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Cartan geometry: a gauge theoretic

approach, I. Tractors

J. ATTARD AND J. FRANCOIS

Tractors and Twistors bundles both provide natural conformally
covariant calculi on 4D-Riemannian manifolds. They have different
origins but are closely related, and usually constructed bottom-up
from prolongation of defining differential equations. We propose
alternative top-down gauge theoretic constructions starting from
the conformal Cartan bundle P and its vectorial E and spinorial E
associated bundles. Our key ingredient is the dressing field method
of gauge symmetry reduction, which allows to exhibit tractors and
twistors and their associated connections as gauge fields of a non-
standard kind as far as Weyl rescaling symmetry is concerned. By
which we mean that they implement the gauge principle but are
of a different geometric nature than the well known differential
geometric objects usually underlying gauge theories. We provide
the corresponding BRST treatment. The present paper deals with
the case of tractors while a companion paper deals with twistors.
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1. Introduction

Following Einstein’s General Relativity (GR), the interest of local scale sym-
metry for physics began with Weyl’'s 1918 unified theory of gravity and
electromagnetism [IH3] which is also the root of the very idea of gauge
symmetry. In 1921 Bach proposed what is now called Weyl or conformal
gravity [4]. Shortly after the inception of Yang-Mills’ 1954 non-abelian the-
ory, Utiyama pioneered the systematic gauging of global symmetry groups
[3, 5] and opened the way for a gauge theoretic formulation of gravitation.
Some twenty years later, in the wake of the interests in supersymmetry, sev-
eral authors investigated formulations of gravity and supergravity, gauging
Poincaré and deSitter groups and their supersymmetric extensions [6HI0].
Some others addressed the gauging of the full 15-parameters conformal group
SO(2,4)E| which extends the 10-parameters Poincaré group by 4 special
conformal transformations — also known as inversions or conformal boosts
— and Weyl rescalings [I5H20]. Since the mid 80’s to this day conformal
symmetry is central to subjects generating a vast literature such as phase
transitions in statistical physics, conformal field theory (CFT) and string
theory.

In the midst of this story, in the 60’s and early 70’s, Penrose followed
its own original path and devised twistor theory as an alternative frame-
work for physics, and quantum gravity, in which conformal symmetry is
pivotal [21H24]. In twistor theory spinors quantities take over the role of
tensors and the — conformally compactified — Minkowski space is seen as
secondary, emerging from a more fundamental twistor space hoped to be
more fit for quantization. A generalization to arbitrary pseudo-riemannian
manifolds gave rise to the concept of local twistors, which provides a con-
formal spinorial calculus. Twistor theory remains an active area of research
in physics.

Parallel progresses unfolded in mathematics. The renewal of differen-
tial geometry through the development of the theory of connections sparked
by Einstein’s GR and the current of ideas aiming at its improvement by
unified field theories, is well documented (see e.g [25]). It started with the
theory of parallel transport of Levi-Civita and Schouten in 1917 and 1918
and came to a climax in 1922-1926 with Cartan’s notion of moving frames
and espaces généralisés. Those are manifolds with torsion in addition to
curvature and classic examples are manifolds endowed with projective and

'First introduced to physics, according to [I1], by [12] and [13} [14] in connection
with Special Relativity and the invariance of Maxwell’s equations.
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conformal connections. The next important step was achieved in the late
30’s when Whitney gave the first definition of fibered manifolds. Then, in
the late 40’s and early 50’s Ehresman, student of Cartan, proposed a notion
of connection on fibered manifolds, superseding that of Cartan connection
by its abstractness and generality. During the following twenty years, the ge-
ometry of Ehresmann connections on fiber bundles came to be recognized as
the mathematical underpinning of Yang-Mills theories. After being largely
overlooked, Cartan connections were more recently acknowledged as the ad-
equate framework for gravitational theories, see e.g [20] 27].

Early in this story, in 1925-26, Thomas independently developed a cal-
culus on conformal (and projective) manifolds, analogous to Ricci calculus
on Riemannian manifolds, alternative to Cartan’s viewpoint. His work was
rediscovered and expanded in [28] where it was given its modern guise as a
vector bundle called standard tractor bundle endowed with a linear connec-
tion, the tractor connection. In recent years this conformal tractor calculus
has been of interest for physicists, see e.g [29, 30]

Tractors and twistors are closely linked. It has been noticed that both
define vector bundles associated to the conformal Cartan principal bundle
P(M, H), with H the parabolic subgroup of SO(2, 4)E| comprising Lorentz,
Weyl and conformal boost symmetries, and that tractor and twistor connec-
tions are induced by the so-called normal Cartan connection wy on P. See
e.g [31] for the twistor case.

In standard presentations however, both tractors and local twistors are
constructed through the prolongation of defining differential equations de-
fined on a Riemannian manifold (M, g): the Almost Einstein (AE) equation
and twistor equation respectively. The systems thus obtained are linear and
closed, so that they can be rewritten as linear operators acting on multiplets
of variables called parallel tractors and global twistors respectively. The be-
havior of the latter under Weyl rescaling of the underlying metric is given by
definition and commutes with the actions of their associated linear opera-
tors, which are then respectively called tractor and twistor connections. The
multiplets are then seen as parallel sections of vectors bundles, the tractor
and local twistor bundles, endowed with their linear connections. For the
procedure in the tractor case see [28], or [32] for a more recent and detailed
review. For the twistor case see the classic [33], or even [34] which generalizes
the twistor construction to paraconformal (PCF) manifolds.

2In the case of tractors this generalizes to SO(r + 1,s + 1) if M is a Lorentzian
(r, s)-manifold. For twistors M must be 4-dimensional.
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This constructive procedure via prolongation has been deemed more
explicit [34], more intuitive and direct [2§] than the viewpoint in terms of
vector bundles associated to P(M, H). Since it starts from (M, g) to built
a gauge structure on top of it — vector bundles endowed with connections
— we may call-it a “bottom-up” approach.

Here and in a companion paper, we would like to put forward a “top-
down” approach to tractors and twistors that relies on a gauge theoretic
method of gauge symmetry reduction: the dressing field method. Given a
gauge structure (fiber bundles with connections) on M, this method al-
lows to systematically construct partially gauge-invariant composite fields
built from the usual gauge fields and a so-called dressing field. According
to the transformations of the latter under the residual gauge symmetry, the
composite fields display interesting properties. In a noticeable case they are
actually gauge fields of non-standard kind, meaning that they implement
the gauge principle but are not of the same geometric nature as the usual
Yang-Mills fields. The dressing field method fits in the BRST framework.

When the gauge structure on M is the conformal Cartan bundle
P(M, H) endowed with a Cartan connection and two vector bundles E and
E associated to the defining representation R® and spin representation C* of
S0O(2,4), the dressing field method allows to erase the conformal boost gauge
symmetry. The composite fields obtained by dressing of the sections of F
and E are exactly tractors and twistors, while the dressed Cartan connection
straightforwardly induces generalized tractor and twistor covariant deriva-
tives. If the normal Cartan connection is dressed, these reduce exactly to
the tractor and twistor derivatives. We stress that tractors and twistors thus
obtained, while being genuine standard gauge fields with respect to (w.r.t)
Lorentz gauge symmetry, are examples of non-standard gauge field alluded
to above w.r.t Weyl gauge symmetry. This, we think, is a new consideration
worth emphasizing.

Twistors will be dealt with in a companion paper. The present one fo-
cuses on tractors and is organized as follows. In Section [2| we review the
basics of differential geometry underlying gauge theories, including Cartan
geometry, as well as the BRST formalism, so as to fix notations and define
useful concepts.

In Section [3| we review in great details the dressing field method of
gauge symmetry reduction. We prove a number of general propositions for
subsequent use, with special emphasis on the emergence of the composite
fields as gauge fields of a non-standard kind. We also cover the local aspects,
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necessary for physics, and provide the BRST treatment. This is the most
comprehensive presentation of the method yet, besides [35].

Then in Section 4] we put this material to use: after a brief review of
the “bottom-up” procedure for tractors, we construct tractors and tractor
connection “top-down” from the conformal Cartan bundle through two suc-
cessive dressing operations. Residual Lorentz and Weyl gauge symmetries
are analyzed both at the finite and BRST level. We summarize our main
results and gather our comments in our conclusion

2. The geometry of gauge fields

Gauge theories are a cornerstone of modern physics built on the principle
that the fundamental interactions originate from local symmetries called
gauge symmetries. The mathematics underlying classical gauge theories is
now widely known to be the differential geometry of fiber bundles and con-
nections supplemented by the differential algebraic BRST approach. Of these
we briefly recall the basic features in this section, if only to fix notations,
before exposing the dressing field method in the next.

2.1. Basic differential geometry

Let P(M, H) be a principal fiber bundle over a smooth n-dimensional man-
ifold M, with structure Lie group H and projection map 7 : P — M. Given
a representation (p, V') for H we have the associated bundle £ := P x,V,
whose sections are in bijective correspondence with p-equivariant maps on
P: g eT(E) « ¢ € A°P,p).

Given the right-action Rpp = ph of H on P, a V-valued n-form [ is said
p-equivariant iff R} = p(h~')B. Let X” € VPP C TP be a vertical vector
field induced by the infinitesimal action of X € h = LieH on P. A form g
is said horizontal if 5(X",...) =0. A form g is said (p, V')-tensorial if it is
both horizontal and p-equivariant.

Let w € AY(P,h) be a choice of connection on P: it is Ad-equivariant
and satisfies w(X") = X. The horizontal subbundle HP C TP, the non-
canonical complement of VP, is defined by kerw. Given Y € HP the hor-
izontal projection of a vector field Y € TP, the covariant derivative of a
p-form « is defined by Da := da(Y{,..., Y.

The connection’s curvature form €2 € Ag(P, b) is defined as its covariant
derivative, but is algebraically given by the Cartan structure equation {2 =
dw + %[w, w]. Given a (p, V')-tensorial p-forms /3 on P, its covariant derivative
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is a (p, V)-tensorial (p + 1)-form algebraically given by DS = dS + p.(w)p.
Furthermore D23 = p.(Q)4.

Since ¢ is a (p, V')-tensorial 0-form, its covariant derivative is the (p, V)-
tensorial 1-form Dy := dp + p.(w)p. The section ¢ is said parallel if Dy = 0.
One can show that the curvature 2 is a (Ad, h)-tensorial 2-form, so its co-
variant derivative is D2 = dQ + ad(w)Q = d2 + [w, 2]. Given the Cartan
structure equation, this vanishes identically and provides the Bianchi iden-
tity DQ = 0.

Given a local section o : U C M — P, we have that o*w € A (U, ) is a
Yang—Mills gauge potential, 0*Q2 € A%2(U, h) is the Yang-Mills field strength
and o*p is a matter field, while 0* Dy = do*p + p.(c*w)o* ¢ is the minimal
coupling of the matter field to the gauge potential.

The group of vertical automorphisms of P,
Auty(P):={®:P —-P | he H ®(ph)=P(p)hand mo ® =7}

is isomorphic to the gauge group H := {’y :P— H | Rjv(p) = h (p h}
the isomorphism being ®(p) = py(p). The composition law of Aut,(P),
P5Py := Py 0 Dy, implies that the gauge group acts on itself by ~]* :=
v ‘e

The gauge group H ~ Aut,(P) acts on the connection, curvature and
(p, V)-tensorial forms as,

(1) wi=w=9"wy+y 'dy, Q' :=0*Q=7""Q,
p7 =0 0 =p(y e, and (Dg)?=D7p" =" Dy =p(y"")De.

These are active gauge transformations, formally identical but to be concep-
tually distinguished from passive gauge transformations relating two local
descriptions of the same global objects. Given two local sections related via
09 = o1h, either over the same open set U of M or over the overlap of two
open sets U; NUs, one finds

(2) osw="h"totwh+h7tdh, o3 =h"loiQ A,
o5 = p(h™Hote, and 05Dy = p(h™)aiDy.
This distinction between active vs passive gauge transformations is remi-

niscent of the distinction diffeomorphism vs coordinate transformations in
General Relativity.

If the manifold is equipped with a (r, s)-Lorentzian metric allowing for a
Hodge star operator, and if V' is equipped with an inner product ( ,), then
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the prototypical Yang-Mills Lagrangian m-form for a gauge theory is
L(c*w,0%¢) = 3 Tr[o*Q A #(0*Q)] + (0" Dy, x* Dip) — U(c*p),

where U is a potential term for the matter field, as is necessary for the
spontaneous symmetry breaking (SSB) mechanism in the electroweak sector
of the Standard Model.

2.2. Cartan geometry

Connections w on P such as described, known as Ehresmann or principal
connections, are well suited to describe Yang-Mills fields of gauge theory.
They are the heirs of another notion of connection, best suited to describe
gravity in a gauge theoretical way: Cartan connections. A Cartan connec-
tion w on a principal bundle P(M, H), beside satisfying the two defining
properties of a principal connection, defines an absolute parallelism on P.
A bundle equipped with a Cartan connection is a Cartan geometry, noted
(P, w).

Explicitly, given a Lie algebra g D b with dim g = dim 7,,P for which a
group is not necessarily chosen, a Cartan connection is w € A(P, g) satisfy-
ing: w(X") = X, Rjw = Adj,—w and w), : T,P — g is a linear isomorphism
Vp € P. This last defining property implies that the geometry of the bundle
P is much more intimately related to the geometry of the base spacetime
manifold M, hence the fitness of Cartan geometry to describe gravity in the
spirit of Einstein’s insight. Concretely one can show that TM ~ P x g g/b,
and the image of @ under the projection 7: g — g/bh defines a generalized
soldering form, 6 := 7(w). The latter, more commonly known as the vielbein
in the physics literature, implements (a version of)) the equivalence principle
and accounts for the specificities of gravity among other gauge interactions.
The (Ad, g)-tensorial curvature 2-form € of @ is defined through the Car-
tan structure equation: Q = dow + %[w, w]. Its g/b-part is the torsion 2-form
0 :=71(Q).

Given a Ady-invariant bilinear form 7 of signature (r, s) on g/h, a (r, s)-
metric g on M is induced via w according to g(X,Y") :=n (6*0(X),c*0(Y)),
for X, Y € TM and o : U C M — P a trivializing section.

In the case g admits a Ady-invariant splitting h + g/b, the Cartan ge-
ometry is said reductive. Then one has w = w + 6, where w is a principal
H-connection, and Q = Q + © with © the curvature of w. As an example,
the Cartan geometry with (g,h) the Poincaré and Lorentz Lie algebras is
Riemann geometry with torsion.
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Given a group G and a closed subgroup H, G/H is a homogeneous
manifold and G = G /H is a H-principal bundle. The Maurer-Cartan form
we on G is a flat Cartan connection. So (G, wg) is a flat Cartan geometry,
sometimes referred to as the Klein model for the geometry (P, w), which is
thus said to be of type (G, H).

Let V be a (g, H)-module, i.e it supports a g-action p, and a H-represen-
tation p whose differential coincides with the restriction of the g-action to
bh. The Cartan connection defines a covariant derivative on (p, V')-tensorial
forms. On sections of associated bundles, i.e on p-equivariant maps ¢, we
have: Dy := dp + p«(w@)p. As usual D?p = p.(Q)p. On the curvature it
gives the Bianchi identity: DQ = dQ + [, Q] = 0.

The gauge group H ~ Aut,(P) acts on @ and Q as it does on w and {2
in . The definition of local representatives via sections of P, local gauge
transformations and gluing properties thereof proceeds as in the standard
case.

2.3. The BRST framework

The infinitesimal version of ([1)) can be captured by the so-called BRST differ-
ential algebra. Abstractly [36] it is a bigraded differential algebra generated
by {w, 2, v, x} where v is the so-called ghost and the generators are respec-
tively of degrees (1,0), (2,0), (0,1) and (1,1). It is endowed with two nilpo-
tent antiderivations d and s, homogeneous of degrees (1,0) and (0, 1) respec-
tively, with vanishing anticommutator: d?> = 0 = s2, sd + ds = 0. The alge-
bra is equipped with a bigraded commutator [a, ] := aff — (—)degleldeelf] gq,
Notice that if the commutator vanishes identically, the BRST algebra is a
bigraded commutative differential algebra. The action of d is defined on the
generators by: dw = Q — %[w,w] (Cartan structure equation), dQ2 = [Q,w]
(Bianchi identity), dv = x and dx = 0. The action of the BRST operator on
the generators gives the usual defining relations of the BRST algebra,

(3) sw=—dv—[w,v], sQ=[Qv], and sv=—1[v,v].

Defining the degree (1,1) homogeneous antiderivation d:=d+ s and so-
called algebraic connection w 1= w + v, can be compactly rewritten as
Q= dw + }[&,®] = Q. This is known as the “russian formula” [37, 38| or
“horizontality condition” [39, 40]. One is free to supplement this algebra
with an element ¢ of degrees (0,0) supporting a linear representation p, of
the algebra as well as the action of the antiderivations, so that upon defining
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D :=d + p.(w) one has consistently D?p = p,(Q)p and

(4) s =—p«(v)p, and sDp = —p.(v)Dyp.

When the abstract BRST algebra is realized in the above differential
geometric setup, the bigrading is according to the de Rham form degree and
ghost degree, d is the de Rham differential on P (or M) and s is the de
Rham operator on H. The ghost is the Maurer-Cartan form on H so that
v € AY(H,LieH), and given £ € TH, v(§) : P — b € LieH [41]. So in practice
the ghost can be seen as a map v : P — h € LieH, a place holder that takes
over the role of the infinitesimal gauge parameter. Thus the first two relations
of and reproduce the infinitesimal gauge transformations of the gauge
fields (1), while the third equation in is the Maurer-Cartan structure
equation for the gauge group H.

The BRST framework provides an algebraic way to characterize relevant
quantities in gauge theories, such as admissible Lagrangian forms, observ-
ables and anomalies. Quantities of degree (r,g) that are s-closed, that is
s-cocycles € Z™9(s) := ker s, are gauge invariant. Quantities of degree (r, g)
that are s-exact are s-coboundaries € B"9(s) := Im s. Since s> = 0 obvi-
ously B™9(s) C Z™9(s) and one defines the s-cohomology group H™9(s) :=
Z"™9(s)/B™(s), elements of which differing only by a coboundary, ¢ = ¢ +
sb, define the same cohomology class. Non-trivial Lagrangians and observ-
ables must belong to H™*(s) E| For example, given a properly gauge invariant
Yang-Mills Lagrangian L, sL = 0, the prototypical Faddeev-Popov gauge-
fixed Lagrangian is L' = L + sb, where b is of degree (n, —1) (since it involves
an antighost, not treated here), and both belong to the same s-cohomology
class in H™Y(s). Wess-Zumino consistent gauge anomalies A — quantum
gauge symmetry breaking of the quantum action W = €5, sW = A — be-
long to H™!(s).

3. Reduction of gauge symmetries:
the dressing field method

As insightful as the gauge principle is, gauge theories suffer from prima facie
problems such as an ill-defined quantization procedure due to the divergence

3If suitable boundary conditions are imposed on the fields of the theory or if
the spacetime manifold is boundaryless, the requirement of quasi-invariance of the
Lagrangian, sL = da, is enough to ensure the invariance of the action, S = [ L. So
that one may consider H™9(s|d), the s-modulo-d-cohomology instead of the strict
s-cohomology.
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of their path integral, and the masslessness of the interaction mediating fields
(at odds with the phenomenology of the weak interaction). These drawbacks
are rooted in the very thing that is the prime appeal of gauge theories: the
gauge symmetry. Hence the necessity to come-up with strategies to reduce
it. Broadly, two standard strategies to do so, addressing either problems
respectively, are gauge fixings and SSB mechanisms. Furthermore, similarly
to what happens in General Relativity (GR), it may not be straightforward
to extract physical observables in gauge theories. In GR, observables must
be diffeomorphism-invariant. In gauge theories, observables must be gauge-
invariant, e.g: the abelian (Maxwell-Faraday) field strength or Wilson loops.

The dressing field approach is a third way, besides gauge fixing and SSB,
to systematically reduce gauge symmetries. As such it may dispense to fix a
gauge, can be a substitute to SSB (see [35], 42} [43]) and provides candidate
physical observables.

3.1. Composite fields

Let P(M, H) be a principal bundle equipped with a connection w with
curvature €2, and let ¢ be a p-equivariant map on P to be considered as a
section of the associated vector bundle £ =P x g V. The gauge group is
H ~ Aut,(P). The main content of the dressing field approach as a gauge
symmetry reduction scheme is in the following

Proposition 1. If K and G are subgroups of H such that K CG C H.
Note IC C H the gauge subgroup associated with K. Suppose there ezists a
map

(5) w:P —G defined by its K -equivariance property — Rju =k u,

This map u, that we will call a dressing field, allows to construct through
f:P — P given by f(p) = pu(p), the following composite fields

u 1

w = fu=u"
QY= f*Q = u'Qu = dw" + ", w"],
"= fro = plu e,

and  D'¢" := f*Dip = p(u~") Dy = dg" + p.(w*)e",

wu + u " tdu,

(6)

which are K-invariant, K-horizontal and thus project on the quotient sub-
bundle P/K C P.
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Proof. The K-invariance of the composite fields @ is most readily proven.
Indeed from the definition (b)) one has f(pk) = f(p) so that f : P - P/K C
P and given ®(p) = py(p) with v € K C H, one has ®*f* = (f o ®)* = f*.
Before proving the K-horizontality, let us work out the expressions of the
composite fields.

Let X € TP be a vector field with flow ¢, t € R and ¢y = p. The
pushforward of X, € T,P under fis fiXp = dtf((ﬁt)]t:o = %qﬁtu(@)]t:g =

%@!t:ou(?) +Pdt (¢t)|t 0 = Liy(p)« +Xp -I—Pdt u(¢¢)|t=0. Now the g = LieG-
valued 1-form u~1du is such that

[u™ dulp(Xp) = u(p) (X - u)(p) = u(p) " Lu(dr)|i=0 € g C b.

The associated vertical vector field at the point f(p) is:

{lu™ dulp(Xp)}y ) = depu(p)et M| o = plu(dy)li=o-
Hence the final expression for the pushforward,

f*Xp_Ru(p X +{ ldu ( p)};u(p)

This allows to easily find the pullback of the connection and its curvature:

(f*w)p(Xp) = Wpu(p) (f+Xp) = Wpu(p) (R (p)+Xp +{[u ~Hdul,( p)};;u(p))
= RZ(p)wpu(p) (Xp) + [u_ldu]p(Xp),
= (Ady—w+u™ du) (Xp).

(f*Q)p(vaYp) = sz(p)(f*va f*Yp) = qu(p)(R (p)* vaRu(p) )
= Ry, (X, Yp) = (Adu_lg)p(Xp,Yp).

Clearly the Cartan structure equation holds between f*() and f*w. The

pullback of ¢ by f is easily found to be (f*p)(p) = ¢(f(p)) = ¢(pu(p)) =
p(u(p) Hp(p) = (p(u=1)e)(p). The result for f*Dy goes similarly.

NB. The dressing field can be equally defined by its K-gauge transformation:
uY =~y lu, with v € K C H. Indeed, given ® associated to v € K and :
(u")(p) = ®*u(p) = w(®(p)) = u(py(p)) = ¥(p) "u(p) = (y~'u)(p). This to-
gether with (| . ) makes easy to check algebraically that the comp051te fields
(6) are K-invariant indeed, according to (x*)” = (x")*" = (x?)? ™ = x I

1We use x = {w,Q, ¢, ...} to denote a generic variable when performing an op-
eration that applies equally well to any specific one.
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The K-horizontality of ¢* as a O-form is trivial. So it is for Q% since €2
is tensorial. To prove it for w" and D"¢" requires some writing. First, given
XV € VP generated by X € £ = LieK C b,

WHXY) = uT (X )u 4+ du(X )
=u ' Xu+u ' XV u=u"tXu+ u_I%u(petX) l+=0,
= v Xu+ u_I%e_tXu(p)h:O = u ' Xu+uH(—=X)u=0.

Then,

Du(pu(Xv) — ngu(Xv) +p* (wu(Xv))(Pu
= 49" (') li=0 = " (p)l1=0 = 0.

The composites fields (@ are then C-invariant and K-horizontal and project
on the quotient subbundle P/K C P. O

Several comments are in order. First, in the event that G D H then
one has to assume that the H-bundle P is a subbundle of a G-bundle, and
mutatis mutandis the proposition still holds. Such a situation occurs when
P is a reduction of a frame bundle (of unspecified order) as the main object
of this paper will illustrate.

Second, if K = H then the composited fields @ are H-invariant, the
gauge symmetry is fully reduced, and they live on P/H ~ M. This shows
that the existence of a global dressing field is a strong constraint on the
topology of the bundle P: a K-dressing field means that the bundle is trivial
along the K-subgroup, P ~ P/K x K, while a H-dressing field means its
triviality, P ~ M x H.

Notice that despite the formal similarity with (or ), the composite
fields @ are not gauge transformed fields. Indeed the defining equivariance
property of the dressing field implies u ¢ H, and f ¢ Aut,(P). As a
consequence, in general the composite fields do not belong to the gauge orbits
of the original fields: x* ¢ O(x). The dressing field method then shouldn’t
be mistaken for a mere gauge fixing.

3.2. Residual gauge symmetry

Since in general H/K is a coset, its action on the dressing field u is left
unspecified and may depend heavily on specifics of the situation at hand.
Then in general nothing can be said of the transformation properties of the
composite fields under H/K. But interesting things happen if K is a normal
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subgroup, K < H, so that H/K is a group that we note J for convenience.
The quotient bundle P/K is then a J-principal bundle noted P’ = P'(M, J).
We discuss two most important such cases in the following subsections.

3.2.1. The composite fields as genuine gauge fields.

Proposition 2. Letu be a K-dressing field on P. Suppose its J-equivariance
s given by

(7) Riu = Adj-1u, with j € J.

Then the dressed connection w" is a J-principal connection on P’. That is,
for X €j and j € J, w" satisfies: w"(X") = X and Rjw" = Adj-w". Its
curvature is given by Q.

Also, " is a (p, V)-tensorial map on P’ and can be seen as a section of the
associated bundle E' = P’ x ; V. The covariant derivative on such sections
is given by D" = d + p(w").

Proof. Proving w" to be a connection involves quite straightforward calcu-
lations. First,

wy(Xp) =u

|
2

dru (pe'™) li=o
eftXu(p)etX) |t:0

Ju(p) + X = X.

|
g

L
!
>

(p)
= u(p)
= u(p) ' Xu
= u(p)

(p)

€ & & &
~ I~~~
\/3\/\/

L

&=

—~

Then one finds,

(Riw")p(X,) = wp; (R Xp)
= u(pj) Wi (R XY) u(ps) + u(ps) " duy; (Rj X7
= u(pj) 'Adj- X u(pj) + 5 ulp) i G (pe 5) =0
= u(p) ' Xu(p)j + 5 u(p) i (G e N u(p)e™ 5) o
= ulp) " Xu(p)j + 5 ulp)(—X)u(p)j
+ 5 ulp) Y i u(p) X
=1 Xj = (Adjw")y(Xp).

Which allows to conclude. Now since in any event the Cartan structure
equation holds between Q* and w, if the latter is a genuine connection the
former is its curvature.
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As for " we have

(Ri")(p) = ¢"(p3) = (p(u™)) (p3) = p(u(pi) ™ )e(p])

So that ¢* is indeed a (p,V)-equivariant map on P’ and a section of the
associated bundle E' = P’ x ; V. The covariant derivative being D* = d +
p(w") is then standard. O

From this we immediately deduce the following

Corollary 3. The transformation of the composite fields under the residual
J -gauge symmetry is found in the usual way to be

(wu)'y’ — P — ,y/—lwu,)// + ’Y/_ld’)/,
(Qu)'y — drOv — ,Y/—lQu l’

(") = @™ = p(7/ )",

and (D"¢") = " D"g" = p(y/~") D",

’

(8)

with ® € Aut(P') ~ J > +.

Proof. As said, the result follows in the usual geometric way. But there is a
more algebraic derivation. For ® € Aut,(P’) one has, using (7), (u?) (p) :=

(®"u)(p) = u(®(p) = u(p'(p)) = 7' () 'u(p)¥'(p) = (v'"'uy")(p). So, us-
ing again the generic variable x one finds that

Which proves . O

NB. The relation v =+~ 'uy’ can be taken as an alternative to as a
condition on the dressing field .

Further dressing operations. In the case where holds so that the
composite/dressed fields (6)) are K-invariant but genuine J-gauge fields with
residual gauge transformation given by , the question stands as to the
possibility to perform a further dressing operation.

Suppose a second dressing field u’ for the residual symmetry is available.
It would be defined by u/? = ~'~!u/ for v/ € J. But in order to not spoil



Tractors and Twistors from conformal Cartan geometry 1845

the K-invariance obtained from the first dressing field u, the second dressing
field should satisfy the compatibility condition

(9) Riu' =v', forke K. Oraltenatively: /7 =u', for~ye€ K.
In this case indeed:

(x)" = 0oy = oy =y, v ek
=1,

(qu,)v’ _ <X7/>m u'” _ <X7,>“f” uwy' ' e

We see that the defining properties of the dressing fields u and v/, together
with their compatibility conditions and implies that wu' can be
treated as a single dressing for H:

’

(uuz)w’ _ ((uu/)V)’Y = (v Lu)”

’ -1 — _ _
_ (77) ’)/ 1U’)// ’Y/ 1u/ _ 7/ 1’yfluu/ _ (’y’)/)*luu/.

The extension of this scheme to any number of dressing field is straightfor-
ward, the details can be found in [35].

3.2.2. The composite fields as a new kind of gauge fields. Before
turning to this next case we need to introduce some definitions. Let G' D G
be a Lie group for which representations (p, V') of G are also representations
of G'. Let there be a C*®°-map C : P x J — G’, (p, j) — Cp(j), satisfying

(10) Cp(45") = Cp(4)C; (47)-

From this we have that Cp(e) = e, for e the identity in both J and G’, and
Cp(j)™ = Cp;i(j71). Its differential is

dC(p5) = dC(j)p +dCy; : TPP@@-J%TC{)U)G',

P.J)
where ker dC(j) = T;J and ker dC,, = T),P with by definition

dC(j)p(Xp) = £C4,(j)li=0, &t the flow of X € TP and ¢y = p,
dCy;(Y;) = %Cp((pt)’t:(), ¢ the flow of Y € T'J and p—¢ = J.

Notice that Cp(j)_ldc(p,j) :T,P o T;J — T.G' = ¢.

We are now ready to state our next result as the following
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Proposition 4. Letu be a K-dressing field on P. Suppose its J-equivariance
s given by

(11)  (Rju)(p) = i u(p)Cy(j), with § € J and C' a map as above.

Then W* satisfies
1) wp(Xp) = ¢p(X) = FC ()0, for X € and X € V,P".
2) Rjwt = () rCl) + C())HC().
So w" is a kind of generalized connection 1-form. Its curvature Q% is J-

horizontal and satisfies R;Q" = C(j)~1QuC(j). Also, ¢* is a p(C)-equi-

1w

variant map, R;o" =p(C(j)) ™. The first order differential operator
D" :=d + p«(w") is a natural covariant derivative on such " so that D"@"
is a (p(C),V)-tensorial form:

RIDg" = p(C(j)) "' D" and (D"g"),(X2) = 0.
Proof. Consider X" € VP,

W (XD) = ulp

p\Ap _lwp(X;)u(P) +u(p) 4 u(pe™)|i=o
1

)
= u(p)~ Xu(p) + ulp) ' Fe U(p)Cp(etX)!t:Ov
= u(p) )

(

Take now X, € T, P’ with flow ¢,

(R;'Wu)p(Xp) = W;j (Rj*Xp)
= u(ps) " wp; (Rje Xp))u(pi) + u(ps) ™" Fu(bed)li=o,
ZCp(j)*IU(p)’led lwp(Xp)fl’U(p)Cp(j)
+upg) "t i uldn)Co, () i=o,

=C ( ) u(p)wp(X. ) (P)Cp(7)
Cp(5) " ulp) ™t ru(@e) e=0Cp (7) + Cp(1) ™" Co, (4) le=o,
(J) tu(p)up(X ) (P)Cp(7)
Cp() ™ ulp) ™ dup(X,)Cp () + Cp (J) 1dC(j)p(Xp),
( (1)1 C () + C(H)THC (), (Xp)
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The J-horizontality of Q“ follows from that of €. Its equivariance property is
proved either in a way similar as above, or from the Cartan structure equa-
tion and using the just proved equivariance of w“. The equivariance of "
is found in a one line calculation: (R;¢")(p) = ¢"(pj) = p(u(pi))"to(pj) =

P (Co(3) ulp)~5) p(i~)e(p) = p(Cp(5)~")¢"(p). From this and the two
properties of w" we easily prove that D" is indeed a covariant derivative for

©*. On the one hand the equivariance:
(B D"0")p(Xp) = digp; (RjsXp) + pulwiy) (R Xp) 0" (p),
= 40" (P1d)|i=0 + P (Riwp) (Xp)p (Cp(5) ") " (p),
= 40 (Co.()7) 9" @)li=0 + pu (Coli) 1w Co(4)
+Cylj) 1 dC () ) )2 (Coi) ™) ¢ (),
= 1. (dc<> L) (X0 () + 9 (Col(i) ™) dep ()
( l)p (Xp)
- . (dO() )< 26" (),
= (p(C(G)) D"e"),, (Xy).
On the other hand, the horizontality:
(D"@05) = g () + () (X5)0" )
a%so (pe') li=o + px (e(X)) " (p),
=40 (Cp () )\t ow<p>+%p< (%)) |z ®)
= &0 (Co ()71 Gy () |, () = 0.

From this we can find the transformations of the composite fields un-
der the residual gauge group J ~ Aut,(P’). But first, we again need some
preliminary results. Consider ®' € Aut,(P’) ~+' € J, the residual gauge
transformation of the dressing field is

(12)  («) @) = (@"w)(p) = up' (1) =7 () ulp)C, (+' ()
= (v"'uc()) ().

NB. This relation can be taken as an alternative to as a condition on
the dressing field u.
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We witness the introduction of the map C'(y') : P’ = G, p— C, (7 (p))- It
is given by the composition serie

PEA P xp L g L
pr— (p,p) — (1.7 (p)) — Cp (Y () -
Its differential dC(v') : TyP" — T, ((p)) G’ is given by
dC(+') = dC o (id & dy') o dA.

So given X, € TP’ with flow ¢; and dv,(X}) € Ty(,)J, we have explicitly

(13)  dO(M)p(Xp) = dC (¥ (9) , ® dCppy) (Xp + drp (X))
= dC (v(p)) ), (Xp) + dCylr(p) (d,(Xp)) »
=dC (7’(19))‘ +dC p(V)1p(Xp)

Co, (V' (P)) le= o+dt0 (7' (¢1)) le=o-

Notice that C), (7’(;0))71 dC(Y), : T,P' - T.G' = ¢

We are now ready to give the transformations of the composite fields
under the residual gauge group.

Proposition 5. Given ®' € Aut,(P') ~~+' € J, the residual gauge trans-
formations of the composite fields are

/

(W) = 0" = C(y) W C(Y) + C()1C (),

(QU)'y’ L (I)/*Qu _ ( /) 1QuC( /)
(") =" " =p(C(Y)!) ¢

and (Du u) (I),*Du@u_p(C(’)/) )Dusou‘

(14)

So, the composite fields @ behave as gauge fields of a new kind, and im-
plement the gauge principle — or principle of local symmetry — of field
theory in Physics.

Proof. The pushforward of X, € T,P’ under & € Aut,(P')~+" € J is
PLXp = Ry(p)Xp + {[ a 1d’y] (X )} So the pullback of w" is

@' (p)’

%, U u u -1 v
(@w")p(Xp) = i) (@X) = Wiy (Brine X + {10 7 10(X0) i) -

- ( i’(P)wu)p (Xp) + oy (p) (hlildy]p(Xp)) .
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Now by definition of ¢, and using

Cpvy'(p) (W_ld’/]p(Xp)) = %va’(p) (7/(19)_1’/ (ot) }t 0
)

Hence, using to conclude, we get

(@"w")y(X,) = (C (V) w"C (Y1) + C (Y (0) " dC( () (X,)
+ Gyl ()M () (X,

= (c) e )+ () aen) ().
The pullback of Q% is

(Q)I*Qu)p(va Yp) = %’(p)<¢*Xp’ $+Y)p)
- Qg’(p)(Rw’(p)*XP’ Ry ) Yp)
= (Byp®") (Xp.%;),
— () O BY), (X )
= (C(Y)T'C(M), (Xp, Vo).

The tensoriality of Q% has been used. The pullback of " is easily found to
be

(@"0") (0) = " (Y (P)) = P (Co(¥ () ™") ©“(p) = (P (C(Y) ") ") (p).

The proof for D"¢* goes similarly.

Remark. Given the residual gauge transformation of the dressing field
and the usual J-gauge transformations for the standard gauge fields x;,
the above geometrical proof secures the more direct algebraic calculation:

(") = () = ()OO = (), O
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NB. Under a further gauge transformation ¥ € Aut,(P’') ~ n € J, the dress-
ing field behaves as

(U (@) (p) = (20 ¥)"u) (p) = u (®(pn(p))
)

=n(p) "' v(p) " ulp)Cp (v(p)n(p)) -

This secures the fact that the action of the residual gauge symmetry
on the composites fields is well-behaved as a representation.

Further dressing operations. In the case where holds, the com-
posite/dressed fields @ are KC-invariant but J-gauge fields of a new kind
with gauge transformations given by . As such they implement the gauge
principle of field theory in Physics, so the dressing field philosophy applies,
as shown in the following

Proposition 6. Suppose a J-dressing field u' : P’ — J is available. Then
the map C(u') : P — G', p— Cp(u(p)) is a C(J)-dressing field and its T -
gauge transformation is C(u')Y = C(v")~1C(u)

Proof. The J-dressing field v’ is defined by Riu' = j~ M for j € J. So the
equivariance of C(u’) is
(REC()) (p) = Cpj (u'(pd)) = Cp(5) ™' Cp(5v (p4))
= Cp(4) Gy (p)) = (C(H) ' C (W) ().
This is indeed the defining property of a C(J)-dressing field. Given @' €
Aut,(P') ~~" € J, its gauge transformation is
(C@)") ) = (@ CW)) () = (Roy C)) ()
= Cpy(Y(9)) G (p) = (C(Y)HCOW) (v). O
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In order to not spoil the K-invariance obtained from the first dressing field
u, in addition for v/ to satisfy @D, the K-equivariance of the map C), should
be trivial: R;;Cp, = Cp. In this case indeed the C(J)-dressing is K-invariant:

(REC(1) (p) = Cy((ph)) = Cp((p)) = (C(w)) (p). S0 ome has
(XuC’(u’)>’y _ (X'y)u"*C(u’)“’ _ (X’y)'y’luC(u’) _ XuC(u/)’ v eK.

(Xuc(u/)>7' _ (XVI)WIC(U,W _ <X’y,>’y'_1u0('y’) C(y)'C(w)

The properties of the dressing fields v and C'(u’) implies that uC(u’) can be
treated as a single dressing for H:

(@O W) = (uC@))")" = (v uC (W)
’ _1 — —_—
= (v") Y e ) Tew) =7 e W),

The case of 1-a-cocycles. Suppose C), : J — G’ is defined by Cp(jj’) =
Cp(J) o4[Cp(4")], for a: J — Aut(G’) a continuous group morphism. Such
objects appear in the representation theory of crossed products of C*-
algebras and is known as a 1-a-cocycle (see [44) 45])E| Its defining prop-
erty is an example of , and everything that has been said in this section
— and will be said in the following — applies when C), is a 1-a-cocycle.

As a particular case, consider the following

Proposition 7. Suppose J is abelian and let A,, B :J — GL, be group
morphisms where R;Ap(j’):B(j)_lAp(j’)B(j). Then Cp:=A,B : J—GL,
is a 1-a-cocyle where the morphism o : J — Aut(GLy,) is the conjugate ac-
tion through the morphism B: ajlg) = B(45)[g]B(j), with g € GLy,.

Proof. Using the commutativity of J the proposition is proven in a one line
calculation:

Cp(4i") = Ap(i5")B(ii") = Ap(4) Ap(5") B(5)B(j")
= 4 (7)B() BG) A7) BUNIB() = Cp(5) BG) ' Cp(3")B()-

Notice by the way that we have

Co(i5') = Cp(4'3) = Cu(5') B(") M Cp()IB("),

5In the general theory the group G’ is replaced by a C*-algebra A.
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as is easily seen. O

As a matter of fact in the case soon to be discussed of the conformal Cartan
geometry and the associated Tractors and Twistors, 1-a-cocycles of this type
— where J is the Weyl group of rescalings — are involved.

3.3. Application to the BRST framework

The BRST algebra encodes the infinitesimal gauge symmetry. It is to be
expected that the dressing field method modifies it. To see how, let us first
consider the following

Proposition 8. Given the BRST algebra f on the initial gauge vari-
ables and the ghost v € LieH. The composite fields @ satisfy the modified
BRST algebra:

sw" = —=D"" = —dv" — [w", v"],
(15) sQY = [QY, 0", s = —p.(v")p", and sv" = —1[v" 0"

with the dressed ghost  v% = v lou + v tsu.

This result does not rest on the assumption that u is a dressing field. Fur-
thermore one defines the dressed algebraic connection as

Wt = w4+ % = u ' ou + v tdu.

Proof. The result is easily found by expressing the initial gauge variable
X = {w,Q, ¢} in terms of the dressed fields x* and the dressing field u, and
re-injecting in the initial BRST algebra —. At no point of the derivation
does su need to be explicitly known. It then holds regardless if u is a dressing
field or not. O

If the ghost v encodes the infinitesimal initial H-gauge symmetry, the
dressed ghost v"* encodes the infinitesimal residual gauge symmetry. Its con-
crete expression depends on the BRST transformation of .

Under the hypothesis K C H, the ghost decomposes as v = vg + vy ¢,
and the BRST operator splits accordingly: s = sg + sy /¢. If w is a dressing
field its BRST transformation is the infinitesimal version of its defining
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transformation property: sgu = —veu. So the dressed ghost is

v =u " ou + u T su = u (e + Vy ) U + u N (—veu + Sp/el)

= uflvh/gu + uilsh/éu.

We see that the Lie/C part of the ghost, ve, has disappeared. This means
that sgx® = 0, which expresses the K-invariance of the composite fields @

Residual BRST symmetry. In general /¢ is simply a vector space, so
spseu is left unspecified and nothing can be said in general of v" and of
the form of the modified BRST algebra . But following Section if
K < H then H/K = J is a group with lie algebra /¢ = j. We here provide
the BRST treatment of the two cases detailed in this section.

Suppose the dressing field satisfies the condition ([7]), whose BRST ver-
sion is: sju = [u, vj]. The dressed ghost is then

(16) v = u oy 4w siu = u T e+ T (uwy — viu) = v
This in turn implies that the new BRST algebra is

sw" = —D"; = —dvj — [w",vj], Q" = [Q", vy,

(17)
s = —pi(v)p", and  sv; = —5[vj, vj).

This is the BRST version of , and reflects the fact that the composites
fields @ are genuine J-gauge fields, in particular that w" is a J-connection.

A further dressing field ' would be defined by sju’ = —vju’, and the nec-
essary compatibility condition it needs to satisfy is sgu’ = 0. The combined
dressing ut/ is such that suw’ = —vua/, so that v* = 0 and sy** = 0. Again
the straightforward extension of the scheme to any number of dressing fields
can be found in [35].

Suppose now that the dressing field satisfies the condition , whose
BRST version is: sju = —vju + ucy(vj). The dressed ghost is then
(18)  v" =u twju +utsju = u toyu 4w (—vju + ucy(v5)) = cp(vy).
This in turn implies that the new BRST algebra is

sw' = —dep(vy) — [w*, cp(vy)], s = [Q%, ep(v5)],

u

W) v = plep))e® and sep(vy) = —leplvy). colop)]

This is the BRST version of , and reflects the fact that the composites
fields @ instantiate the gauge principle in a satisfactory way.
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A further dressing field C'(u') would be defined by s;C(u’) = —c(v;)C(v'),
and the compatibility condition it needs to satisfy is s¢C(u') = 0. The com-
bined dressing uC'(u’) is such that s (uC'(v')) = —v (uC(v)), so that v* =0
and s*C¢®) = 0.

3.4. Local aspects and Physics

Up until now we have exposed in great details the global aspects of the
dressing approach on the bundle P to emphasize the geometric nature of the
composites fields obtained, according to the given equivariance properties
displayed by the dressing field. Most notably we showed that the composite
field can behave as a new kind of gauge fields.

But to do Physics we need the local representatives on an open sub-
set U C M of global dressing and composite fields. These are obtained in
the usual way from a local section o : U — P of the bundle. The impor-
tant properties they thus retain is their gauge invariance and residual gauge
transformations.

If it happens that a dressing field is defined locally on U first, and not
directly on P, then the local composite fields x* are defined in terms of the
local dressing field u and local gauge fields x by @ The gauge invariance
and residual gauge transformations of these local composite fields are derived
from the gauge transformations of the local dressing field under the various
subgroups of the local gauge group H,,. according to (xy*)? = (x?)*". The
BRST treatment for the local objects mirrors exactly the one given for the
global objects.

This being said, note A = oc*w, F = ¢*() for definiteness but keep v and
 to denote the local dressing field and section. We state the final proposition
of this section, dealing with gauge theory.

Proposition 9. Given the geometry defined by a bundle P(M, H) endowed
with w and the associated bundle E, suppose we have a gauge theory given
by the prototypical H,.-invariant Yang-Mills Lagrangian

L(A,¢) = 3 Te(F A F) + (Do, +Dy) = U(ll¢|)),
where ||o|| := |(p)|'/2. If there is a local dressing field u:U — G C H with

Ko.-gauge transformation v = v~ 'u, then the above Lagrangian is actually
a Hipe/ Kine-gauge theory defined in terms of KC,,.-invariant variables since we
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L(A,p) = L(A", ¢") = 5 Te(F" AxF") + (D", «D"p") = U(ll¢"|])
by a mere change of variables.

Proof. The result follows straightforwardly from the H,..-invariance of the
initial Lagrangian. Since L(A7,¢") = L(A, ¢) for v : U — H, holds as a for-
mal property of L, it follows that L(A", ¢") = L(A,¢) for u:U — G C
H. O

Notice that since u is a dressing field, u ¢ H,,. so the dressed Lagrangian
L(A", ") ought not to be confused with a gauge-fixed Lagrangian L(A”7, ¢")
for some chosen v € H,,., even if it may happen that v = uﬁ A fact that
might go unnoticed. As we’ve stressed in the opening of Section [3| the dress-
ing field approach is distinct from both gauge-fixing and spontaneous sym-
metry breaking as a means to reduce gauge symmetries.

Let us highlight the fact that a dressing field can often be constructed by
requiring the gauge invariance of a prescribed “gauge-like condition”. Such
a condition is given when a local gauge field x (often the gauge potential)
transformed by a field u with value in the symmetry group H, or one of
its subgroups, is required to satisfy a functional constraint: ¥(x*) = 0. Ex-
plicitly solved, this makes u a function of x, u(x), thus sometimes called
field dependent gauge transformation. However this terminology is valid
if and only if u(y) transforms under the action of v € Hy. as u(y)? :=
u(x?) =7 tu(x)y, in which case u(x) € Hio.. But if the functional con-
straint still holds under the action of H,., or of a subgoup thereof, it follows
that (x?)*" = x* (or equivalently that sx* = 0). This in turn imposes that
u” =~y tu (or su= —vu) so that u ¢ H,,. but is indeed a dressing field.

This and the above proposition generalizes the pioneering idea of Dirac
[46, [47] aiming at quantizing QED by rewriting the classical theory in terms
of gauge-invariant variables. The idea was rediscovered several times, early
by Higgs himself [48] and Kibble [49]. The invariant variables were some-
times termed Dirac variables [50, 51] and reappeared in various contexts
in gauge theory, such as QED [52], quarks theory in QCD [53], the proton
spin decomposition controversy [54-56] and most notably in electroweak the-
ory and Higgs mechanism [42}, 57-63]. Indeed, proposition [J] applies to the
electroweak sector of the Standard Model and thus provides an alternative
to the usual textbook interpretation of the Higgs mechanism in terms of

6Remember indeed the comments at the end of Section
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spontaneous symmetry breaking, see [35] [43] for the explicit dressing field
treatment.

The dressing field approach thus gives a unifying and clarifying frame-
work for these works, and others concerning the BRST treatment of anoma-
lies in QFT [38, 64], Polyakov’s “partial gauge fixing” for 2D-quantum grav-
ity [65),166] or the construction of the Wezz-Zumino functionnal [67]. It is the
aim of this paper and its companion to show that both tractors and twistors
can also be encompassed by this approach, which furthermore highlights
their nature as gauge fields of a non-standard kind. The case of tractors is
dealt with in the next section. Twistors will be treated in the companion

paper.

4. Tractors from conformal Cartan geometry via dressing

Due to the tremendous progress of the last twenty years in the mathematics
of parabolic geometries, the term tractor is now more general than it used
to be. Given a Cartan geometry (P, w) of type (G, H), the reference text
[68], Section 1.5.7, defines tractor bundles as the class of natura]ﬂ vector
bundles associated to P where the action of H is a restriction of an action
by G. Connections naturally induced by the Cartan connection w on tractor
bundles are called tractor connections. An example is the adjoint tractor
bundle P X g, where H acts on g by the restriction of the adjoint action of
G. The curvature Q of w takes values in the sections of the adjoint tractor
bundle. If R" is the defining representation of G, then the bundle P x g R"
is the standard tractor bundle.

However, as mentioned in our introduction, initially the standard tractor
bundle was devised for conformal (and projective) manifolds and constructed
via prolongation of a defining differential equation. A procedure deemed at
the time more explicit than the associated bundle construction, facilitating
calculations [32] and easier as a direct definition [28]. This procedure we
review briefly in the following section, so that the reader can compare with
the derivation via the dressing field method in the next.

" Natural is taken in the precise technical sense of [68] Section 1.5.5, essentially
as being associated to of higher-order frame bundles.
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4.1. Bottom-up construction via prolongation of the Almost
Einstein equation

One starts with a n-dimensional conformal manifold (M,c) with ¢ the
conformal class of the Levi-Civita connection. Define the operator A, :=
TF (V,V, — P,,), where TF means “trace-free” in the metric sense, V is
the covariant derivative associated to a choice of metric g € ¢ and P, =

—ﬁ <RW — 2(TPLl)gW> is the Schouten tensor. It is a computational ex-

ercise to show that A,, is a covariant operator on conformal 1-densities
RRANE KW oz =zo0 A, That is, under the Weyl conformal rescaling of
the metric § = 22¢g, one has ¢ = zo and Ewa = zA,,0. Such a 1-density o
is often called a scale, since it can be used to define a so-called conformal
metric 02g representative of the conformal class cﬁ The operator A, is
thus well-defined on (M, c).

One then defines the so-called Almost Einstein (AE) equation on (M, c¢)

as A,,0 = 0, explicitly

(20) TF (VuVyo — Pyo) = V,Vy0 — Pyo — 9 (Ao — Po) =0,

with A := ¢"'V,V, and P := g"”P,,. It is thus named because if o is a solu-
tion then the metric it determines is Einstein [28] 32]. This is the differential
equation to be prolonged and recast as a system of first-order differential

equations. To do so one defines the intermediary variables ¢, = V,o and
p=—21 (Ao — Po), so that an be recast as

One only has to find a constraint equation on p to close the system. This is
done by applying V on the second equation above and after some algebra,
so that finally the second-order differential AE equation is replaced by

the linear system

(21) Vo —£,=0, Vuly —Puo+gup=0, Vup+gPP.ls=0.

8In a forthcoming note we will show how this move can be understood in the
light of the dressing field method.
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This system can be rewritten as the action of a linear operator VT acting
on the triplet t = (o, £,,p) € R"*2:

0 = 0 o
(22> v/’ft =0, = au l, | + _PMV _Fauu Juv lo | =0.
p 0 ¢*Pyg 0 p

Given the particular definition of (o, ¢, p), under a Weyl rescaling of the
metric one finds after some algebra and using the well known relations
I ur=T%w + 65T, + 6 TH 939, and Py, =P, +V, T, — T, T, +
1T 9uv, Where T, 1= 2~ 8 z and T2 = g*PY, T3,

0 = 20,
(23) Uy =2 (L, +T,0),
p=2z" (p i %TQO') . Or in matrix form,
o z 0 0 o
Zu = 2T, z1 0 0y
//0\ _ZfI%TQ _Zflgu;rry »—1 p

This, one may consider as a gauge transformation so that the generic triplets
t = (0,4, p) gauge-related by , called tractors, are considered as sections
(or equivariant maps) of a vector bundle over (M, c) with fiber R"*2: the
so-called standard tractor bundle T .

With still more algebra, one shows that this gauge-equivalence still holds
for the triplet defined by ,

(V;A/Ujgu) Z 0 0
(24) (Vb l,a +guwp) | = 2T, 21
(vup+9 Bpmgﬁ) _Z_I%TQ —Z_lg”aTa 21
Vﬂa -4,

X V 4, uua + Guwp
Vup+ g% Pl

So the linear operator VT (22) defines a covariant derivative on 7 usually
called the tractor connectzon A tractor satisfying VTt = 0 is said parallel.
By construction, parallel tractors are in bijective correspondenee with solu-
tions of the AE equation. There is a well defined bilinear form on sections
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t,t' € T(T) defined by

0 0 1\ /<o
(25) (t,t') = po’ + L, g"C, +op = (0,€,,p) [0 g O] |2, | =t"GY,
1 0 0 4

where G is a (r+1,s + 1)-metric on 7. Indeed it is invariant under Weyl
rescaling (t,#') = (t,t'), as can be verified via ([23). One also checks via
that, like a Levi-Civita connection, the tractor connection preserves the met-
ric thus defined since V7 (t,t') = 2(V7t,t').

The commutator of the tractor connection defines the tractor curvature

0 0 0 o
(26) [VZ-7 VK-] t= Q,U)\t = _C,u)\,l/ Wa,u,)\,u 0 oy |,
0 gO"BC’M,\,g 0 1)

where C),», = VP, is the Cotton tensor, and W%, , is the Weyl tensor.
From this one sees immediately that the tractor connection VZ— is flat if and
only if (M, ¢) is conformally flat.

We refer the reader to [28] [32] for the detailed calculations and further
important considerations about tractors and their applications.

Thus is constructed the tractor bundle 7 endowed with the tractor con-
nection V7, bottom up from the AE equation on a conformal manifold
(M, c). The tractor calculus then provided is thought of as the analog for
conformal manifolds of the Ricci tensorial calculus for Riemannian manifolds
(M, g). This approach, while presenting the advantage of being explicit, in-
volves a fair amount of computation in order to derive the basic objects and
their transformation properties. In the next section we lay our case that
these very objects can be recovered with much less computation, top-down
from the conformal Cartan bundle and its Cartan connection via the dressing
field method. By doing so, the nature of the tractors and tractor connection
as gauge fields of the non-standard kind described in Section is made

clear.

4.2. Top-down gauge theoretic approach via the Cartan bundle

The description of the conformal Cartan geometry requires some defining
and comments. Once this is done in the following subsection, the dressing
field method is applied in the next.
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4.2.1. The Cartan bundle and its naturally associated vector bun-
dle. The conformal Cartan geometry (P, w) is said modeled on the Klein
model (G, H) where

G=PSO(r+1,s+1)={M € GLyy2|M"EM =%,det M =1} / £1id

0 0-1
with ¥ = ( 0 n 8 ), 7 the flat metric of signature (r, s), and H is a parabolic

subgroup such that the Homogeneous space G/H ~ (S" x S%)/Z? is the con-
formal compactification of what we call with slight abuse Minkowski space,
(R™,n). The structure group of the conformal Cartan bundle P(M, H) com-
prises Lorentz, Weyl and conformal boost symmetries and is described as
68, [69]

0 1
S 0 0
0 z7 '/ \o

H:Kﬂﬁ:{
z

O O W
o= =
~~

zeW:=RY, SeSO(rs), r ER’”*}.

Here ! stands for the n-transposition, namely for the row vector r one

has rt = (rp~!)” (the operation 7 being the usual matrix transposition),
and R™ is the dual of R™. Clearly Ky~ CO(r,s) via (S,z) — 25, and
K, is the abelian group of conformal boosts. The corresponding Lie al-
gebras (g,h) are graded [70]: [gi, 9;] € @i+, .7 = 0,£1 with the abelian
Lie subalgebras [g—1,9-1] =0 = [g1, g1]. They decompose respectively as,
0=0-19g0D g1 ~R" B co(r,s) DR™ and h =gy ® g1 ~ co(r, s) & R™.
In matrix notation we have,

L
v it (v—-el) eco(r,s), Te R™, L€ R™

with the n-transposition 7! = (n7)7 of the column vector 7. The graded
structure of the Lie algebras is automatically handled by the matrix com-
mutator.
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The Cartan bundle P is then endowed with the conformal Cartan con-
nection, whose local representative on U C M is @ € A (U, g) with curva-
ture Q € A%2(U, g). They have the matrix representation

a P 0 fCc 0
w=|6 A P}, and Q=dow+w?’=|0 W (!
0 6 —a 0 et —f

The soldering part of @ is 0 = e - dx, i.e with indices 0% := e ,dx*, with
e = e?, the so-called vielbein or tetrad ﬁeldﬂ A metric g of signature (r, s)
on M is induced from n via @w according to g(X,Y) :=n(0(X),0(Y)) =
0(X)Tno(Y), or in a way more familiar to physicists g :=elne — g, =
euanabebu-

It should be noted that the gauge structure (P, w) on M is not equiva-
lent to a conformal class of metrics ¢ on it. As we show soon, the action of
the local gauge group H,,. on w indeed induces a conformal class of metrics
via its soldering part, but the degrees of freedom of w compensated for by
the gauge symmetry H,,. still amounts to more than n(n+1)/2 — 1 = [¢].

But there is a way to make the Cartan geometry equivalent to a confor-
mal manifold (M, ¢). In a way similar to the singling out of the Levi-Civita
connection among all linear connections as the unique torsion-free and metric
compatible connection, one can single out the so-called normal conformal
Cartan connection wy as the unique one satisfying the constraints © = 0
(torsion free) and W%,,q = 0. Together with the g_j-sector of the Bianchi
identity dQ + [, Q] = 0, these constraints imply f = 0 (trace flree)(3 so that

the curvature of the normal Cartan connection reduces to Qy = ( 0 W ¢ )
00 0
From the normality condition W%,,; = 0 follows that P has components (in

the 0 basis of Q*(U)) Py = —ﬁ (Rab — %T%nab), where R and R,y are
the Ricci scalar and Ricci tensor associated with the 2-form R = dA + A?.
In turn, from this follows that W = R + 6P + P!6? is the well known Weyl
2-form. By the way, in the gauge a = 0, C := dP + PA = DP looks like the
familiar Cotton 2-form.

The gauge structure (P, wy) is indeed equivalent to a conformal class
of metric ¢ on M. However, it would be hasty to then identify A in @ or
wy with the spin connection one is familiar with in physics, and by a way
of consequence to take R := dA + A? and P as the Riemann and Schouten

9 Notice that from now on we shall make use of “” to denote Greek indices
contractions, while Latin indices contraction is naturally understood from matrix
multiplication.



1862 J. Attard and J. Francois

tensors. Indeed, contrary to expectations A is invariant under Weyl rescaling
and neither R nor P have the known Weyl transformations, see below. It
turns out that one recovers the spin connection and the mentioned associated
tensors only after a dressing operation. See the next subsection.

The defining representation space for G is R"*2. It is obviously also a
representation for H so that one may form the vector bundle £ =P xg
R™*2 naturally associated to the Cartan bundle P(M, H). Sections of E are
H-equivariant maps on P whose local expression is

©:UC M —R"™ given explicitly as column vectors ¢ =

)

Q ~ D

with £ =(¢* € R", and p,0 € R.

The covariant derivative induced by the Cartan connection is Dy = dy +
we. The group metric 3 naturally defines an invariant bilinear form on
sections of E: given ¢, ¢’ € T'(F) one has

(o) ="' =(p, 0" 0) | 0 n 0|0 ] =—0p+Tnl' —po.
10 0/ \¢

The covariant derivative D naturally preserves this bilinear form since w is
g-valued: DY = d¥ + w! ¥ + Yw = 0.

E would be called the standard tractor bundle in the general terminol-
ogy of [68]. However its sections and covariant derivative thereof do not
undergo the defining Weyl transformation of a tractor as defined in Sec-
tion Indeed an element v of the local gauge group H = KoKy (we now
drop the subscript “loc”) can be factorized as v =~y : U — H = Ko K3
with 79 € Ko :={v: U — Ko} and 71 € K1 :={y:U — K;}. Accordingly,
through simple matrix calculations, the gauge transformations of ¢ w.r.t g
and K are found to be

pr° 2 lp
(27) ="l — |eo]=|s51], and
oo zo
pn p—rl+ %rrt
=yl o |[m]|=| r—ro

o o
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The same goes for D" and D" In the first relation put S = 1, compare
with and notice the difference. It is clear that as it stands, F is not
the standard tractor bundle 7 as previously defined. As for the Cartan
connection, its gauge transformation w.r.t Ky is

(28) @™ = 45 @y + 75 Hdo,
a¥ P 0 a+ z"tdz 27 1pPS 0
gr A% (Pr) ]| = S92 S™1AS 4+ S~1ds Ss~1ptz—1 |,
0 (g7 —a™ 0 20'S —a+ zdzt

and w.r.t Ky it reads

—1 —1
(29) wh =y wn+ydn,
o Pm 0 a—r0 ar—r0r+P—rA+rrtol +dr 0
o AM (Pt = [ Or + A — rtot €%rrt + Art — rt@trt + Pt rta + drt | .
0 () —am 0 ot otrt —a

It is clear from the transformation of the soldering part, that the metric
induced by @ is 22¢. Thus the action of H on w induces a conformal class
of metric ¢ on M.

Now that we have the necessary familiarity with the conformal Cartan
bundle, its Cartan connection and its naturally associated vector bundle, we
are ready to apply the dressing field approach.

4.2.2. Tractors from gauge symmetry reduction via dressing. A
detailed analysis of the dressing field method applied to the conformal Car-
tan bundle has been given in [71]. For the benefit of the reader we reproduce
here relevant pieces of information, but in a more clear and systematic way
based on Section [3| In doing so we also correct few misprints in the results
of the mentioned paper.

Given the decomposition H = KqK; we first aim at erasing the confor-
mal boost gauge symmetry K; through a dressing field. The most natural
choice would be
3qq"

¢
1

u U — Ky, that is  wu; =

O O =
S =

No such field jumps out, but it turns out that we may find one via the
“gauge-like” constraint that requires that the trace of the CO(r,s) part
of the composite field w"! vanishes, explicitly: ¥(w") := Tr(A" — o) =
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—na" = 0. This gives the equation a — qf = 0, which once solved for ¢ gives
¢a = ay€”q, or in index free notation ¢ = a - e !

Using one finds that ¢ = a7 - (7)1 = (a—re) - e~! = g—r. This
is an abelian dressing transformation which as two consequences. First one
checks easily that the constraint ¥(w") = 0 is K;-invariant. From our gen-
eral discussion in Section [3.4]it follows that u; is a dressing field. And indeed,
from ¢"* = g — r we find that

1 g" 3¢ 1 —r e\ (1 ¢ 3q¢
0 1 gt =0 1 |0 1 4 |,
0 0 1 0 0 1 00 1

that is indeed  u]* = vy tu;.

With this Ki-dressing field we can apply — the local version of — proposi-
tion [I] and form the Ki-invariant composite fields

(30)
0 P O
@y =@ =ulwu +utduy = [0 A PP,
0 6 0
) ) ) fi Ci 0
Q=0 = ul_lﬁul = dwy + w% =10 W Cf J
0 O —h
P1
()01 = ul_l(p = fl 5 and
ag
dp1 + Pty Vo1 + Pty
Dip1 = dp1 + w11 = | dby + Aily +0py + Plo | = | V& +0p1 + Plo
do + 040, Vo +6'

As is usual D12ap1 = ngol. We notice that f; = P; A 0 is the antisymmetric
part of the tensor P;.

The claim is twofold. First, we assert that ¢; is a tractor and that
the covariant derivative D7 induced from the dressed Cartan connection
w is a “generalized” tractor connection, both written in an orthonormal
basis (latin indices). Second, the composite fields are gauge fields of

10Beware of the fact that in this index free notation a is the set of components
of the 1-form a. This should be clear from the context.
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a non-standard kind — such as described in Section [3.2.2] — w.r.t Weyl
symmetry, but genuine gauge fields — according to Section [3.2.1] — w.r.t
Lorentz symmetry. Both assertions are supported by the analysis of the
residual gauge transformations of these composite fields.

Residual gauge symmetries. Being by construction Ki-invariant, the
composite fields are expected to display a Ky ~ CO(r, s)-residual gauge
symmetry. This group breaks down as a direct product of the Lorentz and
Weyl group, Ky = SO(r,s) x W. We then focus on Weyl symmetry first,
then only bring our attention to Lorentz symmetry.

The residual transformation of the composite fields under the Weyl gauge
group W := {Z U—-W | Z7 = Z}, Z = 7o|s=1, are inherited from that
of the dressing field u;. Using to compute ¢Z = a? - (e?)~!, one easily
finds that

(31) u? = Z7'u,C(2) where the map C: W — K;W C H is defined by

1 T-e!  Ir? 2 0 0
Cz):=ki(2)Z= 10 1 (T-e 1)t 01 0
0 0 1 0 0 2!
z YT-e! Z -2 T, 72
=10 1 ZHY e D =10 1 2o,
0 0 271 0 O z71

To make the notation explicit T =1, = zflﬁuz, soY el = T,ete = Tq,
and Y2 = T,n%Y;. Elements of type C(z) have been called “tractor gauge
transformations” in [29, B0], which may be deemed inaccurate since contrary
to elements of a genuine gauge group, they do not form a group: C'(2)C(z') #
C(z7).

Actually is a local instance of Proposition 4| with C' a 1-a-cocycle
satisfying Proposition Indeed one can check that C(zz') = C(2'z) =
C(z") 2"~ 'C(2)Z', which is the defining property of an abelian 1-a-cocycle.
Furthermore, under a further W-gauge transformation and due to e? = ze,
one has ky(2)% = Z'" ki (2)Z', which implies C(2)? = Z'"'C(2)Z'. So if
uy undergoes a a further W-gauge transformation we have

; N ,
(Wf)” = (27) uf'c2)
=z Z’_lulC’(z’) Z’_lC’(z)Z’ = (22" 'y C(27).
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All this implies that the composite fields are indeed instances of gauge
fields of the new kind described in Section As a consequence, by Propo-
sition [b| we have that their residual W-gauge transformations are

(32) w? = C(2) tw 1 C(2) + C(2)~LdC(2)
0 2z ' (Pi+V(Ye™h)—(TeHo(YTet)+ 53720 0

= | 20 A+ 0(T-e7t) — (T-e 1)to! x|,
0 26 0
(33) Q7 = C(2)1C(2)
fi—(Te o zHCi—(T-eHY(Wi—fi)—(YT-e Ho(T-e H)+5T20Y) 0
= 20 W1i+0(T-e ) —(T-e71)ie! x|,
0 20! *
2 (pr = (Y -eh)e + 57?)
(34) o =C(2) T = b= (Y-e o :
zo

and  (Dyp1)? = Dfpf = C(2) "Dy

Several elements should be highlighted. First, in notice that now the
Lorentz part A; of the composite field w; indeed exhibits the known Weyl
transformation for the spin connection, and P; transforms as the genuine
Schouten tensor in an orthonormal basis. But actually they reduce to these
only when one restricts to the dressing of the normal Cartan connection, in
which case

0 Ci 0
QNJ = dwN,l +w§,1 =10 W; C{ ,
0 0 O
0 z1 (Cl — (T . 6_1)W1) 0
and one has Qil =C(2)'1C(z) = [ 0 wh *
0 0 *

We then see that C; = VP, transforms as — and therefore is — the Cotton
tensor, while W7 is the invariant Weyl tensor.

Then, most importantly for our concern, the first relation in is the
vielbein version of so that the dressed section ¢; is indeed a trac-
tor field, section of a C-vector bundle that we denote £y = E“* =P xcow)
R"*2, The invariant bilinear form on E defined by the group metric 3
is also defined on Ei: (p1,¢)) = ¢1 S¢}. Indeed since C(z) € K1W C H,
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we have (¢, 017} = (C(2) o1, C(2) 1) = T (C(2)"H)TRC() ) =
Pl Z0h = (p1,¢1)-

What’s more, D1 :=d+ w; in is a vielbein formulated generaliza-
tion of the tractor connection . But then the term “connection”, while
not inaccurate, could hide the fact that w; is no more a geometric con-
nection w.r.t Weyl symmetry. So we shall prefer to call D; a generalized
tractor covariant derivative. The standard tractor covariant derivative
is recovered by restriction to the dressing of the normal Cartan connection:
Dy 11 = dp1 + wn,191. Then Di,lgol = QN71<,01 recovers . We note that
w1 being g-valued, D1¥ = 0 and D; preserves the bilinear form ().

In short, by erasing via dressing the Ki-gauge symmetry from the confor-
mal Cartan gauge structure ((P,w), E) over M, we have already recovered
top-down the tractor bundle and tractor covariant derivative in the orthonor-
mal frame formulation, (E7, Dy 1), as a special case of the C-vector bundle
endowed with a covariant derivative (E1, D). In this scheme they appear
as instances of gauge fields of the new kind described in section [3.2.2

But our analysis of the residual gauge symmetry is not complete yet,
since we need to address the Lorentz residual symmetry. Again, the residual
transformation of the composite fields (30]) under the Lorentz gauge group
SO = {S :U — SO(r,s) |S> = S’lsS’rs = Y0|2=1, is inherited from that
of the dressing field u;. Using to compute ¢°> = a° - (%)~ = ¢S, one
easily finds that u3 = S~ S. This is a local instance of Proposition which
then allows to conclude that the composites fields are genuine gauge
fields w.r.t Lorentz gauge symmetry. Hence, from Corollary [3| follows that
their residual SO-gauge transformations are

0 P S 0
(35) w}=S"'mS+SMdS= |51 S'AS+51dS STIpt,
0 'S 0
- B bil C1S 0
B =5sus=|(s5'e s'ws s-lct],
0 ets —fi
P1
p1=S"tor= 51|, and (Dip1)® =Dy} =S"'Dip.
g

This is to be fully expected since we concluded that e.g A1, Ry, P; are the
usual spin connection, Riemann and Schouten tensors in an orthonormal
frame. We notice in particular that ¢; behaves as a standard section of a
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SO-associated bundle. We should then refine our notation for the bundle E;
and denote it By = P Xcw)so R" 2.

The actions of SO and W on the composite fields x; are compatible and
commutative. Indeed, we have first that S"Y =S so that on the one hand:

(XiSO)W _ (X%)W — (X11/V)SW = (ch(z)>s = ch(z)s. But then we also have

SO
C(2)%° =S71C(2)S, so on the other hand we get: (X}/V)SO = <ch(z)) =
C(2)5° S-10(2)S  C(2)S
G =(q]) =Xy ".

So, as the considerations at the end of Section make clear, the fact
that the composite fields are genuine SO-gauge fields satisfying
entitles us to ask if a further dressing operation aiming at erasing Lorentz
symmetry is possible. The answer is yes.

Further dressing operation: erasing Lorentz symmetry, and resid-
ual Weyl symmetry. In order not to spoil the Kj-invariance obtained
from the first dressing w;, a dressing wu; for the Lorentz gauge symmetry
should be Ki-invariant. So it would be defined by the relations: u? = s~ uy,
and u}" = u;. In a more usual language, it is about switching from orthonor-
mal frames to holonomic frames, so the vielbein e = e, in the soldering form
0 = e - dx is a natural candidate. And as a matter of fact we see from ([28))
and that e = S~le and " = e. Then we can form the SO-dressing
field

1 0 0
u, =10 e 0
0 0 1
which satisfies
1 0 O 1 0 0 1 0 O
0 ¢ 0o]l=[0 s! 0 e 0
0 0 1 0 0 1 0 0 1

that is

wW=S"tu,, and ul'=uy.
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With this SO-dressing field we can apply again — the local version of —
proposition (1| on the composite fields x and form the Ki- and SO-
invariant composite fields x;, := xj™:

(36) wy, =Wy = u;lwluL + u;lduL

0 P 0 0 Puw 0
= dx T g_l -P - 5{1 pr,u gpaP,uOt dxli’

0 g-dx 0 0 guw 0

Q= Q?L = u;l(_lluL = dw;, + wg

. C 0
=T W g_1 -C

0 gT -fi

L [Pen G, 0
= Tp,u)\ Wpu,,u)\ gpaca,,u)\ dzt A dl'/\,
0 gVaTap)\ _P[;M}
Pr
oL = u;lgpl =1¢ |, and
o
dPL + PeL
Drpr = dpy, + o, = | dby, + T4, + prdx + g~ Po
do + g-dxty,
V. + Pl
= | Vi, + podx + gil-PU
Vo + g-dzty,

As is usual D;2%¢; = Q0. The claim is now that oy is a tractor and that
the covariant derivative Dy induced from the dressed Cartan connection oy,
is a generalized tractor covariant derivative, the usual one being induced
by @y . Furthermore the composite fields are also gauge field of a
non-standard kind w.r.t Weyl residual symmetry. This we now substantiate.

Notice that as discussed at the end of Section the final compos-
ite fields xp could have been obtained from the gauge fields y in one step
with the SOK -dressing field u := uju,. We have indeed on the one hand
' = u)'ul* = A7 ugug, = 47w, and on the other hand w® = ujud =

S 1uySS~u, = S~
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Then the W-residual gauge transformations of the composite fields x.,
depend on that of the dressmg u = uju;,. We already have for w1, and
since eZ = ze we define u ZuL = uLZ with Z = <8 g §) From this it is
easily found that

(37) w? = Z7'uC(z) where the map C : W — GL,42 D H, is defined by

I S z 0 0
Clz)=ki()Z=10 1 g¢g 7 0 2 0
0 0 1 0 0 21
z 2Y %TQ z zT, %Tz
=10 21 zlgot.x| =10 =21 zlgrexr,
0 0 271 0 0 z71

with k1(2) := uy " 'k1(2)uy and Z := 77. Also T2 = Tagaﬁ'fﬁ. This is again
a local instance of Proposition [4] with C' a 1-a-cocycle satisfying Propo-
sition [7} Indeed one can check that C(z2') = C(2'z) = C(2) Z'71C(2)Z',
which is the defining property of an abelian 1-a-cocycle. Furthermore, un-
der a further W-gauge transformation one has k1(2)?" = Z'71k;(2)Z’, which
implies C(2)?" = Z'~1C(2)Z'. So if u undergoes a a further W-gauge trans-
formation we have

(uZ)Z, = <ZZ/>_1 uZ/C'(z)Z/
=77V 277G () Z71C(2) 2 = (22") uC(27).

All this implies that the composite fields are indeed instances of gauge
fields of the new kind described in Section As a consequence, by Propo-
sition [b| we have that their residual W-gauge transformations are

(38) = O(2) 'O (2) + C(2)1dC(2)
P+ VY —7Y-daY + iT%gdx 0
de T+ 27'dz0 + Ydx — g~ %Y g-dv 272971 (x) |,
22g-dx 0
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(39) QF =C(2)7'0.C(2)

fo=TT C=TW+(fi —TT)T+1iT12% T 0
= T WH+TY —g 1T g T 2297 (%) |,
0 22g-T *
(=T b+ §Y7)
(40) @l =C) o= l(-g o) |,
z0

and (DLgoL)Z = DLGpLZ = C(z)*lDLgoL.

For completeness we make some comments paralleling those of the previ-
ous situation. First, if in I" exhibits the known Weyl transformation for
the Levi-Civita connection and P transforms as the genuine Schouten ten-
sor, they actually reduces to these standard objects only if one one restricts
to the dressing of the normal Cartan connection, in which case

- 0 C 0
QN,L — deL + wl%},L — 0 W g_1C y
0 0 0
0 C—-T-W 0
and one has QgL = C_'(z)%QN’LC_'(z) =10 W 272971 (%)
0 0 0

We then see that C = VP is the Cotton tensor while W is the invariant Weyl
tensor.

Then, most importantly for our concern, the first relation in is the
g-transposed of , so that the dressed section ¢, is indeed a tractor,
section of a C-vector bundle that we denote Ey,= E' =P X&w) R 2,

Furthermore, out of the group metric 3 one can form the non-invariant
metric G := ul Yuy, = ( 0 g 0 ) which induces an invariant bilinear form

-10 0
on E}, defined by

(Prr @1 = 1 Gl = —apy + gl — puo’.
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This is indeed the bilinear form on tractor . Its invariance is most directly
proven in our framework. Indeed G% = Z?@, so that

Clz)""" G7 Cz)™"
= ufkl(z)_lTuflTZ_lz_l (2211{21@) Z_lZ_luflkl(z)_luL,
= Urip (lﬁ(z)z)_lT % (kl(Z)Z)_l Uy, = ugEuL =(@.

This simple calculation allows to quickly conclude:

<<P57§0ILZ>GZ = <C(z)_1¢L,é(z)_1¢£>GZ
=l C(2) " GZ C(2) 'l = 0l G, = (1. )., -

What’s more, the second equation in (40)) reproduces . So Dy, :=d+
@y, in is a generalization of the tractor connection . But @, being
no more a geometric connection w.r.t Weyl symmetry due to , instance
of Proposition [ we refer to D, as a generalized tractor covariant deriva-
tive. The standard tractor covariant derivative is recovered by restriction
to the dressing of the normal Cartan connection: Dy 1¢r, = dyr, + @x, 1L
Then D1%I7LS0LQN,L(70L recovers . Note that D.G = dG — w! G — Gwy, =

T

—ul (w{X + Sw1) u, =0, so Dy, preserve the bilinear form ().

To conclude this section, let us sum-up what has been done. By erasing
via dressing the K1 and SO gauge symmetries from the conformal Cartan
gauge structure ((P,w), F) over M, we have recovered top-down the tractor
bundle and tractor covariant derivative, (7, VT) = (Ey, Dy,1.), as a special
case of the C-vector bundle with covariant derivative (E, D). In the next
section we provides the BRST treatment of the two symmetry reductions.

4.3. BRST treatment

The gauge group of the initial Cartan geometry is H, so the associated ghost
v € LieH splits along the grading of b,

[elelen)

0 000 0:0
0)+(030>+<0 Lt>.
—e 000 000

(41) vzvo—i—vbzvg—i—vs—i—vL:(

[y
OO~
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The BRST operator splits accordingly as s = sg + s1 = sw + s, + s1. Then

the BRST algebra for the gauge fields x = {w, Q, ¢} is

(42) sw=—Dv = —dv — [w,v], sQ = [Q,v],

Sp = —vp and sU = —0v7,

with the first and third relations in particular reproducing the infinitesimal
versions of , and . Denote this initial algebra BRST. As the
general discussion of Section [3.3] showed, the dressing approach modifies it.

First dressing. We know from this general discussion that the composite
fields x1 = {@1, 1,1} satisfy a modified BRST algebra formally similar
but with composite ghost v; := ul_lvul + ul_lsul. The inhomogeneous term
can be found explicitly from the finite gauge transformations of u;. Writing
the linearizations v ~ 1 + v, and S ~ 1 + vs, the BRST actions of X1 and
SO are easily found to be

Yo A1 _
u{t =y Ul — S1U1 = —UU1

and u% =SS = su = [u1, vs).
This shows that the Lorentz sector gives an instance of the general result
(16). Now, defining the linearizations Z ~ 1 + v. and k() ~ 1 + ki (¢), so
that C(z) = k1(2)Z ~ 1+ ¢(e) =1 + k1(e) + ve, the BRST action of W is

u1Z = Z_lulc(z) = Swlup = —v:uy + uyc(e).

This shows that the Weyl sector gives an instance of the general result .
We then get the composite ghost

(43) v1 = up (Ve 4 vs + v )ur +up H(sw + s+ s1)ua,
= ul_l(va + vs + v, )uy
+ ul_l( — VgUy + U1C(€) + [Ul, US] - ULU1),
e Oee! 0
=ce)+vs=|0 s (Jee7V)
0 0 —€

We see that the ghost of conformal boosts ¢ has disappeared from this new
ghost. This means that s;x; = 0, which reflects the K;-gauge invariance of
the composite fields x1. The composite ghost vy only depends on vs and
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e, it encodes the residual Kyp-gauge symmetry. The BRST algebra for the
composite fields y; is then explicitly

ST = —D’Ul = —dvl — [wl,vl]
0 ~V(0e-e™!) — Pi(s —¢) 0
=|-(s—¢)f —Vs—00cet)— (07O *|,
0 0'(s+¢) 0

where V(0zg-e71) = d(0e-e™!) + (0e-e71) A1, and Vs = ds + [4, 3],

(PO Ci(s—e)— (dse ) (Wi—fi) O

sQ =[N, v =] —(s—e)® [Wi,s]+O(e-e!) — (de-e 1O x|,
0 Ol(s +¢) *
0 Ci(s—e)—(0e-e”HWy 0
in the normal case SQNJ =10 (W1, s] x|,
0 0 0
—ep1 — (Oe-e~ Ny —ep1 — Dae 1
sp1 = —v1p1 = | —sly — (Oe-e Hio | = —s“bﬁl{ —n®9e o |
eo co
0 (9ee s 0
and sv;=-v12= |0 52 *
0 0 0

Denote this algebra BRSTy 1. Since v1 = ¢(e) + vs, it splits naturally as a
Lorentz and a Weyl subalgebras, s = sy + s.. The Lorentz sector (s, vs),
obtained by setting ¢ = 0, shows the composites fields x; to be genuine
Lorentz gauge fields (compare with (35)). While the Weyl sector (sw, c(¢)),
obtained by setting s = 0, shows x;1 to be non-standard Weyl gauge fields

(compare with (32)—(34)).

Second dressing. Now in the final step, we further modifies BRSTy .
through the dressing u,,. The composite fields x, then satisfy a BRST algebra
with composite ghost vy = ug lviuy + up tsu;,. Again the inhomogeneous
term can be found explicitly from the finite gauge transformations of wy,.
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Writing the linearization Z ~1 + . we have

S _c¢-1 _ Z _ o~
up; =S U, = Spu, = —Usly, uy = Zu;, —  SwlUp = U:Uy
and u' =u, —  suL=0.

So we get the final composite ghost

(44) Uw = UEI(C(g) + vs)uy, + u;l(sw + 51, + s,)ur,
=uy (c(e) + vs)uy, + u;l (Veur, — vsuy) ,
e Oe 0
=ute(e)u,+0. = |0 el g loe
0 O —€

This final composite ghost is also obtained in one step from dressing v
with the dressing u := uyu; which satisfy

u =yu = sju= —vu and W=t = SLU = —UslU.

Also, defining the linearization Z:=77~1+ Ve =1+ v + 175_ and k1 (z):=
u;lkl(z)uL_: T+ki(e) =1 +u; ky(e)uy, we get C(2)=Fki(2)Z ~1+
¢(e) =1+ k1(e) + v. Then we have

w? = Z7WC(z) —  swu = —v.u+ ué(e).

The final composite ghost if then clearly an instance of (18)):

(45) vy = u tou + u s,

= u " (ve 4+ vs + v)u + u (s + s+ 51)u,

=u N (ve +vs +v)u+ut (= veu +ue(e) — vsu — v,u) = e(e).
Which proves the assertion since é(g) = ki (g) 4 e = uy tk1(e)uy, + ve + 0. =
up te(e)uy, + ..

From the explicit form we see first that both conformal boosts
ghost + and the Lorentz ghost s have disappeared, meaning that s;x, =0
and sy xp = 0. This reflects the fact that the composite fields x, are Ky
and SO-invariant. Second, from the derivation of the final ghost vy in
particular, we see that they are Weyl gauge fields of a non-standard kind.
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They satisfy the algebra BRST:

swwoy, = —Dé(e) = —de(e) — [y, ()]
0 —Voe 0
=10 —ded—drds—g L0 gdr —g'1-VOe—2eg 1P
0 2eg-dx 0

where —V0e = —dde — 0e-I' = (V,(0,€) — Oae I'* ) dat,

B - —0eT  —0e-(W—fp) 0
swllL = [QL, E(E)] = 0 TOe —g L0 g T —2eg-CHg (W f)-0¢ |,
0 2eq-T *
0 —0eW 0
in the normal case SWQN,L =10 0 —2eg7.C+ g LW-0¢ | . So
0 0 0

this “pure gauge” part of BRST,y, reproduces the infinitesimal Weyl transfor-
mations of the Linear/Levi-Civita connection and of the metric, Schouten,
(generalized) Cotton and Weyl tensors. Compare with —. Finally the
part of BRSTy, concerning the tractor and ghost fields is

—epy, — 04y, —epr — Oye 4]
swpL = —vwpr, = | —ely, —g L0 o | = | —elt — g"Oe o
eo co
0 0 0
and Syuw = —vw’= [0 0 —2eg 10e
0 0 0

The last relation reflects essentially that swe = 0, that is the fact that W
is an abelian group. The first relation reproduces the infinitesimal transfor-
mation law of a tractor field, to be compared with .

5. Conclusion

Tractors and twistors are frameworks devised to deal with conformal calculus
on manifolds. Whereas it has been noticed that both are vector bundles
associated to the conformal Cartan principal bundle endowed with its normal
Cartan connection, it is often deemed more direct and intuitive to produce
them, bottom-up, from the prolongation of defining differential equations,
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the Almost Einstein and Twistor equations respectively. In this paper we
have proposed a straightforward and top-down gauge theoretic construction
of tractors via the dressing field method of gauge symmetries reduction.

The starting point was the conformal Cartan gauge structure ((P,w), E)
over M with gauge symmetry given by the gauge group H — comprising
Weyl W, Lorentz SO and conformal boosts K1 groups — acting on gauge
variables x = {w, Q, p, Dy} which are the conformal Cartan connection, its
curvature, a section of the naturally associated R™"T2-vector bundle and its
covariant derivative.

Applying the dressing field approach we showed that Ki-invariant com-
posite fields x1 could be constructed thanks to a dressing field u; built out of
parts of the Cartan connection w. In particular the dressed section ¢ € E;
was shown to be indeed a tractor and D = d 4+ w; a generalized tractor
connection. The usual one is induced by the dressed normal conformal Car-
tan connection: Dy 1 = d + wy,1. Furthermore we stressed that, while the
composite fields y1 are genuine gauge fields w.r.t the residual Lorentz gauge
symmetry SO, the latter are gauge fields of a non-standard kind w.r.t the
residual Weyl gauge symmetry Y. Such non-standard gauge fields resulting
from the dressing field method, implement the gauge principle of physics
in a satisfactory way but are not of the same geometric nature than the
fields usually underlying gauge theories. The tractor bundle with connec-
tion (Ej, Dy 1), as a restriction of (E7, Dy), is then seen to be an instance
of non-standard gauge structure over M.

A further dressing, in the form of the vielbein, allowed to further reduce
the Lorentz SO-gauge symmetry so as to produce the non-standard com-
posite W-gauge fields x. These are essentially the same as y; but written
in holonomic frames rather than orthonormal frames. This allows to recover
the form of the tractor bundles and tractor connection as usually derived,
(T,V7) = (E,, Dy 1), as a restriction of the non-standard gauge structure
(Er,Dr).

The initial conformal gauge structure is encoded infinitesimally in the
initial BRST algebra satisfied by the gauge variables x. As a general result
the dressing field approach modifies the BRST algebra of a gauge structure.
We then provided the new algebra BRST; satisfied by the composite fields
X1, as well as the algebra BRSTy, satisfied by the composited fields xi..

Tractor calculus was originally devised mainly for conformal geometry,
but also for projective geometry, see [28]. For the latter case also the con-
struction is via prolongation of a differential equation. The gauge theoretic
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method that we advocate here ought to apply with equal felicity to pro-
jective tractors, the latter being recovered from dressing of the projective
Cartan bundle. Standard results concerning the projective Cartan connec-
tion [72] should be obtained as well. This will be the subject of a future
paper. For more immediate concern, in a companion paper we will deal with
the application of the dressing approach to twistors, which can be seen as
derived from the spinor bundle associated to the conformal Cartan bundle

(P,w).
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