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Natural lifts of Dorfman brackets

M. JoTz LEAN AND C. KIRCHHOFF-LUKAT

Let E a smooth vector bundle over a smooth manifold M. This
note proves that a Dorfman bracket on T'M & E*, anchored by
Pryas, s equivalent to a lift from I'(T'M ¢ E*) to linear sections of
TE ®T*E — FE, that intertwines the given Dorfman bracket with
the Courant-Dorfman bracket on sections of TE & T*E.

This shows a universality of the Courant-Dorfman bracket, and
allows us to characterise twistings and symmetries of transitive
Dorfman brackets via the corresponding lifts.
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1. Introduction

Theodore Courant and his adviser Alan Weinstein definedl the Courant
bracket in 1990 [7, 8]: an R-bilinear, skew-symmetric bracket on sections
of TM & T*M that satisfies the Jacobi identity up to an exact one-form.
Irene Dorfman independently introduced that structure in her definition and
study of Dirac structures in the context of infinite dimensional Hamiltonian
structures [9]. Then Liu, Weinstein and Xu discovered in the late nineties
that this bracket on sections of TM & T*M is in fact a particular, “stan-
dard” example of a Courant algebroid, when they defined the later notion
and proved that the bicrossproduct of any Lie bialgebroid can be understood
as a special type of Courant algebroid [21].

Nowadays, for a smooth manifold M, the standard Courant algebroid
structure on TM @ T*M is often defined using the Courant-Dorfman bracket
onT'M & T*M: an R-bilinear bracket on sections of T'M & T* M, that is not
skew-symmetric but satisfies a Jacobi identity written in Leibniz form (see
[25, 26]). The two brackets are equivalent in the sense that the Courant
bracket is the skew-symmetrisation of the Courant-Dorfman bracket.

In the context of Courant algebroids and Dirac structures, the Courant-
Dorfman bracket plays an important role in the generalised geometry devel-
opped first by Nigel Hitchin, Marco Gualtieri (see [II], 12]). It also enters
the theoretical physics literature in this context: T'M @& T*M-generalised
geometry turns out to provide a convenient description for the low-energy
effective theory of closed string theory referred to as double field theory (see
for instance [13], [14]).

Subsequently, the low-energy effective theories of the conjectured M-
theory were linked to Dorfman brackets on vector bundles of the form T'M &
ANT*M @ - @ AMT*M (see [15]).

In all of these applications, Dorfman brackets encode infinitesimal gauge
transformations of the physical theory. Gauge transformations or gauge in-
variances are redundancies in the mathematical description of the theory
(not to be confused with physical symmetries) — the physical results are in-
variant under the application of such transformations. For example, general
relativity, a theory of four-dimensional smooth manifolds with Lorentzian
metrics, is invariant under diffeomorphisms. The Lie algebra of the diffeo-
morphism group on a smooth manifold is given by the Lie derivatives £ x for
X € X(M), so the Lie bracket (the simplest example of a Dorfman bracket)
gives the infinitesimal gauge transformations of general relativity.

1See [19] for a nice exposition of the history of Courant algebroids.
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Similarly, the theory described by the T'M & T* M-generalised geome-
try, which is a theory of a metric and a 2-form on a smooth manifold M, is
invariant under the semi-direct product of the diffeomorphism group with
the (additive) group of closed two-forms Diff (M) x Q2 (M) — the physics of
this theory only depends on the exterior derivative of the two-form. The Lie
algebra of this group of generalised diffeomorphisms is precisely given by el-
ements [(X,§),],(X,€&) e '(TM & T*M), so the Courant-Dorfman bracket
encodes the infinitesimal gauge transformations of this more extended the-
ory. This principle is repeated in the M-theory examples.

Dorfman-type brackets on TM & AFT*M @& --- @ AMT*M and gener-
alisations are studied in great detail in [I] under the name of closed-form
algebroids as a special case of the general concept of Leibniz algebroid. Leib-
niz algebroids are the natural generalisation of Lie algebroids, where the
bracket is no longer required to be antisymmetric, but still satisfies a form
of Jacobi identity.

This paper studies Leibniz algebroids on vector bundles of the form
TM & E*, where E — M is some smooth vector bundle, in the context of
double vector bundles; more specifically the standard VB-Courant algebroid
TE ® T*E over the vector bundle F. We call Leibniz brackets of this type
Dorfman brackets, since they constitute the most direct generalisation of the
original Courant-Dorfman bracket on T'M & T*M.

Section |3| characterises linear sections of TE @ T*FE in terms of certain
derivations of its core E @ T"M. Linear sections of TE & T*E form a lo-
cally free sheaf over M and are thus sections of a vector bundle E' — M, the
so-called fat vector bundle. E is in fact isomorphic as a vector bundle to the
Omni-Lie algebroid Der(E*) @ J!(E*) studied in [5, [6]. Using our results on
linear sections, we can show that the E*-valued Courant algebroid structure
on Der(E*) @ JY(E*) is induced from the standard Courant algebroid struc-
ture on TE @ T*E. Note that according to [I7], the VB-Courant algebroid
TE ® T*E — E is equivalent to an E*-Courant algebroid. In [4] the omni-
Lie algebroid associated to E* is proved to be an E*-Courant algebroid. To
our knowledge, those two E*- Courant algebroids have never be proved to
coincide before.

Furthermore, these results are used in Section [4]to establish the following
main result (Theorem, which shows that all Dorfman brackets on T'M &
E* are intimately linked to the Courant-Dorfman bracket on TE & T*FE.
Therefore, the Courant-Dorfman bracket can be seen as universal in the
family of the Dorfman brackets.
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Theorem. Let [-,-] be any Dorfman bracket on TM @& E* anchored by
prras- Then there exists an R-linear map Z: T(TM @® E*) — ', (TE @ T*E)
which satisfies

1) If®p: TE®T*E — TM @ E* is the projection in the double vector
bundle (TE ® T*E;TM & E*, E; M) (see Section ,

p(E(v)(em)) = v(m)

forallv e I'(TM & E*), ey, € Ep, and m € M.

2) The lift is natural in the sense that for all vy,vy € T(TM & E*), we
have:

Elv1,v2] = [E(n1),E(12)]
where the bracket on the right-hand side is the Courant-Dorfman
bracket on sections of TE @ T*E — F.

We compare this to results obtained in [5, [6l [16].

Section [5| explores the most important examples of such natural lifts,
and Sections [0] and [7] describe twistings and internal symmetries of Dorfman
brackets in light of the double vector bundle context.

Notation and conventions

We write py: TM — M, qp: E — M for vector bundle projections. We
write (-,-) for the canonical pairing of a vector bundle with its dual; i.e.
(emsEm) = Em(em) for e, € E and g, € E*. We use several different pair-
ings; in general, which pairing is used is clear from its arguments. Given a
section € of E*, we write {.: F — R for the linear function associated to it,
i.e. the function defined by e,, — (¢(m), e,,) for all e, € E. We denote by
g E— E @®T*M the canonical inclusion.

Let M be a smooth manifold. We denote by X(M) and Q'(M) the
sheaves of smooth sections of the tangent and the cotangent bundle, respec-
tively. For an arbitrary vector bundle £ — M, the sheaf of sections of F is
written I'(E).

2. Preliminaries on Courant algebroids, Dorfman brackets,
dull brackets and Dorfman connections

An anchored vector bundle is a vector bundle () — M endowed with a vector
bundle morphism pg: @ — T'M over the identity. Consider an anchored
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vector bundle (E — M, p) and a vector bundle V' over the same base M
together with a morphism p: E — Der(V'), such that the symbol of p(e)
is p(e) € X(M) for all e € I'(E). Assume that E is paired with itself via a
nondegenerate pairing (-,-): E xps E — V with values in V. Then E — M
is a Courant algebroid with pairing in V if E is in addition equipped
with an R-bilinear bracket [-,-] on the smooth sections I'(E) such that the
following conditions are satisfied:

1) [e1, [e2, es]] = [[e1, e2], es] + [ez, [ex, es]],
2) pler)(ez; e3) = ([e1, e2], e3) + (e2, [e1, e3]),
3) [e1,ea] + [e2, e1] = Dfex, e2),

4) pler, e2] = [pler), ple2)]

for all ej,e2,e3 € I'(E) and f € C>°(M), where D: I'(V) — I'(E) is defined
by (Dv,e) = p(e)(v) for all v € T'(V'). Note that

5) le1, fea] = fler, e2] + (p(er) f)ea

for e;,eq € I'(E) and f € C*°(M) follows from (2). If V=R x M — M is
the trivial bundle, then D = p* od: C°°(M) — I'(E), where E is identified
with E* via the pairing. The quadruple (E — M, p,(-,-),[-,-]) is then a
Courant algebroid [21] 25]; then p = p and (4) follows from (2) and the
nondegeneracy of the pairing (see also [26]). Finally note that Courant al-
gebroids with a pairing in a vector bundle E were defined in [4] and called
E-Courant algebroids.

Example 2.1. [7] The direct sum T'M @ T*M endowed with the projection
on T'M as anchor map, p = prpy,,, the symmetric bracket (-, -) given by

(1) ((Vms Om)s (Wins i) = Om (W) + N (V)

for all me M, vy, wn, € TyM and oy, B € T,M and the Courant-
Dorfman bracket given by

(2) [(X,0), (Y, n)] = ([X, Y], £xn — iyd0)

for all (X,0),(Y,n) e (TM @ T*M), yield the standard example of a
Courant algebroid, which is often called the standard Courant algebroid
over M. The map D: C*(M) - I'(TM @ T*M) is given by Df = (0,df).
We are here particularly interested in the standard Courant algebroid over
the total space of a vector bundle.
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Next we define dull algebroids and Leibniz algebroids.

Definition 2.2. 1) [16] A dull algebroid is an anchored vector bundle
(Q — M, p) endowed with a bracket [-, -] on I'(Q) satisfying p[q1, g2] =
[p(q1), p(q2)], and the Leibniz identity in both terms

[fiq1, f2q2] = frfolar, @2] + fip(q1)(f2)az — fap(q2) (f1)@

for all f1, fo € C®°(M), q1,q2 € T(Q).

2) [I] A Leibniz algebroid is an anchored vector bundle (Q — M, p)
endowed with a bracket [-,-] on I'(Q) with [q1, fg2] = fla1,q2] +
p(q1)(f)ge for all f € C°(M),q1,q2 € I'(Q), and satisfying the Jacobi
identity in Leibniz form

la1, a2, @3]] = [lar, @21, @3] + [a2, [41, ¢3]]

for all qd1,492,43 € F(Q)

3) A Leibniz algebroid E’ is transitive if the anchor p: E' — T'M is sur-
jective [I]. Then the Leibniz algebroid can be written E' = TM ¢ E*
with p = pryy, and E — M a vector bundle. We call its bracket [, -]
a Dorfman bracketf]

4) A transitive Leibniz algebroid is split if there is a section o: TM — E’
of the anchor map such that o(X(M)) is closed under the Leibniz
bracket [1].

First note that the definition of the Leibniz algebroid implies [I]

plars a2l = [p(a1), p(g2)]  for all g1, g2 € T'(Q).

Any split transitive Leibniz algebroid E’ forms a split short exact sequence
of vector bundles:

(3) 0= E < E 5TM =0

with E* = ker p. The splitting map o : TM — E’ induces an isomorphism
E'=2TM & E*. Since o(X(M)) is closed under the Leibniz bracket and

2Qccasionally the term “Dorfman bracket” is used for the bracket of arbitrary
Leibniz algebroids in the literature, but in this paper it will exclusively refer to the
case where the anchor is surjective and the underlying vector bundle is split.



Natural lifts of Dorfman brackets 1407

poo =idry, we have [o(X),o0(Y)] = o[X,Y]. Thus, if we use o to de-
fine the isomorphism E’ — T'M @ E*, we obtain a Dorfman bracket with
the property

(4) [(X,0), (Y,0)] & [o(X),0(Y)] = o[X, Y] = ([X,Y],0)

Correspondingly, we call a Dorfman bracket split precisely if it has this
property.

Consider a dull algebroid (@, p, [-,-]). Then the bracket can be dualised
to a map

A:T(@Q) xT(Q") = T(Q), pla)d,7) =(la.4],7) + (d', AgT)

for all ¢,¢' € T(Q) and 7 € I'(Q*). The map A is then a Dorfman (Q-)
connection on Q* [10], i.e. an R-bilinear map with

1) Aggr = fAqT + (g, 7) - p*df,
2) Ag(fr) = fAgT + p(g)(f)7 and
3) AQ(p*df) = p*d(£p(q))

for all f € C®(M), q,¢ € T'(Q), 7 € T'(Q*). The curvature of A is the map
Ra: T(Q) x T(Q) = T(Q" © Q) defined on q,¢' € T(Q) by

Ra(g,q) == AgAg = By Dg = Dgq-
For all f € C*°(M) and ¢1,q2,q3 € T'(Q), 7 € T'(Q*), we have

(Ra(qr, q2)7,q3) = ([la1, @2]» a3] + a2, [q1, @311 — [a1, [g2, a3]]. 7)-

Consider a Dorfman bracket [-,-]: T'(Q) x I'(Q) — T'(Q). Its dual map
is
D: T(Q) — Der(Q*),

defined by p(q)(¢',7) = (¢', Dg7) + ([, ¢, 7) for all q,¢" € I'(Q) and 7 €
I'(Q*). The Jacobi identity in Leibniz form for [-,-] is equivalent to

(5) Dy, 0Dy, — Dy, 0 Dy, = D[[ql,qg]]

for all ¢1, q2 € T(Q).
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D allows the extension of the Dorfman bracket to all tensor bundles of @
via the Leibniz rule. In the theoretical physics applications, this operation
is called the generalised Lie derivative due to its Lie algebra property.

Example 2.3. The bracket of a Courant algebroid E is a Dorfman bracket.
Using the nondegenerate pairing to identify E with its dual, we find that D
is in this case the “adjoint action”: D, = [e, -] for e € T'(E).

Example 2.4. On any vector bundle of the form TM & E* with E =
ANATM @& -« @ ABTM, there is a Dorfman bracket

(6) [(X,a), (Y, )] = [X, Y]+ £x0 —iyda
for (X,a),(Y,B) e (TM & E")

For simplicity of notation, consider the special case TM @& AFT*M for the
rest of this example — the more general case works in the same way. Let
(T,0) € T(A*TM @ T*M). Then we have

<D(X,a)(T7 6)7 (K ﬁ)> =X <(T7 6)7 (K ﬂ)) - <[[(X7 a)? (Y) 5)]]7 (T7 9)>
=(£x0,Y)+ (£xT, B) + (iyda, T)
= ((£xT, £x0+ (~1)"da(T,)), Y + )

which shows Dx o)(T,0) = (£xT, £x60 + (—1)kda(T,-)).

Example 2.5. [I] extensively discusses a generalisation of example
so-called closed-form Leibniz algebroids. All commonly studied examples of
Dorfman brackets belong to this class of Leibniz algebroids.

In addition to the terms in @, closed form algebroids can for example
contain terms that mix different degrees of differential forms:

(7) [(0; g, 0,0), (05 0, 85, 0)] = (—1)*~9(0;0,0, dey, A B;)

for the Dorfman bracket on TM @& AFT*M & NT*M & ANFHI+HIT*)T.
Terms of this type correspond to terms of the following form in D:

(D0300,0,0) T» Ty T 13 0), (Y5 B, By, Bisr1))
= —([(0; a, 0,0), (Y5 B, Bj Bjrk+1)]s (Thes Tjs Ty 13 0))
= ((0:iyday, 0, (=) * D7 day A ), (T, 0, Ti41:0) )

= (0. (=)F DTy 4y ~day, 0 (~1) iz da), (V5 B, B, Bergo))
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and therefore
®)  D(0:00,00)(0,0, Thpj4150) = (—1)*F 70, Ty y s 1 ~d g, 05 0),
where — denotes contraction over the first (in this case) (k + 1) indices.

Example 2.6. A more complex example of closed-form algebroid underlies
the so-called E7-exceptional generalised geometry (see [I} [15]). The vector
bundle

(9) TM & N*T*M & NT*M & (N'T*M @ T*M)
carries a natural E7 x R*-structure and the Dorfman bracket (see [I])

[[(Xv a9, O[5,U), (Y7 BQ,,BE),’U)]]
= ([X,Y]; £x 52 — iydas,
£xpB5 —iydas + das A ﬁg, £xv—dag 055 + das Oﬁg),

where (da ¢ 3)(X) = (ixda) A S for all X € X(M). The dual map D is then
given as follows: D (x.a, as.u) (T2, T5, T7 @ Z;0) is

(£XT2 — T5—\d042 + T7—\izda5,£XT5 — T7—\izda2, 0;
£x0 + dag(Ty, ) — das(T5, )

Remark 2.7. Note that all examples for Dorfman brackets in this paper
are local, i.e. their brackets are given in terms of differential operators in
both components. There are non-local Leibniz algebroids, for an example
see Appendix [C]

3. Linear sections of TE @ T*F — FE

In this section, we recall some background notions on double vector bundles.
Then we describe the double vector bundle structures on TF, on T*E and
on TE ®T*FE, for a vector bundle £ — M. In the last part of this section,
we characterise arbitrary linear sections of TE @& T*E — E via a certain
class of derivations.

3.1. Double vector bundles and linear splittings

We briefly recall the definitions of double vector bundles and of their linear
and core sections. We refer to [10], 22, 24] for more detailed treatments. A
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double vector bundle is a commutative square

B

D——2DB
ﬂ’Al iQB
A——sM
qa
of vector bundles such that
(10) (di +ad2)+p (d3+ads) = (di +Bds) +4 (d2+pds)

for dy,ds,ds,dy € D with ma(dy) = wa(de), ma(ds) = ma(ds) and wp(dy) =
mp(ds), mp(dy) = mp(dy). Here, +4 and +p are the additions in D — A
and D — B, respectively. The vector bundles A and B are called the side
bundles. The core C' of a double vector bundle is the intersection of the
kernels of m4 and of mg. From follows easily the existence of a natural
vector bundle structure on C' over M. The inclusion C' < D is denoted by
Cm dcr—cem,(04)Nrg (0B).

The space of sections I'g(D) is generated as a C°°(B)-module by two
special classes of sections (see [23]), the linear and the core sections which
we now describe. For a section ¢: M — C, the corresponding core section
c': B — D is defined as cf(b,,) zﬁbm +ac(m), me M, by, € By,. We de-
note the corresponding core section A — D by ¢ also, relying on the argu-
ment to distinguish between them. The space of core sections of D over B
is written as I'; (D).

A section & € T'g(D) is called linear if £: B — D is a bundle mor-
phism from B — M to D — A over a section a € I'(A). The space of linear
sections of D over B is denoted by T'%(D). Given v € T'(B* @ C), there
is a linear section 1Z : B — D over the zero section 04: M — A given by
Y(bm) = 0y, +4 ©(bym). We call ) a core-linear section.

3.2. The tangent double and the cotangent double
of a vector bundle

Let qg: E — M be a vector bundle. Then the tangent bundle T'F has two
vector bundle structures; one as the tangent bundle of the manifold £, and
the second as a vector bundle over T'M. The structure maps of TE — T'M
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are the derivatives of the structure maps of £ — M.

TE- . |

| |

T™T™M —— M
Pm

The space TFE is a double vector bundle with core bundle £ — M. The
map : E — pEl(OE) N (Tqe) (0™) sends e,, € B, to &, = %‘tzo te,, €
Ty E. Hence the core vector field corresponding to e € I'(E) is the vertical
lift ¢': E — TE, i.e. the vector field with flow ¢¢' : E x R — E, gbf(e;n) =
el, + te(m). An element of I',(TE) = X*(E) is called a linear vector field.
It is well-known (see e.g. [22]) that a linear vector field ¢ € X!(E) covering
X € X(M) corresponds to a derivation D: I'(E) — I'(E) over X € X(M).
The precise correspondence is given by

(11) §(le) =lp-() and  E(qpf) = qp(X(f))

for all e € T'(E*) and f € C°°(M), where D*: I'(E*) — I'(E*) is the dual
derivation to D. We write D for the linear vector field in X!(E) corresponding
in this manner to a derivation D of I'(E). Given a derivation D over X €
X(M), the explicit formula for D is

d

(12) D(en) = TumeX(m) +5 =

(em —tD(e)(m))
t=0

for e,, € E and any e € I'(E) such that e(m) = e,.

Dualising TE over E, we get the double vector bundle

T*E-2 - |

o e

B M

The map rg is given as follows. For 6., , re(0.,,) € E},,

d
<TE(96m)7 €Im> = <65m, % em + t€/m>

t=0

for all e, € E,,,. The addition in T*E — E* is defined as follows. If ., and
wer are such that rg(be, ) = rp(we ) = & € By, then the sum 0, +,
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we,, €Ty 1o FEis given by
<06m +E- We! 5 Ve,y, +7Mm 'Ue’m> = (967,,,, Ue,,,,) + <we§n7 'Ue’m>

for all v, € T, E, ver € Teny E such that (¢g)«(ve,,) = (qE)«(ver ).

For e € I'(E*), the one-form d/. is linear over e: we have rg(de, lc) =
e(m) for all m € M and the sum d., ¢ +,, de/ lc equals d,, e {e. For § €
Q(M), the one-form g30 is a core section of TE — E: rg((¢50)(em)) = 0F,
and for ¢ € T'(Hom(E,T*M)) the core-linear section ¢ € I'L(T*E) is given
by d(em) = (Tv, qi)*d(em) for all e, € E. The vector space T} I isspanned
by de, /- and dequ\*Ei) for all e € I'(E*) and f € C*°(M). Finally note that
dls. = qpdle + e @df for all e € I'(E*) and f € C°(M).

By taking the direct sum over F of TE and T*FE, we get a double vector
bundle

TEST'E 2 - F

Wl e

TM @ E*q*> M

TMOE*
with side projection @ = (¢g). ® rg and core E @ T*M. In the following,

for any section (e, #) of E @ T*M, the vertical section (e,0)" € Tgp(T*E &
(T2 E)°) is the pair defined by

m

13) ) ) = (55| e tetm). (T a)om) )

t=0

for all ¢/, € E. Note that by construction the vertical sections (e, )" are
core sections of TE @ T*E as a vector bundle over E.

The standard Courant algebroid structure over E is linear and

®p:=(98."E)

TESTE T™ @ E*
E M

qE

is a VB-Courant algebroid (][20], see also [17]) with base E and side TM @
E* — M, and with core E ®T*M — M.
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The anchor © =prpp: TE ® T*E — TFE restricts to the map 0 =
prp: E@T*M — E on the cores, and defines an anchor

prMeEs =Prry: TM @ E* — TM

on the side. In other words, the anchor of (e,0)" is el € X¢(E) and if x is
a linear section of TE ® T*E — E over (X,¢) € I'(T'M @ E*), the anchor
O(x) € XY(E) is linear over X.

3.3. The first jet bundle of a vector bundle

For convenience of the exposition in the next section and later on in the
paper, we recall here some basic facts about the first jet bundle of a vector
bundle, and we set some notations.

The first jet bundle J!E of a vector bundle E over M is the space {n,, €
Hom(T,,M,T., E) | m € M, e,, € E,}. It has a projection to pry: J'E —
E to E, 0y, € Hom(T;,,M, T,, E) + e, and a projection to pr: J'E — M
to M, 1, — m. This second projection is the projection of a vector bundle
structure over M; for 0, € Hom(T,, M, T¢,, E) and pn, € Hom(T,,, M, Te, E),
we have any, + Bm € Hom(T, M, Tye, 40 E),

(0”7m + /B/Lm)(vm) = anm(vm) +1rm B/Lm(vm)y

where +7js is the addition in the tangent prolongation TE — T'M of the
vector bundle £ — M. For each ¢,, € Hom(T,,M, E,,) we get an element
U(pm) € JEEp, with

prE(L(¢m)) - O’I’E)’L7

d
L(Qbm)(vm) = TmOE(Um) + % o t¢m(vm)'

Two elements n,, € Hom(7T,,M,T,, E) and p,, € Hom(T,,M, T, E) dif-
fer by such an element ¢,, € Hom(7,,M, E,,) and we have a short exact
sequence

0 — Hom(TM,E) - J'EZ5 E -0

of vector bundles over M. The corresponding sequence

0 — T(Hom(T M, E)) - T(J'E) Z5 T(E) - 0
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is canonically split by the map

j':T(E) = T(J'E),
(j*¢)m € Hom(T,,M,T., E),
(1e)m( m) = Tme(vm).

In particular, given m € M and two sections e, e’ € T'(F) with e(m) = €/(m),
we find (je)m, = (j1€')m~+i(dm) for a ¢, € Hom(T,, M, E,,). In other words,
there is a canonical isomorphism

(14)  TU'E)=T(E)eTN(T*M@E), pw (prgpup—j'(prgp).

Furthermore, we have j'(e; + e2) = jle; + jles and J'(fe) = fjle +
t(df ®e) for all e,eq,e9 € T'(E) and f € C°(M).

Note finally that every element u € J} (E) can be written u = (jle)n,
with a local section e € I'(E). Furthermore, two local sections e, e’ € T'(E)
define the same element (jle),, = (j€'), =: p € JL(F) if and only if T},e =
Tyne' as vector space morphisms T, M — T, (,,,) /. That is, e(m) = €’(m) and
Time(vm) = Tme (vy) for all m € T,, M. The later is equivalent to vy, (€, e) =
(Trnevm)(le) = (Tme'vm)(Le) = vmle, €) for all vy, € T, M and all e € T'(E*),
and so to

(de(m)les Tnevm) = (demylers Tinevm)

for all v, € T,,M and all € € I'(E*). Hence, (jle)m = (jl€’)m if and only
if dele =dcle for all € #0 € E; by continuity then dcl. = dler for all
ec k.

3.4. The E*-valued Courant algebroid structure
on the fat bundle E

The space I',(TE & T*E) is a C°°(M)-module: choose f € C*°(M) and
x € T(TE & T*E) a linear section over v € I'(TM @& E*). Then ¢hf - x is
linear over fv € I'(TM @ E*). The space I',(TE & T*E) is alocally free and
finitely generated C'°°(M)-module (this follows from the existence of local
splittings). Hence, there is a vector bundle E over M such that T r(TE®
T*E) is isomorphic to I'(E) as C°°(M)-modules. The vector bundle E is
called the fat vector bundle defined by I',(TE @& T*E). We prove below
that it is isomorphic to Der(E*) @ J*(E*), where Der(E*) is the bundle of
derivations on E*, and J!(E*) the first jet bundle.
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First recall that defines a bijection between the linear vector fields
X'(F) and T'(Der(E*)). It is easy to see from that this bijection is a
morphism of C°(M)-modules. Hence, the fat bundle defined by X!(E) =
I'Y(TE) is the vector bundle Der(E*).

Next note that I'y;(T*E) fits in the short exact sequence

0 — T(Hom(E, T*M)) — T (T*E) 5 T(E*) — 0,

of C*°(M)-modules, where the second map sends ¢ € I'(Hom(E,T*M)) to
the core-linear section ¢ € TL,(T*E), ¢(e) = (Teqr)*¢(e) for all e € E, and
the third map sends 0 € I'),(T*E) to its base section rgf in ['(E*). We
define ¥: T'(J1E*) — TL,T*E) by W(jle) = dl. for € € T'(E*) and ¥(19) =
= I (T*E) for ¢ € T(Hom(TM, E*)). The map ¥ is C°°(M)-linear and
we get the following commutative diagram of morphisms of C*°(M )-modules

0 —= I'(Hom(TM, E*)) ~——T(J'E*) ZZs 1(E*) — =0

ol o

0 —T'(Hom(E, T*M)) —T'y(T*E) ——T'(E*) —0

with short exact sequences in the top and bottom rows. Since the left and
right vertical arrows are isomorphisms, ¥ is an isomorphism by the five
lemma. Since ¥ is an isomorphism of C°°(M)-modules, we obtain a vector
bundle isomorphism v : J'E* — T*E, where T*E is the fat bundle defined
by I',(T*E). Finally we obtain a vector bundle isomorphism

(15)  ©: Der(E*) @ JYE*) = E, (D, (516)m) — evim (l/)\*,dﬁe) :

Recall that for a linear section y € I'y,(TE @ T*E), there exists a section
vel(TM @ E*) such that mryqr- © X = v oqg. The map x — v induces
a short exact sequence of vector bundles

0— E*®(E®&T*M) — E — TM & E* — 0.

Note that the restriction of the pairing on TE ¢ T™E to linear sections
of TE & T*F defines a nondegenerate pairing on E with values in E*. Since
the Courant bracket of linear sections is again linear, the vector bundle
E inherits a Courant algebroid structure with pairing in E* (see [17]). In
particular, the Courant algebroid structure on TFE & T*E defines a Leibniz
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bracket on sections of Der(E*) @ J'(E*) and a pairing with values in E* on
(Der(E*) & JY(E*)) xar (Der(E*) @ J'(E*)) .

This is called an Omni-Lie algebroid in [3], see also [6]. The symmetric
bilinear nondegenerate pairing with values in E* on F is given by

(O(D(m)), O((5')m + 16m)) = (D*, dle + $)(m) = D(e)(m) + ¢*(X)(m)

for D a derivation with symbol X € X(M). Here, the second term is the
evaluation at m € M of the linear function ¢p.i4-x, when identified with
De 4+ ¢*X € T'(E*). Hence, the corresponding symmetric bilinear nondegen-
erate pairing with values in E* on J!(E*) @ Der(E*) is given by

(Din, (7€) + tdm) = Din(€) + ¢(X)(m)

for e e I'(E*), ¢ € I'(Hom(T'M, E*)) and D,, € Dp,(E*) with symbol X €

3.5. Linear sections of TE  T*E — F

In this section we build on the techniques summarised in Section and
we prove original results on linear sections of TE & T*E — E. Those results
will be the basis of our main theorem in Section [l

We consider a linear section x € I',(TE @ T*E) over a pair (X,¢) €
I(TM & E*). Given a section e € I'(E), the difference

x(e(m)) = (TmeX (m), degm) fe)

projects to e(m) in E and to 0,, € TM & E* and we can define a section
D,(e,0): M - E®T*M by

X(e(m)) = (TneX (m), degmyle) = —Dy(e,0)' (e(m))

for all m € M. By construction and the scalar multiplication in the fibers
of TE®T*E — TM & E*, we get D,(re,0) = rDy(e,0) for a real number
r € R, and Dy (e1 + e2,0) = Dy(e1,0) + Dy (e2,0) for e1,ex € I'(E). For a
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smooth function f € C*°(M), we have x((fe)(m)) = x(f(m)e(m)) and

(Tm(fe)X(m)a df(m)e(m)gs)
= (T(fm)e) X (m) + (X(£)e) (F(m)e(m)), dpomyeqm e ) -

Hence, we find that

(16) Dx(fe,O) :fDX(e,O)—i—(X(f)e,O).
Now we set

Dy: T(E ® T*M) — T(E & T*M),
D, (e,0) = Dy(e,0) + (0, £x0).

and Theorem below shows that D, is a smooth derivation. We have
found the following result:

Theorem 3.1. Let x be a linear section of TE ®T*E — E over a pair
(X,e) eT(TM @ E*). Then there exists a wunique derivation
Dy:T(E®T*M)—»T(E®T*M) with symbol X € X(M) and which sat-
isfies

1) Dy(e,8) = Dy(e,0) + (0, £x6) and
2) x(e(m)) = (TmeX (m), degmyle) — Dy (e, 0)(e(m)),
for alle € T(E) and 6 € Q' (M).

Conversely, given a pair (X,e) € T'(TM @ E*) and a smooth derivation
D:T(E®T*M) - T(E®T*M) over X € X(M), we write x.,p for the lin-
ear section defined by

Xz,p(e(m)) = (TneX (m), de(myle) — D(e,0)' (e(m))

for all e € I'(E). Note that (1) in the last theorem shows that for each x €
I''(TE @ T*E) there exist a derivation d, € I'(Der(E)) and a tensor ¢, €
[(E*®T*M) with Dy (e, 0) = (dye, ¢y (e)). More precisely, dy, = prg oD, o
tp: T'(E) — T'(F) is a derivation of E with symbol X and the vector bundle
morphism is ¢ = prp. 0Dy o tg: E— T*M. The linear section x can then
be written

X = (@’ dl. — @)
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Remark 3.2. With the results in Section [3.4) we can phrase this cor-
respondence in_terms of the bundle isomorphism E = Der(E£”) & J LE*):
x = (dy,dl: — ¢y) € T(E) corresponds to (dy,j'e — t(¢y)) in T'(Der(E*) &
JHEX)).

We can use these results on linear sections to prove the following:

Theorem 3.3. Let x be a linear section of TE @ T*E — E over (X,¢) €
I(TM @ E*). The Courant-Dorfman bracket on sections of TE @ T*E — E
satisfies

[[X,TT}] = DXTT
and the pairing

<X?TT> = q*E<(X7€)77—>'

—

for all T € T'(E @ T*M). The anchor satisfies prrp(x) = dy.

We prove the first identity in Appendix [A] The second and third iden-
tities follow immediately from ([3.5)).
We now state our first main theorem.

Theorem 3.4. Choose two linear sections X1, X2 € F%(TE ®T*E), over
pairs (X1,€1), (X2,e2) € (TM @ E*). Then we have

(17) [[Xl) XQ]] = ([dXI’dX2]7 prrE* Dy (X2,e2) — PIp«pp O[DX17DX2] o LE)

= XprE* D;I (X2752)7[DX17DX2}
and (X1,X2) = lpr,. (D: (Xae2)+D5 (X1.61)-

The Theorem is again proved in Appendix [A] and gives us an expression
for the induced E*-valued Courant bracket on Der(E*) @ J!(E*):

Corollary 3.5. Choose di,dy € T'(Der(E*)) with symbols X1, X9 € X(M)
and choose i1, iz € T(JY(E*)) corresponding as in (14)) to (e1, ¢1), (c2, ) €
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NE*)®eT(T*M ® E*). Then

(18)  [(d1, 1), (d2, p2)] = ([dv, da), £a, 12 — £ayp1 + 5 (do, 1))

where the Der(E*)-Lie derivative on JY(E*) is defined in equation (19) of
13):

Lap = L4(e,0) = (de, (£x 0 9" — @* 0 d™)™)
where d is a derivation of E* with symbol X € X(M) and

p=(g,¢) € T(J'E*) ~ T(E* ® Hom(T M, E*)).

Thus, our theorem proves that the E*-valued Courant algebroid structure on
Der(E*) ® JY(E*) given in [5] is precisely induced from TE ® T*E via the
isomorphism U from 3.4

Proof. With the correspondence between T'(E) and T'(Der(E*) & T'(J(E*))
= I'(Der(E*) @ E* & Hom(T'M, E*)), (di, (i, ¢;)) corresponds to X; = Xe,,D;
with D;(e, 0) = (di(e), —¢;(e)). Then we have prg. D} (X2,62) = di(e2) +
¢1(X2) as well as

prr-ar([Dy, s Dxol(e,0)) = =¢i(dae) + d3(die) — £x, (d3(€)) + £x,(¢1(e))-

By the considerations in Section we have further (da, 1) = doe1+¢1(X2).
We get using the isomorphisms T'(JE*) ~ T'(E* @ Hom(T M, E*)) and
I (TE ® T*E) ~ T'(J'E* @ Der(E*)):

[(d1, 1), (da, p2)] = [(dr, 1, ¢1), (d2, €2, 2)]
(Cz\lvdga +$I) 9 (d\?adzf‘h +g§;>}]
= [[X€1,D17X62,D2]] = X(di(e2)+¢1(X2)),[D1,Ds]
= ([d1,da],d1(e2) + ¢1(X2), £a,02 — La,é1)
= ([dl, dQ], 0, 0) + (0,d2€1 + ¢1(X2), 0)

+ (0, £4, (g2, p2) — £4,(e1, ¢1))
= ([d,da], j" (d2, i) + £a, 12 — Layp1)-

O

Note that the derivation D, defines as follows a derivation of Hom(E, E &
T M): (Dyp)(e) = Dy(p(e)) ~ pldy(e)) for all e € (E).
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Corollary 3.6. In the situation of the preceding theorem, the Courant-
Dorfman bracket satisfies [x, ] = Dyy for ¢ € I'(Hom(E,E @ T*M)).

Proof. The section ¢ € I'(E* @ (E @ T*M)) can be written as ¢ = (¢1, ¢3),
with ¢1 € ['(E* ® E) and ¢3 € I'(Hom(T'M, E*)). Furthermore, ¢ defines a
section of Der(E*) & J'(E*): ¢ is a derivation of E* with symbol 0 € X(M)
and ¢y ~ 1y is a section of J'E*. Therefore ¢ is simply the corresponding
core-linear section under the correspondence outlined above. Choose y =
(d, i) with d a derivation of E* over X € X(M) and pu = jle + 1) € T(JLE").
Then the results above yield

[[(dv M)’ (¢17¢2)]] - [[(daf':?w)? (QbT?Oa ¢2)]]
= (d, ¢1], (£x 0 95 — ¢y 0 d*)" + ¢7 0 1)),

which is easily seen to be D, . g
3.6. Linear closed 3-forms

Let E be as usual a vector bundle over M. A k-form H on F is linear if the
induced vector bundle morphism H?: @*~! TE — T*E over the identity on
E is also a vector bundle morphism over a map h: @1 TM — E* on the
other side of the double vector bundles [2].

According to Proposition 1 in [2], a linear k-form H € QF(FE) can be
written

H=dA,+A,

with 4 € QF1(M, E*) and w € QF(M, E*). Here, given w € QF(M, E*), the
k-form A, € QF(E) is given by

Au(em) = (Te,.q8)" ((w, e)(m)),

where (w, e) € QF(M) is the obtained k-form on M. Note that in the equa-
tion for H, we have u = (—1)*"1h.

Example 3.7. For instance, we have seen in that for ¢ € I'(E*), the
1-form dl. € Q'(E) is linear. Since it projects to ¢ € I'(E*), we know that
any linear 1-form on E can be written d/. + ¢ for e € T'(E*) = Q°(M, E*)
and ¢ € T'(Hom(E,T*M)) = Q' (M, E*). An easy computation shows A, =
le € QY(E) = C>®(E) and Ay = ¢ € QL(E).
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Proposition 3.8. Consider a linear k-form H =dA,+ A,, with p €
QFY(M, E*) and w € Q¥(M, E*). Then H is closed, dH = 0, if and only if
w=0.

Proof. H is closed if and only if A, is closed. It is enough to evaluate dA,
on linear and core vector fields on E. Take k linear vector fields D; € X!(E)

over X; € X(M),i=1,...,k, and one vertical vector field e! € X¢(E). Then

(dA) (61, .. ,m,a)

_ i(—l)i+ll/)\i (Aw (ﬁl,...,%...,DAk,eT))

1
+ Z (*]—)ZJ’_]AUJ([-/D\“B\]] 7-5\1’"'5%7"'755”"-D/k\—1a€)r)
1<i<j<k
k . —~ —~ —~
+ 3 (—1)iEA, ([Di,eq ,Dl,...,i,...,Dk).
=1

Since [b\i,eq is again a vertical vector field and A, vanishes on vertical

vector fields, the first, third and fourth terms of this sum all vanish. The
remaining term is

(—1)ket (Aw (51, .. ﬁk)) — (—D)*g(w(X1, ..., Xk), €.

This is 0 for all Xi,..., X, € X(M) and e € I'(E) if and only if w =0. O

In what follows, we will consider closed linear 3-forms H = dA, with
p € Q%(M, E*) the base map of H*. Let us compute the inner product of
such a 3-form with two linear vector fields on F. R

Recall that any linear vector field can be written D € X!(E) with a
derivation D: I'(E) — I'(E) over X € X(M). The derivation D induces a
derivation D: QY(M, E*) — QY (M, E*) by

(Dw)(Y) = D*(w(Y)) — w[X,Y]

forallw € Q' (M, E*) and Y € X(M). In particular, given a Dorfman bracket
on sections of TM @ E*, the linear vector field pry; E(v) equals 6, where
v is a section of TM @& E* and §, is the derivation over prp,, v. We write
8, for the induced derivation of Q!(M, E*).
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Proposition 3.9. Choose i € Q*(M, E*). Let Dy,Dy, D € XU (E) be linear
vector fields over X1, X9, X € X(M) and let e be a section of E. Then

—_~

(19> iﬁQiﬁIdAH = dEiXQixl,u + Dl (iX2:u’> - DQ(iX1M) - i[Xl,Xg]l'L

and
(20) icripdA, = —qpixpy,e).

Proof. We have for e € I'(E):

i AN = B (A (o))~ B (4, (i)
e (1, (51.5)) -1, (557 1)
e ([Bre]. 5) -, ([B] 5

=0-0+e"(lyx,x)) —0+0—0
= qz’<ﬂ(X17X2)a €>'

This shows that iz iz dA, = dbi, i+ ¢ for a section ¢ € D'(E* @ T*M).
We have then

Uoxsy = (6. D3) =i pdA, — Ds(liy i )

(0 (3.)) 5 (o (5.3 5o 5

A ([505]5) 0, ([5.5] 5)
~ 0 ([B2.D3) . 51 - Dattic)

= Dilluxa x) — Dallycx, x,)) — Ay (ID1, D, Ds)
+ Ay <[ﬁ3]75\2> — Ay ([ﬁi’)]aﬁ)

= LD; (u(X2,X3)) — €03 (u(X1,X5)) — (X1, X2], Xs)
+ L1, X3),X2) — Lu((xe,Xa),%0)

- €<D1(1X2H) Do (ix, ) —irxy, X511, X3)

and we find . In order to prove , we use the equation

leﬂ dAM —qE< (Xl,X2)76>
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above to find that
ipierip dAy, = —ig (gp(u(X1),€)

for all linear Dy € X!(E). Since i igrierig dAM =0= —i. (g5 (pn(X1),e)) for
all ¢’ € ['(E), we find that inig dA, = —gp(u(Xa),e). O

We will use the following lemma.

Lemma 3.10. Choose an element 3 € QY(M, E*) and a linear vector field
D € X'(E) over X € X(M). Then izdAg is a linear 1-form over B(X) €
['(E*). More precisely,

i5dAg = —dls + Dp.
Proof. We have

i.rigdAg = D(Ag,e) — el (Ag, D) — (Ag, (De))
= —e'(lyx)) = —qi{e, B(X)).

Therefore i gdAg = —dlg(x) + ¢ with a section ¢ € T'(Hom(E, T*M)) to be
determined. We have

<$,ﬁ> = (ip AB n deﬁ(x),m

D(tsyy) — Dksty) — Loix.y) + Dibbarsy)
— 1

D(B(Y))-BIX,Y] = LDB)(v) = <D5,D’>

for any linear vector field D e X' (E) over Y € X(M). This shows that
¢ = Dp. O

4. Dorfman brackets and natural lifts
Consider now an R-linear lift
Z2:I(TM @ E*) > TL(TE® T*E),

sending each section (X, ¢) of TM & E* to a linear section over (X, ¢). Then
the lift defines an R-linear map

D:T(TM & E*) = Der(E® T*M), E(X,€) = Xe s -
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Consider the dual
[,]: T(TM @ E*) xI'(TM & E*) - T'(TM @& E™)
of D, written in bracket form and defined by
X(v,7) = 0, Dix)7) + ([(X,€), 1], 7)

forall (X,e),v €e I(TM @ E*) and 7 € I'(E @ T*M). Any bracket defined in
this manner is R-bilinear, anchored by pry;, and satisfies a Leibniz identity
in its second component. We easily get the following result.

Proposition 4.1. Lifts

[1]

:T(TM @ E*) - T.(TE ® T*E),

sending each section (X,e) of TM & E* to a linear section over (X,¢)
are equivalent to R-bilinear brackets [-,-]: T'(TM & E*) x I'(TM @ E*) —
[(TM @ E*), that are anchored by prpy, and satisfy a Leibniz identity in
the second component.

Define further the map 6: I'(TM @ E*) — Der(FE) by
0, =prgoD,ouip.

As we have seen before, the lift Z: I'(TM & E*) — I',(TE @ T*E) can
be written

(21) E(X, €)(em) = (TmeX (m), de,, Le) — (Dx¢)(€, 0)) " (em),

for any e € I'(E) with e(m) = e, or

E(X, 5) - (6(X,a)> dé. — prT*MD(X,E) ° //E)'

In terms of sections of the Omni-Lie algebroid Der(E*) @ J(E*), this
says that anchored R-bilinear brackets on T'M @ E* with Leibniz rule in the
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second component are in one-to-one correspondence with splittings
=:I(TM & E*) — T'(Der(E*) @ JY(E")),
of the short exact sequence
0= T(E*®(E®T*M)) — I'(Der(E*) & JYE*) - T(TM ® E*) = 0

Note that in either description the map = is a map of sections only, so its
image will in general not span a sub-vector bundle of E = Der(E*) & J'(E*).

We prove the following theorem, which shows that a chosen lift as above
is natural, if and only if the bracket [-,-] is a Dorfman bracket.

Theorem 4.2. Let E be a smooth vector bundle over a manifold M. Con-
sider an R-bilinear bracket [-,-] on sections of TM @® E*, that is anchored
by proy; and satisfies the Leibniz identity in its second component. Then
[-,-] is @ Dorfman bracket if and only if the corresponding lift as in Propo-

sition or s natural, i.e. if and only if
[E(v1),E(v2)] = E[1, 1]

for all vi,vy € T(TM @® E*), where the bracket on the left-hand side is the
Courant-Dorfman bracket.

The proof of this theorem follows from the general results in [3.5] and
is given in Appendix [B] Note that the proof of this theorem can also be
adapted in a straightforward manner from the proof of the main theorem
in [I6] (see the following remark); the only difference being that D is not
C*°(M)-linear in its lower entry. The proof in [16] is however independent
of this property.

Remark 4.3. Note that horizontal lifts o: I'(TM & E*) — I',(TE & T*E)
satisfying o(v1 + 1) = o(v1) + 0(1») and o(f - v) = ¢, fo(v) are called lin-
ear. The horizontal lifts above are in general not linear; they are additive,
but in general they are not C'°° (M )-homogeneous.

Linear horizontal lifts o: T(TM @& E*) — I',(TE @ T* E) were proved in
[16] to be equivalent to dull brackets on sections of TM @ E*, or equivalently
to Dorfman connections I'(TM @ E*) x I(E® T*M) — T'(E @ T*M).
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Let A:T(TM & E*) x I'(E®T*M) — I'(E & T*M) be a Dorfman con-
nection and consider the dual dull bracket [-,-]a. Note that the map

V:T(TM @ E*) x I'(E) — I'(E), Ve =prp(Au(e0))

is a linear connection. Choose v, v1,vy € I'(TM @ E*) and 7 € T'(E & T*M).
[16] proves the following identities

—_

) (o2 (1), 0% (12)) = Ly i) s+t [roun]as
2) (o2w),7") = gy (v, 7),
3) prrg (02 (v)) =V, and prog(rh) = (prg 7)1,
)
)

4 [[J TT]] = VT)T,

5 [[U (1n),0 1/2)]]:O'A([[Vl,ljz]]A)—RA(I/l,l/Q)OLE.

Those results could now be easily deduced from Theorems [3.3] and as
we deduce our main result Theorem [4.2] from those.

Here, we have the following result, a counterpart for Dorfman brackets
of the results described in Remark Note that since [-,-] is anchored by
proas, the sum [ug, o] + [vo,v1] is in T'(E*) for all vy, 19 € T(TM @ E*).

Theorem 4.4. Let [-,-] be a Dorfman bracket on sections of TM @& E*.
For all v,vy,vo e '(TM @ E*) and T e T(E ® T*M), we have

1) <E(V1)?E(V2)> = e[[V17V2]]+[[V2,V1]] a’nd <E(U)77—T> = q*E<V’ 7—>7

2) prrg (E(v)) = 5 and PTTE(TT) (prp T)T
3) [E(w), 1] = D7

Proof. Those identities are all given by Theorems [3.3] and [3.4] O

4.1. Links to known results on Omni-Lie algebroids, on Dorfman
connections and on the standard VB-Courant algebroid

[0, 6] prove the following result on Lie algebroid structures on subbundles
of TM @& E* versus Dirac structures inside the E*-valued Courant-algebroid
& := Der(E*) ® J1(E*). Note that such a Dirac structure is called reducible
if its projection to T'M @ E* is surjective.
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Theorem 4.5. (Theorem 3.7 in [6]) There is a one-to-one correspon-
dence between reducible Dirac structures L C £ and projective Lie algebroids
A CTM @ E* such that A is the quotient Lie algebroid of L. (As a Dirac
structure, L carries a Lie bracket induced by the Courant-Dorfman bracket.)

A projective Lie algebroid is a subbundle A C TM & E* with a Lie al-
gebroid structure (A, [-,]a,pa), with anchor given by p4 = pryps|a. A re-
ducible Dirac structure L C £ is a Dirac structure the image of which in
TM & E* under b: £ — TM & E* is a regular subbundle. The correspon-
dence in the theorem is such that A =b(L), and the Lie bracket is the
quotient Lie bracket on A induced by the short exact sequence

04" B A0

For details, see [6].

This result, our results from Section 4] and the results from [16] as out-
lined in Remark suggest the following relationships between subspaces
of T(E) 2 T'(£) that are closed under [-,-] and project to locally-free sub-
sheaves of I'(T'M & E*), and R-bilinear brackets on subbundles of TM & E*:

Let V C T'(E) be a subspace that is closed under [-,-] and such that V
maps to ['(F'), F' a subbundle of TM @ E*. Then, collectively, we have the
following results:

4.1.1. Setting 1. F=TM & E*,V =S3(2), where E: I'(TM & E*) —
T'(E) is a splitting of p: D(E) — T'(TM @& E*). This is just the setting of
Proposition i.e. such lifts precisely correspond to brackets on TM & E*
that satisfy a Leibniz identity in the second component.

Now, if V is additionally a sub-vector bundle of F and Z a morphism of vec-
tor bundles, we are in the setting of dull brackets and Dorfman connections,
as studied in [16], i.e. the resulting bracket satisfies the Leibniz identity also
in its first component.

If instead (or additionally) the lift E is natural, i.e. [Z2-,Z-] = E[-, ], the
bracket on TM & E* satisfies the Dorfman condition (the Jacobi identity in
Leibniz form).

If V is such that (v,') =0 for all v,/ € V, the bracket [-,-] on TM & E*
is antisymmetric (see Theorem [3.4)).

4.1.2. Setting 2. V =T(L),L C E a Dirac structure. This is the case
studied by [5] 6] as described above. The parallels to the first setting are
obvious: V is closed under [-, -], which is necessary to induce an R-bilinear
bracket on its projection to TM @ E* at all, V is isotropic under (-,-), so
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the resulting bracket is antisymmetric, and V is given by the sections of a
vector bundle, i.e. the Leibniz rule in the first component is satisfied.
However, in this case there is not necessarily a splitting =: F' — L.

4.1.3. Setting 3. Of course the first two settings are not mutually ex-
clusive: According to our results, Dirac structures L C E which project sur-
jectively to TM @ E* allow a lift =: TM & E* — L, which is natural — a
projective Lie bracket on T'M & E* is in particular a Dorfman bracket.

5. Standard examples

We illustrate the result in Theorem [£.2] with the examples of standard Dorf-
man brackets on TM @ E*, by giving explicitly the lifts.

5.1. Lift of the Courant-Dorfman bracket

We consider here the case where E =TM and the Dorfman bracket on
TM & T*M is the Courant-Dorfman bracket

[(X1,01), (X2,02)] = ([ X1, Xa, £x,02 — ix,dbh)
for X1, Xy € X(M) and 61,09 € QY(M). First, recall that the derivation

D: T(TM & T*M) x I(TM & T*M) — T(TM & T*M) is just Dy v =
[v1, v2]. Hence, by definition, the value Z(X,0)(Y (m)) is

<TmYX(m) - %

X YD)y = Ty o) (i) ).

Using (12), we get =: I(TM & T*M) — Ty, (TTM & T*T M),
(22) =(X,0) = ([X, ], dty — db) ,

where df is the one-form on TM defined by df(v) = (Typa)*(—i,db) €
Tx(TM) for all v e TM. This choice of sign is for consistency with the
notations in the next section for the general case F, e.g. in the proof of .
We have indeed (d9 D) = {;_gg for r any derivation D of TM over X € X(M),
since evaluated at Y (m) € TM, <d9 D)(Y (m)) is

(Ty (mypar)* (=iy (1) d0), T Y (X (m))) = (=iy (m)db, X (m)) = lixap(Y (m)).

For the convenience of the reader, let us compute here explicitly the
Courant-Dorfman bracket [Z(X71, 01),Z(X2,02)] of two images of E. The Lie
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bracket of two linear vector fields Dy, Dy € XU(E) is [Dl, DQ] [Dl, Dy] =

m. To see this, one only needs to apply [Dl, Dg] on linear
and pullback functions. Since [[X1, ], [X2, ] is [[X1, X2],-] by the Jacobi
identity, we find that the Lie bracket of the vector fields [Xl, -] and [XQ, ]

is [[X1, X2], ]. Let us compute £[7f\-](d£02 — a@vg) — i[&\.}d(dﬁg1 — &97) We

have £[ ]d€92 ([fh\](gez)) = dgf,‘xlez and

.fm(dAe;) = d(£x,02).

The second equation is more difficult to see and requires some explanations.

Take Y € X(M). Then
(L0 V) = (X, 1 (d0.[.]) — (0. X,V ])

—

= [X, by do — lipx y1do = Lexiyd—ix.vydo
=Vliydexo = <do€X97 Y, ]> :

Since <£[X ]d0 Y > is easily seen to vanish, as <m,YT> does, we find

that £[7(\]d9 = d£X9 Therefore we get

£[§:](d€92 — d@g) — lﬁd(df@l — d(gl) N
:fm(dﬁ% d92 + "E[X ]d91 — d(imd@l)

=dls,,0, — d(£x,62) +d(£x,00) — d(db, [Xa,])

:d££X192 — d(£X102) + d(£X291) — dﬁiXngl.

Since d(£x,61) = d(ix,d61), this shows

[E(X1,01), E(X2,02)] = ([[X/bmadfﬁxlez—ix,zdel —d(£x,02 — iX2d91))
= E[[(Xlﬂel)a (X2792)]]'

Remark 5.1. There is a canonical isomorphism of double vector bundles
S:T(TMeT*M)—-TTM & T*TM,

which maps the natural VB-Courant algebroid structure on T(T'M & T* M),
the tangent prolongation of the standard Courant algebroid on TM & T*M,
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to the standard VB-Courant algebroid structure on T'(TM) & T*(TM). The
lift = is then precisely = = ¥ o T', where T' denotes the tangent prolongation
of a section,

(s: M > TM&T*M)w— (Ts:TM — T(TM ®T*M)).
A precise description and proof can be found in [I§].

5.2. Another lift to TTM & T*TM

Consider this time the natural lift =: T(TM @ T*M) — I}, (T(TM) @

—

T*(TM)),=(X,0) = ([X, 1, dég). This is equivalent to the Dorfman bracket
[, ]:TITMaeT*M)xI(TM &T*M) = I'(TM & T*M),

[[(Xla 01)7 (XQ’ GQ)H = ([leXQ]v '£X1‘92)'

To see this, let us compute the Courant-Dorfman bracket of Z(X7y,6;)
with Z(Xs,02). We have

/\/\i|
i

[E(X1,01),2(Xa,00)] = ([[Xl, 1 [Xo, ], £—dty, — i@d%el).

[le]

By the formulas found in the preceding example, we get
(23) [[E(Xb 01), E(Xa, 02)]] = ([[X1> Xﬂ’ ']? de»{:xlaz) = E([Xb X2]7 £x,62).

In fact, we call the lifts associated to Dorfman brackets “natural” because
they generalise the properties of this lift.

5.3. More general examples

More generally, according to the lift corresponding to the Dorfman
bracket in Example [2.4 has the same form:

(24) (X, a))em) = ((Tne)(X(m)) ~ (£x€)" (em), Alalem) — da)

- (f}, Al — 513) (em)

foralle,, € /\kTM,Awhere, in the second equality, we have used the definition
of the derivation D in . Here in order to be consistent with the next
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section, as well as the previous example, da is defined by:

da(en) = (., prray)" (=1, da) = (T.,, prrag)*(dal, ).

In all examples so far, the lift =: T(TM @ E*) — ', (TE ® T*E) is re-
ally a direct sum of two lifts Zrp: X(M) — T (TE) and ZEp-: T'(E*) —
I'L(T*E). All the examples discussed so far are split Dorfman brackets. For
these, we always have:

Proposition 5.2. For all split Dorfman brackets on TM & E*, 2(X,0) €
xXN(E).

Proof. We show that Dx g)(e,0) = (J(x,0)¢,0):

<D(X,0)(67O)’ (Yv 0)> =X <(Yv 0)’ (670)> - <[[(X’ O)a (K O)Hv (67 O)>
== <([Xa Y]’O)a (ea0)> =0
for all Y € X(M). O

However, for general split Dorfman brackets Zp- is a map I'(E*) —
I'Y(TE®T*E). For example the term in (§)) gives rise to a term (e~doy )T (emn)
€ I'(TE) in Eg- () (em). If the Dorfman bracket is not split, mixing can also
occur in the TM-part of the lift: Sy : TM — Iy (TE @ T*E), as illustrated
by the following example:

Example 5.3. Let H € Q3 (M) be a closed 3-form. Then
[(X1,61), (X2,02)|m = [(X1,61), (X2,02)] + (0,ix,ix, H)

(with [-,-] the Courant-Dorfman bracket) is also a Dorfman bracket on
TM @ T*M. This Dorfman bracket is not split, and we have Dg( 0) (Y,0) =
([X,Y],iyix H) by Example which shows

=M (X, 0)(Y (m)) = (Erar(X), —pis (ivix H))(Y (m)).

The following section studies in detail such twistings of Dorfman brackets
in relation to their lifts.

6. Twisted Courant-Dorfman bracket over vector bundles

Here we consider the standard Courant-Dorfman bracket on TE @ T*E over
a vector bundle E, twisted by a linear closed 3-form H € Q3(FE). That is,
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we have
[(X1, 1), (X2, a2)lm = [(X1, 1), (X2, @2)] + (0, ix,ix, H).

Given a form p € Q?(M, E*) and a Dorfman bracket [-, -] on sections of
TM & E*, we can define a twisted bracket

[ T(TM & E*) x T(TM & E*) — T(TM & E*)

by
[(X1,€1), (X2, €2)] = [(X1, 1), (X2, €2)] + (0, ix,1x, ).

This satisfies a Leiniz equality in the second term (as always, with anchor
pryyas) and is compatible with the anchor. We make the following definition.

Definition 6.1. Let [-,-]: I'(TM & E*)xI'(TM & E*) — I'(TM & E*) be
a Dorfman bracket and p € Q2(M, E*) a form. Then we say that p twists
[-,-] if [-, -] satisfies the Jacobi identity in Leibniz form, i.e. if [-,-], is a
new Dorfman bracket.

In this section we will describe in terms of the lift associated to [-,-] a
necessary and sufficient condition for p to twist [-,-].

Example 6.2. The standard Dorfman bracket on TM & AFT*M (Exam-
ple is twisted by u € Q2(M,AFT*M) if and only if pu € Q’;“(M), ie.
actually antisymmetric in all components and closed.
We define the dual derivation
DH:T(TM @ ENxIEeT*M)—-T(E®T*M)
to [-, -], and find

(25) Dt (e,8) = Dixoy(e,8) — (0, (ixp,e)).

The corresponding lift Z*: I'(TM & E*) — I',(TE & T*E) as in is then
just

E’N(Xa 6) = E’(Xv 6) + (07 iX:u)

Recall that it is natural if and only if [-, -], satisfies the Jacobi identity.
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Theorem 6.3. With the notations above, we have
2 (1), 2 ()] _an, = E'n1,v2]

for all vi,vy € T(TM & E*).

Proof. We just compute

P —_——

[[EM(Vl)a E“(VQ)]]—dAM = [[E(Vl) + (07 iqu)a E(VQ) + (07 iX2:u)]] _dA

(19 - e T .
! [[‘:‘(Vl)v ‘:‘(VQ)]] - (0’ déiXZixllt + DVI (1X2:u> - DVZ (lelu’) - I[Xl,Xg]:U’)
+ [Ew0, 0 iem]| + [0.1x0,20)]

P P /—\_/)

= E[[Vla VQ]] - <07 dgix2ixlu + Dy, (iXQIu) =Dy, (iX1M) - i[Xl,Xg]M

- (O,DW/@ZM)) + (0,db iy, ) — (077)1/2/(;;(/1/0)
= EXvy, 2]

O

In the third equality, we have used Lemma We are now ready to
prove our main theorem.

Theorem 6.4. Consider a Dorfman bracket
[.,-]: T(TM e E*) xI'(TM & E*) - I'(TM & E*)

and the corresponding lift Z: T(TM & T*M) — T4, (TE ® T*E).
Then a form pu € Q*(M, E*) twists [-,-] if and only if

=), E(v)]ay, = Elva, vell
for all vy,vy e T(TM & TM*).

In other words, p twists a Dorfman bracket if and only its natural lift
lifts the twisted bracket to the twist by dA,, of the Courant-Dorfman bracket.
Note that we also have the following result, which follows from

and .
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Proposition 6.5. In the situation of the previous theorem, we have

forv e (TM @& E*) and 7 e T(E & T*M), no matter if p twists the Dorf-
man bracket or not.

Proof of Theorem[6.4} Assume that [-,-], is a Dorfman bracket. Then by
Theorem we have

(26) [E" (1), 2" ()] = E'[v1, v2]u = EF[v1, vo] + EH(0, u( X1, X2)).

e~

Since Z#(v) = E(v) + (0,ixp), we find that
(27) =10, 1(X1, X2)) = (0, p(Xi, X))

and also that prppZH(v) = propE(v) = 5, for all ve I'TM & E*). By
Theorem we have

(28) [E* (1), 2" ()] = EF[v1, o] + (o, i g dAu> .
20), @) and @8 yield together Z(0, (X1, X)) = (0,15 igdA, ), and so

[E(1), 202)an, = [E01).202)] + (0, i~ dA,)
= Eﬂyl) VQ]] + E(Onu’(Xla XQ)) = Eﬂyla VQ]]M'
O

Example 6.6. Consider £ = T'M and choose the Courant-Dorfman bracket
on TM & T*M. Recall from the corresponding natural lift. Then if
v1 = (X1,01), we get §, X2 = [X1, Xo] and D,, (ix, 1) = £x,ix,u. As a con-
sequence,

(29> Dul (iXQM) DVQ (inﬂ) iXth o= iXQ 6£X1M o£X2iX1M
[ ]
= i§{2iX1d,U, — d(ini )(1/,6)
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and Dy, (ix,p) — Dy, (ix, 1) — ijx, x,p = —d(ix,ix,p) if and only if p is
closed. We get then using

7. Symmetries of Dorfman brackets

In this section we use the known symmetries of the standard Courant alge-
broid over F to study a similar class of symmetries for Dorfman brackets on
TM & E*.

Consider B € Q% (E). We denote by ®5: TE ® T*E — TE & T*E the
vector bundle morphism over the identity on F that is defined by

@B(X, 9) = (X,9+ IXB)

for all X € X(F) and 6 € Q'(FE). Then ®p is a symmetry of the Courant-
Dorfman bracket on TE @ T*E [3]:

[®5(x1), P5(x2)] = ®B[X1, X2]

for all x1,x2 e '(TE® T*E).

According to [2] (see Section @, given a form 3 € Q'(M, E*), the closed
form B = —dAg is linear. In particular, if [-,-] is a Dorfman bracket on
TM®E* and Z: I(TM @ E*) - 'y (TE ® T*E) the associated lift,
®p(E(v)) = E(v) +ig B is a linear section of TE ©T*E over ®5(v) = v +
(0,ix ) (see Lemma , where ®5: TM © E* — TM @© E* is the vector
bundle morphism over the identity on M:

By(X,€) = (X, e +ixh).

In this section we aim to understand when this map defines a symmetry of
a Dorfman bracket on TM & E*. We prove the following result.
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Theorem 7.1. A form 3 € QY (M, E*) defines a symmetry of a Dorfman
bracket |-, ] via (X,€) — (X, e+ ixf) if and only if

®_gr,0E=E0%g
for the corresponding lift 2: T(TM & E*) — T.(TE & T*E).

The proof relies on the following lemma. We set B := —dAg for 8 €
QY (M, E¥).

Lemma 7.2. Choose ¢ € D(Hom(E, E @ T*M)). Then d(®p(E(v)), ) is
a core linear section of T*E — E for all v € T(TM @ E*) if and only if
¢ =0.

Proof. Since (¢, ®p(Z(v))) is linear, d(¢, P(E(v))) is a core linear section

)
if and only if &5 (d <¢B(E(V)), ¢>) = 0. We have

(05 (a(22(EW).3)) e) = (d(EsEW),9) ")

=M (®p(2(1)), 6).

Write v = (X, e) eI(TM®E*). Since ®p(E(X,¢€)) = =(X,€)+(0,dlgx)—

~——

d(x,6)B), we find
<‘I>B(E(V))v <5> = Lo (X4 8(X))

and so e! <<I>B(E(1/)), d~>> = ¢ (0" (X, e+ B(X)),e). This vanishes for all e €
I['(E) and all (X,¢e) € T(TM & E*) if and only if ¢*(X, e+ (X)) = 0 for all
(X,e) e I(TM @ E*). In particular, ¢*(0, €) must be 0 for all € € I'(E*) or,
in other words, ¢ must have image in 7" M. Using this, we find ¢*(X,0) =
¢*(X,B(X)) for X € X(M). Since this must vanish for all X € X(M), we
have shown that ¢ must be 0. g

Proof of Theorem [7.1. We define ¢x ) € I'(Hom(E, E @& T*M)) by

(30) drx = E(0,ix8) = (0.3-—B) = 2(0,ix8) — (0, Al ~ d(x.08) .

We have used Lemma .10l Note that this difference is a core-linear section
of TE @ T*E because the linear sections Z(0,ix/3) and (O, dlgx) — 5(X76)ﬂ>
both project to (0,ix3) in I'(T'M & E*).
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Consider

[©5(X1,€1), Pp(Xa, €2)] = [(X1, €1 +1ix, 8), (X2, €2 + ix, 5]
in (TM @& E*). This lifts to E[(X1, €1 +ix, ), (X2, e2+ix, )], which equals
[E(X1,e1) + E(0,ix, B), E(Xz, €2) + E(0,ix, )]
But this is
— —— ]] |

[@5E(X1, ) + 6300, PBEXs, €2)) + Sxae

which can be expanded to

p(E[(X1, @), (Ko )]) + [ @5 EXL @), dx,0 |

(31) + [60xren 8EX )] + [0 dx0)

The second and fourth terms are again core-linear (see Lemma and
Lemma 4.5 in [I7], respectively) so project to 0, but the third is

- [[CI)B(E(X% 62))7 ¢(X1,51)ﬂ + (07 d<q)B(E'(X2> 62))7 ¢(X1,€1)>> :
The left-hand term is core-linear, so projects to 0. By Lemma|7.2] the right-
hand term also has values in the core for arbitrary (Xo,e2) € I'(T'M @ E¥)
if and only if ¢(x, ) =0. This happens exactly when projects to
[(X1,€1), (Xz2,€2)] + (0,ix, x,)8) on TM © T*M, so when
[[(Xla €1 + iXIB)v (X2a €2 + IXZ/B)]] = [[(Xl, 61)7 (X27 62)]] + (07 i[Xl,Xg]ﬁ)'
Now @X’G) = 0 is equivalent to (2o ®5)(X,€) = (Pp o =)(X, €) because

(B0 ®p)(X,€) = E(X, e+ B(X)) = E(X, €) + E(0,ix /)
E’(Xv 6) + (Oa l@\F)B) + ¢(X7E) - ((I)B © E’)(X7 E) + ¢(X7e)'

O

Note that so far, we have not made any statement as to the existence of
forms like in Theorem The theorem rather provides a simple reformu-
lation of the condition for being a symmetry.
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Example 7.3. Consider E = A*TM and the standard Dorfman bracket
on TM @ A*T*M already studied earlier. Choose a morphism §: TM —
AFT*M and consider —dA,, the associated linear 2-form on E = AFTM.

For § to define a symmetry of the Dorfman bracket on TM @& AFT*M,
we need

—

2(0,ixB)(em) = _dAB((S(X»%))(em)

for all e,, € E, which is equivalent to (0,d4;, 5 — dix3) = —dAz(£x).

Both sides of this equation are sections of T*FE, and they are equal if
and only if they map all linear and all core vector fields in the same way.
On core vector fields T, for T € T'(AFT M), we have

dAs(£x,T") = £x(As(T")) — T'(As(£x)) — Ap([£x,TT)
=0—qp(T,ixpB) —0 =0,

dt; 3(TT) = ¢4,(T,ixB) and dix 3(T")(eym) = 0. On a linear vector field D €
XY(E) over Y € X(M), we have

dAs(£x,D) = £x(Ag(D)) — D(As(£x)) — As([£x, D))

= ffx(iy,B)—D*(iXﬁ)—i[x,y]ﬂ’

&1}/6(13) = li, dip and ﬁ(ﬁixg) = Lp+(ip)- Thus we are left with the fol-
lowing condition on f:

Lx(iyB) —ixy)8 — D*(ixB) = iydix B — D*(ixf)
for all X,Y € X(M), which is equivalent to 8 € QF1(M) and df = 0.

Appendix A. On the proofs of Theorems [3.3] and

Choose a linear section x of TE @ T*E — E over a pair (X,e) e I'(TM @
E*). Then y = <dx, di. — ng), following the notations set after Theorem

For simplicity, we write 6, for d/, — 55; c QY(E).
Lemma A.1. Choose linear sections x,X' of TE ® T*E — E over
(X,¢e),(X',e") e T(TM & E*),

a section e € I'(E) and a derivation D of E with symbol Y. Then



Natural lifts of Dorfman brackets 1439

1) (O, e") = ape,e),

2) (9><7D> = LD-c—g3(v);

3) £erby = qp (d{e, €) — dy(e)),
4) £A9x = dﬁd e (dx’(¢;))*'

Note that in the last equation, ¢} is an element of QY(M,E*). For a
derivation D of E over X € X(M), the derivation D: QY(M, E*) — QY (M, E*)
over X is defined by (Dw)(Y) = D*(w(Y)) —w[X,Y] for all Y € X(M).

Proof. TheAﬁrst identity is immediate. For the second, we recall . The
pairing of D with 6, at e, is

Y<6,€> - <¢X(e),Y> - <€> De) = <D*€>e> - <¢X(e)7Y>

at m. Hence we have found (2). Next we prove (3). We have
(Larbyoe™y = My, ™) = (0. [l ]y = ' (gife, ) = 0
for ¢/ € I'(E) and
(£e26y, D) = (6., D) — (0, [¢", D]} = qi(D*e = 63(V), ) + (B, (De))
= qp(D"e — ¢L(Y), €) + qip(e, De) = qi(Y (e, €) — (Y, ¢x(e)))

for a derivation D of E over Y € X(M). Since ¢, (d(e,e) — ¢ (e)) takes the
same values on ¢/T and D, we are done.
Finally, we compute using the first identity

(L0, eh) = dy (O €)= (O, |dyrsel]) = G5 (X (e, €) = (e, dye))
= g{dye.€) = (Ala,e,e’) = (Alar,e = (do (37)" )

for e € T'(F). Similarly, using (2) above

—

<£3;0X7 ﬁ) = dX/ <9X7 ﬁ> - <9X7 |:dX/’ ﬁi|> = gd;/(D*s—(ﬁ;(Y)) — <9X’ [dX/7 D]>
= La, (Dre—g3(Y))~[dy D] e+3[X",Y]

for a derivation D of E over Y € X(M). An easy calculation shows [d,/, D]* =
[d/, D*], which leads to

P

(£560 D) = tp-az,e—(ayop)v) = (Ala,e — (dyd3)*, D).
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O

Proof of Theorem[3.3 We write 7 = (e,0) € T(E & T*M). First we find
that (£AqE0 ¢ equals dy a0, ey — (g0, [dx,e M=0-0=0 and
(£3-030, D) = d\(g5,(0,Y)) — (450, [dy, D)) = g5(X(6,Y) — (6, [X,Y])) =

05 (£x0,Y) for all ¢ € I'(E) and any derivation D of E over Y € X(M).
This shows £Aq}§9 =qp(£x0). In the same manner, we have i.+df, =

Lerby — d(@x,eT) = q;(—dy(e)) by (1) and (3) in Lemma We get

[[X,ﬂ (d ] £3ap0 - 16Tdex>

= << Xe) 4 (£x0 4+ pro-ar Dy (e, O)))
= ((d)", gi(pvr-s Dyle,0))) = Dy,
which proves Theorem [3.3] O

Proof of Theorem [3., We simply compute
(A1) [x1, x2] = (|:dX1’dX2:| afg;% - ig;dQXI) .

The T E-part is [d;d\m]. By definition of D,,, we have prg oD, otg oprp =
pry oDy and so [dy,,dy,] = prgo[Dy,, Dy,] o tg.
The T* E-component of (A.1)) is

dedilez - (dx1 (Cf);z))*_/dﬁd;z{l"’ (dxz(gb;l))* + Cw%—qb;l(xz)

by Lemma First we find that (d} e2 — ¢} (X2),e) equals
Xi(ez, €) — (e, dy,€) — (X2, ¢, (€))
=Xi <€2a €> - <(X27 52)7 DX1 (6, 0)) = <D;k<1 (X27 52)7 (67 O)>

for any e € T'(E). Then we find that ((dy, ¢}, — dy,#},)"(e), X) equals

(dy, (¢%, (X)) = &%, [X1, X] — i, (6%, (X)) + 63, [X2, X]) (e)

= X1(X, 9y, (€)) = (X, 9y, (dy, (€)) — ([ X1, X], dyo(€))
- X2<X7 ¢X1 (€)> + <Xa ¢X1 (dX2 (6))> + <[X27 X]7 ¢X1 (€)>

= (X, £Lx,(prr-pr Dy, (e,0)) + proy.pr 0Dy, o tg o prg oDy, (e, 0))
- <X1 £X2(prT*M DX1 (67 0)) + Prr«pr ODX1 OClpOoPprpy ODXz(ea 0)>
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for X eX(M) and eeI'(E). Since ZLx,(pry-py Dy.(e,0)) equals
prrear Dy, (0, prp-ps Dy, (€,0)) and pro.p, 0Dy, o tg o pry oDy, (e, 0) equals
prr.ar Dy, (prg Dy, (e, 0),0), we find that the first and fourth term add up
to (X, pro« s Dy, Dy, (e,0)). Similarly the second and third term add up to
—(X, pry« s Dy, Dy, (€,0)) and we get

((dy, 9%, — dx,9y,)"(€), X) = (prr-pr[Dy, 5 Dyl(e,0), X).
The proof of the second identity is left to the reader. O
Appendix B. On the proof of Theorem
Recall that D has the following property:
(B.2) D(x ) (e,0) = D(x (e, 0) + (0, £x0)

for all (X,e) e I'(T'M & E*) and (e,0) e '(E@T*M). (B.2) and the defi-
nition of ¢ yield together

(B.3) doprg = prgoD.
We will use the following lemma.

Lemma B.1. [-,] satisfies the Jacobi identity in Leibniz form if and only
if

1) [(5,/1,(5V2] = 5[[,/1#2]] and
2) prT*M[DV1 ) sz] OLE = PI'r+ ) ODﬂul,Vz]] OLlE

for all vi,v, e T(TM & E¥).
Proof. First note that by (B.3)), we have
(B.4) [00,,00,] = Prgo[Dy,, Dy, o tE.

If [-,-] satisfies the Jacobi identity in Leibniz form, then (1) and (2) are
immediate by .
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Conversely, (1) and (2) give using (B.4): [Dy,, Dy,] 0 tg = D[y, 1, © LE-
We have always
[DVNDI&](O? 9) = (07 £X1£X29 - "€X2"€X10)
= (0, £1x,,x,)0) = Dl 1,1(0,0)
for all § € Q'(M). This shows that (1), (2) are equivalent to [D,,,D,,] =
Dy, v,]» Which dualises to the Jacobi identity in Leibniz form for [-,-]. [
Now we can prove Theorem

Proof of Theorem [{.3. We write 7 = (e,0), 7, = (e;,0;) and v = (X,¢), v; =
(X;,&) for i = 1,2. By (17), we have

[21), Zw2)] = (B 0] Alpr,.. Dz, — Pr7-pr©[Duss Dis 1) -

By Lemma this is

[[E(Vl); E(VQ)H - (ma prrE* D;luz — PI'pspp oD[[l/l,uzl] ° LE)

if and only if [- , -] satisfies the Jacobi identity in Leibniz form. Since D}, vo =
[v1, 2], we are done. O

Appendix C. A non-local Leibniz algebroid

Let M =S! x S! ~ T? and consider the vector bundle E = T*M @ A*T*M
over M. Let n € Q(S!) be the standard volume form on the circle and
set n, = prjn and n, = prjn, where pr;: S! x St — S! are the projections,
i =1,2. Then 7, A7, is a volume form on M and n,,n, € (M) form a
basis of one-forms such that the pullback of 1, along any ¢,: S < S! x {¢}
and the pullback of i, to any {p} x S! are the standard volume form on the
circle. Define the following operations for integration along the first fibre.
For f,g,h € C®°(M): [5 fnz + gny € CF(M),

(/S [z +gny> (p,q) == / (n

and [g, hng Any € QH(M),

(/Sl A /\77y> (p,q) == (/Sl L;;(h)n) (D, ).
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Clearly, the resulting function fSl 1z + gny € C°°(M) is constant along the
first S', i.e. only a function of ¢ in the notation above. In the same manner,
the one-form fSl hng Amy is constant along the first S' and only has a 7,
component. That is, the obtained functions and 1-forms are invariant along
the fibers of pr,.

Now we define a bracket on £ = T*M @© A>T*M as follows:

[(o1, a2), (Br, B2)] = (0, </§1 a1> B2 + (/Sl a2> /\51>

and we prove that (£ =T*M @ A>T*M,[-,-],0: E — TM is a Leibniz al-
gebroid. Since the bracket is clearly C'*°-linear in the second component and
thus satisfies the Leibniz rule for functions with the zero-anchor, it suffices
to check the Jacobi identity in Leibniz form. For simplicity, we just write |
for fsw and this is always the integration along the first S'. We have

[(a1, 02), [(B1, B2), (v, 72)]] = [[am ( /5172+/B2/\’Y1>H

= (0,/a1/5172+/041/52/\%>
and in a similar manner

[[(o1, 02), (1. )], (11,12)] = |[(o [t [a m) ,m,w)]]

(o (Jouns founs) o)
:<Q/m/&Aw—/m/mA%)

[(a1, a2), [(B1, B2), (v1,72)]1] — [(B1, B2), [(an, ), (71, 72)]]
— [[(1, a2), (B1, B2)], (71, 72)]

=< /a1/51’¥2+/a1/ﬂ2/\’y1 /51/a172—/ﬁ1/a2/\71
—/a1/52/\’71+/51/a2/\71>=0

This Leibniz algebroid is non-local, i.e. its bracket not given by a bilinear
differential operator of any order.

Therefore we get
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