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We use the mirror theorem for toric Deligne–Mumford stacks,
proved recently by the authors and by Cheong–Ciocan-Fontanine–
Kim, to compute genus-zero Gromov–Witten invariants of a num-
ber of toric orbifolds and gerbes. We prove a mirror theorem for
a class of complete intersections in toric Deligne–Mumford stacks,
and use this to compute genus-zero Gromov–Witten invariants of
an orbifold hypersurface.
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1. Introduction

Given a symplectic orbifold or Deligne–Mumford stack X , one might want
to calculate the Gromov–Witten invariants of X :〈

a1ψ̄
k1 , . . . , anψ̄

kn
〉X
g,n,d

where a1, . . . , an are classes in the Chen–Ruan orbifold cohomology of X
and k1, . . . , kn are non-negative integers. Gromov–Witten invariants carry
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information about the enumerative geometry of X : roughly speaking they
count the number of orbifold curves in X , of genus g and degree d, that pass
through certain cycles (recorded by the classes ai) and satisfy certain con-
straints on their complex structure. Computing Gromov–Witten invariants
is in general hard, but one can often compute genus-zero Gromov–Witten
invariants using mirror symmetry. A mirror theorem for toric Deligne–
Mumford stacks was proved recently by the authors [13] and, independently,
by Cheong–Ciocan-Fontanine–Kim [8]. In what follows we give various ap-
plications of this mirror theorem. We compute genus-zero Gromov–Witten
invariants of a number of toric Deligne–Mumford stacks; prove a mirror
theorem (Theorem 25) for certain complete intersections in toric Deligne–
Mumford stacks; and use this to compute genus-zero Gromov–Witten in-
variants of an orbifold hypersurface. Along the way we make a technical
point that may be useful elsewhere: showing that one can apply Coates–
Givental/Tseng-style hypergeometric modifications to I-functions, rather
than just to J-functions (Theorem 22). The mirror theorem proved here
(Theorem 25) is new, and contains all known mirror theorems for toric com-
plete intersections as special cases (see e.g. [12, 21]). It plays a key role
in the recent proof of the Crepant Transformation Conjecture for complete
intersections in toric Deligne–Mumford stacks [16].

This paper is written with two purposes in mind. It provides a reason-
ably self-contained guide that should help the reader to apply our mirror
theorems to new examples. It also increases the number of explicit, non-
trivial calculations of orbifold Gromov–Witten invariants in the literature.
Orbifold Gromov–Witten theory is fraught with technical subtleties, and we
hope that our calculations will be useful for others, as test examples for more
sophisticated theories. The examples also demonstrate a practical advantage
of our mirror theorems over existing methods [17, 24, 38–40], in that they
often allow the direct determination of genus-zero Gromov–Witten invari-
ants with insertions from twisted sectors, without needing to resort to the
WDVV equation or reconstruction theorems [26, 36].

Let X be an algebraic Deligne–Mumford stack equipped with the action
of a (possibly-trivial) torus T. Suppose that X is sufficiently nice that one
can define T-equivariant Gromov–Witten invariants; this is the case, for ex-
ample, if X is smooth as a stack and the coarse moduli space X of X is semi-
projective (projective over affine). Let H•CR,T(X ) denote the T-equivariant
Chen–Ruan cohomology of X (see §2.2). Let Λ(R) denote the Novikov ring
of X ; this is a completion of the group ring R[H2(X ;Z) ∩NE(X )] of the
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semigroup H2(X ;Z) ∩NE(X ) generated by classes of effective curves. Fol-
lowing Givental [22], Tseng has defined a symplectic structure on:

H := H•CR,T(X )⊗H•T (pt) Λ
(
H•T(pt)((z−1))

)
and a Lagrangian submanifold L of H that encodes all genus-zero Gromov–
Witten invariants of X [37]. We will not give a precise definition of L in
this paper, referring the reader to [13, §2] for a detailed discussion. For us,
what will be important is that L determines and is determined by Givental’s
J-function:
(1)

JX (t, z) = z + t+
∑

d∈H2(X;Z)

∞∑
n=0

∞∑
k=0

∑
α

Qd

n!

〈
t, t, . . . , t, φαψ

k
〉X

0,n+1,d
φαz−k−1

where t ∈ H•CR,T(X ); z is a formal variable; Qd is the representative of d
in the Novikov ring Λ; the correlator denotes a Gromov–Witten invariant,
exactly as in [13, §2]; and {φα}, {φα} denote bases for H•CR,T(X ) which are
dual with respect to the pairing on Chen–Ruan cohomology. The submani-
fold L determines the J-function because JX (t,−z) is the unique point on L
of the form −z + t+O(z−1), where O(z−1) is a power series in z−1. The J-
function determines L because it determines all genus-zero Gromov–Witten
invariants of X with descendant insertions at one or fewer marked points; it
thus determines all genus-zero invariants with descendant insertions at two
marked points via [19, Proposition 2.1], and determines all other genus-zero
invariants via the Topological Recursion Relations [37, §2.5.7]. To determine
the genus-zero Gromov–Witten invariants of X , therefore, it suffices to de-
termine the J-function JX (t, z). In §3 and §5 below we use mirror theorems
to determine the J-function of a number of Deligne–Mumford stacks X .

The reader may be interested in the quantum orbifold cohomology ring
of X . Recovering quantum cohomology from the J-function is straightfor-
ward: general theory implies that JX (t, z) satisfies a system of differential
equations:

z
∂

∂tα
∂

∂tβ
JX (t, z) =

∑
γ

cαβ
γ(t)

∂

∂tγ
JX (t, z)

where t =
∑

α t
αφα and the coefficients cαβ

γ(t) are the structure constants
of the orbifold quantum product [3, 6, 23]. Thus:

z
∂

∂tα
∂

∂tβ
JX (t, z) = φα ?t φβ +O(z−1)
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where ?t denotes the big orbifold quantum product with parameter t ∈
H•CR,T(X ).
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2. The mirror theorem for toric Deligne–Mumford stacks

We assume that the reader is familiar with toric Deligne–Mumford stacks. A
quick summary of the relevant material can be found in [13, §3]; the theory
is developed in detail in [4, 18, 28–30].

2.1. Stacky fans

A toric Deligne–Mumford stack is defined by a stacky fan Σ = (N,Σ, ρ),
where N is a finitely generated abelian group, Σ ⊂ NQ = N ⊗Z Q is a ratio-
nal simplicial fan, and ρ : Zn → N is a homomorphism with finite cokernel
such that the images of the standard basis vectors in Zn under the compo-
sition Zn ρ−−−−→ N −−−−→ NQ generate the 1-dimensional cones of Σ. Let
L ⊂ Zn be the kernel of ρ. The exact sequence

0 −−−−→ L −−−−→ Zn ρ−−−−→ N

is called the fan sequence. Let ρi ∈ N denote the image under ρ of the ith
standard basis vector in Zn. Let ρ∨ : (Z∗)n → L∨ := H1(Cone(ρ)∗) be the
Gale dual [4] of ρ. There is an exact sequence

0 −−−−→ N∗ −−−−→ (Z∗)n ρ∨−−−−→ L∨

called the divisor sequence. The toric Deligne–Mumford stack associated to
the stacky fan Σ admits a canonical action of the torus T := N ⊗ C×.
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2.2. Chen–Ruan cohomology

Let X denote the toric Deligne–Mumford stack defined by the stacky fan
Σ = (N,Σ, ρ). Let Ntor denote the torsion subgroup of N , let N := N/Ntor,
and let c ∈ N denote the image of c ∈ N under the canonical projection
N → N . The box of Σ is:

Box(Σ) :=

{
b ∈ N : ∃σ ∈ Σ such that

b̄ =
∑
i:ρ̄i∈σ

aiρ̄i for some ai with 0 ≤ ai < 1

}

Components of the inertia stack IX are indexed by elements of Box(Σ), and
we write IXb for the component of inertia corresponding to b ∈ Box.

The T-equivariant Chen–Ruan orbifold cohomology [7, 34] of X is:

H•CR,T(X ) := H•T(IX )

with a grading and product defined as follows. Let RT := Sym•C(N∗ ⊗ C) =
H2•

T (pt), noting that elements of H2k(pt) are taken to have degree k. As an
RT-module, we have:

(2) H•CR,T(X ) ∼=
RT[N ]{

χ−
∑n

i=1 χ(ρi)yρi : χ ∈ N∗ ⊗ C ∼= H2
T(pt)

}
This is a graded ring with respect to the Chen–Ruan orbifold cup product
[4, 31, 34]; here if b ∈ N is such that b̄ =

∑
ρ̄i∈σmiρ̄i where σ is the minimal

cone in containing b̄, then yb has degree
∑

ρ̄i∈σmi. The degree of yb is
known as the age of b. For b ∈ Box(Σ), the unit class supported on the
component IX (Σ)b of the inertia stack corresponds under (2) to yb. The
fact that IX0 = X gives a canonical inclusion H•T(X ;C) ⊂ H•CR,T(X ), and

the class ui ∈ H2
T(X ) given by the T-equivariant Poincaré-dual to the ith

toric divisor in X corresponds under (2) to yρi .

2.3. Extended stacky fans

Let Σ = (N,Σ, ρ) be a stacky fan, write NΣ := {c ∈ N : c̄ ∈ |Σ|}, and let
S be a finite set equipped with a map S → NΣ. We label the finite set S
by {1, . . . ,m}, where m = |S|, and write sj ∈ N for the image of the jth
element of S. The S-extended stacky fan is (N,Σ, ρS) where ρS : Zn+m → N
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is defined by:

ρS(ei) =

{
ρi 1 ≤ i ≤ n
si−n n < i ≤ n+m

and ei denotes the ith standard basis vector for Zn. This gives an S-extended
fan sequence

0 −−−−→ LS −−−−→ Zn+m ρS−−−−→ N

and, by Gale duality, an S-extended divisor sequence:

0 −−−−→ N∗ −−−−→ (Z∗)n+m ρS∨−−−−→ LS∨

The toric Deligne–Mumford stacks associated to the stacky fan (N,Σ, ρ) and
the S-extended stacky fan (N,Σ, ρS) are canonically isomorphic [30].

2.4. Extended degrees for toric stacks

Consider an S-extended stacky fan Σ as in §2.3, and let X be the corre-
sponding toric Deligne–Mumford stack. The inclusion Zn → Zn+m of the
first n factors induces an exact sequence:

0 −−−−→ L −−−−→ LS −−−−→ Zm

This splits over Q, via the map µ : Qm → LS ⊗Q that sends the jth standard
basis vector to

(3) ej+n −
∑

i:ρ̄i∈σ(j)

sjiei ∈ LS ⊗Q ⊂ Qn+m

where σ(j) is the minimal cone containing s̄j and the positive numbers sji
are determined by

∑
i:ρ̄i∈σ(j) sjiρ̄i = s̄j . Thus we obtain an isomorphism:

(4) LS ⊗Q ∼= (L⊗Q)⊕Qm

Recall that Pic(X ) ∼= L∨, and hence that the Mori cone NE(X ) is a subset
of L⊗ R. The S-extended Mori cone is the subset of LS ⊗ R given by:

NES(X ) = NE(X )× (R≥0)m via (4).

The S-extended Mori cone can be thought of as the cone spanned by the
“extended degrees” of certain orbifold stable maps f : C → X : see [13, §4].
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Notation 1. We denote the fractional part of x by 〈x〉.

Definition 2. Recall that LS ⊂ Zn+m, where m = |S|. For a cone σ ∈ Σ,
denote by ΛSσ ⊂ LS ⊗Q the subset consisting of elements

λ =

n+m∑
i=1

λiei

such that λn+j ∈ Z, 1 ≤ j ≤ m, and λi ∈ Z if ρ̄i /∈ σ and i ≤ n. Set ΛS :=⋃
σ∈Σ ΛSσ .

Definition 3. The reduction function is

vS : ΛS −→ Box(Σ)

λ 7−→
n∑
i=1

dλieρi +

m∑
j=1

dλn+jesj

The reduction function takes values in Box(Σ): for λ ∈ ΛSσ we have vS(λ) =∑n
i=1〈−λi〉ρ̄i ∈ σ.

Definition 4. For a box element b ∈ Box(Σ), we set:

ΛSb := {λ ∈ ΛS : vS(λ) = b}

and define:

ΛES := ΛS ∩NES(X ) ΛESb := ΛSb ∩NES(X )

Notation 5. Recall that Qd denotes the representative of d ∈ H2(X;Z)
in the Novikov ring Λ. Given λ ∈ ΛES write λ = (d, k) via (4), so that
d ∈ NE(X ) ∩H2(X,Z) and k ∈ (Z≥0)m. We set:

Q̃λ = Qdxk = Qdxk11 · · ·x
km
m ∈ Λ[[x1, . . . , xm]]

2.5. Mirror theorem

Once again, consider an S-extended stacky fan Σ as in §2.3. Let X be the
corresponding toric Deligne–Mumford stack.
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Definition 6. The S-extended T-equivariant I-function of X is:

IS(t, x, z) := ze
∑n

i=1 uiti/z
∑

b∈Box(Σ)

∑
λ∈ΛES

b

Q̃λeλt

×

(
n+m∏
i=1

∏
〈a〉=〈λi〉,a≤0(ui + az)∏
〈a〉=〈λi〉,a≤λi

(ui + az)

)
yb

Here:

• t = (t1, . . . , tn) are variables, and eλt :=
∏n
i=1 e

(ui·d)ti .

• x = (x1, . . . , xm) are variables: see Notation 5.

• for each λ ∈ ΛESb , we write λi for the ith component of λ as an element
of Qn+m; in particular 〈λi〉 = 0 for n < i ≤ n+m.

• For 1 ≤ i ≤ n, ui is the T-equivariant Poincaré dual to the ith toric
divisor: see Section 2.2. For n < i ≤ n+m, ui is defined to be zero.

• yb is the unit class supported on the component of inertia IX (Σ)b
associated to b ∈ Box(Σ): see Section 2.2.

The I-function IS(t, x, z) is a formal power series in Q, x, t with coefficients
in H•CR,T(X )((z−1)).

Theorem 7 (The mirror theorem for toric Deligne–Mumford stacks
[8, 13]). Let Σ = (N,Σ, ρ) be a stacky fan, and let X be the corresponding
toric Deligne–Mumford stack. Let S be a finite set equipped with a map to
NΣ. Suppose that the coarse moduli space of X is semi-projective (projective
over affine). Then IS(t, x,−z) ∈ L.

Remark 8. The statement that IS(t, x,−z) ∈ L has a precise meaning in
formal geometry: see §2.3 and Theorem 31 in [13]. The reader may want to
work with a slightly vague but more intuitive interpretation of this state-
ment: that IS(t, x,−z) ∈ L for all values of the parameters t and x. No
confusion should result, and the statements that we make are valid in the
above, precise sense.

Remark 9. In the work of Cheong–Ciocan-Fontanine–Kim [8], a toric orb-
ifold X is represented by a triple (V, T, θ) where T is a torus, V is a repre-
sentation of T , and θ is a a character of T such that V has no strictly θ-
semistable points. The toric orbifold X is the stack quotient [V//θT ]. In this
language, S-extending the stacky fan Σ corresponds to changing the GIT
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presentation (V, T, θ) of X . Thus Theorem 7 with non-trivial S-extension
(not just Theorem 7 with S = ∅) can be obtained from [8] by considering
an appropriate GIT presentation of X .

2.6. Condition ] and condition S-]

Recall that the J-function (1) is characterized by the fact that JX (t,−z) is
the unique point on L of the form −z + t+O(z−1). Let Σ be a stacky fan
and let S be a finite set equipped with a map κ : S → Box(Σ). Label the
elements of S by {1, . . . ,m}, where m = |S|, and let sj = κ(j). We say that
the S-extended stacky fan Σ satisfies condition S-] if and only if

IS(t, x,−z) = −z + t+

m∑
j=1

xjy
sj +O(z−1)

If condition S-] holds then JX (τ, z) = IS(t, x, z) where τ = t+
∑m

j=1 xjy
sj .

We say that a stacky fan Σ satisfies condition ] if and only if it satisfies
condition S-] with S = ∅.

Condition ] is equivalent to the statement: for all b ∈ Box(Σ) and all
non-zero λ ∈ ΛE∅

b we have:

−KX · λ+ age(b) + #
{
i | λi < 0 and λi ∈ Z

}
≥ 2

This is not automatically satisfied for Fano stacks or even for Fano orbifolds:
see §3.7. The surface F2 is nonsingular and weak Fano and it does not satisfy
condition ].

Lemma 10 (A simple criterion for condition ] to hold). Let Σ =
(N,Σ, ρ) be a stacky fan, and let X be the corresponding toric Deligne–
Mumford stack. Suppose that X is smooth and has semi-projective coarse
moduli space. If X is Fano and has canonical singularities, that is, if age(b) ≥
1 for all non-zero elements b ∈ Box(Σ), then X satisfies condition ].

Proof. The key observation is that if X is a toric stack and λ ∈ ΛE∅
b \ {0}

is the class of a compact curve, then there are at least two toric divisors
Di ⊂ X such that λ ·Di > 0. Set:

Nλ = #
{
i | λi < 0 and λi ∈ Z

}
The quantity ordλ := −KX · λ+ age(b) +Nλ is an integer. If Nl ≥ 1 then,
since X is Fano, −KX · λ > 0 and ordλ ≥ 2. If Nλ = 0 and age(b) ≥ 1, the
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same argument applies. Otherwise b = 0, and then λi ∈ Z for all i, and all
λi ≥ 0. By the key observation, at least two of the λi are strictly positive
and we are done. �

Remark 11. Note that the criterion in Lemma 10 is far from best possible:
the more positive the anticanonical class is, the worse the singularities are
allowed to be.

3. Applying the mirror theorem

3.1. Example 1: Bµ3

This is the toric Deligne–Mumford stack X associated to the stacky fan
Σ = (N,Σ, ρ), where N = 1

3Z/Z, Σ = {0}, and ρ : (0)→ N is the zero map.
We have Box(Σ) =

{
0, 1

3 ,
2
3

}
. We consider the S-extended I-function where

S = Box(Σ) and S → NΣ is the canonical inclusion. The S-extended fan
map is:

ρS =
(
0 1

3
2
3

)
: Z3 → N

so that LSQ = Q3 and LS is the lattice of vectors:k0

k1

k2

 ∈ Z3 such that k1 + 2k2 ≡ 0 mod 3

The S-extended Mori cone is the positive octant. We have ΛS = Z3, and the
reduction function is

vS :

k0

k1

k2

 7→ 〈k1

3
+

2k2

3

〉
.

The S-extended I-function is:

IS(x, z) = z

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

xk00 x
k1
1 x

k2
2

zk0+k1+k2k0!k1!k2!
1〈 k1

3
+

2k2
3
〉

This is homogeneous of degree 1 if we set deg x0 = deg x1 = deg x2 = deg z =
1. Since:

IS(x, z) = z + x010 + x11 1

3
+ x21 2

3
+O(z−1)
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condition S-] holds, and Theorem 7 implies that:

JX
(
x010 + x11 1

3
+ x21 2

3
, z
)

= IS(x, z)

3.2. Example 2: 1
3
(1, 1)

This is the toric Deligne–Mumford stack X associated to the stacky fan
Σ = (N,Σ, ρ), where:

ρ =

(
1 0
0 1

)
: Z2 → N = Z2 + 1

3(1, 1)Z.

and Σ is the positive quadrant inNQ. We have Box(Σ) =
{

0, 1
3(1, 1), 2

3(1, 1)
}

;
to streamline the notation we will identify Box(Σ) with the set

{
0, 1

3 ,
2
3

}
via

the map κ that sends x to x(1, 1). We consider the S-extended I-function
where S =

{
0, 1

3

}
and S maps to NΣ via κ. The S-extended fan map is:

ρS =

(
1 0 0 1

3
0 1 0 1

3

)
: Z2+2 → N

so that LSQ ∼= Q2 is identified as a subset of Q2+2 via the inclusion:

(
k0

k1

)
7→


0 −1

3
0 −1

3
1 0
0 1

(k0

k1

)

The S-extended Mori cone is the positive quadrant. We see that ΛS ⊂ LSQ
is the lattice of vectors:(

k0

k1

)
such that k0, k1 ∈ Z

and that the reduction function is:

vS :

(
k0

k1

)
7→
〈k1

3

〉
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The S-extended I-function is:

IS(t, x, z) = ze(u1t1+u2t2)/z
∞∑
k0=0

∞∑
k1=0

xk00 x
k1
1

zk0+k1k0!k1!
1〈 k1

3
〉

×
∏

〈b〉=〈− k1
3
〉

− k1
3
<b≤0

(u1 + bz)(u2 + bz).

This is homogeneous of degree 1 if we set deg t1 = deg t2 = 0, deg x0 =
deg z = 1, and deg x1 = 1

3 . Theorem 7 gives that IS(x,−z) ∈ LX , and we
have:

IS(t, x, z) = z + t1u1 + t2u2 + x010 + x11 1

3
+O(z−1)

Thus condition S-] holds, and we obtain an expression for the J-function
of X :

JX
(
t1u1 + t2u2 + x010 + x11 1

3
, z
)

= IS(t, x, z)

3.3. Example 3: P(1, 1, 3)

This is the toric Deligne–Mumford stack X associated to the stacky fan
Σ = (N,Σ, ρ), where:

ρ =

(
1 0 −1

3
0 1 −1

3

)
: Z3 → N = Z2 +

1

3
(1, 1)Z

and Σ is the complete fan in NQ ∼= Q2 with rays given by the columns of
ρ. We identify Box(Σ) =

{
0, 1

3(1, 1), 2
3(1, 1)

}
with the set

{
0, 1

3 ,
2
3

}
via the

map κ that sends x to x(1, 1). We consider the S-extended I-function where
S =

{
0, 1

3

}
and S maps to NΣ via κ. The S-extended fan map is:

ρS =

(
1 0 −1

3 0 1
3

0 1 −1
3 0 1

3

)
: Z3+2 → N

so that LSQ ∼= Q3 is identified as a subset of Q3+2 via the inclusion:

 l
k0

k1

 7→


1
3 0 −1

3
1
3 0 −1

3
1 0 0
0 1 0
0 0 1


 l
k0

k1


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The S-extended Mori cone is the positive octant. We see that ΛS ⊂ LSQ is
the lattice of vectors:  l

k0

k1

 such that l, k0, k1 ∈ Z

and that the reduction function is:

vS :

 l
k0

k1

 7→ 〈
− l

3
+
k1

3

〉

Let us identify the Novikov ring Λ with C[[Q]] via the map that sends d ∈
H2(X;Z) to Q

∫
d
c1(O(3)). The S-extended I-function is:

IS(t, x, z) = ze(u1t1+u2t2+u3t3)/z

×
∞∑
l=0

∞∑
k1=0

∞∑
k2=0

Qlxk00 x
k1
1 e

(t1+t2+3t3)l

zk0+k1k0!k1!

×

∏
〈b〉=〈 l

3
− k1

3
〉

b≤0

(u1 + bz)(u2 + bz)∏
〈b〉=〈 l

3
− k1

3
〉

b≤ l

3
− k1

3

(u1 + bz)(u2 + bz)

1〈− l

3
+

k1
3
〉∏

0<b≤l(u3 + bz)

This is homogeneous of degree 1 if we set deg t1 = deg t2 = deg t3 = 0,
deg x0 = deg z = 1, deg x1 = 1

3 , and degQ = 5
3 . Theorem 7 gives that

IS(x, t,−z) ∈ L, and we have:

IS(t, x, z) = z + t1u1 + t2u2 + t3u3 + x010 + x11 1

3
+O(z−1)

Thus condition S-] holds, and we obtain an expression for the J-function
of X :

JX
(
z + t1u1 + t2u2 + t3u3 + x010 + x11 1

3
, z
)

= IS(t, x, z)

Remark 12. Condition ] holds for any weighted projective space, but con-
dition S-] fails in general. Indeed we chose S =

{
0, 1

3

}
here rather than

S = Box(Σ) =
{

0, 1
3 ,

2
3

}
because with the latter choice condition S-] fails

and we do not obtain a closed form expression for JX . This is what we
meant in [13, Remark 34].
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Remark 13. The non-equivariant limit of our S-extended I-function, in
the notation of [17], is:

(5) ze(t1+t2+3t3)P/z
∞∑
l=0

∞∑
k1=0

∞∑
k2=0

Qlxk00 x
k1
1 e

(t1+t2+3t3)l

zk0+k1k0!k1!

×

∏
〈b〉=〈 l

3
− k1

3
〉

b≤0

(P + bz)2

∏
〈b〉=〈 l

3
− k1

3
〉

b≤ l

3
− k1

3

(P + bz)2

1〈− l

3
+

k1
3
〉∏

0<b≤l(3P + bz)

Theorem 7 implies that this lies on the Lagrangian submanifold Lnon for
non-equivariant Gromov–Witten theory of X and, since (5) takes the form

z + (t1 + t2 + 3t3)P + x010 + x11 1

3
+O(z−1)

we see that this determines the non-equivariant J-function JX (t, x, z) for
t = t1P + x010 + x11 1

3
. Theorem 7 thus determines the orbifold quantum

product ?t, for t as above, in a straightforward way. This improves on the
results of [17], which determine JX (t, x, z) for t in the small quantum co-
homology locus H2(X ) ⊂ H•CR(X ) and thus determine the small quantum
orbifold cohomology ring of X .

Remark 14. To determine the full big quantum orbifold cohomology ring
of X (equivariant or non-equivariant) from Theorem 7 is more involved.
One needs to take S =

{
0, 1

3 ,
2
3

}
, so in particular condition S-] fails, and

then compute the big J-function JX (t, z) by Birkhoff factorization, as in §3.8
below. We do not know a closed-form expression for the structure constants.

Remark 15. Note that:

ISP(1,1,3)(0, x, z)|Q=0 = IS1
3
(1,1)(0, x, z)

and that, as discussed in Remark 13, IS(0, 0, z) essentially coincides, af-
ter passing to the non-equivariant limit and changing notation for degrees
(replacing d by d

3), with the small I-function of P(1, 1, 3) as written in [17].
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3.4. Example 4: P(2, 2)

This is the toric Deligne–Mumford stack X associated to the stacky fan
Σ = (N,Σ, ρ), where:

ρ =

(
−1 1
0 1

)
: Z2 → N = Z⊕ (Z/2Z).

and Σ is the fan in NQ ∼= Q with rays given by −1 and 1. We identify
Box(Σ) =

{
(0, 0), (0, 1)

}
with the set

{
0, 1

2

}
via the map κ that sends 0

to (0, 0) and 1
2 to (0, 1). We consider the S-extended I-function where S ={

(0, 0), (0, 1), (−1, 1), (1, 0)
}

and S → NΣ is the canonical inclusion. The S-
extended fan map is:

ρS =

(
−1 1 0 0 −1 1
0 1 0 1 1 0

)
: Z2+4 → N

so that LSQ ∼= Q5 is identified as a subset of Q2+4 via the inclusion:


l
k0

k1

k2

k3

 7→


1 0 0 −1 0
1 0 0 0 −1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




l
k0

k1

k2

k3


The S-extended Mori cone is the positive orthant. We see that ΛS ⊂ LSQ is
the lattice of vectors:

l
k0

k1

k2

k3

 such that l, k0, k1, k2, k3 ∈ Z

and that the reduction function is:

vS :


l
k0

k1

k2

k3

 7→
〈 l + k1 + k2 + k3

2

〉
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Let us identify the Novikov ring Λ with C[[Q]] via the map that sends d ∈
H2(X;Z) to Q

∫
d
c1(O(2)). The S-extended I-function is:

IS(t, x, z) = ze(u1t1+u2t2)/z
∑

(l,k0,...,k3)∈N5

Qlxk00 x
k1
1 x

k2
2 x

k3
3 e

(t1+t2)l

zk0+k1+k2+k3k0!k1!k2!k3!

×
∏
b≤0(u1 + bz)∏

b≤l−k2(u1 + bz)

∏
b≤0(u2 + bz)∏

b≤l−k3(u2 + bz)
1〈 l+k1+k2+k3

2

〉
This is homogeneous of degree 1 if we set deg t1 = deg t2 = deg x2 = deg x3 =
0, deg x0 = deg x1 = deg z = 1, and degQ = 2. Theorem 7 gives that
IS(x, t,−z) ∈ L, and straightforward calculation gives:

IS(t, x, z) = z10 + τ(x, t) +O(z−1)

where:

τ(t, x) = x010 +
(
t1 + 1

2 log(1− x2
2)
)
u110 +

(
t2 + 1

2 log(1− x2
3)
)
u210(6)

+ x11 1

2
+

1

2
log

(
1 + x2

1− x2

)
u11 1

2
+

1

2
log

(
1 + x3

1− x3

)
u21 1

2

Thus JX
(
τ(t, x), z

)
= IS(t, x, z). We can invert the mirror map (x, t) 7→

τ(x, t) in closed form: if τ(x, t) = a010 + a1u110 + a2u210 + b01 1

2
+ b1u11 1

2
+

b2u21 1

2
then:

(7)
x0 = a0 x1 = b0 x2 = tanh b1

x3 = tanh b2 t1 = a1 − log sech b1 t2 = a2 − log sech b2

This gives a closed-form expression for the J-function JX (τ, z).

Remark 16. It is instructive to consider the specialisations of IS(t, x, z) to
Q = x2 = x3 = 0 and to x0 = x1 = x2 = x3 = 0. Note that P(2, 2) satisfies
condition ] but not condition S-].

3.5. Example 5: P1 ×Bµ2

This is the toric Deligne–Mumford stack X associated to the stacky fan
Σ = (N,Σ, ρ), where:

ρ =

(
−1 1
0 0

)
: Z2 → N = Z⊕ (Z/2Z).
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and Σ is the fan in NQ ∼= Q with rays given by −1 and 1. We identify
Box(Σ) =

{
(0, 0), (0, 1)

}
with the set

{
0, 1

2

}
via the map κ that sends 0

to (0, 0) and 1
2 to (0, 1). We consider the S-extended I-function where S ={

(0, 0), (0, 1), (−1, 1), (1, 1)
}

and S → NΣ is the canonical inclusion. The S-
extended fan map is:

ρS =

(
−1 1 0 0 −1 1
0 0 0 1 1 1

)
: Z2+4 → N

so that LSQ ∼= Q5 is identified as a subset of Q2+4 via the inclusion:


l
k0

k1

k2

k3

 7→


1 0 0 −1 0
1 0 0 0 −1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




l
k0

k1

k2

k3


The S-extended Mori cone is the positive orthant. We see that ΛS ⊂ LSQ is
the lattice of vectors:

l
k0

k1

k2

k3

 such that l, k0, k1, k2, k3 ∈ Z

and that the reduction function is:

vS :


l
k0

k1

k2

k3

 7→
〈k1 + k2 + k3

2

〉
.

Let us identify the Novikov ring Λ with C[[Q]] via the map that sends d ∈
H2(X;Z) to Q

∫
d
c1(OP1 (1)). The S-extended I-function is:

IS(t, x, z) = ze(u1t1+u2t2)/z
∑

(l,k0,...,k3)∈N5

Qlxk00 x
k1
1 x

k2
2 x

k3
3 e

(t1+t2)l

zk0+k1+k2+k3k0!k1!k2!k3!

×
∏
b≤0(u1 + bz)∏

b≤l−k2(u1 + bz)

∏
b≤0(u2 + bz)∏

b≤l−k3(u2 + bz)
1〈 k1+k2+k3

2

〉
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Except for the difference in reduction function, this coincides with the S-
extended I-function for P(2, 2) in §3.4. Once again, Theorem 7 gives that
IS(x, t,−z) ∈ L, and:

IS(t, x, z) = z10 + τ(x, t) +O(z−1)

with τ(x, t) as in (6). Thus JX
(
τ(t, x), z

)
= IS(t, x, z). Inverting the mirror

map (7) gives a closed-form expression for the J-function JX (τ, z).

3.6. Example 6: P2,2

This is the unique Deligne–Mumford stack with coarse moduli space equal
to P1, isotropy group µ2 at 0 ∈ P1, isotropy group µ2 at ∞ ∈ P1, and no
other non-trivial isotropy groups. It is the toric Deligne–Mumford stack X
associated to the stacky fan Σ = (N,Σ, ρ), where:

ρ =
(
−1 1

)
: Z2 → N = Z +

1

2
Z.

and Σ is the fan in NQ ∼= Q with rays given by −1 and 1. We identify Box(Σ)
with the set

{
(0, 0),

(
1
2 , 0
)
,
(
0, 1

2

)}
via the map ρ. We consider the S-extended

I-function where S = Box(Σ) and S → NΣ is the canonical inclusion. The
S-extended fan map is:

ρS =
(
−1 1 0 −1

2
1
2

)
: Z2+3 → N

so that LSQ ∼= Q4 is identified as a subset of Q2+3 via the inclusion:


l
k0

k1

k2

 7→


1
2 0 −1

2 0
1
2 0 0 −1

2
0 1 0 0
0 0 1 0
0 0 0 1



l
k0

k1

k2


The S-extended Mori cone is the positive orthant. We see that ΛS ⊂ LSQ is
the subset (not sublattice) of vectors:
l
k0

k1

k2

 such that l, k0, k1, k2 ∈ Z and at least one of l − k1, l − k2 is even
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and that the reduction function is:

vS :


l
k0

k1

k2

 7→ (〈
k1−l

2

〉
,
〈
k2−l

2

〉)
.

Let us identify the Novikov ring Λ with C[[Q]] via the map that sends d ∈
H2(X;Z) to Q

∫
d
c1(OX(1)). The S-extended I-function is:

IS(t, x, z) = ze(u1t1+u2t2)/z
∑

(l,k0,k1,k2)∈ΛS

Qlxk00 x
k1
1 x

k2
2 e

(t1+t2)l

zk0+k1+k2k0!k1!k2!

×

∏
〈b〉=
〈

l−k1
2

〉
b≤0

(u1 + bz)

∏
〈b〉=
〈

l−k1
2

〉
b≤ l−k1

2

(u1 + bz)

∏
〈b〉=
〈

l−k2
2

〉
b≤0

(u2 + bz)

∏
〈b〉=
〈

l−k2
2

〉
b≤ l−k2

2

(u2 + bz)
1(〈 k1−l

2

〉
,
〈

k2−l

2

〉)

This is homogeneous of degree 1 if we set deg t1 = deg t2 = 0, deg x0 =
degQ = deg z = 1, and deg x1 = deg x2 = 1

2 . Theorem 7 gives that
IS(x, t,−z) ∈ L, and since:

IS(x, t, z) = z1(0,0) + t1u11(0,0) + t2u21(0,0)

+ x01(0,0) + x11( 1

2
,0) + x21(0, 1

2
) +O(z−1)

we conclude that:

JX
(
t1u11(0,0) + t2u21(0,0) + x01(0,0) + x11( 1

2
,0) + x21(0, 1

2
), z
)

= IS(x, t, z)

3.7. Example 7: a toric surface

We have already seen examples (in §3.4 and §3.5) where condition S-] fails.
We now give the simplest example of a Fano toric stack such that condition ]
fails. Consider the toric Deligne–Mumford stack X associated to the stacky
fan Σ = (N,Σ, ρ), where:

ρ =

(
1 0 −1 0
0 1 −3 −2

)
: Z2 → N = Z2

and Σ is the complete fan in NQ ∼= Q2 with rays given by the columns of
ρ. We identify Box(Σ) =

{
(0, 0), (0,−1)

}
with the set

{
0, 1

2

}
via the map
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κ that sends x to (0,−2x). We identify LQ ∼= Q2 as a subset of Q4 via the
inclusion: (

l1
l2

)
7→


1 0
3 2
1 0
0 1

(l1l2
)

The Mori cone NE(X ) is the cone of vectors(
l1
l2

)
∈ R2 such that l1 ≥ 0 and 3l1 + 2l2 ≥ 0.

We see that Λ∅ ⊂ LQ is the lattice of vectors:(
l1
l2

)
∈ NEX such that l1 ∈ Z and l2 ∈

1

2
Z

and that the reduction function is:

vS :

(
l1
l2

)
7→ 〈−l2〉

Let us write the element of the Novikov ring corresponding to (l1, l2) ∈ Λ∅

as Q(l1,l2). The I-function (that is, the S-extended I-function with S = ∅)
is:

I(t, x, z) = ze(u1t1+u2t2+u3t3+u4t4)/z

×
∑

(l1,l2)∈Z× 1

2
Z:

l1≥0,3l1+2l2≥0

Q(l1,l2)e(t1+3t2+t3)l1e(2t2+t4)l2∏
〈b〉=0

0<b≤l1
(u1 + bz)(u3 + bz)

×
1〈−l2〉∏

〈b〉=0
0<b≤3l1+2l2

(u2 + bz)

∏
〈b〉=〈l2〉
b≤0

(u4 + bz)∏
〈b〉=〈l2〉
b≤l2

(u4 + bz)

This is homogeneous of degree 1 if we set deg t1 = deg t2 = deg t3 = deg t4 =
0, deg z = 1, and degQ(l1,l2) = 5l1 + 3l2. We therefore have:

I(t, x, z) = z10 + t1u110 + t2u210 + t3u310 + t4u410

− 1
2Q

(1,− 3

2
)et1+t3− 3

2
t41 1

2
+O(z−1)

and condition ] fails.
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Remark 17. The coarse moduli space X of X is the ruled surface F3. Let
A and B denote the natural divisors on F3, with A the fibre and B the
negative section. Then X can be interpreted as the moduli stack of square
roots of B [5, §2], [1, Appendix B]. The stack X contains a substack {x4 = 0}
supported on B and isomorphic to P(2, 2). In this context it is natural to
identify the integral Chow group CH(X ,Z) with the subring of CH•(X,Q)
multiplicatively generated by A and B/2; the cycle class of P(2, 2) ⊂ X is
B/2. This gives an interpretation of the degrees (l1, l2) occurring in the
definition of I(t, x, z).

3.8. Example 8: P2

There is a well-known closed formula [20] for the small J-function of X = P2,
that is, for the J-function JX (t, z) with t ∈ H2(X ). We now show how to
use an S-extended I-function to obtain arbitrarily many terms of the Taylor
expansion of the big J-function of X , that is, of the J-function JX (t, z) with
t ∈ H•(X ). We use the Birkhoff factorization procedure described in [15,
§8]. We will compute the non-equivariant version of the J-function, as the
equivariant calculation is significantly more involved.

The variety X is the toric Deligne–Mumford stack associated to the
stacky fan Σ = (N,Σ, ρ), where:

ρ =

(
−1 1 0
−1 0 1

)
: Z3 → N = Z2

and Σ is the complete fan in NQ ∼= Q2 with rays given by the columns
of ρ. We have Box(Σ) = {0}. Consider the S-extended I-function where
S =

{
(0, 0), (0,−1)

}
and the map S → NΣ is the canonical inclusion. The

S-extended fan map is:

ρS =

(
−1 1 0 0 0
−1 0 1 0 −1

)
: Z3+2 → N

so that LSQ ∼= Q3 is identified as a subset of Q3+2 via the inclusion:

 l
k0

k1

 7→


1 0 −1
1 0 −1
1 0 0
0 1 0
0 0 1


 l
k0

k1


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The S-extended Mori cone is the positive octant. We see that ΛS ⊂ LSQ is
the lattice of vectors:  l

k0

k1

 such that l, k0, k1 ∈ Z

The reduction function vS is trivial. Let P ∈ H2(X ) denote the first Chern
class of O(1), and identify the Novikov ring Λ with C[[Q]] via the map that
sends d ∈ H2(X ;Z) to Q

∫
d
P . The non-equivariant limit of the S-extended

I-function is:

ISnon(t, x, z) = ze(t1+t2+t3)P/z
∑

(l,k0,k1)∈N3

Qlxk00 x
k1
1 e

(t1+t2+t3)l

zk0+k1k0!k1!

×
∏
b≤0(P + bz)2∏

b≤l−k1(P + bz)2

1∏
0<b≤l(P + bz)

This takes values in the non-equivariant cohomology ring H•(X ;C) =
C[P ]/(P 3). It is homogeneous of degree 1 if we set deg t1 = deg t2 = deg t3 =
0, deg x0 = deg z = 1, deg x1 = −1, and degQ = 3. Note that, unlike the
other examples in this paper, in this case the I-function contains arbitrarily
large positive powers of z; this reflects the fact that some of the variables
have negative degree.

We have:

ISnon(t, x, z) = z + 1
2zx

2
1P

2 + x0 + (t1 + t2 + t3)P + x1P
2

+
1

2
x0x

2
1P

2 +O(z−1) +O(x3
1)

The non-equivariant version of the mirror theorem for toric Deligne–
Mumford stacks [13, Corollary 32] gives that IS(t, x,−z) ∈ Lnon, where Lnon

is the Givental cone for non-equivariant Gromov–Witten theory (see e.g. [12,
§3]). Set t2 = t3 = 0. Condition S-] holds modulo x2

1, so:

JX (x0 + t1P + x1P
2, z) +O(x2

1) = ISnon(t, x, z) +O(x2
1)

The following elements lie in TISnon(t,x,z)Lnon:

∂ISnon

∂x0
= ePt1/zex0/z

(
1 +O(z−2) +O(x1)

)



i
i

“4-Tseng” — 2019/12/3 — 1:40 — page 789 — #23 i
i

i
i

i
i

Some applications of the mirror theorem for toric stacks 789

∂ISnon

∂t1
= ePt1/zex0/z

(
P +O(z−2) +O(x1)

)
∂ISnon

∂x1
= ePt1/zex0/z

(
P 2 + z−1Qet1 +O(z−2) +O(x1)

)
We have that:

ISnon(t, x, z) = ePt1/zex0/z
(
z + 1

2zx
2
1P

2 + x1P
2 +O(z−1) +O(x3

1)
)

and general properties of Lnon guarantee [23] [13, Appendix B] that:

ISnon(t, x,−z) + C0(t, x, z)z
∂ISnon

∂x0
(t, x,−z)

+ C1(t, x, z)z
∂ISnon

∂t1
(t, x,−z) + C2(t, x, z)z

∂ISnon

∂x1
(t, x,−z) ∈ Lnon

for any C0, C1, C2 depending polynomially on z. But:

ISnon(t, x, z)− 1
2zx

2
1

∂ISnon

∂x1

= ePt1/zex0/z
(
z + x1P

2 − 1
2x

2
1Qe

t1 +O(z−1) +O(x3
1)
)

= z + x0 − 1
2x

2
1Qe

t1 + t1P + x1P
2 +O(z−1) +O(x3

1)

and thus:

JX (τ, z) +O(x3
1) = ISnon(t, x, z)− 1

2x
2
1z
∂ISnon

∂x1
+O(x3

1)

where:

τ(x0, t1, x1) =
(
x0 − 1

2x
2
1Qe

t1
)
1 + t1P + x1P

2 +O(x3
1)

Inverting the mirror map (x0, t1, x1) 7→ τ gives a closed-form expression for
the big J-function JX (a0 + a1P + a2P

2, z) to order 2 in a2. One can repeat
this procedure to compute the big J-function JX (a0 + a1P + a2P

2, z) to
arbitrarily high order in a2.

Remark 18. The extended I-function is closely related to Barannikov’s big
quantum cohomology mirror for Pn [2]: it satisfies the Picard–Fuchs differ-
ential equation for the mirror oscillatory integrals [26, Example 4.15]. “Big”
mirror symmetry for P2 has been also studied via tropical geometry [25] and
via quasimap theory [10, 32].
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4. Twisted I-functions

Let X be the toric Deligne–Mumford stack defined by an S-extended stacky
fan Σ, as in §2.3. Suppose that the coarse moduli space of X is semi-
projective. Let ε1, . . . , εr ∈ (LS)∨. The canonical inclusion i : L→ LS in-
duces i∨ : (LS)∨ → L∨ = Pic(X ), and so the classes ε1, . . . , εr define line
bundles E1, . . . , Er over X via i∨. Let E = E1 ⊕ · · · ⊕ Er, and let c denote the
invertible multiplicative characteristic class

(8) c(−) = exp
(∑∞

k=0 sk chk(−)
)

where s0, s1, . . . are parameters. We consider the Gromov–Witten theory
of X twisted, in the sense of [12, 15, 37], by the vector bundle E and the
characteristic class c. Let Ltw denote Givental’s Lagrangian cone for (c, E)-
twisted Gromov–Witten theory, as in [12, §3].

Let Di ∈ H2(X ;C), denote the (non-equivariant) class Poincaré dual
to the ith toric divisor for 1 ≤ i ≤ n, and the zero class for n < i ≤ n+ |S|.
Let Ej ∈ H2(X ;C), 1 ≤ j ≤ r, denote the (non-equivariant) first Chern class
of Ej . Let Lnon denote Givental’s Lagrangian cone for the non-equivariant
Gromov–Witten theory of X , as in [12, §3], and let ISnon(t, x, z) denote the
non-equivariant limit of the S-extended T-equivariant I-function IS(t, x, z).

Notation 19. Given parameters s0, s1, s2, . . . as above, write s(x) :=∑∞
k=0 sk

xk

k! .

Definition 20 (cf. [12, §4]). Given b ∈ Box(Σ) and λ ∈ ΛESb , define the
modification factor :

Mλ,b(z) :=

r∏
j=1

∏
a:〈a〉=〈εj ·λ〉
a≤εj ·λ

exp
(
s(Ej + az)

)
∏
a:〈a〉=〈εj ·λ〉

a≤0

exp
(
s(Ej + az)

)
Definition 21. The S-extended (c, E)-twisted I-function of X is:

ISc,E(t, x, z) =
∑

b∈Box(Σ)

∑
λ∈ΛES

b

Q̃λIλ,b(z)Mλ,b(z)y
b

where ISnon(t, x, z) =
∑

b∈Box(Σ)

∑
λ∈ΛES

b
Q̃λIλ,b(z)y

b.

Theorem 22. With hypotheses and notation as above, we have that
ISc,E(t, x,−z) ∈ Ltw.
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Proof. Recall from the proof of Theorem 4.8 in [12] that:

Gy(x, z) :=

∞∑
l=0

∞∑
m=0

sm+l−1
Bm(y)

m!

xl

l!
zm−1

satisfies:

(9)
Gy(x, z) = G0(x+ yz, z)

G0(x+ z, z) = G0(x, z) + s(x)

Here Bm(y) is the mth Bernoulli polynomial, and s−1 is defined to be zero.
Thus:

Mλ,b(−z) =

r∏
j=1

exp

( ∑
a:〈a〉=〈εj ·λ〉
a≤εj ·λ

s(Ej − az)−
∑

a:〈a〉=〈εj ·λ〉
a≤0

s(Ej − az)

)

=

r∏
j=1

exp
(
G0

(
Ej + 〈−εj · λ〉 z, z

)
−G0

(
Ej − (εj · λ)z, z

))
=

r∏
j=1

exp
(
G〈−εj ·λ〉(Ej , z)−G0

(
Ej − (εj · λ)z, z

))
where for the last two equalities we used (9).

Let b ∈ Box(Σ), and let f(b, j) ∈ [0, 1) be the rational number such that
if (x, g) ∈ IXb, then g acts on the fiber of Ej over x ∈ X by multiplication
by exp

(
2π
√
−1f(b, j)

)
. Note that if λ ∈ ΛESb then f(b, j) = 〈−εj · λ〉. Tseng

has proven [37] that the operators:

∆j :=
⊕

b∈Box(Σ)

exp
(
Gf(b,j)(Ej , z)

)
and ∆ :=

∏r
j=1 ∆j satisfy ∆(Lnon) = Ltw; the direct sum in the definition

of ∆j here reflects the decomposition

H•CR(X ;C) =
⊕

b∈Box(Σ)

H•−age(b)(IXb;C).

To show that ISc,E(t, x,−z) lies in Ltw, therefore, it suffices to show that:

(10)
∑

b∈Box(Σ)

∑
λ∈ΛES

b

Q̃λIλ,b

r∏
j=1

exp
(
−G0

(
Ej − (εj · λ)z, z

))
yb
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lies in the cone Lnon for the untwisted theory. Recall the splitting LS ⊗Q ∼=
(L⊗Q)⊕Qm from (4). Under this splitting, εj ∈ (LS)∨ induces Ej ∈ L∨ ⊗
Q ∼= H2(X ;Q) and (fj1, . . . , fjm) ∈ Qm. Choose eji ∈ Q such that Ej =∑n

i=1 ejiDi and define the differential operator ∇εj by

∇εj = ej1
∂

∂t1
+ · · ·+ ejn

∂

∂tn
+ fj1x1

∂

∂x1
+ · · ·+ fjmxm

∂

∂xm

Then (10) is:

(11)

r∏
j=1

exp
(
−G0

(
−z∇εj , z

))
ISnon(t, x,−z)

and we know by the non-equivariant version of the mirror theorem for toric
Deligne–Mumford stacks [13, Corollary 32], [8] that ISnon(t, x,−z) ∈ Lnon.
Arguing as in the proof of [12, Theorem 4.8] now shows that:

r∏
j=1

exp
(
−G0

(
−z∇εj , z

))
ISnon(t, x,−z) ∈ Lnon

as required. �

Remark 23. Theorem 22, roughly speaking, states that a certain hyper-
geometric modification of the untwisted I-function ISnon lies on the twisted
cone Ltw. The proof of Theorem 22 is essentially the same as the proof of
Theorem 4.8 in [12], where we showed that a hypergeometric modification of
the untwisted J-function JX lies on Ltw. The essential properties of the J-
function JX used there are that JX (t,−z) ∈ Lnon (which holds by definition)
and the Divisor Equation [17, Lemma 4.7(3)]. The essential properties of the
I-function ISnon used here are that ISnon(x, t,−z) ∈ Lnon (our mirror theorem)
and that ∇εjISnon(t, x, z) =

(
Ej + (εj · λ)z

)
ISnon(x, t, z). This latter property,

which is a version of the Divisor Equation for the I-function, allows us to
replace (10) by (11).

Remark 24. With a little extra effort — modifying the formal setup in
[12] to include equivariant parameters — one could prove the T-equivariant
analog of Theorem 22 in exactly the same way. We omit this here, however,
as we know of no applications of these results. In current applications one
either treats toric complete intersections by taking c to be the S1-equivariant
Euler class e (see §5), in which case the T-action on the ambient space is
irrelevant as it does not preserve the complete intersection, or one treats
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non-compact geometries by taking c = e−1 to be the S1-equivariant inverse
Euler class. The latter case can be treated directly using Theorem 7, as the
total space of E is itself a toric Deligne–Mumford stack.

5. A mirror theorem for toric complete intersection stacks

We now describe how, under appropriate hypotheses on the vector bun-
dle E = E1 ⊕ · · · ⊕ Er and the toric Deligne–Mumford stack X , Theorem 22
gives a mirror theorem for the complete intersection stack Y cut out by
a generic section of E . Suppose that the vector bundle E is convex, that
is, for every genus-zero stable map f : (C, x1, . . . , xn)→ X from a pointed
orbicurve (C, x1, . . . , xn), one has H1(C, f∗E) = 0. This is a very restrictive
assumption: it is equivalent to requiring that:

(positivity): c1(Ej) · d ≥ 0 for every degree d of a genus-zero stable map;
and

(coarseness): Ej is the pull-back of a line bundle on the coarse moduli
space of X ;

hold for all j = 1, . . . , r. See [14] for a detailed discussion of convexity for
vector bundles on orbifolds. Under these conditions, we may choose εj ∈
(LS)∨ in §4 so that it vanishes on the vectors in (3), i.e. εj corresponds
to (the class of Ej , 0) under the splitting (LS)∨ ⊗Q ∼= (L∨ ⊗Q)⊕Qm =
(Pic(X )⊗Q)⊕Qm induced by (4). In fact, the coarseness implies that the
pairings of εj with the vectors in (3) lie in Z, and in view of the exact
sequence:

0 −−−−→ (Zm)∗ −−−−→ (LS)∨ −−−−→ L∨ −−−−→ 0

one may always shift εj by the action of (Zm)∗ so that these pairings vanish.
We take the characteristic class c in (8) to be the S1-equivariant Euler
class e:

e(V) =
∏

v: Chern roots of V
(κ+ v)

where we consider the fiberwise S1-action on vector bundles and κ denotes
the S1-equivariant parameter. This corresponds to the choice of parameters

sk =

{
log κ for k = 0

(−1)k−1(k − 1)!κ−k for k ≥ 1
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With the convexity hypothesis for E and the choices for εj as above, the
(e, E)-twisted I-function takes the form:

ISe,E(t, x, z) = ze
∑n

i=1 tiDi/z

×
∑

b∈Box(Σ)

∑
λ∈ΛES

b

Q̃λeλt

(
n+m∏
i=1

∏
〈a〉=〈λi〉,a≤0(Di + az)∏
〈a〉=〈λi〉,a≤λi

(Di + az)

)

×

 r∏
i=1

Ej ·d∏
a=1

(κ+ Ej + az)

 yb

where we write λ = (d, k) via (4). Note that Ej · d ∈ Z≥0 by the convex-
ity assumption. Let i? : H•CR(X )→ H•CR(Y) denote the pullback along the
inclusion i : Y → X , and define:

ISY (t, x, z) = lim
κ→0

i?ISe,E(t, x, z)

Theorem 22 implies that ISe,E(t, x,−z) lies in the (e, E)-twisted cone Ltw.
Combining this with functoriality for the virtual fundamental class [35, §2],
[33] either as in the argument of [27, Proposition 2.4] or using [11, Theo-
rem 1.1 and Remark 2.2], proves the following Mirror Theorem for complete
intersections in toric Deligne–Mumford stacks.

Theorem 25. Let X be a toric Deligne–Mumford stack with semi-projective
coarse moduli space, and let S be a finite set equipped with a map S → NΣ

as in Theorem 7. Let E = E1 ⊕ · · · ⊕ Er be the sum of convex line bundles
over X and Y ⊂ X be the zero-locus of a transverse section of E. Then
ISY (t, x,−z) lies in Givental’s Lagrangian submanifold LY for Y.

Remark 26. We chose εj so that it vanishes on the vectors (3): this choice
yields the optimal z−1-asymptotics for ISY . In order for ISe,E to have a well-
defined non-equivariant limit κ→ 0, we only need to assume that εj pairs
with the vectors (3) non-negatively, and Theorem 25 is still valid under this
weaker assumption. When the pairings of εj with the vectors (3) are positive,
the corresponding I-function ISY has worse z−1-asymptotics, i.e. contains
higher powers in z.

Remark 27. Theorem 25 can also be proved by combining the methods of
Cheong–Ciocan-Fontanine–Kim [8] with the methods of [9, §7]. This gives
a different approach, which relies on virtual localization rather than the
quantum Lefschetz theorem.
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Suppose that the I-function ISY has the following asymptotics (cf. Con-
dition S-] in §2.6)

(12) ISY (t, x, z) = F (t, x)z +G(t, x) +O(z−1)

where F is an H0(Y)-valued function and G is an H•CR(Y)-valued function.
This holds, for example, if the following conditions are met:

• c1(TX )− c1(E) is nef, and

• the image of S → NΣ is contained in {b ∈ NΣ : age(b) ≤ 1}.

Define the mirror map by:

τ(t, x) =
G(t, x)

F (t, x)

Theorem 25 determines the unique point F (t, x)−1ISY (t, x,−z) on LY of the
form −z + τ +O(z−1): this is the J-function JY(τ,−z) for Y. Thus we ob-
tain the following mirror theorem.

Corollary 28. With hypotheses and notation as above, we have:

JY(τ(t, x), z) =
ISY (t, x, z)

F (t, x)

Remark 29. In general the (e, E)-twisted I-function will not satisfy (12),
but one can still obtain the (e, E)-twisted J-function by Birkhoff factor-
ization as in §3.8. Provided that the bundle E is convex, this allows the
computation of genus-zero Gromov–Witten invariants of Y.

Remark 30. If E is not convex then the relationship between (e, E)-twisted
Gromov–Witten invariants of X and Gromov–Witten invariants of Y is not
well understood [14]. This merits further investigation.

Remark 31. Certain components of ISY can be written as (exponential)
periods of the Landau–Ginzburg model mirror to Y: see [27].

5.1. Example 9: a sextic hypersurface in P(1, 1, 1, 3, 3)

Let the orbifold Y be a smooth sextic hypersurface in X = P(1, 1, 1, 3, 3);
this is a Fano 3-fold with canonical singularities. The ambient space X is
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the toric Deligne–Mumford stack associated to the stacky fan Σ = (N,Σ, ρ),
where:

ρ =


−1 1 0 0 0
−1 0 1 0 0
−3 0 0 1 0
−3 0 0 0 1

 : Z5 → N = Z4

and Σ is the complete fan in NQ ∼= Q4 with rays given by the columns
ρ1, . . . , ρ5 of ρ. We identify Box(Σ) with the set

{
0, 1

3 ,
2
3

}
via the map κ : x 7→

x(ρ1 + ρ2 + ρ3). Consider the S-extended I-function where S =
{

0, 1
3

}
and

S → NΣ is the map κ. The S-extended fan map is:

ρS =


−1 1 0 0 0 0 0
−1 0 1 0 0 0 0
−3 0 0 1 0 0 −1
−3 0 0 0 1 0 −1

 : Z5+2 → N

so that LSQ ∼= Q3 is identified as a subset of Q5+2 via the inclusion:

 l
k0

k1

 7→


1
3 0 −1

3
1
3 0 −1

3
1
3 0 −1

3
1 0 0
1 0 0
0 1 0
0 0 1


 l
k0

k1



The S-extended Mori cone is the positive octant. We see that ΛS ⊂ LSQ is
the sublattice of vectors: l

k0

k1

 such that l, k0, k1 ∈ Z

and that the reduction function is:

vS :

 l
k0

k1

 7→ 〈k1 − l
3

〉
Let P ∈ H2(X ;Q) denote the (non-equivariant) first Chern class of OX (1),
and identify the Novikov ring Λ with C[[Q]] via the map that sends d ∈
H2(X;Z) to Q

∫
d

3P . With notation as in §4 we have D1 = D2 = D3 = P ,
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D4 =D5 =3P , and so the non-equivariant limit of the S-extended I-function
is:

ISnon(t, x, z) = ze(t1+t2+t3+3t4+3t5)P/z

×
∑

(l,k0,k1)∈N3

Qlxk00 x
k1
1 e

(t1+t2+t3+3t4+3t5)l

zk0+k1k0!k1!

×

∏
〈b〉=〈 l−k1

3 〉
b≤0

(P + bz)3

∏
〈b〉=〈 l−k1

3 〉
b≤ l−k1

3

(P + bz)3

1〈 k1−l

3

〉∏
〈b〉=0
1≤b≤l

(3P + bz)2

Let E → X be the line bundle corresponding to the element ε ∈ (LS)∨

given by:

ε :

 l
k0

k1

 7→ 2l

so that E = O(6). The S-extended (e, E)-twisted I-function of X is:

ISe,E(t, x, z) = ze(t1+t2+t3+3t4+3t5)P/z

×
∑

(l,k0,k1)∈N3

Qlxk00 x
k1
1 e

(t1+t2+t3+3t4+3t5)l

zk0+k1k0!k1!

×

∏
〈b〉=〈 l−k1

3 〉
b≤0

(P + bz)3

∏
〈b〉=〈 l−k1

3 〉
b≤ l−k1

3

(P + bz)3

∏
〈b〉=0

1≤b≤2l

(κ+ 6P + bz)∏
〈b〉=0
1≤b≤l

(3P + bz)2
1〈 k1−l

3 〉

This is homogeneous of degree 1 if we set deg t1 = deg t2 = deg t3 = deg t4 =
deg t5 = 0, deg z = degQ = deg x0 = deg κ = 1, and deg x1 = 0. We there-
fore have:

ISY (t, x, z) = z + (t1 + t2 + t3 + 3t4 + 3t5)P + x010 + f(x1)1 1

3
+O(z−1)

where:

f(x) =

∞∑
m=0

(−1)m
x3m+1

(3m+ 1)!

Γ(m+ 1
3)3

Γ(1
3)3
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Let g denote the power series inverse to f , so that g(x) = x+ x4

648 + · · · , and
set:

ti =

{
τ if i = 1

0 otherwise
xi =

{
ξ0 if i = 0

g(ξ1) if i = 1

Then:

ISY (t, x, z) = z + τP + ξ010 + ξ11 1

3
+O(z−1)

and Corollary 28 implies that:

JY
(
τP + ξ010 + ξ11 1

3
, z
)

= zeτP/z
∑

(l,k0,k1)∈N3

Qlξk00 g(ξ1)k1eτl

zk0+k1k0!k1!

×

∏
〈b〉=〈 l−k1

3 〉
b≤0

(P + bz)3

∏
〈b〉=〈 l−k1

3 〉
b≤ l−k1

3

(P + bz)3

∏
〈b〉=0

0≤b≤2l

(6P + bz)∏
〈b〉=0
1≤b≤l

(3P + bz)2
1〈 k1−l

3 〉

For example, the coefficient of 10 in JY
(
τP + ξ010 + ξ11 1

3
, z
)

is:

∞∑
l=0

∞∑
k0=0

∑
k1:0≤k1≤l
k1≡l mod 3

Qlξk00 g(ξ1)k1eτl

zk0+k1−1k0!k1!

1(
l−k1

3

)
!

(2l)!

(l!)2

This is the so-called quantum period of Y.
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