For simplicity, from now on,
we will take m; = m; = m, Vi # j and will rescale the o; fields to o; = o;/m.
There are thirty-seven solutions in total and twelve of them are true vacua
(meaning, not on the excluded locus):

i=1,....4, si:{alzj:i\/g, UQ:ii\/§},
3

/3
5 o9 = *1 5(3—!—\/5) ,

3
+ 225 g =i 5(3—\/3)

S

NN

i:5,...,8, S; = 01::|:’i

i=9,...,12, s;={01 =i

[NCRREN
w
S
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’ H € Xl X3 X5 Xl X3 X5 a, a4 a3z ay ai
1 1 3 8 9 5 12 2 7 11 4 6 10
202 4 10 7 11 6 19 5 3 12 8
3 3 1 11 6 10 7 4 12 8 2 9 5
4 114 2 5 12 8 9 3 6 10 1 7 11
5) 5 7 4 10 1 1 6 3 12 8 2 9
6 | 6 8 9 3 12 2 5 10 1 7 11 4
T\ 7 5 12 2 9 3 § 11 4 6 10 1
81 8 6 111 4 10 7 2 9 5 3 12
9 9 11 6 1 7 4 10 5 3 12 8 2
10| 10 12 2 5 3 8 9 1 7 11 4 6
1111 9 3 8 2 5 12 4 6 10 1 7
1212 10 7 4 6 1 11 8 2 9 5 3

Table 2: Weyl group actions on the vacua of the case n = 4.

Signs are assigned in each group of four solutions in the order {—, —}, {—, +},
{+, -}, {+,+}. For example,

Xy ={o1=—-iV5, o3=-iV3}, Xp={o1=-iV5, oy=+iV3},
X3 = {01 = +i\/5, 09 = —Z'\/g}, X4 = {01 = +i\/5, o9 = +Z\/§}

Under the Weyl group actions, the solutions transform as in Table IZIH One
can see that the twelve vacua are covariant and form one Weyl orbit under
the Weyl group action.

When there are five fundamental matter multiplets, there are sixty-one
solutions and twenty-four of them are non-trivial. Following the same con-
ventions, those non-trivial vacua are

1=1,....,4, sl—{al +iy[5— :I:ZHS—}
1=29,...,8, sl—{al :l:z1/5+ o9 = j:z1l3+}

3Note that the Weyl group acts on os by the inverse of the group elements. In
the table, we denote the action by the original group elements instead of the inverse
of the elements. Table [3] adopts the same notation.
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i=9,...,12, s = {01 = ii\/(l/lo)(35 +12v/5 4 3(185 + 80V/5)1/2,

o2 = ii\/(3/10)(15 +4v/5 — (185 + 80V/5)1/2 }

i=13,...,16, s; = {01 = iz\/(1/10)(35 + 12v/5 — 3(185 + 80v/5)1/2,

o2 = ii\/(3/10)(15 +4v/5 + (185 + 80v/5)1/2 }

i=17,...,20, s; = {01 = ii\/(l/lO)(?)B —12v/5 4 3(185 + 80v/5)1/2,

o2 = ii\/(3/10)(15 — 4v/5 — (185 + 80v/5)1/2 }

i=21,...,24, s; = {01 = j:i\/(l/lO)(—SS + 12v/5 + 3(185 4 80v/5)1/2,

oy = j:i\/(3/10)(15 — 4v/5 + (185 + 80v/5)1/2 }

The vacua form two Weyl orbits, each of which contains twelve elements.
The first orbit consists of the first through fourth solutions, the seventeenth
through twentieth solutions, and the twenty-first through twenty-fourth so-
lutions. The rest of the solutions form the second Weyl orbit. We summarize
the results for the Weyl group actions in Table Bl

We checked one more case, n = 6. In this case, there are ninety-one
solutions in total, of which forty-eight solutions are not on the excluded
locus. As expected, these vacua form four Weyl orbits under the Weyl group
action and each orbit contain twelve vacua. The solutions in this case are
much more complicated, and so we do not list them explicitly.

3.5. Pure gauge theory

In this section, we will check (at the level of topological field theory com-
putations) that the pure Gy theory flows in the IR to a free theory of two
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€ Xl X3 X5 Xl X5 X5 a, a4 a3z ay ai
1 13 22 1r 23 20 2 21 19 4 24 18
2012 4 18 21 19 24 1 17 23 3 20 22
33 1 19 24 18 21 4 20 22 2 17 23
4 14 2 23 20 22 17 3 24 18 1 21 19

1717 19 24 1 21 4 18 23 3 20 22 2
80418 20 2 23 3 22 17 1 21 19 4 24
9019 1v 3 22 2 23 20 4 24 18 1 21
20020 18 21 4 24 1 19 22 2 17 23 3
2121 23 20 2 17v 3 22 19 4 24 18 1
22122 24 1 19 4 18 21 2 17 23 3 20
23 21 4 18 1 19 24 3 20 22 2 17
24 22 17 3 20 2 23 18 1 21 19 4
5 7 16 9 13 12 6 15 11 8 14 10
6 8 10 1 11 14 5 9 13 7 12 16
7T 5 11 14 10 15 8 12 16 6 9 13
8§ 6 13 12 16 9 7T 14 10 5 15 11
9 11 14 5 15 &8 10 13 7 12 16 6
0 12 6 13 7 16 9 5 15 11 8 14
11 9 7T 16 6 13 12 8 14 10 5 15
1212 10 15 8 14 5 11 16 6 9 13 7
1313 15 8 10 5 11 14 7 12 16 6 9
14114 16 9 7T 12 6 13 10 5 15 11 8
1515 13 12 6 9 7T 16 11 8 14 10 5
1616 14 5 11 &8 10 15 6 9 13 7 12

—_ = N DO
— o © 0N o oY R

Table 3: Weyl group actions on the vacua of five fundamental matter mul-
tiplets.

chiral multiplets. The superpotential of the pure gauge theory is
W= 22: T (a%Zm - ngm) + ) (X + Xn),
a=1 m
- [(Z1 — Zo 4+ (1)2)Z5 — (1)2)Z4 — (1)2)Z5 + (1/2)ZG>
+ (= B/DZ1 + (3/2)2: + (3/2) 25 — (3/2)24)]
+ 02(V/3/2) <23 — 74+ T — T+ 71 — Zoy+ Ty — Za+ 275 — 226)

6
+ 37 (X + Xim).

m=1
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Integrating out X,,, and X,,, one obtains the constraints,
Xm = Zaaafn, X,, = Zadﬁl.
a a

The point is that all the X,, fields and X,,, fields correspond to the nonzero
roots of Gy which come in pairs, positive roots and their negatives. As a
result, pluging the constraints above back into the superpoential, one gets
W = 0. Therefore, the pure gauge theory indeed flows to a free theory of
two twisted chiral multiplies in the IR limit.

On the other hand, integrating out o; and o3, one obtains the con-
straints,

— lnX1 +lnX2 — (1/2) lnX3 + (1/2) lnX4 + (1/2) lnX5 — (1/2) lnX6
+(3/2)In X1 — (3/2) In X, — (3/2) X4 + (3/2) X4 =0,

— \gg(lnXg —In X4 +1InX5 — IHX(;)
3 . 5 -
— \2[(X1—X2+X3—X4+2X5—2X6) =0

With those two constraints, one can eliminate two fields in the superpoten-
tial,

X1 X3Xo X3 X5
a—

e -
X X3 x _ X6 X3 X5 X
XX X2 X

Xy = 62223
! S XoX2X, X

with ¢ = +1 and b = £1. Plugging this back into the superpotential, we get
(324) W =X1+Xo+Xs+Xe+ X1+ Xo+ X3+ Xy + X5+ X
N X1 X3Xo X3 X5 N bxlxﬁf(gfcgf(ﬁ
a — —
XoX1X2Xs XoX2X, X5

The critical loci are given by

a=b=1,

X1 = —Xo = X3+ X,
X1 =—Xo = —X3—2Xg,
X3 = —X4 =2X3 + X,
X5 =—X¢ = X3 — X.
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One can easily see that, on the critical locus, the above superpotential (8.24])
vanishes with two free fields X3 and Xg. Therefore, the pure gauge theory
again flows to free theories of two chiral multiplies in the IR.

3.6. Comparison with A model results

In this section, we will discuss the A-twisted gauge theory with gauge group
G2 and n chiral superfields in the 7, and compare it to results from our pro-
posed mirror, as a check of our methods. In principle, this should necessarily
work, for reasons discussed in B, Section 3|; however, we will check for the
special case of G2 that indeed everything works as it should, which will also
give us the opportunity to discuss the role of theta angle periodicities and
charge lattice normalizations.

The one-loop effective twisted superpotential W of the A-twisted gauge
theory is given by , equ'ns (2.17), (2.19)], ﬂﬂ, equ’ns (3.16), (3.17)]

Weﬁ - - Z(O_lp;,la + O-Qp;?a - ml) (111(0’1/);’1& + 0-2/);,2(1 - ml) - 1)
[NeY
+ Z(ala;,ll + 090.?) <ln(0104;711 + o00?) — 1)

m

+ Z(Uld% + 09i,2) <1n(<715/n11 +024,2) — 1) :
m

Since the logarithm branch cuts in the expressions above are supposed to
reflect (standard) theta angle periodicities of 27, we have rescaled p and «
to p’ and . Specifically, we have rescaled all the charges under o by a
factor of 2 and all the charges under o9 by a factor of 2//3.

Since the roots and weights of G5 come in positive/negative pairs, we
can further simplify the effective superpotential:

Wert = = Y (019110 + 02 — 105) Ia(01pily, + 02pi% — 110i)

7,00

— 7ZT~ni + 6mi(o1 + 02).

(2
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The vacua are given by

/1 /2 - /‘1
H(Glpi,a + 02P50 — mi)pl’a =1,
[NeY

/1 /2 - '_2
[ (010t + 02pit — )= = 1.

(e
Plugging in the charges, we get

H(Qal — ;)2 (01 + o2 — ) (01 — 02 — 1)

= 1_1(—201 — )% (=01 — o9 — W) (=01 + o9 — 1),
ﬁ(al + 02 —m;)(—0o1 + o2 —1My)

- f[(—gl — o9 — ;) (01 — 09 — 17;).

The relations above are the same as the Coulomb ring relations (3.22), (3.23)
we derived from the B model with a suitable rescaling of the o fields,

1
o1 — =01 g9 — ——09.
27 2

Thus, we see that A model results match those of the B model mirror,
as expected, after correctly taking into account subtleties in theta angle
periodicities.

3.7. Comparison to other bases for weight lattice

So far in this section, we have used a particular basis for the weight lattice
for G5. In principle, other bases are related by field redefinitions. To make
this more explicit, in this section we will outline corresponding results in
a different basis for the weight lattice, specifically a basis of fundamental
weights. We will describe this basis in greater detail in the section on Fj,
as it will be used for the rest of the exceptional gauge groups in this paper,
but for the moment, will content ourselves to briefly outline results.

In terms of that basis of fundamental weights, it can be shown that the
roots and pertinent weights of G5 are expanded as given in Table @l
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Field Short root | Field Long root | Field Weight
X1 (1’0) X1 (07 1) Yi (170)
X5 (-1,1) Xy (3,-1) Y; (—-1,1)
X3 (27_1) X3 ( _3a2) Yis (2a_1)
Xy ( -1, 0) Xy (07 *1) Y ( -1, O)
X5 (17—1) X5 (_371) Yi (17—1)
X6 ( -2, 1) X6 (37 _2) Yi ( -2, 1)

Y;O (070)

Table 4: Roots and weights for GGo and associated fields.

Repeating the same mirror analysis as described earlier in this section,
we derive the Coulomb branch relations

n
(3.25) [1(0% = i) (207 — 0% — )
=1
ln
= [[ (-0t = mi) (=201 + ob — ),
=1
n
(3.26) [[(0% = 0% — i) (207 — o — 1)

N
Il
—

(=01 + 05 — 1) (=20 + oy — 10y),

Il
=

i=1
and excluded loci
(3.27) 0105(0) — 05) (207 — 03) (301 — 05)(30] — 203) # 0,
(3.28) [} = i) (=0’ + o — ) (207 — oy — 1)
i=1

X (=0 —my) (o} — b — my) (=20 + oh — m;) # 0.

Comparing with earlier reuslts for the critical locus ([3.20), (B:2I) and
excluded loci (BI6]), (317), computed in the earlier basis, we find that the
results above are related by the following linear field redefinitions

1 3
(3.29) oy = 301+ \2[02,

(3.30) oh = V309,
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or equivalently

(3.31) o1 = 207 — 0%,
1
3.32 09 = ——=0bh.
( ) 2 \/g 2
4. F,

In this section we will consider the mirror Landau-Ginzburg orbifold of an F}
gauge theory with matter fields in the 26 fundamental representation, and
then compute Coulomb branch relations. We also consider the pure gauge
theory without matter fields.

4.1. Mirror Landau-Ginzburg orbifold

The mirror Landau-Ginzburg model has fields

e Vig, ie{l,...,n}, fe{l,...,26}, corresponding to the matter fields
in n copies of the fundamental 26 dimensional representation of F,

e X,,, me{l,...,48}, corresponding to the roots of Fy,
e 0,,a€{1,2,3,4}.

We associate the roots, a? , to X, fields and the weights, pgﬁ, of the
fundamental 26 representation to Y; 5.

Now, previously for Ga, we worked with a basis in which the #-angle
periodicities were unusual: 61 ~ 01 + 7i, 0o ~ Oy + 471'1'/\/3 This essentially
just corresponded to a nonstandard charge lattice normalization. This was
convenient for relating to Lie algebras, but, is rather unusual for physics.

Here, for I, and all the later examples we will discuss in this paper,
we would like instead to work with a basis for the roots and weights that
corresponds to an integer charge lattice, so that the #-angle periodicities take
a more nearly standard form. In particular, the superpotential is invariant
under such basis changes, since its terms are tensor contractions such as

Z oap?Y'".
a

We can pick any basis we like, so long as we consistently change coordinates
in the tensors above. In particular, the superpotential (for this B-twisted
Landau-Ginzburg model) does not depend explicitly upon e.g. the Cartan
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matrix, so the metric on the Lie algebra is not directly relevant in the pre-
sentation above. Thus, we have the flexibility to pick a basis such that the
weights have integer coordinates, which yields standard #-angle periodicities.
To be specific, we will write the weights and roots in terms of a basis of
fundamental weights. Recall the fundamental weights are defined as follows.
First, let {a,} be a basis of simple roots, normalized so that the Cartan
matrix C),, is given as
Q- 0y

2
v

(4.1) Chy =2

(07

The fundamental weights {w,} are then defined by the property that HE,
Section 13.1]

(4.2) 21— 5.

Furthermore, the fundamental weights form an integer basis for the weight
lattice — every element of the weight lattice is a linear combination of funda-
mental weights with integer coefficients ﬂﬁ Section 13.1]. This is perfect for
our purposes, as this basis yields standard #-angle periodicities, and we will
use this basis for all computations in this and later sections. To compute
root and weight vectors as linear combinations of the fundamental weights,
as displayed in tables in this and later sections, we used the Mathematica
package LieART ﬂﬂ]

The long roots and associated fields are listed in Table Bl The short
roots and associated fields are listed in Table [fl The weights of the 26 and
associated fields are listed in Table [7

Now, plugging the information above into the mirror superpotential with
twisted masses

n

4
(4.3) W:Zaa ZZpZBY,B+Za Zom

1= 15 1
n 48
DEDRHS S IERNS
i=1 =1 m=1

where X, = exp(—Z,,) and X,,, are the fundamental fields, we get

(44) W= Z%C —ZmZZYg—i—ZZexp ZXm.

i=1 =1 m=1
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Field Positive root | Field Negative root
X3 (1,0,0,0) X2 (—1,0,0,0)
Xo (—1,1,0,0) | X (1,-1,0,0)
X3 (0,-1,2,0) Xor (0,1,-2,0)
Xy (0,1,-2,2) Xos  (0,—1,2,-2)
X5 (1,-1,0,2) X2 (—-1,1,0,-2)
Xg (—1,0,0,2) | X3 (1,0,0,-2)
X7 (0,1,0,-2) X3 (0,-1,0,2)
Xs (1,-1,2,-2) | X3 (—1,1,-2,2)
X9 (—-1,0,2,-2) | X33 (1,0,-2,2)
X0 (1,1,-2,0) X3s (—1,-1,2,0)
X1 (—1,2,-2,0) | X35 (1,-2,2,0)
X2 (2,-1,0,0) X36 (—2,1,0,0)

Table 5: Long roots of Fy and associated fields.

Field Positive root | Field Negative root
X13 (070707 1) X37 (O>O>O7 _1)
X4 (070717_1) X38 (O>Oa_171)
X15 (0717_170) X39 (07_17170)
X5 (1,-1,1,0) | Xi (—1,1,-1,0)
X1z (—1,0,1,0) | Xu  (1,0,—1,0)
X1z (1,0,-1,1) | Xgo (—1,0,1,-1)
Xio (=L1,-1,1) | Xi (1,-1,1,-1)
Xoo  (1,0,0,-1) | Xu (—1,0,0,1)
Xo1 (=1,1,0,-1) | X45  (1,-1,0,1)
Xoo  (0,-1,1,1) | Xs (0,1,—1,-1)
Xog  (0,-1,2,-1) | Xur  (0,1,-2,1)
Xos  (0,0,-1,2) | Xy (0,0,1,-2)

Table 6: Short roots of Fy and associated fields.

where the C® are given as follows:

n
Ct=)  (Yia—Yis+Yig — Yir + Yis — Yig + Ying
i=1
~Yigo + Yi21 — Yie + Yiir — Yiis)

+ 71— Zo+ Zs — Ze + Zie — L7 + Zg + Z1g — Zg — Zhg + Zag — Zo1
+ Z10 — 211 + 2212 — Zos + Zog — Zog + L3y — Lag + Za1 — Z32 — Za2
+ Z33 + Za3 — Zya + Zas — Zza + Zss — 2236,
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Field Weight Field Weight
Yii1 (0,0,0,1) Yii3 (0,0,0,-1)
Yio (0,0,1,-1) Yi1a (0,0,—1,1)
Yz‘,3 (0717_170) Yi,15 (Oa_Ll?O)
Yia (1,-1,1,0) Yiie (—1,1,-1,0)
Y;,S (_1707170) Yvi,l? (1707_170)
Y;,6 (1707_171) Y;,IS (_170717_1)
Y;,? (_1’17_171) Y;,19 (17_1717_1)
Yis (1,0,0,-1) Yioo (—1,0,0,1)
Y;‘,Q (_171707_1) Y;‘,Ql (17_1707 1)
Y;JO (O,—l,l,l) Y;‘,QQ (0,1,—1,—1)
Yinn  (0,-1,2,-1) | Yjo3 (0,1,-2,1)
Yiiz  (0,0,-1,2) | Yioa  (0,0,1,-2)
}/i,25 (0707070) }/;'726 (0707070)

Table 7: Weights of 26 of Fy and associated fields.

n
C? = Z (Yig —Yia+Yiz 4+ Yigo — Yiio — Yinn — Yino

i—1
— Y014 Yioo + Yios — Y15 + Yiie)

+ 2y — 23+ Zy+ Zis — Zs + Zy — Zie — Zg + Z19 + Zo1 — Loz + Z1g
+ 2211 — Zo3 — Z19 — Zog + Lor — Zog — 439 + Zog — Z31 + Lag + Z32
— 243 — Zas + Zag — L34 — 2435 + Zyr + Zsg,

n
c? = Z (Yie —Yiz+Yia+Yis — Yig— Yir + Yiio + 2Yi11 — Yii2 + Vi

i—1
— Y00 — 2Yi 03+ Yioa — Yina + Yiis — Yig — Yiir + Yiis)

+ 2234+ 21y — 224 — Zi5+ Zie + Zi7 + 228 — Z1g + 229 — L9 + Zao
— 2210 — 2211 + 2223 — Zoy — 2297 — Z3g + 2498 + Z39g — ZLyo — Zn1
— 2739+ Zag — 2733 + Z43 — Zag + 2234 + 2235 — 2247 + Zus,

n
¢t = Z (Yin —Yio+Yig+Yir —Yis — Yig+ Yi10 — Yinn + 2Y512

i—1
—Yi19 + Yigo + Yio1 — Yigo + Yios — 2Vios — Yins + Yia — Yins)

+ 213 — Zwa+ 224 + 2725 + 226 — 277 — 273 + Zhg — 279 + Z19 — Zao
— Zo1 + Zag — Zag + 27y — Zsy + Zsg — 278 — 2L99 — 2030 + 2733
+ 2730 — Zyo + 2733 — Zy3 + Zss + Zas — Zag + Za7 — 22438.
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Integrating out o, fields, we get four constraints C* = 0. So we are free to
eliminate four fundamental fields. Our choice here will be Y}, 1, Y, 2, Y53
and Y, 4.

n—I1 n
Y1 = Z Yi1+ Z (Yis+Yir—Yig+Yiio+ Yiiz — Yo
=1 =1
+ Y20 — Yi2 — Yioa — Yin3 — Yinr)
+ Lo+ s+ 213+ Ly + L+ 226 — Z7 + Z17 — Zs + Z19 — Zog
+ Zog — Zho + Loy — Lo — Zog — Loy — 37 — Zog — Lag — 22430

+ 231 — a1 + Z3g — Zy3 + Zaa — Zae + L34 — Zag + Zsg,

n—1 n
—Yno = Z Yio+ Z (Yis = Yie + Yig+ Y11 — Yiio — Vi
i—1 i1
—Yios+ Yioa — Yina — Yiar + Yiis)
+ 2o+ L3+ 2y — Ly — Zs + Zp+ Zir + Zg — Zis + 229 + Loy
— 210 + Zog — Loy — L1 — Lo — Lor — L3g + Log + Zog — L3
— Ly — 3o+ Zyo — 2733 — Zss + L3y — Laz + Zag + Z3g,

n—1 n
—Yns3 = Z+Z (=Yis+Yig+Yig—Yio— Yinn — Yi2o
i=1 =1

+ Y20 + Yios — Yiis + Yinr — Yiis)
+ 721 — 23+ 2y + Zis — L+ Zp — Zir + Zis — Zo + Zog — L2
+ 2710+ Z11 — Zaz + Zia — Zos + Zor — Zog — Z3g + Z3o — Z31
+ Zy1 — Zayo + Z33 — Zya + Zye — 2234 — Z3s5 + Zur — Z36,

n—1 n
Y4 = ZEA"‘Z(_Y;',S‘FYLG —Yi7+Yig—Yig+Yig
i—1 i—1
— Y20+ Yio1 — Yie + Yinr — Yias)
+ 21— Zo+ Zs — Zg+ Lig — Li7 + Zs + Z1s — Lo — Z1g + Zog
— Zo1 + 210 — Z11 + 2219 — Zos + Zog — Zog + Z3g — Zao + Zan
— 239 — Lo + L33+ 43 — s+ Zus — L34 + L35 — 2Z36.
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For convenience, we define:

(4.5)
Hl = eXp(_Y’n,l)7
n
= H exp(Yis +Yi7z —Yig+ Yiio+ Yii2 — Yiig + Yioo
i1

—Yio —Yios — Yiiz3 — Yiir)
1
Xh exp(Yi1) - X7 X5 X0 X10 X 19 X 26 Xo7 X7 X8 X29 X0 Xa1 Xa3 Xa6 Xag
1 " XoX3X13X4 X5 X2 X17X19X22 X024 X31 X 30 X44 X354 X365

(4.6)
Ty = exp(~Ya),
n
= H exp(Yis — Yie + Yio + Yii1 — Yii2 — Yior — Yios
i=1
+Yioa —Yiia— Yiir + Yiag)

X H exp(Y ) . X4X5X18X10X24X12X26X27X38X31X41X32X323X45X47
' " Xo X3 X14X7X17 X8 X3 X1 X3 X208 X090 X142 X34 X4 X36

n
= H exp(—Yis +Yie + Yis — Yiio — Yiin — Yioo + Yi2o
+Yio3 — Y5+ Yiir — Yiig)

—1
» h exp(Vis) - X3X6X17 X0 X0p X3 Xo5 X8 X30 X31 X9 X4a X3, X35 X36
ey "X XX 15 X7 X18 X0 X X1 X 12 Xo7 X30 X1 X33 X6 Xu7’

(4.8)
H4 = exp(—YnA),

n
= H exp(—Yis+Yie—Yir+Yig —Yig+ Yiig — Vi
i=1
+Yio1r —Yiie+ Yiir — Yiis)
—1
3 XoX6X17X9X19X21 X 11 X25X20 X 40X 32 X 12X 14 X34 X 3
X H exp(Yiq) -
i=1

X1X5X16XsX18X20X10X 2 X6 X30 X141 X33 X43X45 X35
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Integrating out the sigma fields and eliminating the fields, Y, 1, Y}, 2,
Y, 3 and Y, 4, the superpotential reduces to

n—1 26

W =33 (exp(~Yip) — m;Yip) + (1 + it In 0y ) + (I + 172, In Il
=1 b=1
+ (H3 + my, In Hg) + (H4 + my, In H4)

26 48
+ Z (exp(_Yn,a) - mnYn,a) + Z Xm
a=>5 m=1
The superpotential is only well defined when the X, fields in the denomi-

nator of II,’s are non-zero.
The critical locus is given as follows:

For i < n:
ow - -
(4.9) Sy b (~Yia) = I+ i = i,
1y
ow - -
(4.10) Y. cexp (=Y 2) = g + My, — my,
1y
oW - -
(4.11) Y. cexp (—Y;3) = Iz + my, — my,
2y
ow - -
(4.12) Y T exp (—Y;A) = Iy + my, — m;,
1y
For i < n:
ow -
(413) Y, s L exp (—}/1'75) =11y + Il — II5 — II4 — m;,
1y
19144 ~ -
(4.14) B T exp (—Yu;) = —IIy + I3 + 14 + m,, — m;,
i,
ow -
(4.15) Y, - L exp (—Y;j) = H1 — H4 — my,
2y
ow - -
(4.16) Y. 5 cexp (—Yig) = —IIy + I3 + Iy + 1y, — 1y,
1y
ow -
(4.17) rexp (—Yig) = Il — Iy — 1y,

0Yig



(4.18)
(4.19)
(4.20)
(4.21)
(4.22)
(4.23)
(4.24)
(4.25)
(4.26)
(4.27)
(4.28)
(4.29)
(4.30)
(4.31)
(4.32)
(4.33)

(4.34)
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ow
Y10
ow
Y11
ow
Y 12
ow
Y13
ow
Y 14
ow
Y15
ow
Y 16
ow

sexp (—Yj10) = Iy — I3 — my,
cexp (=Yi11) =y — I3 — my,

cexp (=Yii2) =111 — Iy — oy,

rexp (—Yii3) = —Ily — My, — 1y,
cexp (—Yj14) = —Ilp — My, — 1y,
vexp (—Yii5) = —1Il3 — My, — my,
cexp (—Yiie) = —Ily — My, — 1y,

cexp (—Yi7) = -1 — o + I3 + 11y — g,
cexp (—Yi1g) = Iy — I3 — Iy — 1y, — 14,
cexp (—Yi19) = —1IIy + Iy — my,

sexp (—=Yjo0) = II; — II3 — IIy — 1y, — 14,
cexp (—Yj21) = —IIy + 11y — 1y,

cexp (—Yj22) = —1II) + I3 — my,

cexp (—Yjo3) = —Ip + II3 — my,

cexp (Y1) = —1I) + 11y — my,

exp (—Yjo5) = —1,

sexp (—Yj6) = —my,

97
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In the same way, OW/0X,, gives:

(4.35) Xy =TI3+ 114,

(4.36)  Xo =TI, + Iy — Iy,

(4.37) X3 =TI + I, — 11,

(4.38) Xy =TI, + I3,

(4.39) X5 =TI, — I + 11,

(4.40) X = 211, — Iy,

(441) X7 = —IIj + 10, + I3,
(4.42)  Xg= —II; + Iy + 114,
(4.43)  Xg = 211y — I3 — II,,
(4.44)  Xig = —IIy — Il + 20I3 + I14,
(4.45)  Xyp =I5 — Iy,

(4.46)  Xip = —IIy — Il + IT3 + 2114,
(447) X3 =TIy,

(4.48) Xy =1Iy,

(4.49) X5 =TI,

(4.50) X6 =114,

(4.51)  Xy7 =1I; + Ty — II3 — TIy,
(4.52)  Xyg = —IIy + I3 + 114,
(4.53)  Xig =1I; — Iy,

(4.54)  Xoo = —II; + I3 + 114,
(4.55)  Xgp =TIy — Iy,

(4.56)  Xgp =1II; — I3,

(4.57)  Xg3 =TI, — I3,

(4.58)  Xgy =1I; — Iy,

Xo5 = —13 — Iy,

Xog = —1II; — Il + Iy,

Xo7 = —1II; — I + I3,

Xog = —1II; — 13,

Xog = —1I; + Iy — Tly,

X309 = =211 + Iy,

X3 =11 — I — I,

X3 =1y — g — Iy,

X33 = =211z + I3 + Iy,
X3q =111 + IIs — 2115 — Iy,
X35 = =13 + Iy,

Xz = 11 + 112 — 113 — 21y,

X37 = —1l,
X3 = —1la,
X39 = —1ls,
Xy = —1ly,

X1 = —1Iy — Iy + I3 + Iy,
Xyo =y — I3 — Iy,

Xaz = —1I1 + Iy,

Xyq = 1y — I3 — Iy,

Xa5 = —1z + Iy,

Xy = —1II; + I3,

Xa7 = =12 + 13,

Xyug = —1II; + 1.

Now, plug these constraints back into ([@H)i—(ZLS8) to get:

1 n

3
|

II; = (Hl + my, — ﬁ%‘)il H(Hl + Iy — II3 — 114 — ﬁli)il(Hl — Iy — ﬁli)il

=1
I, +1IIs + Iy + My, — ﬁli>(H1

.
I

X X X

Iy + gy — m;) (—1Ily — 1y, —

1
( — Mg — ;) (T — Ty — 1)
(—TIy + Ty — 1) (T — g — Ty — 7y, — 10y) " H(—T0y + 3 — 1)
( Thi)(—Hl —H2+H3+H4—fni),
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i
L

-
Il

n
H2 - (H2+mn_mi)_l H<H1+H2 —H3—H4—7’hi)_1
i=1

Ty 4 T3 + Ty + 17y, — 17;) (g — Ty — 7i0;) "

Iy — I3 — 1) "' (I — Iy — 1) (—I0 + Iy — 10y)

—Ily + I3 — v ) (— Iy + o — 1)~ (—TD2 — 17y, — 105)
—TI; — Ty + M3 + Iy — ;) (g — II3 — TIy — 10y, — 705) 7,

X X X X
—~ o~~~ —~ =

1 =1

(—Tlg 4 I3 + T0y + 17y, — 1)~ (=T 4 T3 + Ty + 17y, — 775) "
(ITy — T3 — 72;) (T — g — 772;) (I — I3 — I1y — 70, — 172)
(—T0y + g — 1) ' (—Ta + g — 1) ' (— T3 — 7t — 77;)
(—I1y — My + g + Iy — 1)~ (o — s — Ty — 1y — 1723),

n—1 n
My = [ [ (T + iy — i) ™' [ [ (0 + T — T — 1Ty — 7i,)
=1 1
X (=g + I3 + Iy + 17, — )~ LIy — T1y — 172)
x (=M + I3 + Ty + 17y, — )~ (Mg — TIy — 172;)
X (—Iy + Iy — 7)Yy — I3 — Iy — 77, — 172)
x (=g + Ty — ;) ™Y~y — 1y — 1)
X (=TI — Iy + I3 + Iy — 725) "L (Il — M3 — Iy — 172, — 772).

The mirror maps are given by,

4 4
exp(—Y;g) — —m; + Zaapzﬁ, X Zaaafn.

a=1 a=1

on the critical locus relations, one finds

II) = exp(—Yy1) = 04 — 1, Iy = exp(—Yy2) = 03 — 04 — 1y,

Y, Y,
II3 = exp( Yn73) =09 — 03— My, Ily= exp( Yn74) =01 — 09+ 03 — My,
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Plugging them back in, one obtains the Coulomb branch (quantum coho-
mology) ring relations for Fy:

(4.59)

(—0’1 + o3 — ’rﬁi)(—(fl + 09— 03+ 04 — mi)(—O'Q + 03+ 04 — Thl)

I s
LN E

X (=03 + 204 — ;) (=01 + 04 — ;) (04 — ;)

(01— 04 —m;) (01 — 09 + 03 — 04 — ;) (02 — 03 — 04 — ;)

Il
=

-
Il

1
(0'3 — 20’4 — mi)(—0'4 — mi)(dl — 03 — mi),

X

(4.60)

=

(—0'1 + o3 — ’rﬁi)(—(fl + 090 — 04 — ﬁli)(—O'Q + 203 — 04 — ﬁ”LZ)

X =
Il

(0'3 — 20’4 — Thi)(—gl + 03 — 04 — ﬁli)(ag — 04 — Tﬁ,)

Il
=

(01 — o3+ 04 — M) (—03 + 204 — m;) (01 — 02 + 04 — 110;)

-
Il

1
(09 — 203 + 04 — m;)(—03 + 04 — m;) (01 — 03 — ™),

X

(4.61)

n
H(m — 03+ 04 —m;) (01 — 04 — M) (02 — 03 — 04 — M)
=1
X (O’Q — 203+ 04 — ﬁli)(O'l — 03 — ﬁli)(ag — 03 — ﬁlz)
n
= H(—Ul + 03 —m;)(—0og + 03+ 04 — M) (—02 + 203 — 04 — M)
i=1

X (—0'1 + 04 — ﬁ%i)(—O'Q + o3 — ﬁ”Li)(—O'l + 03 —04 — ’rﬁi),
(4.62)
n
H(Ul — 03+ 04 —m;) (01 — 04 — M) (01 — 02 + 03 — 04 — 1)
=1
X (01 — 09+ 04 — Thi)(Ul — 03 — mi)(al — 09+ 03 — Th,)

(—01 + 03 — ﬁ%)(—Ul +09—03+ 04 — ’ﬁli)(—(n + 09 — 04 — ml)

o b

7
X (—0’1 + o4 — ﬁzi)(—ol + 09 — 03 — ﬁ%)(—al + 03 —04 — ﬁll)
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Next, let us described the excluded locus on the Coulomb branch. As
discussed previously and in B], part of the excluded locus is defined by the
condition X,,, # 0 for all m. This gives

(4.63) 01(201 — 09)(—01 + 02)(01 + 02 — 203)(—01 + 209 — 203)

(02 — 03)(—01 + 03)(01 — 02 + 03)(—02 + 203) (02 — 204)

(—o1 + 203 — 204) (01 — 09 + 203 — 204) (01 — 04)(—01 + 02 — 04)
(03 —04)(—02+ 03 — 04)04(01 — 03 + 04)(—01 + 204)

(=01 + 09— 03+ 04)(—02+ 03+ 04)(01 — 02 + 204)

(09 — 203 + 204)(—03 + 204) # 0.

The second part of the excluded locus is determined by the condition
that exp(—Y’) # 0. From the mirror map

4
exp(—Yig) = —mi + Z Oabi gy

a=1

the excluded locus constraint becomes
4
—m; + Z O'ap?,ﬁ #0
a=1

which is encoded in the expression below:

=

(4.64) (0’1—0’3—77%) (02—0'3—7711‘) (—0’14—02—0’3—7711‘)

~.
—_

( o1+ o3 —my) (—o2 + 03 —m;) (01 — 02 + 03 — M)

(03 — 204 — m;) (—og —m;) (01 — 04 — M) (—o1 + 09 — 04 — 1)
(09 — 03 — 04 — M) (03 — 04 — ;) (—01 + 03 — 04 — 1)

(01 — o2+ 03 — 04 — M) (—02 + 203 — 04 — M) (04 — 1)
(—o1+ 04 —1my) (01 — 02 + 04 — M) (—03 + 204 — ;)

(—o3 + 04 —y) (01 — 03+ 04 — M) (—01 + 02 — 03 + 04 — 1)
(—o2+ 03 + 04 — ;) (02 — 203 + 04 — ;) # 0.

X X X X X X X
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4.2. Transformation under the Weyl group of Fy

The Weyl group of Fj has 1152 = 27 - 32 elementsH @, Table 2.2], so explic-
itly listing orbits of vacua, for example, is not feasible, unlike the case of G.
(Similarly @, Table 2.2], the order of the Weyl group of Eg is 27 - 3% - 5, the
order of the Weyl group of F7 is 2'°.3%.5.7, and the order of the Weyl
group of Eg is 214 -3 .52 .7, so we will not be tracking orbits of vacua un-
der the Weyl group in those cases either.) In this section, we will instead
merely check that the critical locus equations transform into one another
under Weyl reflections, a nontrivial check of our computations.

As reviewed earlier, the Weyl transformation acts on vectors, roots and
weights:

(4.65) Sa(v) = v — 25“’ V) ya.

The Euclidean inner product takes the following metric matrix in this coor-
dinate

2 3 2 1
3 6 4 2
(466) [gzzb] - 2 4 3 3/2
12 3/2 1

The o, transform as covectors under the same Weyl transformation. £} has
four simple roots, which can be taken to be

A=(2,-1,0,0), B=(-1,2,-20),
C =(0,-1,2,-1), D = (0,0,—1,2).

4For the curious, information on the representation theory of the Weyl group of
Fy can be found in [21).
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so the Weyl group of Fj has four distinguished elements, S4,...,Sp, whose
actions are given by

St v? 0301 = (= ob ot + 02030,

(467) SA(01;02a03704) = (02 _0-170-2a03aa4)7

Sp',v?, 0%, v) = (v' +0?, =0, 207 + 0%, 0Y),

(4.68) 53(0'1,0'2,0'3,0'4) = (0’1,0’1 — 092 + 20’3,0’3,0’4),

Sc (', v?, 03,01 = (v, 0?4 03, =03, 03 +0?),
(4.69) Sc(o1,02,03,04) = (01,02,02 — 03 + 04,04),
Sp wt,v* v 0t = (vl 0% 0P + 0, —o?),
(470) SD(017027U3704) - (0-170—270—370—3 _0—4)-
The superpotential is, by construction, invariant under Weyl reflections,
hence to be consistent, the critical locus equations should transform into one

another under these reflections. We check this below. For example, under
the action of Sp, equation (£59)

n

H(—O’l + o3 — ﬁ%‘)(—al +090—03+4+ 04 — ﬁli)(—ag + 03+ 04 — ﬁll)
=1
X (—o3 + 204 —m;)(—01 + 04 — M) (04 — M)

(0'1 — 04 — ﬁzi)(al — 02 —|-0'3 — 04 — ﬁ’Li)(O'z — 03 — 04 — ’rﬁi)

I

7

1
X (0'3 — 20’4 — Thi)(—a4 — ﬁli)(al — 03 — ’rﬁi),
transforms into
n
H(—O’l + o3 — Tﬁi)(—O'l + 09— 04 — mi)(—az + 203 — 0y — Thl)
=1
X (0'3 — 204 — mi)(—al + 03— 04 — Thi)(ag — 04 — mz)

(0’1 — 03+ 04 — 'rhi)(al — 09+ 04 — ﬁli)(ag — 203+ 04 — ﬁlz)

I

(2

1
X (—03 + 204 — "ﬁli)(—03 + 04 — ﬁli)(O'l — 03 — ”ﬁli),
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which is equation (Z60]).
Table [8 schematically describes how other critical locus equations trans-
form under these Weyl reflections.

Initial equ'n Final equ'n
([E.59) (E.59) x ([E.62)
(E.60) (E.60) x ([E.62)
([E.5T)) (5T x [E.52)

oo QOQQQvm >

Table 8: Transformation of critical locus equations under four Weyl reflec-
tions.

The fact that the critical locus equations are closed under Weyl reflec-
tions associated to a set of simple roots provides a nontrivial consistency
check on our results.

4.3. Pure gauge theory

In this section, we will consider the mirror to the pure supersymmetric Fj
gauge theory. The mirror superpotential is

(4.71)
Wzdl(Zl—ZQ+Z5—Z6+Zl6—Z17+Z8+Z18—Zg—Zlg+220
— Zo1 + Zio — Z11 + 2219 — Zos + Zog — Zog + Z3o — Zao + Za

— 430 — Zag + 233+ 243 — Zya + Zus5 — Z3s + L35 — 2236) +
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+02<Z2—Z3+Z4+le—Z5+Z7—Zl6—Z8+Z19+Zz1—222+Z10
+ 2211 — Zog — Z19 — Zog + Loy — Zag — Z39 + Lag — Z31 + Zao

+ Z3o — Z43 — Zuas + Zye — Z3a — 2235 + Zy7 + Z36>

+o3 <223 + 214 — 224 — Z15 + Zig + Z17 + 248 — Z18 + 229 — Z1g + Zoo
— 2710 — 2211 + 2203 — Zoy — 2297 — Z3g + 2298 + Z3g — Lo — Za1

— 2739 + Lo — 2733 + Zaz — Zae + 2234 + 2235 — 2247 + Z48>

+o4 <Z13 — 14+ 224+ 225 + 276 — 227 — 2248 + Zh1g — 229 + Z1g — Lo
— Zo1 + Zag — Zog + 2704 — L3y + Z3g — 2798 — 2229 — 2730 + 2731

+ 2239 — Zyo + 2733 — Za3 + Zya + Zus — Zae + Za7 — 2Z48>
48
3w
m=1

Now, let us consider the critical locus of the superpotential above. For
each root u, the fields X, and X_,, appear paired with opoosite signs cou-
pling to each o. Therefore, one impliciation of the derivatives

ow

0
02X,

is that, on the critical locus,
(4.72) X, =—-X_,.

(Furthermore, on the critical locus, each X, is determined by os.) Next,

each derivative
ow

Oo,

is a product of ratios of the form
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It is straightforward to check in the superpotential above that each o, is mul-
tiplied by an even number of such ratios (i.e. the number of Z’s is a multiple
of four). For example, the sum of the absolute values of the coefficients of the
Z’s multiplying o1 and o9 is 32 = 4 - 8, and the sum of the absolute values
of the coefficients of the Z’s multiplying o3 and o4 is 44 = 4 - 11. Thus, the
constraint implied by the ¢’s is automatically satisfied.

As a result, following the same analysis in E], we see in this case, that
the critical locus is nonempty, and in fact is determined by four os. In other
words, at the level of these topological field theory computations, we have
evidence that the pure supersymmetric F; gauge theory in two dimensions
flows in the IR to a theory of four free twisted chiral superfields.

5. Eg

In this section we will consider the mirror Landau-Ginzburg orbifold su-
perpotential of Fg gauge theory when matter fields are in 27 fundamental
representation of it and then we compute quantum cohomology ring of it.
Also we will consider the pure theory without matter field.

5.1. Mirror Landau-Ginzburg orbifold

The mirror Landau-Ginzburg model has fields

o Vig,ic{l,...,n}, B €{l,...,27}, corresponding to the matter fields
in n copies of the 27 representation 27,

e X,,, me{l,...,72}, corresponding to the roots of Fj,
e 0,,a€{1,2,3,4,5,6}.

We associate the roots, af,, to Xy, fields and the wights, pf 5, of funda-
mental 27 representation of Eg to Y; 5.

The roots of Eg and associated fields are listed in Tables [} The
weights associated to the 27 of Fg and their associated fields are listed in
Table [I11

The weights in the tables in this section are written as linear combina-
tions of the fundamental weights, computed with LieART ﬂﬁ], as discussed
earlier, so as to get conventional #-angle periodicities.



Two-dimensional supersymmetric gauge theories 107

Field Positive root Field Negative root
X1 (0,0,0,0,0,1) Xs7 (0,0,0,0,0,—1)
X9 (0,0,1,0,0,—1) Xsg (0,0,—-1,0,0,1)
X3 (0,1,-1,1,0,0) X39 (0,-1,1,-1,0,0)
Xy (0,1,0,—1,1,0) X0 (0,-1,0,1,-1,0)
X5 (1,-1,0,1,0,0) X1 (-1,1,0,-1,0,0)
X (—-1,0,0,1,0,0) X (1,0,0,—1,0,0)
X7 (0,1,0,0,—1,0) X3 (0,—1,0,0,1,0)
X3 (1,-1,1,-1,1,0) Xy (-1,1,-1,1,-1,0)
Xy (—-1,0,1,—-1,1,0) X5 (1,0,-1,1,-1,0)
X10 (1,-1,1,0,-1,0) Xug (-1,1,-1,0,1,0)
X1 (1,0,—1 0,1,1) X477 (—1,0,1,0,—1,-1)
0

X12 ( 1707 -1 0) X48 ( s Uy 17 7170)
X13 ( 1717 1 07171) X49 ( 17 707 17 )
X (L0,-L1,-1,1) | X5 (—1,0,1 —1 1,-1)

1
X5 (1,0,0,0,1, 1) | Xsi (—1,0,0,0, 1,1)
X (—-1,1,-1,1,-1,1) | X5 (1,—1,1,-1,1,—-1)
X1z (—1,1,0, 0,1,— 1) | X535 (1,-1,0,0,—1,1)
Xis  (0,-1,0,0,1,1) | X5z  (0,1,0,0,—1,-1)

Table 9: First set of roots of Fg and associated fields.

5.2. Superpotential

In this section, we describe the superpotential of the mirror Landau-Ginzburg
orbifold. It is given by

> izmwza Ze

a=1 i= lﬁ 1
n 72
33N a4 3 X
=1 i=1 =1 m=1

where X, = exp(—Z,,) and X,,, are the fundamental fields. Using the results
of the previous section we get

(5.1) W= ZaaC —ZmZZYﬁJrZZexp + ) X,

i=1 =1 m=1
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Field Positive root Field Negative root

X9 (1,0,0,—1,0,1) Xs5 (—1,0,0,1,0,—1)

Xoo (1,0,0,1,-1,-1) X5 (—1,0,0,—1,1,1)

X9 (-1,1,0,-1,0,1) Xs7  (1,-1,0,1,0,—1)

Xoo (-1,1,0,1,-1,-1) | X5 (1,-1,0,-1,1,1)

Xog (0,-1,0,1,-1,1) X5  (0,1,0,—1,1,-1)

Xoy (0,-1,1,0,1,-1) X¢o (0,1,-1,0,-1,1)

Xos (1,0,1,-1,0,-1) Xe1 (—1,0,—1,1,0,1)

X9 (—-1,1,1,-1,0,—-1) | Xg2 (1,-1,—-1,1,0,1)

Xor (0,-1,1,-1,0,1) X¢3  (0,1,-1,1,0,—1)

Xog  (0,—-1,1,1,-1,-1) | X¢sa (0,1,-1,—-1,1,1)

Xog (0,0,—1,1,1,0) Xe¢s  (0,0,1,—1,—1,0)

X0 (1,1,-1,0,0,0) Xes (—1,—-1,1,0,0,0)

X3 (-1,2,-1,0,0,0) Xeg7 (1,-2,1,0,0,0)

X3  (0,-1,2,—1,0,—1) | Xes (0,1,-2,1,0,1)

X33 (0,0,—1,0,0,2) Xeo (0,0,1,0,0,-2)

X34 (0,0,-1,2,-1,0) X0 (0,0,1,—-2,1,0)

X35 (0,0,0,-1,2,0) X7 (0,0,0,1,-2,0)

X6 (2,-1,0,0,0,0) X9 (—2,1,0,0,0,0)

Table 10: Second set of roots of Eg and associated fields.

Field Weight Field Weight Field Weight
Yi1 (1,0,0,0,0,0) Yio (-1,1,0,0,0,0) Y3 (0,-1,1,0,0,0)
Yia (0,0,-1,1,0,1) Y5 (0,0,0,—1,1,1) Yie (0,0,0,1,0,—1)
Yir (0,0,0,0,—-1,1) Yis (0,0,1,-1,1,-1) Yig (0,0,1,0,—1,-1)
Yi 10 (0,1,-1,0,1,0) Yin (0,1,—-1,1,—-1,0) | Yi12 (1,-1,0,0,1,0)
Yii3 (-1,0,0,0,1,0) Yii1a4 (0,1,0,—1,0,0) Y15 (1,-1,0,1,-1,0)
Yiie (—1,0,0,1,-1,0) | Yiar (1,-1,1,—-1,0,0) | Yiis (—1,0,1,—1,0,0)
Yi19 (1,0,-1,0,0,1) Yioo (—1,1,-1,0,0,1) | ;o1 (1,0,0,0,0,—1)
Yi 22 (-1,1,0,0,0,-1) Y23 (0,-1,0,0,0,1) Y24 (0,-1,1,0,0,—1)
Y o5 (0,0,-1,1,0,0) Yi o6 (0,0,0,—1,1,0) Yo7 (0,0,0,0,—-1,0)

Table 11: Weights of 27 of Fg and associated fields.

where C® are listed in ﬂ]
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5.3. Coulomb ring relations

Integrating out the o, fields, we obtain six constraints C* = 0. Exponen-
tiating these constraints, we obtain a series of equations from which the
Coulomb ring relations will be derived. For reasons of notational sanity, we
will also slightly simplify these expressions, as follows. To make predictions
for the A model, we will evaluate the ring relations on the critical locus,
where
Xm
Xm+63

It is straightforward to see that each of the constraints C* contains 22 dif-
ferences of corresponding Z’s, so that the exponential of the constraints
contains 22 factors of the form X, /X, 163 — an even number of factors of
—1, which will cancel out. Therefore, since on the critical locus those fac-
tors will cancel out, we will omit them, and solely relate the exponentiated
constraints in terms of Y's.

The exponentiated constraints are listed in ﬂ]

The mirror maps are given by

=—1.

6 6
exp(—Yig) — —m; + Zaapzﬁ, X — Zo—aa%.

a=1 a=1

Applying the operator mirror maps, the Coulomb ring relations are straight-
forward to derive and are listed in ﬂ]

Part of the excluded locus is defined by the vanishing locus of the X,,,
and is given by
(5.2)
(201 — 02) (01 + 02 — 03) (=01 + 209 — 03) (04 — 01) (01 — 02 + 04)

X (0’2 — 03+ (74) (0’2 — 05) (—01 + o3 — 0’5) (01 — 092+ 03 — 0’5)

(
x (01 — 02 + 03 — 04 + 05) (—03 + 04 + 05) (205 — 04) (03 — 06)

X (01403 — 04 —0¢6) (—01 + 02+ 03 — 04 — 06) (—02 + 203 — 04 — 0¢)

X (01 + 04 — 05 —06) (—01 + 02 + 04 — 05 — 0¢) (—02 + 03 + 04 — 05 — 06)
X (01 + 05 — 06) (—01 + 02 + 05 — 06) (—02 + 03 + 05 — 06) 06 (01 — 04 + 06)
X (=01 + 02 — 04+ 06) (—02 + 03 — 04 + 06) (02 + 04 — 05 + 06)

X (01— 03+ 04 — 05+ 0¢) (—01 + 02 — 03+ 04 — 05+ 0¢) (—02 + 05 + 0¢)
X (01 — 03+ 05+ 06) (—01 + 02 — 03 + 05 + 0¢) (206 — 03) # 0.
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Similarly,

6
exp(—Yig) = —1ii + Y _ 0apg

a=1

on the critical locus, so
6
i+ Y 0aply #0
a=1

which determines the remainder of the excluded locus:

5.3
| (0)1 —my;) (—o1 + 02 — M) (—o2 + 03 — M) (02 — 04 — 1)

X (=014 03 — 04 —m;) (01 — 02 + 03 — 04 — 1) (—0o3 + 04 — 104)
—o5 —m;) (—o1 + 04 — 05 — M) (01 — 09 + 04 — 05 — 1)
o9 — 03+ 04 — 05 — ) (—o1 + 05 — M) (01 — 02 + 05 — M)
o9 — 03 + 05 — M) (—o4 + 05 — M) (01 — 06 — ;)

—01 4 02 — 06 — M) (—02 + 03 — 06 — M) (04 — 06 — 1)

0‘1—0'3—1-0'6—77%)(—0‘1—|—O'2—O‘3+(76—77~”LZ')(—0'3+0'4+06—77~”L7;)

(
(
(
(
(
(
(
(

—05 4+ 06 —m;) (—o4 + 05 + 06 —M;) # 0.

5.4. Pure gauge theory

In this part we will consider the mirror to the pure supersymmetric Fg gauge
theory. The mirror Landau-Ginzburg superpotential is given in [7].

We can analyze this mirror in the same way as previous pure gauge
theory mirrors. As discussed previously, for each root p, the fields X, and
X_,, appear paired with opoosite signs coupling to each o. Therefore, one
impliciation of the derivatives

ow

=0
X,

is that, on the critical locus,

(5.4) X, =—X_,.
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(Furthermore, on the critical locus, each X, is determined by os.) Next,
each derivative

ow

Oog,

is a product of ratios of the form

It is straightforward to check that, just as in the previous examples, in
the superpotential above each o multiplies a number of Zs that is divisible
by four, i.e. an even number of ratios X, /X_,. Specifically, the sum of the
absolute values of the coefficients of the Z’s multiplying each o is 44 = 4 - 11.
Thus, the constraint implied by integrating out the o’s is automatically
satisfied.

As a result, following the same analysis as earlier and E], the critical
locus is nonempty, and is determined by the six os. Thus, at the level of
these topological field theory computations, we have evidence that the pure
supersymmetric Fg gauge theory in two dimensions flows in the IR to a
theory of six free twisted chiral superfields.

6. Ey

In this section we will consider the mirror Landau-Ginzburg orbifold to an
FE7 gauge theory with matter fields in the 56 fundamental representation.
As before, we will compute Coulomb branch (quantum cohomology) ring
relations and excluded loci. We will also study the pure F; gauge theory
without matter.

6.1. Mirror Landau-Ginzburg orbifold

The mirror Landau-Ginzburg model has superfields

o YVig,ie{l,...,n}, fe€{l,...,56}, corresponding to the matter fields
in n copies of the fundamental 56 representation of Fr,

o X,,, me{l,...,126}, corresponding to the nonzero roots of Er,
e 0,,ac{l,...,7}.

We associate the roots, af,, to X,, fields and the weights, p?ﬂ to the Y; 5.
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The nonzero roots of E7 are listed in Tables 2] 3] and [[4l The weights
of the 56 of F; are listed in Table All weights are given as linear com-
binations of fundamental weights, as discussed earlier, and computed with
LieART @], so as to have conventional f-angle periodicites.

Field Positive root Field Negative root
X (1,0,0,0,0,0,0) Xe4 (—-1,0,0,0,0,0,0)
X5 (-1,1,0,0,0,0,0) X5 (1,-1,0,0,0,0,0)
X3 (0,-1,1,0,0,0,0) X6 (0,1,—1,0,0,0,0)
Xy (0,0,-1,1,0,0,1) Xe7 (0,0,1,—1,0,0,—1)
X5 (0,0,0,—1,1,0,1) Xes (0,0,0,1,—-1,0,-1)
X6 (0,0,0,1,0,0,—1) Xe9 (0,0,0,—1,0,0,1)
X7 (0,0,0,0,—1,1,1) X7 (0,0,0,0,1,—-1,-1)
X3 (0,0,1,-1,1,0,—1) X7 (0,0,-1,1,-1,0,1)
X (0,0,0,0,0,—1,1) X79 (0,0,0,0,0,1,—1)
X0 (0,0,1,0,—1,1,-1) X3 (0,0,-1,0,1,-1,1)
X1 (0,1,-1,0,1,0,0) X7 (0,-1,1,0,-1,0,0)
X9 (0,0,1,0,0,—1,—-1) X5 (0,0,-1,0,0,1,1)
X3 (0,1,-1,1,-1,1,0) X7  (0,—-1,1,-1,1,-1,0)
X4 (1,-1,0,0,1,0,0) X7 (-1,1,0,0,-1,0,0)
Xi5 (-1,0,0,0,1,0,0) X7g (1,0,0,0,—1,0,0)
X6 (0,1,-1,1,0,—1,0) X79 (0,-1,1,-1,0,1,0)
-1,0,1,0) Xso (0

Xz (0,1,0,— ,—1,0,1,0,—1,0)
X5 (1,-1,0,1,-1,1,0) | X1 (—1,1,0,—1,1,—1,0)
X1 (=1,0,0,1,-1,1,0) | Xs2 (1, 0.0,-1,1,-1 ,0)
Xy (0,1,0,—1,1,-1,0) | Xg3  (0,—1,0,1,—1,1,0)
Xo1  (1,-1,0,1,0,-1,0) | Xgq (-1 1,0 1 0,1,0)
Xoe  (1,-1,1,-1,0,1,0) | Xg5 (—1,1,-1,1,0,—1,0)

Xo3  (—1,0,0,1,0,—1,0) | Xgg (1,0,0,—1,0,1,0)
Xoy (—1,0,1,-1,0,1,0) | Xgr  (1,0,—1,1,0,—1,0)
Xo5  (0,1,0,0, 1,0,0) Xgs (0,—1,0,0,1,0,0)
Xos  (1,-1,1,-1,1,-1,0) | Xgo (—1,1,—1,1,—1,1,0)

Table 12: First set of roots of E7 and assocaited fields.
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Field Positive root Field Negative root

Xor (1,0,—1,0,0,1,1) | Xeo (—1,0,1,0,0,—1,—1)
Xos (-1,0,1,—-1,1,—-1,0) | Xo1  (1,0,—1,1,—1,1,0)
Xa9  (—-1,1,-1,0,0,1,1) | Xgo (1,-1,1,0,0,—1,—1)
X5  (1,-1,1,0,—-1,0,0) | Xg3 (—1,1,-1,0,1,0,0)
Xs1 (1,0,-1,0,1,—-1,1) | Xgs (—1,0,1,0,—1,1,—1)
X3 (1,0,0,0,0,1,-1) | X¢5 (—1,0,0,0,0,—1,1)
X33 (—1,0,1,0,—1,0,0) | Xgg (1,0,—1,0,1,0,0)
Xg (—1,1,-1,0,1,-1,1) | X¢r (1,-1,1,0,—1,1,-1)
X35 (—1,1,0,0,0,1,—-1) | Xes  (1,—1,0,0,0,—1,1)
X (0,-1,0,0,0,1,1) | Xg9  (0,1,0,0,0,—1,-1)
Xsr (1,0,-1,1,-1,0,1) | X100 (—1,0,1,—1,1,0,-1)
X35 (1,0,0,0,1,—1,-1) | X301 (—1,0,0,0,—1,1,1)
X3 (—1,1,-1,1,-1,0,1) | X100 (1,-1,1,—1,1,0,-1)
1

X40 (_ 717070717_]—7_1) X103 (17_1)0)07_17171)
X41 (05_1)0)0)17_171) X104 (05170707_1515_1)
X42 (05_1)1)070715_1) X105 (0515_170705_1)1)

X3 (1,0,0,-1,0,0,1) X106 (—1,0,0,1,0,0,-1)
X4 (1,0,0,1,-1,0,—1) X107 (—1,0,0,-1,1,0,1)
X5 (-1,1,0,-1,0,0,1) | Xyo0s (1,—1,0,1,0,0,—1)
X (—1,1,0,1,-1,0,—1) | X099 (1, - -1,1,0,1)
X47 (Oa_170717_170> 1) XllO (0,1,0 17 ) ’_1)
Xus (0,-1,1,0,1,-1,-1) | X411 (0,1,-1,0,-1,1,1)
X49 (0,0,—1,1,0,1,0) X112 (0,0,1,—1,0,-1,0)
X50 (1,0,1,—1,0,0,—1) X113 (-1,0,-1,1,0,0,1)
X511 (—1,1,1,-1,0,0,-1) | X114 (1,-1,-1,1,0,0,1)
X52 (Oa_1717_1707071) X115 (0a17_171701 )

Table 13: Second set of roots of E7 and associated fields.
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Field Positive root Field Negative root
Xs3  (0,-1,1,1,-1,0,—1) | X136 (0,1,—1,—1,1,0,1)
X5y (0,0,-1,1,1,-1,0) | X1y (0,0,1,—1,-1,1,0)
Xs5 (0,0,0,—-1,1,1,0) Xnus (0,0,0,1,—-1,-1,0)
Xs6 (1,1,-1,0,0,0,0) X119 (-1,-1,1,0,0,0,0)
X577 (—1,2,-1,0,0,0,0) | X190 (1,-2,1,0,0,0,0)
Xss  (0,-1,2,-1,0,0,—1) | X191 (0,1,-2,1,0,0,1)
X559 (0,0,-1,0,0,0,2) X199 (0,0,1,0,0,0,—2)
Xeo (0,0,—1,2,—1,0,0) | Xi23 (0,0,1,-2,1,0,0)
X1 (0,0,0,-1,2,-1,0) | Xjo4 (0,0,0,1,—-2,1,0)
Xgo (0,0,0,0,—1,2,0) X195 (0,0,0,0,1,-2,0)
X3 (2,-1,0,0,0,0,0) X126 (—2,1,0,0,0,0,0)

Table 14: Third set of roots of E7 and associated fields.

6.2. Superpotential

Plugging into the general expression for the mirror superpotential, we find
for this case that the mirror superpotential is given by

n 126
IEDIAD3) SERTED Seees
1 8=1
. 126
—Zmleﬁ—l—ZZexp Z75)—&—2)(7,1.
i=1 =1 m=1
where X,, = exp(—Z,,) and X,,, are the fundamental fields, we get:
n 126

(6.1) W= Zaaca ZmZZK5+ZZeXp Yig) + ZXm.

i= i=1 =1 m=1

where C* are given in ﬁ]

6.3. Coulomb ring relations

Integrating out the o, fields, we obtain seven constraints C* = 0. Exponen-
tiating these constraints, we obtain a series of equations from which the
Coulomb ring relations will be derived. For reasons of notational sanity, we
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Field Weight Field Weight

Y1 (0,0,0,0,0,1,0) Y;.29 (0,0,0,0,0,—1,0)

Yio (0,0,0,0,1,—1,0) | Yiso (0,0,0,0,—1,1,0)

Yis (0,0,0,1,—-1,0,0) | Y;s ,—1,1,0,0)

Yi4 (0,0,1,-1,0,0,0) | Yiso 1,0,0,0)

Yis (0,1,-1,0,0,0,1) | Yis3 ,—1,1,0,0,0,—1)
Yie (0,1,0,0,0,0,—1) | Yis34 ,—1,0,0,0,0,1)

Yir (1,-1,0,0,0,0,1) | Yiss (—1,1,0,0,0,0,—1)
Y;s (—1,0,0,0,0,0,1) | Y36 (1,0,0,0,0,0, -1)

}/i79 (17 1 17070707_1) 1/i,37 1 0 0 0 1)
Y%,l() (_ 170717070707_1) Y%,SS 1 O O 0 1)

Y1 (1,0,—1,1,0,0,0) | Yis9 1,0,1, —1,0,0,0)
Yii2 (—1,1,-1,1,0,0,0) | Yia0 -1,1,-1,0,0,0)
i1z (1,0,0,—1,1,0,0) | Yia (— 1,0,0,1,—1,0,0)
Yiia (—1,1,0,—1,1,0,0) | Yia2 -1,0,1,-1,0,0)
Yiis  (0,-1,0,1,0,0,0) | Yias ,—1,0,0,0)

Yiie (1,0,0,0,—1,1,0) | Yia4 ,0,0,1,—1,0)
Yiiz (—1,1,0,0,-1,1,0) | Yiss ,0,0,1,—1,0)
Yi1s  (0,-1,1,-1,1,0,0) | Y;u6  (0,1,—1,1,—1,0,0)
Yiio  (1,0,0,0,0,—1,0) | Yiur —1,0,0,0,0,1,0)

Yioo (—1,1,0,0,0,—1,0) | Yias ,—1,0,0,0,1,0)

Yion  (0,-1,1,0,—1,1,0) | Y49 -1,0,1,-1,0)
Yoo (0,0,—1,0,1,0,1) | Y;50 (0,0,1,0,—1,0,—1)
Yios (0,—1,1,0,0,—1,0) | Yis —-1,0,0,1,0)

Yios (0,0,—1,1,—-1,1,1) | V;s -1,1,-1,-1)
Yios  (0,0,0,0,1,0,—1) | Yiss (0,0,0,0,—1,0,1)

Yios (0,0,—1,1,0,—1,1) | Yis4 —-1,0,1,-1)
Y; 07 (0,0,0,—1,0,1,1) Y55 (0,0,0,1,0,—1,—1)
Yios  (0,0,0,1,—1,1,—1) | Yise 1,-1,1)

Table 15: Weights of 56 of E; and associated fields.

will also slightly simplify these expressions, as follows. To make predictions
for the A model, we will evaluate the ring relations on the critical locus,

where

Xm
X163

= 1.

It is straightforward to see that each of the constraints C* contains 34 dif-
ferences of corresponding Z’s, so that the exponential of the constraints
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contains 34 factors of the form X,,/X,,+63 — an even number of factors of
—1, which will cancel out. Therefore, since on the critical locus those fac-
tors will cancel out, we will omit them, and solely relate the exponentiated
constraints in terms of Ys.

The exponentiated constraints are listed in ﬂ]

The mirror map is given by,

7 7
exp(=Y;g) — —m; + Zaap?ﬁ, X, — Z TaClin.

a=1 a=1

After applying the mirror map, the constraints adopt the form listed in ﬁ]

Part of the excluded locus is defined by the condition that the X,, # 0.
This part of the excluded locus is encoded by a relation listed in ﬂ] The
other part of the excluded locus is determined by the fact that exp(—Y") # 0.
Since on the critical locus,

7
exp(=Yg) = —1iti + Y _ 0apls,

a=1
SO
7
—m; + Z O'apgiﬁ # 0,
a=1

which is given more explicitly in ﬂﬂ]

6.4. Pure gauge theory

In this part we will consider the mirror to the pure E7 gauge theory. The
mirror superpotential is given in ﬂ]

Now, we can proceed as in previous sections. For the reasons discussed
there, since each o is multiplied by both Z, and Z_, with opposite signs,
the critical locus equations

ow
— =0

0X,
imply that on the critical locus,

(6.2) X, =—X_,.
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(Furthermore, on the critical locus, each X, is determined by os.) In addi-
tion, each derivative

ow

dog,

is a product of ratios of the form

It is straightforward to check in the superpotential above that each o, is
multiplied by an even number of such ratios (i.e. the number of Z’s is a
multiple of four). Specifically, the sum of the absolute values of the Z’s
multiplying each o is 68 = 4 - 17. Thus, the constraint implied by the o’s is
automatically satisfied.

As aresult, following the same analysis in B], we see in this case, that the
critical locus is nonempty, and in fact is determined by the seven os. In other
words, at the level of these topological field theory computations, we have
evidence that the pure supersymmetric F; gauge theory in two dimensions
flows in the IR to a theory of seven free twisted chiral superfields.

7. Eg

In this section, we will discuss the mirror theory to a two-dimensional g gauge
theory. The group Fs and its algebra are the largest and most complicated
exceptional groups, we shall only list results.

7.1. Mirror Landau-Ginzburg orbifold

We will consider an Eg gauge theory with n matter fields in the 248, the
lowest-dimensional representation, which also happens to be the adjoint rep-
resentation. The mirror Landau-Ginzburg model has fields

o Vi, ie{l,...,n},ae{l,...,248}

e X,,, me{1,2,...,120}, correponding to positive roots, and X1204m,
associated with the negative roots of those associated to X,,,

e 0,,a€{1,2,...,8}.
As before, we work with an integer-lattice-basis for the roots and weights,

corresponding to standard theta angle periodicities. We associate the roots
and weights to fields as listed in the Tables 16, M7, and
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For the rest of the fields, the roots and weights are given by

Xa+120 = —Xa, a = 1, ceey 120,
Yiat120 = —Yi120, a=1,...,120.

Field Positive root/weight Field Positive root/weight
X1, Vi1,  (0,0,0,0,0,0,1,0) | Xa, iz _ (0,0,0,0,0,1,—1,0)
X3, Yis  (0,0,0,0,1,—1,0,0) | X4 Yia  (0,0,0,1,—1,0,0,0)
Xs,Yis  (0,0,1,-1,0,0,0,0) | Xg Yig  (0,1,—1,0,0,0,0,1)
Xi Yir  (0,1,0,0,0,0,0,—1) | Xg Yis  (1,—1,0,0,0,0,0,1)
X, Yig  (~1,0,0,0,0,0,0,1) | Xi0, Yizo (1,-1,1,0,0,0,0,~1)
X1, Y (-1,0,1,0,0,0,0,-1) | X2, Yi12 (1,0, 17170 0,0,0)
X3, Vs (—1,1,-1,1,0,0,0,0) | X14, Yia  (1,0,0,—1,1,0,0,0)
X1, Yty (=1,1,0,—~1,1,0,0,0) | X6, Ysrs  (0.-1,0,1.0,0,0,0)
Xi7, Yizr  (1,0,0,0,-1,1,0,0) | X5, Yiis (—1,1,0,0, 1,1,0 0),
X9, Yitg  (0,—1,1,-1,1,0,0,0) | X0, Yino  (1,0,0,0,0,—1,1,0)
Xo1, Vior  (—1,1,0,0,0,-1,1,0) | Xas, Yioo (0,—1,1,0,—1,1,0,0)
Xo, Yies  (0,0,-1,0,1,0,0,1) | Xog, Yies  (1,0,0,0,0,0,—1,0)
Xos, Yios  (=1,1,0,0,0,0,—1,0) | Xag, Ying  (0,—1,1,0,0,—1,1,0)
Xor, Yior  (0,0,—1,1,-1,1,0,1) | Xag, Yios  (0,0,0,0,1,0,0,—1)
Xog, Yiay  (0,—1.1,0,0,0,—1,0) | Xso, Yiao  (0,0,—1,1,0,—1,1,1)
X31, Yisn (0 0,0,-1,0,1,0,1) | X3, Yizo (0,0,0,1,-1,1,0,—1)
Xss, Vigs  (0,0,—1,1,0,0,—1,1) | Xgs, Yigs (0,0,0,—1,1,—1,1,1)
X35, Yiss (0, () 0,1,0,—-1,1,-1) | X3¢, Yize (0,0, 1 1,0,1,0,-1)
Xsr, Yisr (00,0, 1,1,0, 1,1) | X, Vigs  (0,0,0,0,—1,0,1,1)
X39, Yi39 (0,0,0,1,0,0,—1,—1) | Xyo, Yi 40 (0,0,1,-1,1,—-1,1,-1)
X1, Yim (0,1,-1,0,0,1,0,0) Xa2, Yia2  (0,0,0,0,—-1,1,-1,1)
Xus, Yias (0,0,1,—1,1,0,—1,—1) | Xas, Yias  (0,0,1,0,—1,0,1,—1)
X5, Vigs  (0,1,-1,0,1,-1,1,0) | Xuq, Yiag  (1,—1,0,0,0,1,0,0)
Xur, Yiar  (—1,0,0,0,0,1,0,0) | Xus, Yias  (0,0,0,0,0,—1,0,1)

Table 16: First set of roots of Eg and associated fields.
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Field Positive root/weight Field Positive root/weight
X9, Yiao (0,0,1,0,—1,1,—-1,—1) | X50, Yiso (0,1,—1,0,1,0,—1,0)
Xs51, Y51 (0,1,-1,1,-1, 0 1,0) X592, Yis2  (1,-1,0,0,1,-1,1,0)
Xs3, Yiss  (—1,0, O 0,1, 1,0) | Xs4, Yisa (0,0,1,0,0,—1,0,—1)
Xs5, Yiss (0,1, —1,0) | Xs6, Yise (0,1,0,-1,0,0,1,0)
Xs7, Yisr  (1,-1, O 0,1,0 —1,0) | Xsg, Yisg (1,-1,0,1,-1,0,1,0)
Xs9, Yisg  (—1,0,0,0,1,0,—-1,0) | Xeo, Yigo (—1,0,0,1,—1,0,1,0)
Xe1, Yier (0,1,—-1,1,0,—1,0,0) | X¢2, Yig2 (0,1,0,—1,0,1,—1,0)
Xes, Yies (1,—1,0,1,—-1,1,— ,0) Xea, Yiga (1,—1,1,-1,0,0,1,0)
Xe5, Yies (—1,0, O, -1,1,-1,0) | X¢6, Yies (—1,0,1,—1,0,0,1,0)
Xe7, Yier (0, 1 1,1,-1,0,0) | Xes, Yies (1,—1,0,1,0,—1,0,0)
X9, Yigo (1,— —-1,0,1,-1,0) | X~0, Yir0 (1,0,-1,0,0,0,1,1)
X7, }/;771 ( ,O O, 1,0,—1, ,O) X7, YZ'772 -1,0,1,-1,0,1, — ,O)
X73, Yirs  (—-1,1,-1,0,0,0,1,1) | X7, Yiza  (0,1,0,0,-1,0,0,0)
X5, Yirs (1,-1,1,-1,1,— ,0,0) X716, Yir6 (1 ,—1,0,0,1,—-1,1)
X7, Yirr (1,0,0,0,0,0,1,-1) | Xvg, Yi7s 1,0,1,—-1,1,—-1,0,0)
X79, Yizg (—1,1,-1,0,0,1,—-1,1) | Xgo, Yigo ( 1,1,0,0,0,0,1,—1)
Xa1, Yigt (0,-1,0,0,0,0,1,1) | Xgo, Yige (1,—1,1,0,—1,0,0,0)
Xg3, Yigs  (1,0,—1,0,1,-1,0,1) | Xg4, Yiga (1,0,0,0 0,1, -1,-1)
Xgs, Yigs  (—1,0,1,0,—1,0, O ,0) | Xge, Yige (—1,1,—1,0,1,—-1,0,1)
Xg7, Yigr (—1,1,0,0,0,1,—-1,—1) | Xgs, Yigs (0,—1,0,0,0,1,—1,1)
Xg9, Yigo (0,—1,1,0,0 0,1,—1) Xo90, Yioo (1,0, 1,1,-1,0,0,1)
Xo1, Yior (1,0,0,0,1,— —1) | Xoo2, Yig2 (-1,1,—1,1,-1,0,0,1)
Xosz, Yios (—1,1,0,0,1, — 1 0 —1) | Xo4, Yioa (0,—1,0,0,1,—1,0,1)

Table 17: Second set of roots of Fg and associated fields.

7.2. Superpotential

In this section, we give the superpotential for the Landau-Ginzburg orbifold
mirror to the theory above.

248 n 248 240
(7.1) W= Zaaca ZmZZYZa—l—ZZeXp Yia) + ZXm,
i=1 a=1 m=1

where the C* are given in ﬂ]
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Field Positive root/weight Field Positive root/weight
Xos, Yigs  (0,—1,1,0,0,1,—1,—-1) | Xogs, Yio6 (0,0,-1,1,0,0,1,0)
Xo7, Yio7 (1,0,0,-1,0,0, 0 1) Xosg, Y; o3 (1,0,0,1,-1,0,0,—1)
Xo9, Yi g (-1,1,0,-1,0,0,0,1) | X100, Yiji00 (—1,1,0,1,-1,0,0,-1)
Xio1, Yiio1  (0,-1,0,1,—-1,0,0,1) | Xjo2, Yi102 (0,—1,1,0,1,—-1,0,—1)
Xio03, Yinos  (0,0,—-1,1,0,1,-1,0) | X104, Yi 104 (0,0,0,—-1,1,0,1,0)
Xio0s, Yinos  (1,0,1,—1,0,0,0,-1) | Xi06, Y06 (—1,1,1,-1,0,0,0,—1)
Xl()?, }/;7107 (0, 1,1, 1,0,0, ,1) Xlog, Y;,log (0 —1 1,1 —1.0 0,—1)
X109, Yiioo  (0,0,-1,1,1,-1,0,0) | Xi10, Yi110 (0,0,0,—1,1,1,—1,0)
X111, Yiin (0,0,0,0,-1,1,1,0) X112, Yi112 (1,1,-1,0,0,0,0,0)
Xus, Yins (—1,2,-1,0,0,0,0,0) | X114, Y5114 (0,-1,2,-1,0,0,0,—1)
X115, Yi1s (0,0,-1,0,0,0,0,2) X6, Yinie  (0,0,—1,2,-1,0,0,0)
Xur, Yinr o (0,0,0,—-1,2,-1,0,0) | Xug, Yins  (0,0,0,0,—1,2,—1,0)
X119, Yi119 (0,0,0,0,0,—1,2,0) X120, Yi120 (2,-1,0,0,0,0,0,0)

Yi241,Yi 242
Yi 245,Yi 246

(0,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,0)

Y 243,Yi 244
Y 047,Y; 248

(0,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,0)

Table 18: Third set of roots of Eg and associated fields.

For the group FEg, we obtain eight Coulomb ring relations, using the same

7.3. Coulomb ring relations

methods as before. The results for these ring relations are listed in ﬂ]

In this part we will consider the mirror to the pure Fg gauge theory. For
brevity, we will not rewrite the superpotential here, explicitly omitting Y
fields, but instead merely refer to the expression (ZI]) given earlier, leaving

7.4. Pure gauge theory

the reader to omit Y fields.

Now, let us consider the critical locus of the superpotential above. For
each root p, the fields X, and X_,, appear paired with opoosite signs cou-

pling to each o. Therefore, one impliciation of the derivatives

ow
X,

is that, on the critical locus,

(7.2)

=0

X,=—X_,.
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(Furthermore, on the critical locus, each X, is determined by os.) Next,
each derivative

ow
Oo,

is a product of ratios of the form

ERY
Xop
It is straightforward to check that in the superpotential above that each o,
is multiplied by an even number of such ratios (i.e. the number of Z’s is a
multiple of four). Specifically, for each o, the sum of the absolute values of
the coefficients of the Z’s multiplying it is 116 = 4 - 29. Thus, the constraint
implied by the ¢’s is automatically satisfied.

As a result, following the same analysis as in B] and previous sections, we
see that the critical locus is nonempty, and in fact is determined by eight os.
In other words, at the level of these topological field theory computations,
we have evidence that the pure supersymmetric Eg gauge theory in two
dimensions flows in the IR to a theory of eight free twisted chiral superfields.

8. Conclusions

In this paper we applied the recent nonabelian mirrors proposal E] to ex-
amples of two-dimensional A-twisted gauge theories with exceptional gauge
groups Ga, Fiy, Eg 75. In each case, we explicitly compute the proposed mir-
ror Landau-Ginzburg orbifold and derived the Coulomb ring relations (the
analogue of quantum cohomology ring relations). In the cases of the G5 and
Fy gauge theories, we studied the action of the Weyl group on the criti-
cal locus equations, which allowed us to perform consistency checks on the
results here, and in the case of Go, performed a detailed analysis of Weyl
group orbits of the critical locis (vacua).

We also studied pure gauge theories with each gauge group, and provided
evidence (at the level of these topological-field-theory-type computations)
that each pure gauge theory (with simply-connected gauge group) flows in
the IR to a free theory of as many twisted chiral multiplets as the rank of
the gauge group.
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