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Calabi-Yau manifolds realizing
CHARLES F'. DORAN AND ANDREAS MALMENDIER

We define an iterative construction that produces a family of el-
liptically fibered Calabi-Yau n-folds with section from a family of
elliptic Calabi-Yau varieties of one dimension lower. Parallel to the
geometric construction, we iteratively obtain for each family with
a point of maximal unipotent monodromy, normalized to be at
t = 0, its Picard-Fuchs operator and a closed-form expression for
the period holomorphic at ¢ = 0, through a generalization of the
classical Euler transform for hypergeometric functions. In partic-
ular, our construction yields one-parameter families of elliptically
fibered Calabi-Yau manifolds with section whose Picard-Fuchs op-
erators realize all symplectically rigid Calabi-Yau differential op-
erators with three regular singular points classified by Bogner and
Reiter, but also non-rigid operators with four singular points.
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1. Introduction

The study of Calabi-Yau manifolds, i.e., compact Kéahler manifolds with
trivial canonical bundle, has been an active field in algebraic geometry and
mathematical physics ever since their christening by Candelas et al. [15] in
1985. For every positive integer n, the vanishing set of a non-singular ho-
mogeneous polynomial of degree n + 2 in the complex projective space P!
is a compact Calabi-Yau manifold of n complex dimensions, or Calabi-Yau
n-fold for short. The construction yields for n = 1 an elliptic curve, while
for n = 2 one obtains a K3 surface. In two complex dimensions K3 surfaces
are the only simply connected Calabi-Yau manifolds. The classification of
Calabi-Yau threefolds remains an open problem. Results of tremendous on-
going activity in physics that included systematic computer searches have
given us a better idea of the landscape of Calabi-Yau threefolds [50, [75]. For
example, the work has impressively demonstrated the near omnipresence of
elliptic fibrations on Calabi-Yau threefolds. Unfortunately, it has also been
revealed that it is generally quite difficult to construct examples of families
of Calabi-Yau threefolds with small Hodge number h?! by specialization of
multi-parameter families.

The mathematical study of mirror symmetry essentially began with the
example of the quintic and mirror quintic family of Candelas, de la Ossa,
Green and Parkes [14]. The quintic family is a generic quintic hypersurface
X C P, e.g., the Fermat quintic

X0+ + X3 =0,
which is a Calabi-Yau threefold with Hodge numbers h''! =1 and h?*! =
101. The mirror family has a flipped Hodge diamond h%! = 1 and A! = 101

and can be constructed via the Greene-Plesser orbifolding construction from
the Dwork pencil

X0+ + X] +5X XX --- X4 = 0.
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The mirror quintic family is a one-dimensional family of Calabi-Yau three-
folds defined over the base P!\ {0, 1, 00} and has exactly three singular fibers:
the large complex structure limit, the Gepner point, and the stacky point
(the first two describe the discriminant locus of “bad” N = (2,2)-SCFT).
There are some further properties coming from the “special geometry” of
the moduli space. The family has played a crucial role in the spectacular
computations which suggested that mirror symmetry could be used to solve
long-standing problems in enumerative geometry. These remarkable observa-
tions led to an enormous mathematical activity which both tried to explain
the observed phenomena and to establish similar mirror recipes and results
for other families of Calabi-Yau threefolds. For example, Batyrev described
in [4] a way to construct the mirror of Calabi-Yau hypersurfaces in toric
varieties via dual reflexive polytopes, and a proof of the so-called mirror
theorem was given by Givental in [38] and Lian, Liu, and Yau in [52]. How-
ever, most of the standard recipes fail to consistently produce families with
the desired properties. The goal of this paper is to present a construction
which rectifies that.

The quintic-mirror family gives rise to a variation of Hodge structure
and an associated Picard-Fuchs differential equation. In turn, the solutions
to the differential equation, called periods, determine this variation of Hodge
structure. Doran and Morgan [34] classified certain one-parameter varia-
tions of Hodge structure which arise from families of Calabi-Yau threefolds
with one-dimensional rational deformation space, i.e., families of Calabi-
Yau threefolds resembling the quintic-mirror family. It is worth pointing out
that their result was achieved not by constructing families of Calabi-Yau
threefolds, but by classifying all integral weight-three variations of Hodge
structure which can underlie a family of Calabi-Yau threefolds over a thrice-
punctured sphere P!\ {0, 1,00} — subject to certain conditions on the mon-
odromy coming from mirror symmetry. Calabi-Yau threefolds with large
complex structure limit and h*' = 1 have since emerged in a pivotal role
for both mathematics and physics, where classical geometric, toric, and an-
alytical methods are used in their investigation. The Picard-Fuchs equations
for other families of Calabi-Yau threefolds were constructed by Batyrev, van
Straten and others in [0, [7] which lead to a general definition of a Calabi-Yau
differential operator by Almkvist, van Enckevort, van Straten and Zudilin,
rooted purely in the theory of differential operators; see [2, [77]. A large num-
ber of these are known today (currently over 500!) but they are mostly found
via computer searches. The reason for the name is that they are conjectured
to come from families of Calabi-Yau threefolds having a large complex struc-
ture limit and %! = 1.
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This paper addresses part of the conjecture. We devise an iterative geo-
metric construction that finds explicit families of elliptically fibered Calabi-
Yau manifolds whose Picard-Fuchs operators realize a big class of Calabi-Yau
differential operators, including the so-called symplectically rigid operators,
but also non-rigid operators.

2. Summary of results

The main result of this article is an iterative twist construction that produces
projective families 7 : X — B = P!\{0,1, 00} of elliptically fibered Calabi-
Yau n-folds X; = n~1(¢) with t € B = P1\{0,1, 0o} with section from fami-
lies of elliptic Calabi-Yau varieties with the same properties in one dimension
lower, for n = 1,2, 3,4. In this paper we will always restrict ourselves to el-
liptic fibrations with sections, so-called Jacobian elliptic fibrations. These
families are then presented as Weierstrass models which are ubiquitous in
the description of families of elliptic curves and K3 surfaces. In fact, Gross
proved [46] that there are only a finite number of distinct topological types
of elliptically fibered Calabi-Yau threefolds up to birational equivalence. For
an elliptically fibered Calabi-Yau threefold, the existence of a global sec-
tion makes it then possible to find an explicit presentation as a Weierstrass
model [62]. For example, our iterative procedure constructs from extremal
families of elliptic curveﬁﬂ with rational total space, families of Jacobian el-
liptic K3 surfaces of Picard rank 18 or 19, and in turn from these elliptically
fibered Calabi-Yau threefolds with h>! = 1, and can be continued further
on. Moreover, all families are iteratively constructed from a single geometric
object, the mirror family of Fermat quadrics in P'\{1, 00} given by

(2.1) X2+ X?+2tX0 X, =0.

The broad range of families of Jacobian elliptic Calabi-Yau manifolds ob-
tained by our iterative construction includes the following noteworthy fam-
ilies with generic fibers of dimension n:

[n = 1] the universal families of elliptic curves over the modular curves for
To(k) with k = 1,2,3,4,5,6,8,9,

L An elliptic fibration 7 : X — P! is called extremal if and only if for the group of
sections we have rank MW () = 0 and the associated elliptic surface has maximal
Picard number.



[n

[n
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= 2| families of Mj-lattice polarized K3 surfaces over the modular curves for
To(k)™ with k = 1,2,3,4,5,6,8,9, and families of M-lattice polarized
K3 surfaces (and closely related lattices of Picard rank 18),

= 3] families of Calabi-Yau threefolds with h?! =1 realizing all 14 one-
parameter variations of Hodge structure classified by Doran and Mor-
gan in [34],

= 4] families of Calabi-Yau fourfolds over a one-dimensional rational defor-
mation space realizing all 14 hypergeometric one-parameter variations
of Hodge structure of weight four and type (1,1,1,1,1),

€ N] mirror families of Dwork pencils in P*+1.

Katz discovered that linearly rigid monodromy tuples are obtained as
tensor products and convolutions of rank-one local systems [51]; Doran and
Morgan [34] classified all possible fourteen linearly rigid monodromy-tuples
that could come from a B-side variation of Hodge structures. As it turns
out, every single one of them admits geometric realization as hypersurfaces
or complete intersections in a Gorenstein toric Fano variety or as Calabi-
Yau threefolds fibered by high rank K3’s by Clingher et al. [21]. Within
the class of irreducible Fuchsian differential operators of Calabi-Yau type,
the symplectically rigid differential operators with three regular singular-
ities constitute an important subclass and were classified by Bogner and
Reiter [12]. In addition to the 14 linearly rigid examples in [34], this class
includes all operators whose associated monodromy representation is sym-
plectically rigid. Following the results of Deligne [25] and Katz [51], there is
a necessary and sufficient arithmetic criterion for the generalized rigidity of
a monodromy tuple within any irreducible reductive algebraic subgroup of
GL(n, C): choosing the subgroup to be GL(n, C) returns the aforementioned
notion of linear rigidity, whereas choosing Sp(n, C) C GL(n,C) provides us
with the more general notion of symplectic rigidity. We know that the el-
ements of monodromy tuples induced by a rank-four Calabi-Yau operator
must lie in Sp(4, C). Bogner and Reiter showed that all of the symplectically
rigid monodromy tuples of quasi-unipotent elements admit a decomposition
into a sequence of middle convolutions and tensor products of Kummer
sheaves of rank one [12]. In particular, they are constructible using only tu-
ples of rank-one. Among them, 60 tuples are associated with symplectically
rigid Calabi-Yau operators having a maximal unipotent element; they are
available in the database of Almkvist et al. [2], or AESZ database for short.

These results suggest that there should be a geometric explanation for
the Bogner and Reiter result, and therefore some kind of “iterated fibration”



1276 C. F. Doran and A. Malmendier

construction, starting with the rank-one Picard-Fuchs operator of the fam-
ily (2.1)), realizing all symplectically rigid Calabi-Yau operators. The main
result of this article is the following;:

Theorem 2.1. All symplectically rigid Calabi- Yau operators having a max-
imal unipotent element are the Picard-Fuchs operators of families of Jaco-
bian elliptic Calabi- Yau varieties 7 : X — P'\{0,1,00}. The families are ob-
tained by the iterative twist construction applied to the quadric pencil .
In particular, for each symplectically rigid differential operator Ly the iter-
ative twist construction produces (1) a family of transcendental cycles X(t),
obtained iteratively from a lower dimensional cycle using a warped product,
(2) a holomorphic top-form n; on each fiber Xy = w—1(t), represented as a
closed differential form, such that the period

wlt) = | X

1s holomorphic on the unit disk about the maximal unipotent monodromy
point t = 0, and solves the Picard-Fuchs equation Liw(t) = 0.

We point out that the restriction to symplectically rigid differential op-
erators in Theorem was chosen to simplify this exposition. For example,
our iterative construction also provides a geometric realization of all rank-
four, non-rigid Calabi-Yau operators with four regular singular points that
were found in [I3].

The outline of this paper is as follows: in Section [3] we recall crucial
definitions and properties related to hypergeometric differential operators
and Calabi-Yau operators, their behavior under the exterior square oper-
ation and the Hadamard product, as well as the notion of rigidity. The
details of the proof of our main theorem are quite involved, but the basic
idea is simple and already present in a series of examples that we present
in Section ] In Section [f] we describe the construction of twisted fami-
lies with generalized functional invariant in full generality, including several
modified variants needed later, and the computation of period integrals. In
Section [6] we demonstrate that families of Calabi-Yau manifolds obtained by
our iterative construction include universal families of elliptic curves over
the modular curves for I'g(k), families of Mj-lattice polarized K3 surfaces
over the modular curves for I'y(k)™, and other prominent families of lattice
polarized K3 surfaces. In Section [7] we show that a sequence of generalized
functional invariants captures all key features of the mirror families of the
deformed Fermat pencils, including the existence of (new) elliptic fibrations
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and relations among their holomorphic periods. In Section [8 we apply lin-
ear and quadratic transformations to the rational parameter spaces of the
twisted families of elliptic curves and K3 surfaces already obtained in pre-
vious sections. As we use our twist construction iteratively, applying base
transformations between twists turns out to be a crucial step in order to
construct a complete set of families realizing all symplectically rigid mon-
odromy tuples. The proof of Theorem will be completed in Section [9]
In Section we show that 30 non-rigid Calabi-Yau operators with four
singular points are readily obtained by our twist construction as well.
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3. Hypergeometric and Calabi-Yau type operators
3.1. Hypergeometric functions

The higher hypergeometric functions ,, F;,—1 were introduced by Thomae [76]
as series

ai, ; On o S (al)k"'(@n)k ﬁ
(3:1) nFnl( By Bn1 t) B Z (B)k - (Bn—1)k kV

k=0

where (a)r = I'(a + k)/I'(«) is the Pochhammer symbol. When n = 2 this
is the classical Gauss hypergeometric function. We always assume that we
have rational parameters aq,...,ay, € (0,1)NQ and By, ..., Bh—1 € (0,1] N
Q such that o; # 3;. The rank-n and degree—oneﬁ differential equation sat-
isfied by ,,F;,—1 is given by

(3.2) [9(a+51—1)...(0+5n_1—1)—t(0+a1).--(e+an) W(t) =0,

2 degree refers to the highest power in ¢
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where 6 = t% and there are three regular singular points ¢ = 0,1, 00. The
differential operator has the Riemann symbol

0 1 00
1—-p 0 a
1-— BQ 1 a9
(3.3) P . ) . t
1 —Bn n—2 On—1
0 ST B Y o

From now on we shall denote the hypergeometric equation (3.2)) by

(3.4) 2 (@1, an)i (B ) ) () = 0.

In general, given a rank-n differential operator L; with coefficients in
C(t) and singular locus S with finite cardinality |S| = r 4+ 1, normalized to
include t = 0 as a singular point, there is an induced rank-n local system IL
of solutions on P!\ S. If all singularities of L, are regular, we call the operator
a Fuchsian differential operator. We fix a base point tg € P!\ S to obtain the
monodromy representation of the fundamental group given by

71 (P1\S, ty) — H c GL(Ly,) = GL(n, C).

An operator is irreducible if the image of its monodromy representation is an
irreducible subgroup. If we also fix an orientation and a set of based simple
loops, i.e.,

{75 D (SY %) — (Pl\S, to)}ses’

each circling a single point in the singular locus exactly once and an ordering
of S, we obtain monodromy matrices g1, ..., gr4+1 for the simple loops s
around the corresponding points together with the relation ¢;---g,41 = 1.
The latter follows because the product of all paths is a path encircling all
of S, whence homotopic to the trivial path. The collection of monodromy
matrices T = (g1, - . ., gr+1) is called a monodromy tuple of rank n. Clearly, H
is determined by the tuple of matrices T = (g1, ..., gr+1) with g; € GL(n,C)
whose product is the identity, up to global conjugation, i.e., mapping g; —
h-g;-h~! for a single h € GL(n,C). We call a monodromy representation
linearly rigid if the elements of the monodromy tuple are quasi-unipotent,
generate an irreducible subgroup, and are completely determined by their
individual conjugacy classes, i.e., Jordan forms.
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For the generalized hypergeometric function this is the case if o; — 8; &
Z for all i, j; see [9]. Therefore, we have the following:

Theorem 3.1 ([9]). The operator Lgn)((al, can);(1,..0,1)) with o; €
(0,1)NQ and B; =1 in Equation is a rank-n Fuchsian differential
operator with the three reqular singular pointst = 0,1, 0o such thatt =0 is a
point of maximally unipotent monodromy and the monodromy representation
1s linearly rigid.

For rank n = 1, we have

«

(3.5) Folalt) = (1—6)7°

and the differential operator Lgl)(l /2;) gives rise to a monodromy tuple of
rank one, with monodromies 1, —1, and —1 around the points ¢ = 0, 1, co.

The monodromy representation for the differential operator and
the corresponding differential Galois group — which carries all information
about algebraic relations between the solutions — were classified by Beukers
and Heckman [9].

3.2. Convolution formulas

The Hadamard product of two power series f(t) =3, 5 fnt" and g(t) =
Y onso9nt" is defined by (fxg)(t) := > >0 fngnt™. Using the Hadamard
product, the following cancellation in the coefficients of convergent hyper-
geometric series is easily observed:

oy, ... PO,
nFn—1< ! " t>*mFm—1<p1 P m—t t)
pla"'uplalglw"uﬁn—l—l Y1y Ym—1
/ /
ALy eey O, O, 00
3.6 = mtn—1Fm+ l1< " ‘t)
( ) e e 617"-’Bn—l—17’7/17'-‘77m—171

with o, af, # B, ;.. The Hadamard product is used in explicit formulas for
certain integral convolutions. We have the following:

Lemma 3.2. For a function w(t) which is holomorphic on the disc of radius
1 about t = 0 and has the absolutely convergent series w(t) =3 [tk for
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|t| <1 and o € (0,1) N Q, we have the following convolution formulas:

1 dv n \¥)p n
(3.7) /0 P ey F T w(tv) = wese (Ta) 7;) fn(!)t

=mese (ma) 1 Fo(alt) xw(t),

and

(3.8) / m w(tv) _szzn 2 tzn—wlFo(;'t2>*w(t).

n>0

Proof. The first identity easily follows from
1
/ ta_l(l o t)b_l _ F(G)F(b)
0

where Re(a), Re(b) > 0, the formula (14 z)=* =2 >0 NG l+ﬁ21)( 2)!, and
the reflection formula I'(«)T'(1 — «) = wese (ma). For the second equation

we observe that

dw

1 dv 1
/_lmw(tv):/o 2\/17_( (tVw) + w(—tv/w)) .

g

The integral convolution in Equation and is also called Euler
transform. That is, the Euler transform is an integral transform with pa-
rameter that relates (the holomorphic solution of) a Fuchsian differential
equation of rank n with three regular singularities to a Fuchsian differen-
tial equation of rank (n + 1) with three regular singularities. We have the
following:

Corollary 3.3. In the situation above, we have

(310)n+1p( ...an+1‘) Folon]t) +n nl(az"'anﬂ‘t)
! ! 1...1
(311) lF( 1‘t .*1F0(04n+1’t)
- ! dz;
3.12 i L e
( ) EWCSC(WOCZ')/O Zg_ai(l_Zi)ai ( 21 Zn, 1)

g
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The Hadamard product in Equation (3.10)) of the hypergeometric func-
tion 5, Fj,_1 with 1 Fp turns the holomorphic solution of

L (g, angn)i (1, 1) w(t) = 0

into the holomorphic solution of LE”H)((al, ceyany1); (1,000, 1) w(t) = 0.
There is a corresponding notion of the Hadamard product (cf. [12, Def. 4.11])
for the differential operators involved: the Hadamard product of the differ-
ential operator Lgl)(al;) with the operator Lgn)((ag, ceoyapg1); (1,..0,1)
yields the differential operator LE"H)((al, cey@ny1); (1,000, 1)), In [12], this
was denoted by He, (Lgn)) = Lgnﬂ , and a corresponding operation, known
as middle Hadamard product, was introduced for the monodromy tuple in-
duced by a differential operator such that the monodromy tuple induced
by L§n+1) becomes a sub-factor in the middle Hadamard product of the
monodromy tuple induced by Lgn). We make the following:

Definition 3.4. Differential operators are said to be of geometric origin
if they are Picard-Fuchs operators annihilating the periods of a family of
complex algebraic varieties. A monodromy tuple is of geometric origin, if it
is induced by a differential operator of geometric origin.

Equation ({3.11]) decomposes the local system of

LMY ((aa, . ans)i (1,2, 1))

into the convolution of n + 1 local systems of rank one, each with a holo-
morphic solution of the type in Equation with a = «;. This is a special
case of a general classification result by Katz [51] that applies to every
linearly rigid local system; see also [I2]. In fact, Katz proved that every
linearly rigid local system is obtained as tensor products and convolutions
of rank-one local systems associated with the holomorphic solution .
More general, it is known that these operations on the level Fuchsian local
systems and monodromy tuples preserve the geometric origin of an opera-
tor; see [26]. However, as we will prove in this article, such a decomposition
into rank-one local systems is not necessarily meaningful in terms of geome-
try. For example, the classical rank-two local system for L§2)((u, 1—pu); (1))
with p € {%, %, %} is decomposed using Katz’ procedure into two rank-one
systems using the Hadamard product

717
(3.13) m(” , M‘t):1F0(u|t)*1F0(1—,u|t).
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However, this decomposition is not the one to be used if one wants to relate
a period of a zero-dimensional family of Calabi-Yau manifolds to a period of
a family of elliptic curves. Instead one has to use the decomposition formula

(3.14) 2F1<M’11_M‘t> :2F1<“’ 1;_“|t> *1F0<;’t> .

Equation (3.14]) then allows to build directly families of elliptic curves whose

Picard-Fuchs operator is LEQ)((,u, 1— p); (1)) for every pu € {3, 1, %} from a

single geometric object, the family in Equation (6.1)) with Picard-Fuchs op-
(

erator Ltl)(l /2;), using a generalized functional invariant which determines
u; see Lemma 6.1

3.3. Rigid Calabi-Yau operators

Doran and Morgan classified in [34] all integral weight-three variations of
Hodge structure which can underlie a family of Calabi-Yau threefolds over
the thrice-punctured sphere P!\{0, 1,00} — subject to conditions on mon-
odromy coming from mirror symmetry — through the irreducible mon-
odromy representation generated by the local monodromies around the punc-
tures of the base space. The monodromy representations turned out to
be identical with the linearly rigid monodromy groups associated with the
univariate generalized hypergeometric operators Lt4 ((a1y...,04);(1,...,1))
with certain rational coeflicients aq, ..., a4.

Each case was realized as a family of, possibly singular, Calabi-Yau three-
folds constructed as hypersurfaces or complete intersections in a Gorenstein
toric Fano variety and Calabi-Yau threefolds fibered by high rank K3’s by
Clingher et al. [21I] — where a non-generic geometric transition was needed
in one of the cases. The construction of the 14 cases lead to the following
definition of a Calabi-Yau type differential operator (or Calabi- Yau operator
for short) by Almkvist, van Enckevort, van Straten and Zudilin:

Definition 3.5. A rank-n Calabi-Yau operator is an irreducible Fuchsian
differential operator Lﬁn) of rank n with coefficients in C(¢) and singular
locus S (with only regular singular points), normalized to include ¢ = 0,
such that (1) the monodromy at ¢ = 0 is maximally unipotent, (2) Lg”) is
self-adjoint, i.e., there is a function h(t) # 0 algebraic over Q(t) such that
Lgn)h(t) = (—1)”h(7§)LIE")Jr where L,En)T denotes the adjoint of Lgn), and (3)
Lgn) w(t) = 0 has an N-integral holomorphic solution w(t) = 3", fxt® at
t =0, i.e., there exists N € N such that fi,N* € N for all k. -
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Remark 3.6. Condition (1) is equivalent to all exponents of the Riemann
symbol for Lgn) at t = 0 being zero. For a general linear, rank-n, Fuchsian
differential operator in the variable ¢, given by

n—1
M=oY ait) 9
=0

with 0 = and suitable rational coefficient functions a;(¢) for 1 <i <n —1,
the formal adJomt operator is

=" + Z n+z az )

The condition of being self-adjoint implies, as a necessary condition, that
the function h(t) satisfies the differential equation

B (t) = —% a1 (1) (D).

Condition (2) implies that for n even the differential Galois group of LE") is
contained in Sp(n,C). Condition (3) implies that the monodromy matrices
at each singular points are quasi-unipotent.

For a monodromy r-tuple T'= (g1,...,¢9,) with g; € G where G is a
reductive complex algebraic group, we define the rigidity index of T in G as

(3.15) ia(T) = codim Cg(g;) — 2 dim G + 2 dim Zg,
=1

where Cg(g;) denotes the centralizer of g; in G, and Zg denotes the center
of G. Deligne and Katz gave the following criterion:

Proposition 3.7 ([51]). For G = GL(n,C) the monodromy r-tuple T =
(91,---,9r) is linearly rigid if and only if ic(T) = 0.

Therefore, one can extend the notion of rigidity from GL(n,C) to any
reductive complex algebraic group G by considering the monodromy tuples
with ig(T) = 0. In particular, since elements of monodromy tuples induced
by a fourth order Calabi-Yau differential operator lie in Sp(4,C), we inves-
tigate those Calabi-Yau operators inducing an Sp(4,C)-rigid monodromy
representation, or symplectically rigid for short.



1284 C. F. Doran and A. Malmendier

Bogner and Reiter [12] proved that all Sp(4,C)-rigid monodromy tu-
ples consisting of quasi-unipotent elements can be constructed using ten-
sor products, rational pullbacks and the middle convolution [12, Thm. 3.1]
of rank-one local systems associated with the holomorphic solution of the
type in Equation . Simpson had already classified in [71] all irreducible,
Sp(4, C)-rigid monodromy tuples with quasi-unipotent elements and one
maximally unipotent matrix. It turns out [71, Thm. 4] that these tuples
necessarily have three matrices, analogous to Picard-Fuchs operators of fami-
lies of Calabi-Yau threefolds over the thrice-punctured sphere P*\{0, 1oo} —
subject to conditions on monodromy coming from mirror symmetry. More-
over, Simpson divided up these tuples into four families, called the hyper-
geometric, odd, even, and extra family. Bogner and Reiter found that these
tuples are realized as monodromy tuples of Fuchsian differential operators.
We have the following:

Corollary 3.8 ([12]). There are 60 rank-four Calabi-Yau operators with
three singularities whose associated symplectically rigid monodromy repre-
sentations are generated by tuples T = (go, g1, goo) With quasi-unipotent el-
ements, having one mazimally unipotent matriz, and satisfy iq(T) =0 for

G = Sp(4,C).

Remark 3.9. The 60 symplectically rigid Calabi-Yau operators with
three singularities are found in the AESZ database [2]. Among them, 14
Calabi-Yau operators are univariate generalized hypergeometric operators
LE4> ((al, cooyag); (L0 1)) with certain rational coefficients o, ..., a4 de-
termined by Doran and Morgan [34].

Remark 3.10. As we demonstrate in Section our geometric twist con-
struction can also produce families of Calabi-Yau threefolds whose Picard-
Fuchs operators realize all monodromy tuples of low degree with four quasi-
unipotent elements and one maximally unipotent matrix. On the other hand,
there are families of Calabi-Yau threefolds whose Picard-Fuchs operators
have no point of maximally unipotent monodromy and do not underlie vari-
ations of Hodge structure of type (1,1,1,1) [37].

The decomposition of the Sp(4, C)-rigid monodromy tuples by Bogner
and Reiter suffers from the same problem the decomposition of linearly
rigid systems by Katz does — we demonstrated that with Equation (3.13))
versus Equation (3.14)): whereas it does imply that the symplectically rigid
operators are of geometric origin, the decomposition is not constructive in
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the sense that it produces families of Calabi-Yau manifolds whose Picard-
Fuchs operators realize them. In contrast, our iterative twist construction
in Section [5] will build from a single geometric object, a family that we
will present in Equation , the families of Calabi-Yau varieties using
a generalized functional invariant such that their Picard-Fuchs operators
realize all 60 cases in Corollary [3.8]

3.3.1. The Yifan-Yang pullback. As explained above, among the 60
rank-four Calabi-Yau operators with three singularities and symplectically
rigid monodromy, 14 Calabi-Yau operators belong to the univariate gener-
alized hypergeometric operators. Another 14 rank-four Calabi-Yau opera-
tors are uniquely determined by the fact that they are of degree two in t
and their exterior squares are the univariate rank-five hypergeometric op-

erators L§5) ((ozl, a9,1/2 a3, 04); (1, ..., 1)) for certain rational coefficients
A1y...,04.

For a linear differential operator L§") with linearly independent solutions
y1(t), ..., yn(t), the exterior square is the linear differential operator of
minimal rank with solutions y;(t)y;(t) — yi(t)y;(¢) for all 1 <i < j <n. The

exterior square of a general differential operator L§4) is a rank-six differential

operator of the form 95 + ﬁm Z?:o bi(t) &' where M(t) is the right side of
Equation . If M(t) =0 for all ¢, then we say that the exterior square
of Lt4 is a rank-five operator.

For a general rank-four differential operator L§4) =0+ Z?:o ai(t) ' we
have the following:

Lemma 3.11. The following statements are equivalent:

1) The operator L§4) is self-adjoint.

)

2) The exterior square of L§4 1 a rank-five operator.

)

3) The monodromy group of the operator L§4 is a discrete subgroup of

Sp(4,R).
4) The following condition for the coefficients of L£4) holds
das(t) d%a3(t)
4
dt + dt?

— Lay(t) as(t) + 6 as(t) d“;ft)

(3.16) 0=28ay(t)—8

+ ag(t)?’.

Proof. The equivalence of (1), (2), (4) follows by an explicit computation.
The equivalence with condition (3) was proved in [12]. O
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Similarly, for a general rank-five differential operator

4
LY =+ bi(t) &
=0

we have the following:

Lemma 3.12. The following statements are equivalent:

1) The operator LS) 1s self-adjoint.

2) The operator LES) is the exterior square of a rank-four self-adjoint

operator.

3) The monodromy group of the operator L§5) 1 a discrete subgroup of

Sp(4,R).

4) The following two conditions for the coefficients of LEE’) hold:

(3.17)

(3.18)

and

bo(t)

batt) = 2 0 2 )
2
SOy DD Ly

5 dt* 4 d’ 5 0 T3 10 2 " ar
8 o Adby(t) 1 d?by(t)  1dby(t)
+ (2564(” 5w " 10kW) e T

2
+< 3 (02 3db4(t)> ds(t) 12, <db§t(t)>

T25 10 dt at 25
+ (=55 O8O + gz n(0*) P = e vty

1 16
—bi(t —_— 5,
+ 5 1(t) ba(t) + 3195 ba(t)

Proof. The equivalence of (1), (2), (4) follows by an explicit computation.
Yang and Zudilin [81] proved that LES) has a projective monodromy group
that is a discrete subgroup of Sp(4,R) if and only if L§5) satisfies condi-
tions and . In fact, we have the following identification with the
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polynomials p1, p2, and p3 used in [81, Theorem 4]:

p1(t) 1 1
— —by(t) — =
' 1o~ %
pe(t) 1 o ldba(t) T
2 5b3(t> 5 dt 100b4(t) ’
ps(t) 1 2 3 dbs(t) =1 dby(t)
- T 250’)3@) ba(t) 1054(75) 7 + 5053(75) 7
(3.19) 17 (dbi(t)\? | 2d%b(t) 2, (t)2db4(t)
50 \ dt 5 dt3 125 1 dt
14 d?by(t) 9 4 2 9
o5t =g+ Tagp(t) — g5hs(®)
1 9 d?bs(t)

We make the following:

Remark 3.13. The D-module associated with the differential operator L,§4)
underlies a variation of Hodge Structure V of rank four and weight three,
corresponding to the standard representation of its Mumford-Tate group
Sp(4,R). Since the exterior square of L§4) decomposes into a product of rank-
five and rank-one operator, the exterior square of the D-module decomposes
into a five-dimensional irreducible and a one-dimensional irreducible repre-
sentation, and A%V decomposes accordingly. The five-dimensional sub-factor
has weight six but level four, so the Tate twist A?2V(1) has weight four and
type (1,1,1,1,1).

We obtain the following:

Corollary 3.14. For a self-adjoint rank-five operator
4 .
LY =0+ 3 bi(t) &,
i=0

a rank-four self-adjoint differential operator L§4) whose exterior square equals

L§5) s given by
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a5 (1) = §b4 OF

(= -T2 L,
ar () = —9b245(5)3 - 2h (25‘%{’4 SNENOLI0
S0+ S S,
(3.20) a0 (t) = _g 5;64 )+ g ;;bg 0 23 by (t)5§t2b4 (t)
Loy Loy ) - T ERO)
" (—1811’42;”2 o bs (t)) Dy ) — 120 l0)
 Bba(t)* b3 (1)

1 , 1
— by (D)2 = by (1).
200 +163() 41()

Proof. The proof follows from an explicit computation using Lemmas [3.11

and B.121 O

For a self-adjoint rank-five operator L§5) satisfying conditions and
, we denote the rank-four, self-adjoint, linear differential operator L§4)
in Corollary by L§4) = v2L§5). Following [I], the latter is also called the
Yifan-Yang pullback of L§5). The following is easy to check:

Lemma 3.15. The rank-five operator L£5) satisfies conditions and
if and only if for any algebraic function g(t) the operator

L§5)’<29(t)> — o29(1) L§5) e—29(t)

does. Moreover, the operator \/ng(t5)’<2g(t)> coincides with L§4)’<g(t)> =

e9(®) LE4> e 9

Proof. The proof follows by an explicit computation. O

We then have the following:
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Proposition 3.16. The hypergeometric operator

L (a1, 05); (1., 1))

withoy =1 —as, 00 =1— a4, a3 =3, anday = p,as = ¢, p,q € (0,1) NQ
z's(c; Z“(%T%c-ﬁve, self-adjoint differential operator whose Yifan-Yang pullback

4), (g(t
Ly

s given by

(3.21) 04—it(894—1—1693—2(])2—1-(12—p—q—9)92
20’ +¢*—p—q—5)0+2+p+q
—pq—pz—q2+p2q+pq2+p2q2)

Ll (20+2+p—q)

16
X(204+14+p+q)(20+2—-p+q)(20+3—-p—q),

with exp (—g(t)) = /2 (t — 1)3. In particular, exp (—g(t)) = /2 (t — 1)3 is

the unique non-trivial function (up to scaling) that minimizes the degree (in

) of L 60)

Proof. Using Lemma [3.12] and the proof follows from an explicit com-
putation. O

4. First examples from quadratic twists

The details of the proof of Theorem are quite involved, but the basic
idea is simple and present in the following series of examples for our iterative
construction: One starts with a family of pairs of points and produces, by a
quadratic twist, a family of elliptic curves whose total space is an extremal
rational surface. One continues by constructing a family of Jacobian elliptic
K3 surfaces of Picard rank 19, and in turn, a family of Calabi-Yau threefolds
with h?! =1 from the family of Jacobian elliptic K3 surfaces by two more
quadratic twists. If one allows for the Picard rank of the K3 surfaces in the
intermediate step to drop from 19 to 18, one can also construct a second,
closely related family of Calabi-Yau threefolds with h>! = 1. The Picard-
Fuchs operators for the two families of threefolds realize two simple rank-
four and degree-one symplectically rigid Calabi-Yau operators in the AESZ
database [2].

The construction of these examples was motivated by physics, in partic-
ular the embedding of gauge theory into F-theory [55H57]. An interpretation
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from the point of view of variations of Hodge structure might be provided
by methods in [24} 40l [41]. The idea of using a quadratic twist to construct
an isomorphism between different types of moduli problems also appeared
in the work of Besser and Livné in [§].

4.1. A sequence of quadratic twists

We start with a pencil of ‘dimension zero’ Calabi-Yau manifolds which con-
sists of the ramified family of pairs of points +yg given by

(4.1) ye=1—t

for ¢t € C. For this family, we define ¥((t) to be the point ¢, take the branch
cut branch cut along {¢|1 <t < oo}, and consider the holomorphic 0-form
1/y0 and the period

(4.2) w(t):/zo(t);o:;]:21Fo<;'t>22(1—t)_ ,

which is a solution of the hypergeometric differential equation Lgl) (1) w(t) =

0.

N =

To obtain from the family of points a pencil of elliptic curves, one
promotes the family parameter ¢ to an additional complex variable z and
carries out the quadratic twist y3 — —y?/[z(x — t)] in Equation . This
yields the classical Legendre pencil of elliptic curves given by

(4.3) yi=x(z—1)(x 1),

where t € P'\{0, 1,00} and 7 : X; — P! is the corresponding projection. The
polarized Hodge filtration on Hz = H'(Xy,Z) of the elliptic curve X; has
two steps, F¥ and F! defining a pure Hodge structure of weight one and
type (1,1) in

{Hz,Q,F' C F* = H,®C}.

Here, F° is the entire cohomology group, and F' is H%?(X}), the one-
dimensional space of holomorphic harmonic one-forms. The polarization @
is the natural non-degenerate, integer, bilinear form on Hy derived from the
cup product and varies holomorphically. The homology group of the elliptic
curve is free of rank two, and the periods of dx/y; satisfy a second-order
differential equation. In fact, Equation defines a double covering of P!
branched at the four points z = 0,1, ¢, co. We cut the Riemann sphere from
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0 to 1 and from ¢ to co. The two cuts are opened up into two ovals, and the
two y-sheets are glued with opposite orientations to obtain an elliptic curve.
The A-cycle X;(t) projects onto the closed cycle encircling the branching
points at x = 0 and x = t. Then, flattening out the cycle, we obtain

dx t dx
(4.4) w(t) = él(t) o 2/0 Va (e —1)(z—t)

1 dx
:2/0 Vel-(_ta)

that is, the Euler integral representation of (27)2F1 (5, 2;1|t) and satisfies
the differential equation LEQ)((%, )i (1)) w(t) = 0. Alternatively, we can take
a Pochhammer contour Cyg 1y around z = 0 and = 1 to obtain

,r

d 1 1
(45) r :WZ%% dl‘ xnig(l—x)ig
: Clo.y

Cro,1y \/.T} (1 - $> (1 - tﬁ?) n>0

11
= 47T22F1< 212 t) 5

where we used Equation (4.13]).
A fundamental observation is the following: the quadratic twist has

turned the zero-dimensional family into the family of elliptic curves
; the holomorphic period for the family of elliptic curves is the Hadamard
product of the function {Fy — which accounts for the quadratic twist —
and the holomorphic period of the zero-dimensional family. That is,
for |t| < 1 we obtain

t> |

d 1 1 11
(4.6) % x:27T1F0<‘t>*1F0<‘t>:27T2F1<2 2
it N1 2 2 1
where we used Equation (3.6)).

To obtain from the family of elliptic curves in Equation (4.3)) a family
of K3 surfaces, one again promotes the parameter ¢ to an additional com-

plex variable u and carries out the quadratic twist y? — y3/[u(u — t)] in
Equation (4.3]). This yields the twisted Legendre pencil given by

(4.7) ys =z (x—1)(z —u)u(u—t).

Equation (4.14)) defines the Néron model for a family of elliptically fibered
K3 surfaces X; of Picard rank 19 with section over P! > [u : 1]. Hoyt [48]
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and Endo [30] extended arguments of Shimura and Eichler [35] to show that
on the parabolic cohomology group Hz = 73 associated with 7 : X; — P!
there is a natural polarized Hodge filtration given by

{Hz,Q,F* C F' C H,®C}.

Here, H; ® C consists of cohomology classes spanned by suitable meromor-
phic differentials of the second kind, and () is a non degenerate Q-valued
bilinear form determined by period relations of the holomorphic two-form
du A dz/ys [49]. The period point lies on the cone @) = 0. In the situation
of Equation , it follows Q = 227 + 225 — 223, the local system R*m.Cy
of middle cohomology is irreducible, and the cohomology group Hyz carries
a pure Hodge structure of weight two and type (1,1, 1).

A basis of transcendental cycles is constructed from cycles in the el-
liptic fiber and carefully chosen curves in the base connecting the cusps
0,1,¢,00 [48]. As in Shimura [69], for continuously varying families of closed
one-cycles ¥q(u), ¥1(u), that form bases of the first homology of the fiber,
the expression

" dz
(4.8) / du ( ‘FW v )
t 21( o

u) Y2

defines a vector-valued holomorphic function that converges as v approaches
the cusps at u = 0,1, 0o. It was shown by Cox and Zucker [23] that the com-
ponents of are Q-linear combinations of periods of associated meromor-
phic two-forms on X that are of the second kind and holomorphic on singu-
lar fibers; they represent generalized cusp forms of weight three associated
with Equation . In particular, periods of the holomorphic two-form du A
dx /yy satisfy the third-order differential equation ng) ((3,3.3): (L) w(t) =
0. Since the singular fiber over u = 0 and u =t is of Kodaira-type I5 and
I§, respectively — the latter having monodromy —I independent of the cho-
sen homological invariant — there is a unique A-cycle that is transformed
into itself as a path encircles the cusps at w =0 or u =t. One obtains a
transcendental two-cycle ¥a(t) on X; by tracing out this A-cycle ¥;(u) in
the fiber over the line segment between the cusps at ©« = 0 and v =t in the
base. Then, one integrates the holomorphic two-form du A dz/ys over the
two-cycle ¥a(t) to obtain

(4.9)

dx t du 11 9 111
du/\:27r/ 2F1(2’2 u>—227r 3F2<2’2’2 t>,
ﬁg&m () 0o Vu(u—t) 1 1,1
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where we used Equation and Lemma

To obtain from the family of K3 surfaces a family of Calabi-Yau
threefolds, one promotes the parameter ¢ to an additional complex variable
v and carries out yet another quadratic twist y3 — y3/[v(v — t)] in Equa-

tion (4.7)). One obtains the family
(4.10) yi=z(x—1)(z—uw)u(u—v)v—t).

This family constitutes a pencil of elliptically fibered Calabi-Yau threefolds,
denoted by 7 : X; — P!. Each member X; of the family is fibered by K3 sur-
faces of Picard rank 19 over P! with affine coordinate u. As a consequence,
the local system R37,Cyx of middle cohomology is irreducible and the tran-
scendental cohomology group Hyz carries a pure Hodge structure of weight
three and type (1,1,1,1).

The natural Hodge structure on the parabolic cohomology group of X,
can be described in terms of periods of the holomorphic three-form dv A du A
dx/ys. A transcendental three-cycle ¥3(¢) on each threefold X; is obtained
as Lefschetz thimble by tracing out the two-cycle Yo (v) in the K3 fiber over
the line segment between the cusps v =0 and v = t. If one integrates the
holomorphic three-form dv A du A dz/ys over the cycle ¥3(t), one obtains
for the holomorphic period

t> |

where we have used Equation ({3.6]) and Lemma The period is annihilated
by the rank-four and degree-one Picard-Fuchs operator

1111 1\*
(4.12) LY ((2,2,2,2);(1,1,1)> — 0t —¢ <9+2) .

The Picard-Fuchs operator (4.12) is one of the 14 original Calabi-Yau op-
erators mentioned in the introduction and was labelled “(3)” in the AESZ
database [2]. We make the following:

dx 1111
(4.11) # dv/\du/\:_gﬂ34p3<272’2’2
T4 (t) Y3 1,1,1

Remark 4.1. For the construction of the cycles ¥, we employed two dif-
ferent strategies, namely the use of either Pochhammer cycles or Lefschetz
thimbles. For n = 1, we used a family of A-cycles equivalent to a Pochham-
mer contour. For n =2 and n = 3, we used a Lefschetz thimbles to form
transcendental cycles with a non-trivial (n — 1)-cycle in the elliptic or K3
fiber over a line segment between cusps. The reason can be traced back
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to the equivalent ways of defining Euler’s beta function. The beta function
is B(a, 5) = fol t*=1(t — 1)#~1dt for Re(z), Re(y) > 0. The beta function is
then analytically continued for all values of o and . This is achieved by
converting the Euler integral into an integral over a Pochhammer contour
Cyo,1) around ¢t =0 and t = 1 to obtain

(@13) (== B = - 1)
Clo,1y

In the context of our iterative construction (see Section [5)) it turns out that
contour integration is easier to describe in the general setting.

4.2. Closely related examples

To obtain from the family of elliptic curves in Equation a family of K3
surfaces of Picard rank 18 instead of Picard rank 19, one again promotes the
family parameter ¢ to an additional complex variable u, but carries out the
quadratic twist 32 ~— y2/[u? — t?] in Equation . One obtains a twisted
Legendre pencil given by

(4.14) ys =z (x—1) (z —u) (u® —t?).

The equation defines the Weierstrass model for a family of elliptically fibered
K3 surfaces X; of Picard rank 18 with section over P!, denoted by 7 : X; —
P'. We define a transcendental two-cycle 3, (t) by by tracing out the A-cycle
Y1 (u) in the fiber over the line segment between the cusps at u = —¢ and
u =t (avoiding u = 0 by using a small arc). Using Lemma we obtain for
the period integral

)

11
(4.15) # du/\—27r/ 2F1<2’2
£a(t) vu
11
= 2i7T21F0<2‘t2> *2F1< 2’12 t) .

The quadratic twist has turned Equation into and, similarly, the
holomorphic period for the family of K3 surfaces is the Hadamard product
of the function 1 Fy(#?) — which accounts for the modified quadratic twist —
and the holomorphic period . The Hadamard product can be evaluated
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explicitly and yields

e\ om (b b
Fyl =t Fi| 222|t)] =4F
10<2’ )*2 1< 1 > 413 111

The period (4.15)) annihilated by the rank-four and degree-two Picard-Fuchs
operator

2
030 —1)— G (20+3)*(1+26)%.

To obtain from the family of K3 surfaces in Equation (4.14)) a family of
Calabi-Yau threefolds, one promotes the family parameter ¢ to an additional
complex variable v and carries out a quadratic twist y3 — y3/[v? — #2]. One
obtains the family

(4.16) yg =z(zx—-1)(z—u) (u2 — v2) (v? — t2),

that constitutes a non-trivial pencil of elliptically fibered Calabi-Yau three-
folds, denoted by 7 : X; — P'. As before, the natural Hodge structure on
the parabolic cohomology group of X; can be described in terms of peri-
ods and period relations of the holomorphic three-form dv A du A dz/y3. We
construct a transcendental three-cycle 33(¢) on X, as Lefschetz thimble by
tracing out the cycle i]g(v) in the K3 fiber over the line segment between the
cusps v = —t and v = t (avoiding v = 0 by using a portion of a small circle).
If one integrates the holomorphic three-form dv A du A dx/ys over the cycle
3s (t), one obtains for the holomorphic period

dz 1133
(4.17) 5@% dv/\du/\:_gﬁ34F3<4’4’4’4
S (t) Y3 1

where we have applied the cancellation formula (3.6) to conclude

, 11338
| =aF( VAT )
43( 1,11

The period (4.17) is annihilated by the fourth-order and degree-two Picard-
Fuchs operator (rescaled by 2%)

(1133 _p_ B 2 2
(4.18) L ((4,4,4,4),(1,1,1) =6t - = (20417 (2043,
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The Picard-Fuchs operator (4.18) is another of the 14 original Calabi-Yau
operators mentioned in the introduction and was labelled “(10)” in the AESZ
database [2].

5. The twist construction

In this section we describe the construction of twisted families with gen-
eralized functional invariant in full generality, including several modified
variants needed later, and the computation of period integrals.

5.1. Elliptic fibrations

In this section we will recall facts about the geometry of elliptically fibered
varieties; we refer to the papers [16] 27, [62] for details. We also adopt the
definition of terminal, canonical, and log-terminal singularity of a projective
variety from aforementioned articles.

We define an elliptic fibration 7 : X — S to be a proper surjective mor-
phism with connected fibers between normal complex varieties X and S
whose general fibers are nonsingular elliptic curves. We assume that 7 is
smooth over an open subset S? whose complement is a divisor with only nor-
mal crossings. Then, the local system Hé := R'n,Zx |s0 forms a variation of
Hodge structure over S°. There is a canonical bundle formula for the elliptic
fibration: with the fundamental line bundle denoted by L := (le*(’) X)_l,
the canonical bundles wx = APT*X and wg := APT*S are related by

(5.1) wx %w*(ws(@ﬁ) ® Ox (D),

where D is a certain effective divisor on X that only depends on divisors of
S over which 7 has multiple fibers and divisors of X that give (—1)-curves in
the fibers of 7. The existence of a section for the elliptic fibration 7 : X — S
prevents the presence of multiple fibers. And the presence of (—1)-curves
in the fibers is avoided by imposing a minimality criterion. In the case of
an elliptic surface, we assume that the fibration is relatively minimal, i.e.,
that there are no (—1)-curves in the fibers of 7. In the case of an elliptic
threefold, we assume that no contraction of a surface in X is compatible
with the fibration. X is a Calabi-Yau manifold if hi(X,Ox) =0 for 0 <
i <dimX and wx = Ox. It is known [39] that for any elliptic fibration
on a Calabi-Yau threefold, the base surface can have at worst log-terminal
orbifold singularities. In this article we will take the base surface S always
to be a blow-up of P? or a Hirzebruch surface Fy.
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It is a well-known that for any elliptic fibration 7 : X — S with section
o :85 — X, there always exists a Weierstrass model W over S, i.e., there is
a complex variety W and a proper flat surjective morphism p : W — S with
canonical section whose fibers are irreducible cubic curves in P? together
with a birational map from X to W that maps o to the canonical section of
the Weierstrass model. The map from X to W blows down all components
of fibers which do not intersect o(S). It is also known that for a relatively
minimal elliptic fibration with section, the morphism on the Weierstrass
model is in fact a resolution of the singularities of W.

5.2. Welerstrass models

Let £ be a line bundle on S, and go and g3 sections of £* and £, re-
spectively, such that the discriminant A = g3 —27¢3 is a section of £1?
not identically zero. Define P := P(Og @ £2 @ £3) and let p : P — S be the
natural projection and Op(1) be the tautological line bundle. We denote
by x, y, and z the sections of Op(1) ® £2, Op(1) ® L3, and Op(1), respec-
tively, which correspond to the natural injections of £2, £3, and Og into
m.0p(1) = Os @ L? @ L3. We denote by W the projective variety in P de-
fined by the equation

(5.2) vz =42 — gonz® — g32°.

Its canonical section o : S — W is given by the point [z :y: 2] =[0:1:0]
such that ¥ := ¢(S) C W is a Cartier divisor on W, and its normal bundle
is isomorphic to the fundamental line bundle by p*(’)p(—E) = L. It then
follows that W is normal if S is normal; and W is Gorenstein if S is, and
the formula for the dualizing sheaf reduces to

(5.3) wy =7 (ws ® E).

Thus, the total space is a Calabi-Yau variety if and only if the line bundle
L is the anti-canonical bundle of the base, i.e., L = wgl = Og(—Kg). For
the Weierstrass model p: W — S of an elliptic fibration 7 : X — S with
section we can compare the discriminant locus A(7w), i.e., the points over
which X, is singular, with the vanishing locus of A(p) = g3 —27¢3. We
then have A(p) C A(w). In fact, the morphism from X to W is a resolution
of singularities if and only if A(p) = A(w) in which case it is also a small
resolution.
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We call a Weierstrass model minimal if there is no prime divisor D on S
such that div(g2) > 4 D and div(gs) > 6 D. We call two minimal Weierstrass
models that are smooth over an open subset Sy C S equivalent if there is an
isomorphism of the Weierstrass models over Sy which preserves the canonical
sections. Every Weierstrass fibration is birationally isomorphic to a minimal
Weierstrass fibration. A criterion for W having only rational singularities
can then be stated as follows: If the reduced discriminant divisor (A);eq has
only normal crossings, then W has only rational Gorenstein singularities if
and only if the Weierstrass model is minimal.

5.3. Families of Weierstrass models

We now turn to projective families of Calabi-Yau n-folds over B =
P'\{0,1,00} which we denote by 7: X — B. Each element X; = 7~1(¢)
of the family is a compact complex n-fold with trivial canonical bundle
wyx, = Ox, and is assumed to be elliptically fibered with section over a fixed
normal complex variety S. Such a family is described as a family of minimal
normal Weierstrass models. That is, each complex n-fold 7y : X3 — S is given
as a minimal Weierstrass model p; : Wy — S. For each ¢ € P!\{0, 1, 00} and
the affine coordinate chart u = (u1,...,u,_1) € C" ! C S, the Weierstrass
model W; has the form

(5.4) Y2z = 4a® — go (t,u) x2° — g3 (t,u) 2°.

There is a holomorphic sub-bundle H — B of the vector bundle V =
R'"7.Cx — B whose fibers are H'(wy,) C H"(X;,C). The vector bundle
Y =V ® Op carries a canonical flat connection V, called the the Gauss-
Manin connection [42H45]. Representing the family X; as the family of
Weierstrass models W; determines an explicit meromorphic section 7 €
I'(B, V) such that such that n: € H"(X;, C) can be represented by the closed
differential form

d
(5.5) e =dug A ANdup—1 A ?‘r

in the affine chart z = 1 on W;. A local parallel section ¥ of the dual bundle
H* for some open U C B is represented by a closed transcendental n-cycle
Y(t) on each fiber X; with ¢t € U. The period sheaf 11(H,n) — B is the sheaf
whose stalks are generated by local analytic functions obtained by paring
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the global section 7 with local parallel sections of H*, i.e., of the form

(5.6) teUw—w(t)=(X,n) = yﬁz(t) M,

for open U C B and the fiberwise Poincaré pairing (.,.). We call the local
non-vanishing analytic function w(t) a period integral or period over ¥(t).

The Picard-Fuchs differential equation is then obtained as follows: we
fix a meromorphic vector field % on the curve B for the choice of affine
coordinate t on P'. The vector field % induces a covariant derivative op-
erator Vg4 on V. Since V has rank n, the meromorphic section 1 and its
derivatives V, Jat"l for 1 <1 < n must be linearly dependent over the field
of meromorphic functions on B, and there is a relation

m

Z a;(t) Vil/dtn =0,
=0

where m < n and we always normalize to have a,, = 1. Since V vanishes
on the parallel section ¥ of H*, it follows that the period w(t) satisfies the
differential equation

—_

dm - d

5.4. Twisted family of Weierstrass models

We define a generalized functional invariant to be a triple (i, j, o) with i, 5 €
N such that 1 <4, <6 and a € {%, 1}. The general notion of generalized
functional invariant was first introduced in [30]. A generalized functional
invariant defines a family of ramified covering maps P* — P! of degree i + j
given by

(5.7) [’UO : Ul] — [cijviﬂf : 'U(i)(vo + ’Ul)j:|,
which is totally ramified over 0, ramified to degrees ¢ and j over oo, and has

a simple ramification point over ¢.

For a family 7 : X — B with Weierstrass model (5.4]) such that

4 4
(5:8) 0 deg, (g2) < min (5.50). 0 < deg (gn) < mim (3,2)
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we construct a new family 7 : X — B such that each element X; =771(t) is
a compact complex (n + 1)-fold and also elliptically fibered with section over
P! x S. We call this new family the twisted family with generalized functional
invariant (i,j,a) of X — B. For t € B, there is a local coordinate chart
{[vo : 1], (u1, ..., un_1) € P* x S} such that the Weierstrass model W for

X; is given by

.y
(5.9) PE=47 — go et v (v + vy) 10552
v} (vo + v1)7

Cijfviﬂ 6,6—6 6o 53
- ———— u | vgv; "¥(vp +v1)°* 2

g3 ’U(Z](UO +U1)~77 01 ( 0 1)
with ¢;; = (=1)%4% 57 /(i + j)"*7. The Weierstrass model (5.9) is smooth over
the open subset D° x S where DY is the complement in P! of the curves
vo = 0,v1 =0, v9 + v = 0, and ¢;;tv] ™ — vj(vo 4 v1)? = 0. Conditions 1)
ensure that the Weierstrass model is minimal and normal if the original
Weierstrass model (5.4) is. Over the new base S = P! x S, the fundamental
line bundle and canonical bundle are given by

(5.10) L=MRL, w;=wpHws.

Here the external tensor product M X £ = prj M ® prj £ denotes the tensor
product on S = P! x S of the two pullback bundles to S, along the canon-
ical projection maps pry : S — P! and pry : S — S. Two C*-group actions,
acting on Equation , are given by assigning weights to the defining
variables as listed in Table [1| where deg denotes the total weight of Equa-
tion and sum denotes the sum of weights of the defining variables.
Since the total weight equals the sum of weights of the variables, we have
M Q@ wpr = Op1. Therefore, the Calabi-Yau condition L= wgl is satisfied

for the new family 7 : X — B such that w %, = @ %0 if it is satisfied for the

original family ([5.4).

’(C*‘deg‘a:yz‘vo vl‘Z‘
M| 31 1 110 0]3
A 12 14 6 0|1 1|12

Table 1: Weights of variables in Weierstrass equation.
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5.4.1. Period integrals of twisted family. The differential form 7; in
Equatlon ) defines a flat section n € I'(B,H) for the famil 'n Equa-
tion A ﬂat section 7 € T'(B,H) for the twisted family (5.9) is then
given by the differential form

0
(5.11) ﬁlg:dv/\dul/\---/\dun,l/\g,

in the affine chart [vg : v1] = [v: 1] and Z = 1, such that

dv
5.12 Ny = ———— A\

where we have used # = v3vy2*(vg + v1)?*z and § = v3v} 3 (vg + v1)3y.
Thus, if w(t) is a local section of the period sheaf II(#,n) — B, a section of

the new period sheaf H(S':[, n) — B is given by

(5.13) w(t) = }é U(Ui:)a “ <vi(5ifl)j> 7

where C' is a non-contractible loop in the punctured v-plane. We have the
following:

Proposition 5.1. Let w(t) be a period z'ntegml for the family (5.4)) with ab-
solutely convergent series w(t) = > ;5 fut® for |t| < 1, and the thsted fam-
ily (@ with generalized functzonal invariant (i, j, o) satisfy conditions (@
Let C1/5(0) be the circle [v| = 5 in the v-plane with counterclockwise orien-
tation. For every t € C with |t| < 1/(279 % |c;;|) and c;j = (=1)"i* §7 /(i +
§)i7, the period integral for C = C1/5(0) has an absolutely conver-
gent series given by the Hadamard products:

(5.14)
ifa=1: @)= (2mi) iﬂ-_lFHj_g( 1”] i1 ’ﬂj_l t) *xw(t),
z o T 3 .. T
1 o a+z+] 1
. o~ . i+ = ~ ~
Zfa = 5 w(t) = (27‘1’2) I'JeriJrj,l ( lz J i1 o Za]—i—j—l t) *w(t).
Z- e T 7 .. f

Proof. For [v| = § and [f| < 1/(2147+1|¢;;]) we have [t| = |Ui(ijf1)j] < 1. We
use the absolutely and uniformly convergent series w(t) = > ;g fxt® and
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carry out a term-by-term integration to obtain

dv CZJ %
t
%ﬂl_l ’U(’U n 1)a w < Q} T 1 ) ka Cz]~) )= 1 Ulk-‘rl U + l)jk—l-a

2 k>0
Using the formula (1 +2)™"=> ;5 NG l+1k+1) (—2)!, we obtain from a residue
computation the 1dent1ty
(jk+1+a) ! §£ dv
5.15 t 1 —
( ) kZ%fk Cz]~) ;ij"i‘a l—i—l)( ) ol 11}’]“_1""1

Hf;ti'al(%?) :
(271) k k.
2 T () T (59,

k>0

where we used Gauss’ multiplication formula for the Gamma function
n—1 r

(5.16) T(nz) = @2m) =25 T T (z + f) .
r=0 n

Since we also have |t| < 1 Equation (5.4.1) can be further simplified using
Gamma-function identities and the Hadamard product. We obtain

7k

f) *xw(t).

The remaining equation is obtained by setting o = 1 and observing an ob-
vious cancellation in the coefficients of the hypergeometric series. g

Hl+]61 (aer)
) m= i+ k
(5.17) (2mi) > f —
- +
=0 R ILed: (), Ihao (552,
o atit+j—1
— AT ity i+j
= (2m1) i Figj—1 ( 1 i-1 a a+j—1
L LR R

5.5. Variants of the twist construction

5.5.1. Twists with two parameters and subfamilies. The twist con-
struction with generalized functional invariant (i, j, «) = (1,1, 1) can be gen-
eralized in a way that introduces two parameters. It is based on the two-
parameter family of ramified covering maps P! — P! of degree two given
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by
(5.18) [vo : v1] — [4@1}0(00 +v1) 4 (a — b)v? : 4vg(vo + Ul)},

which is totally ramified over a and b. For a = 0 and b = £, this family coin-
cides with the covering maps used in the twist construction with generalized
functional invariant (i, j,«) = (1,1,1) in Equation (5.7)).

We restrict the two-parameter family to the locus a = —b = t instead,
and obtain a new family 7 : X — B such that each element X; = 7 1(t)
is a compact complex (n + 1)-fold with trivial canonical bundle and also
elliptically fibered with section over P! x S. The Weierstrass model VNVg for
)N(g is given by

(5.19) 7?2 =47 —go (a+ M, u ) vg(vo + v1)* 2
4vg(vo + v1)

— b)?
— g3 <a+ (a)vl)’ u) WS (o +v1)6 3,

4vp(vo + v1

where we have set a = —b = . Thus, if w(t) is a local section of the period
sheaf II(#,7n) — B, a section of the new period sheaf II(#, 7)) — B is given
by

(5.20) o(t) = §1§C v(vdjun w <£(1 + 21;(U1+1))> ,

where C' is a non-contractible loop in the punctured v-plane. We have the
following:

Proposition 5.2. Let w(t) be a period integral for the family (5.4) with
absolutely convergent series w(t) =) ;¢ fut® for |t| < 1, and the twisted
family (5.19 (-) with generalized functional invariant (i,7,a) = (1,1,1) and
a = —b =1 satisfy conditions @) Let 01/2( ) be the circle in the v-plane
lv| =  oriented counterclockwise. For everyt € C with |t| < 1/2, the period
integral (-) for C = C1/5(0) has an absolutely convergent series given by

the Hadamard product

(5.21) a(f) = (2mi) Y Fan (3) 2 = (2772')1F0<;‘t2) *w(t).

n!
n>0
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Proof. The proof is analogous to the proof of Proposition [5.1], where we use
the additional identity

" /n\ (21 1\ 0 if n is odd,
L1 s
=0 gt if n = 2k is even.

O
5.5.2. Relation to quadratic twists. Let 7: X — B be a family with

Weierstrass model (5.4)) such that
(5.23) 0 < deg; (g2) <4, 0<deg;(93) <6.

The quadratic-twist family 7 : X — B is constructed by promoting the fam-
ily parameter t to an additional complex variable and carrying out a quadratic
twist. Each element X; = 7~ (f) is a compact complex (n + 1)-fold and also
elliptically fibered with section over P! x S. For £ € B and local coordinate
chart {[wo : w1], (u1, ..., un_1) € P! x S}, the Weierstrass model W; for X;
is given by

~w
(5.24) 7?2 =413 — g <t =2 u) wiwg (wy — wy)? 22
w1
~Wo ~
— g3 <t o u) w?wg’(wo — w1)3 53,

The Weierstrass model is smooth over an open subset of the form
DY x 8% where DV is the complement in P! of wg =0, w; =0, and wy —
tw; = 0. Conditions ensure that the Weierstrass model is minimal
and normal if the Weierstrass model is. Moreover, a similar argument
as in Section [5.4] shows that the Calabi-Yau condition is satisfied such that
wg. =20 X We have the following:

Lemma 5.3. The quadratic-twist family 7 : X — B with Weierstrass model
is birationally equivalent to the twisted family 7 : X — B with gener-
alized functional invariant (i,7, &) = (1,1,1) and Weierstrass model (5.9).
In particular, the periods of the two families coincide.

Proof. Setting

1 . (14 20)%%F
w=————, b=
4dv(v+1) 240t (v 4+ 1)4

(14 2v)3%

Y7 26500 + 1)6°

in the affine charts w1 =2=v1 =2 =1, wyg =w and vy = v, transforms
Equation ((5.24) into Equation (5.9) such that 9; = 7. O
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Remark 5.4. The sequence of examples from Section [4.1]is precisely based
on iteratively applying Equation (5.24) in the affine chart 2 =1 and [wy :
wi] = [u:t] (or [wo:wi] = [v: ], etc.)

There is also a two-parameter family with Weierstrass models me given by
CYSEPS S Wo 4 _ 2 _ 2 22
(5.25) U7z =43° — go , u ) wi(wy — awr)*(wo — bwy)* T2
w1
wo .
— g3 (w, u) w(wy — awr ) (wy — bwy ) 3.
1

The quadratic-twist family with Weierstrass model is isomorphic to
the family with Weierstrass model . This is seen by setting
(5.26)

a—1b (b—a)*(1+2v)%x

w=a+-———, IT= y =
+4v )

(b—a)?(1+2v)3y
(v+1) 240t (v + 1)* '

2606(v + 1)6

in the affine charts wy =2 =v1 =2 =1, wg = w and vy = v.

Let us explain the geometric relationship between the quadratic-twist
family and twisted family with generalized functional invariant (i,7j,a) =
(1,1,1) for a K3 surface. Let X — P! be the Jacobian rational elliptic surface
given by

Y’z =42’ — go(t) w2® — gs(t) 2°.

If the map f : P! — P! is given by f(v) = a+ (a —b)/(4v(v + 1)), then the
pull-back t = f(v) of the rational elliptic surface is a two-parameter family of
Jacobian elliptic K3 surface X — P!. On X, we have the deck transformation
1 given by v — —v — 1 and the elliptic involution —id. The composition j =
—id o2 is a Nikulin involution leaving the holomorphic two-form invariant,
and the minimal resolution of the quotient X /7 is the Jacobian elliptic K3
surface X — P! given by

725 = 40% — go(t) (¢ — )2(t — )22 — gs(t) (t — @) (¢ — b)*5°,

That is, the K3 surface X is the quadratic-twist family of X having fibers
of Kodaira-type I§ over the two ramification points of f. The situation is
summarized in Figure[l] For each pair of K3 surfaces obtained as quadratic-
twist family and twisted family with generalized functional invariant, we
can easily check that the determinants of the discriminant groups of their
transcendental lattices always differ by a square of the form (1/2)%® with
0 < a < 2. As the transcendental lattices are related by the isometry given
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/TN
/N

X X
P! P!

Figure 1: Relation between quadratic-twist family and twisted family.

in Equation (5.26]) and is generally not a Hodge isometry, this is in perfect
agreement with a general result obtained by Mehran [59].

Remark 5.5. The Picard-Fuchs systems for the full two-parameter family
in Equations (5.19) and (5.25)) are coupled linear partial differential equa-
tions in two complex variables; see [66l [67]. For families of elliptic curves,
the Picard-Fuchs systems are obtained from the generalized hypergeomet-
ric system satisfied by the Appell function £} by rational pullback. For K3
surfaces, the Picard-Fuchs systems are obtained from the generalized hyper-
geometric system satisfied by the Appell function F5 by rational pullback.
Some explicit examples were determined in [22] 58].

5.5.3. Twists by rational surfaces. A rational elliptic surface X' —
B =P'"\{0,1,00} has a singular fiber of Kodaira-type IV*, III*, or IT*
over t = o0, if and only if its Weierstrass model is given by

(5.27) Y2z = dad — gh(t) x2% — g4(t) 23,

and the degrees of the polynomials ¢5(t) and g5(t) are at most 1 and 2,
respectively. In fact, we will focus on three cases X}, for k=1,2,3 in Ta-
ble [2| where the rational elliptic surfaces are extremal and given in Table
the surfaces themselves will be discussed in Section [6.1] and the number p
associated with each X, surface will be explained in Corollary

We fix any such rational surface X;. Given a second rational elliptic
surface X — B with Weierstrass model

(5.28) Y2z = dad — go(t) x2% — g3(t) 23,
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’ k \ X \ i \ fiber at t = oo H deg,(g2) \ deg,(g3) ‘
4| Xh=Xus1 | 3 IV* 1 2
3| X} = Xszo i IIr* 1 1
2| X5=Xon | § IT* 0 1

Table 2: Rational surfaces used for twisting.

with degrees of go(t) and g3(t) being at most 4 and 6, respectively, we de-
fine a family of Gorenstein threefolds # : X — B such that each element
Xg = 771(t) is a compact complex threefold and also elliptically fibered
with section over the Hirzebruch surface F,,. We call this family the twist
family of X — B with X; — B. Here, the Hirzebruch surface is given by
F, =P(Op:(—n) & Opr) withn =0,...,k.

We define polynomials

(5.29)  ga(t,u, v) i= h(u, v) g <Z> gs(t, 4, v) = h(u, v)500gs <z>

where we have used h(u,v)? = 4u® — gh(v)u — g4(v). We consider F,, the
quotient space of C*\{up = u; = vg = v; = 0} by the action of C* x C* given
by

()\2, )\3) . [Uo U v 1}1] = [)\3U0 . >\3U1 : )\g)\QUO : )\2’01],
It follows that Fy = P! x P!, and F; is the non-minimal surface obtained
as the blow-up of P? in one point. For ¢ € P! and coordinates [ug : uy : Sp :

s51] € F, and [7: 3 : 2] € P(2,3,1), let the Weierstrass model W; for X; be
given by

~D ~ ~ ~ Uo Vo 4 2 ~ o~
(5.30) Pr=4i—go 1, — Wl 2) 85 52
9 ) n 1 1
Uy V1 Uy
; Uo Vo 6 2 ~

— 93 t, ) ul(nJr )U%2237
n
U1 Viuq

with go(t,u,v) and g3(t,u,v) given in Equation (5.29)). We have the follow-
ing:

Lemma 5.6. In the situation above, Equation is a minimal and
normal Weierstrass model over F,, forn =0,...,k such that wg = OX; for
te B. '
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Proof. The first part follows by checking that the Weierstrass model ob-
tained for each rational elliptic surface X}, in Table is minimal. Then, three
C*-group actions on the defining variables in Equation are given by
the weights listed in Table [3] where deg denotes the total weight of Equa-
tion and sum denotes the sum of weights of the defining variables. If
the condition is satisfied that the total weight of Equation equals the
sum of weights of the defining variables for each acting C* in Equation ,
then a Calabi-Yau threefold is obtained by removing the loci {ug = u; = 0},
{vo =v1 =0}, {zx =y =2 =0} from the solution set of Equation (5.30),

and taking the quotient (C*)3. Details are explained in [61]. O
’ Cc* \ deg \ x Y z \ vg U1 \ uy Ul \ sum ‘
A1 3 1 1 110 0|0 O 3
A2 12 4 6 0|1 1}0 O 12
A3 [6(n+2)|2(n+2) 3n+2) 0ln 0|1 1 |6(n+2)

Table 3: Weights of variables in Weierstrass equation.

The differential one-form 7, = dz/y (and n; = dz/y) defines a flat sec-
tion of the conormal bundle for the family in Equation (resp. Equa-
tion ) in the affine chart z =1. A flat section 7 € ['(P',H) for the
twisted family is then given by the differential form

d
(5.31) i = dv A du A gx

in the affine chart [ug : uy :vo:v1] =[u:1:v:1] and Z = 1, such that

dv du dv
5.32 ;= — N —— AN = — A1 ANj/y-
(5.32) M= N hae) e = % N Mg
Thus, if w(t) (and w'(¢)) is a local section of the period sheaf of the ratio-
nal elliptic surface X — P! (resp. X’ — P'), a section of the period sheaf
II(H,7) — P! is given by

(5.33) a0 = 2 ww)w (t) ,

c v v

where C' is a non-contractible loop in the punctured v-plane. We have the
following:
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Proposition 5.7. Let w(t) (and w'(t)) be a period integral for the rational
elliptic surface X — P! (resp. X' — P! with a singular fiber of type IV*,
III*, or II* at t = co) with absolutely convergent series w(t) =~ fit®
(resp. w'(t) = 3 jso frt") for [t| < 1. Let Cy 9(0) be the circle [v| = in the
v-plane with counterclockwise orientation. For every t € C with |t| < 1/2,
the period integral for C = C1/5(0) has an absolutely convergent series
given by the Hadamard product

(5.34) o(f) = (2mi) W' () x w(d).

Proof. The proof is analogous to the proof of Proposition For C =
C1/2(0) a simple residue computation in Equation 1D yields

mefntn¢ ’Ul mn 27” mefmtm’

6. Modular elliptic families and related families

In this section, we will show that all extremal, modular elliptic families of
elliptic curves or K3 surfaces with three singular fibers are in fact twisted
families for some generalized functional invariant (4,7, «). In our iterative
construction, the universal starting point is always the same pencil 7 : X —
B of ‘dimension zero’ Calabi-Yau manifolds, namely the ramified family of
pairs of points encountered before {+y} € X; = 771(¢) given by

(6.1) y?=1-—t

with ¢ € C. For the family (6.1)), we define ¥y(¢) to be the point ¢ for ¢ €
B, take the branch cut branch cut along {¢|1 <t < oo}, and consider the
holomorphic 0-form 1/y with the period

1 2 1 L
6.2 / ::2F<‘t> 2(1—1)" 2,
(6.2) o w2 (1-1)"

which is a solution to the hypergeometric differential equation Lgl)(%; Jw(t)
=0.
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6.1. Extremal families of elliptic curves

Applying our twist construction to the family (6.1)), we obtain families of
one-dimensional Calabi-Yau manifolds, namely modular families of elliptic
curves. We have the following:

Lemma 6.1. For (i,j,a) with 1 <i<2, 1 <j<2a and a € {3,1}, the
twisted families with generalized functional invariant (i, j,«) given by

(6.3) J = (1 - x(;f:w> i (3 +1)%,

are families of genus-one curves. For (i,j,o) = (1,1,1), (2,1,1), (1,1, 3),
and (2,1, %), the families admit a C(t)-rational Weierstrass point. The cor-
responding families of elliptic curves are rational elliptic surfaces with singu-
lar fibers given in Table [ the explicit Weierstrass models and Mordell-Weil

groups are given in Table [J.
Proof. The result follows by explicit computation. O

Remark 6.2. The points of maximal unipotent monodromy for an elliptic
surface comprise the support of singular fibers of type I,, for n > 1 [29]
Cor. 1].

Remark 6.3. The names of the Jacobian elliptic surfaces used in Table
and Table [5| coincide with the classical notation used by Herfurtner [47].

(i,7,) | p singular fibers | notation
(1,1,1) | 3| If(t=o00), L({t=0), L(t=1)| Xin
(2,1,1) | 3| IV*(t=00), I3(t=0), (t=1) | Xuz
(LLY) || 't =0), L(t=0), [{(t=1)| Xsn
(2,1,%) % II*(EI OO), Il(fz 0), Il(gz 1) X211

Table 4: Families of elliptic curves.
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Remark 6.4. Conditions allow for a fifth case with (7, j, o) = (2,2, 1).
In this remaining case, the twisted family with generalized functional invari-
ant (i,7,a) = (2,2,1) is a family of genus-one curves whose relative Jaco-
bians coincide with the elliptic curves obtained for the twisted family with

(ivjv a) = (17 1, %)

name, u, G 92,93, A, J ramification of J and singular fibers
MW(r, o) sections t ‘ J ‘ m(J) ‘ fiber
Xin 92 = L (4*—64t+64) 8+4v3 0| 3 smooth
pn=3% g = S(2-t)(32-32t—1?) | —16+12v2,2| 1 | 2 smooth
To(4) A = —256t1(t—1) 0 oo | 4 Iy (A3)
J - 7% 1 o | 1 I
7./AZ (XY = (3t-3.0) 0 | 1 It (Ds)
(X,Y)o3 = (—3t—3% +4it)
Xuz1 g2 = 27— 24t 00 0 1 |IV* (Ee)
w= % g3 = 27—36t+8¢2 % 0 3 smooth
To(3) = —172883(t— 1) 94 3y3 1] 2 smooth
J BT 0 co| 3 | I ()
7./37. (X, )12 = (-3 £2v2i¢) 1 | 1 I
X321 92 = ¥_4¢ 1 0 3 smooth
p=1 g = 08y 8 1 2 smooth
To(2) A = —64t2(t—1) 00 1 1 | IIT* (Ey)
J - R 0 o| 2 | L (A)
7./27. (X,y) = (30 1 | 1 I
Xon g2 =3 00 0 2 IT* (Eg)
W= % g3 = —-1+2t % 1 2 smooth
To(1) A = —108t(t—1) 0 | 1 I
{1} J = —ﬁ 1 | 1 I

Table 5: Extremal rational fibrations.

A Jacobian elliptic surfaces is called extremal if the rank of its Mordell-Weil
group of sections vanishes. We have the following:

Corollary 6.5. The elliptic surfaces in Table[f] and Table[J constitute all
extremal families of elliptic curves with three singular fibers and rational
total space (up to quadratic twist and two-isogeny). Moreover, t =0 is a
point of mazimal unipotent monodromy for each family.
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Proof. The extremal families of elliptic curves with three singular fibers were
classified in [60, Tab. 5.2]. The surface X411 in [60] is obtained from Xj4;
by quadratic twist. Similarly, Xs99 is obtained from X411 by fiberwise two-
isogeny. The point of maximal unipotent monodromy in the base curve of
the elliptic surfaces is the support of the singular fiber of type I,, for n > 1
[29, Cor. 1]. O

Application of results in [70] yields the following:

Corollary 6.6. The families of elliptic curves in Table [J] with fiber of type
I, forn=23,4 and n =1 are the universal families of elliptic curves over
the genus-zero modular curves for the congruence subgroups I'o(n), and for
n =1 for the unique normal subgroup of index 2 in PSL(2,Z) denoted by
To(1). The family parameter t is the corresponding Hauptmodul of the mod-
ular curve.

The twist construction also provides us, near t = 0, with a family of
non-contractible one-cycles for each family in Lemma We have:

Lemma 6.7. For t € C with [t] < 1/(277 1 ey]), the circle C = Cy5(0),
given by |Z| = 5 in the -plane with counterclockwise orientation, determines
a family of non contractible A-cycles $1(t) for each family of genus-one
curves in Lemma [6.1]

Proof. For ]ﬂ < 1/(247%¢;5)), each family X — P! 3 £ of genus-one curves
in Lemma [6.1] has two branch points with |#| < 4 and two branch points
with |Z| > 5. Therefore, there is a non- contractlble one-cycle () C X;
that projects onto the circle C = C 5(0), i.e., |Z| = 1 with counterclockw1se
orientation, and varies continuously for |{| < 1/(2877F1|¢;;]). At =0, the
two branch points inside C' coalesce, and ¥1(f) constitutes a family of A-
cycles. O

We then have the following:

Corollary 6.8. For the twisted families in Lemma [6.1] with genemlized
functional invariant (i,j,a) = (1,1,1), (2,1,1), (1,1, %) or (2,1, 1 % the pe-
riod integral (5.15) is annihilated by the Picard-Fuchs operator L )(

1); (1)). In particular, the period over %1(t) is holomorphic at t =0 and




Calabi-Yau realizing symplectically rigid monodromy 1313

given by

~ 1-— ~
(6.4) w(i) = (2m) Qpl(“’ , “‘ t>
with pu = %

Proof. The proof follows by application of Proposition for the period
integral w(t) = 1Fy(3|t) and generalized functional invariant (4, j, a). O

6.2. Families of M, -lattice polarized K3 surfaces

The procedure described in Section[5.5.2]allows us to construct the quadratic
twists of the rational elliptic surfaces in Lemma The four resulting fam-
ilies of K3 surfaces realize precisely the families of K3 surfaces considered by
Hoyt in [49]. These K3 surfaces are not modular elliptic surfaces, but rather
rational covers of them. To obtain modular elliptic K3 surfaces, we consider
the twisted families with generalized functional invariant (i,7,«) = (1,1, 1)
of the Jacobian elliptic surfaces in Lemma instead. We denote by M,
the lattices M,, = H ® Eg @ Eg ® (—2n) for n € N. We have the following:

Lemma 6.9. For (n,p) € {(1,5), (2, %) (3,3),(4,3)}, the twisted families
with generalized functional mvama t (i,j,a) = (1,1,1) given by

(6.5) Y2 =4X3— g (—4u<u+1)> (u(u+1))4 X

with go(t) and g3(t) determined by (n,p) in Table[5, define families of Ja-
cobian elliptic K3 surfaces of Picard rank 19 with two singular fibers of
Kodaira-type 11*, 111*,IV*, or I] atu =0 and u = —1, a fiber of Kodaira-
type oy, at uw = oo, and two singular fibers of type Iy atw = —1/2 £ /1 —t/2.
The families are families of M, -lattice polarized K3 surfaces forn =1,...,4.

Proof. The proof amounts to checking the Kodaira-types of singular fibers
from Go,G3, A and comparing with the list of all Jacobian elliptic surfaces
given in the Shimada classification [68] of Jacobian elliptic K3 surfaces.



1314 C. F. Doran and A. Malmendier

The fact that the constructed families of K3 surfaces are M,,-polarized was
explained by Dolgachev in [28]. Moreover, it is easy to see that all torsion
sections of the rational elliptic surfaces survive the mixed-twist construction.
The torsion sections are listed in Table [6l O

A | torsion sections

L (u+1)u(8u?+t+8u),0)
Lt 1)u(=16u? +t — 16u) , +itu? (u+ 1)2)

=
I
|
ol

Mz 3] |(

SRR
Sl =
I

My | 2] | (
My | 1] | =

Table 6: Torsions sections of Equation (6.5)).

The configurations of singular fibers, the Mordell-Weil groups, the determi-
nants of the discriminant groups, and the lattice polarizations are summa-
rized in Table [7

derived from | p Configuration of singular fibers MW (m, o) | disc@ | A
Srfc‘ 1 u=o00 u+u+t/4 u=0,-1

X | 3 |19 Is (A7) 21 217 (2D5) [4] 23 | My
Xasi | % [ 19] I (4s5) 21 21V* (2 Ep) 3] 2.3 | M3
Xso1 | 3 |19 s (As) 21 211T* (2 F7) 2] 22| My
Xonn | & |19 12 (A) 21 211" (2 Es) 1] 2 | M

Table 7: K3 surfaces from extremal rational surfaces.

Let us denote by T'g(n)™ the modular group T'g(n) extended by the
Fricke involution, i.e., the element corresponding to 7+ —1/(n7). It is a
classical result due to Dolgachev that the moduli spaces of pseudo-ample
My,-polarized K3 surfaces are isomorphic to the rational modular curves
that are the compactification of the curves H/To(n)* [28]. We therefore
have the following:
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Corollary 6.10. The twisted families with generalized functional invariant
(1,1,1) of the families of elliptic curves in Lemma are families of M,-
lattice polarized K3 surfaces over the rational modular curves H/To(n)t for
n=1,234.

Proof. The proof follows directly by checking that the singular fibers and
Mordell-Weil groups for the families constructed in Lemma [6.9] agree with
the ones given by Dolgachev in [2§]. O

For each twisted family in Equation , we define a family of closed
two-cycles Y(t) as follows: for t € C with [t| < 1/2 let C' = C}/5(0) be the
circle |u| = % in the u-plane with counterclockwise orientation. For every
u € C, a cycle ¥ (t,u) in the elliptic fiber is obtained from 21(—@)
— where ¥ (t) was defined in Lemma— by rescaling (X,Y) — (u*(u +
1)2X,u?(u+1)3Y). For t € C with |[¢| < 1/2, we obtain a continuously vary-
ing family of closed two-cycles as a warped product Yo(t) = C x,, X (¢, u).
By warped product we mean that the cycle 21(—m) is warped, i.e. it is
rescaled by a function of the affine coordinate u. We then have the following;:

Corollary 6.11. For the twisted families with generalized functional in-
variant (1,1,1) in Lemma the period integral is annihilated by
the Picard-Fuchs operator L™ ((n,1/2,1 — p); (1,1)). In particular, the pe-
riod over ¥o(t) is holomorphic at t =0 and given by

1
149
(6.6) w = (2mi)? 3F2<“’ 2 M‘t) .

Proof. Application of Proposition for the period integral w(t) =
o F (u, 1 — w; 1’ t) and the twisted families of Weierstrass models in Equa-
tion (6.5)) yields the following formula

1 M71—H N7l71_:u’
6.7 Fo( 5|t ) *2F t) =3F 2 t).

]
By Clausen’s identity each period in Corollary is a perfect square,
namely
2
1 pol—p
g, L —p 2573
. F: t] = |oF t .
(6.8) 32( 11 ‘) 21( 1
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Ratios of solutions of the hypergeometric differential equation with holomor-
phic solution 9 F} (“ , L ” 1‘ t) are so-called Schwarzian s-maps, and the cor-
responding triangle groups are the modular groups 'g(n)™ in Corollary -
and listed in Table [8| The so-called Kummer identity relates the hypergeo-

‘ n ‘ 7 ‘ triangle group ‘
niwp| (2 ﬁ, 00)
1|3 (2,3,00)
2|1 (2,4, 00)
301 (2,6, 00)

4 % (2, 00, 00)

Table 8: Triangle groups.

metric function on the right hand side of back to the original period,
ie, fort =4T(1—-T) it follows

1
t) :2F1<“’ M‘T).
1
The geometric origin of Equation and is the fact that an
M, -polarized K3 surface admits a Shioda-Inose structure relating it to a

Kummer surface associated with the product of two isogenous elliptic curves;
see [29].

L lop
(6.9) oF | % 12

6.3. Families of K3 surfaces of Picard-rank 18

The twisted families with generalized functional invariant (1,1,1) of the el-
liptic surfaces in Lemma are restrictions of two-parameter families of
K3 surfaces with affine parameters a,b € C, as explained in Section [5.5.1

The families of Section are obtained for a = 0. The restriction a = —b
yields different one-parameter families of K3 surfaces of Picard rank 18. We
denote the relevant rank-18 lattices by M = H & Eg ® Eg, M=H® E;e 2o
AP?)Zy, M' = HO EP? ® AY?/Zs, and M' = H ® DS* @ AY?/Zs. We
have the following:

} the twisted fami-

Lemma 6.12. For (n,p) € {(1,1),(2,1),(3,3), (4
= 1) anda=-b=t

L)
2
lies with generalized functional mvarmnt (1, ], 1,1

)= (L,
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given by
1 4
2 _ 3
(6.10) Y2 =4X3 - g <t<1+2 7 +1))> (u(u—l—l)) X
—: ga(tw)
—gg<t<1 u+1 ) u+1 ,
:g3(t,u)

with ga2(t) and g3(t) determined by (n,p) in Table 5, define families of
Jacobian elliptic K3 surfaces of Picard rank 18 with two singular fibers
of Kodaira-type IT*,II1T*,IV*, or I} at w=0 and uw= —1, two fibers of
Kodaira-type I,, at 2u® + 2u + 1 = 0, and two singular fibers of type I at the
roots of p(t,u) = 2(t — 1)u(u + 1) + t. The families are polarized K3 surfaces
with lattice polarization M, M, M', and M’ forn=1,..., 4.

Proof. The proof amounts to checking the Kodaira-types of singular fibers
from Go,G3, A and comparing with the list of all Jacobian elliptic surfaces
given in the Shimada classification [68] of Jacobian elliptic K3 surfaces. The
torsion sections for the families in Equation are listed in Table @ O

A | torsion sections
My| [4] [ (XY = (3 @w+Du(2tu®+2tu—4u?+t—4u),0)
(X,Y)o3 = (-3 (u+Du2tu®+2tu+8u?+t+8u),

izt(Qu—&-l+i)(—2u—1+i)u2(u+1)2>

M| B[ (X Ve = (St 1),
ig\/it(zuﬂﬂ')(—zu—1+z‘)u2(u+1)2)

Ml o lxy) = <§u2 (u+1)270>

My (1] -

Table 9: Torsions sections of Equation (6.10)).

The configurations of singular fibers, the Mordell-Weil groups, the deter-
minants of the discriminant groups, and lattice polarizations are summarized
in Table We make the following:

Remark 6.13. Families of lattice polarized K3 surfaces in Lemma [6.12| are
restrictions of the general two-parameter families introduced in Section
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derived from | p Configuration of singular fibers MW(rm,0) | disc@ | A
Srfc I 202 +2u+1 pt,u)=0 wu=0,-1

X | 3 18| 21 (24) 20 21 (2 D) [4] 2t | M
Xaz1 | & |18 2I3(24) 21 21V* (2 F) 3] 32 M
Xgo1 | 1 18| 2L, (24)) 20 211T* (2 Er) (2] 2 | M
Xonn| & |18 21 21 211* (2 Fg) [1] 1 M

Table 10: K3 surfaces from extremal rational surfaces.

The two-parameter family of M-lattice polarized K3 surfaces X admits a
Shioda-Inose structure, relating it to Kummer surfaces X associated with
two non-isogenous elliptic curves [20]. In fact, the latter admit a Jacobian
elliptic fibration with singular fibers 21, IT*,21;. It turns out that the dou-
ble cover induced by the degree-two map on the base P! induces a
Hodge isometry between transcendental lattices TX(2)~% T ; see Figure
Thus, in the case of M-lattice polarized K3 surfaces X the period domain
is

(PSL(Q,Z) x PSL(2,Z)> x Z/2Z\ (H x H),

the moduli space of two elliptic curves, with a generator of Z/27Z acting on
PSL(2,Z) x PSL(2,Z) by exchanging the two sides.

For each twisted family with generalized functional invariant (i, 7, a) =
(1,1,1) and a = —b =t in Equation (6.10), we define a family of closed
two-cycles Ys(t) as follows: for t € C with [t| < 1/2 let C' = Cy/5(0) be
the circle given by |u| = % in the u-plane with counterclockwise orienta-
tion. For every u € C, a cycle ¥/ (¢,u) in the elliptic fiber is obtained from

Yi(t(1 4+ WIH))) — where X (t) was defined in Lemma — by rescal-
ing (X,Y) — (u?(u+1)2X,u3(u + 1)3Y). For t € C with [t[ < 1/2, we ob-
tain a continuously varying family of closed two-cycles as a warped product

Yo(t) = C x4 X (t,u). We have the following:
Corollary 6.14. For the twisted families in Lemma with general-

ized functional invariant (i,j,«) = (1,1,1) and a = —b =t, the period in-

tegral is annihilated by the Picard-Fuchs operator

p@((pImp Ttp TV
12 27 272 ) )72
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In particular, the period over Xo(t) is holomorphic at t = 0 and given by

14
(6.11) w= (2m’)24F3( z

Proof. We apply Proposition to the period integral w(t) = oF) (u, 1-—
7% 1} t) and the twisted families in Equation li and use the identity

l1—p 1+4p I
1 p, 1= pu SRR Rt Sl 1 I
6.12 Fyl 2|2 F t)] =4F 2.
( ) 1 0<2 )*2 1( 1 ‘) 43( 1717%

O

7. Elliptic fibrations on the mirror families

Non-trivial generalized functional invariants can be used to analyze elliptic
fibrations on the mirror families obtained from the Dwork pencil, i.e., the
one-parameter family of deformed Fermat hypersurfaces in P" = P(Xj,...
Xy,) given by

)

(7.1) XoHh 4 X e XM L (i 1) A XXy - X, = 0.

For each integer n € N, Equation constitutes a family of (n —1)-
dimensional Calabi-Yau hypersurfaces X /(\"71). For n = 4 Equation 1) is
the quintic family of Candelas et al. [14]. For the family the discrete
group of symmetries for the Greene-Plesser orbifolding procedure is easily
identified: it is generated by the action (Xo, X;) — ()1 X0, Cap1X;) for
1 <j<n with {11 =exp (ffl) In virtue of the fact that the product of
all generators multiplies the homogeneous coordinates by a common phase,

the symmetry group is G,,_1 = (Z/(n + 1) Z)"~!. The new affine variables

(_1)n+1 X{L

t = ——-— —
TN T D) X X X A

X3
(n—i—l)XoXngXn)\’ Y

ro =

are invariant under the action of G,,_1. Hence, they descend to coordinates
on the quotient X gn_l) /Gn—1. A second family of hypersurfaces Y;(n_l) is
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then defined in terms of the new variables x1, ..., x, by the remaining rela-
tion between those, namely the equation

. n\T1,...,Tp,1) =T1 In {11 n (n+1)n+1 ;

faces Yt(n_l) of degree (n+ 1) in P" obtained from Equation (7.2]) is in

fact the mirror family of a general hypersurface P™ of degree (n+ 1) and

It was proved in [5] that the family of special Calabi-Yau hypersur-
=)

co-dimension one in P". The subspace of the cohomology H"~!(X inil), Q)
invariant under the obvious action of G,,_ or, equivalently, the cohomology
H”_I(Yt("fl),(@) has dimension n and the Hodge numbers (1,...,1). We
have the following:

Lemma 7.1. For every n > 2 the family of hypersurfaces Yt(n_l) given by
Equation is a fibration over P! by hypersurfaces }/g(n—2) where T, 1S
the affine base coordinate, and

n" ~

t.
(n+ 1)"tla, (z, + 1)

(7.3) t=—

Proof. For each z,, # 0, —1 substituting &; = z;/(z, + 1) for 1 <i<n-—1
and t = —n"t/((n + 1)" "z, (z, + 1)") defines a fibration of the hypersur-
face (7.2) by fn_1(%1,...,%n_1t) = 0 since

(74) fn(l'l, ey IEn,t) = Tpn (iL‘n + 1)” fnfl(i‘l, - ,i‘nfl,t) =0.
Il

The rational function on the right hand side of Equation relating ¢
to ¢ has precisely the characteristic form of a generalized functional invari-
ant with (4, j) = (n,1). The unique holomorphic (n — 1)-form on Y;(n_l)
is given by

(n—1) dro Ndxg A -+ ANdxy,
7.5 _ _
(75) "It Do f(@1s- - ans 1)

One defines an (n — 1)-cycle Y(n—1) On Y;(n_l) by requiring that the period
integral of 7 over ¥(,_;) emerges as residue in 7 in the integral over the
torus 7™ = S* x --- x S, The corresponding section of the period sheaf is
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given by

76 w (t)—% dzo A -+ Ndxy,
( ) ) et b)) a$1fn($17"'7xn?t)'

n—1

We have the following:

Proposition 7.2. Forn > 1 and |t| < 1, there is a transcendental (n — 1)-
cycle ¥p_1 on Y;(n_l) such that
/).

The iterative relation induces an iterative relation between periods,
namely

1 n

(7.7) wnl(t):?§ nt(n1)2(2m.)n_1nFn1(,1+1 U
B 1.1

n—1

1 n

(7.8) wn—l(t) = (Qm') WF1 ( n+11 n;ln 1

t) *wWp_2(t)  forn > 2.

S
where the cycle S, 1 is determined by T™(ry) = 725 - (T" ' (ra—1) X S}, )
wherer, =1 — 15 and 1 - (T”_l(rn,l) x S} ) means rescaling by N

Proof. Rescaling and writing Equation (7.2]) in the form 1 — 7¢(wy, ..., wy)
1

=0 with 7 = n_li_ltnTl and ¢ =wi + - +wy + w1~1~w, leads to the residue

period

dw; dwy,
= e L
2mi)n=t  27)™ Jrn 1 — 7 d(wr, ..., wy) = ’

where [¢']o for the constant term in ¢'. Using Equation we obtain the
series expansion of the hypergeometric function in Equation ([7.7)).

For z,, # 0, —1 the coordinate transformation Z; = z;/(z, + 1) for 1 <
i<n—1landt=-n"t/((n+1)" Mz, (z, +1)") yields

(7.9) Y =7

For any z, on S} with r, =1— oyt write 1/(z, +1) = Re' with % =

R< ”TH, the transformation #; = z;/(x, + 1) maps the circle 7; = r,,_1e"
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to the circle z; = Rrp_1e/T%) with 0 < Rr,_1 < ”7:;1 <1lasn>2 We
obtain

dri N--- ANdzy, 35 dx,
7.10 / / = _—
( ) fn ,’I}l’,..,l'n,t) |CCn|: xn(xn+1)

1
2

/ / dTi N\ NdZTp—1
foe1(Z1, ... Bty t)

Tr= 1 Tn 1)

Using Proposition Equation ([7.8)) follows. O

Remark 7.3. The iterative relation between periods in Equation ([7.8)) in
the special case n = 4, i.e., the series expansion of the equation
t> |

12 3 4 123
t>—4F3 51525; *3F2< 1414

11 4
was the “surprise found [...] when the coefficients are calculated and sub-
stituted” in [14, Eq. (3.7)]. Our Lemma explains that this is in fact a
general feature of the iterative fibration structure on the mirror family of
the Dwork pencil.

2 3 4

1
7.11 Fy( 57555
(7.11) 43< 1,1, 1

7.1. Mirror family of pairs of points

For n =1 the family Y;(O) is a family of pairs of points in P! given in an
affine chart by the equation

(7.12) m(m+4)+§:0

with ¢ € P\{0,1,00}. For n =1 the deformed quadratic Fermat pencil X
and Y; are equivalent. That is, the family in Equation satisfies, X 0) ~
Yt(o) with ¢t = A%, Moreover, if we set 21 = (yo — 1)/2 in Equation , we
obtain Equation , that is, precisely the universal starting point of our
twist construction.
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7.2. Mirror family of elliptic curves

For n = 2 the family Y;(l) is equivalent to the elliptic modular surface over
the rational modular curve for I'y(3). In fact, using the birational transfor-
mation

(713) A ) 2y -4t 1
' T 3RXx +3) 762X +3) 2

in Equation ([7.2), we recover the Weierstrass normal form given by

(7.14) Y2 =4X3— (27 —24t) X — (27— 36t + 8t%).
N———
g2(t) 9(t)

Equation ((7.14]) is the Weierstrass model for X431 obtained in Lemma
Corollary proves that the period integral of dX/Y over a suitable family
of one-cycles ¥ (t) equals the hypergeometric function

(7.15) w(t) :2F1<“’ 11_M‘t>

211

with p = % In other words, the extremal family of elliptic curves Xys3; is
obtained from the family of pairs of points in Equation using our
twist construction with generalized functional invariant (i,7,«) = (2,1,1)
as proved in Lemma On the level of periods, this fact manifests as
application of the cancellation formula in the Hadamard product

12
(7.16) o Fy ( 33

1

Since the transformation (7.13) maps the holomorphic one-form 3v/2idX/Y
to my = dxa/ fa4, in Equation (7.5)), the period ([7.15)) is the period for the

mirror cubic family.
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7.3. Mirror families of K3 surfaces

For n = 3 the family Yt(z) is equivalent to a family of minimal Weierstrass
models given by the equation

33t 4
2 _ 3
:g2(tvu)
33t 6
— 93 (44 w3 (u+ 1)) (u(u + 1)) )
:g;(rtvu)

where we choose for ga(t) and g¢3(t) the Weierstrass coefficients in Equa-
tion ([7.14). This is seen by applying the birational transformation

(7.18)
o — 9(u+1)t
64 (But+6ud+3u>+2X)’
—64iv2Y +9 (64u® +128ut + 64ud + (3t + 128) u+t) (u+1)
" 1152 (ut + 2% + ut + 2 u) (u+ 1) !
T3 = —(U+1),

in Equation (7.2]). We have the following:
Lemma 7.4. FEquation defines a family of Mo-polarized K3 surfaces.

Proof. Equation defines a family of Jacobian elliptic K3 surfaces of
Picard rank 19 with a singular fiber of Kodaira-type IV* over u = 0, a sin-
gular fiber of Kodaira-type 19 over u = oo, and four fibers of Kodaira-type
I;. The Mordell-Weil group is pure three-torsion generated by the sections
(X,Y) = (=3/2u? (u+1)?, £2L0\/2tu?). Tt follows that the determinant of

128
the discriminant group equals 3 - 12/3% = 22 O

In other words, the family of Jacobian elliptic K3 surfaces in Equa-
tion is the twisted family with generalized functional invariant
(i,7,) = (3,1,1) of the elliptic curves in Equation (7.14). Application of
Proposition together with the cancellation formula proves that the
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period integral of the holomorphic two-form du A dX/Y over a suitable two-
cycle ¥5(t) equals the hypergeometric function
12
t *2F1< 3’13 t) .

123
441
t>:3F2 1 2
303

Since the transformation ((7.18) maps the holomorphic two-form 3v/2idu A
dX/Y tomn = dxo A dxs/ f3,, in Equation (7.5]), the period in Equation (7.19)

is the period for the mirror quartic family. We make the following:

w(t) 123
1 — 2 47404
(7.19) (2mi)2 ~ ° 2( 1,1

Remark 7.5. Equation defines a family of Mos-lattice polarized
K3 surfaces Y with transcendental lattice T'(Y) = H & (4). Following Dol-
gachev [28] its mirror partner YV is the family of generic quartic surfaces
in P3 with NS(Y'V) = (4) since T(Y) = H @ NS(Y"). Equivalently, it was
proved in [63] that the mirror quartic is the family of the Calabi-Yau va-
rieties arising from the polytope Fj in dimension 3. The family X is the
family of the Calabi-Yau varieties arising from the reflexive polytope Py and
is the family of generic quartic surfaces in P3.

7.4. Mirror families of Calabi-Yau threefolds

For n = 4 the family Yt(3) is equivalent to the family of minimal Weierstrass
models given by the equation

2 3 331 \
(7.20) Y*"=4X°—gy <55u(u+ 1)v3 (v + 1)2> (U(u+ Do(v+ 1)) D
, — ga(tu0)
o (55u(u+f)£3 (v + 1)2) <U(u+ 1)v(v+1))6’
=:gs(tu,v)

where we choose for gs(t) and g3(t) the Weierstrass coefficients in Equa-
tion ([7.14]). This is seen by applying the birational transformation

(7.21)
_ 36t u(u+1)
T 937502 (v+1)*ut+18750 v2 (v+1)*ud+9375 v2 (v+1)*u2+6250 X ’

—3125iv/2Y +28125 (v (v+1)*ut +2 0% (v+1)*u® + (V3 +2 v 08 — 22 )2 — 12804 24, X) (ut1)u(v+1)

125 3125

(56250 v2(v-+1)*ut+112500 v2 (v-+1)*u® +56250 v2(v+1)*u2+37500 X ) (u+1)u(v+1) ’

xz=u(v+1), xg=—(u+1)(v+1),

z1

Tro —
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in Equation . Equation defines a family of minimal Weierstrass
models over the two-dimensional base P! x P! with affine coordinates u and
v. Restricted to any generic v-slice we obtain a family of Jacobian elliptic
K3 surfaces with Ms-polarization.

By inspection, the family in Equation is obtained from the fam-
ily of elliptic curves in Equation by applying a sequence of twists,
with generalized functional invariant (i, j,«) = (1,1,1) first, and (¢, 7, a) =
(3,2,1) second. Application of Proposition and the cancellation for-
mula (3.6) proves that the period integral of the holomorphic three-form
dv A du N\ dX]Y over a suitable three-cycle ¥3(t) equals the hypergeometric
function

w(t) 12 3 4
292 — 5757575
(7.22) (2mi)3 4F3< L |t
1 2 3 4 1 12
_4F3 5152515 t *1F0<2’t>*2F1<313 t).
3032

Since the transformation maps the holomorphic two-form 3v/2idv A
du NdX/Y to ny = dxy ANdxg A dxa/fa,, in Equation , the period in
Equation ([7.22)) is the period for the mirror quintic family. The period in
Equation (@ is annihilated by the fourth-order Picard-Fuchs operator
L£4) ((%, e %); (1,..., 1)) The Picard-Fuchs operator is one of the 14 orig-
inal Calabi-Yau operators mentioned in the introduction and labelled “(1)”
in the AESZ database [2].

Remark 7.6. It was shown in [I4] that the family of Calabi-Yau threefolds
Y;(3) has a general fiber with Hodge numbers h2’1(Yt(3)) =1land hl’l(Yt(g)) =
101. Following [14] its mirror YV is the general family of quintic surfaces in
P* with Hodge numbers h11(YV) =1 and A% (V) = 101.

8. Combining twists and base transformations

In this section, we apply linear and quadratic transformations to the rational
parameter space of the twisted families of elliptic curves, K3 surfaces, and
Calabi-Yau threefolds already constructed.

8.1. Transformations of extremal families of elliptic curves

We apply the linear transformation ¢ — ﬁ to the rational deformation

space of any extremal family of elliptic curves in Lemma to obtain the
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Weierstrass models

(8.1) Y2 = 4X3 g, <t> (1= 1) X — g4 <t_t1> (1—1)°,

=3§2(t) :5§S(t)

where ¢a(t) and g¢3(t) are given in Table |5, The transformation produces
isomorphic families of elliptic curves that we denote by X141, X431, X321,
and X211. They have the same number /type of singular fibers and Mordell-
Weil groups as the families X141, X431, X301, and Xo11, but with the singular
fibers over £ = 1 and t = oo interchanged. The families X141, X431, X301, Or
X211 (and hence X141, X431, X3217 or qu) are labelled by n = %,%,%,
or p=3 (and by i=3,1,1 or i=1). Let 31(t) be the family of one-
cycles obtained from 1 (¢) in Lemma6.7|with { = X5 by rescaling (X,Y") —
(1 —1t)2X,(1—t)3Y). For t € C with [t] < 1/2, £1(t) defines a family of A-
cycles on X141, X431, X321, and XQH in the neighborhood of t = 0. We have
the following:

(;orollary 8.1. For the families of elliptic curves X141, X431, X321, and
Xo11 in Equation , period integrals of dX/Y are annihilated by the
Picard-Fuchs operator

(8.2) LP =6t (202 +20+ 3> — i+ 1)+ (0 +1)°.

In particular, the period over il(t) is holomorphic at t = 0 and given by

o omi it
) = _LF
(8.3) YT 1< 1 t—l)

thh /”2 6 {%7 %7 %’ %}'

Proof. The proof follows from the following well-known identity for the
Gauss hypergeometric function, namely

i il—jl| t i i |t
F — )= ,F :
1—¢° 1( 1 t—1> (1—¢)i-7? 1( 1 |t—1

O

Remark 8.2. For the above families of elliptic curves, twisted families
can be constructed as in Section The twisted families with generalized
functional invariant (i,7,«) = (1,1,1) of X141, Xus1, X391, and Xopq are
families of M, -lattice polarized K3 surfaces. A continuously varying family
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of closed two-cycles f]g(t) can be constructed in each case such that the
period over s(t) is given by

8.4) @ = (2mi)? 1F0(;‘t)*(11t2pl<ﬂall—ﬂ tt1>)

8.2. Transformations of lattice polarized K3 surfaces

We apply a linear or quadratic transformations, denoted by t — fi(t) with
k=1,...,5, to the rational parameter space of the families of M,,-lattice
polarized K3 surfaces in Lemma[6.1] to obtain new Weierstrass models given
by

(8.5) Y2 =4X3 - gy (fk(t), u) hi()? X — g3 (fk(t),u) Ry ()3,

::gém(t’“) ::g:(sk>(t7u)

where go(t,u) and g3(t,u) are given in Lemma and the polynomials
fr(t) and hy(t) are given in Table It is readily checked that gé’“) (t,u)
and gék) (t,u) define families of minimal Weierstrass model. By construction,
these new families remain families of M,-lattice polarized K3 surfaces.

Let 5(t) be the family of two-cycles obtained from the family Zo(fx(t))
— where ¥5(t) was given in Section — by rescaling

(u, X,Y) = (u, hip(£) X, by (£)*/2Y).

For t € C with |fx(t)| < 1/2, $2(t) defines a continuously varying family of
two-cycles. We have the following:

Corollary 8.3. For the families of elliptic K8 surfaces in Equation ,
the period integrals of du A dX/Y are annihilated by the Picard-Fuchs oper-
ator

(8:6) B =0 —t(20+1) (0> +0+2pg —p—q+1)
2O+ 1) (0 +1+q-p) (@ +1—q+p).

In particular, the period over ig(t) 18 holomorphic at t = 0 and given by

2
(8.7) & = (2mi)? ((1_;) 2Fl(p’lq t>> ,
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k fr(t) @/ (2mi)?
(p,q) hy(t)
1 t

ﬁgFg(M, Nagv ) ’)
1

2
1
- <(1_)1 w/2— (1 /2 QFI(% Tﬂ 1’ t))

—
SIS
-
w‘ |
=
~—
—_
|
~

2 -t ﬁgFQ(u,l—u,%;Lqu)
2

(%a HTM) -t = <(1t)1u/122(1+u)/2 2 Fy (% Tuv ‘ t))

3 M1 —1) | 3F <u,1—u,%;1,1’4t(1—t)>
(1,1 — pa) 1 <W 2B (p, 1 — i 1 t))

4 4(tti1) \/%3F2 (“7 - 271’1’ It— 1;)

d) | 1ot | = (otmen (4]0
5 iy | sk (ujl—m%;l,l‘ - 7isr)

2
R )

Table 11: Rational transformations and periods of new family.

where (1 and (p,q) for k=1,...,5 are given in Table|[11]

Proof. The construction is an application of the general construction in Sec-
tion The proof amounts to checking some classical and well-known hy-
pergeometric function identities listed in Table The identities allow us
to write each period as a symmetric square. Il
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8.3. Threefolds by combining twists and base transformations

To obtain families of elliptic Calabi-Yau threefolds, we start with a family
of Jacobian elliptic K3 surfaces X — P!, given as Weierstrass model

(8.8) Y2 =4X3 — go(t,u) X — g3(t,u).

We will restrict ourselves to the cases where this K3 surface is chosen
from Section Section or Remark Applying our twist construc-
tion, we obtain new Weierstrass models for twisted families with gener-
alized functional invariant (k,l,5) with 1 < k,1 <6, € {%, 1}, and ¢ =
(=) KR 11/ (k + 1)+ that are families of Gorenstein threefolds. We have the
following;:

Lemma 8.4. For every family of elliptic K3 surfaces from Section
Section or Remark the twisted family with generalized functional
invariant (k,l, B), given by the Weierstrass equation

t
8.9 V2 —4x3 gy [ K Yo+ 1) X
(59 2 () v+ )
=g (tu)
Crit 6 68
gy [ 1
gs <’Uk(’l}+].)l7u) v (U+ ) )
=:g5(t,u,v)

defines a family (over B) of Jacobian elliptic Calabi-Yau threefolds over
P! x PL. For K3 surfaces from Lemma we assumed 1 <k <1/pand1 <

I < B/p with B € {%, 1}, and for K3 surfaces from Section or Remark:
we set (k,1,8) = (1,1,1).

Proof. The construction is an application of the general construction in Sec-

tion [B.41 O

For each twisted family in Equation , we define a family of closed
three-cycles ¥3(t) as follows: For t € C with [t| < 1/(2F+H|cy|), we start
with the circle C = C/5(0), given by [v| = % in the v-plane with counter-
clockwise orientation. For every v € C, a two-cycle X (¢,v) in the K3-fiber
is obtained from 22(#_1:1)[), where 3 (t) was defined in Section by
rescaling (u, X,Y) — (u,v?(v+ 1) X,v3(v 4+ 1)*°Y). For t € C with |t <
1/(2179%1|¢;5]), we obtain a continuously varying family of closed three-cycles
as a warped product X3(t) = C x,, X5(t,v).
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8.3.1. Calabi-Yau operators of the hypergeometric case. Applying
our twist construction to the elliptic K3 surfaces from Section we obtain
the following:

Corollary 8.5. For the twisted families in Lemma with generalized
functional invariant (k,l,3) of the My-lattice polarized K3 surfaces from
Section the period integral 18 annihilated by the Picard-Fuchs
operator

(8.10) LY(p,q) =0 =t (0+p)(0+q)(0+1—q)(0+1—p).

In particular, the period over 33(t) is holomorphic at t = 0 and given by

1—q1—
(8.11) w = (2mi)?3 4F3<p’q’ : 1qi p‘t).

The values (p, q) resulting from a twist with generalized functional invariant
(k,1,B) of a family M,-lattice polarized K3 surface with 1 < n < 4 are given
in Table[12.

Proof. The proof follows by applying Equation to the periods w(t)
computed in Corollary One then checks for which generalized func-
tional invariants (k,[l, ) within the range provided by Lemma the
Hadamard product in Proposition produces a hypergeometric function

of type 4F3 using Equation ({3.6]). O

Twisted families of the Jacobian elliptic K3 surfaces from Section can
also be obtained from generalized functional invariants (k,1, 3) = (’;‘, 7.1)
in Equation where m is an odd integer. In fact, if we set

1 2 X Y

8.12 - x=12 y-_""
(8.12) R D (1+02)

we obtain dv A du A dX/Y = 2do A du A dX /Y, and Equation (8.9) becomes
the minimal and normal Weierstrass model given by

w1y | X (WU) 545{—93( L+ o) u> .

=: G2 (t,u,d) =:g5(t,u,0)

We have the following:
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Lemma 8.6. For every family of elliptic K3 surfaces from Section
the twisted family with generalized functional invariant (k,1,3) = (%5, %, 1),
given by the Weierstrass equation , defines a family of elliptic Calabi-
Yau threefolds over P! x P1. Here, we set m = 1, except for the family of

M’ -lattice polarized K3 surfaces in Lemma where we have m € {1,3}.

_ The construction of a continuously varying family of closed three-cycles
Y3(t) is analogous to the construction of ¥3(t) above. We also have the
following;:

Corollary 8.7. For the twisted families in Lemma [8.15 with generalized

functional invariant (k,1, B) = (5, 5, 1) of the elliptic K3 surfaces from Sec-

tz’on the period integral of dv A du A dX / Y is annihilated by the Picard-
Fuchs operator

8.14) 1LY (p,q) =0 =2 (0+2p) (0+29) (0+2—q) (0+2—p).

In particular, the period over 23(1&) 18 holomorphic at t = 0 and given by
t2> :

Proof. We evaluate the period of the holomorphic three-from dv A du A
dX /Y over Y3(t) by a residue computation. By construction of X3(t), it
follows that for |¢| < 1 and (9,u, X,Y) € 33(t) we have

’W (”m(iﬂ))"

Using Corollary we obtain the period integral from the following com-
putation

1—qg,1—
(8.15) o= (27Ti)3 4F3<p’ G 1 lqi p

for the values (p, q) given in Table[13

t(14 %)™
(20)™

<1

(8.16)
& 1 s S L (R
(27i)3 2mi Jo, h0) O 11,1 (20)2m
polop Itp 4 p 13 2m—1
— F 20 ’2 00 27 2m’ 2m>? ' 2m t2
29 m?’*m’? Ym0

We observe that for the given parameters m, u there is a cancellation in the
coefficients of the hypergeometric series, and we obtain Equation (8.15)). For
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m =1, or m =3, = %, the hypergeometric series reduce to
Bn=3 yperg

e e 5688
F: ], or 4F ’
s 1,1,1 rod 3( 1,1,1

#).

Remark 8.8. The Calabi-Yau operators (8.10) obtained in Corollary (8.5
and for parameters (p,q,¢' =1 —q,p’ =1 — p), with their classification
number in the AESZ database [2], are summarized in Table The Calabi-
Yau operators have degree one and are called Calabi-Yau operators of the
hypergeometric case. In particular, Table [12] includes the generalized func-
tional invariants that were found in [31] to construct threefolds fibered by
M,,-polarized K3 surfaces using toric geometry.

O

Remark 8.9. It was proved in [34] that the regular singular points ¢t =
0,1, 00 of the Picard-Fuchs operator in Equation correspond to the
conifold limit, large complex structure limit, and the orbifold point, respec-
tively. In particular, the monodromy around ¢ = co is maximally unipotent.

8.3.2. Calabi-Yau operators in the extra case. Applying our twist
construction to the elliptic K3 surfaces in Corollary [8.3] we obtain the fol-
lowing:

Corollary 8.10. For the twisted families in Equation with gener-
alized functional invariant (k,l,3) = (1,1,1) of the elliptic K3 surfaces in
Corollary the period integral 1s annthilated by the Picard-Fuchs
operator

(817) 2L{Y(p.q) :94—2t<9+%)2<6’2+9+2pq—p—q+1)
+t2(9—|—%><9+g)(9+1+p—q> <0+1—p+q>.

In particular, the period over 33(t) is holomorphic at t = 0 and given by

(8.18) w = (2mi)? 11«5(2’ t> N (Ml)l_;ngl(p’lq‘ t))Q,

for the values (p,q) given in Table .
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AESZ | (p,q) twist with (k,1,3 =1) twist with (k1,5 = 3) twist with (%, 2, 1)
My Ms My, My | My My My M, |M M M M

@) | (32) | (L1

®) | (532 |21 1LY

@ | (33 (2,1)

© | (&2) |22 (1) 11 (1.1)

| (G3) (2:2) (2.1) (1,1)

10) | (&3) (2:2) (1,1) (1)

19 | (53) (3.3) (L1) | (21) (1,2)

® | (53) (4.2) (2.1) (2:1) (1)

12 | 1) (2,2) (21) (11)

13) | () (2:1) (3)

@ | 3 (32) (4.1)

™ | (&3) (4,4) (31 (22) (1,3) (1)

2 | (1 10) (41) (2:3)

) | (&) (4,2) (1)

Table 12: Twist parameters for operators 1L§4) (p, q) in the ‘hypergeometric
case’.

Proof. The proof follows by applying Equation (5.14) to the periods w(t)
computed in Corollary O

Remark 8.11. The Calabi-Yau operators obtained in Corollary
for parameters (p, q), with classification number (and any alternative name
used) in the AESZ database [2], are summarized in Table[13] The Calabi-Yau
operators are called Calabi-Yau operators of the extra case.

8.3.3. Calabi-Yau operators in the even case. Applying our twist
construction to the elliptic K3 surfaces in Remark [8.2] we obtain the follow-
ing:
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# | AESZ  Name | (p,q) | twist of K3 with (M,, k) |
1| (17) 35,3 (3, 4) | (M4, 3), (My,4), (Mg, 5)
2| - - (5.2) | (Mz,4)

3| (66) 6* (5.%) | (Ma,4)

4| - 14* (3.3) | (M, 4)

5 (39) 4* (3,3) | (Ms,5)

6 | (20)  46,4™ | (3,3) | (Ms,3)

7| (45) 8 (3.3) | (Ms,1)

8 | (34) 8** (5:2) | (Ms,2)

9 | (39 10* (3.5 | (My,5), (M4, 1)

10| (32) 111,107 | (§,3) | (M2,3),(M4,2)

11| (40) 13* (3.%) | (My,5)

12| (21)  47,13* | (§,2) | (My,3)

13| (44) . (3.3) | (Ma,1)

14 | (41) 7 (3.9) | (Ma,2)

5] @3 9| () | 06,

16 | (42) 9** (5, 15) | (M1,2)

(4)

Table 13: Twist parameters for operators oL; ' (p, ¢) in the ‘extra case’.

Corollary 8.12. For the twisted families in Lemma with generalized
functional invariant (k,1,3) = (1,1,1) of the My-lattice polarized K3 sur-
faces in Remark: the period integral is annihilated by the Picard-

Fuchs operator

SV (i) =0 =t (202 +20+ 2 —fi+1) 0+ p) (0 —p+1)
+ 2 (0+2— )@+ 14+ ) (0 +p)(0+1—p)

(8.19)

with p = 3 and ji € {3, 3,1, %}. In particular, the period over $3(t) is holo-

morphic at t =0 and given by
1 o, 1 — |t
t]* 2F1 # H E— .
1 t—1

1-1¢

1
2

1
(8.20) w = (27i)® o Fy ( 2

1
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Proof. The proof follows by applying Equation (5.14) to the periods w(t)
computed in Remark and then using Equation (3.6]). O

To obtain the Calabi-Yau operators in Equation with p = %, i, %
as Picard-Fuchs operators, we use the variant of our twist construction in
Section m For the families of elliptic curves X = X141, X431, X321, X211,
and X, in Table [2| we already constructed families of A-cycles il(t) and
¥1(t), respectively, for || < 1.

For the twisted family in Equation , we define a family of closed
three-cycles 23(t) as follows: Applying Lemma to the elliptic curve
h? = 4u3 — gh(v)u — g5(v), we obtain a family of A-cycles % (v) 3 (u, h),
such that ¥ (v) projects onto the circle Cy, = C}/2(0), i.e., the circle [u| = 3
in the u-plane with counterclockwise orientation, for every |v| < 1. For t € C
and every (v,u) € C, x Cy, a cycle f)l(t, v,u) in the elliptic fiber of Equa-
tion |i is obtained from 21(%), by rescaling (X,Y) — (h%v2X, h30v3Y)
such that (u,h) € ¥1(v). For t € C with |t| < 1/2, we obtain a continu-
ously varying family of closed three-cycles as a warped product ig(t) =

Cy X Cy X (y,u) f]l(t, v,u). We have the following:

COI‘OllaI‘y 8.13. For X = X141, X431, X321, or X211, the twist family OfX
with Xj, in Table given by Equation for k=2,3,4, is a family over
B of Jacobian elliptic Calabi- Yau threefolds over ¥, withn =0,... k. The
period integral (5.35) is annihilated by the Picard-Fuchs operator 3L§4) (,u, /])
i FEquation (8.19). In particular, the period over ig(t) is holomorphic at
t =0 and given by

. N Myl —p 1 a,l—p|
8.21 = (273)3 o F t F -

with IS {%7 ia %} and la S {%a %7 i: %}

Proof. The proof follows by applying Proposition and Equation ((5.34])
to the periods w(t) computed in Corollary O

Remark 8.14. The Calabi-Yau operators obtained in Corollary
and Corollary for parameters (u, i), with their classification number
(and any alternative name used) in the AESZ database [2], are summarized
in Table The Calabi-Yau operators are called Calabi-Yau operators of
the even case.
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| # | AESZ  Name |

| [#[AESZ Name |

(ps i) (u, ) .
1| (32) 111 (3,4 9| (41) 189, 7% | (3, 1)
2| (31) 110 (%, %) 10 | (46) 194 (%7 i)
3005 s (L) |u] e e ()
4| (33) 112 (3 ) 12 | (50) 199 (&1
51 (34) 141, 8| (3,3) 13| (42) 190, 9% | (5, 3)
6 | (35) 142 (3.4 14 | (47) 195 (3,4
7 - 196 (14 15| (49) 198 (1, %)
8 | (36) 143 (3.%) 16 | (23) 61 )

Table 14: Twist parameters for the operators 3L§4) (p,q) in the ‘even case’.

8.4. Calabi-Yau operators in the odd case

In this section we describe a fourth step in our iterative construction that
produces families of (singular) elliptic Calabi-Yau fourfolds with section over
P! x P! x P! that realize all 14 one-parameter variations of Hodge structure
of weight four and type (1,1,1,1,1) over a one-dimensional rational defor-
mation space of the so-called odd case. The families arise as twisted families
of the elliptic Calabi-Yau threefolds of the hypergeometric case, previously
obtained in Section Applying our twist construction, we obtain their
Weierstrass model as twisted families with generalized functional invariant
(m,n,~v) = (1,1,1). We have the following:

Lemma 8.15. For every family of threefolds from Section the twisted
family with generalized functional invariant (1,1,1), given by the Weier-
strass equation

t

(8.22) Y2 =4X3—¢gy <_w(er1)

,u,v) viv+1)4 X

=192 (t7u7U7w)

t 6 6
,u ] w(w+1)°,
+1) ) ( )

g <_w(w

=: g3 (t,u,v,w)
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defines a family (over B) of Jacobian elliptic Calabi-Yau fourfolds over P! x
P! x PL.

Proof. The construction is an application of the general construction in Sec-
tion One first checks that Equation defines a minimal Weierstrass
model for every family of threefolds from Section with affine coordi-
nates u,v,w € C and t € B = P'\{0, 1, 00}. The Weierstrass equation (i8.22))
extends to P! x P! x P!, since we obtain a minimal and normal Weierstrass
equation when introducing projective variables [ug : u1] € PL, [vg : v1] € P!,
[wo : w1] € PL and [z : y : 2] € P(2,3,1) and writing each fiber as the hyper-
surface

UO Vo Wo
(8.23) Y2z = 4% — go —, — ) udvfwlrs?
11wy
Tup’ vy wy
Up Vo Wo
— g (1, 201200123
17wy
U1 ’U1 w1

Four C*-groups act on the defining variables in Equation and are given
by the weights listed in Table[15] where deg denotes the total weight of Equa-
tion and sum denotes the sum of weights of the defining variables.
Since the conditions are satisfied that for each C*-group the total weight
equals the sum of weights, a Calabi-Yau fourfold is obtained by removing
the loci {sg = s1 = 0}, {uo—ul—O} {vo = v1 = 0}, {a:—y—z 0} from

the solution set of Equation (8 and taking the quotient (C*)%. O
’C*‘deg‘xyz‘uo ul‘vo vl‘wo wl‘E‘
M| 31 1 1[0 0|0 O[O0 013
|12 14 6 01 110 0|0 0 |12
A3 1214 6 0] 0 Of|1 10 0 |12
M|1214 6 00 0|0 0|1 1 |12

Table 15: Weights of variables in Weierstrass equation.

For each twisted family in Equation , we define a family of closed
four-cycles Y4(t) as follows: For t € C with |t| < 1/2, we start with the circle
C = C1/5(0), given by |w| = 5 in the w-plane with counterclockwise orien-
tation. For every w € C, a three-cycle ¥4(¢,v) in the fiber is obtained from

Y3 (— “’%“H'l ) ¥3(t) was defined in Section by rescaling (u,v, X,Y) —
(u,v,w 12X, w3(w+1)3Y). Fort € C Wlth |t| < 1/2, we obtain a con-
tmuously varying family of closed four-cycles as a warped product ¥4(t) =
C Xy Y5(t,w). We have the following:
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Corollary 8.16. For the twisted families in Lemma |8.15 with generalized
functional invariant (1,1,1), the period integral 1s annihilated by the
self-adjoint, rank-five Picard-Fuchs operator

(8.24) L§5)(p,q) :957t<0+%) (9+p) (0+q) (9+17p) (9+17q>.

In particular, the period over ¥4(t) is holomorphic at t = 0 and given by

1
. p7Q)771_Q71_p
8.25 = (27mi)* 5 F, 2 t
(8.25) w = (2m1) 54( 111 ‘)

for the values (p,q) given in Table .

Proof. The proof follows by applying Equation (5.14]) to the periods w(t)
computed in Corollary One then checks that the Hadamard product
in Proposition produces a hypergeometric function of type 5F; using

Equation (3.6)). O
We have the following:

(p:9)

Corollary 8.17. The differential operators 4L, , given by

(8.26) 4Q”@@y:¢—%t@ﬁﬂ&6¢—2@1+f—p—q—m¢
20’ +¢* —p—q-5)0+2+p+qg
—pmﬁf—f+p%+pf+ﬁf>

+£%2@9+2+p—@@9+1+p+@

16
X(20+2—-p+q)(20+3—-p—q),

are the Yifan-Yang pullbacks of the operators L§5) (p,q) in Corollary of
minimal degree (in t), for the values (p,q) given in Table .

Proof. The proof follows directly from Proposition [3.16 O

Remark 8.18. The Calabi-Yau operators obtained in Corollary
for parameters (p, q), with their classification number (and any alternative
name used) in the AESZ database [2], are summarized in Table The
Calabi-Yau operators are called Calabi-Yau operators of the odd case.
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# | AESZ Name | (p,q) # | AESZ Name | (p,q)
1| 1) 3204 | (50| [8] 05 8 ] (§35)
20 92 5 | 9]0y 2| %))
39 4 | (L] [10] @) 1B | (L)
493 6 | @EY] |l ey 1|12
5108 11 (@& 2] ey 7| (LD
6 (9 10 | (L1 [18] 90) 2 | (&)
7oy 1w @A) 1] 9 9 | (%)

(4)

Table 16: Twist parameters for the operators 4L; ’(p, q) in the ‘odd case’.

9. Proof of Theorem [2.1]

In Section [5| we have defined an iterative construction that produces fam-
ilies of elliptically fibered Calabi-Yau n-folds with section from families of
elliptic Calabi-Yau varieties of one dimension lower by a combination of a
quadratic twist and a rational base transformation encoded in the gener-
alized functional invariant. Moreover, all Weierstrass models are obtained
through a sequence of constructions that start with the quadric pencil in
Equation . Each step n = 1,2, 3, 4 of our iterative construction has also
provided a family of a closed transcendental n-cycle for each family of n-folds
as the warped product of the corresponding transcendental cycle in dimen-
sion n — 1. Upon integration of this cycle with the holomorphic n-form we
obtain a period for the family of elliptically fibered Calabi-Yau n-folds with
section. By construction, the period is holomorphic on the unit disk about
the point ¢ = 0 of maximally unipotent monodromy. Each holomorphic pe-
riod is then annihilated by a Picard-Fuchs operator which is a Calabi-Yau
operator in the sense of [3].

The proof of Theorem proceeds as follows: Bogner and Reiter classi-
fied all Sp(4, C)-rigid, quasi-unipotent local systems which have a maximal
unipotent element and are induced by fourth-order Calabi-Yau operators. In
particular, they obtained explicit expressions for all Calabi-Yau operators
and closed formulas for special solutions of them. We prove that we have
realized all of these operators and holomorphic periods. There are the four
cases:
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1) The hypergeometric case consist of 14 operators called P;(4,10,4) [12,
Theorem 6.1]. These operators precisely coincide with the 14 operators
of Equations and obtained by the twist construction for
parameters given in Table

2) The extra case consist of 16 operators called P(4,6,6) [12, Theo-
rem 6.3]. These operators precisely coincide with the 16 operators
of Equation obtained by the twist construction for parameters
listed in Table [13]

3) The even case consist of 16 operators called P5(4,6,8) [12, Theo-
rem 6.4]. These operators precisely coincide with the 16 operators
of Equation obtained by the twist construction for parameters
listed in Table [14]

4) The odd case consist of 14 operators called P; (4, 8,4) [12, Theorem 6.2].
These operators precisely coincide with the Yifan-Yang pullbacks in

Equations (3.21)) of the 14 operators of Equations ({8.24]) obtained by
the twist construction for the parameters listed in Table [T6] 0

Remark 9.1. We constructed all symplectically rigid Calabi-Yau operators
as Picard-Fuchs operators of families of Calabi-Yau varieties. These opera-
tors are rank-four, degree-two, irreducible Calabi-Yau operators with three
regular singular points. In addition to these operators, there are four ad-
ditional rank-four, degree-two, irreducible Calabi-Yau operators with three
regular singular points in the AESZ database [2]. The additional cases, 84,
254, 255, 406, have as degree-one term an irreducible polynomial (over Q[t])
of degree four; see Remark

10. Beyond symplectically rigid Calabi-Yau operators
10.1. Calabi-Yau operators from Heun’s equation

Heun’s equation is the rank-two, linear ordinary differential equation of the
form

d? ¥ 1) € d aft —q B
(10.1) (dt2 + (t ot u_a> AT T T 1><t_a>> w(t) =0,

such that e = a+ 8 — v — d + 1 to ensure that the point at infinity is a reg-
ular singular point. The parameter ¢ € C is called the accessory parameter.
For a € C and a # 0,1, Heun’s equation has four regular singular points at
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0,1,a,00 and the Riemann symbol

0 1 a 00
(10.2) Pl 1—vy 1-6 1—¢ a |t
0 0 0 8

Every rank-two linear ordinary differential equation with at most four reg-
ular singular points can be transformed into this equation by a change of
variable. The function Hl(a,q; o, 3,7,6 |t) is the unique solution of Heun’s
differential equation that is holomorphic and 1 at the singular point ¢ = 0.
We have the following:

Lemma 10.1. The function w(t) = Hl(a,q;1,1,1,1|t) is the unique solu-
tion of L§2)w(t) =0, holomorphic and 1 at t =0, with

2
2

(10.3) L (a,q) = 6% - 2((a F1)0% + (a+1)0+q) + %(0 +1)%

Fora € (0,1) NQ, the function w(t) = Hl(a, 4; 0,1 — a, 1, % |t)? is the unique
solution of ng)w(t) =0, holomorphic and 1 at t =0, with

(10.4) ng) (;a,q) = 03 — %(20 +1)((a+ 1)6? + (a+1)0 + q)
+ f(9+2a)(9+2(1 —a))(0+1).

We also have the following identity involving a Hadamard product:

g 13 11\ 1
(10.5)  He <a, Sl ’t) - 1F0<2‘ t) « Hi(a,q:1,1,1,1]¢).
Proof. The proof follows by explicit computation. O

To obtain Calabi-Yau operators, the following lemma is essential:

Lemma 10.2. For o € (0,1) N Q, the function

1 11.\?
w(t) = 1F0<2‘t> * HE <a,i;a,l—a,1,2 ‘t)
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18 the unique solution of 1L£4)w(t) =0, holomorphic and 1 att =0, with

t

4a
t

+ E(26>+ 1)(20+3) (0 +28) (0 +2(1 - B)).

(10.6) 1L£4) (;a,q) = 6t — (26 + 1)2((61 +1)6% + (a+1)0 + q)

For a € (0,1) N Q, the function

a,l—a

w(t) = 2F1< :

t) *x Hl(a,q;1,1,1,11¢t)

is the unique solution of 2L£4)w(t) =0, holomorphic and 1 att =0, with

(10.7) oL{Y (asa,q) = 6* — 2(9 +a)(0+1-a)((a+1)0*+ (a+1)0 + q)

+ L4 a)(0+1-0) (0 +a+1)(0+2-a).

Proof. The proof follows by explicit computation. O

The rank-four operators in Equations and have four regular
singular points at 0,1, a, co. In particular, they are not symplectically rigid
operators. Notice that rescaling t — Aat leaves the operator 6 invariant and
allows us to clear denominators. We then have the following;:

Proposition 10.3. The rank-four operators iLE\t)t (a; a,q) with 1 = 1,2 in

Equation and Equation , with parameters (a;a;q; \) given in
Table[I7 and[18, constitute all 33 rank-four, degree-two Calabi- Yau operators
in the AESZ database [2] with four reqular singular points whose degree-one
term is not an irreducible polynomial (over Q[t]) of degree four.

Proof. The proof follows by explicit computation. O

Remark 10.4. The fact that there are two solutions for each entry in
Table [17] and [1§]is due to the following identity for Heun functions

1 ¢
He(a,q:1,1,1,1]t) = HY < 9911, 1() .
a a a

Remark 10.5. In the AESZ database [2], there are 36 rank-four, degree-
two, irreducible Calabi-Yau operators with four regular singular points.
Three additional cases, 18, 182, 205, that do not appear in Table [I7] and
have as degree-one term an irreducible polynomial (over Q[t]) of degree four.
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AESZ (a;a,q; A) in 1Lg\a)t (a; a, q)

16 (3,4,2,64), (3. 1. 3.16)
29 | (4,577 £408v/2,170 + 120v/2, 68 + 48/2)
41 | (38 +iVv2, 2+l V2,28 +£i16V2)

2781 » 27

42 (3,17 +12v2,6 + 4v/2,48 £ 32V/2)
184 (3> 125 £ i35035 E s, 44 £18)
185 (3,-7+4V3,-2+ 3/3,36 F 24V/3)
925 (%7 —123j2:55\/57 —331215\/5788:F40 \/g>
36 (5.2,1,128), (4,4, 5,64)

45 (§.-8,-2,128), (4,4, 1, -16)
58 (£,9,3,144) , (1,4, 4,16)

133 lel:l:zf S:N:z\f,r? 434 \@)
137 (1,5 1.144) (3,55, 128)

18 (3. -4,-1,64), (3, }. . ~16)
183 (831,64, (5 1.1.4)

26 (3,-27,-8,108), (5, — 5, 2v, —4)

Table 17: Non-rigid Calabi-Yau operators from Lemma [10.2

10.2. Realizing non-rigid Calabi-Yau operators

The twisted families of Section are precisely the extremal families of
elliptic curves with three singular fibers and rational total space (up to
quadratic twist and two-isogeny) classified in [60, Tab. 5.2]. Miranda and
Persson also classified the extremal families of elliptic curves with rational
total space and four singular fibers, the highest number that can occur, in
[60, Tab. 5.3]. There are six of them, in the notation of Herfurtner denoted
as X5511, X6321, X4422, X8211, X3333, and X9111. Analogous to Corollary
they are the modular elliptic surfaces for the subgroups I'1(5), T'o(6), T'o(4) N
I'(2), T'o(8), I'(3), and I'y(9), respectively.

The latter four, X4499, Xgo11, X3333, and Xg111, are easily understood
in terms of the construction in Section [8| For example, Xg211 and Xg111
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AEZ] (o) m ol (o ara)
48 (3,2,1,216), (3,1,1,108)
38 (3.2,1,512), (3,1, 3, 256)
65 (3,2,1,3456) , (3,3,1,1728)
134 <% :ti\/g 3:|:i\/§ 243:t81i\/§)
135 (3. ﬂf 3ﬂf 288+ 96v/3)
136 (5. in % 1944 4 648v/3 )
24 (%’ 7123i55\/5 733i15\f 297;135\/)
51 <41U —123155\/5 _33i215‘[,352¢160\/5)
63 (%,—123:;:55“5 =3415V5 9376 % 108015
15 (3-8, -2.216) (3, =5, 3, ~27)
68 (l —8,-2,512), (4, —%,1,—64)
62 (§.—8,—2,3456) , (g, —§. 3, —432)
70 ( ,9,3,243) , (3, 3, 3,27)
69 (§.9.3,576), (1,5, 4,64)
64 (3.9,3,3888), (%, 4, 5,432)
138 (3:%:3.243)., (5.5, 5, 216)
139 (5.3.3.57), (3, 5.2.512)
140 (5§ 1,3888), (5, 5, 5, 3456)

Table 18: Non-rigid Calabi-Yau operators from Lemma [10.2

are pull-backs of modular elliptic surfaces X141 or X431 in Table [5] along
the map t — t¥ with k = 2 or k = 3, respectively. Similar arguments apply
to Xu400 and Xs3333. Weierstrass models for the elliptic surfaces Xs5511 and
X321 for subgroups I'1(5), I'g(6) are given in Table

It is straight forward to work out corresponding versions of Corollary
In fact, the period integral of dX/Y over a family of suitable A-cycles ¥ (t)
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name, G 92,93, A, J, sections Ramification of J and singular fibers
MW(r, o) t J | m(j) fiber
X511 g2 = %c4t4 — 9313 + 2.71(22752 + 9ct + % pi(ct) =0 0 3 smooth
To(5) g3 = 7%8%6 + %C5t5 — %5(:41&4 — %(’%2 — %ct — % i% 1 2 smooth
A = 7295°(c*? — 1lct — 1) pa(ct) =0 1 2 smooth
_ (M 128 142 4 12ct 1)
J = < 17282%5(0%2—11&—(11) 0,00 oo | 5 | 2I5(A)
Z/5Z | (X, V)12 = (322 + 3ct+ 1, £3V332) (t?—11t—1=0)/c |oo| 1 20
(X,Y)34 = (%(22752 — %ct + 1, 43V3ct)
Xesar | g2 =3(t —4) (3 + 122 + 48t — 64) 4,4(1 — ¥/2) 0 3 | smooth
To(6) | gs=—5(t2+4t —8) (t* + 8> + 512t — 512) —2¥2(1+£4iv3)—4 | 0| 3 | smooth
A = —729¢5(t — 1) (¢ +8)° 4¢* +265+8-2=0) | 1 | 2 | smooth
(t—4)% (3 +12t24+48t—64)° .
J 7W 2+2V3 1 2 smooth
Z/6Z | (X,Y) = (—3t2-2t+4,0) 0 o | 6 | I (As)
(X,Y)23 = (312 —2t+4,£3V3%) 1 | 1 I
(X, Y)as = (382 +4t+4,£3V3t(t +8)) -8 o 2 | L(A)
00 0| 3 | I3(Ay)

Table 19: Extremal rational fibrations (with polynomials pi(t) = t* —
1263 + 1412 + 126 + 1, po(t) = t* — 183 + 7462 + 18t +1 and ¢ = L5

/ _ 11455
c = T)'

in the neighborhood of ¢ = 0 are Heun functions, and we use rational trans-
formations on the parameter curve to re-arrange the four singular points if
necessary. We have the following:

Corollary 10.6. For the families of elliptic curves over P'\{0,1,a, 00},
Xs511, X321, Xso11, and Xog111, the period integrals of dX/Y are annihilated
by the Picard-Fuchs operator ng) (a,q) in Equation . For each family,
the period over ¥1(t) is w(t) = Hl(a,q;1,1,1,1|t) and holomorphic att = 0,
with parameters (a,q) and singular fibers att = 0,1, a,00 given in Table .

Proof. For the families of Weierstrass models we use dX/Y as the holo-
morphic one-form on each regular fiber. It is well-known (cf. [73]) that the
Picard-Fuchs equation is given by the Fuchsian system

_1dhnA 36
d 12 di ZA
w 503 )
dt \ m g8 1dinA n
8A 12 df

where w; = 5621 d7X and n = 9521 % for each one-cycle ¥; and with § =

39395 — 2 g2 g5. The rest follows by explicit computation. O
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(a,q) Configuration Surface
(2,1) Lt=0@Lit=1)®L({t=a)® I3(t=00) | Xso11
(3-3) Is(t=0)® Ir(t=1) @ Li(t = a) & L1(t = 00) | Xgonn
(L52,308) | Bt =0) @ h(t=1) @ It = a) @ y(t = ) | X
(=) -2) | Lt=0)&Li(t= 1)@11( =a) & I5(t =00) | Xssu1
(—8,-2) Is(t=0)® Li(t = 1) © It =a)® I3t =00) | Xeszn

(—%: 1) Lit=0)oL(t=1)®L(t=a)® ls(t=00) | Xes2
9,3) Lt=0) @It =1)® Lt = a) ® I;(t = 00) | Xezn
(3.4 Lit=0)@®l(t=1) @ L(t=a)®L(t=00)| Xea
(2.9) Lit=0)0Is(t=1)@ L(t=a)® I3t =00) | Xesn
(5,2) Lt=0)@L(t=1)@®I(t=a)®I3(t=00)| Xes

Table 20: Parameters of Heun functions for extremal elliptic surfaces.

Analogous to Lemmal6.5] it follows that twisted families with generalized
functional invariant (i,j, Oz) = (1, 1, 1) of X5511, Xg321, Xgo11, and Xgq11 are
families of M,,-lattice polarized K3 surfaces with n = 5,6, 8,9, respectively.
As before, we also obtain a continuously varying family of closed two-cycles
Yo(t). We therefore have the following:

Corollary 10.7. The twisted families with generalized functional invariant

(i,4,a) = (1,1,1) given by Equation (6.5), of the families in Corollary[10.6
are families over the rational modular curves H/To(n)* of M, -lattice polar-

ized K38 surfaces withn = 5,6,8,9. For each family, the period integral (5.15
1s annihilated by the Picard-Fuchs operator L( )(4, a,q) in Equation (10.4).
In particular, the period over ¥a(t) is holomorphic at t = 0 and given by

1
(10.9) w = (27i)? 1F0<2‘ t) * Hl(a,q;1,1,1,11t),

where parameters (a,q) and singular fibers over t = 0,1,a,00 (before twist-
ing) are given in Table .

Proof. The proof follows directly by checking that the singular fibers and
Mordell-Weil groups for the families constructed in Lemma agree with
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the ones given by Dolgachev in [28]. The rest of the proof is analogous to
the proof of Corollary O

Remark 10.8. Identity reflects the well-known decomposition of the
Picard-Fuchs operator into a symmetric square for families of M,,-lattice
polarized K3 surfaces of Picard-rank 19. If one considers non-rigid, smooth
Calabi-Yau threefolds (non-isotrivially) fibered by K3 surfaces admitting a
M,-lattice polarization, then it wash shown in [33] that 1 <n <11, n # 10
and that all such n can be realized. Our twist construction provides explicit
examples for such Calabi-Yau threefolds for n € {1,2,3,4,5,6,8,9}.

Applying our twist construction again yields families of Calabi-Yau three-
folds whose Picard-Fuchs operators realize non-rigid Calabi-Yau operators
with four regular singular points. As in Section we also obtain a contin-
uously varying family of closed three-cycles ¥3(t). We have the following:

Corollary 10.9. The twisted families with generalized functional invariant
(k,l,5) = (1,1,1), given by Equation , of the elliptic K3 surfaces in
Corollary are families over P'\{0,1,a,c0} of Jacobian elliptic Calabi-
Yau threefolds over P x PL. For each family, the period integral is
annihilated by the Picard-Fuchs operator 1L£4)(%;a, q) in Equation .
In particular, the period over ¥3(t) is holomorphic at t = 0 and given by

1 1 11\?
(1010) W = (271'2)3 1F[)<2‘ t) *Hf <CL, %7 Za %7 17 5 ’t>

with parameters (a,q) given in Table .

Proof. The proof is analogous to the proof of Lemma[8.4] and Corollary [8.5
(|

Applying base transformations between twists again greatly improves
the scope of our twist construction. We make the following:

Remark 10.10. Special function identities for the Heun function can be
used to realize Picard-Fuchs operators 1L£4)(0¢; a,q) in Equation ([10.6|) for
values other than o = % in Table As an example, we consider the case

o= % where we use a sequence of identities for the Heun function found
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in [54]. For g € (0,1) NQ and a # 1, we use the linear identity

(10.11)  HY <a, 11,1, 1‘3;) - He (1 —al—q1,1,1, 1)T1(m)>

1
-

with Ty (x) = (1=a)z the quadratic identity

1
(10.12) H£<a, %;5, 1- 8,1, 2‘T2(x)> —(1— )" H <a’,q’; 28,1,1, Qﬁ’x)

with Th(x) = %‘l;x), where a and o’ are related by
(10.13) ()1 —a)?—-16(1—d)a=0,

andg=4R (¢ — pa’)and R = 5 é‘t‘é,), combined with the bi-quadratic quar-
tic identity

o\ 1/2
(10.14) Hv (a, %; i, %, 1, ;‘T4(a:)> = (1 — a:) HY (a,q; 1,1,1, l‘x) )
a

with Ty(x) = %W. This implies that a Heun function of the form

g 11 1}
Hi - — =1, =|T
€<G,4,2,2, 72 2($)
is related to the Heun function

-7 H(1-d 1_q/'1311’T4(T1($)) )
1-5)/1-Ti(x)%/a
( a) 1( )2/ 9 4 a4747 72

In turn, the latter is realized as holomorphic period of an extremal rational
surface after pullback by a base transformation and twist. The Picard-Fuchs
operator of the twisted family, constructed analogously to Corollary
then realizes the Calabi-Yau operators 1L§4)(%;a,q) for parameters (a,q)
given in Table

Applying the variant of the twist construction for Section yields
other families of Calabi-Yau threefolds whose Picard-Fuchs operators realize
more non-rigid Calabi-Yau operators with four regular singular points. As in
Section we also obtain a continuously varying family of closed three-
cycles ¥3(t). We have the following:
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Corollary 10.11. For every family X — P\{0,1,a, 0} in Corollary(10.6,
the twist family of X with X} in Table @ given by Equation (@I) for
k=2,3,4, is a family over P1\{0,1,a,00} of Jacobian elliptic Calabi-Yau
threefolds over F,, withn =0, ..., k. The period integral (5.35) is annihilated
by the Picard-Fuchs operator 2L§4)(,u; a,q) in Equation In particular,

the period over 33(t) is holomorphic at t = 0 and given by

1
(10.15) O = (2mi)? 2F1<“’ 1

_“‘t)*Hf(a,q;l,l,l,lw,

where parameters (a,q) are given in Table and pu € {%, i, %}

Proof. The proof is analogous to the proof of Corollary in Section [8.3.3
O

Remark 10.12. Corollary [10.9] Corollary and Remark [10.10] re-
alize 30 non-rigid Calabi-Yau operators with four regular singular points
as Picard-Fuchs operators of families of Calabi-Yau threefolds obtained b

our twist construction, namely all operators 1L§4)(,u; a,q) in tion @B

with p € {%, i} and operators 2L§4)(,u; a,q) in Equation 1} with p €
{%, %, i, %}, for parameters (a, q) given in Table 20| up to rescaling ¢t — Aat

of the affine base coordinate according to Table [17 and
11. Discussion and outlook

We introduced a twist construction to iteratively obtain families of Calabi-
Yau n-folds over P'\{0, 1cc}, internally elliptically fibered by Calabi-Yau
(n — 1)-folds. Our construction is a geometric generalization of Katz’s mid-
dle convolution combined with an additional rational pullback operation on
the internal fibration. By computing the periods of a holomorphic top-form
over explicit topological cycles and expressing the results in hypergeomet-
ric terms, we produced Weierstrass models whose Picard-Fuchs operators
realize all 60 Calabi-Yau operators inducing Sp(4, C)-rigid, quasi-unipotent
local systems of weight three and rank four having a maximal unipotent
element. This is important because the usual middle convolution only is
guaranteed to produce the GL(4, C)-rigid monodromy tuples. Our iterative
construction provides a unifying construction for many examples of elliptic
curves, K3 surfaces, and Calabi-Yau threefolds considered in the context
of mirror symmetry, e.g., families considered in [32] [63] [80] and examples
in [82]. Moreover, by restricting the family parameter to special values one
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readily obtains elliptic curves, K3 surfaces, and Calabi-Yau threefolds with
properties such as CM, admitting a Shioda-Inose structure associated with
abelian surfaces with quaternionic multiplication, or rigidity. Some of these
arithmetic properties were investigated in [78], and their fiberwise Picard-
Fuchs equations were computed in [79]. These results are all reproduced by
our iterative construction.

We also used our iterative construction to obtain families with four sin-
gular fibers, such as all extremal Jacobian rational elliptic surfaces with four
singular fibers from the Miranda-Persson list [60], and models for families
of M,-lattice polarized K3 surfaces for n <9 with n # 7. On the level of
periods, the role of the Gauss hypergeometric function was then replaced by
the Heun function. Identities for the hypergeometric function were replaced
by identities for the Heun equation, for example relations found in [54] [74].
In this way, our iterative construction again provided a unified geometric ap-
proach for many differential equations associated with K3 surfaces studied
in isolation [10} 11l [64] 65, [72]. Our iterative construction also reproduced
many of the classical examples of threefolds investigated in the context of
mirror symmetry, for example in [52, 53]. We hope that the obtained new
families and our iterative technique itself could be of interest for “global
mirror symmetry” frameworks, e.g., see [I8, [19], curve-counting on 3-folds,
F-theory, for studying thin vs. arithmetic monodromy, and maybe in the
future even homological mirror symmetry.

However, the geometric realization of the Calabi-Yau operators in the
odd case in Theorem [2.1]is not yet completely satisfactory: instead of produc-
ing families of threefolds whose Picard-Fuchs operators realize the fourth-
order Calabi-Yau operators of the odd case directly, we constructed families
of fourfolds instead, such that the Yifan-Yang pullback of their rank-five
Picard-Fuchs operators realized the Calabi-Yau operators. The observant
reader might have noticed that a similar situation already occurred at lower
dimension in our iterative construction. The twist construction applied to
any family of elliptic curves from Table [5] produced families of K3 sur-
faces whose Picard-Fuchs operators were symmetric squares of rank-two and
degree-one Calabi-Yau operators. In fact, Clausen’s identity expresses
the holomorphic K3 periods as squares of Gauss hypergeometric functions.
Using the hypergeometric function identity , we were able to relate
the (symmetric) square root back to the holomorphic solution of the Picard-
Fuchs equation before the twist. In this sense, carrying out a twist and taking
a (symmetric) square root is equivalent to carrying out a quadratic transfor-
mation on the parameter space of the original family. Hodge-theoretically
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this is due to the fact that the K3 surfaces of Picard-rank 19 or 18 ad-
mit Shioda-Inose structures relating them to Kummer surfaces associated
to products of elliptic curves. We have already proved that, at least in one
case, a similar Hodge-theoretic interpretation exists for the exterior square
root of the simplest Calabi-Yau operator in the odd case as well.

Moreover, we expect that our iterative construction of a transcendental
cycle for the holomorphic period can be extended to obtain a full basis of
transcendental cycles. Such bases would in turn allow us to construct the
integral monodromy matrices for each family. This is important because the
full period lattices are a powerful tool to distinguish examples of different
geometric variations of Hodge structure over Z that are isomorphic over R.
For example, the quintic-mirror and the quintic-mirror twin family share
the exact same Picard-Fuchs equation, but they have different ranks in the
even dimensional cohomologies [34]. These results will be the subject of a
forthcoming article.

References

[1] Gert Almkvist, Calabi- Yau differential equations of degree two and three
and Yifan Yang’s pullback, arXiv:math/0612215, (2006).

[2] Gert Almkvist, Christian van Enckevort, Duco van Straten, and Wadim
Zudilin, Tables of Calabi-Yau equations, arXiv:math/0507430, (2005).

[3] Gert Almkvist and Wadim Zudilin, Differential equations, mirror maps
and zeta values, in: Mirror Symmetry. V, AMS/IP Stud. Adv. Math.
38 (2006), 481-515.

[4] Victor V. Batyrev, Dual polyhedra and mirror symmetry for Calabi- Yau
hypersurfaces in toric varieties, J. Algebraic Geom. 3 (1994), no. 3, 493—
535.

[5] Victor V. Batyrev and Lev A. Borisov, Dual cones and mirror symmetry
for generalized Calabi- Yau manifolds, in: Mirror Symmetry. II, AMS/IP
Stud. Adv. Math. 1 (1997), 71-86.

[6] Victor V. Batyrev, Ionut Ciocan-Fontanine, Bumsig Kim, and Duco
van Straten, Conifold transitions and mirror symmetry for Calabi-Yau
complete intersections in Grassmannians, Nuclear Phys. B 514 (1998),
no. 3, 640-666.

[7] Victor V. Batyrev and Duco van Straten, Generalized hypergeometric
functions and rational curves on Calabi-Yau complete intersections in
toric varieties, Comm. Math. Phys. 168 (1995), no. 3, 493-533.



Calabi-Yau realizing symplectically rigid monodromy 1353

[8] Amnon Besser and Ron Livné, Universal Kummer families over
Shimura curves, in: Arithmetic and Geometry of K3 Surfaces and
Calabi-Yau Threefolds, Fields Inst. Commun. 67 (2013), pp. 201-265.

[9] Frits Beukers and Gert Heckman, Monodromy for the hypergeometric
function ,F,_1, Invent. Math. 95 (1989), no. 2, 325-354.

[10] Frits Beukers and Hans Montanus, Ezplicit calculation of elliptic fi-
brations of K3-surfaces and their Belyi-maps, in: Number Theory and
Polynomials, London Math. Soc. Lecture Note Ser. 352 (2008), 33-51.

[11] Frits Beukers and Chris A. M. Peters, A family of K3 surfaces and
¢(3), J. Reine Angew. Math. 351 (1984), 42-54.

[12] Michael Bogner and Stefan Reiter, On symplectically rigid local systems
of rank four and Calabi- Yau operators, J. Symbolic Comput. 48 (2013),
64-100.

[13] Michael Bogner and Stefan Reiter, Some fourth order C'Y-type operators
with non-symplectically rigid monodromy, Exp. Math. 26 (2017), no. 1,
98-113.

[14] Philip Candelas, Xenia C. de la Ossa, Paul S. Green, and Linda Parkes,
An exactly soluble superconformal theory from a mirror pair of Calabi-
Yau manifolds, Phys. Lett. B 258 (1991), no. 1-2, 118-126.

[15] Philip Candelas, Gary T. Horowitz, Andrew Strominger, and Edward
Witten, Vacuum configurations for superstrings, Nuclear Phys. B 258
(1985), no. 1, 46-74.

[16] Andrea Cattaneo, Elliptic fibrations and the singularities of their
Weierstrass models, arXiv:1307.7997, (2013).

[17] Yao-Han Chen, Yifan Yang, and Noriko Yui, Monodromy of Picard-
Fuchs differential equations for Calabi- Yau threefolds, J. Reine Angew.
Math. 616 (2008), 167—203. With an appendix by Cord Erdenberger.

[18] Alessandro Chiodo, Hiroshi Iritani, and Yongbin Ruan, Landau-
Ginzburg/Calabi-Yau correspondence, global mirror symmetry and
Orlov equivalence, Publ. Math. Inst. Hautes Etudes Sci. 119 (2014),
127-216.

[19] Alessandro Chiodo and Yongbin Ruan, A global mirror symmetry
framework for the Landau-Ginzburg/Calabi- Yau correspondence, Ann.
Inst. Fourier (Grenoble) 61 (2011), no. 7, 2803-2864.



1354 C. F. Doran and A. Malmendier

[20]

[21]

[22]

[23]

[24]

Adrian Clingher and Charles F. Doran, Modular invariants for lattice
polarized K3 surfaces, Michigan Math. J. 55 (2007), no. 2, 355-393.

Adrian Clingher, Charles F. Doran, Jacob Lewis, Andrey Y. Novoselt-
sev, and Alan Thompson, The 14th case VHS wvia K3 fibrations,
arXiv:1312.6433, (2013).

Adrian Clingher, Charles F. Doran, and Andreas Malmendier, Special
function identities from superelliptic Kummer varieties, Asian J. Math.
21 (2017), no. 5, 909-951.

David A. Cox and Steven Zucker, Intersection numbers of sections of
elliptic surfaces, Invent. Math. 53 (1979), no. 1, 1-44.

Genival da Silva Jr., Matt Kerr, and Gregory Pearlstein, Arithmetic of
degenerating principal variations of Hodge structure: examples arising
from mirror symmetry and middle convolution, Canad. J. Math. 68
(2016), no. 2, 280-308.

Pierre Deligne, Equations Différentielles A points Singuliers Réguliers,
Lecture Notes in Mathematics, Vol. 163, Springer-Verlag, Berlin-New
York, (1970).

Michael Dettweiler and Stefan Reiter, Middle convolution of Fuchsian
systems and the construction of rigid differential systems, J. Algebra
318 (2007), no. 1, 1-24.

Igor Dolgachev and Mark Gross, Elliptic threefolds. 1. Ogg-Shafarevich
theory, J. Algebraic Geom. 3 (1994), no. 1, 39-80.

Igor V. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces,
J. Math. Sci. 81 (1996), no. 3, 2599-2630. Algebraic geometry, 4.

Charles F. Doran, Picard-Fuchs uniformization and modularity of the
mirror map, Comm. Math. Phys. 212 (2000), no. 3, 625-647.

Charles F. Doran, Algebro-geometric isomonodromic deformations link-
ing Hauptmoduls: variation of the mirror map, in: Proceedings on
Moonshine and Related Topics (Montréal, QC, 1999), (2001), pp. 27-35.

Charles F. Doran, Andrew Harder, Andrey Y. Novoseltsev, and Alan

Thompson, Families of lattice polarized K3 surfaces with monodromy,
Int. Math. Res. Not. IMRN 23 (2015), 12265-12318.

Charles F. Doran, Andrew Harder, Andrey Y. Novoseltsev, and Alan
Thompson, Calabi- Yau threefolds fibred by Kummer surfaces associated
to products of elliptic curves, arXiv:1501.04024.



Calabi-Yau realizing symplectically rigid monodromy 1355

[33] Charles F. Doran, Andrew Harder, Andrey Y. Novoseltsev, and Alan
Thompson, Calabi- Yau threefolds fibred by high rank lattice polarized
K3 surfaces, arXiv:1701.03279.

[34] Charles F. Doran and John W. Morgan, Mirror symmetry and inte-
gral variations of Hodge structure underlying one-parameter families of
Calabi- Yau threefolds, Mirror Symmetry. V, AMS/IP Stud. Adv. Math.
38 (2006), 517-537.

[35] Martin Eichler, Eine Verallgemeinerung der Abelschen Integrale, Math.
Z. 67 (1957), 267-298.

[36] Youichi Endo, Parabolic cohomologies and generalized cusp forms of
weight three associated to Weierstrass equations over function fields,
Thesis (Ph.D.) — Temple University (1985), 66 pp.

. Garbagnati and B. van Geemen, Fxamples of Calabi- Yau threefolds

37] A. Garb iand B G E les of Calabi-Yau threefold
parametrised by Shimura varieties, Rend. Semin. Mat. Univ. Politec.
Torino 68 (2010), no. 3, 271-287.

[38] Alexander B. Givental, Equivariant Gromov-Witten invariants, Inter-
nat. Math. Res. Notices 13 (1996), 613-663.

[39] Antonella Grassi, On minimal models of elliptic threefolds, Math. Ann.
290 (1991), no. 2, 287-301.

[40] Mark Green, Phillip Griffiths, and Matt Kerr, Néron models and bound-
ary components for degenerations of Hodge structure of mirror quintic
type, Curves and abelian varieties, in: Curves and abelian varieties,
Contemp. Math. 465 (2008), 71-145.

[41] Mark Green, Néron models and limits of Abel-Jacobi mappings, Com-
pos. Math. 146 (2010), no. 2, 288-366.

[42] Phillip A. Griffiths, Periods of integrals on algebraic manifolds. 1. Con-
struction and properties of the modular varieties, Amer. J. Math. 90
(1968), 568—626.

[43] Phillip A. Griffiths, Periods of integrals on algebraic manifolds. II. Local
study of the period mapping, Amer. J. Math. 90 (1968), 805-865.

[44] Phillip A. Griffiths, Periods of integrals on algebraic manifolds. III.
Some global differential-geometric properties of the period mapping,
Inst. Hautes Etudes Sci. Publ. Math. 38 (1970), 125-180.



1356 C. F. Doran and A. Malmendier

[45] Phillip A. Griffiths, Periods of integrals on algebraic manifolds: Sum-
mary of main results and discussion of open problems, Bull. Amer.
Math. Soc. 76 (1970), 228-296.

[46] Mark Gross, A finiteness theorem for elliptic Calabi-Yau threefolds,
Duke Math. J. 74 (1994), no. 2, 271-299.

[47] Stephan Herfurtner, Elliptic surfaces with four singular fibres, Math.
Ann. 291 (1991), no. 2, 319-342.

[48] William L. Hoyt, Parabolic cohomology and cusp forms of the second
kind for extensions of fields of modular functions, in: Modular Functions
in Analysis and Number Theory, Lecture Notes Math. Statist. 5 (1983),
85—-121.

[49] William L. Hoyt, Notes on elliptic K3 surfaces, in: Number Theory
(New York, 1984-1985), Lecture Notes in Math. 1240 (1987), 196-213.

[50] Samuel B. Johnson and Washington Taylor, Calabi-yau threefolds with
large h*!, arXiv:1406.0514, (2014).

[51] Nicholas M. Katz, Rigid Local Systems, Annals of Mathematics Studies,
Vol. 139, Princeton University Press, Princeton, NJ, (1996).

[52] Bong H. Lian, Kefeng Liu, and Shing-Tung Yau, Mirror principle. I,
Asian J. Math. 1 (1997), no. 4, 729-763.

[53] Bong H. Lian and Shing-Tung Yau, Arithmetic properties of mirror map
and quantum coupling, Comm. Math. Phys. 176 (1996), no. 1, 163—-191.

[54] Robert S. Maier, P-symbols, Heun identities, and sF> identities, in:
Special Functions and Orthogonal Polynomials, Contemp. Math. 471
(2008), 139-159.

[55] Andreas Malmendier, The eigenvalue equation on the Eguchi-Hanson
space, J. Math. Phys. 44 (2003), no. 9, 4308-4343.

[56] Andreas Malmendier, Kummer surfaces associated with Seiberg- Witten
curves, J. Geom. Phys. 62 (2012), no. 1, 107-123.

[57] Andreas Malmendier and David R. Morrison, K3 surfaces, modular
forms, and non-geometric heterotic compactifications, Lett. Math. Phys.
105 (2015), no. 8, 1085-1118.

[58] Andreas Malmendier and Yih Sung, Counting rational points on Kum-
mer surfaces, Res. Number Theory 5 (2019), no. 3, 5-27.



[59]
[60]
[61]
[62]

[63]

[68]
[69]
[70]

[71]

Calabi-Yau realizing symplectically rigid monodromy 1357

Afsaneh Mehran, Double covers of Kummer surfaces, Manuscripta
Math. 123 (2007), no. 2, 205-235.

Rick Miranda and Ulf Persson, On extremal rational elliptic surfaces,
Math. Z. 193 (1986), no. 4, 537-558.

David R. Morrison and Cumrun Vafa, Compactifications ofF'-theory on
Calabi-Yau threefolds. II, Nuclear Phys. B 476 (1996), no. 3, 437-469.

Noboru Nakayama, On Weierstrass models, in: Algebraic Geometry and
Commutative Algebra, Vol. II, Kinokuniya, Tokyo, (1988), 405-431.

Norihiko Narumiya and Hironori Shiga, The mirror map for a family
of K3 surfaces induced from the simplest 3-dimensional reflexive poly-
tope, in: Proceedings on Moonshine and Related Topics (Montréal, QC,
1999), CRM Proc. Lecture Notes 30 (2001), 139-161.

Chris A. M. Peters, Monodromy and Picard-Fuchs equations for families
of K3-surfaces and elliptic curves, Ann. Sci. Ecole Norm. Sup. (4) 19
(1986), no. 4, 583-607.

Chris A. M. Peters and Jan Stienstra, A pencil of K3-surfaces related
to Apéry’s recurrence for ((3) and Fermi surfaces for potential zero,
in: Arithmetic of Complex Manifolds (Erlangen, 1988), ecture Notes in
Math. 1399 (1989), 110-127.

Takeshi Sasaki and Masaaki Yoshida, Linear differential equations in
two variables of rank four. I, Math. Ann. 282 (1988), no. 1, 69-93.

Takeshi Sasaki and Masaaki Yoshida, Linear differential equations in
two variables of rank four. II. The uniformizing equation of a Hilbert
modular orbifold, Math. Ann. 282 (1988), no. 1, 95-111.

Ichiro Shimada, On elliptic K3 surfaces, Michigan Math. J. 47 (2000),
no. 3, 423-446.

Goro Shimura, Sur les intégrales attachées aux formes automorphes, J.
Math. Soc. Japan 11 (1959), 291-311.

Tetsuji Shioda, FElliptic modular surfaces. I, II, Proc. Japan Acad. 45
(1969), 786—790; ibid. 45 (1969), 833-837.

Carlos T. Simpson, Products of matrices, in: Differential Geometry,
Global Analysis, and Topology (Halifax, NS, 1990), CMS Conf. Proc.
12 (1991), 157-185.



1358 C. F. Doran and A. Malmendier

[72] Jan Stienstra and Frits Beukers, On the Picard-Fuchs equation and the
formal Brauer group of certain elliptic K3-surfaces, Math. Ann. 271
(1985), no. 2, 269-304.

[73] Peter F. Stiller, Classical automorphic forms and hypergeometric func-
tions, J. Number Theory 28 (1988), no. 2, 219-232.

[74] Kouichi Takemura, Middle convolution and Heun’s equation, SIGMA
Symmetry Integrability Geom. Methods Appl. 5 (2009), paper 040, 22.

[75] Washington Taylor, On the Hodge structure of elliptically fibered Calabi-
Yau threefolds, J. High Energy Phys. 8 (2012), 032, front matter + 17.

[76] J. Thomae, Ueber die héheren hypergeometrischen Reihen, insbeson-

. . g agalas ao(aotl)ai(ai+l)as(a+1) 2
dere tuber die Reihe: 1+ TS M YN (i} (i) S ,

Math. Ann. 2 (1870), no. 3, 427-444.

[77] Duco van Straten, Calabi- Yau operators, in: Uniformization, Riemann-
Hilbert Correspondence, Calabi-Yau Manifolds & Picard-Fuchs Equa-
tions, Adv. Lect. Math. (ALM) 42 (2018), 401-451.

[78] Helena A. Verrill, Arithmetic of a certain Calabi-Yau threefold, in: Num-
ber Theory (Ottawa, ON, 1996), CRM Proc. Lecture Notes 19 (1999),
333-340.

[79] Helena A. Verrill, Picard-Fuchs equations of some families of elliptic
curves, in: Proceedings on Moonshine and related topics (Montréal,
QC, 1999), CRM Proc. Lecture Notes 30 (2001), 253-268.

[80] Helena A. Verrill and Noriko Yui, Thompson series, and the mirror
maps of pencils of K3 surfaces, in: The Arithmetic and Geometry of Al-
gebraic Cycles (Banff, AB, 1998), CRM Proc. Lecture Notes 24 (2000),
399-432.

[81] Yifan Yang and Wadim Zudilin, On Sp, modularity of Picard-Fuchs
differential equations for Calabi- Yau threefolds, Gems in Experimental
Mathematics, Contemp. Math. 517 (2010), 381-413.

[82] Noriko Yui, Arithmetic of certain Calabi-Yau varieties and mirror
symmetry, Arithmetic Algebraic Geometry (Park City, UT, 1999),
IAS/Park City Math. Ser. 9 (2001), 507-569.



Calabi-Yau realizing symplectically rigid monodromy

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALBERTA
EDMONTON, ALBERTA T6G 2G1, CANADA
FE-mail address: charles.doran@ualberta.ca

DEPT. OF MATHEMATICS & STATISTICS, UTAH STATE UNIVERSITY
Locan, UT 84322, USA

FE-mail address: andreas.malmendier@usu.edu

1359






	Introduction
	Summary of results
	Hypergeometric and Calabi-Yau type operators
	First examples from quadratic twists
	The twist construction
	Modular elliptic families and related families
	Elliptic fibrations on the mirror families
	Combining twists and base transformations
	Proof of Theorem 2.1
	Beyond symplectically rigid Calabi-Yau operators
	Discussion and outlook
	References

