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Let E a smooth vector bundle over a smooth manifold M . This
note proves that a Dorfman bracket on TM ⊕ E∗, anchored by
prTM , is equivalent to a lift from Γ(TM ⊕ E∗) to linear sections of
TE ⊕ T ∗E → E, that intertwines the given Dorfman bracket with
the Courant-Dorfman bracket on sections of TE ⊕ T ∗E.

This shows a universality of the Courant-Dorfman bracket, and
allows us to characterise twistings and symmetries of transitive
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1402 M. Jotz Lean and C. Kirchhoff-Lukat

1. Introduction

Theodore Courant and his adviser Alan Weinstein defined1 the Courant
bracket in 1990 [7, 8]: an R-bilinear, skew-symmetric bracket on sections
of TM ⊕ T ∗M that satisfies the Jacobi identity up to an exact one-form.
Irene Dorfman independently introduced that structure in her definition and
study of Dirac structures in the context of infinite dimensional Hamiltonian
structures [9]. Then Liu, Weinstein and Xu discovered in the late nineties
that this bracket on sections of TM ⊕ T ∗M is in fact a particular, “stan-
dard” example of a Courant algebroid, when they defined the later notion
and proved that the bicrossproduct of any Lie bialgebroid can be understood
as a special type of Courant algebroid [21].

Nowadays, for a smooth manifold M , the standard Courant algebroid
structure on TM ⊕ T ∗M is often defined using the Courant-Dorfman bracket
on TM ⊕ T ∗M : an R-bilinear bracket on sections of TM ⊕ T ∗M , that is not
skew-symmetric but satisfies a Jacobi identity written in Leibniz form (see
[25, 26]). The two brackets are equivalent in the sense that the Courant
bracket is the skew-symmetrisation of the Courant-Dorfman bracket.

In the context of Courant algebroids and Dirac structures, the Courant-
Dorfman bracket plays an important role in the generalised geometry devel-
opped first by Nigel Hitchin, Marco Gualtieri (see [11, 12]). It also enters
the theoretical physics literature in this context: TM ⊕ T ∗M -generalised
geometry turns out to provide a convenient description for the low-energy
effective theory of closed string theory referred to as double field theory (see
for instance [13, 14]).

Subsequently, the low-energy effective theories of the conjectured M-
theory were linked to Dorfman brackets on vector bundles of the form TM ⊕
∧k1T ∗M ⊕ · · · ⊕ ∧klT ∗M (see [15]).

In all of these applications, Dorfman brackets encode infinitesimal gauge
transformations of the physical theory. Gauge transformations or gauge in-
variances are redundancies in the mathematical description of the theory
(not to be confused with physical symmetries) — the physical results are in-
variant under the application of such transformations. For example, general
relativity, a theory of four-dimensional smooth manifolds with Lorentzian
metrics, is invariant under diffeomorphisms. The Lie algebra of the diffeo-
morphism group on a smooth manifold is given by the Lie derivatives £X for
X ∈ X(M), so the Lie bracket (the simplest example of a Dorfman bracket)
gives the infinitesimal gauge transformations of general relativity.

1See [19] for a nice exposition of the history of Courant algebroids.
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Natural lifts of Dorfman brackets 1403

Similarly, the theory described by the TM ⊕ T ∗M -generalised geome-
try, which is a theory of a metric and a 2-form on a smooth manifold M , is
invariant under the semi-direct product of the diffeomorphism group with
the (additive) group of closed two-forms Diff(M) n Ω2

cl(M) — the physics of
this theory only depends on the exterior derivative of the two-form. The Lie
algebra of this group of generalised diffeomorphisms is precisely given by el-
ements J(X, ξ), ·K, (X, ξ) ∈ Γ(TM ⊕ T ∗M), so the Courant-Dorfman bracket
encodes the infinitesimal gauge transformations of this more extended the-
ory. This principle is repeated in the M-theory examples.

Dorfman-type brackets on TM ⊕ ∧k1T ∗M ⊕ · · · ⊕ ∧klT ∗M and gener-
alisations are studied in great detail in [1] under the name of closed-form
algebroids as a special case of the general concept of Leibniz algebroid. Leib-
niz algebroids are the natural generalisation of Lie algebroids, where the
bracket is no longer required to be antisymmetric, but still satisfies a form
of Jacobi identity.

This paper studies Leibniz algebroids on vector bundles of the form
TM ⊕ E∗, where E →M is some smooth vector bundle, in the context of
double vector bundles; more specifically the standard VB-Courant algebroid
TE ⊕ T ∗E over the vector bundle E. We call Leibniz brackets of this type
Dorfman brackets, since they constitute the most direct generalisation of the
original Courant-Dorfman bracket on TM ⊕ T ∗M .

Section 3 characterises linear sections of TE ⊕ T ∗E in terms of certain
derivations of its core E ⊕ T ∗M . Linear sections of TE ⊕ T ∗E form a lo-
cally free sheaf over M and are thus sections of a vector bundle Ê →M , the
so-called fat vector bundle. Ê is in fact isomorphic as a vector bundle to the
Omni-Lie algebroid Der(E∗)⊕ J1(E∗) studied in [5, 6]. Using our results on
linear sections, we can show that the E∗-valued Courant algebroid structure
on Der(E∗)⊕ J1(E∗) is induced from the standard Courant algebroid struc-
ture on TE ⊕ T ∗E. Note that according to [17], the VB-Courant algebroid
TE ⊕ T ∗E → E is equivalent to an E∗-Courant algebroid. In [4] the omni-
Lie algebroid associated to E∗ is proved to be an E∗-Courant algebroid. To
our knowledge, those two E∗- Courant algebroids have never be proved to
coincide before.

Furthermore, these results are used in Section 4 to establish the following
main result (Theorem 4.2), which shows that all Dorfman brackets on TM ⊕
E∗ are intimately linked to the Courant-Dorfman bracket on TE ⊕ T ∗E.
Therefore, the Courant-Dorfman bracket can be seen as universal in the
family of the Dorfman brackets.
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1404 M. Jotz Lean and C. Kirchhoff-Lukat

Theorem. Let J·, ·K be any Dorfman bracket on TM ⊕ E∗ anchored by
prTM . Then there exists an R-linear map Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E)
which satisfies

1) If ΦE : TE ⊕ T ∗E → TM ⊕ E∗ is the projection in the double vector
bundle (TE ⊕ T ∗E;TM ⊕ E∗, E;M) (see Section 3.5),

ΦE(Ξ(ν)(em)) = ν(m)

for all ν ∈ Γ(TM ⊕ E∗), em ∈ Em and m ∈M .

2) The lift is natural in the sense that for all ν1, ν2 ∈ Γ(TM ⊕ E∗), we
have:

ΞJν1, ν2K = JΞ(ν1),Ξ(ν2)K

where the bracket on the right-hand side is the Courant-Dorfman
bracket on sections of TE ⊕ T ∗E → E.

We compare this to results obtained in [5, 6, 16].
Section 5 explores the most important examples of such natural lifts,

and Sections 6 and 7 describe twistings and internal symmetries of Dorfman
brackets in light of the double vector bundle context.

Notation and conventions

We write pM : TM →M , qE : E →M for vector bundle projections. We
write 〈· , ·〉 for the canonical pairing of a vector bundle with its dual; i.e.
〈em, εm〉 = εm(em) for em ∈ E and εm ∈ E∗. We use several different pair-
ings; in general, which pairing is used is clear from its arguments. Given a
section ε of E∗, we write `ε : E → R for the linear function associated to it,
i.e. the function defined by em 7→ 〈ε(m), em〉 for all em ∈ E. We denote by
ιE : E → E ⊕ T ∗M the canonical inclusion.

Let M be a smooth manifold. We denote by X(M) and Ω1(M) the
sheaves of smooth sections of the tangent and the cotangent bundle, respec-
tively. For an arbitrary vector bundle E →M , the sheaf of sections of E is
written Γ(E).

2. Preliminaries on Courant algebroids, Dorfman brackets,
dull brackets and Dorfman connections

An anchored vector bundle is a vector bundle Q→M endowed with a vector
bundle morphism ρQ : Q→ TM over the identity. Consider an anchored
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Natural lifts of Dorfman brackets 1405

vector bundle (E→M,ρ) and a vector bundle V over the same base M
together with a morphism ρ̃ : E→ Der(V ), such that the symbol of ρ̃(e)
is ρ(e) ∈ X(M) for all e ∈ Γ(E). Assume that E is paired with itself via a
nondegenerate pairing 〈· , ·〉 : E×M E→ V with values in V . Then E→M
is a Courant algebroid with pairing in V if E is in addition equipped
with an R-bilinear bracket J· , ·K on the smooth sections Γ(E) such that the
following conditions are satisfied:

1) Je1, Je2, e3KK = JJe1, e2K, e3K + Je2, Je1, e3KK,

2) ρ̃(e1)〈e2, e3〉 = 〈Je1, e2K, e3〉+ 〈e2, Je1, e3K〉,

3) Je1, e2K + Je2, e1K = D〈e1, e2〉,

4) ρ̃Je1, e2K = [ρ̃(e1), ρ̃(e2)]

for all e1, e2, e3 ∈ Γ(E) and f ∈ C∞(M), where D : Γ(V )→ Γ(E) is defined
by 〈Dv, e〉 = ρ̃(e)(v) for all v ∈ Γ(V ). Note that

5) Je1, fe2K = fJe1, e2K + (ρ(e1)f)e2

for e1, e2 ∈ Γ(E) and f ∈ C∞(M) follows from (2). If V = R×M →M is
the trivial bundle, then D = ρ∗ ◦ d : C∞(M)→ Γ(E), where E is identified
with E∗ via the pairing. The quadruple (E→M,ρ, 〈· , ·〉, J· , ·K) is then a
Courant algebroid [21, 25]; then ρ̃ = ρ and (4) follows from (2) and the
nondegeneracy of the pairing (see also [26]). Finally note that Courant al-
gebroids with a pairing in a vector bundle E were defined in [4] and called
E-Courant algebroids.

Example 2.1. [7] The direct sum TM ⊕ T ∗M endowed with the projection
on TM as anchor map, ρ = prTM , the symmetric bracket 〈· , ·〉 given by

(1) 〈(vm, θm), (wm, ηm)〉 = θm(wm) + ηm(vm)

for all m ∈M , vm, wm ∈ TmM and αm, βm ∈ T ∗mM and the Courant-
Dorfman bracket given by

J(X, θ), (Y, η)K = ([X,Y ],£Xη − iY dθ)(2)

for all (X, θ), (Y, η) ∈ Γ(TM ⊕ T ∗M), yield the standard example of a
Courant algebroid, which is often called the standard Courant algebroid
over M . The map D : C∞(M)→ Γ(TM ⊕ T ∗M) is given by Df = (0,df).
We are here particularly interested in the standard Courant algebroid over
the total space of a vector bundle.
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Next we define dull algebroids and Leibniz algebroids.

Definition 2.2. 1) [16] A dull algebroid is an anchored vector bundle
(Q→M,ρ) endowed with a bracket J· , ·K on Γ(Q) satisfying ρJq1, q2K =
[ρ(q1), ρ(q2)], and the Leibniz identity in both terms

Jf1q1, f2q2K = f1f2Jq1, q2K + f1ρ(q1)(f2)q2 − f2ρ(q2)(f1)q1

for all f1, f2 ∈ C∞(M), q1, q2 ∈ Γ(Q).

2) [1] A Leibniz algebroid is an anchored vector bundle (Q→M,ρ)
endowed with a bracket J· , ·K on Γ(Q) with Jq1, fq2K = fJq1, q2K +
ρ(q1)(f)q2 for all f ∈ C∞(M), q1, q2 ∈ Γ(Q), and satisfying the Jacobi
identity in Leibniz form

Jq1, Jq2, q3KK = JJq1, q2K, q3K + Jq2, Jq1, q3KK

for all q1, q2, q3 ∈ Γ(Q).

3) A Leibniz algebroid E′ is transitive if the anchor ρ : E′ → TM is sur-
jective [1]. Then the Leibniz algebroid can be written E′ = TM ⊕ E∗
with ρ = prTM and E →M a vector bundle. We call its bracket J·, ·K
a Dorfman bracket2.

4) A transitive Leibniz algebroid is split if there is a section σ : TM → E′

of the anchor map such that σ(X(M)) is closed under the Leibniz
bracket [1].

First note that the definition of the Leibniz algebroid implies [1]

ρJq1, q2K = [ρ(q1), ρ(q2)] for all q1, q2 ∈ Γ(Q).

Any split transitive Leibniz algebroid E′ forms a split short exact sequence
of vector bundles:

(3) 0→ E∗ ↪→ E′
ρ→ TM → 0

with E∗ = ker ρ. The splitting map σ : TM → E′ induces an isomorphism
E′ ∼= TM ⊕ E∗. Since σ(X(M)) is closed under the Leibniz bracket and

2Occasionally the term “Dorfman bracket” is used for the bracket of arbitrary
Leibniz algebroids in the literature, but in this paper it will exclusively refer to the
case where the anchor is surjective and the underlying vector bundle is split.
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ρ ◦ σ = idTM , we have Jσ(X), σ(Y )K = σ[X,Y ]. Thus, if we use σ to de-
fine the isomorphism E′ → TM ⊕ E∗, we obtain a Dorfman bracket with
the property

(4) J(X, 0), (Y, 0)K def
= Jσ(X), σ(Y )K = σ[X,Y ] = ([X,Y ], 0)

Correspondingly, we call a Dorfman bracket split precisely if it has this
property.

Consider a dull algebroid (Q, ρ, J· , ·K). Then the bracket can be dualised
to a map

∆: Γ(Q)× Γ(Q∗)→ Γ(Q∗), ρ(q)〈q′, τ〉 = 〈Jq, q′K, τ〉+ 〈q′,∆qτ〉

for all q, q′ ∈ Γ(Q) and τ ∈ Γ(Q∗). The map ∆ is then a Dorfman (Q-)
connection on Q∗ [16], i.e. an R-bilinear map with

1) ∆fqτ = f∆qτ + 〈q, τ〉 · ρ∗df ,

2) ∆q(fτ) = f∆qτ + ρ(q)(f)τ and

3) ∆q(ρ
∗df) = ρ∗d(£ρ(q))

for all f ∈ C∞(M), q, q′ ∈ Γ(Q), τ ∈ Γ(Q∗). The curvature of ∆ is the map
R∆ : Γ(Q)× Γ(Q)→ Γ(Q∗ ⊗Q∗) defined on q, q′ ∈ Γ(Q) by

R∆(q, q′) := ∆q∆q′ −∆q′∆q −∆Jq,q′K.

For all f ∈ C∞(M) and q1, q2, q3 ∈ Γ(Q), τ ∈ Γ(Q∗), we have

〈R∆(q1, q2)τ, q3〉 = 〈JJq1, q2K, q3K + Jq2, Jq1, q3KK− Jq1, Jq2, q3KK, τ〉.

Consider a Dorfman bracket J· , ·K : Γ(Q)× Γ(Q)→ Γ(Q). Its dual map
is

D : Γ(Q)→ Der(Q∗),

defined by ρ(q)〈q′, τ〉 = 〈q′,Dqτ〉+ 〈Jq, q′K, τ〉 for all q, q′ ∈ Γ(Q) and τ ∈
Γ(Q∗). The Jacobi identity in Leibniz form for J· , ·K is equivalent to

(5) Dq1 ◦ Dq2 −Dq2 ◦ Dq1 = DJq1,q2K

for all q1, q2 ∈ Γ(Q).
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D allows the extension of the Dorfman bracket to all tensor bundles of Q
via the Leibniz rule. In the theoretical physics applications, this operation
is called the generalised Lie derivative due to its Lie algebra property.

Example 2.3. The bracket of a Courant algebroid E is a Dorfman bracket.
Using the nondegenerate pairing to identify E with its dual, we find that D
is in this case the “adjoint action”: De = Je, ·K for e ∈ Γ(E).

Example 2.4. On any vector bundle of the form TM ⊕ E∗ with E =
∧k1TM ⊕ · · · ⊕ ∧klTM , there is a Dorfman bracket

J(X,α), (Y, β)K = [X,Y ] + £Xβ − iY dα(6)

for (X,α), (Y, β) ∈ Γ(TM ⊕ E∗)

For simplicity of notation, consider the special case TM ⊕ ∧kT ∗M for the
rest of this example — the more general case works in the same way. Let
(T, θ) ∈ Γ(∧kTM ⊕ T ∗M). Then we have〈

D(X,α)(T, θ), (Y, β)
〉

= X 〈(T, θ), (Y, β)〉 − 〈J(X,α), (Y, β)K, (T, θ)〉
= 〈£Xθ, Y 〉+ 〈£XT, β〉+ 〈iY dα, T 〉

=
〈

(£XT,£Xθ + (−1)kdα(T, ·)), Y + β
〉

which shows D(X,α)(T, θ) = (£XT,£Xθ + (−1)kdα(T, ·)).

Example 2.5. [1] extensively discusses a generalisation of example 2.4,
so-called closed-form Leibniz algebroids. All commonly studied examples of
Dorfman brackets belong to this class of Leibniz algebroids.

In addition to the terms in (6), closed form algebroids can for example
contain terms that mix different degrees of differential forms:

(7) J(0;αk, 0, 0), (0; 0, βj , 0)K = (−1)(k−1)j(0; 0, 0,dαk ∧ βj)

for the Dorfman bracket on TM ⊕ ∧kT ∗M ⊕ ∧jT ∗M ⊕ ∧k+j+1T ∗M .
Terms of this type correspond to terms of the following form in D:〈
D(0;αk,0,0)(Tk, Tj , Tk+j+1; θ), (Y ;βk, βj , βj+k+1)

〉
= −〈J(0;αk, 0, 0), (Y ;βk, βj , βj+k+1)K, (Tk, Tj , Tk+j+1; θ)〉

=
〈

(0; iY dαk, 0, (−1)(k−1)j+1dαk ∧ βj), (Tk, 0, Tk+j+1; 0)
〉

=
〈

(0, (−1)(k−1)j+1Tk+j+1¬dαk, 0; (−1)kiTkdα), (Y ;βk, βj , βk+j+1)
〉



i
i

“2-JotzLean” — 2019/5/3 — 22:19 — page 1409 — #9 i
i

i
i

i
i

Natural lifts of Dorfman brackets 1409

and therefore

(8) D(0;αk,0,0)(0, 0, Tk+j+1; 0) = (−1)(k−1)j+1(0, Tk+j+1¬dαk, 0; 0),

where ¬ denotes contraction over the first (in this case) (k + 1) indices.

Example 2.6. A more complex example of closed-form algebroid underlies
the so-called E7-exceptional generalised geometry (see [1, 15]). The vector
bundle

(9) TM ⊕ ∧2T ∗M ⊕ ∧5T ∗M ⊕ (∧7T ∗M ⊗ T ∗M)

carries a natural E7 × R∗-structure and the Dorfman bracket (see [1])

J(X;α2, α5, u), (Y ;β2, β5, v)K
= ([X,Y ]; £Xβ2 − iY dα2,

£Xβ5 − iY dα5 + dα2 ∧ β2,£Xv − dα2 � β5 + dα5 � β2),

where (dα � β)(X) = (iXdα) ∧ β for all X ∈ X(M). The dual map D is then
given as follows: D(X;α2,α5,u)(T2, T5, T7 ⊗ Z; θ) is

(£XT2 − T5¬dα2 + T7¬iZdα5,£XT5 − T7¬iZdα2, 0;

£Xθ + dα2(T2, ·)− dα5(T5, ·))

Remark 2.7. Note that all examples for Dorfman brackets in this paper
are local, i.e. their brackets are given in terms of differential operators in
both components. There are non-local Leibniz algebroids, for an example
see Appendix C.

3. Linear sections of TE ⊕ T ∗E → E

In this section, we recall some background notions on double vector bundles.
Then we describe the double vector bundle structures on TE, on T ∗E and
on TE ⊕ T ∗E, for a vector bundle E →M . In the last part of this section,
we characterise arbitrary linear sections of TE ⊕ T ∗E → E via a certain
class of derivations.

3.1. Double vector bundles and linear splittings

We briefly recall the definitions of double vector bundles and of their linear
and core sections. We refer to [10, 22, 24] for more detailed treatments. A
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double vector bundle is a commutative square

D
πB //

πA
��

B

qB
��

A qA
//M

of vector bundles such that

(10) (d1 +A d2) +B (d3 +A d4) = (d1 +B d3) +A (d2 +B d4)

for d1, d2, d3, d4 ∈ D with πA(d1) = πA(d2), πA(d3) = πA(d4) and πB(d1) =
πB(d3), πB(d2) = πB(d4). Here, +A and +B are the additions in D → A
and D → B, respectively. The vector bundles A and B are called the side
bundles. The core C of a double vector bundle is the intersection of the
kernels of πA and of πB. From (10) follows easily the existence of a natural
vector bundle structure on C over M . The inclusion C ↪→ D is denoted by
Cm 3 c 7−→ c ∈ π−1

A (0Am) ∩ π−1
B (0Bm).

The space of sections ΓB(D) is generated as a C∞(B)-module by two
special classes of sections (see [23]), the linear and the core sections which
we now describe. For a section c : M → C, the corresponding core section
c† : B → D is defined as c†(bm) = 0̃

bm
+A c(m), m ∈M , bm ∈ Bm. We de-

note the corresponding core section A→ D by c† also, relying on the argu-
ment to distinguish between them. The space of core sections of D over B
is written as ΓcB(D).

A section ξ ∈ ΓB(D) is called linear if ξ : B → D is a bundle mor-
phism from B →M to D → A over a section a ∈ Γ(A). The space of linear
sections of D over B is denoted by Γ`B(D). Given ψ ∈ Γ(B∗ ⊗ C), there

is a linear section ψ̃ : B → D over the zero section 0A : M → A given by
ψ̃(bm) = 0̃bm +A ψ(bm). We call ψ̃ a core-linear section.

3.2. The tangent double and the cotangent double
of a vector bundle

Let qE : E →M be a vector bundle. Then the tangent bundle TE has two
vector bundle structures; one as the tangent bundle of the manifold E, and
the second as a vector bundle over TM . The structure maps of TE → TM
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are the derivatives of the structure maps of E →M .

TE

TqE
��

pE // E

qE
��

TM pM
//M

The space TE is a double vector bundle with core bundle E →M . The
map¯: E → p−1

E (0E) ∩ (TqE)−1(0TM ) sends em ∈ Em to ēm = d
dt

∣∣
t=0

tem ∈
T0EmE. Hence the core vector field corresponding to e ∈ Γ(E) is the vertical

lift e↑ : E → TE, i.e. the vector field with flow φe
↑
: E × R→ E, φe

↑

t (e′m) =
e′m + te(m). An element of Γ`E(TE) = X`(E) is called a linear vector field.
It is well-known (see e.g. [22]) that a linear vector field ξ ∈ Xl(E) covering
X ∈ X(M) corresponds to a derivation D : Γ(E)→ Γ(E) over X ∈ X(M).
The precise correspondence is given by

(11) ξ(`ε) = `D∗(ε) and ξ(q∗Ef) = q∗E(X(f))

for all ε ∈ Γ(E∗) and f ∈ C∞(M), where D∗ : Γ(E∗)→ Γ(E∗) is the dual
derivation toD. We write D̂ for the linear vector field in Xl(E) corresponding
in this manner to a derivation D of Γ(E). Given a derivation D over X ∈
X(M), the explicit formula for D̂ is

(12) D̂(em) = TmeX(m) +E
d

dt


t=0

(em − tD(e)(m))

for em ∈ E and any e ∈ Γ(E) such that e(m) = em.

Dualising TE over E, we get the double vector bundle

T ∗E
cE //

rE
��

E

qE
��

E∗ qE∗
//M

.

The map rE is given as follows. For θem , rE(θem) ∈ E∗m,

〈rE(θem), e′m〉 =

〈
θem ,

d

dt


t=0

em + te′m

〉
for all e′m ∈ Em. The addition in T ∗E → E∗ is defined as follows. If θem and
ωe′m are such that rE(θem) = rE(ωe′m) = εm ∈ E∗m, then the sum θem +rE
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ωe′m ∈ T
∗
em+e′m

E is given by

〈θem +E∗ ωe′m , vem +TM ve′m〉 = 〈θem , vem〉+ 〈ωe′m , ve′m〉

for all vem ∈ TemE, ve′m ∈ Te′mE such that (qE)∗(vem) = (qE)∗(ve′m).
For ε ∈ Γ(E∗), the one-form d`ε is linear over ε: we have rE(dem`ε) =

ε(m) for all m ∈M and the sum dem`ε +rE de′m`ε equals dem+e′m`ε. For θ ∈
Ω1(M), the one-form q∗Eθ is a core section of TE → E: rE((q∗Eθ)(em)) = 0E

∗

m ,

and for φ ∈ Γ(Hom(E, T ∗M)) the core-linear section φ̃ ∈ ΓlE(T ∗E) is given

by φ̃(em) = (TemqE)∗φ(em) for all em ∈ E. The vector space T ∗emE is spanned
by dem`ε and dem(q∗Ef) for all ε ∈ Γ(E∗) and f ∈ C∞(M). Finally note that

d`fε = q∗Ed`ε+ ε̃⊗ df for all ε ∈ Γ(E∗) and f ∈ C∞(M).
By taking the direct sum over E of TE and T ∗E, we get a double vector

bundle

TE ⊕ T ∗E πE //

ΦE
��

E

qE
��

TM ⊕ E∗qTM⊕E∗
//M

with side projection ΦE = (qE)∗ ⊕ rE and core E ⊕ T ∗M . In the following,
for any section (e, θ) of E ⊕ T ∗M , the vertical section (e, θ)↑ ∈ ΓE(T qEE ⊕
(T qEE)◦) is the pair defined by

(13) (e, θ)↑(e′m) =

(
d

dt


t=0

e′m + te(m), (Te′mqE)tθ(m)

)
for all e′m ∈ E. Note that by construction the vertical sections (e, θ)↑ are
core sections of TE ⊕ T ∗E as a vector bundle over E.

The standard Courant algebroid structure over E is linear and

TE ⊕ T ∗E
ΦE :=(qE∗,rE) //

πE
��

TM ⊕ E∗

��
E qE

//M

is a VB-Courant algebroid ([20], see also [17]) with base E and side TM ⊕
E∗ →M , and with core E ⊕ T ∗M →M .
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The anchor Θ = prTE : TE ⊕ T ∗E → TE restricts to the map ∂E =
prE : E ⊕ T ∗M → E on the cores, and defines an anchor

ρTM⊕E∗ = prTM : TM ⊕ E∗ → TM

on the side. In other words, the anchor of (e, θ)↑ is e↑ ∈ Xc(E) and if χ is
a linear section of TE ⊕ T ∗E → E over (X, ε) ∈ Γ(TM ⊕ E∗), the anchor
Θ(χ) ∈ Xl(E) is linear over X.

3.3. The first jet bundle of a vector bundle

For convenience of the exposition in the next section and later on in the
paper, we recall here some basic facts about the first jet bundle of a vector
bundle, and we set some notations.

The first jet bundle J1E of a vector bundle E over M is the space {ηm ∈
Hom(TmM,TemE) | m ∈M, em ∈ Em}. It has a projection to prE : J1E →
E to E, ηm ∈ Hom(TmM,TemE) 7→ em and a projection to pr : J1E →M
to M , ηm 7→ m. This second projection is the projection of a vector bundle
structure over M ; for ηm ∈ Hom(TmM,TemE) and µm ∈ Hom(TmM,Te′mE),
we have αηm + βµm ∈ Hom(TmM,Tαem+βe′mE),

(αηm + βµm)(vm) = αηm(vm) +TM βµm(vm),

where +TM is the addition in the tangent prolongation TE → TM of the
vector bundle E →M . For each φm ∈ Hom(TmM,Em) we get an element
ι(φm) ∈ J1Em with

prE(ι(φm)) = 0Em,

ι(φm)(vm) = Tm0E(vm) +
d

dt

∣∣∣∣
t=0

tφm(vm).

Two elements ηm ∈ Hom(TmM,TemE) and µm ∈ Hom(TmM,TemE) dif-
fer by such an element φm ∈ Hom(TmM,Em) and we have a short exact
sequence

0 −→ Hom(TM,E)
ι−→ J1E

prE−→ E → 0

of vector bundles over M . The corresponding sequence

0 −→ Γ(Hom(TM,E))
ι−→ Γ(J1E)

prE−→ Γ(E)→ 0
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is canonically split by the map

j1 : Γ(E)→ Γ(J1E),

(j1e)m ∈ Hom(TmM,TemE),

(j1e)m(vm) = Tme(vm).

In particular, given m ∈M and two sections e, e′ ∈ Γ(E) with e(m) = e′(m),
we find (j1e)m = (j1e′)m+ι(φm) for a φm ∈ Hom(TmM,Em). In other words,
there is a canonical isomorphism

Γ(J1E) ∼= Γ(E)⊕ Γ(T ∗M ⊗ E), µ 7→ (prE µ, µ− j1(prE µ)).(14)

Furthermore, we have j1(e1 + e2) = j1e1 + j1e2 and J1(fe) = fj1e+
ι(df ⊗ e) for all e, e1, e2 ∈ Γ(E) and f ∈ C∞(M).

Note finally that every element µ ∈ J1
m(E) can be written µ = (j1e)m

with a local section e ∈ Γ(E). Furthermore, two local sections e, e′ ∈ Γ(E)
define the same element (j1e)m = (j1e′)m =: µ ∈ J1

m(E) if and only if Tme =
Tme

′ as vector space morphisms TmM → Te(m)E. That is, e(m) = e′(m) and
Tme(vm) = Tme

′(vm) for all m ∈ TmM . The later is equivalent to vm〈ε, e〉 =
(Tmevm)(`ε) = (Tme

′vm)(`ε) = vm〈ε, e′〉 for all vm ∈ TmM and all ε ∈ Γ(E∗),
and so to

〈dε(m)`e, Tmεvm〉 = 〈dε(m)`e′ , Tmεvm〉

for all vm ∈ TmM and all ε ∈ Γ(E∗). Hence, (j1e)m = (j1e′)m if and only
if dε`e = dε`e′ for all ε 6= 0 ∈ E∗m; by continuity then dε`e = dε`e′ for all
ε ∈ E∗m.

3.4. The E∗-valued Courant algebroid structure
on the fat bundle Ê

The space ΓlE(TE ⊕ T ∗E) is a C∞(M)-module: choose f ∈ C∞(M) and
χ ∈ ΓlE(TE ⊕ T ∗E) a linear section over ν ∈ Γ(TM ⊕ E∗). Then q∗Ef · χ is
linear over fν ∈ Γ(TM ⊕ E∗). The space ΓlE(TE ⊕ T ∗E) is a locally free and
finitely generated C∞(M)-module (this follows from the existence of local
splittings). Hence, there is a vector bundle Ê over M such that ΓlE(TE ⊕
T ∗E) is isomorphic to Γ(Ê) as C∞(M)-modules. The vector bundle Ê is
called the fat vector bundle defined by ΓlE(TE ⊕ T ∗E). We prove below
that it is isomorphic to Der(E∗)⊕ J1(E∗), where Der(E∗) is the bundle of
derivations on E∗, and J1(E∗) the first jet bundle.
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First recall that (11) defines a bijection between the linear vector fields
Xl(E) and Γ(Der(E∗)). It is easy to see from (11) that this bijection is a
morphism of C∞(M)-modules. Hence, the fat bundle defined by Xl(E) =
ΓlE(TE) is the vector bundle Der(E∗).

Next note that ΓlE(T ∗E) fits in the short exact sequence

0 −→ Γ(Hom(E, T ∗M))
·̃−→ ΓlE(T ∗E)

rE−→ Γ(E∗) −→ 0,

of C∞(M)-modules, where the second map sends φ ∈ Γ(Hom(E, T ∗M)) to
the core-linear section φ̃ ∈ ΓlE(T ∗E), φ̃(e) = (TeqE)∗φ(e) for all e ∈ E, and
the third map sends θ ∈ ΓlE(T ∗E) to its base section rEθ in Γ(E∗). We
define Ψ: Γ(J1E∗)→ ΓlET

∗E) by Ψ(j1ε) = d`ε for ε ∈ Γ(E∗) and Ψ(ιφ) =

φ̃∗ ∈ ΓlE(T ∗E) for φ ∈ Γ(Hom(TM,E∗)). The map Ψ is C∞(M)-linear and
we get the following commutative diagram of morphisms of C∞(M)-modules

0 // Γ(Hom(TM,E∗))

(·)∗
��

ι // Γ(J1E∗)

Ψ
��

prE∗ // Γ(E∗) //

Id
��

0

0 // Γ(Hom(E, T ∗M))
·̃
// ΓlE(T ∗E) rE

// Γ(E∗) // 0

with short exact sequences in the top and bottom rows. Since the left and
right vertical arrows are isomorphisms, Ψ is an isomorphism by the five
lemma. Since Ψ is an isomorphism of C∞(M)-modules, we obtain a vector

bundle isomorphism ψ : J1E∗ → T ∗E
∧

, where T ∗E
∧

is the fat bundle defined
by ΓlE(T ∗E). Finally we obtain a vector bundle isomorphism

(15) Θ: Der(E∗)⊕ J1(E∗)→ Ê, (Dm, (j
1ε)m) 7→ evm

(
D̂∗,d`ε

)
.

Recall that for a linear section χ ∈ ΓlE(TE ⊕ T ∗E), there exists a section
ν ∈ Γ(TM ⊕ E∗) such that πTM⊕E∗ ◦ χ = ν ◦ qE . The map χ 7→ ν induces
a short exact sequence of vector bundles

0 −→ E∗ ⊗ (E ⊕ T ∗M) ↪→ Ê −→ TM ⊕ E∗ −→ 0.

Note that the restriction of the pairing on TE ⊕ T ∗E to linear sections
of TE ⊕ T ∗E defines a nondegenerate pairing on Ê with values in E∗. Since
the Courant bracket of linear sections is again linear, the vector bundle
Ê inherits a Courant algebroid structure with pairing in E∗ (see [17]). In
particular, the Courant algebroid structure on TE ⊕ T ∗E defines a Leibniz
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bracket on sections of Der(E∗)⊕ J1(E∗) and a pairing with values in E∗ on

(
Der(E∗)⊕ J1(E∗)

)
×M

(
Der(E∗)⊕ J1(E∗)

)
.

This is called an Omni-Lie algebroid in [5], see also [6]. The symmetric
bilinear nondegenerate pairing with values in E∗ on Ê is given by

〈Θ(D(m)),Θ((j1ε)m + ιφm)〉 = 〈D̂∗,d`ε + φ̃〉(m) = D(ε)(m) + φ∗(X)(m)

for D a derivation with symbol X ∈ X(M). Here, the second term is the
evaluation at m ∈M of the linear function `Dε+φ∗X , when identified with
Dε+ φ∗X ∈ Γ(E∗). Hence, the corresponding symmetric bilinear nondegen-
erate pairing with values in E∗ on J1(E∗)⊕Der(E∗) is given by

〈
Dm, (j

1ε)m + ιφm
〉

= Dm(ε) + φ(X)(m)

for ε ∈ Γ(E∗), φ ∈ Γ(Hom(TM,E∗)) and Dm ∈ Dm(E∗) with symbol X ∈
X(M).

3.5. Linear sections of TE ⊕ T ∗E → E

In this section we build on the techniques summarised in Section 3.2 and
we prove original results on linear sections of TE ⊕ T ∗E → E. Those results
will be the basis of our main theorem in Section 4.

We consider a linear section χ ∈ ΓlE(TE ⊕ T ∗E) over a pair (X, ε) ∈
Γ(TM ⊕ E∗). Given a section e ∈ Γ(E), the difference

χ(e(m))− (TmeX(m),de(m)`ε)

projects to e(m) in E and to 0m ∈ TM ⊕ E∗ and we can define a section
Dχ(e, 0) : M → E ⊕ T ∗M by

χ(e(m))− (TmeX(m),de(m)`ε) = −Dχ(e, 0)↑(e(m))

for all m ∈M . By construction and the scalar multiplication in the fibers
of TE ⊕ T ∗E → TM ⊕ E∗, we get Dχ(re, 0) = rDχ(e, 0) for a real number
r ∈ R, and Dχ(e1 + e2, 0) = Dχ(e1, 0) +Dχ(e2, 0) for e1, e2 ∈ Γ(E). For a
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smooth function f ∈ C∞(M), we have χ((fe)(m)) = χ(f(m)e(m)) and(
Tm(fe)X(m),df(m)e(m)`ε

)
=
(
Tm(f(m)e)X(m) + (X(f)e)↑(f(m)e(m)),df(m)e(m)`ε

)
.

Hence, we find that

(16) Dχ(fe, 0) = fDχ(e, 0) + (X(f)e, 0).

Now we set

Dχ : Γ(E ⊕ T ∗M)→ Γ(E ⊕ T ∗M),

Dχ(e, θ) = Dχ(e, 0) + (0,£Xθ).

(16) and Theorem 3.3 below shows that Dχ is a smooth derivation. We have
found the following result:

Theorem 3.1. Let χ be a linear section of TE ⊕ T ∗E → E over a pair
(X, ε) ∈ Γ(TM ⊕ E∗). Then there exists a unique derivation
Dχ : Γ(E ⊕ T ∗M)→ Γ(E ⊕ T ∗M) with symbol X ∈ X(M) and which sat-
isfies

1) Dχ(e, θ) = Dχ(e, 0) + (0,£Xθ) and

2) χ(e(m)) = (TmeX(m),de(m)`ε)−Dχ(e, 0)↑(e(m)),

for all e ∈ Γ(E) and θ ∈ Ω1(M).

Conversely, given a pair (X, ε) ∈ Γ(TM ⊕ E∗) and a smooth derivation
D : Γ(E ⊕ T ∗M)→ Γ(E ⊕ T ∗M) over X ∈ X(M), we write χε,D for the lin-
ear section defined by

χε,D(e(m)) = (TmeX(m),de(m)`ε)−D(e, 0)↑(e(m))

for all e ∈ Γ(E). Note that (1) in the last theorem shows that for each χ ∈
ΓlE(TE ⊕ T ∗E) there exist a derivation dχ ∈ Γ(Der(E)) and a tensor φχ ∈
Γ(E∗ ⊗ T ∗M) with Dχ(e, 0) = (dχe, φχ(e)). More precisely, dχ = prE ◦Dχ ◦
ιE : Γ(E)→ Γ(E) is a derivation of E with symbol X and the vector bundle
morphism is φχ = prT ∗M ◦Dχ ◦ ιE : E → T ∗M . The linear section χ can then
be written

χ =
(
d̂χ,d`ε − φ̃χ

)
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Remark 3.2. With the results in Section 3.4, we can phrase this cor-
respondence in terms of the bundle isomorphism Ê ∼= Der(E∗)⊕ J1(E∗):

χ = (d̂χ,d`ε − φ̃χ) ∈ Γ(Ê) corresponds to (dχ, j
1ε− ι(φχ)) in Γ(Der(E∗)⊕

J1(E∗)).

We can use these results on linear sections to prove the following:

Theorem 3.3. Let χ be a linear section of TE ⊕ T ∗E → E over (X, ε) ∈
Γ(TM ⊕ E∗). The Courant-Dorfman bracket on sections of TE ⊕ T ∗E → E
satisfies

r
χ, τ↑

z
= Dχτ

↑

and the pairing

〈χ, τ↑〉 = q∗E〈(X, ε), τ〉.

for all τ ∈ Γ(E ⊕ T ∗M). The anchor satisfies prTE(χ) = d̂χ.

We prove the first identity in Appendix A. The second and third iden-
tities follow immediately from (3.5).

We now state our first main theorem.

Theorem 3.4. Choose two linear sections χ1, χ2 ∈ ΓlE(TE ⊕ T ∗E), over
pairs (X1, ε1), (X2, ε2) ∈ Γ(TM ⊕ E∗). Then we have

Jχ1, χ2K =
(

[dχ1
, dχ2

]
∧

,d`prE∗ D
∗
χ1

(X2,ε2) − prT ∗M ◦[Dχ1
, Dχ2

] ◦ ιE
∼)

= χprE∗ D
∗
χ1

(X2,ε2),[Dχ1 ,Dχ2 ]

(17)

and 〈χ1, χ2〉 = `prE∗ (D∗χ1
(X2,ε2)+D∗χ2

(X1,ε1)).

The Theorem is again proved in Appendix A and gives us an expression
for the induced E∗-valued Courant bracket on Der(E∗)⊕ J1(E∗):

Corollary 3.5. Choose d1, d2 ∈ Γ(Der(E∗)) with symbols X1, X2 ∈ X(M)
and choose µ1, µ2 ∈ Γ(J1(E∗)) corresponding as in (14) to (ε1, φ1), (ε2, φ2) ∈



i
i

“2-JotzLean” — 2019/5/3 — 22:19 — page 1419 — #19 i
i

i
i

i
i

Natural lifts of Dorfman brackets 1419

Γ(E∗)⊕ Γ(T ∗M ⊗ E∗). Then

(18) J(d1, µ1), (d2, µ2)K =
(
[d1, d2],£d1

µ2 −£d2
µ1 + j1 〈d2, µ1〉

)
,

where the Der(E∗)-Lie derivative on J1(E∗) is defined in equation (19) of
[5]:

£dµ = £d(ε, φ) = (dε, (£X ◦ φ∗ − φ∗ ◦ d∗)∗)

where d is a derivation of E∗ with symbol X ∈ X(M) and

µ = (ε, φ) ∈ Γ(J1E∗) ' Γ(E∗ ⊕Hom(TM,E∗)).

Thus, our theorem proves that the E∗-valued Courant algebroid structure on
Der(E∗)⊕ J1(E∗) given in [5] is precisely induced from TE ⊕ T ∗E via the
isomorphism Ψ from 3.4.

Proof. With the correspondence between Γ(Ê) and Γ(Der(E∗)⊕ Γ(J1(E∗))
= Γ(Der(E∗)⊕ E∗ ⊕Hom(TM,E∗)), (di, (εi, φi)) corresponds to χi = χεi,Di
with Di(e, 0) = (di(e),−φ∗i (e)). Then we have prE∗ D

∗
χ1

(X2, ε2) = d1(ε2) +
φ1(X2) as well as

prT ∗M ([Dχ1
, Dχ2

](e, 0)) = −φ∗1(d∗2e) + φ∗2(d∗1e)−£X1
(φ∗2(e)) + £X2

(φ∗1(e)).

By the considerations in Section 3.4, we have further 〈d2, µ1〉 = d2ε1+φ1(X2).
We get using the isomorphisms Γ(J1E∗) ' Γ(E∗ ⊕Hom(TM,E∗)) and
ΓlE(TE ⊕ T ∗E) ' Γ(J1E∗ ⊕Der(E∗)):

J(d1, µ1), (d2, µ2)K = J(d1, ε1, φ1), (d2, ε2, φ2)K

=
r(
d̂1,d`ε1

+ φ̃1

)
,
(
d̂2,d`ε2

+ φ̃2

)z
= Jχε1,D1

, χε2,D2
K = χ(d1(ε2)+φ1(X2)),[D1,D2]

= ([d1, d2], d1(ε2) + φ1(X2),£d1
φ2 −£d2

φ1)

= ([d1, d2], 0, 0) + (0, d2ε1 + φ1(X2), 0)

+ (0,£d1
(ε2, φ2)−£d2

(ε1, φ1))

= ([d1, d2], j1〈d2, µ1〉+ £d1
µ2 −£d2

µ1).

�

Note that the derivationDχ defines as follows a derivation of Hom(E,E ⊕
T ∗M): (Dχϕ)(e) = Dχ(ϕ(e))− ϕ(dχ(e)) for all e ∈ Γ(E).
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Corollary 3.6. In the situation of the preceding theorem, the Courant-
Dorfman bracket satisfies Jχ, ϕ̃K = D̃χϕ for ϕ ∈ Γ(Hom(E,E ⊕ T ∗M)).

Proof. The section ϕ ∈ Γ(E∗ ⊗ (E ⊕ T ∗M)) can be written as ϕ = (φ1, φ
∗
2),

with φ1 ∈ Γ(E∗ ⊗ E) and φ2 ∈ Γ(Hom(TM,E∗)). Furthermore, φ defines a
section of Der(E∗)⊕ J1(E∗): φ∗1 is a derivation of E∗ with symbol 0 ∈ X(M)

and φ2 ' ιφ2 is a section of J1E∗. Therefore φ̃ is simply the corresponding
core-linear section under the correspondence outlined above. Choose χ =
(d, µ) with d a derivation of E∗ overX ∈ X(M) and µ = j1ε+ ιψ ∈ Γ(J1E∗).
Then the results above yield

J(d, µ), (φ1, φ2)K = J(d, ε, ψ), (φ∗1, 0, φ2)K
= ([d, φ∗1], (£X ◦ φ∗2 − φ∗2 ◦ d∗)∗ + φ∗1 ◦ ψ),

which is easily seen to be Dχϕ. �

3.6. Linear closed 3-forms

Let E be as usual a vector bundle over M . A k-form H on E is linear if the
induced vector bundle morphism H] : ⊕k−1 TE → T ∗E over the identity on
E is also a vector bundle morphism over a map h : ⊕k−1 TM → E∗ on the
other side of the double vector bundles [2].

According to Proposition 1 in [2], a linear k-form H ∈ Ωk(E) can be
written

H = dΛµ + Λω

with µ ∈ Ωk−1(M,E∗) and ω ∈ Ωk(M,E∗). Here, given ω ∈ Ωk(M,E∗), the
k-form Λω ∈ Ωk(E) is given by

Λω(em) = (TemqE)∗(〈ω, e〉(m)),

where 〈ω, e〉 ∈ Ωk(M) is the obtained k-form on M . Note that in the equa-
tion for H, we have µ = (−1)k−1h.

Example 3.7. For instance, we have seen in §3.2 that for ε ∈ Γ(E∗), the
1-form d`ε ∈ Ω1(E) is linear. Since it projects to ε ∈ Γ(E∗), we know that
any linear 1-form on E can be written d`ε + φ̃ for ε ∈ Γ(E∗) = Ω0(M,E∗)
and φ ∈ Γ(Hom(E, T ∗M)) = Ω1(M,E∗). An easy computation shows Λε =
`ε ∈ Ω0(E) = C∞(E) and Λφ = φ̃ ∈ Ω1(E).
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Proposition 3.8. Consider a linear k-form H = dΛµ + Λω, with µ ∈
Ωk−1(M,E∗) and ω ∈ Ωk(M,E∗). Then H is closed, dH = 0, if and only if
ω = 0.

Proof. H is closed if and only if Λω is closed. It is enough to evaluate dΛω
on linear and core vector fields on E. Take k linear vector fields D̂i ∈ Xl(E)
over Xi ∈ X(M), i = 1, . . . , k, and one vertical vector field e↑ ∈ Xc(E). Then

(dΛω)
(
D̂1, . . . , D̂k, e

↑
)

=

k∑
i=1

(−1)i+1D̂i

(
Λω

(
D̂1, . . . , î . . . , D̂k, e

↑
))

+ (−1)ke↑
(

Λω

(
D̂1, . . . , D̂k

))
+

∑
1≤i≤j≤k

(−1)i+jΛω

([
D̂i, D̂j

]
, D̂1, . . . , î, . . . , ĵ, . . . , D̂k−1, e

↑
)

+

k∑
i=1

(−1)i+kΛω

([
D̂i, e

↑
]
, D̂1, . . . , î, . . . , D̂k

)
.

Since
[
D̂i, e

↑
]

is again a vertical vector field and Λω vanishes on vertical

vector fields, the first, third and fourth terms of this sum all vanish. The
remaining term is

(−1)ke↑
(

Λω

(
D̂1, . . . , D̂k

))
= (−1)kq∗E〈ω(X1, . . . , Xk), e〉.

This is 0 for all X1, . . . , Xk ∈ X(M) and e ∈ Γ(E) if and only if ω = 0. �

In what follows, we will consider closed linear 3-forms H = dΛµ with
µ ∈ Ω2(M,E∗) the base map of H]. Let us compute the inner product of
such a 3-form with two linear vector fields on E.

Recall that any linear vector field can be written D̂ ∈ Xl(E) with a
derivation D : Γ(E)→ Γ(E) over X ∈ X(M). The derivation D induces a
derivation D : Ω1(M,E∗)→ Ω1(M,E∗) by

(Dω)(Y ) = D∗(ω(Y ))− ω[X,Y ]

for all ω ∈ Ω1(M,E∗) and Y ∈ X(M). In particular, given a Dorfman bracket
on sections of TM ⊕ E∗, the linear vector field prTE Ξ(ν) equals δ̂ν , where
ν is a section of TM ⊕ E∗ and δν is the derivation over prTM ν. We write
δν for the induced derivation of Ω1(M,E∗).
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Proposition 3.9. Choose µ ∈ Ω2(M,E∗). Let D̂1, D̂2, D̂ ∈ Xl(E) be linear
vector fields over X1, X2, X ∈ X(M) and let e be a section of E. Then

(19) i
D̂2

i
D̂1

dΛµ = d`iX2
iX1

µ + ˜D1(iX2
µ)− ˜D2(iX1

µ)− ˜i[X1,X2]µ

and

(20) ie↑iD̂dΛµ = −q∗E〈iXµ, e〉.

Proof. We have for e ∈ Γ(E):

ie↑iD̂2
i
D̂1

dΛµ = D̂1

(
Λµ

(
D̂2, e

↑
))
− D̂2

(
Λµ

(
D̂1, e

↑
))

+ e↑
(

Λµ

(
D̂1, D̂2

))
− Λµ

([
D̂1, D̂2

]
, e↑
)

+ Λµ

([
D̂1, e

↑
]
, D̂2

)
− Λµ

([
D̂2, e

↑
]
, D̂1

)
= 0− 0 + e↑(`µ(X1,X2))− 0 + 0− 0

= q∗E〈µ(X1, X2), e〉.

This shows that i
D̂2

i
D̂1

dΛµ = d`iX2
iX1

µ + φ̃ for a section φ ∈ Γ(E∗ ⊗ T ∗M).
We have then

`〈φ,X3〉 = 〈φ̃, D̂3〉 = i
D̂3

i
D̂2

i
D̂1

dΛµ − D̂3(`iX2
iX1

µ)

= D̂1

(
Λµ

(
D̂2, D̂3

))
− D̂2

(
Λµ

(
D̂1, D̂3

))
+
����������
D̂3

(
Λµ

(
D̂1, D̂2

))
− Λµ

([
D̂1, D̂2

]
, D̂3

)
+ Λµ

([
D̂1, D̂3

]
, D̂2

)
− Λµ

([
D̂2, D̂3

]
, D̂1

)
−������
D̂3(`iX2

iX1
µ)

= D̂1(`µ(X2,X3))− D̂2(`µ(X1,X3))− Λµ

(
̂[D1, D2], D̂3

)
+ Λµ

(
̂[D1, D3], D̂2

)
− Λµ

(
̂[D2, D3], D̂1

)
= `D∗1 (µ(X2,X3)) − `D∗2 (µ(X1,X3)) − `µ([X1,X2],X3)

+ `µ([X1,X3],X2) − `µ([X2,X3],X1)

= `〈D1(iX2
µ)−D2(iX1

µ)−i[X1,X2]µ,X3〉

and we find (19). In order to prove (20), we use the equation

ie↑iD̂2
i
D̂1

dΛµ = q∗E〈µ(X1, X2), e〉
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above to find that

i
D̂2

ie↑iD̂1
dΛµ = −i

D̂2
(q∗E〈µ(X1), e〉)

for all linear D̂2 ∈ Xl(E). Since ie′↑ie↑iD̂1
dΛµ = 0 = −ie′↑(q

∗
E〈µ(X1), e〉) for

all e′ ∈ Γ(E), we find that ie↑iD̂1
dΛµ = −q∗E〈µ(X1), e〉. �

We will use the following lemma.

Lemma 3.10. Choose an element β ∈ Ω1(M,E∗) and a linear vector field
D̂ ∈ Xl(E) over X ∈ X(M). Then iD̂dΛβ is a linear 1-form over β(X) ∈
Γ(E∗). More precisely,

iD̂dΛβ = −d`β + D̃β.

Proof. We have

ie↑iD̂dΛβ = D̂〈Λβ, e↑〉 − e↑〈Λβ, D̂〉 − 〈Λβ, (De)↑〉
= −e↑(`β(X)) = −q∗E〈e, β(X)〉.

Therefore iX̃dΛβ = −d`β(X) + φ̃ with a section φ ∈ Γ(Hom(E, T ∗M)) to be
determined. We have〈

φ̃, D̂′
〉

= 〈iD̂dΛβ + d`β(X), D̂′〉

= D̂(`β(Y ))−�����D̂′(`β(X))− `β[X,Y ] +�����D̂′(`β(X))

= `D∗(β(Y ))−β[X,Y ] = `(Dβ)(Y ) =
〈
D̃β, D̂′

〉
for any linear vector field D̂′ ∈ Xl(E) over Y ∈ X(M). This shows that
φ = Dβ. �

4. Dorfman brackets and natural lifts

Consider now an R-linear lift

Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E),

sending each section (X, ε) of TM ⊕ E∗ to a linear section over (X, ε). Then
the lift defines an R-linear map

D : Γ(TM ⊕ E∗)→ Der(E ⊕ T ∗M), Ξ(X, ε) = χε,D(X,ε)
.
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Consider the dual

J· , ·K : Γ(TM ⊕ E∗)× Γ(TM ⊕ E∗)→ Γ(TM ⊕ E∗)

of D, written in bracket form and defined by

X〈ν, τ〉 = 〈ν,D(X,ε)τ〉+ 〈J(X, ε), νK, τ〉

for all (X, ε), ν ∈ Γ(TM ⊕ E∗) and τ ∈ Γ(E ⊕ T ∗M). Any bracket defined in
this manner is R-bilinear, anchored by prTM and satisfies a Leibniz identity
in its second component. We easily get the following result.

Proposition 4.1. Lifts

Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E),

sending each section (X, ε) of TM ⊕ E∗ to a linear section over (X, ε)
are equivalent to R-bilinear brackets J· , ·K : Γ(TM ⊕ E∗)× Γ(TM ⊕ E∗)→
Γ(TM ⊕ E∗), that are anchored by prTM and satisfy a Leibniz identity in
the second component.

Define further the map δ : Γ(TM ⊕ E∗)→ Der(E) by

δν = prE ◦Dν ◦ ιE .

As we have seen before, the lift Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E) can
be written

(21) Ξ(X, ε)(em) = (TmeX(m),dem`ε)− (D(X,ε)(e, 0))↑(em),

for any e ∈ Γ(E) with e(m) = em, or

Ξ(X, ε) = (δ̂(X,ε),d`ε − prT ∗M D(X,ε) ◦ ιE
∼

).

In terms of sections of the Omni-Lie algebroid Der(E∗)⊕ J1(E∗), this
says that anchored R-bilinear brackets on TM ⊕ E∗ with Leibniz rule in the
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second component are in one-to-one correspondence with splittings

Ξ: Γ(TM ⊕ E∗)→ Γ(Der(E∗)⊕ J1(E∗)),

of the short exact sequence

0→ Γ(E∗ ⊗ (E ⊕ T ∗M))→ Γ(Der(E∗)⊕ J1(E∗))→ Γ(TM ⊕ E∗)→ 0

Note that in either description the map Ξ is a map of sections only, so its
image will in general not span a sub-vector bundle of Ê ∼= Der(E∗)⊕ J1(E∗).

We prove the following theorem, which shows that a chosen lift as above
is natural, if and only if the bracket J· , ·K is a Dorfman bracket.

Theorem 4.2. Let E be a smooth vector bundle over a manifold M . Con-
sider an R-bilinear bracket J· , ·K on sections of TM ⊕ E∗, that is anchored
by prTM and satisfies the Leibniz identity in its second component. Then
J· , ·K is a Dorfman bracket if and only if the corresponding lift as in Propo-
sition 4.1 or (21) is natural, i.e. if and only if

JΞ(ν1),Ξ(ν2)K = ΞJν1, ν2K

for all ν1, ν2 ∈ Γ(TM ⊕ E∗), where the bracket on the left-hand side is the
Courant-Dorfman bracket.

The proof of this theorem follows from the general results in 3.5 and
is given in Appendix B. Note that the proof of this theorem can also be
adapted in a straightforward manner from the proof of the main theorem
in [16] (see the following remark); the only difference being that D is not
C∞(M)-linear in its lower entry. The proof in [16] is however independent
of this property.

Remark 4.3. Note that horizontal lifts σ : Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E)
satisfying σ(ν1 + ν2) = σ(ν1) + σ(ν2) and σ(f · ν) = q∗Efσ(ν) are called lin-
ear. The horizontal lifts above are in general not linear; they are additive,
but in general they are not C∞(M)-homogeneous.

Linear horizontal lifts σ : Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E) were proved in
[16] to be equivalent to dull brackets on sections of TM ⊕ E∗, or equivalently
to Dorfman connections Γ(TM ⊕ E∗)× Γ(E ⊕ T ∗M)→ Γ(E ⊕ T ∗M).
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Let ∆: Γ(TM ⊕ E∗)× Γ(E ⊕ T ∗M)→ Γ(E ⊕ T ∗M) be a Dorfman con-
nection and consider the dual dull bracket J· , ·K∆. Note that the map

∇ : Γ(TM ⊕ E∗)× Γ(E)→ Γ(E), ∇νe = prE(∆ν(e, 0))

is a linear connection. Choose ν, ν1, ν2 ∈ Γ(TM ⊕ E∗) and τ ∈ Γ(E ⊕ T ∗M).
[16] proves the following identities

1)
〈
σ∆(ν1), σ∆(ν2)

〉
= `Jν1,ν2K∆+Jν2,ν1K∆

,

2)
〈
σ∆(ν), τ↑

〉
= q∗E〈ν, τ〉,

3) prTE
(
σ∆(ν)

)
= ∇̂ν and prTE(τ↑) = (prE τ)↑,

4)
q
σ∆(ν), τ↑

y
= (∆ντ)↑,

5)
q
σ∆(ν1), σ∆(ν2)

y
= σ∆(Jν1, ν2K∆)− ˜R∆(ν1, ν2) ◦ ιE .

Those results could now be easily deduced from Theorems 3.3 and 3.4, as
we deduce our main result Theorem 4.2 from those.

Here, we have the following result, a counterpart for Dorfman brackets
of the results described in Remark 4.3. Note that since J· , ·K is anchored by
prTM , the sum Jν1, ν2K + Jν2, ν1K is in Γ(E∗) for all ν1, ν2 ∈ Γ(TM ⊕ E∗).

Theorem 4.4. Let J· , ·K be a Dorfman bracket on sections of TM ⊕ E∗.
For all ν, ν1, ν2 ∈ Γ(TM ⊕ E∗) and τ ∈ Γ(E ⊕ T ∗M), we have

1) 〈Ξ(ν1),Ξ(ν2)〉 = `Jν1,ν2K+Jν2,ν1K and
〈
Ξ(ν), τ↑

〉
= q∗E〈ν, τ〉,

2) prTE (Ξ(ν)) = δ̂ν and prTE(τ↑) = (prE τ)↑,

3)
q
Ξ(ν), τ †

y
= Dντ †.

Proof. Those identities are all given by Theorems 3.3 and 3.4. �

4.1. Links to known results on Omni-Lie algebroids, on Dorfman
connections and on the standard VB-Courant algebroid

[5, 6] prove the following result on Lie algebroid structures on subbundles
of TM ⊕ E∗ versus Dirac structures inside the E∗-valued Courant-algebroid
E := Der(E∗)⊕ J1(E∗). Note that such a Dirac structure is called reducible
if its projection to TM ⊕ E∗ is surjective.
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Theorem 4.5. (Theorem 3.7 in [6]) There is a one-to-one correspon-
dence between reducible Dirac structures L ⊂ E and projective Lie algebroids
A ⊂ TM ⊕ E∗ such that A is the quotient Lie algebroid of L. (As a Dirac
structure, L carries a Lie bracket induced by the Courant-Dorfman bracket.)

A projective Lie algebroid is a subbundle A ⊂ TM ⊕ E∗ with a Lie al-
gebroid structure (A, [·, ·]A, ρA), with anchor given by ρA = prTM |A. A re-
ducible Dirac structure L ⊂ E is a Dirac structure the image of which in
TM ⊕ E∗ under b : E → TM ⊕ E∗ is a regular subbundle. The correspon-
dence in the theorem is such that A = b(L), and the Lie bracket is the
quotient Lie bracket on A induced by the short exact sequence

0→ A0 → L
b→ A→ 0

For details, see [6].
This result, our results from Section 4 and the results from [16] as out-

lined in Remark 4.3, suggest the following relationships between subspaces
of Γ(Ê) ∼= Γ(E) that are closed under J·, ·K and project to locally-free sub-
sheaves of Γ(TM ⊕ E∗), and R-bilinear brackets on subbundles of TM ⊕ E∗:

Let V ⊂ Γ(Ê) be a subspace that is closed under J·, ·K and such that V
maps to Γ(F ), F a subbundle of TM ⊕ E∗. Then, collectively, we have the
following results:

4.1.1. Setting 1. F = TM ⊕ E∗,V = =(Ξ), where Ξ: Γ(TM ⊕ E∗)→
Γ(Ê) is a splitting of p : Γ(Ê)→ Γ(TM ⊕ E∗). This is just the setting of
Proposition 4.1, i.e. such lifts precisely correspond to brackets on TM ⊕ E∗
that satisfy a Leibniz identity in the second component.
Now, if V is additionally a sub-vector bundle of Ê and Ξ a morphism of vec-
tor bundles, we are in the setting of dull brackets and Dorfman connections,
as studied in [16], i.e. the resulting bracket satisfies the Leibniz identity also
in its first component.
If instead (or additionally) the lift Ξ is natural, i.e. JΞ·,Ξ·K = ΞJ·, ·K, the
bracket on TM ⊕ E∗ satisfies the Dorfman condition (the Jacobi identity in
Leibniz form).
If V is such that 〈ν, ν ′〉 = 0 for all ν, ν ′ ∈ V, the bracket J·, ·K on TM ⊕ E∗
is antisymmetric (see Theorem 3.4).

4.1.2. Setting 2. V = Γ(L), L ⊂ Ê a Dirac structure. This is the case
studied by [5, 6] as described above. The parallels to the first setting are
obvious: V is closed under J·, ·K, which is necessary to induce an R-bilinear
bracket on its projection to TM ⊕ E∗ at all, V is isotropic under 〈·, ·〉, so
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the resulting bracket is antisymmetric, and V is given by the sections of a
vector bundle, i.e. the Leibniz rule in the first component is satisfied.
However, in this case there is not necessarily a splitting Ξ: F → L.

4.1.3. Setting 3. Of course the first two settings are not mutually ex-
clusive: According to our results, Dirac structures L ⊂ Ê which project sur-
jectively to TM ⊕ E∗ allow a lift Ξ : TM ⊕ E∗ → L, which is natural — a
projective Lie bracket on TM ⊕ E∗ is in particular a Dorfman bracket.

5. Standard examples

We illustrate the result in Theorem 4.2 with the examples of standard Dorf-
man brackets on TM ⊕ E∗, by giving explicitly the lifts.

5.1. Lift of the Courant-Dorfman bracket

We consider here the case where E = TM and the Dorfman bracket on
TM ⊕ T ∗M is the Courant-Dorfman bracket

J(X1, θ1), (X2, θ2)K = ([X1, X2],£X1
θ2 − iX2

dθ1)

for X1, X2 ∈ X(M) and θ1, θ2 ∈ Ω1(M). First, recall that the derivation
D : Γ(TM ⊕ T ∗M)× Γ(TM ⊕ T ∗M)→ Γ(TM ⊕ T ∗M) is just Dν1

ν2 =
Jν1, ν2K. Hence, by definition, the value Ξ(X, θ)(Y (m)) is(

TmY X(m)− d

dt


t=0

(Y + t[X,Y ])(m),d`θ − (TY (m)pM )∗(−iY dθ)

)
.

Using (12), we get Ξ: Γ(TM ⊕ T ∗M)→ ΓlTM (TTM ⊕ T ∗TM),

(22) Ξ(X, θ) =
(

[̂X, ·],d`θ − d̃θ
)
,

where d̃θ is the one-form on TM defined by d̃θ(v) = (TvpM )∗(−ivdθ) ∈
T ∗v (TM) for all v ∈ TM . This choice of sign is for consistency with the
notations in the next section for the general case E, e.g. in the proof of (19).

We have indeed 〈d̃θ, D̂〉 = `iXdθ for any derivation D of TM over X ∈ X(M),

since evaluated at Y (m) ∈ TM , 〈d̃θ, D̂〉(Y (m)) is

〈(TY (m)pM )∗(−iY (m)dθ), TmY (X(m))〉 = 〈−iY (m)dθ,X(m)〉 = `iXdθ(Y (m)).

For the convenience of the reader, let us compute here explicitly the
Courant-Dorfman bracket JΞ(X1, θ1),Ξ(X2, θ2)K of two images of Ξ. The Lie
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bracket of two linear vector fields D̂1, D̂2 ∈ Xl(E) is [D̂1, D̂2] = ̂[D1, D2] =

D1 ◦D2 −D2 ◦D1

∧
. To see this, one only needs to apply [D̂1, D̂2] on linear

and pullback functions. Since [[X1, ·], [X2, ·]] is [[X1, X2], ·] by the Jacobi

identity, we find that the Lie bracket of the vector fields [̂X1, ·] and [̂X2, ·]
is [[X1, X2], ·]
∧

. Let us compute £
[̂X1,·]

(d`θ2
− d̃θ2)− i

[̂X2,·]
d(d`θ1

− d̃θ1). We

have £
[̂X1,·]

d`θ2
= d

(
[̂X1, ·](`θ2

)
)

= d`£X1θ2
and

£
[̂X1,·]

(d̃θ2) = d(£X1
θ2)
∼

.

The second equation is more difficult to see and requires some explanations.
Take Y ∈ X(M). Then〈

£
[̂X,·]d̃θ, [̂Y, ·]

〉
= [̂X, ·]

〈
d̃θ, [̂Y, ·]

〉
−
〈
d̃θ, [[X,Y ], ·]
∧〉

= [̂X, ·]`iY dθ − `i[X,Y ]dθ = `£X iY dθ−i[X,Y ]dθ

= `iY d£Xθ =
〈
d̃£Xθ, [̂Y, ·]

〉
.

Since
〈

£
[̂X,·]d̃θ, Y

↑
〉

is easily seen to vanish, as
〈
d̃£Xθ, Y

↑
〉

does, we find

that £
[̂X,·]d̃θ = d̃£Xθ. Therefore we get

£
[̂X1,·]

(d`θ2
− d̃θ2)− i

[̂X2,·]
d(d`θ1

− d̃θ1)

=£
[̂X1,·]

(d`θ2
− d̃θ2) + £

[̂X2,·]
d̃θ1 − d(i

[̂X2,·]
d̃θ1)

=d`£X1θ2
− ˜d(£X1

θ2) + ˜d(£X2
θ1)− d〈d̃θ1, [̂X2, ·]〉

=d`£X1θ2
− ˜d(£X1

θ2) + ˜d(£X2
θ1)− d`iX2dθ1

.

Since d(£X2
θ1) = d(iX2

dθ1), this shows

JΞ(X1, θ1),Ξ(X2, θ2)K =
(

[[X1, X2], ·]
∧

,d`£X1
θ2−iX2

dθ1
− d(£X1

θ2 − iX2
dθ1)
∼)

= ΞJ(X1, θ1), (X2, θ2)K.

Remark 5.1. There is a canonical isomorphism of double vector bundles

Σ : T (TM ⊕ T ∗M)→ TTM ⊕ T ∗TM,

which maps the natural VB-Courant algebroid structure on T (TM ⊕ T ∗M),
the tangent prolongation of the standard Courant algebroid on TM ⊕ T ∗M ,
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to the standard VB-Courant algebroid structure on T (TM)⊕ T ∗(TM). The
lift Ξ is then precisely Ξ = Σ ◦ T , where T denotes the tangent prolongation
of a section,

(s : M → TM ⊕ T ∗M) 7→ (Ts : TM → T (TM ⊕ T ∗M)).

A precise description and proof can be found in [18].

5.2. Another lift to TTM ⊕ T ∗TM

Consider this time the natural lift Ξ: Γ(TM ⊕ T ∗M)→ ΓlTM (T (TM)⊕
T ∗(TM)), Ξ(X, θ) =

(
[̂X, ·],d`θ

)
. This is equivalent to the Dorfman bracket

J· , ·K : Γ(TM ⊕ T ∗M)× Γ(TM ⊕ T ∗M)→ Γ(TM ⊕ T ∗M),

J(X1, θ1), (X2, θ2)K = ([X1, X2],£X1
θ2).

To see this, let us compute the Courant-Dorfman bracket of Ξ(X1, θ1)
with Ξ(X2, θ2). We have

JΞ(X1, θ1),Ξ(X2, θ2)K =
([

[̂X1, ·], [̂X2, ·]
]
,£

[̂X1,·]
d`θ2

− i
[̂X2,·]

d2`θ1

)
.

By the formulas found in the preceding example, we get

(23) JΞ(X1, θ1),Ξ(X2, θ2)K =
(

[[X1, X2], ·]
∧

,d`£X1θ2

)
= Ξ([X1, X2],£X1

θ2).

In fact, we call the lifts associated to Dorfman brackets “natural” because
they generalise the properties of this lift.

5.3. More general examples

More generally, according to (21) the lift corresponding to the Dorfman
bracket in Example 2.4 has the same form:

Ξ((X,α))(em) =
(

(Tme)(X(m))− (£Xe)
↑(em),d`α(em)− d̃α

)
(24)

=
(

£̂X ·,d`α − d̃α
)

(em)

for all em ∈ ∧kTM , where, in the second equality, we have used the definition
of the derivation D̂ in (12). Here in order to be consistent with the next
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section, as well as the previous example, d̃α is defined by:

d̃α(em) = (Tem prTM )∗((−1)kiemdα) = (Tem prTM )∗(dα(·, em)).

In all examples so far, the lift Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E) is re-
ally a direct sum of two lifts ΞTM : X(M)→ ΓlE(TE) and ΞE∗ : Γ(E∗)→
ΓlE(T ∗E). All the examples discussed so far are split Dorfman brackets. For
these, we always have:

Proposition 5.2. For all split Dorfman brackets on TM ⊕ E∗, Ξ(X, 0) ∈
Xl(E).

Proof. We show that D(X,0)(e, 0) = (δ(X,0)e, 0):〈
D(X,0)(e, 0), (Y, 0)

〉
= X 〈(Y, 0), (e, 0)〉 − 〈J(X, 0), (Y, 0)K, (e, 0)〉
= −〈([X,Y ], 0), (e, 0)〉 = 0

for all Y ∈ X(M). �

However, for general split Dorfman brackets ΞE∗ is a map Γ(E∗)→
Γle(TE⊕T ∗E). For example the term in (8) gives rise to a term (e¬dαk)

↑(em)
∈ Γ(TE) in ΞE∗(αk)(em). If the Dorfman bracket is not split, mixing can also
occur in the TM -part of the lift: ΞTM : TM → ΓlE(TE ⊕ T ∗E), as illustrated
by the following example:

Example 5.3. Let H ∈ Ω3
cl(M) be a closed 3-form. Then

J(X1, θ1), (X2, θ2)KH = J(X1, θ1), (X2, θ2)K + (0, iX2
iX1

H)

(with J·, ·K the Courant-Dorfman bracket) is also a Dorfman bracket on
TM ⊕ T ∗M . This Dorfman bracket is not split, and we have DH(X,0)(Y, 0) =

([X,Y ], iY iXH) by Example 2.3, which shows

ΞH(X, 0)(Y (m)) = (ΞTM (X),−p∗M (iY iXH))(Y (m)).

The following section studies in detail such twistings of Dorfman brackets
in relation to their lifts.

6. Twisted Courant-Dorfman bracket over vector bundles

Here we consider the standard Courant-Dorfman bracket on TE ⊕ T ∗E over
a vector bundle E, twisted by a linear closed 3-form H ∈ Ω3(E). That is,
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we have

J(X1, α1), (X2, α2)KH = J(X1, α1), (X2, α2)K + (0, iX2
iX1

H).

Given a form µ ∈ Ω2(M,E∗) and a Dorfman bracket J· , ·K on sections of
TM ⊕ E∗, we can define a twisted bracket

J· , ·Kµ : Γ(TM ⊕ E∗)× Γ(TM ⊕ E∗)→ Γ(TM ⊕ E∗)

by

J(X1, ε1), (X2, ε2)Kµ = J(X1, ε1), (X2, ε2)K + (0, iX2
iX1

µ).

This satisfies a Leiniz equality in the second term (as always, with anchor
prTM ) and is compatible with the anchor. We make the following definition.

Definition 6.1. Let J· , ·K : Γ(TM ⊕ E∗)×Γ(TM ⊕ E∗)→ Γ(TM ⊕ E∗) be
a Dorfman bracket and µ ∈ Ω2(M,E∗) a form. Then we say that µ twists
J· , ·K if J· , ·Kµ satisfies the Jacobi identity in Leibniz form, i.e. if J· , ·Kµ is a
new Dorfman bracket.

In this section we will describe in terms of the lift associated to J· , ·K a
necessary and sufficient condition for µ to twist J· , ·K.

Example 6.2. The standard Dorfman bracket on TM ⊕ ∧kT ∗M (Exam-
ple 2.4) is twisted by µ ∈ Ω2(M,∧kT ∗M) if and only if µ ∈ Ωk+2

cl (M), i.e.
actually antisymmetric in all components and closed.

We define the dual derivation

Dµ : Γ(TM ⊕ E∗)×Γ(E ⊕ T ∗M)→Γ(E ⊕ T ∗M)

to J· , ·Kµ and find

(25) Dµ(X,ε)(e, θ) = D(X,ε)(e, θ)− (0, 〈iXµ, e〉).

The corresponding lift Ξµ : Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E) as in (21) is then
just

Ξµ(X, ε) = Ξ(X, ε) + ˜(0, iXµ).

Recall that it is natural if and only if J· , ·Kµ satisfies the Jacobi identity.
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Theorem 6.3. With the notations above, we have

JΞµ(ν1),Ξµ(ν2)K−dΛµ
= ΞµJν1, ν2K

for all ν1, ν2 ∈ Γ(TM ⊕ E∗).

Proof. We just compute

JΞµ(ν1),Ξµ(ν2)K−dΛµ
=

r
Ξ(ν1) + ˜(0, iX1

µ),Ξ(ν2) + ˜(0, iX2
µ)

z

−dΛµ

(19)
= JΞ(ν1),Ξ(ν2)K−

(
0,d`iX2

iX1
µ + ˜Dν1

(iX2
µ)− ˜Dν2

(iX1
µ)− ˜i[X1,X2]µ

)
+

r
Ξ(ν1), ˜(0, iX2

µ)
z

+
r

˜(0, iX1
µ),Ξ(ν2)

z

= ΞJν1, ν2K−
(

0,d`iX2
iX1

µ + ˜Dν1
(iX2

µ)− ˜Dν2
(iX1

µ)− ˜i[X1,X2]µ
)

+
(

0, ˜Dν1
(iX2

µ)
)

+
(
0,d`iX2

iX1
µ

)
−
(

0, ˜Dν2
(iX1

µ)
)

= ΞµJν1, ν2K

�

In the third equality, we have used Lemma 3.6. We are now ready to
prove our main theorem.

Theorem 6.4. Consider a Dorfman bracket

J· , ·K : Γ(TM ⊕ E∗)× Γ(TM ⊕ E∗)→ Γ(TM ⊕ E∗)

and the corresponding lift Ξ: Γ(TM ⊕ T ∗M)→ ΓlTM (TE ⊕ T ∗E).
Then a form µ ∈ Ω2(M,E∗) twists J· , ·K if and only if

JΞ(ν1),Ξ(ν2)KdΛµ
= ΞJν1, ν2Kµ

for all ν1, ν2 ∈ Γ(TM ⊕ TM∗).

In other words, µ twists a Dorfman bracket if and only its natural lift
lifts the twisted bracket to the twist by dΛµ of the Courant-Dorfman bracket.

Note that we also have the following result, which follows from (20)
and (25).
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Proposition 6.5. In the situation of the previous theorem, we have

r
Ξ(ν), τ↑

z

dΛµ
= Dµν τ↑,

for ν ∈ Γ(TM ⊕ E∗) and τ ∈ Γ(E ⊕ T ∗M), no matter if µ twists the Dorf-
man bracket or not.

Proof of Theorem 6.4. Assume that J· , ·Kµ is a Dorfman bracket. Then by
Theorem 4.2, we have

(26) JΞµ(ν1),Ξµ(ν2)K = ΞµJν1, ν2Kµ = ΞµJν1, ν2K + Ξµ(0, µ(X1, X2)).

Since Ξµ(ν) = Ξ(ν) + ˜(0, iXµ), we find that

(27) Ξµ(0, µ(X1, X2)) = Ξ(0, µ(X1, X2))

and also that prTE Ξµ(ν) = prTE Ξ(ν) = δ̂ν for all ν ∈ Γ(TM ⊕ E∗). By
Theorem 6.3, we have

(28) JΞµ(ν1),Ξµ(ν2)K = ΞµJν1, ν2K +
(

0, i
δ̂ν2

i
δ̂ν1

dΛµ

)
.

(26), (27) and (28) yield together Ξ(0, µ(X1, X2)) =
(

0, i
δ̂ν2

i
δ̂ν1

dΛµ

)
, and so

JΞ(ν1),Ξ(ν2)KdΛµ
= JΞ(ν1),Ξ(ν2)K +

(
0, i

δ̂ν2
i
δ̂ν1

dΛµ

)
= ΞJν1, ν2K + Ξ(0, µ(X1, X2)) = ΞJν1, ν2Kµ.

�

Example 6.6. Consider E = TM and choose the Courant-Dorfman bracket
on TM ⊕ T ∗M . Recall from §5.1 the corresponding natural lift. Then if
ν1 = (X1, θ1), we get δνX2 = [X1, X2] and Dν1

(iX2
µ) = £X1

iX2
µ. As a con-

sequence,

Dν1
(iX2

µ)−Dν2
(iX1

µ)− i[X1,X2]µ = iX2
£X1

µ−£X2
iX1

µ(29)

= iX2
iX1

dµ− d(iX2
iX1

µ)
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and Dν1
(iX2

µ)−Dν2
(iX1

µ)− i[X1,X2]µ = −d(iX2
iX1

µ) if and only if µ is
closed. We get then using (19)

JΞ(X1, θ1),Ξ(X2, θ2)KdΛµ

= ΞJ(X1, θ1), (X2, θ2)K +
(

0, i
[̂X2,·]

i
[̂X1,·]

dΛµ

)
= ΞJ(X1, θ1), (X2, θ2)K +

(
0,d`iX2 iX1µ

− ˜d(iX2
iX1

µ)
)

= ΞJ(X1, θ1), (X2, θ2)Kµ.

7. Symmetries of Dorfman brackets

In this section we use the known symmetries of the standard Courant alge-
broid over E to study a similar class of symmetries for Dorfman brackets on
TM ⊕ E∗.

Consider B ∈ Ω2
cl(E). We denote by ΦB : TE ⊕ T ∗E → TE ⊕ T ∗E the

vector bundle morphism over the identity on E that is defined by

ΦB(X, θ) = (X, θ + iXB)

for all X ∈ X(E) and θ ∈ Ω1(E). Then ΦB is a symmetry of the Courant-
Dorfman bracket on TE ⊕ T ∗E [3]:

JΦB(χ1),ΦB(χ2)K = ΦBJχ1, χ2K

for all χ1, χ2 ∈ Γ(TE ⊕ T ∗E).
According to [2] (see Section 6), given a form β ∈ Ω1(M,E∗), the closed

form B = −dΛβ is linear. In particular, if J· , ·K is a Dorfman bracket on
TM ⊕ E∗ and Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E) the associated lift,
ΦB(Ξ(ν)) = Ξ(ν) + i

δ̂ν
B is a linear section of TE ⊕ T ∗E over Φβ(ν) = ν +

(0, iXβ) (see Lemma 3.10), where Φβ : TM ⊕ E∗ → TM ⊕ E∗ is the vector
bundle morphism over the identity on M :

Φβ(X, ε) = (X, ε+ iXβ).

In this section we aim to understand when this map defines a symmetry of
a Dorfman bracket on TM ⊕ E∗. We prove the following result.
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Theorem 7.1. A form β ∈ Ω1(M,E∗) defines a symmetry of a Dorfman
bracket J·, ·K via (X, ε) 7→ (X, ε+ iXβ) if and only if

Φ−dΛβ ◦ Ξ = Ξ ◦ Φβ

for the corresponding lift Ξ: Γ(TM ⊕ E∗)→ ΓlE(TE ⊕ T ∗E).

The proof relies on the following lemma. We set B := −dΛβ for β ∈
Ω1(M,E∗).

Lemma 7.2. Choose φ ∈ Γ(Hom(E,E ⊕ T ∗M)). Then d〈ΦB(Ξ(ν)), φ̃〉 is
a core linear section of T ∗E → E for all ν ∈ Γ(TM ⊕ E∗) if and only if
φ = 0.

Proof. Since 〈φ̃,ΦB(Ξ(ν))〉 is linear, d〈φ̃,ΦB(Ξ(ν))〉 is a core linear section

if and only if ΦE

(
d
〈

ΦB(Ξ(ν)), φ̃
〉)

= 0. We have〈
ΦE

(
d
〈

ΦB(Ξ(ν)), φ̃
〉)

, e
〉

=
〈
d
〈

ΦB(Ξ(ν)), φ̃
〉
, e↑
〉

= e↑
〈

ΦB(Ξ(ν)), φ̃
〉
.

Write ν = (X, ε)∈Γ(TM⊕E∗). Since ΦB(Ξ(X, ε)) = Ξ(X, ε)+(0,d`β(X)−
δ̃(X,ε)β), we find 〈

ΦB(Ξ(ν)), φ̃
〉

= `φ∗(X,ε+β(X))

and so e↑
〈

ΦB(Ξ(ν)), φ̃
〉

= q∗E〈φ∗(X, ε+ β(X)), e〉. This vanishes for all e ∈
Γ(E) and all (X, ε) ∈ Γ(TM ⊕ E∗) if and only if φ∗(X, ε+ β(X)) = 0 for all
(X, ε) ∈ Γ(TM ⊕ E∗). In particular, φ∗(0, ε) must be 0 for all ε ∈ Γ(E∗) or,
in other words, φ must have image in T ∗M . Using this, we find φ∗(X, 0) =
φ∗(X,β(X)) for X ∈ X(M). Since this must vanish for all X ∈ X(M), we
have shown that φ must be 0. �

Proof of Theorem 7.1. We define φ(X,ε) ∈ Γ(Hom(E,E ⊕ T ∗M)) by

(30) φ̃(X,ε) = Ξ(0, iXβ)− (0, i
δ̂(X,ε)

B) = Ξ(0, iXβ)−
(

0,d`β(X) − δ̃(X,ε)β
)
.

We have used Lemma 3.10. Note that this difference is a core-linear section
of TE ⊕ T ∗E because the linear sections Ξ(0, iXβ) and

(
0,d`β(X) − δ̃(X,ε)β

)
both project to (0, iXβ) in Γ(TM ⊕ E∗).
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Consider

JΦβ(X1, ε1),Φβ(X2, ε2)K = J(X1, ε1 + iX1
β), (X2, ε2 + iX2

β)K

in Γ(TM ⊕ E∗). This lifts to ΞJ(X1, ε1+iX1
β), (X2, ε2+iX2

β)K, which equals

JΞ(X1, ε1) + Ξ(0, iX1
β),Ξ(X2, ε2) + Ξ(0, iX2

β)K

But this is

r
ΦB(Ξ(X1, ε1)) + φ̃(X1,ε1),ΦB(Ξ(X2, ε2))) + φ̃(X2,ε2)

z
,

which can be expanded to

ΦB(ΞJ(X1, ε1), (X2, ε2)K) +
r

ΦB(Ξ(X1, ε1)), φ̃(X2,ε2)

z

+
r
φ̃(X1,ε1),ΦB(Ξ(X2, ε2)))

z
+

r
φ̃(X1,ε1), φ̃(X2,ε2)

z
(31)

The second and fourth terms are again core-linear (see Lemma 3.6 and
Lemma 4.5 in [17], respectively) so project to 0, but the third is

−
r

ΦB(Ξ(X2, ε2)), φ̃(X1,ε1)

z
+
(

0,d〈ΦB(Ξ(X2, ε2)), φ̃(X1,ε1)〉
)
.

The left-hand term is core-linear, so projects to 0. By Lemma 7.2, the right-
hand term also has values in the core for arbitrary (X2, ε2) ∈ Γ(TM ⊕ E∗)
if and only if φ(X1,ε1) = 0. This happens exactly when (31) projects to
J(X1, ε1), (X2, ε2)K + (0, i[X1,X2]β) on TM ⊕ T ∗M , so when

J(X1, ε1 + iX1
β), (X2, ε2 + iX2

β)K = J(X1, ε1), (X2, ε2)K + (0, i[X1,X2]β).

Now φ̃(X,ε) = 0 is equivalent to (Ξ ◦ Φβ)(X, ε) = (ΦB ◦ Ξ)(X, ε) because

(Ξ ◦ Φβ)(X, ε) = Ξ(X, ε+ β(X)) = Ξ(X, ε) + Ξ(0, iXβ)

= Ξ(X, ε) + (0, i
δ̂(X,ε)

B) + φ̃(X,ε) = (ΦB ◦ Ξ)(X, ε) + φ̃(X,ε).

�

Note that so far, we have not made any statement as to the existence of
forms like in Theorem 7.1. The theorem rather provides a simple reformu-
lation of the condition for being a symmetry.
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Example 7.3. Consider E = ∧kTM and the standard Dorfman bracket
on TM ⊕ ∧kT ∗M already studied earlier. Choose a morphism β : TM →
∧kT ∗M and consider −dΛµ the associated linear 2-form on E = ∧kTM .

For β to define a symmetry of the Dorfman bracket on TM ⊕ ∧kT ∗M ,
we need

Ξ(0, iXβ)(em) = −dΛβ(δ̂(X,αk))(em)

for all em ∈ E, which is equivalent to (0,d`iXβ − d̃iXβ) = −dΛβ(£̂X).
Both sides of this equation are sections of T ∗E, and they are equal if

and only if they map all linear and all core vector fields in the same way.
On core vector fields T ↑, for T ∈ Γ(∧kTM), we have

dΛβ(£̂X , T
↑) = £̂X(Λβ(T ↑))− T ↑(Λβ(£̂X))− Λβ([£̂X , T

↑])

= 0− q∗E〈T, iXβ〉 − 0 = 0,

d`iXβ(T ↑) = q∗E〈T, iXβ〉 and d̃iXβ(T ↑)(em) = 0. On a linear vector field D̂ ∈
Xl(E) over Y ∈ X(M), we have

dΛβ(£̂X , D̂) = £̂X(Λβ(D̂))− D̂(Λβ(£̂X))− Λβ([£̂X , D̂])

= `£X(iY β)−D∗(iXβ)−i[X,Y ]β,

d̃iXβ(D̂) = `iY diXβ and D̂(`iXβ) = `D∗(iXβ). Thus we are left with the fol-
lowing condition on β:

£X(iY β)− i[X,Y ]β −D∗(iXβ) = iY diXβ −D∗(iXβ)

for all X,Y ∈ X(M), which is equivalent to β ∈ Ωk+1(M) and dβ = 0.

Appendix A. On the proofs of Theorems 3.3 and 3.4

Choose a linear section χ of TE ⊕ T ∗E → E over a pair (X, ε) ∈ Γ(TM ⊕
E∗). Then χ =

(
d̂χ,d`ε − φ̃χ

)
, following the notations set after Theorem 3.1.

For simplicity, we write θχ for d`ε − φ̃χ ∈ Ω1(E).

Lemma A.1. Choose linear sections χ, χ′ of TE ⊕ T ∗E → E over

(X, ε), (X ′, ε′) ∈ Γ(TM ⊕ E∗),

a section e ∈ Γ(E) and a derivation D of E with symbol Y . Then
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1) 〈θχ, e↑〉 = q∗E〈ε, e〉,

2) 〈θχ, D̂〉 = `D∗ε−φ∗χ(Y ),

3) £e↑θχ = q∗E (d〈ε, e〉 − φχ(e)),

4) £
d̂χ′
θχ = d`d∗

χ′ε
− ˜(dχ′(φ∗χ))∗.

Note that in the last equation, φ∗χ is an element of Ω1(M,E∗). For a
derivationD of E overX∈X(M), the derivationD : Ω1(M,E∗)→Ω1(M,E∗)
over X is defined by (Dω)(Y ) = D∗(ω(Y ))− ω[X,Y ] for all Y ∈ X(M).

Proof. The first identity is immediate. For the second, we recall (12). The
pairing of D̂ with θχ at em is

Y 〈ε, e〉 − 〈φχ(e), Y 〉 − 〈ε,De〉 = 〈D∗ε, e〉 − 〈φχ(e), Y 〉

at m. Hence we have found (2). Next we prove (3). We have

〈£e↑θχ, e
′↑〉 = e↑〈θχ, e′↑〉 − 〈θχ,

[
e↑, e′

↑
]
〉 = e↑(q∗E〈ε, e′〉) = 0

for e′ ∈ Γ(E) and

〈£e↑θχ, D̂〉 = e↑〈θχ, D̂〉 − 〈θχ,
[
e↑, D̂

]
〉 = q∗E〈D∗ε− φ∗χ(Y ), e〉+ 〈θχ, (De)↑〉

= q∗E〈D∗ε− φ∗χ(Y ), e〉+ q∗E〈ε,De〉 = q∗E(Y 〈ε, e〉 − 〈Y, φχ(e)〉)

for a derivation D of E over Y ∈ X(M). Since q∗E (d〈ε, e〉 − φχ(e)) takes the

same values on e′↑ and D̂, we are done.
Finally, we compute using the first identity

〈£
d̂χ′
θχ, e

↑〉 = d̂χ′〈θχ, e↑〉 − 〈θχ,
[
d̂χ′ , e

↑
]
〉 = q∗E(X ′〈ε, e〉 − 〈ε, dχ′e〉)

= q∗E〈d∗χ′ε, e〉 = 〈d`d∗
χ′ε
, e↑〉 = 〈d`d∗

χ′ε
− ˜(dχ′(φ∗χ))∗, e↑〉

for e ∈ Γ(E). Similarly, using (2) above

〈£
d̂χ′
θχ, D̂〉 = d̂χ′〈θχ, D̂〉 − 〈θχ,

[
d̂χ′ , D̂

]
〉 = `d∗

χ′ (D
∗ε−φ∗χ(Y )) − 〈θχ, [dχ′ , D]
∧

〉

= `d∗
χ′ (D

∗ε−φ∗χ(Y ))−[dχ′ ,D]∗ε+φ∗χ[X′,Y ]

for a derivationD of E over Y ∈ X(M). An easy calculation shows [dχ′ , D]∗ =
[d∗χ′ , D

∗], which leads to

〈£
d̂χ′
θχ, D̂〉 = `D∗d∗

χ′ε−(dχ′φ∗χ)(Y ) = 〈d`d∗
χ′ε
− ˜(dχ′φ∗χ)∗, D̂〉.
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�

Proof of Theorem 3.3. We write τ = (e, θ) ∈ Γ(E ⊕ T ∗M). First we find

that 〈£
d̂χ
q∗Eθ, e

′↑〉 equals d̂χ〈q∗Eθ, e′
↑〉 − 〈q∗Eθ, [d̂χ, e′

↑]〉 = 0− 0 = 0 and

〈£
d̂χ
q∗Eθ, D̂〉 = d̂χ(q∗E〈θ, Y 〉)− 〈q∗Eθ, [d̂χ, D̂]〉 = q∗E(X〈θ, Y 〉 − 〈θ, [X,Y ]〉) =

q∗E〈£Xθ, Y 〉 for all e′ ∈ Γ(E) and any derivation D of E over Y ∈ X(M).
This shows £

d̂χ
q∗Eθ = q∗E(£Xθ). In the same manner, we have ie↑dθχ =

£e↑θχ − d〈θχ, e↑〉 = q∗E(−φχ(e)) by (1) and (3) in Lemma A.1. We get

r
χ, τ↑

z
=
([
d̂χ, e

↑
]
,£

d̂χ
q∗Eθ − ie↑dθχ

)
=
(

(dχe)
↑, q∗E(£Xθ + prT ∗M Dχ(e, 0))

)
=
(

(dχe)
↑, q∗E(prT ∗M Dχ(e, θ))

)
= Dχτ

↑,

which proves Theorem 3.3. �

Proof of Theorem 3.4. We simply compute

Jχ1, χ2K =
([
d̂χ1

, d̂χ2

]
,£

d̂χ1

θχ2
− i

d̂χ2

dθχ1

)
.(A.1)

The TE-part is ̂[dχ1
, dχ2

]. By definition of Dχ, we have prE ◦Dχ ◦ ιE ◦ prE =
prE ◦Dχ and so [dχ1

, dχ2
] = prE ◦[Dχ1

, Dχ2
] ◦ ιE .

The T ∗E-component of (A.1) is

d`d∗χ1
ε2
− (dχ1

(φ∗χ2
))∗
∼

�����−d`d∗χ2
ε1

+ (dχ2
(φ∗χ1

))∗
∼

+ d`
�

��d∗χ2
ε1−φ∗χ1

(X2)

by Lemma A.1. First we find that 〈d∗χ1
ε2 − φ∗χ1

(X2), e〉 equals

X1〈ε2, e〉 − 〈ε2, dχ1
e〉 − 〈X2, φχ1

(e)〉
= X1〈ε2, e〉 − 〈(X2, ε2), Dχ1

(e, 0)〉 = 〈D∗χ1
(X2, ε2), (e, 0)〉

for any e ∈ Γ(E). Then we find that 〈(dχ1
φ∗χ2
− dχ2

φ∗χ1
)∗(e), X〉 equals(

d∗χ1
(φ∗χ2

(X))− φ∗χ2
[X1, X]− d∗χ2

(φ∗χ1
(X)) + φ∗χ1

[X2, X]
)

(e)

=X1〈X,φχ2
(e)〉 − 〈X,φχ2

(dχ1
(e))〉 − 〈[X1, X], φχ2

(e)〉
−X2〈X,φχ1

(e)〉+ 〈X,φχ1
(dχ2

(e))〉+ 〈[X2, X], φχ1
(e)〉

= 〈X,£X1
(prT ∗M Dχ2

(e, 0)) + prT ∗M ◦Dχ2
◦ ιE ◦ prE ◦Dχ1

(e, 0)〉
− 〈X,£X2

(prT ∗M Dχ1
(e, 0)) + prT ∗M ◦Dχ1

◦ ιE ◦ prE ◦Dχ2
(e, 0)〉
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for X ∈ X(M) and e ∈ Γ(E). Since £X1
(prT ∗M Dχ2

(e, 0)) equals
prT ∗M Dχ1

(0,prT ∗M Dχ2
(e, 0)) and prT ∗M ◦Dχ1

◦ ιE ◦ prE ◦Dχ2
(e, 0) equals

prT ∗M Dχ1
(prE Dχ2

(e, 0), 0), we find that the first and fourth term add up
to 〈X,prT ∗M Dχ1

Dχ2
(e, 0)〉. Similarly the second and third term add up to

−〈X,prT ∗M Dχ2
Dχ1

(e, 0)〉 and we get

〈(dχ1
φ∗χ2
− dχ2

φ∗χ1
)∗(e), X〉 = 〈prT ∗M [Dχ1

, Dχ2
](e, 0), X〉.

The proof of the second identity is left to the reader. �

Appendix B. On the proof of Theorem 4.4

Recall that D has the following property:

(B.2) D(X,ε)(e, θ) = D(X,ε)(e, 0) + (0,£Xθ)

for all (X, ε) ∈ Γ(TM ⊕ E∗) and (e, θ) ∈ Γ(E ⊕ T ∗M). (B.2) and the defi-
nition of δ yield together

(B.3) δ ◦ prE = prE ◦D.

We will use the following lemma.

Lemma B.1. J· , ·K satisfies the Jacobi identity in Leibniz form if and only
if

1) [δν1
, δν2

] = δJν1,ν2K and

2) prT ∗M [Dν1
,Dν2

] ◦ ιE = prT ∗M ◦DJν1,ν2K ◦ ιE

for all ν1, ν2 ∈ Γ(TM ⊕ E∗).

Proof. First note that by (B.3), we have

(B.4) [δν1
, δν2

] = prE ◦[Dν1
,Dν2

] ◦ ιE .

If J· , ·K satisfies the Jacobi identity in Leibniz form, then (1) and (2) are
immediate by (5).
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Conversely, (1) and (2) give using (B.4): [Dν1
,Dν2

] ◦ ιE = DJν1,ν2K ◦ ιE .
We have always

[Dν1
,Dν2

](0, θ) = (0,£X1
£X2

θ −£X2
£X1

θ)

= (0,£[X1,X2]θ) = DJν1,ν2K(0, θ)

for all θ ∈ Ω1(M). This shows that (1), (2) are equivalent to [Dν1
,Dν2

] =
DJν1,ν2K, which dualises to the Jacobi identity in Leibniz form for J· , ·K. �

Now we can prove Theorem 4.2.

Proof of Theorem 4.2. We write τ = (e, θ), τi = (ei, θi) and ν = (X, ε), νi =
(Xi, εi) for i = 1, 2. By (17), we have

JΞ(ν1),Ξ(ν2)K =
(

[δν1
, δν2

]
∧

,d`prE∗ D∗ν1ν2
− prT ∗M ◦[Dν1

,Dν2
] ◦ ιE
∼)

.

By Lemma B.1, this is

JΞ(ν1),Ξ(ν2)K =
(
δJν1,ν2K

∧
,d`prE∗ D∗ν1ν2

− prT ∗M ◦DJν1,ν2K ◦ ιE
∼)

if and only if J· , ·K satisfies the Jacobi identity in Leibniz form. Since D∗ν1
ν2 =

Jν1, ν2K, we are done. �

Appendix C. A non-local Leibniz algebroid

Let M = S1 × S1 ' T2 and consider the vector bundle Ē = T ∗M ⊕ ∧2T ∗M
over M . Let η ∈ Ω1(S1) be the standard volume form on the circle and
set ηx = pr∗1 η and ηy = pr∗2 η, where pri : S1 × S1 → S1 are the projections,
i = 1, 2. Then ηx ∧ ηy is a volume form on M and ηx, ηy ∈ Ω1(M) form a
basis of one-forms such that the pullback of ηx along any ιq : S1 ↪→ S1 × {q}
and the pullback of ηy to any {p} × S1 are the standard volume form on the
circle. Define the following operations for integration along the first fibre.
For f, g, h ∈ C∞(M):

∫
S1 fηx + gηy ∈ C∞(M),(∫
S1

fηx + gηy

)
(p, q) :=

∫
S1

ι∗q(f)η

and
∫
S1 h ηx ∧ ηy ∈ Ω1(M),(∫

S1

h ηx ∧ ηy
)

(p, q) :=

(∫
S1

ι∗q(h)η

)
ηy(p, q).
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Clearly, the resulting function
∫
S1 fηx + gηy ∈ C∞(M) is constant along the

first S1, i.e. only a function of q in the notation above. In the same manner,
the one-form

∫
S1 h ηx ∧ ηy is constant along the first S1 and only has a ηy

component. That is, the obtained functions and 1-forms are invariant along
the fibers of pr2.

Now we define a bracket on Ē = T ∗M ⊕ ∧2T ∗M as follows:

J(α1, α2), (β1, β2)K =

(
0,

(∫
S1

α1

)
β2 +

(∫
S1

α2

)
∧ β1

)
and we prove that (Ē = T ∗M ⊕ ∧2T ∗M, J·, ·K, 0: Ē → TM is a Leibniz al-
gebroid. Since the bracket is clearly C∞-linear in the second component and
thus satisfies the Leibniz rule for functions with the zero-anchor, it suffices
to check the Jacobi identity in Leibniz form. For simplicity, we just write

∫
for
∫
S1 , and this is always the integration along the first S1. We have

J(α1, α2), J(β1, β2), (γ1, γ2)KK =

s
(α1, α2),

(
0,

∫
β1 γ2 +

∫
β2 ∧ γ1

){

=

(
0,

∫
α1

∫
β1 γ2 +

∫
α1

∫
β2 ∧ γ1

)
and in a similar manner

JJ(α1, α2), (β1, β2)K, (γ1, γ2)K =

s(
0,

∫
α1 β2 +

∫
α2 ∧ β1

)
, (γ1, γ2)

{

=

(
0,

∫ (∫
α1 β2 +

∫
α2 ∧ β1

)
∧ γ1

)
=

(
0,

∫
α1

∫
β2 ∧ γ1 −

∫
β1

∫
α2 ∧ γ1

)
.

Therefore we get

J(α1, α2), J(β1, β2), (γ1, γ2)KK− J(β1, β2), J(α1, α2), (γ1, γ2)KK
− JJ(α1, α2), (β1, β2)K, (γ1, γ2)K

=

(
0,

∫
α1

∫
β1γ2 +

∫
α1

∫
β2 ∧ γ1 −

∫
β1

∫
α1γ2 −

∫
β1

∫
α2 ∧ γ1

−
∫
α1

∫
β2 ∧ γ1 +

∫
β1

∫
α2 ∧ γ1

)
= 0

This Leibniz algebroid is non-local, i.e. its bracket not given by a bilinear
differential operator of any order.



i
i

“2-JotzLean” — 2019/5/3 — 22:19 — page 1444 — #44 i
i

i
i

i
i

1444 M. Jotz Lean and C. Kirchhoff-Lukat

Acknowledgement. The authors wish to thank an anonymous referee for
useful comments on an earlier version of this work.

During the completion of this work, MJL was supported by a Vice-
Chancellor’s fellowship from The University of Sheffield. CKL was supported
by an STFC Studentship and a Graduate Studentship from Trinity College,
Cambridge.

References

[1] D. Baraglia, Leibniz algebroids, twistings and exceptional generalized
geometry, J. Geom. Phys. 62 (2012), no. 5, 903–934.

[2] H. Bursztyn and A. Cabrera, Multiplicative forms at the infinitesimal
level, Math. Ann. 353 (2012), no. 3, 663–705.

[3] H. Bursztyn, G. R. Cavalcanti, and M. Gualtieri, Reduction of Courant
algebroids and generalized complex structures, Adv. Math. 211 (2007),
no. 2, 726–765.

[4] Z. Chen, Z. Liu, and Y. Sheng, E-Courant algebroids, Int. Math. Res.
Not. IMRN (2010), no. 22, 4334–4376.

[5] Z. Chen and Z.-J. Liu, Omni-Lie algebroids, J. Geom. Phys. 60 (2010),
no. 5, 799–808.

[6] Z. Chen, Z. J. Liu, and Y. Sheng, Dirac structures of omni-Lie alge-
broids, Internat. J. Math. 22 (2011), no. 8, 1163–1185.

[7] T. J. Courant, Dirac manifolds, Trans. Am. Math. Soc. 319 (1990),
no. 2, 631–661.

[8] T. J. Courant and A. Weinstein, Beyond Poisson structures, in: Action
hamiltoniennes de groupes. Troisième théorème de Lie (Lyon, 1986),
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