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On the positivity of trace class operators

ELENA CORDERO, MAURICE DE GOSSON, AND FABIO NICOLA

The characterization of positivity properties of Weyl operators is
a notoriously difficult problem, and not much progress has been
made since the pioneering work of Kastler, Loupias, and Miracle-
Sole (KLM). In this paper we begin by reviewing and giving simpler
proofs of some known results for trace-class Weyl operators; the
latter play an essential role in quantum mechanics. We then apply
time-frequency analysis techniques to prove a phase space version
of the KLM condition; the main tools are Gabor frames and the
Wigner formalism. Finally, discrete approximations of the KLM
condition, which are tractable numerically, are provided.
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1. Introduction

The characterization of positivity properties for trace class operators on
L?(R™) is an important topic, not only because it is an interesting mathe-
matical problem which still is largely open, but also because of its potential
applications to quantum mechanics and even cosmology. It is a notoriously
difficult part of functional analysis which has been tackled by many au-
thors but there have been few decisive advances since the pioneering work
of Kastler [I3] and Loupias and Miracle-Sole [15], [16]; see however Dias and
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Prata [4]. While some partial results have been obtained in connection with
the study of quantum density operators [I8-22] when the operators under
consideration are expressed using the Weyl correspondence, very little is
known about them when they are given in terms of more general correspon-
dences (in [27] Srinivas and Wolf give such a condition, but the necessity
statement is false as already noted by Mourgues et al. [17]). It seems in fact
that the field, which was quite active in the late 1980s hasn’t much evolved
since; the open questions remain open.

We shall tackle the problem using techniques which come from both
quantum mechanics and time-frequency analysis. The phase space represen-
tation mainly employed is the n-cross-Wigner transform; for n € R\ {0},
this is defined by

W W@ = ()" [ It it = End

for v, ¢ € L>(R™). When 1 = A > 0, (h the Planck constant h divided by 27)
we recapture the standard cross-Wigner function Wy (v, ¢), simply denoted
W (4, ¢). Setting Wy (1, v) = Wytp and X = n/h, we have

(2) Wy(z,p) = X "Wep(x, A 1p).
In particular, a change of ) into —n yields
(3) Wy = (‘DnWw%

Given a symbol a € S’(R?") (the space of tempered distribution), the
Weyl pseudodifferential operator Aﬁn’V = Opnw(a) is weakly defined by

(4) (AW, 6) = (a, Wy (¥, ),

for all ¢, ¢ in the Schwartz class S(R") (Observe that W, (1, ¢) € S(R?")).
The function a is called the n-Weyl symbol of A

Consider now a trace-class operator A on LZ(R”) (see the definition in
the subsequent Section (3 ' Then there exists an orthonormal basis (v;) for
L*(R™) and a sequence (a;) € ¢! such that A can be written as

//l\: Zozjﬁ]
J

with absolute convergence in B(L?(R™)); here ﬁj is the rank-one orthogonal
projector of L?(R™) onto the one-dimensional subspace Cv; generated by
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Y; (cf. Lemma . It turns out that, under the additional assumption A
to be self-adjoint, that A can be represented as a 7n-Weyl operator with
corresponding symbol

a=(2m)" Y a;Wyip; € L*(R*™) N L®(R*)
J

(see Proposition [11)).

When A is positive semidefinite and has trace equal to one, it is called
a density operator (or density matrix, or stochastic, operator in quantum
mechanics); it is usually denoted by p. If the Weyl symbol of p is a, the
function p = (277)"a is called the Wigner distribution of p in the quantum
mechanical literature. Given a trace class operator A (positive or not), the
function

(5) p=> oWy
j

is called the 1- Wigner distribution of A. (Observe that p € L%(R?")).

We will henceforth assume that all the concerned operators are self-
adjoint and of trace class and denote them by p; such operators can always
be written as

(6) p=2_ oyl = (2mm)" Op}Y (o)

the real function p being given by formula . We are going to determine
explicit necessary and sufficient conditions on p ensuring the positivity of
p. To this goal, we will use the reduced symplectic Fourier transform Fy,
defined for a € S(R?") by

(7) ao(z) = Foa(z) = /R?n @) (2 dz'

with o being the standard symplectic form. For n € R\ {0}, recall the sym-
plectic n-Fourier transform

(8) aop(2) = Fopa(z) = (ﬁ) /RM eiia(z’z/)a(z’)dz’.
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Obviously Fy is related to the symplectic n-Fourier transform by the
formula

(9) ao(2) = (2mn)" agn(=nz).

With the notation Bochner’s theorem [3, [14] on Fourier transforms of
probability measures can be restated in the following way:

Proposition 1 (Bochner). A real function p € LY(R?") is a probability
density (i.e. p>0 a.e. and [y, p(z)dz = 1) if and only if po(0) =1, and
for all z1, ..., 2y € R®™ the N x N matriz A whose entries are the complex
numbers po(z; — z) is positive semidefinite:

(10) A = (po(zj — z1))1<jre<n = 0.

When condition is satisfied one says that p¢ is of positive type. The
notion of 7-positivity, due to Kastler [13], generalizes this notion:

Definition 2. Let a € L'(R*") and n € R\ {0}; we say that ay is of -
positive type if for every integer N the N x N matrix Ay with entries

Aje = e 57 ag (2 — 2)
is positive semidefinite for all choices of (z1, 22, ...,2n) € (R?)V:

(11) Any = (Ajr)i<jik<n = 0.

The condition is equivalent to the polynomial inequalities
(12) Do GGe T ag(z; —z) 2 0

1<j,k<N

for all N € N, ¢j,( € C, and zj, z, € R
It is easy to see that this implies a¢(—2) = a¢(z) and therefore a is
real-valued.

Remark 3. If a is of n-positive type then it is also of (—n)-positive type.
This follows from the fact that the matrix (Ajz)i<jr<n is still positive

semidefinite and taking into account the equality a¢(2) = a¢(—2).

We first present a result originally due to Kastler [I3], and Loupias and
Miracle-Sole [15, [16] (the “KLM conditions”), who use the theory of C*-
algebras; also see Parthasarathy [23, 24] and Parthasarathy and Schmidt
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[25]. The proof we give is simpler and is partially based on the discussions
in [19] 21, 28].

Theorem 4 (The KLM conditions). LetneR\ {0} and let X:Opnw(a)
be a self-adjoint trace-class operator on L*(R™) with symbol a € L'(R?"). We
have A > 0 if and only if a¢ is of n-positive type.

The KLM conditions are difficult to use in practice since they involve
the simultaneous verification of an uncountable set of conditions. We are
going to prove that they can be replaced with a countable set of conditions
in phase space. The key idea from time-frequency analysis is to use Gabor
frames.

Definition 5. Given a lattice A C R?" and a non-zero function g € L?(R"™),
the system

G(g,A) = {T(Ng(z) = e/P=r22M) gz — \p), X = (M, \a) € A}

is called a Gabor frame or Weyl-Heisenberg frame if it is a frame for L?(R"),
that is there exist constants 0 < A < B such that

(13) AlFIZ <D A TN9)? < BIFIB,  Vf € LAR").

zEN

Hence, the L?-norm of the function f is equivalent to the ¢2 norm
of the sequence of its coefficients {(f,T1/2x)(N)g)}rea (cf. Section [2| for
more details). Consider a Gabor frame G(¢,A) for L?(R"), with window
¢ € L*(R") and lattice A C R™. Let a € §'(R?") be a symbol and denote
by ay, its “twisted” Gabor coefficient with respect to the Gabor system
G(Wyo, A x A), defined for A, € A x A by

(14) onn = [ TPl W~ 0+ )i

where Wy = W, (1, 4) is the n-Wigner transform of .
Our main result characterizes the positivity of Hilbert—Schmidt opera-
tors (and hence of trace class operators). It reads as follows:

Theorem 6. Let a € L?(R?") be real-valued and ‘Zn = Op};v(a).
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(i) We have 21\77 >0 if and only if for every integer N > 0 the matriz
My with entries

(15) My, =e Xy Al < N

is positive semidefinite.
(i) One obtains an equivalent statement replacing the matriz My with
the matriz M('N) where

(16) M}, = Wala, (Wyd)") A+ ), 57(u — 1)
with (Wy$)" (2) = Wyo(~2).

The conditions in Theorem [6] only involve a countable set of matrices,
as opposed to the KLM ones. In addition, they are well-organized because
the matrix of size IV is a submatrix of that of size N + 1.

The KLM conditions can be recaptured by an averaging procedure from
the ones in Theorem [6] To show this claim, we make use of another well-
known time-frequency representation: the short-time Fourier transform
(STFT). Precisely, for a given function g € S(R™) \ {0} (called window),
the STFT V, f of a distribution f € S&'(R") is defined by

0 Ve = [ Tl D () € R
If we define the modulation operator M, and translation operator 7} of a
function f on R™ by

Myf(y) =e?Vf(y) Tuf(y) = flx—y), =z,peR,

then we can write

ng(a:,p) = <f7 MpT$f>7 (-%p) € R,

This implies that the STFT makes sense for any pair of dual spaces. For
example, V; f is well-defined if g € L>°(R") and f € L*(R") (cf. the proof of
the subsequent Theorem .

Let ¢o(z) = (mn)~"/4e~1#1°/21 be the standard Gaussian and ¢, =T (1) o,
v € R?". We shall consider the STFT Vivg, a, with window given by the
Wigner function W¢, and symbol a. Then we establish the following con-
nection:
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Theorem 7. Let a € L'(R?") and \, n € R?". We set

MiiLM) = e 3 Ma, (A — )
(18) M = e 3 MV a(L(A+ ), J(n— V).
We have
KLM -n v
(19) M)(w ) — (27m) /R2 Mf:u dv.

If the symbol a € L'(R?*) N L?(IR?") and choosing the lattice A such that
G(¢o, M) is a Gabor frame for L?(R™), we obtain the following consequence:
If the matrix (MiL)A,#GA,IM,IMISN 1$ positive semidefinite for every N, then

. . KLM
so is the matriz (M)(\7M ))/\,#GA,IM,I#ISN (CE Corollary .

Finally, if the symbol a is as before and A,, = Opnw(a) > 0, then for every

finite subset S C R?" the matrix (M /&IZLM)) Apes is positive semidefinite.
That is, the KLM conditions hold (see Corollary [25)).
The paper is organized as follows:

e In Section 2| we briefly recall the main definitions and properties of the
Wigner—Weyl-Moyal formalism.

e In Section[3|we discuss the notion of positivity for trace class operators;
we also prove a continuous version of the positivity theorem using the
machinery of Hilbert—Schmidt operators.

e In Section [4] we characterize positivity using the Kastler—Loupias—
Miracle-Sole (KLM) conditions of which we give a simple proof. We
give a complete description of trace class operators with Gaussian Weyl
symbols using methods which simplify and put on a rigorous footing
older results found in the physical literature.

e In Section [b| we show that the KLM conditions, which form an un-
countable set of conditions can be replaced with a set of countable
conditions involving the Wigner function. We thereafter study the no-
tion of “almost positivity” which is an useful approximation of the
notion of positivity which can be easily implemented numerically.

Notation 8. We denote by 2z = (x,p) the generic element of R?" = R" x
R". Equipping R?>" with the symplectic form o = Zj dp; N\ dz; we denote
by Sp(n) the symplectic group of (R?",s) and by Mp(n) the corresponding
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Oan I?’LXTL

metaplectic group. J = ( > is the standard symplectic matrix,

_Inxn Onxn
and we have o(z,2') = Jz - 2. The L?-scalar product is given by

(V]@) L2 = . U(x)p(x)d.

The distributional pairing between 1 € S'(R™) and ¢ € S(R™) is denoted
by (1, ¢) regardless of the dimension m.

For A, B € GL(m), we use the notation A «~~ B to denote the equality of
two square matrices A, B of same size m X m up to conjugation: A «~ B if
and only if there exists C € GL(m) such that A = C~!BC.

2. Weyl operators and Gabor frames
2.1. The Weyl-Wigner formalism

In what follows 77 denotes a real parameter different from zero.
Given a symbol a € S'(R?") the Weyl pseudodifferential operator "
Opnw(a) is defined in , whereas the 7-cross-Wigner transform W, (¢, ¢) is
recalled in .
The operator T (z) is Heisenberg’s n-displacement operator

i

(20) Ty (20)0 () = en P3P0y (3 — )

(see [6l [7]). The n-cross-ambiguity transform is defined by

(21) Amby (1, 6)() = (%) (61T3(2)0) 2
we have [5] [7] the relation

(22) Ambﬂ(wv ¢) = FG,WWU(QZ): ¢)7

where F,, is the symplectic n-Fourier transform already recalled in . The
functions Wy = Wy (¢),1) and Amb, ¢y = Amb,(1),) are called, respec-
tively, the n-Wigner and n-ambiguity transforms. The explicit expression
of the n-Wigner transform is already given in , whereas the n-ambiguity
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transform is defined by
i

23 Amby(0.0)2) = ()" [ ¢+ de)aly G

AW — OpW BW _ opW AW BW -
Let A;Y = Op,'(a) and B)' = Op,’ (b) and assume that A,;* B," is de-

fined on some subspace of L?(R™); then the twisted symbol ¢, of 6’:\/ =
A\XV B};V is given by the “twisted convolution” [5,[7] ¢5, = ao *y bo,y defined
by

(24) (ao_ﬂ? *T] ba,n)(z) = (ﬁ) /1\{2'” 62%”0'(2,2 )(10777(2' _ Z/)bo-yn(zl)dzl'

Alternatively, the symbol ¢ is given by the “twisted product” ¢=a xy b
where

2n i ror
(25)  (a x,b)(z) = <ﬁ> /R2 e gz + 32 )b(z — £2")d d2".

An important property of the n-Wigner transform is that it satisfies the
“marginal properties”

@) [ W= Epe)P . [ W = e

the first for every function ¢ € LY(R™) N L2(R™), the second for every func-
tion v € L?(R™) such that 1) € L'(R"); here

(27) Fyib(p) = (ﬁ,)”/ 2 /R e P ()da

is the n-Fourier transform (see [5, [8]). Notice that Fy;¢h and F_, 1) are related
by the trivial formula

(28) Flyp = Fyp.

It follows that F}, extends into a topological unitary automorphism of L?(R™)
for all values of n # 0.

An important equality satisfied by the n-Wigner function is Moyal’s
identity[T}

Tt is sometimes also called the “orthogonality relation” for the Wigner function.
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Lemma 9. Let (v,¢) € L*(R") x L?(R") and n € R\ {0}. The function
Wy is real and we have

(29) L waemoa: = ()" 1010
In particular
(30) [ Wa(ePde = ()" Il

Proof. 1t is a standard result [5, 12] that holds for all > 0. The case
n < 0 follows using formula . O

In Section [f| we will use some concepts from time-frequency analysis. We
recall here the most important issues.

A Gabor frame G(¢, A) is defined in Definition (5). This implies that
any function f € L?(R™) can be represented as

f=> exT(Ng,

A€A

with unconditional convergence in L?(R") and with suitable coefficients
(ea)r € L2(A).

A time-frequency representation closely related to the Wigner function
is the short-time Fourier transform (STFT), whose definition is in formula
. Using this representation, we can define the modulation space M. 1
[11), 26] in terms of the decay of the STFT as follows. For s > 0, consider
the weight function vs(z) = (2)° = (1 + |2[>)*/2, 2 € R?", then

Mo (R™) = {f € S'(R™) « || fll gz < o0}

where the norm || - ||, is defined by

rmmyzfswww@mmwm@
R z€R™

It can be shown that | f||,;~: is a norm on M (R™), independent of
the window function g € S(R™) (different windows yield equivalent norms).
Moreover My (R™) is a Banach space. For s = 0 we simply write M (R")
in place of My (R™).

Generally, by measuring the decay of the STFT by means of the mixed-
normed spaces L5?(R?"), one can define a scale of Banach spaces known as
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modulation spaces. Here we will make use only of the so-called Feichtinger’s
algebra (unweighted case s = 0)

MY R™) = {f € S'R*") : | fllar = Vg fllzs(eeny < 00}

Notice that in Section [5| we will work with spaces of symbols, hence the
dimension n of the space is replaced by 2n.

3. The positivity of trace-class Weyl operators

Trace class operators play an essential role in quantum mechanics. A positive
semidefinite self-adjoint operator with unit trace is called a density operator
(or density matriz in the physical literature). Density operators represent
(and are usually identified with) the mixed quantum states corresponding
to statistical mixtures of quantum pure states.

3.1. Trace class operators

A bounded linear operator A on L?(R") is of trace class if for one (and
hence every) orthonormal basis (1;); of L?(R™) its modulus |A| = (A*A)'/2
satisfies

(31) Y (AR 1)) 12 < oo;

J

the trace of A is then, by definition, given by the absolutely convergent
series Tr(A) = . (Av;[¢)j)r2whose value is independent of the choice of
the orthonormal basis (1););.

Trace class operators form a two-side ideal £1(L?(R")) in the algebra
L(L*(R™)) of all bounded linear operators on L2(R™).

An operator A € L(L?(R"™)) is a Hilbert—Schmidt operator if and only if

there exists an orthonormal basis (¢;) such that

Z(;{wﬂg?ﬁj)[ﬁ < Q.

J

Hilbert—Schmidt operators form a two-sided ideal Lo(L?(R™)) in £(L?(R™))
and we have £;1(L%(R")) C Lo(L?*(R")). A trace class operator can always
be written (non uniquely) as the product of two Hilbert—Schmidt operators
(and is hence compact). In particular, a positive (and hence self-adjoint)
trace-class operator can always be written in the form A = B*B where B
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is a Hilbert—Schmidt operator. One proves ([2], §22.4, also [0} [7]) using the
spectral theorem for compact operators that for every trace-class operator

on L%(R") there exists a sequence («;); € ¢1(N) and orthonormal bases (1;);
and (¢;); of L>(R™) (indexed by the same set) such that for ¢ € L?(R")

(32) A =" () 125
j

conversely the formula above defines a trace-class operator on L?(R™). Ob-
serve that the series in is absolutely convergent in L?(R™) (hence un-
conditionally convergent), since

Zuag D)2 ¢;] = Z\aju (Wl5) 221l 5

< Z oI 1Hl51l = Z |l

One verifies that the adjoint A (which is also of trace class) is given by

(33) A =@ (|og) L2t
j

where the series is absolutely convergent in L*(R").
The following issue is an easy consequence of the spectral theorem for
compact self-adjoint operators.

Lemma 10. Let A be a trace-class operator on L2(R").
(i) If A is self-adjoint there exists a real sequence (;); € *(N) and an
orthonormal basis (¢;); of L?(R") such that

(34) Ap =" (W) L2t
J

for every ¢ € L?(R™), with absolute convergence in L?(R"™);
(ii) if A > 0 then (34) holds with a; > 0 for all j.

Formula can be rewritten for short as
(35) A=Y ol
J

where ﬁj is a rank-one projector, namely the orthogonal projection operator
of L?(R™) onto the one-dimensional subspace C); generated by ;.
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__ Notice that the series (35)) is absolutely convergent in B(L?(R™)). Indeed,
ITL;| g2y = 1 for every j and

S eIl ey =Y la| < oo
J J

Proposition 11. Let A be a self-adjoint trace-class operator on L?(R") as

mn and n > 0. R
(i) The n-Weyl symbol a of A is given by

(36) a= (2mn)" Z ;Wb

where the series converges absolutely in L*(R?");
(it) The twisted symbol aq.y is given by

(37) Aoy = (2mn)" Z aj Amb,, 1;.
J

with absolute convergence in L?(R?").
(iii) In particular, the symbols a and ay, are in L*(R*™) N L= (R?").

Proof. The distributional kernel of the orthogonal projection ﬁj is Kj =
¥j ® 1b; hence the Weyl symbol a; of II; is given by the usual formula

aj(z) = / e_%rpij(a: + %y, T — %y)dy = (2mn)" Wyt (2).

the series being absolutely convergent in B(L?(R")). Moyal’s identity

n

losWatbille = lasl (55 ) * 1513 = (55) layl

and the assumption (;); € £1(N) guarantee that the series in is abso-
lutely convergent in L?(R?") and we infer that the symbol a is in L?(R?").
Similarly, by Holder’s inequality,

Wi (2)] < s 4113
for all z € R2" so that

n
losWattslloo < ()" eyl
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and the series in is absolutely convergent in L°°(IR?"), too. This proves
our claim (iii) for the symbol a. Formula follows since Wy, and
Amb, 1; are symplectic n-Fourier transforms of each other. Claim (iii) for
a5, is obtained in a similar way. ([

Remark 12. From Proposition , the functions @ and as, are in
L%(R?*") N L>=(R?"). Notice that in general the symbols a and a,., are not

in L'(R?"). For example, choose A = IIy, with IIy the orthogonal projection
onto a vector 1y € L2(R") \ (L*(R™) U FLY(R™)).

Recall that if A is positive semidefinite and has trace equal to one, it is
called a density operator and denoted by p. We will from now on assume
that all the concerned operators are self-adjoint and of trace class, recalling
from @ that they can be written as

p=ajIl; = (2m)" Op) (p)
;

the real function p being given by formula . We are going to determine
explicit necessary and sufficient conditions on p ensuring the positivity of p.
Let us first note the following result which shows the sensitivity of density
operators to changes in the value of A.

Let us now address the following question: for given ) € L?(R"), can we
find ¢ such that W;,¢ = W+ for nn # h? The answer is negative:

Proposition 13. Let ¢ € LY(R") N L2(R")\ {0} and n € R\ {0}, A > 0.
(i) There does not exist any ¢ € L1(R™) N L2(R™) such that W,¢ = W)
if n| # h.

(i1) Assume that there exist orthonormal systems (;)jen, (¢j)jen of
L*(R™) and nonnegative sequences o = (a)jen, B = (Bj)jen € L1(N) such
that

(38) > aWo; =Y B8;We;
j j

Then we must have

Rl = [nl"IBIIZ-
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Proof. Observe that the series in are absolutely convergent in L?(R?").
(i) Assume that Wy¢ = Wip; then, using the first marginal property (26,

o) = [ Wolap)da = [ Wil p)da = [P o)

hence ¢ and 1 must have the same L?-norm: ||¢|| = ||| in view of Parseval’s
equality. On the other hand, using the Moyal identity for, respectively,
W1 and Wy ¢, the equality W = W, ¢ implies that

Wip(z)?dz = (525)" I[0l*

[ wasteras = ()" ot

hence we must have |n| = h.
(ii) Squaring both sides of and integrating over R?" we get, using
again Moyal’s identity and the orthonormality of the vectors v; and ¢;,

27T\n| Z %= 27rh Zﬁ?’

hence our claim. O

Remark 14. Assume in particular that 31 = 1 and 3; = 0 for j > 2. Then
(ii) tells us that if 3. a;Wyy; = W¢ then we must have el = |n|™
Assume that 3 a; = 1 then [la||Z <1 hence we must have || < k.

4. Positive trace class operators
4.1. A general positivity result for trace class operators

We are now going to give an integral description of the positivity of a trace
class operator on L?(R") of which Theorem [16/can be viewed as a discretized
version.

Let us begin by stating a general result:

Lemma 15. Let A = Op77 (a) be a trace-class operator on L?(R"™), with

n > 0. We have A > 0 if and only Tr(AB) > 0 for every positive trace class
operator B € £ (L2(R™)).
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Proof. Since L£1(L*(R™)) is itself an algebra the product AB is indeed of
trace class so the condition Tr(AB) > 0 makes sense; setting B = Op,7 (b)
we have

b(z) = (2m)" Y B Wit
i

where (3;) € ¢*(N) with 8; > 0 and t; an orthonormal basis for L*(R").
Observing that trace class operators are also Hilbert—Schmidt operators, we
have [7, Prop. 284] since a,b € L?(R?")

(39) Tr(AB) = /R a()h(=)d:

and hence
Tr( = (2mn)" Zﬁ]/ a(z)Wyt;(2)dz

(the interchange of integral and series is justified by Fubini’s Theorem).
Assume that Tr(AB) > 0. It is enough to check the positivity of A on unit
vectors ¢ in L2(R"). Choosing all the 8; = 0 except 31 and setting 1 = 1)
we have

(40) /R% a(z)Wi(z)dz > 0;

since we can choose ¥ € £2 (R™) arbitrarily, this means that we have EAZ 0.
If, conversely, we have A > 0 then holds for all 1; hence Tr(AB) >
0.

O

Let us now prove:

Theorem 16. Let >0 and A = Opn (a) be a trace-class operator. We
have A > 0 if and only if

(41) Fyqa(z) (/ e 222 Ve — z)c(z’)dz') dz >0,
R2TL RQ’IL

for all c € L*(R*™).
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~

Proof. In view of Lemma above we have A > 0 if and only if Tr(gB) >0
for all positive B = Op},’v(b) € £1(L?(R™)) that is (formula )

(42) /R a(2)b(2)dz = (alt) e (aony > 0.

(Recall that Weyl symbols of self-adjoint operators are real). Using
Plancherel’s Theorem

(43) (afb) ooy = (ﬁ) (Fynal Fonb) L2 (o0

Since B\AZ 0 there exists C € EQ(LQ(R”)) such that B = C*C and hence,
setting C' = Opnw(c) (recall that C* = Op77 (©)), by the composition formula

for Weyl operators (124]),
n i ’
Fynb(z) = <ﬁ> / e, &z — 2 Fype(2)d2!
RQ’n,

n i I —
= () / BT o) — 2)Fy ()2

Vice-versa, take any function ¢ € L2(R2") then C = Opn (c) is a Hilbert-

Schmidt operator and B=C*C is a positive operator. Hence, using the
fact that the operator F , is a topological automorphism of L? (RQ”), con-

dition and are equivalent to

(44) /R  Fya(2) < /R e “2:7E) (2 = 2)e(2)dz ) dz >0,

for every ¢ € L?(R?"), as claimed. O
4.2. Proof of the KLM condition

We are now going to prove the KLM conditions, that is Theorem |4 We will
need the following classical result from linear algebra. It says that the entry-
wise product of two positive semidefinite matrices is also positive semidefi-
nite.

Lemma 17 (Schur). Let M(yy = (Mj;)1<jr<n be the Hadamard product
M(/N) o M(/g\f of the matrices M(/N) = (M]{k)lgj,ng and M(/§V) = (M]/‘Ik)lgj,kSN:
Mny = (Mjk:M;{lc)lgj;kSN' If M(’N) and M&V) are positive semidefinite then
so is M(yy).



2078 E. Cordero, M. de Gosson, and F. Nicola

Proof. See for instance Bapat [I]. O
We have now all the instruments to prove the KLM conditions.

Proof of Theorem [l Assume that A > 0. In view of Lemma [10| and formula
in Proposition [11| we have

(45) a= (2mn)" Z a; Wiy

for an orthonormal basis {¢;} in L*(R"), the coefficients o; being > 0 and
in ¢1(N). It is thus sufficient to show that the Wigner transform W,y of an
arbitrary 1 € L?(R") is of n-positive type. This amounts to show that for
all (z1,...,2x) € (RZV)N and all ((1,...,¢v) € CV we have

(46) In(y) = Z ¢iCre 27 E Py Wtz — ) > 0
1<j,k<N
for every complex vector (C1, ..., (x) € CY and every sequence (21, ..., 2yN) €

(R2")N . Since the n-Wigner distribution W and the n-ambiguity function
are obtained from each other by the symplectic n-Fourier transform F,, we
have

INW) = D GGe 7™ Amby y(z; — 2).

1<j,k<N

Let us prove that

2
)
2

(47) In(v) = (ﬁ)n HZl§j§N CjT"(_Zj)w‘

the inequality will follow. Taking into account the fact that T, (—z)* =
T, (1) and using the familiar relation [5H7]

i

(48) T2 — 2j) = € 27T ()T ()
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we have, expanding the square in the right-hand side of ,

2
ST GT=z)v|| = Y GGTy(—2) YTy (—2)1) 12
1<jSN 12 1<Gk<SN
= > GG(Ty(zk) Ty(—2)9|¢) 2
1<5,k<N
= Y GG (T — ) e
1<j,k<N
= 27777 Z C](ke%g %02) Ambnd}( )
1<5,k<N

proving the equality .

Vice versa, we assume aq is of n-positive type and will show that
(Aq/JWJ)Lz > 0 for all b € L?(R™). Since the operator A is bounded on L2 (R”)
it is sufficient to prove this for ¢ € S(R™), or equivalently (see formula ([4))

(49) / a(z)Wy(z)dz >0
R2n
for ¢» € S(R™). Let us now write

MJk‘ = Ambn 7/}( )aan( - Zk);

we claim that the matrix M) = (Mjk)1<jr<n 1S positive semidefinite.
In fact, M is the Hadamard product of the positive semidefinite matrices
M{yy = (Mj)1<jh<n and My = (MJ,)1<jr<n where

A CUMTCICEEN)

" “o(z),2k)

k=€ 2 o (2j — 2k)

and Lemma implies that My is also positive semidefinite. Hence for the
function b defined by

bon(2) = Amb,, ¢(—2)as,(2)

we have that b¢ is of positive type. In particular by, (2)| < by, (0), which
implies by, (0) > 0 or b, ,(z) = 0 for every 2. Moreover a,, € FL!'(R?") and
Amb, ¢ € S(R?"), which implies by, € L'(R?*") N FL'(R?"), and the same
holds for b itself.
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If by p(2)(0) > 0 it follows from Bochner’s theorem that b is, up to a
positive constant, a probability density, hence b(z) > 0 for a.e. z € R?" and
therefore for every z € R?", because b is continuous. The same holds of course
if byyy(2) = 0 for every z. In either case, integrating the above equality we
get, using the fact that a is real (because Ais self-adjoint) and the Plancherel
formula for the symplectic n-Fourier transform,

(27r17)"b(0)—/ Amby, Y(—2)asy(2)dz

R2n

- /R _Amb, ¥(2)agy(—2)dz
_ /  Amb, (=), (2)d
- 5 Wy (2)a(z)dz
hence the inequality since b(0) > 0. =

4.3. The Gaussian case

Let X be a positive symmetric (real) 2n x 2n matrix and consider the Gaus-
sian

(50) p(2) = (27) "Vdet ©-1e 2% ',

Let us find for which values of ) the function p is the n-Wigner distribution
of a density operator. Narcowich [I§] was the first to address this question
using techniques from harmonic analysis using the approach in Kastler’s
paper [13]; we give here a new and simpler proof using the multidimensional
Hardy’s uncertainty principle, which we state in the following form:

Lemma 18. Let A and B be two real positive definite matrices and 1 €
L?(R™), 1 # 0. Assume that

1,5 1
(51) [)(x)] < Ce 247" and |Fy(p)| < Ce 257

for a constant C' > 0. Then:
(i) The eigenvalues \j, j = 1,...,n, of the matrix AB are all < 1/n%
(ii) If A\; = 1/n? for all j, then (z) = ke 24" for some constant k.

Proof. See de Gosson and Luef [9], de Gosson [7]. The n-Fourier transform
F,% in the second inequality is given by . ([
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We will also need the two following lemmas; the first is a positivity result.

Lemma 19. If R is a symmetric positive semidefinite 2n x 2n matrix, then
(52) Py = (Rzj - Zk)lgj,ng
is a symmetric positive semidefinite N x N matrix for all z1, ..., 2y € R?".
Proof. There exists a matrix L such that R = L*L (Cholesky decomposi-
tion). Denoting by (z|2’) = 2 - 2/ the inner product on C?" we have, since
the z; are real vectors,

L*zj- 2 = (L"zj|2k) = (2j|Lax) = 2j - Ly

hence Rzj - 2z, = Lzj - Lzy. It follows that for all complex (; we have

Z CjCTcRZj'Zk: Z CjLZj Z CjLZj ZO

1<j,k<N 1<j<N 1<j<N
hence our claim. O

The second lemma is a well-known diagonalization result (Williamson’s
symplectic diagonalization theorem [3] [6]):

Lemma 20. Let ¥ be a symmetric positive definite real 2n x 2n matrix.
There exists S € Sp(n) such that ¥ = ST DS where

A O
»=(o %)
with A = diag(A1,...,\,), the positive numbers A; being the symplectic

eigenvalues of ¥ (that is, £i\q,...,£i\, are the eigenvalues of JX -
21/2J21/2),

Proof. See for instance [5H7]. O

We now have the tools needed to give a complete characterization of
Gaussian n-Wigner distributions:
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Proposition 21. Let n € R\ {0}. The Gaussian function (50) is the n-
Wigner transform of a positive trace class operator if and only if

(53) |77| < 2>\min

where Amin 1S the smallest symplectic eigenvalue of X; equivalently the self-
adjoint matriz ¥ + inJ/2 is positive semidefinite:

(54) >+ %J > 0.

Proof. Let us first show that the conditions and are equivalent.
Let ¥ = STDS be a symplectic diagonalization of ¥ (Lemma . Since
ST JS = J condition is equivalent to D + %’J > 0. Let z = (z,p) be an
eigenvector of D + %J ; the corresponding eigenvalue A is real and > 0. The
characteristic polynomial of D + %.J is

P()) = det [(A D - ’7{1] = PI(A\) - Pa(N)

where

B = (= N2 - %
hence the eigenvalues A of D + %’J are the numbers A = \; £ %77; since A > 0
the condition D + 4.J > 0 is equivalent to A; > sup{£in} = %|n| for all j,
which is the condition . Let us now show that the condition is
necessary for the function

(55) p(z) = (27) "Vdet B-1em3 > ¥

to be n-Wigner transform of a positive trace class operator. Let p=
(2mm)" Opnw(p) and set a(z) = (27mn)"p(2). Let S € Mp(n); the operator p is
of trace class if only if SpsS ~1is, in which case Tr(p) = Tr(SpS~1). Choose
S with projection S € Sp(n) such that ¥ = ST DS is a symplectic diago-

nalization of ¥. This choice reduces the proof to the case ¥ = D, that is
to

(56) p(z) = (2m)7"(det A_l)e_é(AflszrA*po)_

Suppose now that p is of trace class; then there exist an orthonormal basis
of functions ; € L(R™) (1 < j < n) such that

p2) =3 0y Wiy (2)
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where the a;j > 0 sum up to one. Integrating with respect to the p and x
variables, respectively, the marginal conditions satisfied by the n-Wigner
transform and formula imply that we have

S gl ()P = (2m) /2 (dlet AY2em AT

j
ZaﬂFM/’j(p)P = (27) ""?(det A)1/26_%A71p2.
J

In particular, since a;; > 0 for every j = 1,2,...,n,...,
bi(@)] < Cjem 3N Fi(p)] < Cye 3N
J J n¥j J

here, if o #0, C; = (2m) ="/ *(det A)1/4/a;/2. Applying Lemma with
A=B= gA_l we must have |n| < 2); for all j =1,...n, which is condi-
tion ([53)); this establishes the sufficiency statement. (iii) Let us finally show
that, conversely, the condition is sufficient. It is again no restriction to

assume that ¥ is the diagonal matrix D = 0> ; the symplectic Fourier

0 A
transform of p is easily calculated and one finds that pe(z) = e~ 1P% . Let

Ay = (Aji)1<je<n with

in

Ajk =e 20(

2j,2k)

o (25 = z1);
a simple algebraic calculation shows that we have

1p22

Ajk — i jeé(D—l—inJ)zfzke—lDzi

4

and hence
Ay = AT Ay)

where 1A(N) = diag(e_iDz%, ceey €_iDz12\’) and F(N) = (ij)lgj,kSN with
L = ez (P+md)zi2e  The matrix A(yy is thus positive semidefinite if and
only if Iy is, but this is the case in view of Lemma @ O

Remark 22. Setting 2\, = A and writing ¥ in the block-matrix form

Yor 2g
P — —

(E D where Exa: = (ij,zk)lgj,kgna Zzp = (ij,pk)lgj,kgn and so on,
T

PP
one shows [10] that is equivalent to the generalized uncertainty relations
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(“Robertson—Schrodinger inequalities”, see [10])

2 2 2 142
(57) T2,9p; = O2;.p + 4h
Where for < j < n, the O’ =0z, agj = 0yp, p; are viewed as variances and

the O'm p; As covariances.

5. The KLM conditions in phase space
5.1. The main result

We now consider a Gabor (or Weyl-Heisenberg) frame G (¢, A) for L*(R"),
with window ¢ € L?(R") and lattice A C R™ (cf. (L3))). Time-frequency anal-
ysis and the Wigner formalism are the main ingredients for proving our main
result.

Proof of Theorem[6. (i) Let ¢ € L?(R™). Since G(¢, A) is a Gabor frame, we

can write

(58) b= aT(\¢
for some (cy) € £2(A). Let us prove that

— o 72%,0(’\7/1‘)
(59) /Rzn a(z)Wyp(2)dz = ZA,MGA eaCye ax -

In view of the sesquilinearity of the cross-Wigner transform and its con-
tinuity as a map L?(R") x L?(R") — L?(R?") we have

Wy (XaeacnT(N)o) = Xaeacr@Wn(T(N)¢, T (1))

Using the relation (formula (9.23) in [7])

Wy(T(N) @, T(n)§) = ¢~ 7= 37EAM W 6 L 4 p)

we obtain

/RM a(z)Wy(2)dz

= Shpencatue 500 [ a(e)e AW 0~ H+ )i

o LO’()‘HM)
= E C)\Cye 21 a .
A HEA AT A
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Suppose now A\n > 0, that is

(60) /Rzn a(z)Wy(z)dz > 0

for every ¢ € L?(R™). For any given sequence (cy)aea With ¢y = 0 for [A| >
N we take 1 as in and apply ; we obtain that the finite matrix in
is positive semidefinite.

Assume conversely that the matrix in is positive semidefinite for
every N; then the right-hand side of is nonnegative, whenever the se-
ries converges (unconditionally). Now, every 1 € L?(R") has a Gabor ex-
pansion as in (58)), with ¢y = (¢|T(A)y)r2 in £2(A), for some dual window
v € L*(R™). Hence from and we deduce A\n > 0.

(ii) The desired result follows from the following calculation: we have

M o = Wala, (Wye) ) (A + 1), 5T (1 = X))
that is, by definition of the Wigner transform,
2n g (A
Mé\vﬂ - (Wln> /IR? e (‘LL » )a(i()\+'u,) + %u)
X Wy (—3 (A + p) + 3u)du;

setting z = $(A 4+ p) + 3u we have u = 2z — (A + p) and hence

2n —to(u— z—l
M= (atg) 2 [ R e ~ 0+ )

Using the bilinearity and antisymmetry of the symplectic form o we have
O-(M - )‘7 2z — %()‘ + M)) = 20(27 A— ,U,) + U()‘a ,U,)
so that
2 i i
My, = () 2O / T EA WG (N Wd(z — LA+ )dz
]RQTL
that is My = 2"(27n) 2" M, ,,, hence our claim. O

Remark 23. Let us observe that Theorem [f] extends to other classes of
symbols, essentially with the same proof. For example the results hold for
a € M°Y(R?") (the so-called Sjostrand class) if the window ¢ belongs to
MY(R™). Other choices are certainly possible.
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5.2. The connection with the KLM conditions

In what follows we prove Theorem [7] which shows that the KLM condi-
tions can be recaptured by an averaging procedure from the conditions in
Theorem [G

Proof of Theorem[7. Let us first observe that we can write

A (KLM)

M = (2mm) e 3 Mg a(A (A + ), T (i — A)

where ®(z) = 1 for all z € R?". Now we have

Wo,(z) = <#)n ozl

and therefore

W, (2)dv = <7r1n)n/RQ el ey =1= ®(z) VzeR™

RZW,
Hence follows by exchanging the integral with respect to v in with
the integral in the definition of the STFT in . Fubini’s theorem can be
applied because the function

a(z)Wey(z = C)
belongs to L!(R?" x R?") with respect to z,v, for every fixed ( € R?". O

Corollary 24. Suppose a € L*(R™) N L?(R"). With the notation in The-
orem @ suppose that G(¢o, ) is a Gabor frame for L*(R™). If the matriz
(MfL)A,MGA,I/\\,IHISN s positive semidefinite for every N, then so is the ma-

. KLM
triz (My ;")\ ueh Al ul<N-

Proof. Observing that G(¢,,A) is also a Gabor frame for every v € R?",
it follows from the assumptions and Theorem [6] that the matrices

(Mfz)/\,ueA,IM,IMISN are positive semidefinite for all v € R?". The result
therefore follows from . O

Corollary 25. Supposea € L*(R™) N L%(R™) and Aq7 = Op (a) > 0. Then,
with the notation in Theorem@ for every finite subset S C RQ” the matrix

(M)(\IZLM)),\,MEg is positive semidefinite (that is, the KLM conditions hold).
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Proof. Since G(¢g, A) is a frame for L?(R") for every sufficiently dense lattice
A, as a consequence of Corollary 24| the matrix (M,(\,[;LM))A,MGA,IAI,IMISN is
positive semidefinite for all such lattices A and every integer INV. By restrict-
ing the matrix to subspaces we see that the submatrices (M )(f;LM)) A UES
are positive semidefinite for every finite subset S C A. Since a € L!(R™) the
symplectic Fourier transform a , is continuous and therefore the same holds

for every finite subset S C R?". O

5.3. Almost positivity

We now address the following question: suppose that G(¢, A) is a Gabor
frame for L?(R") and assume that the matrix (My )z pea, ), u<ny i (L5),
is positive semidefinite for a fized N. What can we say about the posi-
tivity of the operator A,? Under suitable decay condition on the symbol a
it turns out that A\n is “almost positive” in the following sense.

Let G(¢, A) be a Gabor frame in L?(R"), with ¢ € S(R").

Theorem 26. Let a € My>' (R2) be real valued and s> 0; we use the
notation vs(C) = (¢)* for ¢ € R*". Suppose that the matriz

(M )\ ueA AL Il <N

mn is positive semidefinite for some integer N. Then there exists a
constant C > 0 independent of N such that

(Apl)re > —CN~*||9][3
for all ¢ € L*(R™).

Proof. Let 1 € L*(R"), and write its Gabor frame expansion as

Y= ZAeA,ng exT(\)e + Z/\EA,|)\\>N T (A)¢;
denoting the sums in the right-hand side by, respectively, 1’ and 9" we get
(Agtle)ze = (A [0) 12 + (At [9") 22 + (At |9 22 + (Agd)" 9" 1.
We have, by and the positivity assumption

(At )2 =

exe,My , >0
AEA Al <N AR =
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hence it is sufficient to show that

(61) (A |9 22| < CN71l 3

and similar inequalities for the other terms. Now

(62) (A9 22| = || A" 2] < 10l | A"

Observe that the function ¥” has a Gabor expansion with coefficients ¢y = 0
for |[A\| < N. By the frame property and the same computation as in the proof

of we have

A"z = ([ (Any" | T (1) d) L2 le2
= 2aeansnMapcalle-

Observe that can be rewritten in terms of the short-time Fourier trans-
form (STFT) on R*" as

(63) axy = Vi,pa(z(A + p), J (1= N)).
Now, from and we have
Ml = Viw,ea(5(A + p), T (1 = N)I-
In view of the assumption a € Mﬁol we have, by [12, Theorem 12.2.1], that

S sup (14 [2] + [v])* Vi, pa(z v)] < o0
veN’ zER2"

for every lattice A’ C R?". Now we apply this formula with A’ = J(A); using
1
LA+ |ul = 14 SA+ p] + [ (1 = )]
we obtain, for |\| > N
1 S
NI < € (14 Gk 41700 = V1) Wirsalhh+ 0, TG = )

< H(p—A)

for some H € ¢*(A). By Schur’s test we can continue the above estimate as

12 seapsnMaperllee < CN"Fllexlle,
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which combined with gives , because

llealle =< 119722 < Cllp| 2

and |[¢/][L2 < C"[[]| L. O
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