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Homotopy classes of gauge fields
and the lattice

CLAUDIO MENESES AND JOSE A. ZAPATA

For a smooth manifold M, possibly with boundary and corners,
and a Lie group G, we consider a suitable description of gauge
fields in terms of parallel transport, as groupoid homomorphisms
from a certain path groupoid in M to G. Using a cotriangula-
tion & of M, and collections of finite-dimensional families of paths
relative to €, we define a homotopical equivalence relation of par-
allel transport maps, leading to the concept of an extended lattice
gauge (ELG) field. A lattice gauge field, as used in Lattice Gauge
Theory, is part of the data contained in an ELG field, but the latter
contains further local topological information sufficient to recon-
struct a principal G-bundle on M up to equivalence. The space
of ELG fields of a given pair (M,%) is a covering for the space
of fields in Lattice Gauge Theory, whose connected components
parametrize equivalence classes of principal G-bundles on M. We
give a criterion to determine when ELG fields over different cotri-
angulations define equivalent bundles.
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1. Introduction

The standard geometric approach to the study of field theories with gauge
symmetry such as Yang-Mills theory begins with a principal G-bundle  :
P — M over a smooth manifold M. From it, a space of states @/p/¥p is
induced—the space of gauge fields— consisting of smooth connections in
P modulo the action of the group of gauge transformations. In the usual
formulation of Lattice Gauge Theory (LGT) [Cre83], the discrete analogs
of a gauge field, the so-called lattice gauge fields, arise as evaluations of the
parallel transport of a connection over a discrete collection of paths gene-
rated by a lattice A. However, the role of the topology of P (an intrinsically
global problem) is less evident in the subsequent axiomatization of lattice
gauge fields when M is arbitrary.

Different proposals for a mechanism to consistently associate a bundle
to a lattice gauge field exist in the literature since the introduction of LGT.
Liischer [L82] observed that if the parallel transporters {g, € SU(2)} on a
4-torus satisfy certain metric constraints, then an interpolation algorithm
could be defined on such a LG field to construct the topological charge of a
principal bundle. In a series of works [Phi85, [PS86, [PS90), [PS93], Phillips and
Stone provided a rigorous construction of Liischer’s algorithm for arbitrary
compact M and G, in terms of a combinatorial realization of the homotopy
of a principal bundle and its characteristic classes.

The objective of this work is to propose an alternative to the previous
ideas, which is somewhat similar in spirit to the combinatorial constructions
of Phillips—Stone, but with a crucial difference: instead of truncating the
space of LG fields, we complement LG fields in such a way that the topology
of a principal G-bundle is incorporated as part of the data in a local manner.
Our proposal is motivated by the following proposition, proved in Section



Homotopy classes of gauge fields and the lattice 2209

Let M be equipped with a network of paths I' = {~}, and let {p,} be its set
of vertices. For any given P and a choice of fiber base points {b, € 77 1(p,)},
consider the map on /p that assigns to any given connection A € o/p its
set of parallel transporters {g,(A) € G}.

Proposition 1. For any choice of LG field {g,} in (M,T'), and any prin-
cipal G-bundle with a choice of base points (P,{b,}), there exists a smooth
connection A € o/p (in fact, infinitely many) such that g,(A) = g5.

The classification of principal G-bundles on a smooth n-manifold M
can be encoded in the homotopy theory of maps to the classifying space BG
[Steb1l, Mil56, INR61, MST74], the conjugacy classes of covering homotopy ho-
momorphisms [Las56], and the Cech cohomology spaces H' (M, G). In our
proposal, a crucial step consists on interpreting the Cech cohomology clas-
sification combinatorially, in terms of an auxiliary “scaffolding” structure in
M, namely a cell decomposition ¢ dual to a triangulation in M E| The cru-
cial fact that we exploit systematically is the correspondence—via clutching
maps—between H* (Sk, G), k > 2 and the homotopy group m—1(G,e), re-
ducing the study of the space H' (M, G) to the groups m(G,e), 0 < k < n.

Our proposal, leading to the notion of an extended lattice gauge field
(Definition E[) consists of giving a discretization mechanism for gauge fields
that preserves the topology of a principal G-bundle through the decima-
tion process. We use an arbitrary but fixed LG field as a central ingredient
to define relative homotopy classes of compatible transition maps from a
bundle trivialization over a k-cell to trivializations over its boundary sub-
cells (which we call glueing maps), 1 < k <n. As a result, not only every
ELG field encodes a LG field, but also an isomorphism class of principal G-
bundles in a local manner, getting rid of the indeterminacy in Proposition
[lP] The idea behind the definition of an ELG field is based on the Barrett—
Kobayashi construction [Kob54, Bar91, Lew93, [(CP94], which asserts that
an axiomatization of the notion of holonomy of a connection [KN63], based
on the structure of a suitable group of equivalence classes of based loops in
M, is sufficient to recover a pair (P, [A]) consisting of a principal G-bundle
and a gauge orbit of smooth connections on it.

!This idea is not new, and goes back to Segal [Seg68]. A variation of it appears
in [PS90l PS93] as the notion of parallel transport functions (p.t.f.).

2In some cases of physical interest where the topology of a bundle is necessarily
trivial (e.g. the dimensions n = 2,3, and G = SU(r); see Remark the added
data is trivial, and our proposed extension yields standard LG fields.
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The framework that we propose has yet another field theoretical moti-
vation. When dealing with a manifold with boundary representing a portion
of spacetime, Hamilton’s principle of extremal action for classical fields re-
quires the consideration of spaces of fields that are compatible with a given
field at the boundary. Similarly, quantum field theory frameworks require the
consideration of spaces of fields whose restriction to the boundary is given.
Our proposal originates from the consideration of such scenarios in the case
of gauge fields described through their parallel transport. Consequently, the
constructions in our work are suited to study such physically fundamental
problems for gauge field theories on base spaces which may have boundary
and corners, which are essential in local covariant quantization frameworks
such as spin foam models [Rei94, BaeQS]H

1.1. A structural guide to our work

The article is organized as follows. We begin by providing a brief glossary of
facts an terminology that our work is based on, presented in Section [2]
The aim is to give a precise and concise introduction to the structural
foundations of our constructions: intimacy of paths, groups of based loops,
holonomy maps, the Barrett-Kobayashi reconstruction theorem, and lattice
gauge fields. To keep the exposition as brief as possible, the additional facts
on cotriangulations that we will need are provided in Appendix [A]
Section [3|introduces the main technical notions in our work, namely path
groupoids P« and parallel transport maps relative to a cotriangulation €,
which are used to define ELG fields. In order to do so, the Barrett-Kobayashi
reconstruction theorem for bundles with connection is first reformulated ac-
cordingly in Theorem [2] with a proof presented in Appendix [B] Supplemen-
ting M with a network of paths—a discrete subgroupoid of Z4x—Ileads to
the notion of the LG field of a parallel transport map. Similarly, a special
type of finite-dimensional local path subgroupoids of &4 are the crucial
ingredient to define ELG fields as suitable classes in relative homotopy.
The definition of ELG fields is chosen for being succinct. However, we
study the relation between ELG fields and isomorphism classes of principal

3A precursor of our work in the case of two dimensional abelian gauge field
theory is presented in [ORS05], where it is shown that extra bundle data com-
plementing ordinary LGT is essential in the construction of a spin foam model
for two-dimensional gravity. This is the case because in two-dimensional gravity,
there are homotopically non trivial maps from the boundary of a disk to the struc-
ture group, which in Euclidean signature is SO(2). In dimension four the relevant
structure group is SU(2), which again makes the bundle structure data essential.
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G-bundles by dissecting the former into local building blocks. The dissected
data is described in Theorem [4] Section 4, The local building blocks contain
the usual LGT data, and additionally, homotopy classes of extensions of
glueing maps from the boundary of a (k + 1)-cell—a k-sphere—to its inte-
rior. This allows us to identify the minimal local topological data contained
in an ELG field that is sufficient to reconstruct a bundle, which we name
the core of an ELG field (Corollary [1) ] Allowing the underlying LG field
to change continuously in a family of cores of ELG fields leads the notion
of cellular bundle data, introduced in Definition The correspondence be-
tween cellular bundle data and isomorphism classes of principal G-bundles
is proved in Theorem [6] in Appendix [C] Section [§] is devoted to describing
explicitly the dissected data in small dimensions.

A study of the spaces of ELG fields is given in Section [6] The dissected
local data reveals a covering space structure in the space of ELG fields for
a given triple (M,%,T'), fibering over the space of standard LGT data—a
Lie group—(Corollary [2). The group of deck transformations of the cover
is modeled on subgroups of a product of homotopy groups, acting on the
homotopy classes of extensions of glueing maps. The connected components
of the cover are in bijective correspondence with H' (M, G). As a by-product,
we reconstruct the space H* (M, G) as a homogeneous space for such a group
of deck transformations (Corollary [3). Section [7] describes the dependence of
the bundle structure of ELG fields on auxiliary cotriangulations, addressed
in terms of Pachner moves. Following the theorem of U. Pachner [Pac91],
we provide an algorithm to determine when two ELG fields on different cell
decompositions are homotopic and define equivalent bundles (Theorem [5)).

2. Terminology and fundamental notions we build
our work upon

Let M be a smooth manifold (possibly with boundary and corners). A
path 7 : [0,1] — M will always be assumed to be continuous and piecewise-
smooth, unless otherwise stated. We follow the convention of denoting v(0) =
s(y) and (1) = t(y) (the source and target of ). In particular, a based
loop is a path satisfying s(y) = t(7). We will denote by y~! the inverse
path y~1(t) := y(1 —t) and the path composition of a pair (y1,72) such
that s(y1) = t(72) by 71 - 72. For a choice of base point p € M, II(M, p)
will denote the path space of M with s(y) = p. There is a natural fibration

4The core of an ELG field corresponds to a homotopy class of p.t.f. in the termi-
nology of Phillips—Stone [PS90, [PS93], relative to a given LG field.
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pr: (M, p) — M given by 7 + t(7). We will denote the fibers pr=!(q) by
II(M, p, q). In particular, II(M, p, p) is the loop space (M, p). The inversion
and composition of loops define operations on Q(M, p).

Definition 1 ([Bar91l, [CP94]). Two based paths vp,v1 € II(M,p,q) are
thin homotopic if there is a piecewise-smooth homotopy 7 : [0,1]?> — M such
that (s, -) € Il(M, p,q) Vs € [0,1], v(i,-) = ~; for i = 0,1, and ([0, 1]2) C
70([0,1]) U~ ([0, 1]).

Remark 1. If p = ¢ and 1,72 are based loops, Definition [1] is a reformu-
lation of Barrett’s [Bar91, [CP94]. Let ~g, be the equivalence relation in
II(M,p,q) given by decreeing o ~pg, 71 if there is a finite sequence of thin
homotopies connecting them. A path retracing [AL94] [GP96] is any thin ho-
motopy between a path of the form 71 - 7~ - v - 72 and its reduction 71 - yo.
It is a fundamental question, postulated in [Bar91l [AL94l [GP96], whether
two paths 79,71 € II(M, p,q) are thin homotopic if and only if they differ
by a finite collection of piecewise-smooth reparametrizations and retracings.
Such correspondence would provide a useful characterization (and a possible
axiomatization) of thin homotopy in terms of “generators and relations”.

Let P(M,p) C II(M,p) (resp. P(M,p,q) C II(M,p,q)) the subspace of
smooth paths with sitting instants at 0,1 [CP94] i.e. smooth paths that are
constant in a neighborhood of 0 and 1. Similarly, let L(M,p) = P(M,p,p).
In general, there exist a retract II(M,p,q) — P(M,p,q), since every path
v € II(M, p,q) can always be reparametrized to a new path 7' € P(M,p, q).

Definition 2 ([CP94], cf. [SW09, BH11|]). Two paths o, v1 € P(M,p,q)
are intimate if there is a smooth map 7 : [0,1]> — M and 0 < € < 1/2 such
that v(s,:) € P(M,p,q) Vs € [0,1], v(s,-) = v and y(1 —s,:) =1 for 0 <
s < ¢, and Rank (d7y) < 2 everywhere.

Remark 2. There is an analogous equivalence relation ~p, in the spaces
P(M,p,q) given by decreeing 7o ~pg, 71 if they are intimate. Both thin ho-
motopy and intimacy possess a fundamental feature. The operations of (pos-
sibly reparametrized) inversion and composition of based loops descend to
equivalence classes as [y] 7! := [y7!] and [v1] - [y2] := [71 - 72], leading to an
induced topological group structure on the quotient spaces Q(M,p)/ ~g,
and L(M,p)/ ~g,. It is shown in [CP94] that the relation ~p, is an ex-
plicit example of a holonomy relation, i.e., if a pair vo,v1 € L(M, p) satisfies
Yo ~Rr, Y1, then Hol(A,~vy) = Hol(A, v1) for any smooth connection A on any
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principal G-bundle P — M. The work [CP94] was motivated by the follow-
ing subtle observation: it is not straightforward to show that thin homotopy
is a holonomy relation.

We will denote the quotient P(M,p,q)/ ~r, by Z(M,p,q). We can
analogously define &?(M,p) through the corresponding fibration over M
with fibers Z(M,p, q). We will call Z(M,p) := L(M,p)/ ~r, the group of
based loops of M. Given a pair (P,b) of a principal G-bundle 7 : P — M
and a choice b € 7~!(p), holonomy based at b defines a map

A € @/p — Hol(A) € Hom(Z (M, p),G)o

where Hom(.Z(M,p),G)o is the set of topological group homomorphisms
Z(M,p) — G satisfying a suitable smoothness condition (condition H3 in
[Bar91]; c.f. Definition [6]). The holonomy map is invariant under the action of
the group ¥p, of gauge transformations acting trivially on 77 1(p) (or equiva-
lently, preserving b), and descends to a map @/p/¥p, — Hom(Z (M, p), G)o.
The Barrett-Kobayashi reconstruction theorem can be stated as follows.

Theorem 1 ([Bar91, Lew93), [CP94]). Given a choice of based princi-
pal G-bundles (P,b € w~1(p)) for every isomorphism class {P} € H(M,G),
the induced map

(2.1) Hol : || o /9pp — Hom(Z(M,p),G)o
{P}eH (M,G)
s a bijection.
Remark 3. The natural function space topologies of Hom(.Z (M, p), G)o
are not explicitly discussed in the works [Bar91l, Lew93, [AL94), [CP94. [GP96].

In this work we will only consider its topology induced by the identification
(2.1). In particular, there is an induced bijection (cf. [Lasb6])

(2.2) mo(Hom (L (M, p), G)o) +— HY(M, Q).
Let ¥ = {c;} be a cotriangulation on M with prescribed base points
By = {pr € c; | c; € €}, and for every ¢, € € let B, = {p, € ¢s|Cs C Cr}.

Details on cotriangulations are presented in Appendix [A]

Definition 3. A cellular network Zr in a cotriangulation € of M with
base points Py is the groupoid generated by a collection of smooth paths
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I' = {y,r € P(¢7,pr,ps)} indexed by pairs of an arbitrary ¢; € ¥ and any
O-cell ¢, = p, € 07, with images in the 1-skeleton Sk;(B(%)) of a barycen-
tric subdivision of €. A lattice gauge (LG) field on (M,T') is a groupoid
homomorphism g : Zr — G.

3. The definition of an extended lattice gauge field
Definition 4. Let

32(5 = U g(Mva'l)pOz)’

PoqsPogy ef%%’
and for every ¢, € €, let
‘-@T = U ’@(@7])017]?0'2)‘
Doy Doy €Br

Remark 4. There are obvious inclusions ¢, : P71 < Py Ve, € €. By a
slight abuse of notation, we will identify &2, with its image in & whenever
the context requires it.

Remark 5. The definition of intimacy ensures that %, and each &2,
are groupoids under the operation of path composition. In particular, the
groupoids £, contains the loop groups £ (¢;,ps) Vps € AB;. Any cellular
network relative to 4 is a discrete subgroupoid &r C Py.

Definition 5. Let D" denote the unit disk in R". For any pair ¢,,, ¢y, € €,
an r-dimensional smooth path family 7] , isamap ¢ : D" — P (M, pgy,,po,)
induced by any smooth map

f:D"x[0,1] = M
such that v* := f(z,-) € P(M, ps,,Ds,) Y € U .

Definition 6. Let G be a Lie group. A smooth parallel transport map,
relative to a choice of cotriangulation € of M, is a groupoid homomorphism

PTy : Py — G,

such that for any choice of local path family %, ,,, the map induced by
evaluation

o0, - D" = G
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is smooth. Two parallel transport maps PTy and PT, are equivalent if
there is a set {9, € G| ¢, € €'} such that for any [y] € Z(M, ps,, Do)

PTY (1) = 90, P T (1) 5

Remark 6. Let Gj; be the groupoid (thought of as a covariant functor)
which to every p € M assigns a G-principal homogeneous space P,, and
to every morphism p — ¢, p,q € M, assigns a G-equivariant map P, — P,.
More generally, a smooth parallel transport map could be defined as a
groupoid homomorphism PT : &y, — Gy satisfying an analogous smooth-
ness condition, where Zy =, s (M, p,q) (cf. [SWO9I)]).

Remark 7. The motivation for Deﬁnition@is the following. Let ¢p . be the
group of gauge transformations of a principal G-bundle 7 : P — M acting
trivially along the fibers { 71 (po) }C ¢ For any choice of base points & :=
{by € 771 (po) | co € €}, any isomorphism class of triples

(P, &%,[A] € p/9p )]

determines an equivalence class of smooth parallel transport maps {PTy}
via horizontal lifts and parallel transport. That the previous correspondence
is bijective is just a reformulation of the theorem of Barrett-Kobayashi in
terms of parallel transport. This fact is established in the following result.
Its proof is given in Appendix [B]

Theorem 2 (Reconstruction theorem). Let M be a smooth n-manifold
with a cotriangulation €, and G a Lie group. There is a bijective correspon-
dence

G-valued smooth parallel transport Classes [(P, &z, [A])],
maps PTy in M, up to equivalence [A] € p/9p .

Remark 8. When OM # () and 9% := €|sp is also a cotriangulation of
OM, let OP := P|gp. We can consider a fixed gauge field [a] € <lhp/Yap .
with corresponding parallel transport map ptyy : Poy — G where Py is
the corresponding path groupoid on OM. As a corollary of Theorem [2] re-
striction of gauge field data to the boundary of M induces an additional
correspondence

G-valued smooth parallel transport Classes [(P, &z, [A])],
maps PTy in M such that - [A] € @p/9p ., such
PT¢|%,, = ptoys, up to equivalence that [A]|lsp = [a]
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It will be very convenient to introduce a special class of path families
Z 4+ compatible with a cotriangulation ¢, which will be called cellular path
families, and which will be considered exclusively henceforth.

Definition 7. Given a set of based diffeomorphisms
9:{1/17 :W%au wT(O):pT‘CT G%kn k:1,,n}

its associated cellular path groupoid is the topological subgroupoid ¢ C

P generated by the finite-dimensional families .%,, of paths

_1 .
7§T = (W’Z—C) : ’Yf— € gZ(CTapT:pU)

for any x € ¢, C ¢, where 7% and ¥ are the images under v, and v, of the
corresponding linear segments starting at 0 such that ¢ (v2) =t (v%) = z[]
In the special case when = = p,, we will denote 7, simply by v5-.

Any cellular path groupoid £y C P4 contains in particular a cellular
network groupoid Zr C %5 on it, generated by the paths 753 for any
Cor C Cy. Such r then determines a LG field for any parallel transport map
PT¢ by restriction. The importance of cellular path groupoids relies on the
fact that a choice of them can be used to define a homotopy equivalence
relation on parallel transport maps relative to its cellular network.

Definition 8 ((cf. [Las56], Definition 3.5)). Two parallel transport
maps PTy and PT{, are relatively homotopic with respect to a choice of
subgroupoids & C P4 if there is a homotopy of groupoid homomorphisms
gy, P9 — G such that g},|». =PTr is a fixed LG field V¢ € [0,1], and
9% =PTy|»,, 95, = PTy|»,.

Lemma 1. Given a cellular network groupoid Pr, relative homotopy of
parallel transport maps is independent of the choice of extending cellular
path groupoid Py O Pr.

Proof. Let 2" be any other collection of diffeomorphisms with the same
cellular network groupoid Zr. This topological constraint implies that there
is a homotopy of diffecomorphisms 2! between 2 and 2’ preserving I', and
an induced homotopy of cellular path groupoids 2}, between P4 and Py
preserving r. Therefore, two parallel transport maps PT¢ and PT(, with

5A continuous and piecewise-smooth structure on the family .%,, is given in
terms of its bijection with ¢,. In particular, dim .%,, = dimc,.



Homotopy classes of gauge fields and the lattice 2217

a common LG field g : &r — G are relatively homotopic with respect to
P4 if and only if they are relatively homotopic with respect to P4 . O

Definition 9. Let (M,%, Zr) be a cotriangulated manifold with a choice
of cellular network Zr. An extended lattice gauge (ELG) field is a relative
homotopy class of smooth parallel transport maps with respect to a fixed LG
field PTr : £r — G and any cellular path subgroupoid &r C P4 C P¢.

We conclude this section with some remarks on path groupoids and
smooth parallel transport maps that will be useful subsequently.

Lemma 2. FEvery element [y] € Py admits a local factorization

with [y,] € Py, for some cy,, ..., cy. € €. Therefore, the path groupoid Py
is in particular generated by the local subgroupoids { Py }e,cx, -

Proof. There exist multiple factorizations for a given path, but we prescribe
one with a minimality property, as follows. Choose any representative v € [v]
whose image intersects the interiors of a finite and minimal number of n-
cells ¢1,...,¢, € €, (in the sense that there is no subcollection of n-cells
with the same property, although a given n-cell may appear several times).
Then, there exist subintervals [ay, b1], ..., [ar—1,b,—1] in [0, 1], such that

7([a’i7 bl]) C Gy, N Coiy1s

while for any other ¢ € [0,1] \ (Uf;ll [a;,bi]), v(t) lies in the interior of one of
the previous n-cells. For every ¢ = 1,...,r — 1, choose the minimal subcell
o, of €, N ¢y, such that y([a;, b;]) C ¢5,. Then, there exists another path
~', intimate to 7, with an additional factorization into r subpaths

anc for ach § = 1,7 1, (10, 1)) € 7, and 1(5)) = po. Letting ] =
[7/], the claim follows. B

It follows from Lemma [2| that a smooth parallel transport map is equi-
valent to a collection of compatible groupoid homomorphisms satisfying a
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suitable smoothness condition
{PTO— N 90— — G}CGE%,

in the sense that for any ¢, C ¢; and [y] € &, C Z;, PT,([y]) = PT,([7]).
We may consider each possibility whenever it is more convenient. The local
factorization of elements in 24 motivates local path families as the essential
building blocks for the study of local subgroupoids in .

Remark 9. The cellular path families satisfy the following property. For
any k”-subcell ¢, C ¢, Neyr, k" >0, consider the families .Z,,, Foro,
F e . Whenever x € ¢,7, a local factorization of intimacy classes is induced

—1
(3.1) ool = Norol ™ - Donal
with [v2.,] € Fore, (Vs € Forer, which is written symbolically as

-1
ﬁa’a c,m — Z, : <g.a”o‘a

oo’

and which in particular applies when ¢,» C ¢, C ¢,. There are several rele-
vant types of collections of cellular path families. Some important ones are
given in terms of a collection

%’min,g = {va}cmcwggmcjmﬁ“#@ .
Hence Yz € G N &g, 72y € Fow and 72, € Fuy are related as [v2,] = [v2,] "
Any Zyu € Smin,z induces an (n — 1)-dimensional cell in P from its bi-
jective correspondence with ﬁﬂ@ﬁ Together, they generate an (n — 1)-
dimensional topological subgroupoid P, o C P4, the core of P4, which
is the minimal cellular path subgroupoid containing the families in Fin, 2.

4. Local and global topological aspects of extended
LG fields

We will now assume for simplicity that G is a connected Lie group. The
extra complications of the general case are easy to sort out, as the connected
component of the identity Gg is normal in G, and (G, e) = G/Gy. For any
¢r € €, a continuous map h : ¢ — G will be called cellularly-smooth if its
restriction to any subcell ¢, C ¢; is smooth.

50n a cotriangulation, if ¢, N¢, =&, for a pair c,,cw € G, then ¢, € €1
necessarily.
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Definition 10. A collection of glueing maps on (M,%) is an assignment
of a cellularly-smooth map g, : ¢; — G for any flag ¢; C ¢; in € satisfying
the factorization property

(4'1) (QUT|W) = g;}; *Jo't

whenever ¢,» C ¢, C ¢;. A collection of clutching maps, or skeletal transition
functions, is an assignment of a cellularly-smoot map hy., : €&, N¢, — G for
any pair c,, ¢, € €, with ¢, N ¢, # () satisfying hy, = h;i and the cocycle
conditions

huw = huvhvw Vﬁﬂﬁﬂﬁ 7é @

Remark 10. Every pair (PTy, Z%) of a smooth parallel transport map
and cellular path subgroupoid determines a collection of glueing maps, ac-
cording to the rule

(4.2) gor(2) =PTe (5:),  15r € For,

and a collection of clutching mapd’]

(4.3) how() = PTy ([vhw]) = gr_ul * Grw, Yow € Fow-

In particular, the LG field of the pair (PT¢, &4) is equivalent to the set of
values {gor (o) | co C C7, Cor € G0 0}

Definition 11. For a finite subset Y € X, where X = S* or W, and a map
go: Y — G, a relative homotopy class [X, G, go] is an equivalence class of
cellularly-smooth maps g : X — G via cellularly-smooth homotopies subject
to the constraint gly = go.

Definition 12. Let (M,%) be a cotriangulated n-dimensional manifold.
A choice of cellular bundle data relative to ¥ is an equivalence class of
collections of clutching maps

[{hvw 1 G NCy = Gle, e, Cvﬂcw;ﬁ@] )

where two collections are equivalent if there exists simultaneous clutching
map homotopies (huy, Rows Pwu) ~ (Rl Pows Plpy) (cellular equivalences) for

all triples {cy, ¢y, cw} C €, such that ¢, N, Ney, # 0.

"The clutching maps of a pair (PT¢, 24 ) will play the role of transition functions
for the principal G-bundle P of a gauge field (cf. the parallel transport functions in
[PS90, [PS93]), and transform as such under homotopies of PT¢ (Proposition .



2220 C. Meneses and J. A. Zapata

Remark 11. A choice of cellular bundle data is equivalent to an isomor-
phism class of principal G-bundles. Details are given in Theorem |§| (Ap-

pendix .

Theorem 3. An ELG field is equivalent to a class of collections of gluing
maps {gor | ¢ C Cr} under simultaneous relative homotopies with respect to
a fized set of values {gor(por) | co C C7, Cor € 600 }. In particular, every ELG
field induces a unique isomorphism class of principal G-bundles.

Proof. It follows from Definitions [§] [9} Lemma [I] and Remark [10| that every
ELG field determines a unique class of collections of gluing maps {gor | ¢» C
¢;} under simultaneous relative homotopies with respect to the fixed set of
values {gor(po) | co C Cr, Cor € 600}

Conversely, consider any class of collections {g,; | ¢, C €7} with respect
to a fixed set of values at O-cells. The clutching maps {hyw = g7} - grw} Of
any set of representatives induce a principal G-bundle P, and the isomor-
phism class of such bundle is independent of the choice of representatives.
Any given isomorphism class { P} can be represented this way, since a choice
of clutching maps representing it can always be deformed locally to have
any given values at 0-cells. To prove the result it is sufficient to construct
a G-equivariant smooth horizontal distribution on any given P in terms of
G-equivariant lifts of the elements of an auxiliary choice of cellular path sub-
groupoid #4. The ELG field of the resulting connection will be independent
of the choices of #4 and glueing map representatives.

For any flag ¢, C ¢, consider the smooth family of paths {72 |z € &5}
with any equivariant horizontal lifts satisfying the following conditions:

(i) Vo € &, the parallel transport of the lifts of v%_ is equal to g,-(z).

(i) Yer € 6k, k > 1, and = € 0¢;, the collection of tangent linesﬂ at x to
all the paths 7% in some .%,, span a vector space of dimension n — k + 1.

Then Vz € ¢, C 0¢;, the tangent lines at x to the paths 4* and % are
independent. This determines a smooth (n — k + 1)-dimensional horizontal
distribution in P|.,, whose limit to J¢; exists and is contained in the cor-
responding distributions on every ¢, C 0¢;, coinciding on equidimensional
neighboring cells. There is no obstruction for the existence of such lifts. Any
smooth n-dimensional horizontal distribution on P whose restrictions to any
¢; contain the previous distributions determines a connection on P inducing
the original glueing maps. O

8If the image of ¥¥_ in M is not smooth at z, we parametrize v%_ in such a
way that one associates a pair of tangent lines, corresponding to the one-sided
derivatives.
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Proof of Proposition [l For any LG field on (M,T") and any isomorphism
class {P} € H Y(M, @), consider any compatible cell decomposition ¢, and
any set of clutching maps {hy, } representing { P} and compatible with the
corresponding set of values {gor(po') | co C Cr, cor € Go o). It follows from
Theorem (3| that there is an ELG field relative to (¥¢,I") extending PTr
whose isomorphism class of principal G-bundles is { P}. By Theorem [2 any
representative parallel transport map PT¢ is equivalent to a gauge orbit of
connections with prescribed LG field on each representative P € {P}. [

The construction of glueing maps {g,-} from a pair (PTy, Z4) leads
to another set of relative homotopy data which is actually equivalent to
an ELG field dissected into local pieces. This fact provides a mechanism to
identify when two smooth parallel transport maps yield isomorphic principal
G-bundles. We present such data in Theorem [l The missing step for the
new characterization is a glueing mechanism described in Lemma

Lemma 3. Let € be a cotriangulation of the k-sphere S* and go : 6o —
G be fized. If every c, € €x has assigned a relative homotopy class [g;] €
[@, G, 90 %,7]7 such that for any c.,,cr, € € with ¢z = ¢, Ne, # 0, we
have that [gr,|z] = [gr,|ez] as homotopy classes in [¢5,G, gols, .|, then the
classes {[gr]}c. e, can be glued into a well-defined element [g] € [S*,G, go].

Proof. The fundamental step to prove the lemma is a mechanism to glue
neighboring classes to a new class over the union of their domain. After
repeating the step as many (finite) times as necessary, we obtain an honest
homotopy class in [Sk, G, go].

Denote by ¢, an arbitrary k-cell. Consider all k-cells neighboring ¢, , i.e.
the ¢, € € such that ¢, N & # (), which can also be labeled as ¢, . . ., Crpn, -
The first step is to construct a class of cellularly equivalent maps defined
over U™, e. Such set is either homeomorphic to DF, to Sk minus a finite
number of open disks, or to S*. We will consider each case, as the first one
leads to the last two.

Let us first assume that U" ¢ is a closed disk in Sk, By hypothe-
sis, for any pair {c,, cr, } with &7 Ner = ¢,,,, the induced classes [gr, [z ]
and [gr, | —] coincide. Since there are no local obstructions over multiple
intersections, we may choose representatives such that gr [, = gr]e,, , and
moreover, we can apply the same principle to all intersections ¢;,; = ¢, N¢r,
2 <14,7 < my, we may also assume that g, ey = 97, ’CTz‘j' Hence, the repre-
sentatives gr,, ..., gr,, glueto define a piecewise-smooth function on Ut e,
and hence induce a class of cellularly equivalent maps on U™ ¢;,. We now
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add all k-cells ¢, intersecting nontrivially with U™ ¢, and repeat the pre-
vious procedure, until the complementary k-cells do not intersect pairwise.
The resulting set must be S* minus a finite number of open disks. Call
the remaining cells ¢, , ..., ¢r, . Upon ordering the closures of (k — 1)-cells
¢s in the boundary of each Cry) there is a representative Yy, in its class
whose values at each ¢, coincide with the boundary values of the previously
constructed g. In this way, we obtain a piecewise-smooth map g : S¥ — G,
up to piecewise-smooth homotopy fixing the values at every 0-cell, whose
restriction to any k-cell recovers the starting homotopy classes.

To see that the previous procedure is independent of the choice of k-cell
in S¥ at every step, repeat it with any other choice of k-cells at every step,
and call ¢’ the constructed map. Since ¢’ attains the same values than g
at any O-cell, and by hypothesis the restriction of ¢’¢g~' : S¥ — G to any of
the k-cells of ¥ determines a trivial cellular homotopy class, it follows that
the homotopy class of ¢'g!, as an element in 74(G, e), must be trivial. In
particular, it follows that [¢'] = [g] as elements in [Sk, G, gg]. O

Remark 12. Let ¢, € 6} and go : 60, — G a fixed map. If ¢,» C ¢, every
element in [¢5, G, go] induces an element in [CTI, G, go|<go,a,]. We can give a
recursive description of the space [¢,, G, go] using Lemma |3} in terms of two
types of data. The first type is parametrized by the subspace .77, of

|_| (e, G, 90l%, ]

Cyr CCoq

of elements such that over any J¢,7, the glueing of homotopy classes from
Lemma, (3| is an element in [Sk/,G, gg|<go’a,] that is trivial when identified
with the free homotopy class that contains it, i.e. every representative is
also homotopic to a constant map, if one forgets the fixed values at 0-cells.
We will call 7%, the space of boundary homotopy data. In this way, we get a
surjection

pry - [aﬁ G?QO] - %7

whose fibers are all homotopy extension classes from 0¢, to ¢, and are
a principal homogeneous space for the group 7 (G,e). Such structure is
described in Lemma[d] necessary for the proof of Theorem [ and Corollary [2]
Its first part is a standard result used to prove the abelian nature of the
homotopy groups of GG, and we include it for the sake of completeness.

Lemma 4. The groups m,(G,e) can be realized as the sets of homotopy
classes of maps g : DF — G such that glope = e, with product induced from



Homotopy classes of gauge fields and the lattice 2223

pointwise multiplication of maps. For any k-cell c; and gy : 6o, — G, there
is a free action of (G, e) on [¢5, G, go] defined equivalently in terms of left
or right pointwise multiplication, whose orbits are the fibers of pr,,.

Proof. Let x1, ...,z be cartesian coordinates in R¥. The multiplication of
two classes [g], [¢'] € mk(G,e) can be described in terms of the choice of a
pair of diffeomorphisms w4 : D% — DF, where ]D)’i (resp. D*) is the set of
points in D such that z;, > 0 (resp. z; < 0), by letting [g] * [¢'] be the class

of maps g * ¢’ such that

g*glpy =goty and gxglpr =g o

for any pair of representatives g, ¢’. Upon the choice of a pair of 1-parameter
families of open cells DX () C D* such that

DE(0)=DE  and  DE(1) =DF,

and complemented with a pair of 1-parameter families of diffeomorphisms
Yl DK (t) — D* such that ¢ =11 and ¥} =1d, we can define a based
homotopy between any given representative g * g’ and the pointwise product
g9’ : DF — G by letting g * ¢'(t) to be equal to

gol on DE () \ D () NDE (1),
g ot on DF(¢)\ D" (t) NDF(¢),
(govh) (9 ovt) on DE(t)NDE().

A similar argument shows the existence of a homotopy between g * ¢’ and
g'g. The actions of (G, e) on [¢5, G, go| by pointwise left and right multipli-
cation are equivalent by the previous argument, and are free since given any
lg] € [e5, G, g0], and [f] € (G, €), the classes [fg] = [gf] and [g] coincide if
and only if [f] is the identity in 7x(G,e). They also preserve the fibers of
pr,, and the induced action on any given fiber of pr, is transitive. O

Theorem 4 (Dissection of extended lattice gauge fields). FEvery ELG
field {PT¢} on (M,€,T) is equivalent to map which assigns, to every flag
Co CCr in €, cs & 6o, the following collection of local homotopy data of
glueing maps:
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(a) To every 0-subcell ¢57 C ¢4, a group element

9or(po) = PTr ([155']) € G,

(b) More generally, to every k-subcell c,r C ¢y, k>0, an extension class
of maps [gor|e] from 0¢y to Cor, given the inductive boundary homotopy
constraint in [867/, Gﬂar’%ﬂ/]; when k > QE

(4.4) [9or ’8@] = Z [9or |67/] )

{CU// S | Cy!t Cﬁ}

which is trivial when identified with the free homotopy class that contains it.
Moreover, whenever c,» C ¢, C €7, the compatibility conditions

QU’T(pJ”) = ga’a(pa”) 'QUT(pJ”)’

are satisfied at every 0-cell c,» C Ty, and more generally, the compatibility
condition

(4.5) 9or+le7] = [(Gorole) + (dor o))
is satisfied at every k-cell con CCor, k=1,...,dim(c,).

Proof. The disection of {PT¢} as relative extension homotopy classes with
fixed values over O-cells is straightforward. The restriction of the class repre-
sentatives g,, to any subcell ¢, determines local homotopy classes of maps
over ¢, relative to the 0-cells in its boundary, that can be factored as a
boundary homotopy class over J¢,s which is necessarily trivial as a free
homotopy class, together with an extension class to the interior c,,. The
classes associated to (k — 1)-cells ¢5 in 0¢,7, for any given k-cell ¢y, glue
according to Lemma [3] to class of maps over d¢,- that are homotopic to a
constant map. The homotopical data obtained this way satisfies the com-
patibility conditions stated above.

Conversely, given a collection of homotopy classes of extension maps to
co for every flag ¢, C ¢, C ¢r, with fixed values at O-cells and satisfying

9The sum in the second term of the equality denotes the glueing of homotopy
classes of cellularly smooth maps to 0¢, from Lemma [3| for the map g,
values at O-cells.

10The right-hand side denotes the class of products of piecewise-smooth repre-
sentatives in the relative extension classes [(gg/g\cuﬁ)], [(gm—|c7,)], which coin-
cides with the corresponding relative extension class of any class representative (cf.
Lemma |4)).

(gO,(r’ of
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the glueing compatibility conditions above, it follows from Lemma [3|that we
can reconstruct a class of collections of glueing maps {{gor }ezc=}, under
relative homotopy for the fixed values at 0-cells, as there are no obstructions
to extending a given map to the interior of a closed cell. Such a class of
collections of glueing maps is equivalent to an ELG field by Theorem[3] O

The restrictions {PTy |z | c¢o € €} of an ELG field are intrinsically local,
as parallel transport evaluations of the field along the plaquettes contained
in ¢, are. As an important consequence, a given ELG field determines a given
bundle structure locally, in the sense that if its restrictions are known for
every n-cell in ¢, the ELG field (and in particular, its principal G-bundle)
can be recovered. Hence, any local action functional defined on ELG fields
could be expressed as a sum of functionals of restrictions over n-cells.

Consider the core subgroupoid &g yin C Y4 generated by the cellular
path subfamilies %, for c,,cy, € €pn, ¢ Ncy # 0. With it we can define
bigger homotopy classes of smooth parallel transport maps {PT }min with
fixed values over the discrete subgroupoid Zr min = Zr N P min- Denote
the projection of an ELG field {PT«} onto the larger class containing it by

Pleore ({PT%’}) :

Definition 13. The core of an extended lattice gauge field {PT¢} is the
resulting homotopy class of smooth parallel transport maps with respect to
any core subgroupoid Zg min, i.€. {PT¢ }min 1= Pregre({PT% }).

The core of an extended lattice gauge field constitutes the minimal local
homotopical information that is required to recover an isomorphism class of
principal G-bundles. On a cotriangulation ¢, every ¢, € %,_2 determines
two sets of triples {cy,, Cy,, Coy} C Gn, {CrysCrys Cry } C €1 such that ¢, =
Cy, N Cy, NCy, = Cr, N Cr, N Cq,, together with a system of gapless flags

Co,
C )
(4.6) ¢, D € C C5
e N C
Coy > Cry C Cog

For every triple of n-cells as above, the cocycle condition for the restriction
of the triple of clutching maps to their common (n — 2)-cell closure ¢, can
be formulated as their equivariance under suitable Ss-actions, as follows.
There is an action of S3 on G x G x G, prescribed on a choice of two gen-
erators in the following way: for the (even) 3-cycle (123), (123) - (g1, 92,93) =
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(93,91,92), and for the (odd) transposition (12), (12)-(g1,92,93) =
(99 L 91 L g3 1). Consider the multiplication map

Ta:GxGxG— G, (91,92, 93) — 919293,

let Vi = T ' (e), and denote by pr; the projections from G' x G x G into the
ith factor. It follows that Vi is invariant under the Ss-action defined before,
and that Vi = G x G under the projections pr; x pr; to any pair of distinct
i,7 € {1,2,3}. The previous action, which we call triadic, is faithful.

Consider a triple of clutching maps for any triple of n-cells {c,,, cy,, ¢y, }
as before. Define the maps

hirjk = (hvivj|a) X (hvjvk |Z) X (hoyw,

&) 1 Co XCp XCe > GXGXG

whose restriction to the diagonal A(¢; X ¢, X ¢5) lies in V. The arbitrari-
ness of the labeling in the triple of n-cells is equivalent to the fact that
the Ss-action on the set of maps {h?k} by index permutations, is given by
postcomposition with the triadic action on their respective images.

Corollary 1. The core {P Ty }min of an extended lattice gauge field {P Ty}
is equivalent to a collection of the following local homotopy data:

(a) To every triple of elements ¢y, , Cy,, Co, € Cn such that ¢y, NE,, N Ey, = Co

with ¢, € Gp—2 as in (4.6), we assign
(i) For every 0-cell c,n C €5, a point hy(cor) € Vg,
(ii) More generally, for every k-cell ¢y C ¢y, k=1,...,n—2, a relative
homotopy class of maps

[ha‘G:@%VGL

with fized wvalues over 0-subcells, representing an extension class
from O0¢gr to €y, that is determined by the inductive boundary data
in [8071, Va, h0|%,a/} when k > 2,

holoel = S [hole] [T
{C,,// ECr_1 | Cy11 C?,/}

which is trivial when identified with the free homotopy class that con-
tains it.

"' The sum denotes the glueing of homotopy classes of cellularly smooth maps
constructed in Lemma |3} while h, |4, , is the map of prescribed values at 0-cells.
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The assignment is equivariant for the permutation action of the group Ss on
the triple cy, , Cy,, Cv, and its triadic action on V.

(b) To every pair of elements ¢y, ¢y € 6, such that ¢, N ¢y, = ¢ with ¢ €
Cn-1, we assign an extension class [hyy : ¢ — G| of the inductively glued
boundary class over 0¢; to ¢r, in such a way that the resulting induced glued
class [huyy - hyw] is homotopically trivial.

Proof. Follows from Theorem |4 and the relation between clutching
and glueing maps, as there is an the equivalence between the core of a ELG
field and a homotopy class of collections of clutching maps {{hvw }zznez20}
with fixed values over 0-cells. When the latter are dissected over compatible
triples, we obtain the local homotopy data stated above, the first part arising
from any triple of cells ¢, N ¢,, N¢,, = ¢, while the residual data takes the
form of relative extension classes over all (n — 1)-cells. Conversely, given
any such choice of local homotopy data, it follows from the compatibility
conditions, together with Lemma |3 that the homotopy classes induced by
the projections 7;(hy|e;) of the maps hy|z into components, with i =
1,2, 3, together with the extension classes [h,.,], determine a homotopy class
of collections of clutching maps with fixed values at O-cells. O

5. Extended LG fields in small dimensions

To suplement Section [4, we provide the explicit characterization of ELG
fields following from Theorem [4] and Corollary [1], for manifolds of dimensions
2, 3 and 4. The characterization suggests a recursive algorithm that could
be implemented in general to determine a set of generators for the extension
classes, based on a systematic use of the compatibility conditions ({4.5]).
Recall that for any Lie group G, the group m(G,e) is abelian, mo(G,e) is
trivial, while 73(G, e) is torsion-free, and hence isomorphic to Z™ for some
m [Mil63].

e (n =2) This is the simplest nontrivial case. The cotriangulations are
cell decompositions with exactly 3 edges merging at each vertex , such
as the tetrahedral, cubical and dodecahedral cellular representations of the
2-sphere. The only flags that need to be considered take the form ¢; C ¢,
with ¢, € %1, and an ELG field is simply a splitting of its core: the latter
corresponds to (i) an assignment of a parallel transport to every path of the
form [Yo] ' - [Yow] for any pair of 2-cells &, &, sharing a common boundary
¢; containing a 0-cell ¢,, and (ii) a collection of extension classes [Ayy]

Following Lemma [4] the set of such extension classes is a principal homogeneous
space for 7, (V, e), where e = (e, e, ¢e) (cf. Corollary .
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relative to their boundary values, grouping together as the points {h,} C
Vi. In turn, an ELG field corresponds to (i) an assignment of a parallel
transport value to every path of the form [y57] " - [ou] and (ii) a collection
of extension classes [gr,] relative to their fixed (and compatible) boundary
values gr4(Ps), grv(Po’), Co,Cor C OCr. Hence, every class representative hyy,
splits as g;vl - grw, for a pair of class representatives ¢,,, grw. All of such
extension classes can be parametrized by elements in 71 (G, e) once auxiliary
choices of extension maps are made. The boundary homotopy constraints

(4.4) and the compatibility conditions (4.5)) are vacuous.

Doy

Figure 1: Stereographic projection of a tetrahedral cellular decomposition
of the 2-sphere, together with a cellular network. Base points are indicated
with the letter p. The 2-cells are labelled with the subscripts v;, the 1-cells
with 7;, and the 0-cells with oy.

In fact, more can be said in dimension 2, regarding the projection of
an ELG field to its cellular bundle data. We can prescribe an equivalence
class of principal G-bundles by means of a “canonical form” under cellular
equivalence of an ELG field. Recall that the equivalence classes of principal
G-bundles over a surface S are parametrized by m(G,e), and correspond
to homotopy classes of transition functions for a trivialization {S \ {p}, %},
where p is an arbitrary point in S and % is a small disk containing p,
after a retraction from (S \ {p}) N % to a choice of some simply closed loop
v C (S\{p}) N % is made. If we let v be the boundary of a 2-cell ¢, € €,

20bserve that ] <ol = (Prd ™ Bionl)  + (Borl ™+ Froul)
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p = py, and % = %,, we can recover all equivalence classes by choosing any
1-cell ¢, C J¢, (such that ¢ = ¢, N¢,), choosing arbitrary elements in Vg
for every ¢, € %), and decreeing all extension classes of clutching maps to be
trivial, except for [hyy]. The correspondence of such data and equivalence
classes of principal G-bundles follows when the extension classes of clutching
maps over the 1-subcells in 0¢, are glued.

e (n = 3) Over a 3-manifold, besides the prescription of a LG field with
generators corresponding to the parallel transports of all paths ['ygég} joining
the base point of a k-cell ¢;, k =1,2,3, and a 0O-cell ¢,/ in its boundary, the
compatible values at 0-cells ¢,; for the relative homotopy classes of glueing
maps can be constructed as

9or (poy) = PT ([%aa] o [%MD =PT (WD ’

Then, an ELG field can be entirely described in terms of the flags of the
form ¢, C ¢; and ¢, C ¢, with ¢, € 61, ¢r € 65, ¢, € €3. This is so since the
relative homotopy classes [gor], [gov] are determined by a single extension
to ¢g, which can be parametrized by elements in the group 71 (G, e) after an
auxiliary choice of extension maps is made. Then, the extensions of a class
[grv] over the boundary 1-subcells ¢, are determined recursively from the
factorization property of representatives following

-1
9rv ’ﬁ =957 " Yov,

and their glueing over 0¢; is homotopic to a point in G, according to (4.4]).
The remaining extension class for [g;,] to the 2-cell ¢; is necessarily trivial,
as a consequence of the triviality of ma(G,e).

e (n =4) This case is also easy to describe. Let ¢, € 61, ¢; € G2, ¢ €
63, ¢y € 64. Once a LG field has been prescribed in terms of a set of gener-
ators as in the case n = 3, and the induced choice of all compatible values
at O-cells for the relative homotopy classes of glueing maps is constructed,
we proceed as follows. To construct the extension classes, the fundamental
scaffolding is determined by the relative homotopy classes [goo], [gor] and
[go'v], which are determined by an extension class from 9¢, to ¢,/. As before,
such extension classes can be parametrized by elements in 7 (G, €), once an
auxiliary choice of extension map is made. The homotopy classes [gyr|c7]
and [gry|e7] are determined once again from the factorization property of
representatives

-1 —1
gO’T’a:go’/o.gU/’?W gT’U’a:go’T.gkoa
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which, in turn, determine the classes [gov|e7]. Once the boundary homotopy
constraint (4.4)) is imposed on the glued classes [gor|oe=] and [gry|9e] (Which
imply the same constraint for the class [gov|oz2]), their extensions from J¢,
to ¢, are trivial since m(G,e) is so. For the same reason, the boundary
homotopy constraint for [g-y|sz] is automatically verified. To conclude, the
prescription of the extensions of [g,,] from J¢; to ¢; can be parametrized
by m3(G, e) once an auxiliary choice of extension map is made.

A minimal example that holds in the previous cases, and in fact, for
arbitrary dimensions, is the n-sphere, with a cellular decomposition induced
from its realization as the boundary of an (n + 1)-simplex or an (n + 1)-
cube. For instance, when n =2, and S? corresponds to the boundary of
a tetrahedron (Figure , we can list a pair of paths for every 1-cell ¢,
joining p; and the O-cells in its boundary c,,, ¢s,. Each of these paths gets
assigned a corresponding parallel transport value PT ([v5,7]), playing the
role of a prototypical LG field in the usual sense. The previous paths get
complemented with the paths [%ga] in a cellular network, joining the base
point of an arbitrary k-cell ¢, k > 2, to a 0-cell ¢,; in its boundary, and also
get assigned a parallel transport value. Together, they fully determining a
LG field. The prescription gets completed with an extension class of maps
for every flag ¢, C ¢, and every k-subcell ¢,- C ¢,. When n = 2, there is one
such extension class for every flag ¢ C ¢, with ¢, € %, and the extensions
for the pairs ¢; C ¢, and ¢; C ¢y, such that ¢ = ¢, N ¢, are inverse to each
other.

Remark 13. In the case when G is compact, simple, and simply con-
nected, as is the case for the groups SU(r) of physical interest, the only
relevant homotopical information in small dimensions is contained in the
group m3(G, e) = Z [Bot56l, Mil63]. Hence, we conclude a posteriori that in
such case, LG and ELG fields coincide when n = 2, 3. This observation may
look deceiving, but it is actually a confirmation of the fundamental difference
in nature between these dimensions and the case n = 4, while also confirms
that for the former, standard LGT methods are in fact complete from a
topological perspective. We plan to return to the problem of the determina-
tion of the SU(r)-topological charge of an extended lattice gauge field when
n = 4, and contrast it with the work of Phillips-Stone [PS86, [PS90, [PS93].

6. The spaces of extended LG fields
We will now study the spaces of ELG fields for a given Lie group G and a co-

triangulation % in M. Such spaces are smooth finite-dimensional manifolds,
whose topology encodes H! (M, Q).
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Given a triple (M, %,T'), let us denote its space of LG fields by .#r. .#p
is isomorphic to the Lie group G™', where N is the number of edges in T,
inheriting a smooth manifold structure. Denote the corresponding space of
ELG fields by .#4. There is an obvious projection

(6.1) pry : My — M.
which is surjective as a consequence of Theorems[2]and [4] In a similar way, if

we let A% be the space of cores of ELG fields, .41 the space of their network
data, there is a projection

(6.2) Pryin © Ne — AT,

which together with the additional projections pr.,., : #¢ — N, and

DI min © 41 — A1 form a commutative diagram

core

%(bﬂ Preore {/1%
(63) Pre l lprrnin
PIr min
M ———— N

The projections (6.1) and (6.2)) are covering maps whose groups of deck
transformations can be described in terms of “generators and relations”.
Consider the group

é%ﬁ: H H GO” )

e, Cer \c,:Cey

where G, = (G, e) for ¢, € €, (in particular, G, = {e} when k = 0).
We will consider a subgroup determined by a series of group relations of
two kinds. For any flag ¢, C ¢, C ¢;, and ¢, C ¢,7, consider the homomor-
phisms

" ~ ~ ~ 1" —1
GZ'UT . G(g X G(g X G(g — GO’”? (—)g'O'T = (pro.//o./o.) (pI‘U//UT) (pra//a/T)
where for an arbitrary ¢,- C ¢, C ¢, pr,.,, denotes the projection from é%p
to the corresponding factor G, for the flag ¢, C ¢;. The kernels of these

maps among homotopy groups give relations that we will call multiplicative
relations in homotopy. The second type of relations are described as follows.
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For any (k + 1)-cell ¢o, k =1,...,n — 2, define the product homomorphism

ap : H Go — (G, e)

. __
cg,C(’?cc,

which is unambiguous since 7, (G, e) is abelian. Its kernel determines a re-
lation that we will call boundary relation in homotopy. On the other hand,
consider the group

fo=| T (I ) || T e

CusCusCw€Cn  \Co' CCo CusCwECrn

CuNCyMNCy=Cy CoNcy #D

where H, = 7, (Vg, e) if ¢cor € €k, and Hyy = m,—1(G, €). Consider the ho-
momorphisms

fow : How X Hyy = mn-1(G,e),  ([g],[9']) = l99']

which, by a slight abuse of notation, will be regarded as defined on ﬁcg X ﬁ[cg
after composing with a suitable projection map. In particular, ker(pi,,) =
ker(piyy). Similarly, for ¢, € €11, k=1,...,n — 3 define the product ho-
momorphism

Bg : H Tk (Vg,e) — Tk (Vg,e)

k —
cr, [@torom

whose kernel defines an analogous boundary homotopy relation. Finally, we
can consider a triadic action of S3 in Hy, by acting in the obvious way in the
first component, and as the identity in the second component. Such action
determines an invariant subgroup H;f’ C Hyg.

Corollary 2. The projections (6.1) and (6.2)) are covering maps. More
concretely, for any given LG field PTr : Pr — G in Mr, the set of ELG
fields in pr%1 (PTy) is a principal homogeneous space for the group

Gy = ﬂ ker (aq/) | N ﬂ ker (@g':,T)

¢,/ Cc,Cer c,nCc,rCcoCer
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Similarly, the set of cores of ELG fields in pr__ - (PTr min) for any PTr min €

min
A7 is a principal homogeneous space for the subgroup

TS
Hpyin = ﬂ ker(ﬁo”) N ﬂ ker(uvw) N H%?
e Ce, =t Nea Ny CorCu €
CurCosCow€ECn [aprawe]

Proof. The covering map property follows since there is always a homotopy
isomorphism between pr%1 (PTr) (resp. prr;iln (PTr min)), for any PTr € 1
(resp. PTr min € 41) and the inverse image of any sufficiently small defor-
mation of it.

The fact that the group G¢ acts on the set of ELG fields compatible
with a given standard lattice gauge field PTr € .#r is a consequence of
Lemma |4} the action of a given component on an extension class is given
by pointwise left multiplication of representatives, the boundary relations in
homotopy are introduced to ensure that the vanishing of the obstruction to
the existence of extensions to the interior of a cell ¢, on an ELG field is
preserved under the action on G¢. Similarly, the multiplicative relations in
homotopy are introduced to ensure that the compatibility conditions
of an ELG field are preserved under the action on G, a fact that is possible
due to the abelian nature of the homotopy groups of G and that the action
is left and right simultaneously. Moreover, since for a given k-cell ¢,, the set
of extension classes to its interior, given a fixed boundary homotopy data
is a principal homogeneous space for m(G,e), it readily follows that the
stabilizer in G¢ of any ELG field is equal to the identity.

The same applies to the group Hy,i, acting on the set of cores compatible
with a given groupoid homomorphism PTr min 1 &1 min — G, recalling the
defining relation (4.3), as a consequence of Corollary |1l The invariance of
H,in under the triadic action ensures that the action of any of its elements in
a core is also invariant under the corresponding triadic action. Moreover, the
boundary relations in homotopy ensure that the vanishing of obstructions
to existence of extensions are preserved under the action of Hy;, on a core.
Together with the inversion relations determined by all ker (i), we ensure
that conditions (a) and (b) in Corollary 1| are preserved. O

Remark 14. The dissection of the core of an ELG field in Corollary [1} or
what is the same, the relative homotopy classes of clutching maps, is strictly
dependent on the fixed values over O-cells of the latter, i.e. the a priori choice
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of a collection of reference points

LI {ho (eop) | oy € %0, ey 5}

Co€Cn—_2

This illustrates the contrast between intrinsically local objects (ELG fields),
and the global notion of cellular bundle data representing an equivalence
class of principal G-bundles: if a different choice of reference points is made,
there would still exist a corresponding relative homotopy class of clutch-
ing maps defining an equivalent principal G-bundle, but the new extension
classes resulting from the dissection procedure cannot be compared to the
former. The interest in getting a better understanding of the correspondence
between ELG fields and equivalence classes of principal G-bundles motivates
another notion of cellular equivalence of ELG fields, following from Defini-
tion Namely, two ELG fields {PT¢}, {PT{} are said to be cellularly
equivalent if the principal G-bundles they determine are equivalent. The
projections and provide an alternative characterization of cellu-
lar equivalence, since by definition the core of an ELG field is the minimal
local homotopy data (relative to %) extending any given LG field that is
necessary to reconstruct a principal G-bundle P — M up to equivalence.
Such characterization is described in the following result.

Proposition 2. Two ELG fields in #y yield equivalent principal G-bundles
if and only if they lie in the same connected component in M.

Proof. The covering map was defined to correspond to the cellular
equivalence in Definition as the connected components of .44 are in
natural correspondence with the equivalence classes of principal G-bundles.
Then, let us assume that two ELG fields project to the same connected
component in .4, i.e. any pair of representatives of their cores are cellularly
equivalent. Using an isomorphism, we may assume that the bundles they
determine are the same, equal to P. Consider any pair of gauge classes of
smooth connections representing {PT¢ } and {PT., }. Since the space &p/¥p
is connected, there is a path connecting both gauge classes of connections.
Such path determines a path in .#y connecting {PT4} and {PT{}, and
therefore, the inverse image under pr.,, of a connected component in A%
is a connected component in .#4. This determines a bijection between the
connected components of .#, and A%, and implies the result. ([l
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Corollary 3. Cellular equivalence determines fibrations
O My — H (M,G), V: M — H (M,G)

such that ® = ¥ opr,,., gwen by mapping the connected components in
My (resp. N ) to their corresponding isomorphism classes of principal G-
bundles. In particular, there exists subgroups K¢ C G¢ and Ky C Huin
such that

(64) G%/Kﬂg = Hmin/Kmin = Hl <M7 G) )

that are the subgroups of deck transformations in My (resp. N ) preserving
any given connected component, and thus stabilizing any given equivalence
class of principal G-bundles {P}.

Having understood the way a discretization of a gauge field leads to the
recovery of the topology of a principal G-bundle, we can now proceed and
describe the global geometric picture that gives rise to the space of ELG
fields .#¢. In general, .#4 decomposes into connected components

M= || e
{PYeH'(M,G)

Let us consider any given principal G-bundle P, with associated space of
smooth connections modulo gauge transformations «7p /4p. The gauge group
¢p contains a normal subgroup ¥p ,, the restricted gauge group (cf. [Bar91]),
consisting of those gauge transformations whose value over the fibers of
every base point in (M, %) is the identity, and characterized by stabilizing
any given smooth parallel transport map PT¢. Therefore, there is a bijec-
tive correspondence between the space of smooth parallel transport maps
on (M,%) yielding a bundle isomorphic to P, and the quotient «/p/¥p .
Moreover, there is a principal bundle

(6.5) Ap[YGpx — Ap[Dp,
whose structure group is the finite-dimensional Lie group ¥p4 = 9p/9p«.

Definition 14. For &% a set of fiber points in P covering a set of based
points By in (M,€), we say that two smooth connections over (P, &) are
& -equivalent, or equivalent at scale €, if their associated parallel transport
maps project to the same point in .#p . By a microscopical deformation of
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A € op, relative to a cellular network in (M, %), we mean a smooth path
in @/p preserving %-equivalence and starting at A.

A fundamental by-product of Theorem [2]is the cellular homotopy fibra-
tion

(6.6) %P/gpy* — .//P,cg, PTy — {PTcg}

mapping a given parallel transport map to its induced ELG field. The essence
of Definition is captured in a commutative diagram of principal ¥p¢-
bundles

dp/gpj* —_— %Pﬁaﬂ

(6.7) | l

Ap/9p —— Mpz/Irw

The spaces of geometric significance in the proposed ELG theory are the
quotient spaces .#py /9p«, which play the role of finite dimensional analogs
of the spaces @p/¥p, for every {P} € H' (M, Q).

An interesting consequence of Corollaries [2] and [3] is the reconstruction
of the space H'(M,G) as a homogeneous space , in terms of homotopy
data of a local nature. Understanding the space H'(M,G) is reduced to
understanding the groups G¢ and K. Such a hybrid (geometric/algebraic)
structure deserves to be thoroughly studied, as it sheds new light into the
spaces H'(M,G) on arbitrary manifolds, but the task seems to be far from
trivial. We plan to return to it in a subsequent publication.

Altogether, we have constructed a series of fibrations that take the set of
smooth parallel transport maps over (M, %) as a starting point. They could
be understood diagramatically as follows{|

13We have excluded the final topological fibration to the characteristic classes of
a principal G-bundle in the present work, as we plan to present it in a separate
publication. A similar fibration was already studied in [PS86], [PS90, [PS93].
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Equivalence classes of
smooth parallel Induced ELGT
transport maps PTy data

Induced bundle

equivalence

Extended lattice
gauge fields on (M, %)
Cellular equivalenc Cellular
fibration

of clutching maps equivalence

Homotopy fibration
{ Equivalence classes of } equivalence { Homotopical cellular }
principal G-bundles | bundle data on (M, )

\Chern-Well L ~
Characteristic classes
{of principal G-bundles}

Remark 15. The previous spaces have several fundamental properties in
the study of quantum gauge theories on the lattice. As in the standard
LGT, the spaces .#p are connected Lie groups (that are compact if G and
M is compact), which carry a measure inherited from the Haar measure on
G. Tt follows that the manifolds .#¢ and their connected components also
inherit a measure, but they may fail to be compact. It is then important
to determine if their connected components .#py are always compact. The
spaces of physical relevance are the quotients .#py/9p«, which although
finite-dimensional, are not necessarily smooth. To understand the properties
of such quotients, it is necessary to understand .#4 better. We plan to return
to such questions in a separate publication.

Consider a submanifold ¢ : N < M, and a cotriangulation of M which
restricts to a cotriangulation of NV, which we will also denote by . Naively
speaking, we are allowing N to possess a boundary and corners. Let us
denote the corresponding space of extended lattice gauge fields in NV by A% .
In particular, there are two special and fundamental cases:

1) N =¢,, for any ¢, € €,

2) N is a (n — 1)-dimensional and such that N = OM, or such that M =
My Uy My is the identification of two manifolds with boundary M;
and Ms, along a common boundary N = M; N M.

We conclude this section with the following corollary, whose proof is
straightforward.
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Corollary 4. Under the above assumptions, the following properties follow:
(i) There is a projection pr : My — Ny,

(ii) If M = M; Uy My (where M; inherits the cell decomposition €;, i =
1,2), then My is isomorphic to the submanifold of

//ﬂgl X //f%,
consisting of pairs of ELG fields ({PTg, },{PT¢,}) such that

pr; ({PT4,}) = pro ({PTe,}) € S

(iii) For any principal G-bundle P — M, let Py = P|y, P; = P|y,, and
9p. ¢, 1=1,2, be the subgroup of Yp, 4, consisting of classes of gauge
transformations that are trivial along Pn. Then, Mpy/9ps is iso-
morphic to the quotient

Mpy |Gy

under diagonal action, where #p, «, is the submanifold of

(///Plfg1 /%p, ,%) x (//l (o /g}z,%>

consisting of pairs of orbits of ELG fields whose induced projections to
Npy n coincide.

7. Pachner moves and the dependence on cellular
decompositions

We now address the dependence of our constructions on the underlying co-
triangulation % . A special feature of the category of cotriangulations on a
manifold M is the abundance of morphisms that allows us to systematically
connect and compare any given pair of them, up to dual P.L. equivalence.
Pachner [Pac91] proved that any two smooth triangulations of a manifold are
related by a sequence of so-called Pachner moves. Let X" be an abstract
(n + 1)-simplex. We say that two different P.L. structures A : |K| — M and
A’ |K'| - M on M differ by a Pachner move if there exists a pair of injec-
tive simplicial maps p: L — K and p/ : L' — K’, where

k n+1
L=|Jxrcox', L= ] Xpcoxm
=0 I=k+1
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for some arbitrary labeling X, ..., X}, | of the n-simplices in 0X "+l and
0 < k < n, such that

(i) the map (A) ' o A |K| — |K'| is simplicial outside | (L \ OL)|,

(i) A(Jp(L)]) = A" (| (L)),
(iii) A(Ju(o)|) = A’ (J/(0)|) for all o € OL = OL'.

Therefore, any two cotriangulations of M are related by a sequence of dual
Pachner moves. We will describe such transformations explicitly.

Remark 16. In the definition of a Pachner move, when k + 1 different
n-simplices of the simplicial complex L meet at a common (n — k)-face o,
the n — k + 1 different n-simplices of the simplicial complex L’ meet at a
common k-face ¢/, dual to o (when k = 0, L = o and ¢’ is its complementary
vertex v in X" and correspondingly for k = n). Therefore, when A and
A’ of M differ by a Pachner move, the latter corresponds to the replacement
of the (n — k)-face o by the k-face o’ (unless k = 0, where the Pachner move
consists of a refinement of an n-simplex through the extra interior vertex v,
and conversely for k = n), and there is a common refinement A” containing
exactly an additional 0-simplex v corresponding to the intersection of ¢ and
o'.Inturn, € \ {c,} = €'\ {co }, and the corresponding cotriangulation ¢”
differs from % and ¢’ by an additional n-cell ¢, (Figure. The n-cell closure
Cy is topologically equivalent to the product ¢, X ¢,7.

Lemma 5. Any two cotriangulations € and €' of M, with triangulations
A and A’ related by a Pachner move as before, are degenerations of a smooth
I-parameter family of cotriangulations {€}' }ic(0,1),

lim ¢ =%, lim ¢/ = %",

t—0+ t—1-

with €' dual to A", the common refinement of A and A’ (Remark [16)).

Proof. Consider a choice of cellular decomposition " dual to the common
refinement A”, in such a way that %, = %, = %, , and ¢" coincides with
¢ and €' on M \ %,. Make €" correspond with ‘51”/2 Using the fact that
Ty 2 T, X Cyr, define a family on (0, 1/2] by letting ¢,* degenerate to ¢, and
on [1/2,1) by letting ¢, degenerate to ¢/, in such a way that all cells outside
U, remain constant, all cells neighboring ¢! transform into the corresponding
cells neighboring ¢,, ¢/, and the full family over (0, 1) is smooth (Figure [2).
In the case when k =0 (resp. kK =n), one of the two degenerations would
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not be present: topologically, the cellular decompositions for ¢ € (0, 1] (resp.
t €[0,1)) would be equivalent. O

Remark 17. The cotriangulation ¥a on an n-sphere acquired by realizing
it as the boundary of an (n + 1)-simplex is also a triangulation. An im-
portant consequence is the following realization of the dual Pachner moves
in (S™,%na). Choose a k-cell ¢, in €a. Then, there is a (n — k)-cell ¢, in
%, complementary to the interior of the star of ¢,. Upon the choice of a
smooth hemisphere H in S™ separating ¢, and ¢,/, we can identify each of
the two components in S™\ H with the open sets %, and %,. More can
be said about the topology of the cell degenerations: It is possible to foliate
S™\ {¢5,¢5} as a collection of cell subcomplexes, parametrized by (0,1),
and each isomorphic to d¢,. The foliation can be extended to a foliation of
the closed disk D"*+1, with the leave .%; corresponding to @ This is the case
since there exists a diffeomorphism (0,1) x &, = D1\ {&;, ¢ }.

Vg
"
l®é : '
v

(A)

(8)

Figure 2: (A) Pachner move on a triangulated surface, with common re-
finement shown (center). (B) The corresponding degenerations on the dual
cellular decomposition.

As an corollary of Pachner’s theorem and Lemma [5, we obtain the fol-
lowing result, useful to find sequences of transformations between cotrian-
gulations.
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Corollary 5. Any two smooth cotriangulations of M are related by a se-
quence of smooth cotriangulations via deformations and contractions of cells.

Remark 18. In the same way that two cotriangulations ¢ and ¢ in a
manifold M related by a dual Pachner move can be thought of as degene-
rations of a l-parameter family of cotriangulations {%}'}, a pair of choices
of path groupoids &y and £ adapted to € and ¢’ may be understood
as degenerations of a 1-parameter family of path groupoids

{29/} 1con

resulting from a 1-parameter family of cellular path groupoids interpolating
Py and Py, relative to {6} }c,1)- The characteristic feature of such
degenerations follows from the isomorphism of cell complexes ¢, = ¢, X Cy:
for any pair of subcells ¢,, C ¢, and ¢,y C ¢,7, the subcell of ¢, whose closure
corresponds to ¢; X ¢, would degenerate to ¢y, or co;. Such degeneration
implies the fusion of the local path families supported over the closures of
any two subcells in ¢, collapsing to the same subcell in ¢, (or ¢,7).

Consider a pair of cotriangulations ¢ and 4" related by a dual Pachner
move as before, and coinciding over M \ ¥; = M \ ¥,+, where ¥, (resp. ¥5/)
denotes the open set in M given as the interior of the star of ¢; —the union
of all cells in € (resp. €’) whose closures intersect ¢, (resp. ¢,7). Let us
moreover assume that 4 and ¢’ are equipped with choices of ELG fields
{PT¢} and {PT¢ } coinciding over all common cells in M \ ¥, = M \ 5.
Consider a family %}’ of cotriangulations degenerating to ¢ and €” as before,
and such that for all ¢ € (0, 1), the open set ¥, —the interior of the star of %f
equals ¥, = ¥,, and moreover, the restriction %/ M\, coincides with the
restrictions €’[yp 4, and €”|yp 5., . Finally, equip such family with a smooth
family of adapted path groupoids {9@;/}, degenerating to &4 and Py .
The next definition plays the role of a generalized cellular equivalence of ELG
fields, suited to consider smooth 1-parameter families of cotriangulations
arising from a dual Pachner move as before.

Definition 15. Two ELG fields {PT¢} and {PT¢ } as before coinciding
over all cells in M \ ¥, = M \ ¥, are called local relatives if there exists a
smooth 1-parameter family

{{PT%”{’ } }te(O,l) )
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whose restriction to €[5y, coincides with the respective restrictions of
{PT%} and {PT¢ } to €|pny, and €’|an v, , and such that

Jim, {PTr} = {PT¢}, Jim, {PT¢r} = {PT¢}.
Theorem 5. Let € and €' be two cotriangulations of M, related by a dual
Pachner move, together with a pair of ELG fields {PT4} and {PT¢ } whose
respective cores restricted to €|y y, and %’|M\%, coincide. The principal
G-bundles P and P' on M induced by the cores {PT¢y }bmin and {PTy }min
are equivalent if and only if {PT4} and {PTy } are local relatives.

Proof. The proof is straightforward. When the cores of the ELG fields are
considered, or what is the same, the relative homotopy classes of collections
of clutching maps, the notion of local relativity for a pair of ELG fields is
a (local) specialization of the notion of cellular equivalence adapted to de-
generating families of cell decompositions. The extra complications implicit
in the notion of (global) cellular equivalence, present in general, disappear,
since the homotopy equivalence relation that defines it has been confined to
the (n — 1)-cells in ¢, and the interior of its star. O

Appendix A. Cotriangulations

Here we recall, for the sake of clarity and convenience, some standard notions
on cell decompositions that we will require. We refer the reader to [Lef42)
Koz(7] for further details.

Let M be an n-dimensional smooth manifold, assumed to be connected,
not necessarily compact, and with or without boundary. A smooth cell de-
composition of M is defined inductively, as a collection ¢ = {c¢, C M} of
pairwise disjoint subsets of M (called cells) whose union is equal to M,
together with diffeomorphisms gbﬁ :DF — M (where D* denotes the unit
disk in R¥) such that ¢, \ ¢, is a union of cells in € of dimension at most
k — 1. Two cell decompositions are equivalent if there is a diffeomorphism
@ : M — M mapping one into the other. 6}, will denote the collection of k-
dimensional cells in €. The [th-skeleton of ¢ is defined as Sk;(%) = |_|§€:0 G-

A flag of length m+1<n+1in € of M is a collection of nested cell
closures ¢,, C ¢5, C --- C Gy, in M. A flag is said to be gapless if dim c,, —
dime,, , =1 for every 1 < k < m. A flag is complete if its length is equal
to n 41, so that dimc,, = k.

A barycentric subdivision B(%) of € is any cell decomposition of M for
which there is a 1-1 correspondence between k-cells in B(%) and gapless
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flags of length k£ + 1 in €, in such a way that if bf,o‘_.ak € B(% ), corresponds
to {5y C -+ C Ty} CC, then Y , C ¢, (notice that dimcy, > k). In
particular, there is exactly a 0-cell b2 C ¢, in B(%) Ve, € €.

A smooth triangulation of M is a homeomorphism A : |K| — M, where
K is an abstract simplicial complex and |K]| is its geometric realization,
whose restriction to the interior of any simplex in |K| is a diffeomorphism.
We will denote by o, 7,... the elements in K (called the faces of K), and
by v,w,... the vertices of it (in general, the maximal faces of an abstract
simplicial complex K are called its facets, and K is said to be pure if all
of its facets have the same dimension). Every triangulation has a canonical
barycentric subdivision B(A). A classical result of J. H. C. Whitehead states
that every smooth manifold M admits a piecewise-linear (P.L.) structure,
namely, a triangulation A for which the link of any simplex is a P.L. sphere,
and that any two P.L. structures are related by a P.L. bijection. It is sufficient
to assume the piecewise-smoothness of any such A.

Definition 16. A cell decomposition 4 of M is called a cotriangulation if
there exist an open cover 4 = {%,}.,c¢, of M with the following properties:

(i) For every o € N(Y) (the nerve of 4, an abstract simplicial complex),
the open set %, = Nyco %, is contractible,

(ii) The geometric realization of N (4l) is a P.L structure for M. In partic-
ular, N () is pure and ﬂ?jol U,, = 0 for all pairwise-different ¢, ...,
Conyy € Gy

(iii) There is a 1-1 correspondence between the k-simplices o € N(U) and
the (n — k)-cells ¢, € €,,—, in such a way that ¢; C %,.

Remark 19. To avoid unnecessary pathologies, cell decompositions are
assumed to have the following property: for every k-cell ¢, (k> 1), J¢; is
is a piecewise-smooth (k — 1)-sphere (c.f. Definition [12)). We call such cell
decompositions spherical. All cotriangulations are spherical (following from
the P.L. structure), but the converse is not true: hypercubical cell decom-
positions of R™ determined by a lattice A C R™ are spherical but not cotri-
angulations, unless n = 1. Cotriangulations are generic among spherical cell
decompositions (when n = 1, all cell decompositions are cotriangulations).

Lemma 6. Cotriangulations are stable under small deformations. Every
spherical cell decomposition is a degeneration of a family of cotriangulations.
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Figure Al: A cotriangulation % on a surface.

Proof. A cell decomposition % is unstable under small deformations if there
exists a family %, € € R of cell decompositions which are equivalent for
small € # 0 but inequivalent from %, (Figure . In that case, there exists
a family of k-cells ¢ for some 0 < k < n for which c§ collapses to a 0-cell ¢
in 6y as € — 0. In particular all O-cells in ¢ coalesce into ¢p. A O-cell in ¢&
corresponds to an n-cell on the dual cell decompositions €. In the limit all
of these n-cells unite into the single n-cell ¢, and the number of (n — 1)-cells
in 8¥ would be larger that the number of (n — 1)-cells in the boundary of
any of the n-cells in €Y that unite into dcy. Since € is a triangulation,
there would be a family of n-cells in €. uniting into to the interior of an
n-simplex in ¢V, whose number of (n — 1)-cells in its boundary is minimal
(equal to n+1), a contradiction. Hence & cannot be a degeneration of a
smooth family of equivalent cell decompositions %..

Given a spherical cell decomposition & of M, it is always possible to
refine ¢V into a triangulation A whose vertices coincide with the set of
O-cells in €V, i.e. Sko(%") = Sko(A). Since the n-cells in AV and € are in
1 — 1 correspondence, it is possible to construct a family %; of equivalent cell
decompositions in M such that for sufficiently small € # 0, €, is equivalent
to AV. The limit 4j coincides with ¢ by construction. O

It is of paramount importance to relate their standard cell decompo-
sitions generated by a square lattice in R™ to cotriangulations when the
manifold M is an Euclidean space or a quotient of it by a lattice (i.e., a
cylinder or a torus). The following lemma shows how the constructions and
results of this work are also relevant and applicable in those standard cases.
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G0

Figure A2: (A) 1-cell contraction in a cellular decomposition % on a surface.
(B) The effect over the dual decomposition €.

Lemma 7. The cell decomposition €° of R induced by the lattice A° = Z"
is a degeneration of a family of cotriangulations €€, € € (0,1).

Proof. Setting a 1-1 correspondence between n-cells ¢ in ¥° and the 0-
subcell (¢7,...,4}) in their closure, where for each k =1,...,n,

ip = min{ig : (i1,...,0n) € G},

we can identify the n-cells in €° with the elements in A?. For any € € (0, 1),
consider the lattice A€ in R™, of n-tuples of real numbers of the form

(il,ig + €1, .. in—1 + €p_2,1n + Einfl), iyee.y by € Z.

Then, in particular, A® = Z". Just as the lattice A acts as the group of
translation symmetries of €, the lattice A€ will act on € as its symmetry
group of translations. The n-cell ¢, as well as its closure, is then defined by
translating ¢ by the vector

(0 Wy eenyip_ 1)
(Figure .Although there is a 1-1 correspondence between n-cells in €
and €€ by construction, new k-cells, k =0,...,n — 1 are created in €€ by

subdivision of the boundary cells of each n-cell ¢f,. €€ is a cotriangulation for
every € € (0,1). Notice that over €, each 0-cell is the common intersection of
2n 1-cells. The e-shifts introduced to define €€ separate n — 1 of these 1-cells,
leaving exactly n + 1 1-cells on each old and new 0-cell. The argument with
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the higher dimensional cells is similar, giving the combinatorial properties
that determine a cotriangulation. O

Figure A3: The cell decomposition € in R?.

Appendix B. Proof of the reconstruction theorem

The idea to prove Theorem [2[ (Theorem 2 in [Zapl2]) is to construct a
concrete principal G-bundle P from a smooth parallel transport map PT¢.
Then a horizontal lift property implies the existence of a gauge equivalence
class of smooth connections in P, under the action of the group of bundle
automorphisms covering the identity map in M, and acting as the identity
over the fibers {7 (py)}e,cw, the restricted gauge transformations. The
group ¥p . of restricted gauge transformations is a finite-codimension normal
subgroup of the full gauge group ¥p. Before proving Theorem [2| we require
to introduce the following result.

Proposition 3. (i) If PTy and PT), are equivalent, then there is a set

{90 € G}¢ e such that the glueing maps {goo yezre20 and {9)1o Yerrz£0
induced from a choice of cellular path groupoid P4 are related as

9hro (%) = gor + Goro () - g5t

(ii) If the choice of P4 is changed, then there is a set of smooth maps
{90(%) : €5 = G}, e, such that the maps {goo yozner0 induced from PTe
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transform as
gU/U(x) = go' (x)go’a(m)go(x)il'

Proof. (i) is a straightforward consequence of Deﬁnition@ Namely, the value
of g5 () (and similarly for the value ¢/, (z)), for an arbitrary = € ¢, N ¢y,
is equal to PT¢ ([7y%,]). (ii) has been discussed already. The proposition
applies in particular to the clutching maps Ay = G- O

Proof of Theorem[2 Given a smooth parallel transport map PT¢, we can
define a collection of principal G-bundles 7, : P, — ¢, for every ¢, € € in
the following way. Let 25 =, ,c4, & (¢s,por) and define

(B.l) P, = a@g X G/~PT

where two pairs ([7],9) and ([y'],¢’) are related if t(y) = t(7') and
-1
g =PT, <M : [v]) g.

The projection of a class [y, g] onto M is simply defined as [y, g] — t(7),
determining a map 7, : P, = ¢,. The global right G-action on P, is de-
fined as [v,¢'] - g =[y,4'g]. For every p, € %,, there is a special point
by € 75 (por), determined by considering the classes [py/,e], where by a
slight abuse of notation, [p,/] represents the class of the constant path at
por. Consequently, there is an identification of the fiber 7, !(py/) with G. A
smooth and global cellular trivialization can be given for each principal G-
bundle 7, : P, — ¢5;. This can be seen by considering the smooth family of
paths .Z2 C P(¢,,ps) induced by a diffeomorphism 1), : D — ¢, such that
15(0) = po, as the collection consisting of the images of linear segments in
DF with source at 0. This way, we get a bijection

U, :¢, x G — Py, (w,9) = [v", 9],

which defines a smooth structure of manifold with corners on P,, and a
trivialization as a smooth principal G-bundle over ¢,. Since whenever ¢, C
¢;, we have that 225 C Z22, we can construct a smooth bijection P, — Pyl|e
by restriction. Therefore, the collection of principal G-bundles { P, }., c¢ can
be glued into a single smooth bundle 7 : P — M E As before, such a bundle

4The bundle P could also be constructed as a quotient similar to (B.1]), in terms
of the full path space 2 of all intimacy equivalence classes of piecewise-smooth
paths with source an arbitrary p, in M, and projection 7 defined in a similar way.
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would come with a preferred set of points {b, € 771 (ps)}e, e, which we will
denote by &. Thus, 7 (&y) = Py and any other choice of complete cellular
path families .% would determine an equivalent bundle.

A horizontal lift for every path ~:[0,1] — M and a choice of initial
condition [y, g] € 771(7(0)) can be constructed from the smooth parallel
transport map PTy. Namely, horizontal lifts can first be defined if we take
any path v :[0,1] — M and an initial condition [7/, g, [Y'] € Z5. Then by
the independence under reparametrization, the path A(v) : [0,1] — P, with
source s(A(7)) = [7/,¢] is defined as

M) = [(v- ) loer1y2,9] € €10,1]

satisfying 7 o A(7)(e) = y(€). Horizontal lifts may also be constructed as an
iteration of local lifts and subsequent initial conditions, following Lemma
Therefore, the construction of a gauge orbit of connections under the action
of ¥p, follows. The construction depends on the choice of base points &%
along the fibers over the base points %¢, and determines a smooth connec-
tion in P, up to the action of ¥p. O

Remark 20. The bundle P can also be constructed from local trivializa-
tions and clutching maps. Consider a collection of smooth path families
{ZF3}e,ce, F5=1{1% : © €5} as before. Whenever 7 C o, the identity

7,9 = s, 9']

for any x € ¢, C ¢, together with the corresponding trivializations, allows
us to express ¢’ = gor(2)g for some g, () € G. If {F2} is changed, g,-(2)
would transform as

9or (@) = 9o (2)gor(z)gr ()7,

for some well-defined smooth functions ¢, : ¢z — G and (gr : & = G) |z, as
it follows from Proposition [3| Only the homotopy type of the glueing maps
{9575}, is relevant to determine an equivalence class of principal G-bundles
on M, and ultimately, the only data that is strictly necessary to reconstruct
a bundle P are the clutching maps , that determine a choice of cellular
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bundle data, characterizing a principal G-bundle with trivializations over €,
up to equivalence, as it follows from Theorem @E

Appendix C. Proof of the equivalence theorem for
bundle data

Given an open cover 8 = {%,} a Cech 1-cocycle is a collection of smooth
maps Gow : %yw = Uy N U, — G satistying

(Cl) Guv = gy_ul; on %Uuh GuvGvw = Guw on %uva

and two cocycles { g } and {g.,,, } are cohomologous if there exist a collection
of smooth maps {g, : %, — G}.,e¢, (local gauge transformations) such that

(C.2) Gow = GoGowdn 0N Wiy

These are statements about the 2-skeleton of the nerve N (). It that sense
it is convenient to work with cotriangulations and adapted open covers. A
cover i is adapted to € if it is good, N (i) = €V, and for every ¢, € ¢, the
open set %, € i satisfies ¢, C %,.

Theorem 6. Let M be an n-manifold, n > 2, together with a cotriangula-
tion € and an adapted cover . There is a bijective correspondence

Cellular bundle data Cohomology classes of
in M, relative to € Cech 1-cocycles on i

Proof. Consider a Cech 1-cocycle {gww} up to equivalence as above. For any
¢r € Gp—1 such that &, N¢, = ¢, the restrictions hyy := gywl|e- determine a
representative of a class of cellular bundle data. This is so since every %, is
contractible by definition, and any local gauge transformation g, : %, — G
is smoothly homotopic to the identity. Therefore, any equivalent cocycle
{95, } would be homotopic to { gy } trough a homotopy of cocycles, inducing
a cellular equivalence of maps {hy,(t)}, t € [0,1].

Conversely, consider an arbitrary choice of cellular bundle data over %,
and for each ¢,,cy, € 6, such that ¢, Ne, = ¢ with ¢, € 6,_1, fix data

15Tt is possible to construct a system of transition functions for P if each P,
is instead constructed over an open set %, by extending the spaces 5 to con-
sist of paths belonging to %, (and not only to ¢,), and repeating the previous
constructions verbatim.
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representatives in the form of maps hy,, : & — G such that for any (n — 2)-
cell closure ¢, the restriction of the induced triples of maps to the diagonal
A(Cy X C5 X ) lies in Viz. We will construct maps gy : Zow — G satisfying
the cocycle conditions for any triple {cy,, Cv,, Coy } € € asin . The
construction will be done in two steps.

First let us consider for every ¢, € 6,1, the intersections %; N Sk,,—1(%)
(Figure [C1)), and their subsets

ZL=wn| |J &,

1 G
TIEECT_4

where €, |, ={c € €—1 : G- NG =7C5, €5 € €n—2}. Each 27 is topolo-
gically a cylinder for 0¢; without boundary. We will extend each hyy|ge to
the whole 2, in such a what that the cocycle conditions are still satisfied.
Consider any triple {cy,,cy,, ) as in (4.6). For each i =1,2,3 j, k # 1,
(ijk) ~ (123), consider the intersection

I; = pr; " (b, (@, N %)) NV

For i =1,2,3, and ¢, as above, consider any collection of piecewise-smooth
maps H. : (¢, Uc, Uc,) N — G x G x G, satisfying that

(i) H (e, Uer, Uen) N %) C S,
(11) Hg"a = (hU1U27 hUQ’US? hU3’U1)‘a7
(iii) If for j # ¢ there is ¢/ such that int (@ N q) C Z, \@ then

o |int (qma) a’ ‘int (qma) :
J J

Such collections necessarily exist, since each of the sets (¢, U¢, Ucr) N
U, deformation retracts to ¢,. The set of maps {H!} is parametrized by the
elements ¢, € %,—2 according to (4.6)).

Altogether, the functions {H%},_ ce,_, determine extensions of each hy, v,
to Z7,, (ijk) ~ (123). The extension to a subset %, N¢;, is defined by means
of the function HZ. Conditions (ii) and (iii) above ensure that the overall
process gives a well-defined extension of A, ,, over Z7,, and condition (i)
ensures that the new functions would satisfy the cocycle condition .
Denote such extension by h,,., again, now as a function on % Ucs,.

6Here, int (q N CTJ') denotes the (k — 2)-cell whose closure is ¢, N [
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The second step of the construction is to extend each hy,,, to the whole
U,, and relies in the following observation. For any triple {c,, , cy,, ¢y, } as

in (4.6), the sets
%—,—i:%ﬂﬂ(CTiUC'L}jUCyk), Z#]7k7 ]#k‘.7

which are open cylinders for ¢;, (whose boundary points contain %), sa-
tisty B, N B, N B-, = 0 (Figure[Cl). If we consider an arbitrary piecewise-
smooth extension of hy,,, to %, for every c,,, then there is a unique way to
extend such maps to the sets %, \ 4., by forcing the cocycle condition to
be satisfied on all triple intersections %, obtaining maps defined over %..
Hence, we can determine a collection {gyy : Zw — G}, defining a cocycle.
The set of transition functions that we have constructed depends a priori
on the choice of representatives hqy, : ¢, N ¢y — G for each ¢y, ¢y, € 6, such
that ¢, N¢y, = & with ¢, € €,—1, and the choice of extensions of such h,,
to the sets 2. U 4.

Figure C1: The intersection of %, with the (n — 1)-skeleton of €.

To conclude, we must show that another set of representatives for the
choice of cellular bundle data or another choice of extensions of the maps
hw determine a cocycle which is cohomologous to the previous one. But any
choice of extensions of any pair of representatives h,,, and h/,, of a given class
[hyw] would be homotopic through cellularly-smooth functions satisfying the
cocycle conditions, hence the resulting homotopies gy, (t) between each gy,
and g/, would define transition functions for every t € [0, 1], equivalent to a
principal G-bundle over M x [0, 1]. It follows from the homotopy invariance
properties of principal bundles [MS74], that the bundles on M resulting by
restriction to the boundary of M x [0, 1] are isomorphic. O
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