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1. Introduction

In [Nak16] the third named author proposed an approach to define the
Coulomb branch M¢ of a 3d N/ = 4 SUSY gauge theory in a mathematically
rigorous way. The subsequent paper [Part II] by the present authors gives a
mathematically rigorous definition of M as an affine algebraic variety. The
purpose of this companion paper is to determine M for a framed /unframed
quiver gauge theory of type ADE.

Let us first consider the unframed case. We are given a quiver @) =
(Qo, Q1) of type ADE and a Qo-graded vector space V = @ V;. Here Qp
(resp. Q1) is the set of vertices (resp. oriented arrows) of ). We consider the
corresponding quiver gauge theory: the gauge group is GL(V') = [[ GL(V}),
its representation is N = B, Hom(V,), Vin)), where o(h) (resp. i(h))
is the outgoing (resp. incoming) vertex of an arrow h € (1. Our first main
result (Theorem is Mg = ZOC“, where Z2 is the moduli space of based
rational maps from P! to the flag variety B = G//B of degree a, where the
group G is determined by the ADF type of @, and « is given by the dimen-
sion vector dim V' = (dim V})ieq, -

In physics literature, it is argued that M is the moduli space of mono-
poles on R3. See [HW97] for type A, [Ton99] in general. Here the gauge group
G. = GApE,c is the maximal compact subgroup of G, hence is determined
by the type of the quiver as above. It is expected that two moduli spaces
are in fact isomorphic as complex manifolds. See Remark below.

We also generalize this result to the case of an affine quiver (Theo-
rem . We show that M is a partial compactification of the moduli
space of parabolic framed G-bundles over P! x P!. In fact, we prove this
under an assumption that the latter space is normal, which is known only
for type A. This space is expected to be isomorphic to the Uhlenbeck par-
tial compactification of the moduli space of G.-calorons (= G.-instantons
on R? x S1).

In order to show Mg = ZDO‘, we use the criterion in [Part II, Theo-
rem 5.26]: Suppose that we have IT: M — t(V))/W such that M is a Cohen-
Macaulay affine variety and I7 is flat. Here t(V') is the Lie algebra of a max-
imal torus T'(V') of GL(V'), and W is the Weyl group of GL(V'). If we have a
birational isomorphism =°: M -=» M over t(V')/W, which is biregular up
to codimension 2, it extends to the whole spaces. In order to apply this for
M= ZOO‘, we shall check those required properties. To construct =°, let us
recall that M is birational to T*T' (V)" /W over the complement of union of
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hyperplanes (generalized root hyperplanes) in t(V)/W (see [Part II, Corol-
lary 5.21]). The same is true by the ‘factorization’ property of Z%. This
defines Z° up to codimension 1, hence it is enough to check that =° extends
at a generic point in each hyperplane. This last check will be done again
by using the factorization. The factorization property is well-known in the
context of zastava space Z%, which is a natural partial compactification of
Z%. (See [BDF16] and references therein.)

Remark 1.1. Consider Z% the moduli space of based rational maps P! —
G/B of degree «a, and the moduli space of G.-monopoles with monopole
charge a. It is known that there is a bijection between two moduli spaces
(given in [Hit83, Don&4] for A;, [HM89, Hur89] for classical groups and
[Jar98] for general groups). It is quite likely that this is an isomorphism of
complex manifolds, but not clear to authors whether the proofs give this
stronger statement. For A;, one can check it by using [Nak93|, as it is easy
to check that the bijection between the moduli space of solutions of Nahm’s
equation and the moduli space of based maps is an isomorphism.

For affine type A, a bijection is given by [Tak16] based on earlier works
[Nye01], NS00, [CHO8|, [(CH10]. The same question above arises here also.

Let us turn to the framed case. We take an additional Qg-graded vec-
tor space W = @ W; and add @ Hom(W;,V;) to N. The answer has been
known in the physics literature [HW9T7, [dBHOO97, dBHO ™97, [CK98] (at
least for type A): M¢ is a moduli space of singular G.-monopoles on R3.
Two coweights A, pu: S — G. attached at 0, co of R? are given by dimen-
sion vectors for framed and ordinary vertices respectively. We will not use
the moduli space of singular monopoles, hence we will not explain how A
and p arise in this paper. (See the summary in [BDGI7, App. A].) But let
us emphasize that we need to take the Uhlenbeck partial compactiﬁcation[]
This point will be important as explained below.

On the other hand, it was conjectured that M is a framed moduli space
of S'-equivariant instantons on R* in [Nakl6, §3.2] when p is dominant.
There is a subtle difference between S!'-equivariant instantons and singular
monopoles. (The third named author learned it after reading [BDG17]. See
[Nak15, §5(iii)].) The former makes sense only when p is dominant, but is
expected to be isomorphic to the latter as complex manifolds.

!Uhlenbeck partial compactification is necessary, due to bubbling at 0. This
is naturally understood by considering singular monopoles as S'-equivariant in-
stantons on the Taub-NUT space. See Remark below. This bubbling is called
monopole bubbling in physics literature. e.g.,[KW0T, BDGI7].
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In order to identify M, we use the criterion as above. In particular,
we need a candidate M as an affine algebraic variety, or at least a complex
analytic space. For this purpose, the moduli space of singular monopoles has
a defect, as a complex structure on its Uhlenbeck partial compactification is
not constructed in the literature except of type A. (See Remark below
for type A.)

By [BF10] the Uhlenbeck partial compactification of the framed moduli
space of S'-equivariant instantons on R* is isomorphic to a slice W;\L of a
G|[#]]-orbit in the affine Grassmannian Grg in the closure of another orbit.
This is a reasonable alternative, as it has a close connection to the zastava
space Z¢, and lots of things are known in the literature.

The first half of this paper is devoted to the construction of a general-
ization of the slice Wﬁ, which makes sense even when p is not dominant.
We call it a generalized slice, and denote it by the same notation. There are
several requirements for the generalized slice. It must be possible for us to
check properties required in the criterion above. The most important one
is the factorization. Also we should have a dominant birational morphism
7o Wl/), as a property of the Coulomb branch (see [Part II, Remark 5.14]
and Remark below). These properties naturally led the authors to our
definition of generalized slices. The heart of the first half is Proposition [2.10
showing W;) is a certain affine blowup of the zastava space Z% up to codi-
mension 2.

We introduce Wf; as a moduli space of G-bundles over P! with triv-
ialization outside 0 and B-structure. This definition originally appeared
in [FM99]. We also observe that it has an embedding into G(z) so that its
image coincides with the space of scattering matrices of singular monopoles
appearing in [BDGl?]H

We conjecture that Coulomb branches of framed affine quiver gauge the-
ories are Uhlenbeck partial compactifications of moduli spaces of instantons
on the Taub-NUT space invariant under a cyclic group action. This is not
precise yet as 1) we do not endow them with the structure of affine algebraic
varieties, and 2) we do not specify the cyclic group action. Also we should re-
cover the moduli spaces of singular monopoles by replacing the cyclic group
with S'. Therefore they must be isomorphic to the generalized slice Wﬁ,
but we do not give a proof of this simple version of the conjecture.

Remark 1.2. Singular monopoles are S'-equivariant instantons on the
Taub-NUT space by [Kro85]. See also [BC11]. A moduli space of instantons

2This was explained to the authors by D. Gaiotto and J. Kamnitzer during the
preparation of the manuscript.
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on the Taub-NUT space is described as Cherkis bow variety [Che09) [(Chel0],
though mathematically rigorous proof of the completeness is still lacking as
far as the authors know. Its S'-fixed locus is also Cherkis bow variety of a
different type. A bow variety is technically more tractable than the mod-
uli space of singular monopoles. In [NT17], Takayama and the third named
author will identify M¢ for a framed quiver gauge theory of type A with
Cherkis bow variety. This method is applicable for affine type A case, which
conjecturally corresponds to a moduli space of Z/kZ-equivariant instantons
on the Taub-NUT space.

The paper is organized as follows. In §2| we introduce a generalized slice
as explained above. In §3| we identify the Coulomb branch of a quiver gauge
theory of type ADE with generalized slices. We also treat the case of affine
type, but without framing. Then we identify the Coulomb branch of a framed
Jordan quiver gauge theory with a symmetric power of the surface zy = w'
(I > 0). In §4|we study the folding of a quiver gauge theory. We show that the
character of the coordinate ring of the fixed point loci of the Coulomb branch
is given by the twisted monopole formula in [CFHMI4]. In the appendices
§9A]B] written jointly with Joel Kamnitzer, Ryosuke Kodera, Ben Webster,
and Alex Weekes, we study the embedding of the quantized Coulomb branch
into the ring of difference operators. We find various difference operators
known in the literature, such as Macdonald operators and those in represen-
tations of Yangian ([GKLOO05, KWWY14]). In particular, we show that the
quantized Coulomb branch of a framed quiver gauge theory of type ADFE
is isomorphic to the truncated shifted Yangian introduced in [KWWY14]
under the dominance condition in

Notation

We basically follow the notation in [Part II]. However a group G is used for a
flag variety B = G/ B, while the group for the gauge theory is almost always
a product of general linear groups and denoted by GL(V'). Exceptions are
Proposition and where the gauge theory for the adjoint represen-
tation of a reductive group is considered. We use W for a vector space for a
quiver, while the Weyl group of GG is denoted by W.

Errata to [Part II|

1) Following references to \subsubsection in 3(vii) are broken, though
their hyperlinks in the pdf file correctly work.
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e p.1093, replace §3(vii)3(vii) by §3(vii)(d).

e p.1100, replace 3(vii) by (a).

e p.1102, replace 3(vii) by (c).

e p.1104, replace 3(vii) by (d) (twice).

e p.1106, replace §3(vii)3(vii) by §3(vii)(d) (twice).
e p.1107, replace §3(vii)3(vii) by §3(vii)(d).

e p.1116, replace §3(vii)3(vii) by §3(vii)(d).

e p.1117, replace §3(vii)3(vii) by §3(vii)(b).

e p.1119, replace §3(vii)3(vii) by §3(vii)(d).

e p.1136, replace §3(vii)3(vii),3(vii) by §3(vii)(a),(c).

2) In Proposition 6.2, the formula f[Ry] * g[R,] = ax fg[Ra+,] is cor-
rect for gr A, but not true for gr A;. Replace g in the right hand side
by g(e + hA). This shift appears when we exchange the order of g and

A in the proof.
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2. Zastava and slices
2(i). Zastava

Let G be an adjoint simple simply laced complex algebraic group. We fix
a Borel and a Cartan subgroup G D B D T'. Let A be the coweight lattice,
and let A C A be the submonoid spanned by the simple coroots «;, i € Qq.
Here the index set of simple coroots is identified with the set of vertices of
the Dynkin diagram, i.e. Q9. The involution o — —wga of A restricts to an
involution of Ay and induces an involution a; — «;~ of the set of the simple
coroots. We will sometimes write o* := —wga for short. For o = Zier a; oy



Quiver gauge theories and slices in the affine Grassmannian 81

let Z% > Z be the corresponding zastava space (moduli space of based
quasimaps ¢ from P! to the flag variety B = G /B such that ¢ has no defect
at oo € P! and ¢(c0) = B_ € B, the opposite Borel subgroup to B sharing
the same Cartan torus T') and its open moduli subspace of based maps.
Recall the factorization map 7, : Z¢ — A% and its section s, : A% < Z%, see
e.g. [BDFI6): the restriction of m, to Z% C Z° takes a based map ¢: P* — B
to the pullback ¢*& of the Qp-colored Schubert divisor (the boundary of
the open B-orbit in B). Recall that A* = Al®l/S,, where Al®l = [Ticg, A,
and S, is the product of the symmetric groups Hz‘er Sa;. We define Z¢ :=
7% xpa Al 72 .= 72 x o Alol Clearly, S, acts on both Z% and Z¢, and
we have Z% = Z%/S,, 7o = Z“/Sa.

We denote by w;,, @ € Qo, 1 <r < a; the natural coordinates on Alel,
We define an open subset Alel ¢ Alal a5 the complement to all the diagonals
w; = Wj,s, and also Ao = A‘O‘l/Sa C A*. We also define a bigger open sub-
set Alel ¢ Alol — Alel a5 the complement to all the pairwise intersections of
diagonals. We set A% := Alol /8§, c A®,

Recall that m,: Z% — A® is flat (since A® is smooth, Z% has ratio-
nal singularities and hence it is Cohen-Macaulay [BF17, Proposition 5.2],
and all the fibers of 7, have the same dimension |«| [BEGMO02, Proposi-
tions 2.6, 6.4, and the line right after 6.4]). Recall the regular functions
(Wi, Yir)icQ,, 1<r<a; 00 Z%, see [BDF16l 2.2]. Note that mq(w;y,yir) =
(wi,). We have 7, (Alol) = Alel s Alol with coordinates (y;,) on the sec-
ond factor. Recall that the boundary 0% = Z¢ \ Z is the zero divisor of a
regular function F, € C[Z¢] defined uniquely up to a multiplicative scalar;
in terms of (wj,, ;) coordinates we have

1<s<aicn)
F, = Hyi,r H (wir — wignys) %,
i,T hIQlua
o(h)=1

(the inner product over all arrows h € Q1 or in the opposite orientation Q1
connected to ), see [BDF16, Theorem 1.6.(2)]. It follows that (A1) N
Zo = Alol x 612l and T AY) Nz = (Alel x G%‘)/Sa (with respect to the
diagonal action).

In case a = B+, B :Zz‘er bicy, :Zz‘er cia, according to [BDEFI6,
Theorem 1.6.(3)], the factorization isomorphism

o~ Za\(waAw)disj — (Zﬂ X Z’Y)|(Am|xA|w)disj
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1<r<a;
takes ('LUz r Yi T)zGQo to
1<r<b;
(2.1) (w vir ] (i - wi’8)> ’
bi+1<s<a; e
brf‘lgrﬁai
<wi,r7 Yi,r H (U)i,r B wi78)> .
1ash, 1€Qo

Here (A'm X A‘V‘)disj is the open subset of Al8l x A1l formed by all the con-
figurations where none of the first |3| points meets any of the last || points.

Remark 2.2. For a future use we recall the examples of 27 for |y| = 2,
see [BDF16, 5.5, 5.6]. In case v = a; +; and 4,j are not connected by
an edge of the Dynkin diagram of G, we have (C[Z"’] C[wl,w],ylil,yj
In case vy =a; + ozj and ¢,j are connected by an edge, we have (C[ZV] =
(C[wz,wj,yl,y],yU ]/(y,y] Yyij(w; —w;)). In case v = 2a;, we have C[Z7] =
Clwi 1, w2, Yyt Yig - §/ (Win — via — E(win — wi2)).

2(ii). Generalized transversal slices

In this subsection A is a dominant coweight of G, and p < A is an ar-
bitrary coweight of G, not necessarily dominant, such that a:=\—pu =
ZzEQ a;a, a; € N. We will define the analogues of slices W>‘ G of [BF14,
Section 2] and prove that they are the Coulomb branches of the correspond-
ing quiver gauge theories.

Recall the convolution diagram Gry, <2~ G2, —%» Z" of [FM99, 11.7].
Here SZ;“ is the moduli space of the following data:

(a) a G-bundle P on P!L.

(b) A trivialization o: Py |p1\ {0} = Plp1\{0y having a pole of degree
< X at 0 € P!. This means that for an irreducible G-module VA" and the
associated vector bundle V3 on P! we have V' @ Opi (—(\, X) - 0) € V3 C
VA ® Op (—(woh, X') - 0).

(c) a generalized B-structure ¢ on P of degree wou having no defect at
oo € P! and having fiber B_ C G at oo € P! (with respect to the trivial-
ization o of P at oo € P!). This means in particular that for an irreducible
G-module VY and the associated vector bundle Vg);v on P! we are given an
invertible subsheaf £y C V3  of degree —(wou, \').

Now p forgets ¢, while q sends (P,0,¢) to a collection of invertible
subsheaves Ly ({(woA, ') - 0) C VN ® Opsr. This collection will be denoted
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by o~ t¢(woA - 0) for short. Clearly, deg o~ tp(wo - 0) = o, i.e.
deg Ly ((woA, X) - 0) = (woA — wop, ') = —(a™, \').

Note that the target of q in [FM99, 11.7] is erroneously claimed to be Z¢
as opposed to Z%". )

We have an open subvariety §Z," C §Z," formed by all the triples
(P,0,¢) such that ¢ has no defects (i.e. is a genuine B-structure). We de-
fine the generalized slice Wﬁ = SZ;“ . To avoid a misunderstanding about
possible nilpotents in the structure sheaf, let us rephrase the definition. Let
'Bung (P!) be the moduli stack of G-bundles on P! with a B-structure at
0o € PL. Let ‘Bung™(P') be the moduli stack of degree wop generalized
B-bundles on P! having no defect at oo € P'. Let Buny’”(P!) be its open
substack formed by the genuine B-bundles. Finally, we equip Gr), with the
reduced scheme structure. Then G2, := Gry X/pung (p1) ‘Bung”(P'), and
Wl’) = 902,)_\“ := Gy X/Bung(pr) Bung™(P). Note that Wﬁ is reduced since
it is generically reduced and Cohen-Macaulay (see Lemma below).

We denote by 32: W;) — Z% the restriction of q: SZ\ " — Z* to Wﬁ =
SOZ;“ C SZ;“ . Note that when p is dominant, p: 902;” — @g is a locally
closed embedding [BF14, Remark 2.9], and the image coincides with the
transversal slice Wg ., in the affine Grassmannian Grg [BE14, Section 2],
hence the name and notation. However, when p is nondominant, the restric-
tion of p: G2, — Gr), is not a locally closed embedding.

2(iii). Determinant line bundles and Hecke correspondences

We recall that given a family f: X — S of smooth projective curves and
two line bundles £1 and L2 on X Deligne defines a line bundle (£, L£2) on
S [Del87, Section 7). In terms of determinant bundles the definition is simply

(2.3) (L1, L) = det Rf (L1 @ L2) ® det Rf.(Ox)
® (det Rf«(L1) @ det Rf.(L2)) ™.

Deligne shows that the resulting pairing Pic(X') x Pic(X’) — Pic(S) is sym-
metric (obvious) and bilinear (not obvious).

Let Y (resp. YV) denote the coweight (resp. weight) lattice of T'. Let (-, -)
be an even pairing on Y. Let also X be a smooth projective curve and let
Bunt denote the moduli stack of T-bundles on X. Then to the above data
one associates a line bundle L7 on Buny in the following way. Let eq, ..., e,
be a basis of Y and let f1,..., f, be the dual basis (of the dual lattice). For
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every i = 1,...,n let £; denote the line bundle on Buny x X associated to
the weight f;. Let also a;; = (e;,e;) € Z. Then we define

(24) £T=<<§)<ﬁuﬁi>®?)® R (Li, L)%

i=1 1<i<j<n

It is easy to see that Lp does not depend on the choice of the basis (here,
of course, we have to use the statement that Deligne’s pairing is bilinear).

We have natural maps p: Bunp — Buny, q: Bung — Bung. Let ()
be a pairing as above. Let us in addition assume that it is W-invariant. Let
L7 be the corresponding determinant bundle. Faltings [Fal03| shows that the
pullback p*L7 descends naturally to Bung, i.e. there exists a (canonically
defined) line bundle L5 on Bung with an isomorphism p*Lp ~ q*Lg. The
pullback of L under the natural morphism Grg — Bung is the determinant
line bundle on the affine Grassmannian; it will be also denoted L or even
simply £ when no confusion is likely.

2(iv). Basic properties of generalized transversal slices

The convolution diagram 92;“ is equipped with the tautological morphism
r to the stack Bung(P!) (see [BEGMO02, Section 1] for notation). The bound-
ary

OBung(P!) := Bung(P') \ Bung(P')
is a Cartier divisor, and (’)SZ;;L(P_I(@BunB(Pl))) =p*L [BEGO6, Proof

of Theorem 11.6] where L is the very ample determinant line bundle on
Grg.

Lemma 2.5. Wﬁ is an affine variety.

Proof. The morphism (p,q): §2," — @g x Z% is a closed embedding.
Since Z¢ is af.[ine, we conclude that p: SZ;“ — @g is affine. The comple-
ment §2, %\ 62, " = r~!(0Bung(P')), but OQZ;u(rfl(ﬁBiung(IP’l))) =p*L
is the very ample determinant line bundle on SZ;“ since p is affine. Hence
the complement §Z,* \ r~!(8Bung(P')) = W), is affine. O

The proof of the following lemma is contained in a more general proof

of Lemma below:

Lemma 2.6. Wﬁ is Cohen-Macaulay. O
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Lemma 2.7. The composition mo« o sfl: Wﬁ — AY" is flat.

Proof. Since Wﬁ is Cohen-Macaulay, it suffices to prove that all the fibers
of Ty~ © sf; have the same dimension |«|. To this end, for 5 < «, we consider
a locally closed subvariety Zgi C Z% formed by all the based quasimaps
whose defect at 0 € A! has degree precisely 3*. Note that Zg‘: is isomorphic
to an open subvariety in Z* =87, It is enough to prove that for ¢ € Z%., we
have dim(sf))_l((p) < |B|. Now the desired dimension estimate follows from
the semismallness of q [FM99, Lemma 12.9.1]. O

2(v). A symmetric definition of generalized slices

We slightly modify our definition of the transversal slices.
Given arbitrary coweights p—, 4 such that yu_ + pu = p we consider the

moduli space Wﬁﬂm of the following data: (a) G-bundles P_, P, on P; (b)

an isomorphism o: P_|p1 0} = P+|pr\f0; having a pole of degree < A at
0 € P!; (c) a trivialization of P_ = P, at oo € P!; (d) a reduction ¢_ of P_
to a B_-bundle (a B_-structure on P_) such that the induced T-bundle has
degree —wop_, and the fiber of ¢_ at oo € P! is B C G (e) a reduction ¢,
of P to a B-bundle (a B-structure on P ) such that the induced T-bundle
has degree wopy, and the fiber of ¢, at oo € P! is B_ C G.

Note that the trivial G-bundle on P! has a unique B_-reduction of degree
0 with fiber B at oco. Conversely, a G-bundle P_ with a B_-structure of
degree 0 is necessarily trivial, and its trivialization at oo uniquely extends
to the whole of P!. Hence WS‘, y= Wﬁ
For arbitrary Wﬁﬂ 4.+ the G-bundles P_, P, are identified via o on P!\
{0}, so they are both equipped with B and B_-structures transversal around
oo € P!, that is they are both equipped with a reduction to a T-bundle
around oo € P1. So P = PL xT G for certain T-bundles P{ around co € P!,
trivialized at oo € P'. The modified T-bundles "PL := PL (wop_ - 00) are also
trivialized at oo € P! and canonically isomorphic to P off oo € PL. We de-
fine 'P. as the result of gluing P4 and "PL xT G in the punctured neighbour-
hood of oo € P'. Then the isomorphism o: "P_[p1\ (900} — 'Plp1\ (0,00}
extends to P! \ {0}, and ¢+ also extend from P! \ {oo} to a B-structure ‘¢,
in 'Py of degree wou (resp. a B_-structure '¢_ in 'P_ of degree 0).

This defines an isomorphism Wﬁﬂ py = Wﬁ
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2(vi). Multiplication of slices

Given A1 > uo and Ay > s with Ay, Ao dominant, we think of WAl (resp
W>‘2) in the incarnation W o (resp. W ). Given (‘Pi,al,qﬁi) V\/u1 0
and (P, 09, 02) EWOM , We con81der (?1,, iPJr,ag ooy, ¢k, qﬁi) EWflix\z _
Wfﬁi;\f (note that P? is canonically trivialized as in & and P! is canon-
ically trivialized for the same reason, so that fP}r = P< ). This defines a mul-
tiplication morphism VV)‘1 X WA2 — Wﬁiiz\é

In particular, takmg o = /\g so that WA is a point and W/\l X l/\/)‘2 =
Wﬁi, we get a stabilization morphism Wfﬁ — W;\dit

2(vii). Involution

For the same reason as in 'Pi in WZ\"O is canonically trivialized, so
we obtain a morphism 'p: Wio— Gréwo)‘, sending the data of (P4, 0, o)

o (P4 = Puiv L P_). Also, recalling the symmetric” definition of za-
stava [BDF16], 2.6], we obtain a morphism ’s )‘ W — 7%, Namely, it
takes a collection (L3, C V% =V¥ ®0p)toa collectlon of invertible sub-
sheaves L, ((—X,\") - 0) C VT This transformed generalized B-structure
will be denoted by J_1¢+( -0) for short. Finally, we have an isomor-
phism L W’\ Wo = W)‘ o obtained by an application of the Cartan
1nvolut10n ¢ of G (mterchanglng B and B_, and acting on T as t +— t~1): re-
placing (P_, P4, ¢, q§+) by (€P4, (’:’P_, Cp.,C¢_), and o by €~ L. Clearly,
o= O /SA o Lﬁ =Ty« O s WA — AY" . Indeed, for (P+,0,¢+) € W W)‘
the Qo- colored divisor wa* 08 (iPi, 0, ¢+) on P! measures the nontranever—
sality of ¢_ and o1, (—\ - 0) while 7o+ 0 sl/) ot (iPi, 0, ¢+ ) measures the
nontransversality of c¢_(—\-0) and ¢, and these two measures coincide
manifestly.

Under the identiﬁcation W)‘ g Wl’) of 3‘. the isomorphism Lf; be-

comes an involutio W’\ — W
2(viii). Divisors in the convolution diagram
For a future use we describe certain divisors in the convolution diagram.

We define a divisor E; C WO = G2 )\“ as the subvariety formed by the data
(P,0,¢) such that the transformed B-structure q(P, o, ¢) = o~ t¢p(wo - 0)

3We learnt of this multiplication from J. Kamnitzer, D. Gaiotto and T. Dimofte.
4We thank J. Kamnitzer who has convinced us such an involution should exist.
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in the trivial bundle P,y acquires the defect of color i at 0 € P! (the defect
may be possibly bigger than «; - 0). We define a divisor E; C §Z," as the
closure of E;. Thus F := UzEQ E; is the exceptlonal divisor of q: 5%, Y

Z% | and 8 92 K Z% restricted to 92 #\ E (where E := Uico, E )

induces an 1som0rphlsm 92 A\ E =4 Z°"  Note that E; can be empty if A
is nonregular.
Similarly, we define a divisor E’ C W)‘O as the subvariety formed by
the data (P, 0, ¢+ ) such that the transformed B-structure ’s) 1Py, 0,04) =
o7 1p(=X-0) in P_ acquires the defect of color i at 0 € P*.

Lemma 2.8. The full preimage (Si;)*(ﬂ';;(A?)) = E U (Lﬁ)_l(Ell)

Proof. At a general point of (¢ ) (E’ ) C W/\ the transformed B-structure

q(P,0,¢) = o Lp(weA - 0) in the trivial bundle Piiv has no defect but at
0 € P! is not transversal to B: it lies in position s; with respect to B.
Indeed, if A®" denotes the divisor formed by the configurations where at
least on point of color i meets 0 € Al then 7y~ o ’sﬁ(El’) C A", and hence
Tar © s/);(L;))*l(E{) C A", Now the full preimage (ma- 0 53)*(A?") a priori
lies in the union of the exceptional divisor E and the strict transform
(sﬁ) (7r A7) of the divisor 7. A%, At a general point of the compo-
nent E]7 j # 1, the degree of the defect of s (‘P o,¢) at 0 is exactly a,
hence the intersection of E Wlth the full prelmage of A" is not a divi-
sor. Thus (ma+ © Su) (AY") = E;U (s ) L(rr A9, and the strict transform
()71 (72 A®") must coincide with ( “)_I(E{) We conclude that the full

p - o
preimage (s))* (mh. (AF")) = E; U (1) 1 (E)). .

2(ix). Factorization

For n € N, let S,, stand for a hypersurface in A? with coordinates z,y, w cut
out by an equation zy = w" (in particular, Sy ~ G,, x A!). Let IT: S,, —
A' stand for the projection onto the line with w coordinate. Given i € Qg
such that a; > 1 (recall that o = Zier a;o;) we identify A% with Al
and we set §:= a — «;. We denote by G c AP the open subset formed
by all the colored configurations such that none of the points equals 0 €
A'. We denote by (ng X Al)disj C GE; x Al the open subset equal to the

intersection (A% x Al)disj N Gg: x Al
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Let s,: S, — Al x Al ~ Z%* be the birational isomorphism sending
(z,y,w) to (y,w). Then s;) gives rise to the birational isomorphism

(GE,: X Al)disj X pa* Wﬁ — (an* X Al)disj X pa* Za*,
and sy oy gives rise to the birational isomorphism
(G2 x AV)aisj xpe (277 % Sppary) = (G x Al)gigj X par (277 x 2.

Composing the above birational isomorphisms with the factorization iso-
morphism for zastava

(GE) x A)gigy X por 2% 5 (G x Al)gisj X asvxar (277 x Z7)

we obtain a birational isomorphism

*

w: (Gwﬁn X Al)disj X por Wﬁ - (an X Al)o‘lisj XAB* A1 (Zﬁ x S(A,aj))‘

The aim of this section is the following

Proposition 2.9. The birational isomorphism ¢ extends to a reqular iso-
morphism of the varieties over (Gﬁl X Al)disj:

(Gg; X Al)disj X Aot Wﬁ L) (ng* X Al)disj X AB* x Al (Zoﬁ* X S<)\7ayi>).

The proof will be given after a certain preparation.

Let Z% C Z% be an open subset formed by all the based quasimaps
¢ satisfying the following two conditions: (i) the defect def ¢ is at most a
simple coroot; (ii) the multiplicity of the origin 0 € P! in the divisor ma-(¢)
is at most a simple coroot.

Note the three properties: a) The codimension of the complement Z¢ \
7% in Z9 is 2; b) 79" inherits the factorization property from Z%; c)
Z*" is smooth. We consider the open subset V.V’\ (sp)~H(z 707 © W, and
SZ b= q_l(Zo‘ ) C 9Z,". We set B, =E;n 9Z ¥ . The codimension ofthe
complement W)‘ \ W)‘ in W)‘ is 2. The open embedding (Gfm x Al)gigj X go-

W2 < (G, x Al )dlsj X for WQ

%) extends to a regular isomorphism of the varieties over (an X Al)dlsJ

is an isomorphism, so we have to prove that

(Gp, x A )disj X pe* WA (Gp, x A! )disj X 45" x AL (2% x Sinar))

To this end we will identify W’\ with a certain afﬁne blowup of Z% . We
consider the smooth connected components 0; ze , 1 € Qq, of the boundary
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divisor Z* \ Z%. Recall the divisors AY C A formed by all the colored
configurations such that at least one point of color i € Qg meets 0 € A'. Let
fi € CJA*"] be an equation of AY". Let Z; C O,.. (resp. J; C Oy, .) be the
ideal of functions vanishing at 7.} (A%") (resp. at 8;Z"). We define an ideal
K; = I;)"a:*> + Ji, and K := mier KC;. We define Bl 7% as the blowup
of Z" at the ideal K, and Bl%ﬂc Z9" as the complement in Bl Z% to the
union of the strict transforms of the divisors &Z.O‘*, 1 € Qo. A crucial step
towards Proposition [2.9]is the following

Proposition 2.10. The identity isomorphism over . (Gf‘n) extends to a
reqular isomorphism of the varieties over Z* : Wli‘ = Bl%Iclr zZ.

The proof will be given after a few lemmas. Recall that r—(0Bunpg(P!))
is the strict transform ;o q; 1(8;Z2%") and OQZ;u(r_l(amB(Pl))) =
p*L. The pgllback of the zastava boundary divisor will be denoted by
Zier qQ*(9;2).

Lemma 2.11. (1) div Fo- = 3,0, 2" ;
(2) divg"For = X icq, q*_l(aiZ.a*) +2ieq, 0‘%*>E.'i;
(3) PL=Og, .(Yieq, ' (0:Z2) = Ticq, (A ) B)
~ Og (= Yicq, M a ) Ey).

Proof. The first assertion is already known. Let us prove the second and
third assertions that are equivalent by the remark preceding the lemma.
Consider the moduli space Xﬁ\ of the following data:

1) Two G-bundles P, P_ on P

2) Anisomorphism o: P_ — P away from 0 € P!, which lies in Go\Grp.

3) A B-structure ¢4 on the bundle P, of degree wou such that the
transformed B-structure o~ 1¢, (woA - 0) on P_ has no defects.

4) A trivialization of the B-bundle ¢, at co € P
Note that the open subspace of X:‘ given by the condition of triviality of

P_ is an open subspace of SDZ;” . We will later introduce a larger space

Xﬁ that is a Bp-torsor over the whole of SOZ;“ . We have natural maps
T, Tt X:‘ — Bung(P!).

Let Lo denote the determinant bundle on Bung(P'). Then the pull-
back 7* L4 acquires a natural trivialization coming from the B-structure on
P_ (note that the associated T-bundle has degree p and is trivialized at oo;
hence it is canonically isomorphism to the T-bundle O(pu). In fact, the above
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trivialization is well-defined up to (one) multiplicative scalar; the scalar is
fixed if we trivialize the determinant of the T-bundle O(u) on P*).

On the other hand, consider a bigger moduli space X ;)l of the data 1—-
3 above together with a trivialization of Py in the formal neighbourhood
of 0 compatible with the B-structure (this is a Bp-torsor over X/f‘) Then
it acquires a natural map p+ to Grg; moreover, it follows easily from 2
and 3 that p4 actually lands in the open subvariety @awo(k) N S_wy(n) (in-
tersection with a semiinfinite orbit). Indeed, the open subvarlety GrGwO()‘) N
S_we(n) C @awo(/\) is the moduli space of data (P_ -2+ P,) where P, is
trivial on the formal disc, o has a pole of degree < X at 0, and the transfor-
mation o~ t¢ (wo - 0) of the standard B-structure in P, has no defect
at 0. In effect, the latter condition is satisfied for the torus fixed point
—woA € Grg, and since the condition is N(O)-invariant, the intersection
@awo(A) N S_wy(n) lies in the above moduli space. However, for the other

torus fixed points —wo\ # v € @5%0‘) the condition is not satisfied, and
hence the intersection of the above moduli space with S, is empty.

Let us denote by f the projection Xf; — X:‘; let 7_ =7m_o f. Let us
also recall that we denote by £ the determinant bundle on Grg. We have
a canonical isomorphism p* £ = 7* L. This is so because p’} £ is naturally
isomorphic to the ratio of 7* L5 and 7% Lg and the latter is canonically
trivial, since P is equipped with a B-structure with a fixed reduction to
7)f]

Since the restriction of £ to @5%0‘) N S_we(n) acquires a canonical
trivialization, we get a trivialization of p* £. This trivialization is equal to
the pullback under f of the trivialization of 7* L& discussed above (since
both come from the same reduction of P_ to B).

Let us now consider a variant of this situation. Namely, we consider a
moduli space X} X of the same data as above, except that in 3) we do not
require that the transformed B-structure has no defect. Then X  is an open
subset of X7 XA

Similarly, we have the correspondlng space X X We will denote the ex-

tension of T_ to X X2 by 7_. Similarly, we have p 4 X X? — Grg. The line
bundles p7} £ and 7 EG are again canonically 1somorph1c so we can regard
them as the same line bundle.

50f course, the fiber of the determinant bundle at P_ can be trivialized as well
(for the same reason), but we want to ignore this here, since a little later we are
going to work with a larger space where P_ will only be endowed with a generalized
B-structure.
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The above trivialization of this bundle extends to a section (without
poles but with zeroes). We are interested in the divisor of this section.
Namely, let & denote the divisor in ?2 corresponding to the condition that
the transformed B-structure in P_ acquires the defect of degree at least «.
Then we claim that the corresponding section of 7 L vanishes to the or-
der (—wo(A), @) = (A, a}.) on &. This immediately follows from the above,

. . . ~o—wo(A)
since a similar statement is true on Gr, .

In effect, assume A regular (the argument in the general case is sim-
ilar but requires introducing more notations). Then we have a canonical
projection pr: Grg woX _y B. The preimage under pr of the open B-orbit
in B is nothing but Gr&wo()‘) N S_ye(n)- The complement to the open B-
orbit in B is the union of Schubert divisors D; C B, i € Qg, and we have
£|G —wox = OGr—wOA(Z,LGQ (woA, o) pr* D;) as can be seen by comparing the
T- Welghts in the fibers of both sides at the T-fixed points, see e.g. the proof
of [MVO07, Proposition 3.1].

Finally it remains to note that when P_ is trivialized, its determinant
is trivialized as well, and the above section of T L is a function which
coincides with q*Fj,~, by its construction in [BF14], Section 4]. O

Lemma 2.12. The divisor div q*n. f; is the sum of E; and the strict trans-
form q L (mh AST).

Proof. We must prove that the multiplicity of the exceptional divisor F; in
divq*7}. fi equals 1, or equivalently, the multiplicity of E; in diV(Sl/))*ﬂ'Z* fi
equals 1. But according to Lemma div(sﬁ)*wz* fi is a sum of multiples
of E; and (Lﬁ)_l(EoZ{), and the multiplicities of the summands are equal. The
latter divisor coincides with the strict transform (s)); (7. A%") and has

w
multiplicity one, hence the former also has multiplicity one. U

Proof of Proposztzon [2.10. Tt is sufficient to prove that the 1dent1ty isomor-
phism over 7, (GO‘ ) extends to a regular isomorphism SZ = BI,C 79" of

the varieties over OZO‘ Indeed, removing the strict transform q; (8Z o ) =
5Z2," N (52,7 \ 92,") we then obtain the desired isomorphism W’\

Blaff Z°" . We first prove that 71K - ng . C (’)9Z . is an tnvertible sheaf of
ideals. More precisely, we will prove that 'K - O s grn = *L where L is the

very ample determinant line bundle on Gre. It follows from Lemma[2.11]that
q! (Nicg, Ji) - O G TAY be viewed as the sheaf of sections of p*£ vanish-
A

ing at the strict transform » ;.o a; 1(8;Z"). On the other hand, it follows

from Lemma[2.11|(3) and Lemma|2.12| that q_l(ﬂier If/\’aid) -0

may

gz
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be viewed as the sheaf of sections of p*L(— 3, (A, . yay (75 A%7)). The
strict transforms q;1(8;2%") and q*_l(Tr;*A?*) do not intersect for any i, j
(including the case i = j). Indeed, for (P,0,¢) € a; (8- Z%") the general-
ized B-structure ¢ has defect of order exactly a;-, and the saturated (non-
generalized) B-structure ¢ is well defined, so that (P, 0, P) € SZ K™% For
(P,0,0) € q7 (01 2°7) N L (- AYT) we have (P, 0, ¢) € o (7 M ), and
Ta+q(P, 0, @) contains the origin with multiplicity more than a snnple co-
root. So the above intersection must be empty. Hence, the sum qf subsheaves
P L(— Yico, N aj)a H(mh-AY)) and p*L( — Yicq, i (8i2%7)) in p*L
is the whole of p*L.

Now by the universal property of blowup we obtain a projective mor-
phism T 9.2,;\“ — Bl 2" From the above, T is an isomorphism away from
the closed subvariety of codimension 2, namely the intersection of the ex-
ceptional divisor with the strict transform of the boundary Z®" and of the
divisor Hz’er fi = 0. Hence T induces an isomorphism of the Picard groups,
and the relative Picard group of T is trivial. Hence T is an isomorphism.
Proposition [2.10] is proved. U

Proof of Pmposztwn . If (A, @) =0, the desired 1sornorphisn1 follows from

So ~ G, x Al ~ Zo‘ * the usual factorization for 2" , and the observation

that the image of Su' (an x Al)gigj X g Wu — 7% 1ands into Z% C Z*.
For arbitrary A, we have the isomorphisms

(2.13) (GB x A)aisj X por W

( ’ X Al)disj X pa* Blaﬁ Z.a*

(G x AY)aigy X asv xan Bl,C (28" x z%7)

= (G, X ADaig Xarxar (277 X S ary)

Proposition is proved. Il

Remark 2.14. Proposition 2.9 along with its proof holds for an arbitrary
almost simple simply connected complex algebraic group G, not necessarily
simply laced.

2(x). BD slices

Recall the definition of Beilinson-Drinfeld slices W% from [KWWY14, 2.4].
Here A > p are dominant coweights of G, and A = (w;,,...,w;, ) isa sequence
of fundamental coweights of G such that z 1 Wi, = A Namely, Wﬁ is the
moduli space of the following data:
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(a) a collection of points (21,...,zy) € AV;

(b) a G-bundle P on P! of isomorphism type 1;

(c) a trivialization (a section) o of P on P!\ {21,...,zy} with a pole
of degree < Z _,wj, - zs on the complement, such that the value of the
Harder-Narasimhan flag of P at oo € P! (where P is trivialized via o) is
compatible with B_ C G.

Note that the Harder-Narasimhan flag above can be uniquely refined to
a full flag of degree wop with value B_ C G at oo € P!, and this flag is the
unique flag of degree wop with the prescribed value at co. Hence the above
definition of Wi} can be extended to the case when p < A is not necessarily
dominant (but A = E , wj, is still dominant) as follows: W“ is the moduli
space of the following data:

(a) a collection of points (z1,...,2x) € AY;
(b) a G-bundle P on P!;
(c) a trivialization (a section) o of P on P!\ {21,..., 2y} with a pole of

degree < Z _, Wi, - %5 on the complement;

(d) a B-structure ¢ on P of degree wou having fiber B_ C G at oo € P!
(with respect to the trivialization o).

If in this definition we allow B-structure in (d) to be generalized (but
with no defects at oo € P!), then we obtain a partial compactification SZ;\“ D
Wﬁ Asin let us rephrase the definition to avoid a possible misunder-
standing about nilpotents in the structure sheaf. We equip @% pp With the
reduced scheme structure. Then §Z," : GrG BD X/Bung(p) ' Bung Bung”'(P'),
and W), := GrG BD X'Bung(pt) Bun °“(IP>1)

Asin Lemmal2.5/one can prove that Wu is an affine algebraic variety For
o = A\ — p, we have the convolution diagram GrG BD &£ 52y w A, go
AN defined similarly to m 2(ii)l In particular, q sends (z1,..., 2N, P, 0, d)) to
a collection of invertible subsheaves Ly (> ;< N(wowzs,)\v> z) VN ®
Op1. The restriction of q to Wﬁ C SZ;“ is denoted by s%: Wﬁ — 7% x AN,
We also have a morphism r: §2,* — Bung(P') forgetting the data (a,c)

above.
Let f; ) € C[A® x AM] be defined as

fiatwz)= [ (wir—2)
1<r<a;
1<s<N:i,=1*

By an abuse of notation we will keep the name f; , for 7. f; , € C[Z% x
AN]. Let 2% xAN c Z% x AN be an open subset formed by all the pairs
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(¢,z) of the based quasimaps and configurations satisfying the following
two conditions: (i) the defect of ¢ is at most a simple coroot; (ii) the
multiplicity of z; in the divisor 74-(¢) is at most a snnple coroot for any
1=1,...,N. We define an open subvariety Wu C W# (resp. SZ Hc SZ, ")
as (s ) (Za xAN) (resp. g H(Z2 xAN))

Let I C Oy pzyn (tesp. Ji C O+, ) be the ideal generated by f;
(resp. the ideal of functions vanishing at 0;Z% xA™). We define the ide-
als K; := I%—i— Ji and K :=[,cq, Ki. Finally, we define Bl (Z% xAN) as
the blowup of Z% xAN at the ideal K, and BI{T(Z* xAN) as the comple-
ment in Bl (Z% xAY) to the union of the strict transforms of the divisors
9,2 x AN i € Qo.

The proof of the following proposition is parallel to the one of Proposi-

tion 2.101

Proposition 2.15. The identity isomorphism over ﬂier fl._/\l(Gm) extends
to the isomorphisms 2" <5 Bl (2% XAN) and Wi =5 BRE (22" XAN)
of the varieties over Z* xAN.

Lemma 2.16. Wﬁ is Cohen-Macaulay.

Proof. The natural morphism @% sp — A is flat with fibers isomorphic
to the products of Schubert varieties in Grg, as a consequence of [FLO6
Theorem 1]. Since these Schubert varieties are Cohen-Macaulay, we deduce
from [Mat86l Corollary of Theorem 23.3] that @é pp is Cohen-Macaulay
as well.

The morphisms

Gr%.pp 2 'Bung(P') « Bun¥(P')

are Tor-independent since the left morphism is a product locally in the
smooth topology. In effect, let 'Bung(P') < H% gp — 'Bung(P') be the
(Beilinson-Drinfeld-)Hecke correspondence. Then the right projection is a
product locally in the smooth topology. Let 'Buni™(P!) C ‘Bung(P!) be
the open substack of trivial G-bundles. Then its preimage in ’H% pp under

the left projection to 'Bung(P!) is G\@%,BDv and the restriction of the
right projection to the preimage is G'\p.

Now the morphism ‘Bung(P') < Bunpy™(P!) is locally complete inter-
section (lci) since both the target and the source are smooth. Hence its base
change @%BD — Wﬁ is also Ici (see [III71, Corollary 2.2.3(i)]). Hence the
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Cohen-Macaulay property of @% pp implies the one of the fiber product
A A
Gre gp X Bune(P!) Bunz#(P!) = Wy O

2(xi). An embedding into G(z)

Given a collection (21, . ..,zy) € AN we define P,(z) := Hi,vzl(z — zg) € C[z].
We also define a closed subvariety Wﬁ’z C Wﬁ as the fiber of the latter
over z = (z1,...,2n). We construct a locally closed embedding W : Wﬁ’z —
G[z, P~!] into an ind-affine scheme as follows. Similarly to §2(v)l we have a
symmetric definition of BD slices and an isomorphism (: Wi* = W%i -
Wﬁ% We denote ((P+,0,¢+) by (PL,0’,¢). Note that P_ and P are
trivialized, and P’ is obtained from P, by an application of a certain
Hecke transformation at oo € P, In particular, we obtain an isomorphism
Pilar — P |ar = Pyiv|ar. Composing it with o: Paiviane = P-|an, =
P4]an; we obtain an isomorphism Pyyiv[s » = Prriv]| a1\ 1-e. an element of
Glz, P71

Note that if N =0, then P, =1, and Wﬁ’z = 7% where o = wop. Thus
we obtain an embedding ¥: Z% < G [z], which should be the same as the
one in [Jar98| 4.2].

Here is an equivalent construction of the above embedding due to J. Kam-
nitzer. Given (Pi,0,¢4) € Wﬁ_ﬁu ., we choose a trivialization of the B-
bundle ¢4 |y (resp. of the B_-bundle ¢_|41); two choices of such a triv-
ialization differ by the action of an element of Bz| (resp. B_[z]). This
trivialization gives rise to a trivialization of the G-bundle P, |a: (resp. of
P_|ar), so that o becomes an element of G(z) well-defined up to the left
multiplication by an element of B[z] and the right multiplication by an
element of B_[z], i.e. a well defined element of B[z]\G(z)/B-]z]. Clearly,
this element of G(z) lies in the closure of the double coset G[z]z22G|z]
where 222 .= Hi,vzl(z — z5)*s. Thus we have constructed an embedding
v Wﬁfu . — B[z]\G[z]z22G 2]/ B_|z]. If we compose with an embedding
G(z) = G((z71)), then the image of ¥’ lies in

Bl\Bi[[7 M| B-all= 1]/ B-1]

where By [[z7]] € B[[z71]] (resp. B_1[[z7!]] € B_[[z7!]]) stands for the ker-
nel of evaluation at co € P'. However, the projection

B[z 12" B a [l 7' = BIN\Bille™ e B-a[l=~ ")/ B-[2]

6The last part of the proof is due to M. Temkin.
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is clearly one-to-one. Summing up, we obtain an embedding

U:WE = Billz ]2 B[l Y] Glelz2Gle.
We clalm that ¥ is an isomorphism. To see it, we construct the inverse map
to W*’* given g(z2) € By[[z7Y]z*B_1[[z71]] ﬂ G[z]222G]z], we use it to glue
Py together with a rational isomorphism o: Py, = P — P, and define
¢+ as the image of the standard B-structure in Py, under o.

Note that the same space of scattering matrices appears in [BDGIT,
6.4.1].

2(xii). An example

Let G = GL(2) = GL(V) where V = Ce; @ Cea. Let N,m € N; X be an N-
tuple of fundamental coweights (1,0), and p = (N —m,m), so that wop =
(m, N —m). Let O := Op:. We fix a collection (z1,...,2yx) € AN and define
P,(z) = Hi\le(z — z5) € C[z]. Then Wﬁ’g is the moduli space of flags (O ®
V DV D L), where

(a) V is a 2-dimensional locally free subsheaf in O ® V' coinciding with
O ® V around oo € P! and such that on A' C P! the global sections of det V
coincide with P,C[z]e; A eg as a C[z]-submodule of T'(A!, det(Op: @ V) =
Clz]e1 A ea.

(b) L is a line subbundle in V of degree —m, assuming the value Ce; at
oo € PL. In particular, degV/L = m — N.

On the other hand, let us introduce a closed subvariety Mﬁ’z in Mato|[z]

formed by all the matrices M = é g such that A is a monic polynomial
of degree m, while the degrees of B and C' are strictly less than m, and

det M = P,(z2).
Finally, let inv: Mat5(z) — Mat3(z) denote the inversion operation on
matrices with nonzero determinant.

Proposition 2.17 (J. Kamnitzer). The composition ® := inv oW estab-
lishes an isomorphism Wﬁ’z = Mﬁ’é.

Proof. First note that a morphism between two line bundles on P! trivialized
at oo € P!, viewed as a polynomial in z, has a leading term 1 if and only if
the morphism preserves the trivializations at oo.

Let us denote ®(O®@V DV D L) by M = é g

struction detM is proportional to P,(z). If we view detM as a rational

€ Mats[z]. By con-



Quiver gauge theories and slices in the affine Grassmannian 97

morphism from det V to O compatible with trivializations at oo, we deduce
that the leading coefficient of det M =1, i.e. det M = P,(z).

Furthermore, the pole of the first column of M at oo € P! has order
exactly m; more precisely, the leading term of A is az™, a € C*, while C
has a smaller degree. If we view A as a morphism £ — O compatible with
trivializations at oo, we obtain a = 1.

Let us consider the involution Lﬁ’éi Wﬁ’é = Wﬁ’é defined as in §2(vii)
Then by construction, ® o L%jé equals the composition of transposition and
®. Hence we obtain that deg B < m as well, so that the image of ® lies in
ME,

Now let us describe the inverse morphism O: Mﬁ’g — Wﬁ@. Given M €
Mﬁ’é we view it as a transition matrix in a punctured neighbourhood of oo €
P! to glue a vector bundle V which embeds, by construction, as a locally free
subsheaf into O ® V. The morphism MOy1e7 — Op:r ® V naturally extends
to oo € P! with a pole of degree m, hence it extends to an embedding of
O(—m - 00) into V C O ® V. The image of this embedding is the desired line
subbundle £ C V.

Finally, one can check that ® and U are inverse to each other. U

Note that this argument is just a special case of the one in Indeed,

2M = diag(zV ™, 2™), and

Ball Bl = { (0002 dentans) = > de(omn). dogtny) .

Furthermore, 222 = diag(P(z)~%, 1), so that inv (G[z]ziéG [z]) consists of
matrices with entries in C[z] and determinant P(z) up to a scalar multiple.

2(xiii). Scattering matrix

The isomorphism between moduli spaces of G.-monopoles and rational maps
is given by the scattering matrix [Hur85l Jar9§|]. Although we do not use
this fact, let us briefly review it following [AHSS], as it seems closely related
to a version of definition of the zastava due to Drinfeld (see [BEFGO0G, 2.12]).

Let (A, ®) be a monopole on a Ge-bundle P over R3. Let us assume
G. = SU(2) for brevity. Let k be the monopole charge. Therefore the Higgs
field has the asymptotic behaviour

® = /—1diag(1,—1) — \/2? diag(k, —k) + O(r72).
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We fix an isomorphism R3 = R x C and consider rays (t,2) (t — F00).
We solve (V4 —+/—1®)s = 0 along rays for the associated rank 2 vector
bundle P xgy(2) C*. We have two sections sg, s1 along t — oo and sj,
along t — —oo. Here sp and s{, are exponentially decaying while s; and s}
are exponentially growing. The scattering matrix is defined as the transition
between (s, s1) and (s, s}). We consider the framed moduli space, i.e., we
choose an eigenvector for ® at +oo with eigenvalue v/—1. Then sg is uniquely
determined, while s is well-defined up to the addition of a multiple of sq.
On the other hand, sf, is well-defined up to a multiple of scalar as we do
not take the framing at —oo. Therefore the scattering matrix is naturally a
map from C to the quotient stack B\G/U where G = SL(2), B (resp. U)
is the group of upper triangular (resp. uni-triangular) matrices in G. This
is nothing but a description of the zastava due to Drinfeld, as explained in
[BEGO6), §2.12]. Moreover these maps make sense for a Riemann surface X,
not only C. As we have learned from Gaiotto, we expect that the scattering
matrix for a monopole on R x X is a map from X to B\G/U.

We write s,(z) = g(2)so(z) + f(2)s1(z). Then f and g have no common
zeroes and they are well-defined up to

1) multiplying both by an invertible function on X,
2) adding a multiple of f to g.
For X = C, we can uniquely bring it to a pair (f, g) such that

(a) g is a monic polynomial of some degree k,

(b) f is a polynomial of degree < k.

Thus we have a based map z — g(z)/f(2).
See [BDG17, App. A] for the consideration for singular monopoles.

3. Quiver gauge theories

We choose an orientation of the Dynkin graph of GG, and denote the set of
oriented arrows by Q.

3(i). W = 0 cases

We set V; = C%, and GL(V) := [[;.o, GL(V;). The group GL(V') acts natu-
rally on N = N := P, o, Hom(V,), Viny). This representation gives rise
to the variety of triples R — Gr = Grgr(y). The equivariant Borel-Moore
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homology H. ¢ Lo (R) equipped the convolution product forms a commuta-
tive algebra, and its spectrum is the Coulomb branch M = M (GL(V), N).
We choose a maximal torus T'(V) C GL(V) and its identification with
[lico, G- The basic characters of T'(V) are denoted w;,, i € Qo, 1<
r < a;; their differentials are w;, € tV(V). The generalized roots are w; , —
Wi s, T # 5, and w;, —wj s for ¢ # j vertices connected in the Dynkin dia-
gram.
We consider the algebra homomorphism

T(V)o GL(V)o *
ve: B (Rr(v) Nrovy) — Hi Me(R) Qng, o ot) Hroy (P)

of [Part II, Lemma 5.17]. According to loc. cit., 1, becomes an isomorphism
over t°(V) (note that t°(V)/S, = A%). We denote by

Yir € H*T(V)O(RT(V),NNW)

the fundamental class of the fiber of Ryv) Ny, over the point of Grpy,)
equal to the cocharacter wy, of T(V): an element of the dual basis to

{wi r}icQo, 1<r<aq,;- Finally, we denote u;, € Hg(V)O(GrT(V)) the fundamen-
tal class of the point w;T. According to [Part II, Proposition 5.19],

HI'Y)9(Grypny) 2 CHV) x TV(V)] = Clwiy, il i € Qo, 1< 7 < ajl.

We define an isomorphism
=: C[Z%] ®cue) CIA®] = CI(V) x TV(V)] ®cpae] C[AY]
identical on w;, and sending y;, to uj, - HhGQl:o(h):ingsga;(m(wi(h)78 —

w; ). In notations of [Part IT, Theorem 5.26] this defines a generic isomor-

phism Z°: C[Z°] Rcav] C[A*] = HSL(V)O(R) Rclas] C[A?]. According to

[Part T, §4(vi)], the homomorphism
z* HE(V)O(RT(V),NT(V)) - Hf(V)O(GrT(V)>

takes y;, to u;, - Hhteto(h):i Hlﬁsﬁauh) (wi(h),s — wj ). Thus in notations
of [Part IT, Theorem 5.26], Z° takes y;, t0 tiyir.

Theorem 3.1. The isomorphism
—o S Aoy ™ G o Ao
=°: C[2%) ®cppe) CIA") 5 HIMYO(R) @cjpe) CIAY)

extends to a biregular isomorphism C[Z%] ~ HSL(V)O(R).
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Proof. Recall the coordinates w;,, i € Qo, 1 <r <a; (the characters) on
T(V) whose differentials are w;, € t¥(V). Let t € Alel\ Alel ¢ ¢(V). Ac-
cording to [Part IT, Theorem 5.26] and [Part II, Remark 5.27], it suffices to
identify the localizations C[Z%], and (HE(V)O(R)) as C[Al]; = C[t(V)]s-
modules. Our ¢ lies on a diagonal divisor. We will consider two possibilities.

First we can have (w;, —wjs)(t) = 0 for ¢ # j. Then the fixed point set
RtN is isomorphic to the product Grr, x Ry, nv. Here T is a 2-dimensional
torus with coordinates w;,,w;j, and 77 is an (|a| — 2)-dimensional torus
with coordinates {wy,,,: (i,r) # (k,p) # (4, )}, so that T(V) = T x T5. Fur-
thermore, N’ is the following representation of Ty: if 7, j are not connected by
an edge of the Dynkin diagram, then N’ = 0; and if there is an arrow h from
i to j in our orientation ©, then N’ is a character w;, w5 with differential
wjs — W;,. In case ¢,j are not connected we conclude that in notations of
[Part IT, Theorem 5.26(2)], G' = T'(V), and

(1 o), = (2 Gerer),
= (C[t(V) x TV (V))); = (C[Al! x GlaT]),.

We define =t: (C[Za] Rc[ae] (C[A'a‘])t — (Hfo (RG’,N')) identical on wy,,
and sending yj , to ugp - Hhte:o(h):k ngqgai(;L>(wi(h)7Q — wy,p). Note that
at the moment =! is defined only as a rational morphism. The condition of
[Part TI, Theorem 5.26(2)] is trivially satisfied. Also, Z¢ is a regular isomor-
phism due to the factorization property of zastava and e.g. [BDF10,
5.5], and the fact that the factors (wj(),q — wg,p) in the formula for = are
all invertible at ¢.

In case h € Q1 with o(h) =1, i(h) = j, in notations of [Part II, Theo-
rem 5.26(2)], G’ = T(V), and

(HE(Rom)) = (HIV(Grr x Reun)) = (Clt < TY] @ A),

where A is generated by w;, wj s and the fundamental classes y; ., Y/ o, ¥i,js»

y%ls of the fibers .Of R, N/ over the points wir,w;‘is,wzr +w;:s, —w;-"JT —
w; o € Grr, respectively. According to [Part II, Theorem 4.1], the relations
in A are as follows: yj,. - y;;jl =15 ¥i, Vs = Yirjs - (Wjs — wiy).

According to [Part II, §4(vi)], the homomorphism

z'*: HE(V)O(GrTl X RTQ,N’) — HE(V)O(GI'T(V))
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! . ans . : I A N o ) e =1
takes y; . to (wj,s — w;r)ujp, while z Yis = Wjss B Yipjs = UirlUjs, 7Y 0 =

UZ_TIUJ_; We define Et: (C[Z?] ®c[as] ClAl™]); — <Hf,o (RG/’N/)>t identical
on wg,, and sending y , to ug, - Hh€Q1:0 h)=k ngqgai(h) (wi(h)jq — wkm). In
particular, y;, goes to y;,r (wjs —wiy)” HhEleo(h):i Hlﬁqga;(m(wi(h),q _
w; ). Note that at the moment Z° is defined only as a rational morphism.
The condition of [Part II, Theorem 5.26(2)] is trivially satisfied. Also, =
is a regular isomorphism due to the factorization property of zastava and
e.g. [BDI16] 5.6, and the fact that the factors (w4 — wk,p) in the formula
for ' (note that the factor (wj s — wj ) is excluded) are all invertible at ¢. In
particular, 2 sends ;s of Remark to y;Tj s up to a product of invertible
factors (wi(hy,q — Wkp)-

The second possibility is (w;, —w;s)(t) = 0. Then the fixed point set
R is isomorphic to the product Gry x Grgpy»y. Here V' CVj is a 2-
dimensional subspace whose T'(V')-weights are w; ,, w; s, and T} is an (|a| —
2)-dimensional torus with coordinates {wy ,: (i,7) # (k,p) # (4,s)}, and Tb
is a 2-dimensional torus with coordinates w;,,w; . Hence in notations of
[Part II, Theorem 5.26(2)], G’ = T1 x GL(V"),N’ = 0, and

HY® (Rer o) @z, oy CIUOV)] = HI (Grry) @ H*© (Grey )
=Clt xTY]® B

where B is the following algebra. It has generators L;Uiﬂ«, L;Ui75, Wi 7y Wi s, 1)
and relation ¢ju;, —tlu; s = (w;, — w;s)n, subject to the condition that
VUi, thu; s are invertible. In effect, the isomorphism B — H?(Grgp,yn)
takes 7 to the fundamental cycle [P}] € H;Z(GrGL(V/,)) where P! is the
l-dimensional GL(V")-orbit containing wj, and wj, (use the argument
in [BEMO5, 3.10]).

We define Zt: (C[2°] @gque] CA]), — (H*T Vo (RG,,N,))t identical on

wyp and sending yy, ,, to tLuy, - HhGleo(h):k ngqga;<h) (wi(h)yq — wg,p). Note
that at the moment Z is defined only as a rational morphism. The condi-
tion of [Part II, Theorem 5.26(2)] is trivially satisfied. Also, =! is a regular
isomorphism due to the factorization property of zastava and e.g. [BDF16,
5.5], and the fact that the factors (w;, — wy,p) in the formula for = are all
invertible at ¢.

The theorem is proved. [l
Remark 3.2. HCM(V)e (R) is naturally graded by 71 GL(V) = Z%. Under

the isomorphism of Theorem [3.1] this grading becomes the grading of C[Z¢]
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by the root lattice of the Cartan torus T C G: Z?° = Z{a);eq, correspond-
ing to the natural action of 7" on Z. Indeed, the weight of w;, is 0, while
the weight of y; , is «.

Remark 3.3. The LHS of Theorem is naturally graded by half the
homological degree deg;,, while the RHS is naturally graded by the action of
loop rotations, deg,. These gradings are different. Let  be a homogeneous
homology class supported at the connected component v = (n;) € ZRQ0 =
moGrar(vy- Then one can check that deg,.(z) = degy,(z) — v' - Vdet N + vt
C - a. Here C is the Cartan matrix of G, and we view v/det N as a (rational)
character of GL(V'), i.e. an element of $Z%°. Note that degy, (z) — v - v/det N
coincides with the monopole formula exponent A(z) of [Part II, (2.10)], see
[Part 1T, Remark 2.8(2)].

3(ii). Positive part of an affine Grassmannian

Given a vector space U we defin GrgL(U) C Grgr) as the moduli space
of vector bundles U on the formal disc D equipped with trivialization o :
U|p- — U ® Op- on the punctured disc such that o extends through the
puncture as an embedding o: U — U ® Op.

Now since GL(V) = [[;cq, GL(V;) (notations of , Grarvy =
[lico, Grar(v;), and we define GréL(V) = [Lico, GrgL(Vi). We define RT as

the preimage of GTEL(V) C Grgr,v) under R — Grgy,vy- Then gEWe (RT)

forms a convolution subalgebra of H. GLVo (R). Note that R (the preimage
in R of the base point in GrGL(V)) is a connected component of R™, and
the union of the remaining connected components supports an “augmen-
tation” ideal of H_ LW)O(R*). Hence we have an algebra homomorphism
GL(V)o 1o+ GL(V)o (p+Y\ _ 77+

H, (RT) — Hx (Ry) = HGL(V)(pt). The proof of Theorem |3.1
repeated essentially word for word gives a proof (using the fact that Z©
is normal) of the following

Corollary 3.4. The pushforward with respect to the closed embedding R+ —
R induces an injective algebra homomorphism gErWe (R <y gEVo (R).

The isomorphism C[Z%] = HSL(V)O(R) of Theorem takes C[Z%] C
GL(V)

C[Z*] onto HSL(V)O(R+) C H, °(R), and so induces an isomorphism

"The second named author thanks Joel Kamnitzer for correcting his mistake.
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C[Z?] = HSL(V)O(R+). The above homomorphism
a GL(V)o * o
Cl2%) = HI(RY) = Hey ) (00) = A%
corresponds to the section sq: AY — Z% of . O

Remark 3.5. The center of GL(V) is canonically identified with GY, and
we have the diagonal embedding A: G, — G%° < GL(V). We can view
A as a cocharacter of GL(V'), and hence a point of GrEL(V) C Grapnwv)-
Note that this point is a GL(V)p-orbit. We denote the fundamental class of
its preimage in R™ by Fa € H*G L(V)O(R+). Then under the isomorphism
HSL(V)O(RJF) ~ C[Z?] the class Fa goes to the boundary equation Fj,
of LBF147 Section 4]. Indeed, Fa viewed as an element in HE'L(V)O(R) =
C[Z“] is clearly invertible, but all the invertible regular functions on Z¢
are of the form cF¥, ke Z, ¢ € C* [BDFI6, Lemma 5.4]. Now for degree
reasons, FA must coincide with cFj,.

Remark 3.6. We consider the following isomorphism i: Grgpy,) =
Grgpv-): it takes (P, 0) to (PY, ‘o) where P is a GL(V)-bundle on the
formal disc, o is a morphism from the trivial GL(V)-bundle on the punc-
tured disc, PV is the dual GL(V*)-bundle, and o is the transposed mor-
phism from PV to the (dual) trivial bundle on the punctured disc. Let Q1 be
the opposite orientation of our quiver, and let N be the corresponding rep-
resentation of GL(V™) (note that Hom(V;, V;) = Hom(V}", V;*)). Then i lifts
to the same named isomorphism Rqr,(v) N = RaLv+),~n- Together with an
isomorphism GL(V) — GL(V*), g — g1, it gives rise to a convolution al-
gebra isomorphism i, : HSL(V)O(RGL(V)’N) = HEL(V*)O(RGL(V*%N). The
composition

C[2°) ~ HS"° (Rapoy ) = HEMV O (Rapw ) = C[2°]

is an involution of the algebra (C[Zoa]. This involution arises from the Car-
tan involution ¢ of Z* [BDFI6, Section 4] composed with the involution
sx_1 of Z% induced by an automorphism z — —z: P! =5 P! and finally
composed with the action a(h) of a certain element of the Cartan torus
h=p8(-1) € Tﬁ Here 8 is a cocharacter of T' equal to ), biw; Where

bi = ai = 3 peq, o(h)=i H(h)-

8The second named author thanks Joel Kamnitzer for correcting his mistake.
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In effect,

1<s<ajn)
L(wi,ra yi,r) = | Wir, y;rl H (wi,r - wi(h),s)
heQ:1UQ1
o(h)=1
[BDET6l Proposition 4.2] (product over unoriented edges of the Dynkin di-
agram connected to i),

%—l(wiﬂ‘u yi,’r‘) = (_wiﬂ’a <_1)aiyi7’f')7

and
a(B(—1)) (Wi, Yi) = (Wi, (—1)% Zrcquom= By, ).

One checks explicitly that =° intertwines a(5(—1)) o s»_; 0¢ and ix. The
desired claim follows.

Remark 3.7. The GL(V)p-orbits in GTEL(V) are numbered by Qo-

multipartitions (A¥);eq,, A = ()\gi) > )\g) > ...), such that the number

of parts I(A?)) < a;. Given a positive roots combination a* = > icq, Mt

we define a closed GL(V')p-invariant subvariety GrGL( v) C GrGL(V) as the
union of orbits Gro‘(l())) such that )\( 9 < m; Vi € Qo. We define Rgav CRT

as the preimage of GrGL( vy C GrGL(V) under Rt — GrGL v This filtration
is the intersection of a certain coarsening of the one of [Part IT, §2(ii)] and
[Part I1, §6] with R™ C R. We consider an increasing multifiltration

av

and its Rees algebra ReesF, H GL(V)O(RJ“) This is a multigraded algebra,
and we take 1ts multiprojective spectrum Proj ReesF, H, GLV)o (RT). It con-
tains Spec me Lo 9(RT) >~ Z“ as an open dense subvariety. The relative
compactification Proj ReesF.HSL(V)O(R+) — A of Spec HSL(V)O(RJF) ~
Z% — A% is nothing but the “two-sided” compactified zastava Z% — A
[Gai08| 7.2] where e.g. in the “symmetric” definition of [BDF16l 2.6] we
allow both B and B_-structures to be generalized (cf. [Mirl4l 1.4]). Note
that the Cartan involution ¢ of Z® (Remark extends to the same named
involution of Z.
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In effect, it suffices to check that the multifiltration FHS L(V)O(T\’,*) of
HE'L(V)O(R*) ~ C[Z“] coincides with the multifiltration of C[Z®] by the
order of the pole at the components of the boundary Z¢\ Z<. Due to Re-
mark@ it suffices to check that the multifiltration of C[Z%] ~ H LMo (R)
by the order of the pole at the components of the boundary 9Z% coin-
cides with the following multifiltration FoHY L(V)O(R). The GL(V)p-orbits
in Grgr,(y) are numbered by generalized Qo-multipartitions (/\(i))iEQO, A0 =
()\gi) > )\g) >0 > A((f ), )\,(f) € Z. Given a positive roots combination o’ =

>icq, Mic%, we define a closed GL(V)@—invari(imt ind—subvarigty GrJéL(V) C
Grég(a‘;) - GTGL(V) as the union of orbits Grg‘Lt‘)/) such that )‘z(z? > —m; Vi€
Qo- In particular, Grég(ov) = GrgL(V). We define R>_,» C R as the preim-

age of Grég(a‘;) C Grgr(v) under R — Grgrv). The desired increasing mul-

tifiltration is Fow HO (V)0 (R) = qE e (R>_av). It coincides with the mul-
tifiltration by the order of the pole at 9Z% by Remark

Remark 3.8. We consider the Rees algebra ReesFq H. GLVo (R) of the mul-
tifiltration [Fo of Remark This is an algebra over C[T,q] where Toq D Taq
is a partial closure of the adjoint Cartan torus T,q determined by the cone
of positive combinations of simple roots in the weight lattice of T". It seems
likely that the spectrum of the Rees algebra 7% = T.q is nothing but the
local model of the Drinfeld-Lafforgue-Vinberg degeneration of [Sch16, 6.1].

In view of these Remarks, it is interesting to consider the Rees algebra
of the filtration in [Part IT, §6] in general. We do not know what it is in
general.

Remarks 3.9. (1) According to [Part II, Remark 3.9(3)], we can consider
the convolution algebra KG“(V)e(R). Then, similarly to Theorem one
can construct an isomorphism C[[Z%] ~ KCL(V)e(R) where 2% ¢ Z* stands
for the trigonometric open zastava of [FKR18], that is the preimage of G%, C
A“ under the factorization projection Z% — A®. Note that the embedding
i7e ¢ 79 is not compatible with the symplectic structure by the argument
in {B(v]

(2) Here is what we have learned from Gaiotto:

Let us consider the K-theoretic Coulomb branch ME = Spec K% (R).
Then ./\/llc( is supposed to be isomorphic to the Coulomb branch of the corre-
sponding 4-dimensional gauge theory with a generic complex structure. (Re-
call that the latter is a hyper-Kéahler manifold, which shares many common
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properties with Hitchin’s moduli spaces of solutions of the self-duality equa-
tion over a Riemann surface. Among the S%-family of complex structures,
two are special and others are isomorphic.) For an unframed quiver gauge
theory, the latter is known to be the moduli space of G 4pg -monopoles on
R? x S! [NP12]. Moreover the isomorphism is given by the scattering ma-
trix: we identify R? x S! with R x C* and consider scattering at ¢ — 400
in the first factor. Then for G, = SU(2) as in we transform f, ¢
uniquely to polynomials (instead of Laurent polynomials) such that

(a) g is a monic polynomial of degree k,

(b) f is a polynomial of degree < k.
(c) g(0) #0.

Thus we recover the trigonometric open zastava.

We do not have further evidences of this conjecture. For example, we
cannot see the remaining two special complex structures. We also remark
that our definition of K-theoretic Coulomb branches makes sense for any
(G,N), while 4-dimensional Coulomb branches are usually considered only
when N is ‘smaller’ than G (conformal or asymptotically free in physics
terminology).

3(iii). General cases

Recall the setup of . We write down a dominant coweight A of G as a
linear combination of fundamental coweights A = Zier l;w;. Given another
coweight u < Asuchthat A\ — yp=a = Zier a;o;, we set W; = Ch | and con-
sider the natural action of GL(V) on N = N;\L = Dhreg, Hom(Vony, Vi) ©
®ier Hom(W;, V;). The corresponding variety of triples will be denoted T\’,f;
Our goal is to describe the convolution algebra Hy L(V)O(R;)). To this end
we introduce \* := —wg\, pu* := —wpp. Note that A* is dominant, and (A* —
w*)* = a. We consider an open subset Gl%' C Alol defined as the complement
in Glf{' to all the diagonals w;, = wj s, and also G% = @L%'/Sa C A® (nota-
tions of . The generalized roots are w; , — w; s for i # j connected in the
Dynkin diagram; w;, — w; s, and finally w;,. The isomorphism of [Part I,
(5.18) and Proposition 5.19] identifies A9 (R))|, and HIM°(R)|,
(with (C[G'no{' X G'T?{‘])Sa %, ). Furthermore, HSL(V)O(R) is identified with
C[Z?] by Theorem and C[Za]\@% is identified with C[Wf;:] A

Gi’;l *
Go VA 8.
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The composition of the above identifications gives us a generic isomorphism

=0 CVN g, — HEMYO(RY) g,

TV
o (RgT(V) Navy,) the fun-

damental class of the fiber of Ru T(V),Nrv, OVer the point w;, € Grp(y). We
have the algebra homomorphism

Equivalently, as in §3(i), we denote by y; , € Hy

(V) GL(V) A %
Ly @ H O(R,u T(V) NT(V)) — H* o (R#) ®H(*;L(V) (pt) HT(V) (pt),
and =° sends y;,» to t4yi, (and is identical on w; ).

=y gOEVIo (R,

Theorem 3.10. The isomorphism Z°: C[W)]|¢ | e

extends to a biregular isomorphism (C[Wf;:] = HS’L(V) (Rﬁ)

Proof. We repeat the argument in the proof of Theorem and use its
notations. We introduce W)‘ : Wﬁ: X ao Al?l We consider a general t €

Aled \G'a‘ c V). Accordmg to [Part II, Theorem 5.26] and [Part II, Re-
mark 5.27], we must identify the localizations (C[@/’)]) and ( glrWe (Rﬁ))
t

as C[Al*l]; = C[t(V)];~modules. There are two possibilities: either ¢ lies on a
diagonal divisor, or ¢ is a general point of a coordinate hyperplane w; () =
0. The former case having been dealt with in the proof of Theorem it is
enough to treat the latter case.

Then the fixed point set (Rﬁ)t is isomorphic to the product Grp, X
R, ~nv. Here Ty is a 1-dimensional torus with coordinate w; ., and 77 is an
(la| — 1)-dimensional torus with coordinates {w;: (j,5) # (4,7)}, so that
T (V) =Ty x Ty. Furthermore, N’ is an [;-dimensional representation of T
equal to the direct sum of /; copies of the character w;, with differential
w; . In notations of [Part II, Theorem 5.26(2)], G’ = T'(V'), and

(H*GO (RG/,N’))t B (H*T(V)O(GrTl x RT?’N/))t = (Cla x 137 O):

where C' is generated by w;, and the fundamental classes x,r,y;r of the

fibers of R, nv over the points — » € Grr, respectively. According to

l;

[Part II, Theorem 4.1], the relations in C are as follows: x; ,y/ =W

According to [Part II, §4(vi)], the homomorphism z™* Hf (V)O(Gr
R, N ) — H*T v ?(Grpv )) takes y” to u; r, while 2™*x; , = wh u7l. We de-

,T ZT‘

fine =': ((C[@l’)])t — < . (RG/’N/)>t identical on wy, and sending ys ,

’LT"
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tO uk7p HhEQl 0 =k H1<q<a (;)( l(h)vq - wk7p)' In partlcular’ xi,T - y’i,T wi,T‘

goes to X; » Hh€Q1.0 =i L l1<q<an, (wi(h),q — wj ). Note that at the moment
Z! is defined only as a rational morphism. The condition of [Part II, Theo-
rem 5.26(2)] is trivially satisfied. Also, Z¢ is a regular isomorphism due to the
factorization property of Wﬁ and the fact that the factors (wi(h),q — Wgp) in
the formula for Z¢ are all invertible at ¢. The theorem is proved. U

Remark 3.11. Tt follows from Proposition 2.1 that the restriction of

W)‘ — Z% to Z* C Z“ is an isomorphism (s M*) L(Z%) =5 Z*, and
thus we have a canonical locahzatlon embedding C[W/\*] < C[Z®]. Under
the isomorphisms of Theorem [3.10]and Theorem [3.T] thls embedding is noth-
ing but the one of [Part II, Remark 5.14] corresponding to

Nhor — Nhor S Nvert-

Here Npor := @eq, Hom(Vo(h) Vi) (resp. Nyert := ¢, Hom(W;, V;))
is a direct summand ofN EBhec%\ Hom (Vo ny, Vi) © Dieq, Hom(W;, V).

] = <C[WA ] by adding C™ to W; for
v =Y vjw;. The corresponding birational morphism W)‘ WALV was

v
constructed in

Remark 3.12. HEL(V)O(R//)) is naturally graded by 7 GL(V) = Z%. Un-
der the isomorphism of Theorem this grading becomes the grading of
C[W,] by the root lattice of the Cartan torus T C G: 790 = Z{a)icq,
corresponding to the natural action of 7" on W;)

This abelian group action extends to an action of Stabg(u*), the stabi-
lizer of p* in G. This is the expected property [Nak16l, §4(iv)(d)].

Similarly, if @ happens to be a dominant coweight o = A, the action of
the Cartan torus 1" on Zoa of Remark |3.2| extends to the action of Stabg(\).
Indeed, the morphlsm 30 W)‘ — Za restrlcts to an isomorphism of the
open subvarieties Wo \U E; = Z"‘ (see . The isomorphism ¢’
restricts to W)™\ U; E; =5 5, n W) (the open 1ntersect10n with a semiin-
finite orbit). The composition of the above isomorphisms gives an identifi-
cation Z% 5+ § AN Wé‘, and the latter intersection is naturally acted upon
by Stabg(A).

These actions will be realized directly in terms of Coulomb branches in
[Affine, App. A].

In the same way, we have cw

Remark 3.13. The LHS of Theorem [3.10] is naturally graded by half the
homological degree deg;,, while the RHS is naturally graded by the action of
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loop rotations, deg,. These gradings are different. Let x be a homogeneous
homology class supported at the connected component v = (n;) € ZR0 =
moGrar,vy. Then one can check that deg, () = degy,(z) — v - v/det Npo, +

vt C-a=A(z) + vt - \/det Nyer + 521 - C - a (cf. Remark .

Remark 3.14. Let @ be a folding of the Dynkin diagram of G with
the corresponding nonsymmetric Cartan matrix Cg, and the correspond-
ing nonsimply laced group Gg. Let A\g > g be dominant coweights of G,
and Wé‘; ., the corresponding slice. Then the Hilbert series of (C[W)G‘f% ol
graded by the loop rotations equals

5 PO Nt SRy 10)
0

Here 6 runs through the set of dominant coweights of GL(Vg), and v stands
for the connected component of Grgy,y,,) containing ¢, and A(6) is defined
in [CEHM14] (3.2)—(3.4)] (see also §4| below). A proof follows from the real-

ization of W/C\fé 1o B8 the folding of an appropriate Wﬁ and Remark (3.13

Remark 3.15. Similarly to E we define Rff as the preimage of

GrJéL(v) C Grgryy under R, — Grgr(y). Then HSL(V)O(R;)*) forms a con-

volution subalgebra of HO L(V)O(Rﬁ). On the other hand, the pullback un-
der 8//\;: Wl’\; — Z realizes C[Z?] as a subalgebra of (C[W;\L] The proof
of Theorem repeated essentially word for word shows (cf. Corollary
that the isomorphism C[V;.] — HSL(V)O(RQ) takes C[Z?] C (C[Wf;i} onto

ae L(V)O(Rﬁ“‘) c HS L(V)O(R;\L), and in particular induces an isomorphism

cz°] = HIMVo (R,

Remark 3.16. Let us consider the opposite orientation @ of our quiver
and the representation Nﬁ =P, i Hom(V;", V") & @,cq, Hom(V;", W)

of GL(V*). Similarly to Theorem [3.10} we have an isomorphism (C[Wl)ﬁ] —

H. *G L(V*)O(RGL(V*),NQ). Similarly to Remark we have a convolution al-

gebra isomorphism
GL(V)o GL(V*)o

it H, (Rarv)Nz) — H, (Rarv),N2)-

The composition

. R ™~ Ve .
ci] ~ MY (Rerv)Ny) — HIMD (Rarw+)Ny) = CW;-]
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is an involution of the algebra C[Wﬁ] Similarly to Remark this invo-
lution arises from the involution Li‘L: of C[Wﬁi] (see §2(vii)) composed with
the involution »_q of Wi‘,; induced by an automorphism z — —z: P! = P!
and finally composed with the action a(h) of a certain element of the Car-
tan torus h = S(—1) € T. Here 3 is a cocharacter of T" equal to Zier biw;

where b = ai — 3,0, .0(h)=i Gi(h)-

Remark 3.17. According to [Part II, Remark 3.9(3)], we can consider the
convolution algebra K SH(V)o (Rﬁ) Then, similarly to Theorem one can
construct an isomorphism (C[TWf;i] ~ K GL(V)O(R;)) where TWW stands for
the moduli space of the triples (P, o, $) where P is a G-bundle on P'; o is
a trivialization of P off 1 € P! having a pole of degree < \* at 1 € P!, and
¢ is a B-structure on P of degree —u having the fiber B_ at oo € P! and
transversal to B at 0 € P! (a trigonometric slice), cf. [FKRI1S), 1.5].

3(iv). Poisson structures

The convolution algebra H*GL(V)O(R) (resp. H*GL(V)O(R;)Z)) carries a

Poisson structure {, }¢ because of the deformation HEHV)ont” (R) (resp.
HEHV)ontr (R;})) The algebra C[Z?] carries (a nondegenerate, i.e. sym-
plectic) Poisson structure {, }z defined in [FKMM99]. In case p is dominant,
the algebra (C[Wl);i] carries a Poisson structure {, }y defined in [KWWY14].

Proposition 3.18. (1) The isomorphism of Theorem takes {,}z to

_{a }C'
(2) The isomorphism of Theorem[3.1( takes {, }hw to —{, }c.

Proof. (1) It is enough to check the claim generically, over A®. We consider
the new coordinates u;, = yi, - Hj<_l- HISSSa_j (wjs —wir)~t on Z (note
that the new coordinates depend on the choice of orientation). It is easy to
check that the only nonvanishing Poisson brackets on ZO‘ are {w;,,ujs} =
3i,j0r sujs (see [FKMM99, Proposition 2]). Hence the generic isomorphism
=: C[2%) ®cppe) CA®] < C[H(V) x TV(V)] @cpue) CIAY] of takes the
Poisson structure on Z% to the negative of the standard Poisson structure on
t(V) x TV(V). According to JPart IT, Corollary 5.21], z*1; ! takes the latter
structure to the one on Ho" V)O(R).

(2) Again it suffices to check the claim generically where it follows
from part (1). In effect, sf)i generically is a symplectomorphism according
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to [FKRI8, Theorem 4.9], while the identification of Hy™V)9(R2)|s. and

H*GL(V)O(RN@Q is symplectic by [Part II, Lemma 5.11]. 0

Remark 3.19. Let Wﬁ‘: denote the open subvariety of Wi‘; consisting of
triples (P, o, ¢) such that o has a pole exactly of order A*. It is the preimage
of the orbit Grg\; under p. We have the decomposition

JANY v*
W= || wi
p<vr<A
v : dominant

In [Nak15, §5(iii)] the third named author showed that this is the decompo-
sition into symplectic leaves. However the argument is based on the descrip-
tion of Wﬁ‘f as the moduli space of singular monopoles, which is not justified
yet. In particular, we do not know how to show that WZ:: is smooth in our
current definition. In fact, this is the only problem: (1) We know that the
Poisson structure on the Coulomb branch is symplectic on its smooth locus
by [Part II, Proposition 6.15]. (2) The embedding W. — Wi‘; is Poisson,
as it is so when p is dominant by [KWWY14, Th. 2.5] and the birational
isomorphisms Wﬁ: — Wﬁig, WZI — Wi’tﬁ in Remark m is Poisson
by [Part II, Lemma 5.11].

It was also shown that a transversal slice to WZ: in Wﬁ: is isomorphic
to W) in [Nak15l §5(iii)]. We do not know how to justify this either.

These two assertions are true if v is dominant, as Wl)ﬂ is a transversal
slice to Grg in @g in this case.

We also know these under the following condition: Let p < wgA be an-
tidominant. Then the projection p: Wﬁi — @g is smooth and its image
intersects nontrivially all the Gp-orbits Gr”G* C @g Indeed, the smooth-
ness of p for antidominant p follows by the base change from the smooth-
ness of Bung"(P!) — 'Bung(P!) (see . To check the latter smooth-
ness at a point (P,¢) € Bung"(P!) we have to prove the surjectivity at
the level of tangent spaces, and this follows from the long exact sequence
of cohomology and the vanishing of H'(P!, (g/b)s(—1)). The latter van-
ishing holds since the vector bundle (g/b)y is filtered with the associated
graded @, . RY Op: (—(p, @”)): a direct sum of ample line bundles. To see

that p(Wﬁi) NGy, # 0 for p < wo, v < A, recall that

'‘Bung(P!) = |_| 'Bung(P'),

x : dominant
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is stratified according to the isomorphism types of GG-bundles. The image of
Gry, in ‘Bung(P!) lies in the open substack

‘Bung(P!)<y- := |_| 'Bung (P),.
XSA*

Finally, the image of Bung"(P') — 'Bung(P!) contains the open substack
‘Bung (P <y if u < woA.

Hence WZ: is smooth and its transversal slice is isomorphic to W)..

This assumption is not artificial. The above stratification is dual to
one for the corresponding Higgs branches (quiver varieties My (V, W)). It
is known that 9ty(V, W) stabilizes for sufficiently large V', more precisely
if 4 <\, where X is the minimal dominant weight < \. (See e.g., [Nak98|
Rem. 3.28].) This condition is weaker than p < woA and antidominant, but
we at least see that singularities of both Higgs and Coulomb branches do
not change if p is sufficiently antidominant.

3(v). Deformations

Recall the setup of [Part II, §3(viii)]. We choose a Cartan torus T'(W) =
[Licg, T(Wi) C [Lieq, GL(W;) = GL(W) (notations of §3(iii)). We consider
the extended group 1 — GL(V) — GL(V) x T(W) — T(W) — 1 acting on
N;}, so that T'(W) is the flavor symmetry group. We choose a basis z1, ..., z2x
of the character lattice of T (W) (compatible with the product decomposition
T(W) = [licq, T(Wi)), and view it as a basis of t*(I), i.e. the coordinate
functions on t(W) = AYN. According to [Part 1T, §3(viii)],

H*G'L(V)O xXT(W)o (Rl);)

is]\z[i deformation of HSL(V)O(Rﬁ) over the base Spec(Hz, ) (pt)) =t(W) =
AN,

We denote the intersection of the open subsets A% x AN c A™ x AN
and (;cq, fi_/\l* (Gy) € A® x AN by A%N . We define a generic isomorphism
E°: C[Wﬁi]\&aw — HE’L(V)OXT(W)O(RQ)\&Q,N as in §3(iii)} identical on z,
and w;,, and sending y;, to t.y;,. Here we view the fundamental class
of the fiber of Rﬁ,T(V),NTm over the point w;, € Grp(y) as an element

. T(V)o XT(W)O by
Yz,r = H* (Rl’HT(V)vNT(V)).
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Theorem 3.20. The isomorphism
—o0 TAA* ~ GL(V (W
20 COWV [ — HEVVI T WMoy o
extends to a bireqular isomorphism C[Wﬁ] — HSL(V)OXT(W)O(RQ).

Proof. Same as the proof of Theorem O

Remark 3.21. The Poisson structure of HSL(V)OXT(W)O(R)‘)

to Wﬁ via =° is still given by the formulas of Proposition [3.18 But we
do not know its modular definition, and we cannot see a priori that these
generic formulas extend regularly to the whole of Wﬁ

transferred

3(vi). Affine case

We change the setup of The Dynkin graph of G is replaced by its
affinization, so that §2 is an orientation of this affinization; IN is a repre-
sentation space of €2 in the new sense, and so on. We change the setup of
accordingly: now Z% stands for the zastava space of the affine group
G, denoted by il%éB in [BEGO06), 9.2], and 7% C 7% stands for its open sub-
scheme denoted by U, 5 in [BFGOG, 11.8]: it is formed by all the points of Z¢

with defects allowed only in the open subset A} (Al ...\ {0} C

1 1 5 horizontal X
Ahorizontal X Avertical =A%

Similarly to Theorem and Corollary we have the following con-

ditional
Theorem 3.22. Assume Z° is normal. The isomorphism

—O0 °a ~ GLV()
20 C2%yy o HEO (R

defined as in extends to a biregular isomorphism C[Z°] ~ HE'L(V)O(R)
and to C[Z%] ~ HSL(V)O(R+).

Proof. We essentially repeat the proof of Theorem The only problem
arises with the application of [Part I, Theorem 5.26] whose assumptions
can be verified only conditionally. Namely, we do not know if Z¢, Z% are
Cohen-Macaulay. We do know that all the fibers of horizontal factorization
ot 2% = AY i onta ar€ of the same dimension |«| ([BEGO6l, Corollary 15.4

of Conjecture 15.3 proved in 15.6]). Note that for the condition m,Opng —
GesOpge ie. Opg — 52O pqe of [Part 11, Theorem 5.26] it suffices to use the
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So-property i.e. the normality of Z¢, zZe (see [Part II, Remark 5.27]). The
normality of Z% (and in fact the Cohen-Macaulay property and even the
Gorenstein property) is proved in type A in [BF14, Corollary 3.6].

Note that if we redefine Z* as the affinization of the space of degree «
based maps from P! to the Kashiwara flag scheme of Gg, then the normality
(and hence the first part of the theorem) would follow unconditionally.

Note also that in the affine case one more possibility for ZV, lv| = 2,
arises; namely, qaﬁ‘ = SL(2)at, ¥ = & + «j. Then according to [FR14, Ex-
ample 2.8.3], C[Z7] = Clwi, w;, vi, yj, v;; 1/ Wiy — yij(wi — w;)?).

If [BFGOG, Conjecture 15.3] holds for a symmetric Kac-Moody Lie alge-
bra g, then the above argument shows that the spectrum of He L(V)O(R) is
isomorphic to the affinization of ze, O

3(vii). Jordan quiver

We start with a general result. For a reductive group G and its adjoint
representation N = g we consider the variety of triples R — Grg. Its equiv-
ariant Borel-Moore homology HE° (R) equipped with the convolution prod-
uct forms a commutative algebra, and its spectrum is the Coulomb branch

Mc(G, g).
Proposition 3.23. The birational isomorphism
(X TY) /W =~ Mc(G, 8)lo-1 (e pw)
of [Part Il, Corollary 5.21] extends to a biregular isomorphism
(txTY)/W = Mc(G,g).

Here we denote the Weyl group by W in order to avoid a conflict with
the vector space W.
This is nothing but [Part II, Proposition 6.14]. We give another proof.

Proof. Tt is but a slight variation of the proof of [BFMO05, Theorem 7.3]. We
have to replace the equivariant K-theory in [BEMO05, Theorem 7.3] by the
equivariant Borel-Moore homology. More precisely, in notations of [BEMO05),
Theorem 7.3], replacing the torus H by our Cartan torus 7, we have to
prove the following analogue of [BEMO05, Lemma 7.6]: In H! (M) we have
an equality v*7.(HL, o 40 20 (L)) = @D, i (HY (1)) where 1 stands for the

closed embedding M — T* M, while 7 stands for the closed embedding £’ —
T*M Recall that the proof of [BEMO05, Lemma 7.6] used a homomorphism
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SS: KT(Dy) — KT(T*M) from the Grothendieck group of weakly 7-
equivariant holonomic D-modules on M. By definition, SS = ), o gr where
gr stands for the associated graded with respect to a good filtration. In-
stead, we will use a homomorphism SS": KT (Dy) — HIy 0y (T*M) as-
sociating to a weakly T-equivariant D-module F the pushforward j,. of the
fundamental class CC(F) € Hi . 1, (L") of its characteristic cycle. Note
that CC = symb o gr where symb stands for the (2dim M’)-th (top) graded
component of the Chern character (in the homological grading). With this
replacement, the proof of [BFMO05, Lemma 7.6] carries over to our homologi-
cal situation. E.g. an equality 5,55 (j,uOn,) = 0 € HI (T M) follows from
the similar one in K-theory of the above cited proof and the fact that <,
commutes with the Chern character (defined with respect to the smooth am-
bient variety T*M') and shifts the homological grading by 2 dim M’, while
7« commutes with the top part of the Chern character.

Also, the proof of [BEMO05, Lemma 7.8] carries over to our homological
situation essentially word for word. The proposition is proved. O

Now let V' be an n-dimensional vector space. We consider the adjoint
action of G = GL(V) on End(V) = g. We choose a base in V; it gives rise to
a Cartan torus T'(V) along with an identification TV(V) ~ G?,, t(V) ~ A™.
From Proposition we obtain an isomorphism

Sym" Sy — Mc(GL(V), End(V))

where Sy = G,,, x Al (see . This is the Coulomb branch of the pure
quiver gauge theory for the Jordan quiver. Now we consider the Coulomb
branch of the Jordan quiver gauge theory with framing W = C!. Recall that

S; is the hypersurface in A3 given by the equation zy = w'.

Proposition 3.24. The birational isomorphism
(tO(V) X TV(V))/Sn ~ Mc(GL(V), End(V) PV ® (Cl)|<1>*1(t°(V)/Sn)

of [Part 11, Corollary 5.21] extends to a bireqular isomorphism Sym™ S; —
Mc(GL(V),End(V) @ V ® C'). The projection Mg — t(V)/S, = Sym™ A
is the n-th symmetric power of the projection S — Al: (z,y,w) — w.

Proof. Similar to the one of Theorem More precisely, the proof is re-
duced to a consideration at the generic points of the generalized root hyper-
planes. If a generalized root is a root w; — w; of GL(V'), then we are reduced
to the G = GL(2) case of Proposition If a generalized root is w;, we
are in the abelian case. 0
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3(viii). Towards geometric Satake correspondence for
Kac-Moody Lie algebras

In this subsection we formulate conjectural geometric Satake correspondence
for Kac-Moody Lie algebras using Coulomb branchesﬂ See [Finl8§| for more
thorough historical accounts.

Let us assume that a quiver @ = (Qp, Q1) has no edge loops, but is
not necessarily of finite nor affine type. We have the associated symmetric
Kac-Moody Lie algebra gxn.

Taking Qo-graded vector spaces V =&, Vi, W = @, W;, we define N
as above. Taking simple roots «; and fundamental weights w; (i € Qq), we
assign two weights \ = Zier dim Wiw;, p= X — Zier dim V;a;. Let M =
N @& N*, and p: M — Lie GL(Vg) be the moment map with respect to the
natural GL(Vg)-action on M. Let (A, p), Mo(A, ) be quiver varieties
defined by the third-named author [Nak94, [Nak9§]:

Mo(A, p) = =1 (0)/ GL(Vg), M\, p) = p~'(0)/y GL(Vo),

where x: GL(Vg) — C* is the character given by x(g9) = [[;c, det g, and
/x is the geometric invariant theory quotient with respect to the polarization
X- By its construction 9%y (A, p) is an affine variety, and we have a projective
morphism 7: M(A, u) — Mo(A, w). It is known that 9 (A, ) is nonsingular
and 7 is semi-small. Let £(\, ) be the inverse image of 0 under 7. It is
known to be a half-dimensional subvariety in (A, u).

Then the main result in [Nak94l, [Nak98] says that

D Hiop (LA, 1))

has a structure of an integrable highest weight representation V() of gkwm
with highest weight A. Moreover the summand Hyop(£(A, 1)) corresponds to
the weight space of V'()),, with weight p. Here ‘top’ denotes the top degree
homology group, i.e. of degree 2dim £(\, ). Since 7 is semi-small, we can
identify Hiop(L(A, 1)) with the isotypical component of IC({0}) in the direct
image . (Cop(x ) [dim M(A, p)]).

9When the quiver is of affine type A, the conjecture was given in [NT17, §7.8] in
terms of bow varieties. This subsection is written afterwards, but the origin of the
conjecture in [NT17] is what we explain here.
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Let us turn to the corresponding Coulomb branch
Me (A, 1) = Mo (GL(V),N).

By [Nak16l Remark 4.5] and references therein, we identify x: GL(Vg) —
C* with the cocharacter xy = m(x)": C* = m (C*)" — 7 (GL(Vg))", where
()" denotes the Pontryagin dual. Recall that m (GL(Vg))", which is a torus
of dimension #Q), acts naturally on Mg (A, p) as in Remarks In
physics terminology a Kahler parameter for Higgs branch is an equivariant
parameter for Coulomb branch.

Let us define the corresponding attracting set

A ) L o € Mo\, )| 3lmx(t)z},

which is a closed subvariety in Mg (A, i), possibly empty in general.

These Mc (A, i), 2y (A, 1) are related to representation theory in many
situations:

(a) Recall that M (A, ) is the (usual) transversal slice Wﬁ in the affine
Grassmannian Grg if @ is of type ADE and p is dominant. (We ignore
the diagram automorphism *.) Then 2, (X, u) was studied in [MVOT7]. It is
nonempty if and only if the corresponding weight space V()), is nonzero,
it is of pure dimension 2|\ — p|, and Hyop(2y (A, 1)) is naturally isomorphic
to V(A),. It can be also considered as a stalk of the hyperbolic restriction
[Bra03] of the intersection cohomology complex IC(WI/)) of Wﬁ with respect
to x. Moreover the stalk of IC(WQ) at p is the associated graded gr V(\),
with respect to the Brylinski-Kostant filtration up to shift [Lus83) [Gin95].

(b) Suppose that @ is of affine type. Then M (A, ) is conjecturally the
Uhlenbeck partial compactification of a moduli space of instantons on the
Taub-NUT space invariant under a cyclic group action, which is proved in
affine type A [NT17]. When p is dominant, it is conjecturally isomorphic
to the Uhlenbeck partial compactification of a moduli space of instantons
on R* invariant under a cyclic group action, which is again proved in affine
type A [NT17]. In [BEF10, BF12, BF13] the first and second-named authors
conjectured that statements as in (a) hold for affine Kac-Moody Lie alge-
brasm where the definition of the affine Brylinski-Kostant filtration was
later corrected in [Slo12].

(c) When M (A, p) is isomorphic to a quiver variety (for different quiver,
and V, W), the attracting set 2, (A, p) is the tensor product variety in

10Gtrictly speaking, only instantons for simply-connected groups are considered.
Correspondingly representations descend to the adjoint group.
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[NakO1]. In particular, the number of its irreducible components is given
by the tensor product multiplicities. In this way, some of conjectures in
[BE10, BF12, BFI13] can be proved for affine type A by being combined
with I. Frenkel’s level-rank duality.

(d) Hyperbolic restrictions of the intersection cohomology complex IC
of the Uhlenbeck partial compactification of a moduli space of instantons
on R* was studied in [BEN16]. This Uhlenbeck space is conjecturally iso-
morphic to M¢(wp,wo —nd) (n € Zsg) for an affine quiver, where wy is
the fundamental weight corresponding to the special vertex 0, and 4 is the
primitive positive imaginary root. It follows that the direct sum (over n) of
hyperbolic restriction of IC is isomorphic to Sym(€D,.,2~¢ ® b), where b is
the Cartan subalgebra of the underlying finite dimensional Lie algebra. (See
also [Nak17, §7.5].)

In above examples, we assume that g is dominant. (It is so in all known
examples in (c).) For the original geometric Satake correspondence, we do
understand all weight spaces V' (\),, not necessarily dominant. In (b) there is
a candidate for a space which we should consider when p is not necessarily
dominant in [BE13|, which was later found out to be close to the quiver
description of bow varieties in [NT17], but the conjecture there was not
checked even for affine type A.

Since Coulomb branches are defined for any quiver without assumption
4 dominant, not necessarily of finite or affine types, we propose the following
conjecture, which makes the situation much simpler:

Conjecture 3.25. (1) 2, (A, i) is empty if and only if V'()\), = 0. Moreover
M, p)X(©) is a single point if it is nonempty.

(2) The intersection of A, (A, ) with symplectic leaves of Mc (A, p)
are lagrangian. Hence the hyperbolic restriction functor ® for y [Bra03| is
hyperbolic semi-small in the sense of [BEN16, 3.5.1]. In particular,
P(IC(Mc(A, 1)) remains perverse, and is isomorphic to Hiop(Ay (A, 1t)).

(3) The direct sum

P eC(Mc (A 1)) = @D Hiop(Ax (A, 1)
I

I

has a structure of a gxnv-module, isomorphic to V() so that each summand
is isomorphic to V().

We naively expect that the usual stalk IC(Mc (A, 1)) at the fixed point
is ‘naturally’ isomorphic to the associated graded of V' (), with respect to a
certain filtration which has a representation theoretic origin. But we do not
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know what we mean ‘natural’ nor how we define the filtration in general.
Also we could take another generic cocharacter x of m1(GL(Vg))", but we
do not know how to relate it to a representation theoretic object.

This conjecture is checked (except (2)) for finite type [Kryl8].

As another evidence, we consider the following example, which is not
necessarily finite or affine. Let us suppose dim V; = 1 for any ¢ € QJy. The
Higgs branch 9My(A, 1) is a quiver variety, but it is also an example of a
Goto-Bielawski-Dancer toric hyper-Kéahler manifold. The Coulomb branch
M (A, p) is also. By a recent work of Braden-Mautner [BMlQ]E we have a
Ringel duality between perverse sheaves on M (A, 1) and those of Mg (A, p).
In particular, @(IC(Mc (A, p))) is isomorphic to Hiop(L(A, 1)), hence is iso-
morphic to the weight space V().

In fact, [BM19] and the above conjecture both come from a ‘meta con-
jecture’ saying the category of perverse sheaves on a Higgs branch (e.g.
Mo(\, 1) and one on the corresponding Coulomb branch (e.g. Ma(A, p))
should be dual in an appropriate way. We do not know how strata of
Mo (A p) look like in general, and the category is probably not highest
weight as studied briefly in [Nakl15]. Nevertheless it is expected that the
pushforward from 9(A,x) and the hyperbolic restriction for y are
exchanged under the duality. It should be also related to the symplectic
duality [BLPW16].

Remarks 3.26. (1) Let us take just V =&, Vi and consider the corre-
sponding Coulomb branch

Mc(a) = Mc(GL(V),N)

with a =}, o dimVja;. It is expected that Mc(a) has no fixed point
with respect to x(C*), hence the above construction does not work. Instead
we consider M} (a) def. HSL(V)O(R+) as in §3(ii)l This is supposed to be a
Kac-Moody generalization of the zastava space. The same construction with
W gives the same space MJCC(@), hence we have a morphism M¢c(\, u) —
M (a) asin Remark It is expected that M () is a limit of Mc (A, p)
when A, p — oo keeping A — = a.

We define the attracting set Ql;(a) as the set of points contracted
to sa(0) by the action of y, where so: A% — MZ () is the section as
in Corollary Note that the action of x contracts the whole of ./\/lg(a) to

"The authors of [BM19] call Goto-Bielawski-Dancer toric hyper-Kéhler mani-
folds as hypertoric manifolds.
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sa(AY) = ME(a)X(C) cf. Remark so that for any ¢ € M (), there ex-
ists %E)I(l) x(t). The mtegrable system @, : M5 (a) — A% is x(C*)-equivariant,
s0 A (@) coincides with the fiber (w!)~1(0) over 0 € A%, Furthermore, since
we expect Mo (A, N)X(CX) to consist of one point if nonempty, this point must
be fixed with respect to another action of C* corresponding to the cohomo-
logical grading of the Coulomb branch. Thus the image of the fixed point un-
der the morphism Mc(\, ) — M (a) must be s4(0) € sq(A%) C Mi(a).
It follows that the image of 2y (A, p) lies in A ().

Then we expect that the corresponding statements in Conjecture
are true. In particular, the direct sum

EB PIC(MS(a @ Hiop(2

is isomorphic to U(n_) where n_ is the negative half of gky. Moreover the
pull-back homomorphism Hiop (24 () = Hiop (2Uy (A, 1)) corresponds to the
quotient map U(n_) — V(A). When @ is of finite type, these statements
will be proved in a forthcoming paper by J. Kamnitzer, P. Baumann and
A. Knutson.

(2) Let Trr(2, (A, i), Irr (A () be the set of irreducible components of
Ay (A, 1), A (@) respectively. Then we conjecture that

|_| Irr (A, (A, 1)), |_| Irr (2 ()

have structures of Kashiwara crystal, isomorphic to crystals B(oo), B(\)
of Uy(n-), V4(X) of the quantized enveloping algebra U, (gkm) respectively.
Moreover the inclusion Irr(2y (A, i) C Trr(24 (a)) corresponds to the em-
bedding B(A) C B(co). When @ is of finite type, these statements follow
from the comparison of the crystal structures defined in [BFGO6, Section 13]
and in [BGOL, Kry1§|, cf. [BGOS8| Proposition 4.3].

Furthermore, we expect that the zero level w_!(0) of the integrable
system w,: Mc(a) — A% is a dense open subset of 2F (), so we have a
canonical bijection Irr(2 (a)) = Irr(ww, 1(0)). Now the Cartan involution
of M¢(a) described in induces an involution of Irr(ww,1(0)) and we
conjecture that the latter involution corresponds to Kashiwara’s involution
x: B(oco) — B(oo) [Kas9, 8.3]. If @ is of finite type, this conjecture follows
from the definition of crystal structure in [BEGO6l Section 13.5], cf. [BDET6],
Remark 1.7].

(3) It is conjectured that there is a natural bijection between symplectic
leaves of M (A, p) and Mo(A, 1) [Nak1h]. When @ is of finite type, closures
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of strata are of the forms M¢ (v, 1) and My (A, v) respectively, where v runs
through dominant weights between p and A. This is known for quiver vari-
eties [Nak94l Prop. 6.7], while it is only conjectural for Coulomb branches.
See Remark In this case the bijection is given by M¢ (v, p) <> Mo (A, v).
In particular, Mo (A, ) corresponds to My (A, A), which is a point. For more
general (), the description of the strata of M(A, ) are given in [Nak94, §6],
by being combined with [CB01]. For an affine type @, extra strata come from
symmetric products of simple singularities, which can be checked easily. We
do not have any description of strata of M¢(A, ) if @ is neither finite nor
affine.

This bijection should be upgraded to a bijection between pairs of strata
and simple local systems on them, but it becomes even more speculative.
Assuming this bijection, we conjecture the following: Suppose (S¢, ¢¢) and
(SH, o) are strata of Mc(A, u) and Mo(A, 1) and simple local system on
them respectively, corresponding under the conjectural bijection. Then the
isotypical component of IC(Sy, o) in Tx(Con(r, ) [dim M(A, p)]) is isomor-
phic to ®(IC(S¢, ¢c)). The above conjecture studies the case (S¢, ¢c) =
(Mce(A\, p),triv), (SH, ég) = (Mo(A, A), triv), where triv denotes the trivial
local system.

Next we consider a structure giving tensor products of integrable mod-
ules. For quiver varieties it is a tensor product variety 3(A!; A?) corre-
sponding to a decomposition W = Wl & W2 with \* = Y, dim Wiw; (a =
1,2). It is defined as an attracting set in | ], DM(A, p) with respect to the
cocharacter p: C* — GL(W) given by p(t) = idy: ©tidy2. We introduce a
smaller subvariety 3(A!; A?) requiring the limit lim; ¢ lies in the lagrangian

L, e LAY, pt) x £(A\%, 1?). Then [Nak01] says

Huop(3(A'5A%)

is isomorphic to the tensor product V(A!) ® V(A?) under the convolution
product. (See [MO19] for a better conceptual construction.) For tensor prod-
ucts VA @ --- @ V(AY), we just take W = WL @ .- @ WY and repeat the
same construction.

Let us turn to the Coulomb branch side. We take a maximal torus 7'(1V)
of GL(W) and regard N as a representation of G et GL(V) x T(W). This
gives a deformation of M (), ) parametrized by Lie(T(W)) as HF° (ReN)
as in We restrict it to the direction of dp, that is HEo*P(C*)(Rg N),
and denote it by M~ (A, p). Thus we have a morphism M (A, u) — C. We
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also consider the variety of triples R y for the larger group G and the corre-
sponding Coulomb branch M (G, N) = HG® (Ran)- By [Part II, Proposi-
tion 3.18] the original M (\, ;1) is the Hamiltonian reduction of M¢ (G, N)
by 71 (C*)". Note that 71 (T(W))" is the dual torus T(W)V of the origi-
nal torus T'(W). Therefore the cocharacter p: C* — T(W) can be regarded
as a character T(W)Y — C*. Therefore we can consider the corresponding
geometric invariant theory quotient

Me(A ) & w=10) ), 7(W)Y,

as in [Part II, Proposition 3.25], where pu denotes the moment map
Mc(G,N) — Lie T(W) = Spec Hyyyyy (pt)

for the T(W)V action. It is equipped with a projective morphism ¢ :
Mc(A, ) = Mo\, p). If we replace the equation u =0 by u € Cdp, we
have a family version Mco(A 1) equipped with a projective morphism
Mo\ 1) = Ma(A ). We conjecture that this is a small birational
morphism and M (A, 1) is a topologically trivial family, as for quiver va-
rieties. Therefore (IC(Mo (A, 1)) = me(IC(Mc (A, i))), where ¢ is the
nearby cycle functor for M~ (A, u) — C [KS90, §8.6]. Moreover it contains
IC(M¢ (A, i) with multiplicity one.

Conjecture 3.27. (1) MC()\,M)X(CX) is a disjoint union of finitely many
copies of C such that the restriction of the morphism MC()\,M)X(CX) —C
to each summand is the identity map. And M (A, 1)X(©*) is obtained from
Mo\, 1)X(©) by identifying the origin of each summand.

(2) A summand in (1) corresponds, in bijection, to a decomposition
p=p'+p% with V(AL),1, V(A?),2 #0. The hyperbolic restriction of
IC(Mq (A, 1)) is the direct sum @ ®(IC(Mc (AL, pb)) @ DAC(Me (A2, p2)),
where each summand is considered as a trivial local system on C. Hence

0 B(IC(Mp(\ ) = Bre(IC(Mce(\, 1))
= B VO V().

p=pt+p?

In the first equality we use the commutativity of the nearby cycle and hy-
perbolic restriction functors (see e.g., [Nak17, Prop. 5.4.1]).
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(3) The sum of homomorphisms
(IC(Mc (A, 1)) = (e (1IC(Mo(A 1))

over /i is the homomorphism V(\) — V(A!) ® V(A?) of gxm-modules, send-
ing vy to vy1 ® vy2, where vy is the highest weight vector corresponding to
the fundamental class of the point M (A, ).

4. Non-simply-laced case

In order to describe instanton moduli spaces for non-simply-laced groups as
Coulomb branches, Cremonesi, Ferlito, Hanany and Mekareeya have intro-
duced a modification of the monopole formula [CEHM14]. See also [Mek15]
for more examples.

Let us consider the case of G5 k-instantons on the Taub-NUT space for
brevity. (See [CEHM14, §4].) We suppose that we already know that a quiver
gauge theory associated with a symmetric affine Dynkin diagram (Dfll) in
this case) has the Coulomb branch isomorphic to an instanton moduli space
of the corresponding group. This is a special case of the conjecture mentioned
in the introduction. Moreover, it is also conjectured that moduli spaces of
instantons on R* and on the Taub-NUT spaces are isomorphic as affine
algebraic varieties. We do not have a proof of this assertion either for R* of
the Taub-NUT space, but the following argument works more generally.

As for simply-laced cases, the mirror of an instanton moduli space is,
roughly, a quiver gauge theory associated with the corresponding affine
Dynkin diagram of type Ggl) with dimension vectors v = kd, w = Ag. See
Figure [1] left, where we put the numbering 0, 1, 2 on vertices.

Figure 1: Mc¢ : G, D4 k-instantons on R* and folding.

Let G = GL(k) x GL(2k) x GL(k), product of general linear groups for
circled vertices as usual. We take a triple (A%, A, A\2) of coweights of GL(k),
GL(2k), GL(k). Let us denote a triple by A, considered as a coweight of



124 A. Braverman, M. Finkelberg, and H. Nakajima

G. Let Y be the coweight lattice of G, and W the Weyl group of G. The
monopole formula in [Part II, (2.9)] says the Hilbert series of the Coulomb
branch is

> P2 VPa(5 ).
AEY /W

The definition of Pg(t; A) = Parg) (8 A°) Parar) (6 M) Par g (£ A%) is the
same as usual. The term A(X) has two parts (see [Part II, (2.10)]. The first
part is the pairing between A and positive roots of G. This needs no modifi-
cation. The second part, in this example, comes from bi-fundamental repre-
sentations on edges. For a usual edge, the contribution is given by the pairing
between its weight with coweights of groups at two ends. Concretely we write
A= (N, (=0,2), A= (A,... L), the edge between vertices 0
and 1 gives the contribution [\ — A}| fora =1,...,k,b=1,...,2k. On the
squared vertex, one should put the coweight 0, hence there is also [\| for
a=1,... k.

A modification of the rule is required only for the edge between 1 and 2.
The rule introduced in [CEFHM14] is [3A\} — A2[forb=1,...,2k,c=1,... k.
Thus

2AN) =2 A= AL = 2D I = A —2) A2 - A

a#a’ b#£b! c#c!
k k 2k 2k k
FY Al D =MD D B - A2
a=1 a=1 b=1 b=1 c=1

Now let us explain how to modify our definition of the Coulomb branch
to recover this twisted monopole formula.

We consider the unfolding of our affine Dynkin diagram as in [Lus93|
14.1.5(f)] It isa Dfll) affine Dynkin graph with circled vertices 0, 1, 21, 29, 23
(and 0 is connected to a squared vertex). See Figureright. The correspond-
ing vector spaces are of dimensions k, 2k, k, k,k (and 1). We orient all the
edges from the vertex 1 (and from the squared vertex). We consider an au-
tomorphism ¢ rotating cyclically the vertices 21, 29,23. We set N =V &
Hom(V1, V) @ Hom(Vi, Va,) @ Hom(Vi, Va,) @ Hom(Vi, Va,) (a representa-
tion of G := GL(Vg) x GL(V1) x GL(Va,) x GL(Va,) x GL(Va,)). Then o
acts naturally on G and on N, hence on M (G, N). We consider the fixed

12Tt should be noted that the non simply-laced Lie algebra obtained by the folding
in [Lus93] is the Langlands dual of what we get.



Quiver gauge theories and slices in the affine Grassmannian 125

point set ./\/l(;(é, N)?. We have a surjection
p: H°(Rg; ) — CIMc(G,N)7.

Thus the grading of H¢® (RGN) whose Hilbert series is given by the mono-
pole formula induces a grading of C[M¢c (G, N)7].

The above formulation and the following proposition work for any quiver
gauge theory with diagram automorphisms. In particular, they work for
quiver gauge theories studied in where their Coulomb branches are mod-
uli spaces of bundles of an ADE group over P! with additional structures.
The fixed point subscheme Mc(é, N)? is identified with a moduli space of
bundles of a non simply-laced group.

Proposition 4.1. The Hilbert series of the induced grading on
CMc(G.N)’]
s given by the twisted monopole formula.

Proof. Recall the multifiltration on C[M¢ (G, N)] introduced in [Part 11,
§6(i)]. Let us denote the spectrum of the associated graded algebra by
ﬂc(@, N). The filtration is o-invariant, so we have the induced automor-
phism ¢ of Mc(G,N). Moreover, the associated graded of the ideal
I, C C[Mc(G,N)] of functions vanishing on Mc(G,N)? is the ideal
I, C grC[Mc(G,N)] of functions vanishing on M¢ (G, N)?. Hence it suf-
fices to prove that the Hilbert series of the induced monopole grading on
C[Mc(G,N)?] is given by the twisted monopole formula.

We fix a o-invariant Cartan torus 7' C G corresponding to a o-invariant
decomposition of V; into a direct sum of lines. We have £ = t (the Lie algebra
of the Cartan torus T' = T° c G7 = G). Let us specify a vector subspace
E of gr HG® (R ) such that the restriction @|p is an isomorphism onto

C[M¢ (G, N)?]. Recall from [Part 11, §6(i)] that
gr HY (R ) = @D CH™A Ry
Aey+

Here Yf C 1:/ is the cone of dominant coweights of T s vt Sy W We
define }/’ C }er as the set of collections (A%, A}, A%1) A2z A\%3) such that A2 >
A2 > A2 > )2 — 1 for any ¢ = 1,..., k. There is a bijection ¢: Y’ — Y+



126 A. Braverman, M. Finkelberg, and H. Nakajima

(the dominant weights of T'):
(01320 32 3% 0 (A% A0 A7) = (A0, AL A% 1 A% 1+ A%),

Note that for A € Y/ we have A(X) = A(4)A) (the RHS A is the twisted
one). Finally note that Wiz = Wao X Wa X W), and Wxo = W5,, Wi =
VV)\17 Whe = I/VA21 N I/V)\22 ﬂ W . The diagonal embedding Cothat2e
23 induces a surjection C[th]W e ® C[t%2]Ws22 @ C[t%]Wa2s — C[2]V»2. We
choose a homogeneous section & of this surjection, and denote by FE): C
C[t21]Wa= ®(C[‘E22]W 2 ®C[‘EZS]W % the image of €. Now we define E :=
Diey Cl t]"ui[R5] where C[t]V++ = C[t°]"» ® C[t']"»' ® E)- is embedded

into
C[t]w (C[ ] 50 ®(C[t1] s ®C[f21]w 521 ®(C[£22]W 522 Q) (C[t23]W 223

The character of F is given by the twisted monopole formula.

It remains to check that B: B (C[MC(G N)“]. First we consider
the similar problem for N = 0. Namely, let I, C gr H Go (Gr ) be the ideal
generated by the expressions f — o*f, and let EC gr H GO(Gr ~) be defined
the same way as . We will prove gr H GO(Gr L) = E@®I,. To check the
surjectivity of E— er HGo (Gr )/I we will find for any A € Y a coweight
fi €Y' such that [Gr | — [Gr ] € I,. In effect, if the maximum of [\?* —
A22| A2 = A2 B — AB s blgger than 1, and is equal to say A2 — A?!,
then we have

(X07X17X217X2275‘23) _ (;\07X17X21+(17"'71)75‘22_(17"'71)75‘23)

G | - | }

— (5\07X17X21+(17"'71)75‘2275\23) . (0707_(17"'71)7070) _ (070707_(17"'71)70)
= [oxg J - (log J - [esg )

€ l,.

Proceeding like this we can replace the initial [Grg] with the one that is
equal to it modulo fg but has the absolute value of differences 5\% — 5\% at
most 1. Now if say 5\%2 - 5\%3 = —1 we repeat the above replacement once
more to swap 5\%2 and 5\%3 and make sure ;\%2 - /A\%d = 1. This way we re-
place the initial [Grg] with the one that is equal to it modulo I,, and has
5\%‘ > 5\%2 > ;\%3 > ;\%1 — 1. To take care of the second coordinate ;\g, in-
stead of —(1,...,1) above we use —(0,1,...,1) (that does not change the
first coordinate /A\%) in the above replacement procedure. Proceeding like
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this we arrive at the desired coweight ji € Y” such that [Gré] - [Gr‘é] e 1,.
The surjectivity of E — gr HC© (Gré)/ff(7 is proved.

Since gr HY°(Grg) = @, v HGL(VZ')@(GrGL(Vi)) (the product over i =
0,1,21,29,23), and o rotates cyclically the last three factors, we see that

gr H90 (Grg) /I, = gr H9W)e (Grap )
® gr HONO (Grap ) ® gr HOYY2O (Grap ),

and the graded dimension of the RHS coincides with the one of E. Here the
grading is by the cone of dominant coweights of G times Z (the homolog-
ical grading). Hence the surjectivity established in the previous paragraph
implies the isomorphism E — gr HGO(GrG)/TU.

We return to the proof of isomorphism @: F — C[Mc(é, N)?]. Con-
sider the following commutative diagram:

gr HGo (RG N) — &r HGo (RG,N)/TU

8 8

gr HGo (Grg) — @gr HCo (Gré)/fg

Here z* is the restriction to the zero section (see [Part II, §5(iv)]). Thus
z* is injective, z*E C E, and I, = (z*)"'1,, and the right vertical arrow is
injective as well. Hence the injectivity E < gr HC© (RG7N)/TU'

To prove the surjectivity, recall the setup of [Part II, §6(ix)]. We use

the flavor symmetry group C*, and instead of E C gr H¢° (Rean) 2 1, we
2

consider the similarly defined subspace and ideal E' C gr H®"*%0 (R4 ) D

7:,. It suffices to prove the surjectivity

/

C(t) ®cpy B — C(t) @cpy gr HE < (Ren)/ o

because the t-deformation of gr HE (Re ) is trivial due to [Part II, Re-
mark 3.24(2)]. This generic surjectivity follows from [Part IT, Prop. 6.17]
and the surjectivity at t = oo which was already established earlier during
the proof. O

Remark 4.2. The proof of Proposition [4.1] works for all the twisted cases
whose unfolding has no cycles (because we use [Part II, Remark 3.24(2)].
This excludes the C{") case whose unfolding is the cyclic quiver Azi_l. In
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this case the fixed point set of the automorphism o of Agl)_l consists of two

points, and we choose a o-invariant orientation from the first one to the
second one. Then the dilatation action of C* on N factors through G again,
and the proof of Proposition goes through as WGHB

Appendices

ALEXANDER BRAVERMAN, MICHAEL FINKELBERG, JOEL KAMNITZER,
RYOSUKE KODERA, HIRAKU NAKAJIMA,
BEN WEBSTER, AND ALEX WEEKES

In the first appendix we write certain elements of quantized Coulomb
branches Ay as explicit difference operators. These elements are homology
classes lived on closed Gp-orbits, i.e., orbits Grg for minuscule coweights A,
and their slight generalization corresponding to quasi-minuscule and small
fundamental coweights. The first class is called minuscule monopole opera-
tors in physics literature (see [Part II, Remark 6.7]).

Examples of explicit difference operators include Macdonald operators
[Mac95, Chap. VI, §3] and ones in representations of Yangian in the work
of Gerasimov-Kharchev-Lebedev-Oblezin [GKLOO5|] and its generalization
[KWWY14].

We hope that these elements, together with Hf(pt), generate quantized
Coulomb branches Aj in many situations, possibly after inverting & (and
variables for flavor symmetry groups). If this would happen, it identifies A,
as a subalgebra in the ring of difference operators, generated by explicit
elements. It gives a purely algebraic characterization of Aj;. We will show
that this happens for quiver gauge theories of Jordan and ADFE types. In
particular, we will show that the quantized Coulomb branches for quiver
gauge theories of type ADFE are isomorphic to truncated shifted Yangian
under the dominance condition in the second appendix. (See Corollary)

Appendix A. Minuscule monopole operators as difference
operators

A.1. Embedding to the ring of difference operators

Let us return back to general notation conventions in [Part II]. Let (G, N)
be a pair of a complex reductive group and its representation. Let T be

13We are grateful to L. Rybnikov for this observation.
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a maximal torus of G and N7 the restriction of N to T" as usual. Let W
denote the Weyl group. Let us consider the quantized Coulomb branches for
(G,N), (T,Nr) and (T,0). If we simply write A, it means the quantized
Coulomb branch for (G, N). We indicate a group and its representation for
other two. We will add flavor symmetry groups in examples below, but we
omit them for brevity now.

Recall we have an embedding Ay, < Ax(T,0)[A~}, (root + mh) ez in
[Part IT, Remark 5.23]. We thus have an algebra embedding

2°() 7t Ap o An L AT, 0)[hY, (root + mhE) ez

= ClhJ(wr, v, 7Y (a +mh)™Y)  (a: root, m € 7).

r

+1

We consider A, as the localized ring of A-difference operators on t: ur is

the operator

WE A wey ) = f(o ws £ Ay, ).

Remark A.1. We could also consider Ax(7T,0) as the ring of differential
operators on T': u,jfl is a coordinate of TV, and wy is —husd/dus. But it is
natural for us to consider difference operators on t, as we invert roots.

In general, we do not know how to characterize the image of Ay in Aj,
explicitly. Nevertheless, the image of a homology class associated with a
closed Gp-orbit Grg\; can be explicitly written down. (See [Part II, Proposi-
tion 6.6] for (1,)~! and [Part II, §4(vi)] for z*.) Note that Gry is closed if
and only if A is minuscule. (Since @g D Gr# if and only if A > p, and the
minuscule coweights are minimal in this order.)

Proposition A.2. Let A\ be a minuscule dominant coweight and Wy its

stabilizer in W. Let f € C[{">. Let Ry = n~1(Gr), where m: R — Grg is

the projection. Then

wf xXe (z)‘/N@/zXN@ N N@)
e(Ty Gr)

Uy,

z (L) R =Y

N=wAeW A

where T,\/Grg is the tangent space of Gré‘; at the point 2* and uys is the shift
operator corresponding to X, i.e., (uy f)(e) = f(e + h\) for f € C[t].

A.2. Quiver gauge theories

Let us return back to the notational convention in this paper.
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Let (GL(V),N) be a quiver gauge theory, which is not necessarily of
either finite ADFE or affine type. Let (V) be a maximal torus of GL(V),
and Ny is the restriction of N to T (V). We add the flavor symmetry group
T (W) as in §3(v)l Thus we mean Ay, = H, (GLV)XT(W))o =€ (Raenv),N), and
An(T(V),Nrpwy), An(T(V),0) are similar.

When there are several loops in the underlying graph (e.g., the Jordan
quiver or an affine quiver of type A), we should also add additional flavor
symmetries rescaling entries in N in loops. But we omit them for brevity
except in @

Recall w}, is the cocharacter of GL(V) = [[ GL(V;), which is equal to 0
except at the vertex i, and is (0,...,0,1,0,...,0) at i. Here 1 is at the rth
entry (r=1,...,a; =dimV;). We take corresponding coordinates w; ., U;,
(t€l,1<r<a;)ofLieT(V)and T(V)". The roots are w; , — w; s (1 # s).
Furthermore, Ax(T(V),0) is a Clh, z1, ..., 2n]-algebra generated by w;r,
ufrl (iel, 1<r<a;) with relations [ujjfsl,wi,r} :|:5”5r8hu . We thus
have an algebra embedding

.Ah‘—>A~ﬁ

def. Clh, 21, - .., 2n]{wi g, u ”,h_ (wi,r—wi,s—l—mh)_l(r#s, m € 7Z)).

We consider A, as the localized ring of h-difference operators on Lie T(V)
as above, and z1, ..., 2y are parameters.

Let w;, be the nth fundamental coweight of the factor GL(V;), i.e.,
(1,...,1,0,...,0) = wiy + -+ w;,, where 1 appears n times (1 <n<a;).
Then GrGL(V) is closed and 1somorphlc to the Grassmannian Gr(V;, n) of n-
dimensional quotients of V;. In fact, GrGL(V) is identified with the moduli
space of O-modules L such that

200V, CLCO®V, dimc O ® V;/L = n,

hence O ® V;/L is the corresponding quotient space of O @ V; /20 @ V; 2 V.

Let Q; be the vector bundle over Grgi’”("v) whose fiber at L is O ® V;/L.
It is the universal rank n quotient bundle of Gr(V;,n) x V;. Its pull-back
to R, , is denoted also by Q; for brevity. Let ¢,(Q;) denote its pth Chern
class. More generally we can consider a class f(Q;) for a symmetric function
f in n variables so that ¢,(Q;) corresponds to the pth elementary symmetric
polynomial.

The T(V) fixed points in Grgi'z‘v)
{1,...,a;} with #I = n. The bijection is given by assigning a cocharacter

are in bijection to subsets I C
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A S,y wr, of GL(V;) to . The fixed point formula implies

Ar
_ T
()N Re )= Y flwin) [
Ic{1,....a;} rel,s¢l wr e
#I=n

where f(w; ) means that we substitute (wj,)rcr to the symmetric function
f,and 7 denote the fundamental class of the fiber of Rrw) New, = Grr)
at A\r. In view of Proposition the T'(V')-fixed point set is the Weyl group
orbit Wew; p,, and [ [(w;» — w;, s) is the equivariant Euler class e(T’ )‘IGI‘?}E?V))
of the tangent space of Grgﬁz‘ at the fixed point Aj.

V)
Furthermore

Qi(h)

e <z)"No/z)" Npn No> = H (—wir + win),s — /2)

hEQ;g’}’“:" i(h) Lo s ¢ 1

followed by the replacement ' by [], . u;. Here ‘i(h) # i or s ¢ I’ means
that the product excludes s € I if h is an edge loop. We thus get

heQuo=i, ) o s 1
= Z fwir) H Ui,
Ic{1,...,a;} H (Wiyr — Wis) rel
#I=n rel,s¢l

Instead of f(Q;), we can also consider the class f(8;), a polynomial in
Chern classes of the universal subbundle §; over Grgi’(lv). Then variables
(wir)rer in f(w; ) are replaced by (wjs)s¢r- We will consider symmetric
functions in the full variables w;, (r=1,...,q;) later, so the difference
between Q; and §; are not essential: the algebra generated by and one

by f(8;) are the same if we add symmetric functions in the full w; .
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Let us recall the A-degree, defined in [Part II, (2.10)]. Its value for w; ,
is

(A.4) Awin) = (#i > i € Qi} — Dn(dim V; — n)
+5 Y dimVigy+ 5 dim W,
heQ.UQ:
o(h)=1
i(h)#i

where #{i — i € @1} is the number of edge loops at i. For a finite quiver
gauge theory of type ADE and n =1, this is equal to 1+ %(u,a;). For
Jordan quiver and n = 1, we have %dim W;.

Similarly we consider w;:n = —Wow;n, Where the corresponding orbit

GrGL(V) is also isomorphic to the Grassmannian Gr(n, V;) of n-planes in V;.

In fact, er:’z‘ V) is the moduli space of O-modules L such that O ® V; C
LcCz 1(9 ® V; with dime L/O ® V; = n. Let 8; be the rank n vector bundle
over GrGL(V whose fiber over L is L/O @ V;. Its pull-back to Ry is also
denoted by §;. Then

(A.5) 2 (1) f(8:) N [Res: ]

= Y flwg—h H (Wi — 2k — 7/2)
I

Ic{1,...,.a;}
#I=n ki

Qo (h)

H H (wz r — Wo(h),s — h/2)

heQq:i(h)=t s=1
o

e oy Ao s ¢ 1
x [vi
H (_w’i,T + w’i,S) rel
rel,s¢l

where f(w;; — h) means that we substitute (w;, — h)rer to f. The extra
factor w; , — 2z — 7/2 came from Hom(W;, V;).

Thus elements in the right hand sides of ( -, are in the image of
2" (1) Ap = Ap.

Remark A.6. We assume that (GL(V),N) is a quiver gauge theory of
ADE type, so that the Coulomb branch is isomorphic to a BD slice W* A—

= a. Recall the function x? ', of [BDF16, Theorem 1.6(5), Theorem 6. 4] It
is a function on Z% x AN measuring Ext! of certain line bundles on P! com-
ing from the flags in Z2. More conceptually, it is the crucial part (the 4-th
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summand of [BDF16, (1.5)]) of the Gaiotto- Witten superpotential, or else the
i- th summand of the thttaker function (see e.g. [BDF1G, 6. 3]) Composing
X ', with the prOJectlon W — Z% x AN we can view Xz as a rational

function on W* Now a dlrect comparison of formulas (A.5) and [BDF16,
(1.3)] shows that up to sign, Xz , coincides with z*(t.) 'R, ]|n=0; in par-
ticular, it is a regular function on W*

Recall that the logarithmic part log F,, of the Gaiotto-Witten superpo-
tential (the 3-rd summand of [BDF16, (1.5)]) is also expressed in terms of
Coulomb branch, see Remark

A.3. Jordan quiver

Consider the case of Jordan quiver. We omit the index ¢ as we only have
one vertex. For example, let dimV = a, dim W = [. Hence GL(V') = GL(a).
As we mentioned before, we add the dilatation on N as the flavor symmetry
C*. Let us denote the corresponding equivariant variable by t. By Proposi-
tion the Coulomb branch A = C[M¢| with A=t = 2 =0 is Sym* S,
where S is the hypersurface zy = w' in A3.

Note that the equivariant variable t will be added each factor in the
numerator of . Since it always appears with —//2, let us absorb
—h/2 to t. Also we replace zx by zp + h+t so that w, — zx + t becomes
wy — h — 2.

Then (A.3] |A.5)) become

(A.7)
def. Wy —Wg — t
E,[f] = Z f(wr) H ﬁHUm
Ic{1,...,a} rel,s¢l T 5 rerl
#I=n
l
W, — Ws + t _1
S st T T (L0,
Ic{1,...,a} rel,s¢l rel \k=1
#I=n

where f(wr), f(wr — h) are f ((wr)rer), f ((wy — h)rer) respectively. We also
multiply (—1)™*") to omit the sign.

If f =1, E,[1] is a rational version of the nth Macdonald operator, once
u, is understood as the h-difference operator:

flwiy ... we) = fwi,...,w, + k... w,).
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A little more precisely, the Macdonald operator is

> IS

Ic{1,...,a} rel,s¢l Tr S rel
#I=n

for (T f)(x1,...,2q) = f(21,...,qTr,...,2q). (See e.g., [Mac95, Chap. VI,
§3].) We recover E,[1] if we set z, = exp(Bw,), ¢ = exp(Bh), t = exp(—Pt)
and take the limit 8 — 0.

Remark A.8. Let us consider the operator E,, for the K-theoretic version
of the quantized Coulomb branch. The computation is the same, we just
replace Euler classes by K-theoretic ones, e.g., w, — ws by 1 — xgz, 1 =1 —
exp(—(w, — ws)) under the identification z, = expw,. Then (—w, + ws +
t)/(w, — ws) is replaced by

1- t
TpXy ex;;( ) — exp(—t)
1-— LsTr Ts Ty — Ts

Ty Ty — rsexpt

If we compare this with the Macdonald operator, we see the extra factor
xy/xs. It can be regarded as the canonical bundle of Grgﬁ(a), and absorbed
into the symmetric function f for our purpose. However if we want to check
the commutativity [E,,, E,] = 0, it is true for the homology case, and need
to put the extra factor for the K-theory.

By the way, we do not see a priori geometric reason why we have
[Em, En] = 0.

Theorem A.9. Operators E,[f], Fu[f] (1 <n <a, f: a symmetric func-
tion in n variables) in (A.T) together with symmetric functions in ws gen-
erate the quantized Coulomb branch Ay over Clh,t, z1, ..., 2.

This result identifies Ay as a subalgebra in A, generated by explicit
elements, as we have remarked after Proposition[A.2] It is purely an algebraic
problem to identify this subalgebra with the spherical part of cyclotomic
rational Cherednik algebra. We will return back to this problem in [KNIS§|
BEFT6]

Let us use the vector notation @ for (wq,...,w,). Therefore symmetric
functions f in the full w, are denoted by f (). On the other hand, symmetric
functions in less variables as still denoted like in .
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Proof. At t = h =z, =0, E,[f], F,.[f] are specialized to

(A.10) Z f(wI)HuT, Z f(w[)Hwiu,Tl.

Ic{1,...,.a} rel Ic{1,...,.a} rel
#I=n #I=n

It is enough to show that these elements together with symmetric functions
in w generate A at t = z; = 0 by graded Nakayama lemma.

If a =1, ie., dimV =1, we have M¢c =8 = {2y = w'} C A3, where
w=wy, T=U, Y= wlluf1 in the current notation. (See [Part II, Theo-
rem 4.1].) The above elements with f = larex = uj, y = wlluf1 respectively.
Therefore they together with w generate A = C[M].

Let us write x, = u,., y, = wiu; 1. Then we have a surjective homomor-

phism
C[Mc] = Sym® S} « C[&, @] ® C[y, w]%,

where ¥ = (z1,...,2,) and ¢, W are similar. It is a classical result that the
left and right elements in (A.10)) and symmetric polynomials in @ generate
C[#,w]% and C[#, @] respectively. (See [Wey97, §2.2].) O

A.4. Adjoint

We consider the case N = g, the adjoint representation of a reductive group
G. When G = GL(a), it corresponds to the case studied in the previous
subsection with W = 0.

We add the flavor symmetry C*, the dilatation on N, and denote the
corresponding equivariant variable by t.

A.4.1. Minuscule coweights. The minuscule monopole operator in
Proposition for the adjoint is given by

Proposition A.11.

S wix ][ —O‘V—af/?“uw,

wWAEWA a’eAY
(¥, wA)=1

This is a rational version of the Macdonald operator for a minuscule
coweight for f = 1. (See e.g., [Kir97].)
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Proof. Let X = wA € WA. As above (1,) ! is given by the equivariant Euler
class e(Ty Crp) of the tangent space at \. It is given by

e(TyGrdy) = H o’
o’ €AY
(¥, \)=1
A max(0,(a”,\))—=1 , n . . .
In fact, T\ Grgy = @y env Do g,,2" as is mentioned in the proof
of [Part IT, Lemma 2.5]. Since A is minuscule, (a*, ') = 0, £1. Therefore only
roots with («”, \') = 1 contribute.

Next consider z*. It is the multiplication of the equivariant Euler class of
2N Np /2 No N N by [Part 11, §4(vi)] as before. We consider the decompo-
sition N = g = @, ca 05 @ t, and conclude that roots o’ with (o, \') = —1
contribute. It gives the numerator —a” — /2 + t in the formula. O

A.4.2. Quasi-minuscule coweights. We consider a generalization of
Proposition to the case when A\ is a quasi-minuscule coweight, i.e.,
A = ap where ) is the highest root. Then (a’, ) < 2 for any positive root
o’ € AY, and the equality holds if and only if &’ = o). Therefore

e(T\Gry) = (o) + h) H a’,

a’eAY
(@ ) >0
(A.12) R R o 3h Con
e(2*No/2"No NNo) = (—ozo - 2+t) 11 <—a - 2+t> .
(a¥,A)>0

In fact, Gry, is a line bundle L over G//Py. The factor aj) + h corresponds to
the tangent direction to the fiber. The space z’\No/z)‘N@ N N is the fiber
of the quotient 7 /R at 2* € Grg. For N = g, the quotient is the cotangent
bundle of Grp,. Therefore the second formula in is obtained from the
first one by changing the sign, and then adding —h/2 + t for each factor,
which corresponds to the action on fibers.

The closure GrG = Gr) U Grd has a singularity at 1 = Grd (isomorphic
to the singularity of the closure of the minimal nilpotent orbit in g at 0),
but it has a resolution P(O & L) the projective bundle associated with L.
(See [NPOI, Lemma 7.3].) Also the vector bundle 7 /R over Gry, extends
to P(O @ L) as it is the cotangent bundle. More precisely, let us denote
by p: P(O @ L) — Grp, the above resolution. Then the vector subbundle
Ry C Ty over Gr)c‘; extends to a vector subbundle in p*7 over the whole of
P(O @ L), to be denoted R<y, such that p*7 /R<) is the cotangent bundle
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T*P(O @ L). We have a proper projection p: ﬁg)\ — T with the image lying
in R<x. By base change we can compute z*(15) "' of a class p*(f[ﬁgx]) over
R<x, where f € C[t]"* viewed as a class in Hohen) (pt) = HE(G/Py) pull-
backed to ﬁg»

The torus fixed points in ﬁg \ come in pairs, 0 and oo in P! for each
T-fixed point in G/Py, i.e., a point in the orbit WA. Let us denote them
by 0y, coy for X' € WA. The points 0y are in Grg, hence the Euler classes
are given by the formula , after applying w with ' = wA. At ooy,
the Euler class of the tangent space e(Tw,, P(O @ L)) is almost the same as
e(T,\/Grg), but the factor ag + h corresponding to the fiber of the projective
bundle changes the sign. The second Euler class e((7/R),,) is obtained
from e(Tw,, P(O @ L)) by the same process as before. We thus get

Theorem A.13. Let A = aq, the quasi-minuscule coroot. Then

z* (1) P (f[R<)])

N N
WAEWA wag +h aveA @
(o, wA)>0
waoy + M2+t —a’ — P2+t
e L )
0 a’ €A
(a ; wA)>0

When f =1, this is a rational version of the Macdonald operator for
a quasi-minuscule weight [Mac0I] up to constant in C[t]"'>. The constant
vanishes if we use the form in [vDE11].

Remark A.14. For general N, we are not certain whether we have a res-
olution 7@5 » of R<y for which we can calculate z*(z.) 1. Nevertheless it is
clearly possible for N = 0: we have a resolution P(O & L) of @g In this
case, we get a formula as in Theorem [A-13], where the numerator is replaced
by 1. Its proof is contained in one in Theorem [A:13]

A.4.3. Small fundamental. Recall that apart from type A, the quasi-
minuscule coweight is fundamental. More generally, we consider a small fun-
damental coweight w, i.e. {(a*,w) < 2 for any o’ € AV (see e.g. [VDEll])E

14Some authors use another definition of small coweights: w is small if in the
corresponding irreducible representation V¢ of GV the zero weight has a nonzero
multiplicity, but the weight 2« has zero multiplicity for any « € A.
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According to [vDE11], Table 1], any dominant coweight x < w is also small
fundamental, and all such coweights are totally ordered: w(® < w®) < ... <
w™ = w, and w©® is either minuscule or zero. Moreover, there is a chain
of connected subdiagrams of the Dynkin diagram of G: DM > D®?) 5 ... 5
D) with the corresponding Levi subgroups G' O L(lh) S .- > LM 5 T such
that w® — w1 is the quasiminuscule coweight oe(()z) of L9 Note that a( n)
is a fundamental coweight of L(™), and we define D"t1) as the comple—
ment in D™ of the corresponding vertex; L) = L) ig the correspond-
ing Levi subgroup. Accordlng to [MOVO5 Lemma 3.1.1], there is a natural
isomorphism of slices W (l y Wm) o Hence the above resolution GrG

admits the following generahzatlon a resolution Gr(j; — Gr¥% constructed as
an iterated blowup. We first take the blowup BIY .= Bl—rw(m GrG at the
G

closed Gp-orbit er( ' The strict transform of er( e @“é is a resolution
Gr “’(1) c BIW. The preimage of Gr e GrG fibers over @‘g;o) with fibers
1somorph1(: to the partial flag variety L(l)/ P(a of the Levi group LY. We

define B1® .= Bl~w<1> BIY. The strict transform of er( e @‘é is a reso-

lution er( e Bl(2) The preimage of Gr‘*’( ' Bl( ) fibers over (E?“é(l) with
fibers isomorphic to the partial flag variety L(2) / P . We continue like this

till we arrive at Gr = BI™ .= Bl~ o (n=1) B1("— 1) Gr . The preimage of

Gr “’(n Y c B1»D ﬁbers over GrG - with fibers isomorphic to the partial
ﬂag variety L™/ P . The vector subbundle R, C 7, over Gr¢, extends to

a vector subbundle in p*’T over the whole of GrG, to be denoted R<w, such
that p*T/RSw = T*GrG. We have a proper projection p: ng — T with
the image lying in R<,,.

Since Gr¥, = Uo<i<n er() the T-fixed points set (Gr)T decomposes
into a disjoint union |_|0<Z<H(Gr"é(i))T = y<icn Ww. From the above de-
scription of the resolutions we get o

(Rew)’ = (Gr2)" = | | W@ x Wit /yyl+2)

0<i<n

cx WD i) s w) pyindl),

We rewrite the RHS in the following form: (R<,)T = (G}g)T = o<i<ni(v €
Ww®, pltD) ¢ WEHDED () e gy, W)Y where w; is an
element of W such that v = wiw(i), w;11 is an element of W such that
N0t = w; 1w and so on, and finally w,_; is an element of W such
that 77(”*1) = wn_lw(”*l).



Quiver gauge theories and slices in the affine Grassmannian 139

The Euler class of the tangent space e(T(W](m)7._.7n<n))CA&‘é) equals

H (@’ +h) - H a’ - H (wj_l(oz(()]))v + ﬁ) H a’
a’eAY a'eAY i+1<j<n aVij,lA(vj)
(r,a’)=2 (1,a’)>0 nD,a")>0
Here the second product arises from the tangent bundle to the partial flag
variety (Gr‘ém)(CX (fixed points set of the loop rotations); the first product
arises from the normal bundle ./\/( Greyex /G the last product arises from
the tangent bundle to the fiber of blowupf and its prefactor arises from
the normal bundle to the fiber of blowup. The Euler class of the cotangent
bundle fiber at (v,n(* ... n™) e Gr¢, is obtained from the above one by
changing the sign of each factor and then adding —7 + t to each factor. The
result is

H (t—av—gh> X H <t—av—h>
o €AY 2 VEAY 2

(v,”)=2 (v,a)>0

e 3h ok
X | H <t—wj_1(ozéj)) —2> H <t—a —2>
+1<5<n
(@ ,a¥)>0

We thus get (cf. [vDELIL Section 3])
Theorem A.15. Let w be a small fundamental coweight. Then
2" (1) pe[Reu]

> oY I Ui e
= R S H b S
o +h o
0<i<n (v+D . n) o eAY * N
(v,a¥)=2 (v,a¥)>0

() v
t—wj;_ — 3h/2 t—ao —h2
T ey ey
) - . (4) v h
i+1<j<n wjfl(a ) + ' ew;_1AY,
(n9),a’)>0

Remark A.16. Note that the fundamental class [R<,] does not have a
coefficient f € C[]" as opposed to Theorem because there is no pro-
jection [R<,] — G/P, for arbitrary small fundamental w, so we do not have
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a way to produce natural homology classes on ﬁgw except its fundamental
class.

Question A.17. We know that C[M¢] 2 C[t x TV]W as a Poisson algebra.
We do not know elements in Proposition Theorems with
C[{]" generate C[t x TV]"W as a Poisson algebra at h =t = 0, or they gener-
ate Ap if we invert h. Recall (see [Part II, §3(x)(b)]) that it is conjectured
that Aj is isomorphic to the spherical part of the graded Cherednik algebra.
We do not know the corresponding statement for the spherical part either.
These are true for type A, as we will show in a separate publication.

Appendix B. Shifted Yangians and quantization of
generalized slices

In this section, we study quiver gauge theory coming from the Dynkin di-
agram of a simple algebraic group G. As usual we fix an orientation of
the Dynkin diagram and we fix a dominant coweight A and a coweight u
such that A\ — p=>_ a;a; with a; € N. We also fix a sequence of funda-
mental coweights A = (wj,,...,w;,) such that Zi\le wi, = A. We will relate
the quantized Coulomb branch to a generalization of the truncated shifted
Yangians from [KWWY14].

B.1. Shifted Yangians

In this section, we will work with filtered algebras. We begin by recalling
some basic facts about filtered algebras and the Rees construction.

Let A be a C-algebra and let F*A=.-.-C F1ACFlACF'AC...
be a separated and exhaustive filtration, meaning that NREF*A =0 and
UpF*A = A. We assume that this filtration is compatible with the algebra
structure in the sense that F¥A . F!'A c FF'A and 1 € FOA.

In this case, we define the Rees algebra of A to be the graded C[h]-algebra
Rees A := @, h* F* A, viewed as a subalgebra of A[f, hi~']. We also define the
associated graded of A to be the graded algebra gr’” A := @ FFA/FF1A.
Note that we have a canonical isomorphism of graded algebras

Rees’” A/hRees’ A = grl” A.

We say that the filtered algebra A is almost commutative if grf” A is
commutative. In this case, for any a € F¥A, b€ F'A, we have ab — ba €
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F*+1=1 A Thus in Rees’’, we can define a Poisson bracket by {a, b} := 3 (ab—
ba).

Definition B.1. We define the “Cartan doubled Yangian” Y., to be the
C-algebra with generators El-(q), Fi(q), Hi(p ) for qg>0and peZ and i € Qg
and relations

A 7 % ’
[Hi(P"‘l)’ E]((I)] [Hl(p)vE]('q—i_l)} — @ 2Oé] (Hl(P)EJ((I) + E]((I)Hl( )),
[H(erl) F(Q)] o [H(P) F(q+1)} — _ai n QG (H(p)F(q) + F(‘I)H(P))
7 1T [ | 2 7 7 7 7 ’
[El(p+1)7EJ(q)] [Ez(p)’E](q+1)} _ O‘i'QO‘j (Ez(p)E](q) + EJ(}Z)EZ.(JD))7
(p+1) 1o(a) (0 plet)y _ Y Y n(p) p(a) (p) (@)
[Fz 7Fj ]_[Fz 7Fj }__T(‘Fz ‘Fj +Fj Fz )7

i#J,N=1-0a; aj=symE", [EP), ... [EPY) E]...]] =

i#§,N=1-0a; aj = sym[E") [P .. [FPY) FO]..) =

(2

where sym denotes the symmetrization over the indices py, ..., pn.

Definition B.2. The shifted Yangian Y, is the quotient of Y, by the re-
lations HZ(p) =0 for p < —(u, a;/> and Hi(*waai ) _ 1.

Remark B.3. When p =0, then it is easy to see that Y = Y coincides
with the Yangian, as defined in [KWWY14] Section 3.4]. On the other hand,
suppose that p is dominant. Then the map Y, — Y defined by

HZ(S) — Hi(8+<#,ay>)’ EZ(S) — Ei(8)7 Fz(S) — Fi(5+<#,ak>)

gives an isomorphism between Y, and the subalgebra of ¥ which is also
denoted Y, in [KWWYT4].

To be a bit more precise, in [KWWY14], we worked with the corre-
sponding graded C[A]-algebras. In fact, we made a mistake concerning these
presentations of these algebras; [KWWY14, Theorem 3.5] is incorrect. We
claimed to give a presentation of (Uxg[z])’, using generators E((lp ), H Z-(p ), Fc(yp ),
but we are definitely missing relations involving the Ec(yp ), F 5@ for «, 8 not
simple roots. At this time, we do not know an explicit description of all
the relations. In this paper, we will work with Rees algebras to avoid this
problem.
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Denote the generators of the shifted Yangian Y}, by Ei(T), Hi(r), Fi(r), and
form their respective generating series

Ei(z) = ZEZ.(T)z*r, Hi(z) = Zlmod) o Z Hi(r)z*T,
>0 r>— ()

Fi(z) =Y F"2

r>0

The relations for Y), can be written as identities of formal series. First,
given a series X (2) =,y Xi(r)z_r, we write X (2) =3, Xi(r)z_” for the
principal part.

Then for all 7,57 € Qo we have relations

(B.4) [Hi(=), H;(y)] = 0,
(B5) (z -y —a)Hi(2)Ej(y) = (2 —y + a) E;(y) Hi(z)

—2aF;(z — a)H;(z),
(B6) (2 —y —a)Ei(2)E;j(y) = (z —y + a) Ej(y) Es(2) + B, Bj(y)]

— [Ei(2), BV,
(B.7) (2 —y+a)H;(2)Fj(y) = (2 —y — a)Fj(y)Hi(2) + 2aFj(z + a)H;(2),
(B8) (z—y+a)F(2)Fy) = (2 —y — ) F(y)F(z) + [FY, Fi(y)]

~ [Fi(2), F}V),

(BI) (== y)E:2), Fi(w)] = i (Hily) — Hil2)) .

where we denote a = %ai - ;. We also have the Serre relations. First when
a;; = 0. we have

(B.10) [Ei(2), E;(y)] = 0

(B.11) [Fi(2), Ey(y)] = 0

and for a;; = —1 we have

(B.12) [Ei(21), [Ei(22), Ej(9)]] + [Ei(22), [Ei(21), E;(y)]] = 0,
(B.13) [Fi(21), [Fi(22), Fj()]] + [Fi(22), [Fi(21), Fj(y)]] = 0.

Let 1, ug be two coweights such that py + g = p. In [FKPT18|, we de-
fined filtrations F},, ,,, Y, of Y,. In this filtration, the degrees of the generators
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are given
deg B") = (i, ) + 7, deg F\") = (o, a)) + 7, deg H{" = (0} +7

However, we note that these degrees do not determine the filtration because
we also specify the degrees of certain PBW variables, see [FKPT18, section
5.4] for more details.

In [FKP™18|, we proved that Y, is almost commutative with this filtra-
tion. We also proved that for any pair u1, uo as above, the Rees algebras
Rees/ 142V, are canonically isomorphic (as C[h]-algebras).

For the purposes of this paper, we will choose 1, us as follows

<:U’170‘;/> = <)"O‘;/> —a; + Z Qo(h)> <:U’27a;/> = —a; + Z Qi(h)
h:i(h)=i h:o(h)=t

where the sums are taken over all arrows h to i or from ¢ respectively. We
write Y, := Reesi 2 Y, for this Rees algebra (with the induced grading).

B.2. A representation using difference operators

We will work with the larger algebra Y)[z1,...,2n8] =Y, ® Clz1,...,2n].
We extend the filtration F},, ,,, to Y,[z1,..., zn] by placing all generators in
degree 1.

Denote

(p)

and define new “Cartan” elements A" for p > 0 by

1\ain . 1
Hhteu@(z - E)a( ) Hhtequ Ai(h)(z - 5)

B.14 Hi(2) = Z; o(h)=¢ o(h)=¢
( ) (Z) z(z) z‘“(z— 1),173 Ai(Z)Ai(Z— 1)
Consider also the C-algebra A def- Clz1, ..., 2n)(wir, uii:, (wiy — wis +

m)~Y(r # s, m € 7)), with relations [uicr, wj,s| = £0; j6r su; .. Denote

a; a;

Wiz) = [[(z = wiy) and Win(2) = [[(z — wis).
r=1 s=1

S#T
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We define a filtration on A by setting the degree of each w; , to be 1 and
the degree of ufr to be 0. The filtration degree of each (w;, — w; s+ m)*1
is also set to be —1.

Note that A is almost commutative and we have ReesA = Ay, the alge-
bra defined in [A.1]

The following result generalizes [KWWY14, Theorem 4.5] which was
a generalization of a construction of Gerasimov-Kharchev-Lebedev-Oblezin
[GKLOO05].

Theorem B.15. There is a homomorphism of filtered C-algebras
@2: YM[Zl, . ,ZN] — A,
defined by

Ai(z) = 27 “Wi(2),

a;

By Zi(wir) Tnequ any=i Wolny (Wi — 3) 1
(Z - wi,r)vvi,r(wi,r) L

El(Z) —
r=1
a;

Z HhGleo(h):i Wi(h) (w” + %) U
(z —wip — DWip(wi,) "

r=1

Proof. The argument is basically the same as in [KWWY14, Theorem 4.5].
The proof in [KWWY14] should be considered incomplete, since we didn’t
have a complete presentation.

We verify the relations (B.4)—(B.13) which involve E;(z), those involving
F;(z) being similar (they can also be deduced from the E;(z) cases by using
certain involutions of Y, and A).

Note that by 1' under CIJfL we have

Zi(2) Mheo,uig; Wi (2 — 3)
o(h)=1

HE = —wowe-1n

and these images clearly satisfy equation (B.4)).

B.3. Relation (B.5)) between H;(z) and E;(y)

B.3.1. The case a;; = 0. Equation (B.5)) simply says that H;(z) and
E;(y) commute. It is clear that this holds true for their images under <I>/);.
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B.3.2. The case a;; = —1. Here, equation (B.5) reads
(z =y + 3)Hi(2)Ej(y) = (= —y — 3)Ej(y) Hi(2) + Ej (2 + 3) Hi(2).

This is an sl3 relation, and we can assume that Qo = {i,j}. We may also
assume that ()1 consists of a single arrow j — .

Then, the image of the left-hand side under <I>l); is
Zi(2Wi(z—3) &

) z Zj(wj,r) u-l
Wi(2)Wi(z = 1) = (y — wjpe)Wir(wjr) "

~(z-y+3)-

Y —wj, Wi(2)Wi(z — 1) Wi (wjr) »"

r=1

On the other hand, the image of the right-hand side under <I>l/> is

_i(z—y—éJr 1 ) Zi(wir) 1 Zi(2)Wj(z - 3)

u :
y—wir 2= wip+ g ) Wip(wse) 7T Wi2)Wiz - 1)
Commuting the CI)i‘L(HZ(Z)) factor to the left, this is equal to

a; — y o % 1
-2 |- o T 1

S\ YT Wi 2wyt 3

- l)Zi(Z)Wj,T(Z —3) Zi(wjr) =
PR W)Wz = 1) Wy (wj,) 97

X (z —

So, the relation (B.5)) follows in this case from an equality of rational func-
tions:

(z-y+3)E-wr—3) (2=y=3 1
2 2,7 2/ _ 2+ - (Z—U)j,r'i‘%).
y_wjﬂ“ y_wj’r Z_wjir+ §
B.3.3. The case i = j. Here, equation (B.5) says that
(z —y—1DHi(2)Ei(y) = (z —y + 1) Ei(y)Hi(2) — 2Ei(2 — 1) H,(2).

In this case we may assume that g = slo, and so we will temporarily drop
the index ¢ from our notation.
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The image of the left-hand side under @ﬁ is then

—(z—y—1)- _2() 5 Z G- Z(wr) ust

B (z—y—1) Z(z) Z(wy) u=!
N Z (y—w)(z —wp)(z —wp — 1) Wy ()W, (2 — 1) We(w,) "’

while the image of the right-hand side under <I>;\L is

_ z—y+1 -2 Z(wy) Sl Z(z)
Zl< y—w z-w —1) Wy(w) " W(E)W(z—1)

(z—y—l—l -2 >
:—g +
Y — Wy z—w—1

r=1
. | 2:)  Zw)
(z—wp+ 1)(z —wp) Wy (2)Wo(z = 1) Wy(w,) "

So, the relation follows from the equality

z—y—1
(y —wr)(z —wp)(z —wr — 1)

z—y+1 -2 1
= + )
Y — Wy z—w—1/) (z—w, +1)(z — w,)

B.4. Relation between E;(z) and E;(y)

We will verify that for all i, 7 we have

(B.16) (z =y —a)Ei(2)E;(y)

_1_
where a = 5a;;.

B.4.1. The case a;; = 0. We need to check that
[ (Ei(2)), P (E;(y))] = 0,

which is clear.
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B.4.2. The case a;; = —1. In this case we can assume that Qo = {7,j},
and by the symmetry of (B.16]) we may also assume that )1 consists of a
single arrow ¢ — j. After collecting terms, the image of the left-hand side of

[B10) i

y—l— 1 1

— = )Y — wis) YT Wy
Z (wz r) —1 Zj(w; s )Wi(w;s — %)ufl
w(ww) Wj.s(wjs) s
:Z(wn w; s+ )(sz Wiy + 3)
(2 — wir)(y — wjs)
Zi(wiy) Zj(w;s) Wi (wjs — 3) —_
Wi p (Wi )Wjis(wj,s) ures

s

The image of the right-hand side of (B.16) reduces to the same expression,
so the relation holds.

B.4.3. The case ¢ = j. Here we may assume that g = sly, and we will

drop the index ¢ from our notation for this calculation. In this case, the
left-hand side of (B.16]) is

v o Z(wy) u-L Z(ws) u-!
ZZ <(Z y 1) (z_wT>WT(wT) T <y_wS)WS(ws) S

r=1 s=1
Z(wy) _1 Z(ws) u-! Z(wy) 4 Z(ws) u1>.

(Z _wr)Wr(wr) o Ws(ws) B Wr(wr) o (y_ws)Ws(ws) °

Collecting terms, we express this as two sums:

Z z—y—1 n I 1 Z(wy)Z(wy — 1) L2
—~\G-—w)ly—w+1) z-w, y—w+1) We(w)Wr(w, —1)"
—y—1 1 1
+ Z : y + =
r#s (z—w)(y—ws)  z2—w Yy—ws
Z(wr)Z(ws) -yt
W (wy)(ws — wy + 1)Wys(ws) "~ %

X

The term in brackets in the first sum is zero, while the second sum is

_ Z(wr)Z(ws) u Lyt
rz:;és Z_w’r‘ Z/ ws)W( )Wrs(ws) " 5
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where Wis(2) = >, 4, (2 —wi). We get the same expression for the right-
hand side of (B.16)), so this relation holds.

B.5. Relation between E;(z) and Fj(y)
B.5.1. The case 72 # j. Here, we must check that
[ (Ei(2)), D) (F; ()] = 0.

We may assume that Qo = {7, j}. The only interesting case is when a;; = —1
and j — i. Then [Cbﬁ(El(z)), @l’)(F](y))] is equal to

Zz(wzr wzr - %)u'fl Wi(wj,s+ %) U
My = wjs — DWiis(wjs) "

B9

1 s—1 (Z_wzr Wzr(wz,r)

) D) PR 1
Z — Wj, 7" zr(wz 7’) (y — Wjs — 1)Wj75(wj78)

r=1 s=1

X [Wj(wi,r — %) -1 Wi(wj,s + %)Uj,s} .

zr’

This is indeed zero, as the commutator in each summand is zero.

B.5.2. The case ¢ = j. The proof in this case is almost identical to that
of [KWWY14, Theorem 4.5]. Recall that (z—y)[@ﬁ(EZ(z)),éﬁ(Fl(y))] is
equal to

a, Zi(wir) [Theq, Wom (wis — %)
i(h)=i -
(Z — wiﬂ")VViW(wi,r) i,ro

r=1
[Treq. Zimy(wis + 3)

Z o(h) Ui
=1 (y — Wjs — 1)Wi,s(wi,s) e

All terms where r # s vanish, and what remains can be rewritten as

a;

Z ((Li,r(y) — Rip(y) — (Lip(2) — Ri,r(z)))a

r=1
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where

Zi(wir + 1) neq,ug Wion (wir +3)
o(h)=1

Li T = s
' (y) (y — Wir — 1)Wi,r('wi,7“ + 1)Wi,r (wi,r)
Zi(wiﬂ“) Hhteu@ VVl(h) (wi,r - %)
o(h)=1
Ri,r(y) = ")

(y = wir) Wi (wir) Wi (wir — 1)
Therefore, it remains to verify that

a;

Z(Li,r(y) — Riyr(y) = Hi+(y).

r=1
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As in [KWWY14], this is done by comparing coefficients at all y~* for k > 0
between the left-hand side and H;(y), using partial fractions to compute the

case of H;(y).

B.6. The Serre relations

When a;; = 0, the relation is immediate, so we concentrate on the a;; = —1
case and in particular, the version with Es, see (B.12) above. The proof of
this relation is sketched out in [GKLOO5]. Following their notation, let us

denote
o _Zi(wi,r) Hhtezi(h):i Wo(h) (wiﬂ” - %) u—l
X%T Wiﬂn (wiﬂ,) 2,7
so that ‘I’ﬁ(Ei(y)) => y_%xw
These elements satisfy the relations [x;,,w;s| = =0 sXir and
(Wi —wis — 1)XirXis = (Wip — Wis + 1)Xi,sXi,rs for r # s,

(wi r — Wit + )Xz Xt = (wi,T — W5t — %)Xj,tXi,r-

Using the above relations, we find that

[‘I%(E‘(yl)) (@3 (Ei(y2)), (B (2 ))]]

a;

= Z L — w; erviz ' - Xi,s X4t
,T

1
r=1 s=1 t=1 y2_w15 Z_w],t)wi,s*wj,tfﬁ
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1 1
N Z ; <(y1 —wiy)(y2 —wir 1) (y1 — wir + 1) (y2 — wz‘,r)>

T
1 ~1 )
X . 3 XZ’,TX.jvt
Z— Wit Wi r — Wyt — 5

1 —1
+
; zt: (y1 = wir) (Y2 — wis)(z = wjz) (wis — wjz — 3)
Wi + Wi s — 2Wj ¢

X Xi,rXi,s X4t
(wig — wje — 5) (Wi —wis+1)" 7

The first sum is clearly skew-symmetric in 1, 2. The second sum is as well,
which one can see by applying the above relation between x; , and x; . This
proves the Serre relation along with the theorem.

B.7. The filtration

We are left to verify the claim that the filtrations match. To do this, it suffices
to check that each PBW variable Eép ), H ,L-(Q), F /E,p ) (see [FKPT18, Remark 3.4]
for their definition) is sent to the correct filtered degree. When £ is a simple
root, this is immediate.

Now suppose that 3 is not a simple root. Then Eép )

is defined by commu-
tators. Since A is almost commutative, this immediately implies that Eép )
is mapped into the correct filtered piece. O

Applying the Rees functor to Theorem we deduce the following
result.

Corollary B.17. There exists a unique graded Clh, z1,. .., zN]-algebra ho-
momorphism Y (21, ..., zn| = Ap, such that

Ai(z) = 27" Wi(z2),
Zi(wig) I Wom(wir — 5h)
heQu:i(h)=i -1

u.
(2 = wir)Wir(wiy) o

"o H(h) Wiy (wir + 1)
€Q@1:0 =1
B = ) W)

r

a

EZ(Z) — —

r=1

In the above corollary, we are using a slight abuse of notation. For a
generator x (such as Ei(p ) or w; ) of the algebra Y, or A which lives in
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filtered degree k (but not in filtered degree k — 1) we write x for the element
h*z € ReesY,, or ReesA.

B.8. Relation to quantization of Coulomb branch

Recall the setup of we have Ay = HOHV)XT(W)oxCx (RanvyN) =
Ap, the quantized Coulomb branch associated to the pair (GL(V),N) with
flavor symmetry. This inclusion takes the homological grading on A (not
the A-grading) to the above grading on Ap.

Theorem B.18. There exists a unique graded Clh, z1, ..., zx]-algebra ho-

momorphism
A

Eu: Yu[zla .. .,zN] — Aﬁ,

such that

AP = (1Pey({wir)),
FP) s (2 1) Ze0-00 e1(Q) + b)Y 0 [Re )

1

EP o (=) (e1(8:) + WP 0 [Rasz, |-

Remark B.19. This homomorphism is analogous to (and was inspired
by) the action of the Yangian of gl, on the cohomology of Laumon spaces,
constructed by Feigin-Finkelberg-Negut-Rybnikov [FENR11].

Remark B.20. In the above Theorem, we use the (uq,us)-grading on
Y,lz1,. .., 2n] (where py, o are defined above) and the homological grading
on Ap. On the other hand, if we want to use the A-grading on Ay, (as defined
in [Part IT, Remark 2.8(2)]), then we should use the (u/2, 1u/2)-grading on
Yu[zl, ce ,ZN].

Recall that the (1/2, p1/2)-grading is defined so that PBW variables Eép ),

Fﬁ(p ), H have degree

i

deg B = %w, B)+p, degFY¥ = %w, By +p, degH” = (i) +q,
where 3 is a positive root. See [FKPT18, section 5.4]. Therefore Y, [z1,.. .,
zn] is Z>o-graded and the degree 0 part consists only of scalars (with respect
to the (p/2, u/2)-grading) if and only if (u, 8) > —1 for any positive root
5. Note that A is called good or ugly when its A-grading satisfies the same
property. See [Nak16, Remark 4.2]. One of the authors show that (u, 5) > —1
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if A is good or ugly. See [Nakl5, Proof of Prop. 5.9]. The converse is also
true if Eu is surjective.

Proof. We have the graded C[h, zl, . zN] algebra homomorphisms @A
Y,lz1,...,2nv] = Ap and z*(1s) 1 Ah — Aj, the second of which is injec-
tive. So we just need to verify that the image CIDI); is contained in the image
of z* (1)~ L.

It follows immediately from equations (A.3) and (A.5)) that

2(1) " (@) (X)) = ¢3<X}S>>

for X = A, E, F. Now, the elements Ags), Ei(l), Fi(l) generate Y, ® Clz, ...,
zn| as a C[h,z1,...,2n] Poisson algebra (where the Poisson bracket is
{a,b} = +(ab— ba)). Since Ay is almost commutative, Ay is closed under

the Poisson bracket and so the image of ®), is contained in z*(.) "' (Ax). O

The image of 62 is called the truncated shifted Yangian and is denoted
A
Y.
Remark B. 21 It is easy to see that the elements A( ?) for p > a; are sent
to 0 under <I> We conjecture that these elements generate the kernel of <I>
and thus we get a presentation of Y)‘ (the h = 1 specialization of Y/\)

B.9. Specialization to the dominant case
Now, let us assume that y is dominant.

B.9.1. The scheme §G,. Consider the scheme WV, defined as the locus
G1[[z7Y]z* € G((z71))/G[2]. It is the moduli space of pairs (P, o) where P is
a G-bundle on P! of isomorphism type p and o is a trivialization in the formal
neighbourhood of oo, such that P has isomorphism type g and such that
the Harder-Narasimhan flag of P at oo is compatible with B_ C G (under
J). For any A, we have a morphism Wﬁ — W, and a closed embedding
Wi = W, x AN,

For any A and any point z € AN let W be the fibre of Wu — AN
over the point z. The open locus W,j* embeds into W, as the intersection
Wy N G212 C G((27)/Gl2), where 222 = T, (= - 2,

In [KWWY14], we constructed a Poisson structure on W,. Now
[KWWYT4, Theorem 2.5] generalizes immediately to show that W*’* is a



Quiver gauge theories and slices in the affine Grassmannian 153

symplectic leaf of W,. (In the case when G = SL,, this is closely related
to [Shal6l, Theorem 2.2]).
Now, consider the subgroup of G1[[z7!]] defined as

Su={g € Gill=""] | "g2" € G[l=""]]}-

The natural map g — gz* provides an isomorphism G, = W,,.
The following result is [KWWY14, Theorem 3.12].

Theorem B.22. There is an isomorphism of Poisson algebras
V:Y,/hY, — C[S,-]
given by

H( 0—> z {,ex H Awow(,),wow(,)( )Awowiv,wowiv (Z)727

hGQﬂJQl
o(h)=t

E(Z) = AWOSiwi\/7w0w;/ (Z)Awowiv:wnwiv (Z)il,
Ei(z) = Z<“’ai>Awow¥,wosiw¥ (z)Awowy,woin (z)il~

Here Aygwy wowy » €tc. are generalized minors (see [KWWY14l Section 2]
for more explanation) and we define Ay oy wowy (2) € C[Su-]((271)) by

Awow%wowiv (Z)(g) = Awowa,vawowiv (g)

B.9.2. Involutions. Let G — G, g+ g' denote the transpose involution
(it is an antiautomorphism which corresponds to the Lie algebra antiau-
tomorphism given FE; — I, F; — E;, H; — H;). Also, let »_1: G1[[z7Y]] —
G1[[z71]] be the involution given by z + —2z.

If g € G, then 277 g2z#" € Gy[[z7!]] and so (27 gzi")t = 2M gtz €
9#* .

We define an involution i: G- — G,- by i(g) = 27# 3_1(g")2*". We can
extend ito G - x AN by acting by multiplication by —1 on the second factor.

Following Remark we consider an involution i: W* — W* as the
composition of ¢} and »_; and the action of 3(—1), where 6 is the Cowelght

defined by

n

B = Z a; — Z i(n) | wi-

heQq:0(h)=1i

Let us write O: Wﬁ — Wy X AN =~ G x AN for the natural compo-
sition. The following result is immediate.
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Lemma B.23. Up to f(—1), the involutions are compatible with 5. More
precisely,

Uoa(f(—1))oi=1i00.
We also can define an involution on i: Y, — Y, by

Ei(p) N (_1)pFi(P)’ Hi(p) N (—1)p+<“’ai>Hi(p), F‘(P) N (_1)p+(,u,ai>Ei(P)'

(2

Above we defined the map ¥: Y, /hY,, — C[G,-]. A simple computation
shows the following result.

Lemma B.24. The involutions are compatible with ¥. More precisely,
Yoi=ioW.

Finally, we also have the involution iﬁ* : Ag — Ap (where Ay = Ay /hA}R)
defined as in Remark which comes from the isomorphism of varieties
iﬁ: RGL(V),N; = RGL(V*),N;- Note that the Nf; on the right hand side is
computed with respect to the opposite orientation.

In Theorem we defined a homomorphism @ : Y,lz1,. 28] = Ag

and thus a homomorphism Y ,[z1,...,2n]/RY u[21,..., 28] = Ag. We ex-
tend the involution i from Y, to Y,[z1,..., 2n] by setting i(z;) = —z;, for
all k.

Lemma B.25. Up to B(—1), the involutions are compatible with ®. More
precisely,

Foi=a(f(-1)oid, 0T
as maps Y (21, .., 2n|/RY ulz1, .o 2n] — Ao

Proof. Note that we have 1%*([720—]1]) = [Re:,] and iﬁ*([Rw;yl]) =[Ra,,]
Also iﬁ*(cl (8;)) = —c1(9Q;) since under the isomorphism iﬁ: RaL(v) Ny =

Rarv+),Ny from Remark 3.16, we have that iﬁ*(&-) = Q7. Finally, we have

that iﬁ*(ww) = —wj,. B
Hence examining the formulas for ® given in Theorem the result
follows. O

Remark B.26. The involution iﬁ*: Ag — Ap extends to an involution
iﬁ*: Ay — Ap. However, it is easy to see that the map ®: Y, [21,...,2n] —
A}, is not compatible with this involution (not even up to sign). It is possible
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to modify the involution of Y, to make it compatible up to sign, but it will be
given by a bit more complicated formulae (for example E;(z) — —F;(—z +
h)). However, we will not need compatibility at the non-commutative level
in this paper.

B.9.3. Commutativity. We have a surjection
BoW: Y,lz1,...,2n)/AY 1, ., 2n] = C[G, x AN] — CDV).

Recall that in the previous section, we constructed a map

D Y“[Zl, .. .,ZN] — Ah.

On the o‘Eher hand, in Theorem we have constructed an isomorphism
E: CVL] 5 An/hAn.

Lemma B.27. The composition =~ o ® equals U o ¥ as morphisms
Y[z, 28] /RY 21, .. 2n] — C[Wﬁ*]

Proof. Since all the morphisms involved are Poisson Clz1, ..., zy]|-algebra
morphisms, it suffices to check the statement on the generators E; s), AES), Fi(s)
of Y,.

m

Recall that from & we have the morphism sﬁi: Wﬁ — Z% x AN,

where o = \ — . Given a point ([gz*], (21,...,2N)) € Wﬁ, the correspond-
ing principal G-bundle P has associated vector bundle Vg\DV =g (VN ®
Op:1) and invertible subsheaf £yv = gz“*(Vui‘OV)\v ® Op1). Thus the image of
([9z*], (21, - -, zn)) under sﬁ gives the collection of invertible subsheaves

N

gz“*(Vlﬁov)\v ® Op1) ( <w0w,~:,)\v> . zs> c VN ® Op.

s=1

Now, we specialize to AY = w;”. Then the invertible subsheaf is generated
over Op: by

N
<H<Z — ZS)_<’w0wz‘§7w1v>) G2 (Vg,) = Qi(2)Vuwgwy + Pi(2)vgsiwy + -

s=1
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where
N
Q’L(Z) = Awow;/7w0wy (H(Z —_ Zs)_<wowi;‘ 7w1,v>gzp*>
s=1
N
— 5 (p,wy’) H(Z — 5 )(wL , >Aw0w - (9)7
s=1
and

By definition (see [BDF16, 2.2]), Q;(z), P;(z) are related to the coordinates

(wi,ra yi,r) by Qi(wi,r) = 07 Pi(wz,r) = Yir-
Now using the definition of W(H;(z)) given in Theorem and the
definition of A;(z) given in (B.14)), we deduce that

and so ¥(4;(z)) = 27%Q;(z) which agrees with ®.
Next, we consider F;(z). First, we have that

\D(Fl(z)) = Awosiwiv,wowg/ (Z)Awowiv:wowiv (Z)il =

by the above analysis.
We also have that
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On the other hand, we have

a;
-1 H H(_wi,r + wi(h),s)ui,r = Yi,r

heQ,:0(h)=i s=1

(see §3(ii1)) and thus

[1]

= , _ ai Yir _ Pi(z)
r—1 (7 — wiy) H(wi,r — Wjs) Qi(2)
S#T

where the last equality is obtained by Lagrange interpolation.
Thus, the statement holds for F(p )
Finally, we wish to show that 7! o ®(E; B® )) UoV¥(E (p)). It suffices to
prove that this equation holds after applylng i.
Applying Remark and Lemma we deduce that
i(E o B(BY)) = (~1)PE e BH(ET)),

7

where b; = a; — >, ,; a;. However 1(E(p)) = (—l)pFi(p) and above we proved
that 271 o ®(F; £ )) U o Y(F; F )). Thus we conclude that

i(27 0 B(EY)) = (-1)"0 o WE(ED)).
Now, applying Lemmas and we deduce that
UoU(H(EY)) = (1)U o w(EP)).
Thus, we conclude that
i(E7 o B(EY)) =i(Tow(ED)),
and hence =71 o E(Ei(p)) =0o II/(Ei(p)) as desired. O

Corollary B.28. We have an equalzty Y)‘ Ay and in particular, we have
an isomorphism Y, /hY ) = (C[W ).

Proof. The above theorem shows that the inclusion Y’\ — Ay, gives as iso-
morphism Y, /hY ) = Ap/hAp.

Thus each element of Aj; admits a lift modulo A to Y;))' Since Yli‘, A
are graded and the grading is bounded below, this proves the equality. [UJ
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Remark B.29. The isomorphism Y, /RY, = C[Wﬁ] was conjectured in
IKWWYT14]. More precisely, in [KWWYT4], we proved that the map ¥
descended to a surjection Y, /(h, z1,...,2y) = CPV,.] which was an iso-
morphism modulo nilpotents. The above Corollary shows that this map is
an isomorphism. For other points z € AV, this also proves that the corre-
sponding quotient in Y;) is isomorphic to the corresponding fibre of Wﬁ
In [KWWY14], we made a mistake on this point (we stated that this would
always quantize the central fibre).

Remark B.30. If we take p* not dominant, then some of the results of
this section continue to hold. In this case, we defined a version of W,-
and we directly constructed the isomorphism Y /hY = C[W,-] in [FKPT18|
Theorem 5.15] . However, we do not know how to see that W,- has an
intrinsic Poisson structure, nor have we proven the surjectivity of Y, — A
in this situation.
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