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Cut-and-join description of generalized
Brezin—Gross—Witten model

A. ALEXANDROV

We investigate the Brezin—Gross—Witten model, a tau-function of
the KdV hierarchy, and its natural one-parameter deformation,
the generalized Brezin—Gross—Witten tau-function. In particular,
we derive the Virasoro constraints, which completely specify the
partition function. We solve them in terms of the cut-and-join op-
erator. The Virasoro constraints lead to the loop equations, which
we solve in terms of the correlation functions. Explicit expressions
for the coefficients of the tau-function and the free energy are de-
rived, and a compact formula for the genus zero contribution is
conjectured. A family of polynomial solutions of the KdV hierar-
chy, given by the Schur functions, is obtained for the half-integer
values of the parameter. The quantum spectral curve and its clas-
sical limit are discussed.

(1__Introduction| 1348
2 Brezin—Gross—Witten modell 1351
[3__Generalized Brezin—Gross—Witten modell 1361
4 Concluding remarks| 1381
|Appendix A Free energy of BGW tau-function| 1382

|Appendix B Coefficients of generalized BGW tau-function| 1384

|Appendix C Free energy of generalized BGW modell 1387
|[Appendix D Free energy of generalized BGW model as a |
[ linear combination of By (V)| 1394
[References] 1395

1347



1348 A. Alexandrov

1. Introduction

The Brezin—Gross—Witten (BGW) model
(1) ZBGW :/[dU]eéTr(A*U+AUT)

was introduced in the lattice gauge theory over 35 years ago [1l 2]. Later it
was shown that in the weak coupling phase this model satisfies the Virasoro
constraints [3]. Moreover, it is a tau-function of the KdV integrable hierarchy
and can be described by the generalized Kontsevich model [4].

This makes the BGW model interesting and, in many respects, similar
to the Kontsevich-Witten tau-function [5l [6] — one of the most important
and beautiful ingredients of the modern mathematical physics. However,
unlike the Kontsevich-Witten (KW) tau-function, which generates the in-
tersection numbers of the moduli spaces or Riemann surfaces, and many
other matrix models, for which enumerative geometry/combinatorics inter-
pretation is known, similar interpretation of the BGW tau-function is still
not available. Using the generalized Kontsevich model description of this
tau-function, one can try to identify it with the generating function of the
r-spin intersection numbers for r = —2. However, corresponding geometri-
cal construction is not available yet, thus, it is impossible to compare the
intersection numbers with the correlation functions of the matrix model.

In spite of this absence of geometrical interpretation, the BGW tau-
function is known to play (similarly to the KW tau-function) an important
role in the topological recursion/Givental decomposition [7HI1]. Namely, it
appears in decomposition of the complex matrix model [12HI4] and, in gen-
eral, corresponds to the hard walls (see [I5] and references therein).

Recently, it was shown that a natural one parametric deformation of
the KW tau-function, called the Kontsevich—Penner model, describes open
intersection numbers[I6HI8], a new and extremely interesting set of enu-
merative geometry invariants, which was introduced in [19, 20]. The matrix
integral description allows us to show that their generating function is a
tau-function of the modified KP (MKP) hierarchy, and to construct a full
family of the Virasoro and W-constraints. This model possess a number of
nice properties and, arguably, is even more beautiful and natural then any
of its specifications (in particular, the KW tau-function).

Thus, to find a natural interpretation of the BGW tau-function one can
try to consider its deformation, analogous to the Kontsevich—Penner defor-
mation of the KW tau-function. It is easy to construct this deformation using
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the generalized Kontsevich model representation. In this representation it
corresponds to the logarithmic deformation of the potential. This deformed
model was introduced in [4] and is given by the matrix integral

@) TNN/[dQ)]eXp <Tr (?—F%—F(N—M)log@)).

From the general properties of the generalized Kontsevich model (GKM)
[21] it follows that it is a tau-function of the MKP hierarchy with discrete
time N. However, other properties of this model have not been investigated
in detail so far. In particular, the Virasoro constraints were not known. The
main goal of this paper is to fill this gap and to describe the generalized
BGW model and its interesting specifications, in particular the original
BGW model.

We show that the tau-function is well definite for any complex (not
necessarily integer!) value of N. Moreover, for any given value of N this is
a tau-function of the KdV hierarchy. We describe the Kac—Schwarz algebra
for this tau-function and derive the Virasoro constraints. Here the differ-
ence with the Kontsevich—Penner model is quite transparent: to describe
the Kontsevich—Penner model one should introduce higher W-constraints,
while the partition function of the generalized BGW model is completely
fixed by the Virasoro constraints. Moreover, only the first of them (the
string equation) depends on N, thus, on the level of linear constraints, the
case of general IV is almost as simple as the case with N = 0.

Often the Virasoro and W-constraints can be solved in terms of the
cut-and-join operator. Corresponding method was introduced in [22] for the
Gaussian branch of the Hermitian matrix model and later has been applied
to the KW tau-function [23] and to the Kontsevich-Penner model [17, 1§].
We solve the Virasoro constraints for the BGW and generalized BGW tau-
functions in terms of the cut-and-join operator:

(3) Ty =M,
where
= 1 & 0
(4) Wn =3 Z (2k +1)(2m + Dtogprtoms1 50—
2,4~ Ookomt1
1 o 0?
- 2k + 2 3)t —_—
+t1 > (2k+2m+3) e 2mds G

k,m=0

—|—1N2t
6 4 )
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Using this operator we derive the coefficients of expansion of the tau-
function and free energy. Here we see that the case of generalized BGW
tau-function is much more interesting comparing to the original BGW tau-
function. In particular, while for the BGW tau-function the genus zero con-
tribution to the free energy is equal to zero (and higher genera contribu-
tions are rational functions of only finite number of times), for general N
this is not the case. Namely, for any genus the free energy is a non-trivial
function of all times. The results of computations allow us to conjecture a
compact expression for the genus zero free energy of the generalized BGW
tau-function.

We also derive an equation for the quantum spectral curve of the gen-
eralized BGW tau-function,

0? 0 S?
(5) (ﬁQxZW =+ hzl'% — T — 4> \I/S(.'L') = 0,

where S = A~ 1 N. As for other KP/Toda tau-functions, which describe the
enumerative geometry invariants, the equation for the quantum spectral
curve, up to a conjugation, coincides with one of the Kac—Schwarz operators
[17, 24, 25]. In the classical limit we get a genus zero spectral curve with
one branch point.

The Virasoro constraints allow us to derive the loop equations and to
solve them recursively. The correlation functions are defined on the spectral
curve and they are symmetric polynomials in the inverse global coordinate.
Thus, corresponding differentials are meromorphic with poles only at the
branch point.

For the half-integer values of the parameter N, the generalized BGW
tau-function is a polynomial in times. More specifically, it is given by the
Schur functions of the dilaton shifted times, labelled by the triangular par-
titions. We describe this family of the KdV tau-functions (which constitute
an infinite MKP tau-function) in detail.

All this allows us to conclude that, as in the case of the Kontsevich—
Penner model, the deformed model appears to be more beautiful and natural
then the original one. Unfortunately, a unitary integral representation of
this deformed model is not known, and we do not expect that this model is
directly related to the original lattice gauge models. However, some of our
results (in particular, the cut-and-join representation) should be useful for
the original BGW model. Moreover, from the Virasoro constraints derived
in Section it follows that the generalized BGW model describes a model
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of the open-closed string theory involving gravity[26], which can be obtained
from the unitary matrix model in a double scaling limit [27].

The present paper is organized as follows. In Section [2| we consider the
original BGW model and, basically following [4], describe it in terms of
the GKM. Section [3]is devoted to the generalized BGW tau-function. In the
Appendices we present explicit expressions for expansion of the tau-function
and free energy of BGW and generalized BGW tau-functions.

2. Brezin—Gross—Witten model

The partition function of the BGW model [I], 2] is given by an M x M
unitary matrix integral

(6) ZBaw :/[dU] e TF (ATU+AUT),

Here the Haar measure on the unitary group U (M) is normalised by [ [dU] =
1 and the parameter i describes the topological expansion (see below).
Naively, @ depends on two external matrices, A and Af, but actually it
depends only on their product, more precisely on the square root of it

(7) A= (ATA>§.

The behaviour of this matrix model is essentially different at large and
small values of A~ 'Tr A~! and there is a phase transition between these
two regimes [I, [2, 28]. In this paper we consider only the so-called Kont-
sevich (weak coupling) phase, which corresponds to the large values of the
eigenvalues of the matrix A. Below for simplicity we assume that the matrix
A is diagonal

(8) A:dlag()\l,,)\M)

2.1. Description in terms of generalized Kontsevich model

As many other important matrix models, the BGW model can be described
in terms of the generalized Kontsevich model [21]. Namely, as it was shown
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by A. Mironov, A. Morozov and G. W. Semenoff in [4],

A1
[dP] exp (Tr (h + 7 M log <1>>>

/ [d®] exp (Tr <};I> — Mlog @))

In this section we basically follow the approach of [4].
Actually, @ as well as @ depends only on the ratio A/h, thus it is
convenient to introduce

9) Zpew =

(10) A= - = diag (A1, ..., ),

and \; = \;/h.
In ([9) we integrate over M x M normal matrices, that is diagonolizable
matrices

where U is unitary and the contour + runs from —oo to a small circle en-
closing zero, and then returning to —oco. Then the measure of integration
can be expressed in terms of U and ¢;’s in the standard way

M
(12) [d®] = A(¢)* [aU] ] | deb,
=1
where
(13) Al9) = [](e; - @)

is the Vandermonde determinant.
After integration over the unitary matrix U with the help of the HCIZ
formula, @D reduces to

M detM _ (S\M_il ,(2:\))

M(M—1) i,j=1 \ "} M—i J
14 Z = (-1 2 | | — 1)! -
(14) Bew = (—1) | 1(] ) 3()\2)

<

Here

2\" 1 ©2¢ | 1
(15) I(x) = <x> 27ri/€ 3 +¢¢ﬁ1
v
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is the modified Bessel function and the normalization of can be easily

found from its small x expansion

1 T

(16) @) = 5557y (5) (1+ O(x)).

From this eigenvalue integral representation it immediately follows that
in the Kontsevich phase

(17) Taew (A) = Cpiw ZBGW
where
AT, (G — 1)

(18) Cpew = - 3 1
(2m) % det (A®1+1®A)2

)

is a tau-function of the KP hierarchy. Indeed,

deti_y ®5(\)

(19) TBGW(A) = Ty

which defines a tau-function in the Miwa parametrization

1
(20) t = T AF

Here ®;’s are the so called basis vectors, which can be expressed in terms of
the modified Bessel functions ,
(21) D;(N) = VArA Nl P (2))

\ 47r)‘hj716725\ / e?\2t+§dl.
g

27 tJ

We consider only the asymptotic expansion of the modified Bessel function
for large values of A (we assume that arg A\ # 7)

X (—R)* ako))

k=1

(22) i\ =M1 (1 +
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thus, ®;(\)’s are of the form

(24) d;(N) = N1 +00™h).
This guarantees that

(25) meaw(A) = 1+ O\ ).

Vectors are defined for all j € Z. Vectors for j > 1 define a point of
the big cell of the Sato Grassmannian [29731]E|

(26) Waaw = (®1, P2, ®3,...).

Any such point corresponds to a tau-function of the KP hierarchy, which is
a formal series in the times t; and solves the bilinear identity

(27) 7{ C€Et.2) 14 _ [0 By r(t + [+, B)dz = 0.

Here £(t,2) = Y 3o t,2" and we use the standard notation

(28) t+ [z = bt Dt ot L
= 1 2’2 22’2’3 337 (-

Thus, the BGW tau-function
(29) Taw (t, h)

is defined by the point , or equivalently, it can be considered as a limit
of the ration of determianants as the size of the matrices M tends to
infinity. In this limit all the Miwa variables are independent.

In the Sato Grassmannian description the first basis vector plays a spe-
cial role. It is related to the tau-function by

(30) @1 (A) =7([A], ),

and is equal to the dual Baker—Akhiezer function at t = 0.

In this paper we consider only the index (or charge) zero sector of the Sato
Grassmannian, thus all points corresponding to the different values of the discrete
time are described in the same space. Equivalent description should include a flag
of the Sato Grassmannians with different indices.
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It is clear that the parameter A is not independent and can be removed
by the time variables rescaling

(31) Baw (t,h) = Teow (t,1)

T

Let us stress that the expansion of 7pgw (t, i) in & is not the genus expan-
sion, but the topological expansion. More concretely,

(32) TBG’W(t ﬁ —exp ZZH X./T, ,

g=0n=1

where x =2 — 2g — n can be considered as the Euler characteristic. Here
Fyn(t) is a genus g contribution to free energy, which is a homogeneous
polynomial in times ¢, of degree n,

(33) Ztk@t gn(t) = n Fyn(t).

To get the genus expansion, one should multiply the times by A~

(34) Teaw (W16, h) = exp [ > W92 F(b)
g=0

Fy(t) is the genus g contribution to the free energy and

(35) Fo(t) =) Fyult)
n=1

It is known [14, [32] that

1 t
(36) fOZO,f1=—10g<1—l>,
8 2
and for g > 1 all F, are polynomials in the variables
tx,
37 T, = ——.

Variables T}, are the “moment variables” and expressions for F(T) for small
k were obtained in [14, 32]. With the help of the cut-and-join description
of Section we are able to find expressions for F,(T) for g < 30. See
Appendix [A] for the expressions of Fy(T) for g <9.
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2.2. KdV hierarchy and Virasoro constraints

It is well-known that the tau-function 7pgw (t, i) does not depend on even
times tof, [32]. Thus, it is a tau-function of the 2-reduction of the KP hierar-
chy, which is the KdV hierarchy [4]. Probably the simplest way to show it is
to use the Sato Grassmannian description and the Kac—Schwarz operators
[33] as it was done in [4].

The Kac-Schwarz (KS) operators [4], 24] 33-306] are the differential op-
erators in one variable which stabilize the point of the Sato Grassmannian
for a given tau-function. For any tau-function the corresponding KS op-
erators constitute an algebra (a subalgebra in w4 ). Thus, for any KS
operator we can use a correspondence between the w4 and Wi alge-
bras [33, [34], [36, B7] to construct an operator from W, which annihilates
the tau-function.

Let us consider the operators

A0 A 1 9
(38) 0—554‘%—1,[7—)\,
satisfying the commutation relations
(39) [a,b] = 0.

Using the integral representation of the basis vectors it is easy to show
[4] that

. 1
a®;=(j—-1)®; + ﬁ(I)jJrlv

b®; = jhd; 1 + Bjia,

(40)

thus operators a and b stabilize the point of the Sato Grassmannian

aWpew C Weaw,

(41)
bWpew C Waaw,
and are the KS operators.
However, these two operators do not completely specify the point of the
Sato Grassmannian and the tau-function. Thus, they do not generate the
KS algebra. Let us find some other KS operators. Integration by parts yields

1 1o 1 1 1
42 P JR (AT R . Y
(42) p" <2)\8)\+h)\ 4)\2> R
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The operator %a is not a KS operator
1 1

However, combining with one obtains

1 1, . 1
(44) gaz ¢ =20 =11+ 5 ®;

and

1, 18 10 1 1
(45) =3I Traa T e T Ten

is the KS operator. To the best of our knowledge, this KS operator for the
BGW tau-function has never been considered . Operators a, b and c¢ satisfy
the commutation relations

(46) [c,al =¢, [c,b] =2a+1,

and .

Proposition 2.1. Operators a and ¢ completely specify the point Wpaw
of the Sato Grassmannian.

Proof. From we see that the operator c acts as
1
k k -
(47) Xt = A" (1+0(x h).
Thus, if this is the KS operator for some point of the Sato Grassmannian,

then the first basis vector should be the eigenfunction of this operator:

1

- ﬁ(bl

(48) C ‘1>1

From this equation it immediately follows that the solution corresponds to
the big cell of the Sato Grassmannian,

(49) O =1+0(1,

and it is unique. All higher basis vectors can be generated from ®; by the
operator a. O
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From the correspondence between wi 4 and its central extension Wi
it immediately follows that the KS operators b* and b*a correspond to the
constraints

0
(50) ——TBGwW = Vi TBGwW, Kk >1,
Otog,
and
1~ 1 0
51 “Top — - k>0,
(51) <2 2% h8t2k+1> TBGW = [k TBGW >

for some constants v and uy. Here

1 9?2
+5 2 oLt
a+b=m

~ 1 >
52 L, = - bt t kt
@ In=g 3 ) hg

a+b=—m

is an operator from the Virasoro subalgebra of the Wi, symmetry algebra
of the KP hierarchy.
From the commutation relations between the operators in the L.h.s. of

and it follows that
(53) v = g = 0, k> 0.

However, this argument does not allow us to find pg. This fact corresponds
to the observation that the KS operators a and b do not completely specify a
point of the Sato Grassmannian. From the normalization condition and
the constraint with k£ = 0 it follows that this constant is proportional
to the first derivative of the tau-function:

10

54 = .
( ) Ho h8t1 TBGW t=0

This derivative is equal to the coefficient in front of A=! of the expansion (22))
of (I)l ()\),

_ h -2
(55) <1>1()\)—1+ﬁ+0()\ ),
thus
1
(56) o = ——.

16
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Since the tau-function is independent of the even times, the Virasoro
constraints (50)) can be represented as

(57) hfm Tng(t, h) = 773@[/[/(1‘,, h), m > 0,
Otom+1
where
1 o0

58 — (2k + 1)t

(58) =5 kZO Vtok+1 Dtomramit
1 0? 1
- _— + — 0.
T3 GHZ Otoa410t2p41 * 16 ™"

These Virasoro constraints for the BGW tau-function were obtained already
in [3]. Constraints have a unique solution with the normalisation (25]).
This solution will be constructed in the next section.

The KS operator ¢ corresponds to the Wi, operator

— 1~ 1~ 1
59 W,.=-M_ —L_1——t
(59) c=73 2+ pi-1 T gt
where
— 1 ~ o~
(60) Mk = § Z :Ja bJde.
a+b+c=k
L > abetatyte+ Y abtgt 0
= — aoc a e
3 alple a b@tc
a+b+c=—k c—a—b=k
0? 1 03
t - — -
+ 2 a "ot | 3 > Ot 01,0t
b+c—a=k a+b+c=k

are the cubic operators from the Wi4co algebra. Thus, Tpgw is the eigen-
function of the operator W and, from the consideration of the corresponding
linear constraint at the point ¢;, = 0 for all £ we conclude that the eigenvalue
is equal to zero:

(61) WC TBaw = 0.

This equation also allows us to find pg. Indeed, from the KdV reduction
condition it follows that is equivalent to

o0

~ 1 0
62 2k +2)t Ly —— =0.
(62) ICEE sz (B g g ) rmaw
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2.3. Cut-and-join operator

Using the approach introduced in [22] we solve the constraints (57) and
construct a simple recursion, which allows us to calculate the coefficients of
the h-expansion of the tau-function

(63) Toaw (b, h) =1+ > KAl (t).
=1

Namely, we introduce the Euler operator

o0
64 D = Qk + 1 t2k 1=
(64) kZ:O T otopsr
Then, combining the Virasoro constraints we obtain
(65) Wgew teew = D haw,

where

(66) WBGW = Z(Qki + 1)t2k+12k

k=0

_ 1 i ok + 1)(2m + 1tapsrt 0

5 m ket 1tom41 5

T2 gt A Otgg 2t
0” t

+ Z kZO(Qk + 2m + 3)t2k+2m+3
,TN=

does not depend on A. From it follows that

- + —_
Otop+10tamy1 16

A _(k k
(67) D gy = k-
and after substitution of into we get a recursion

(k+1) _ 1 (k)
(68) TBGW T 11 1WBGW TBGW "

(0)

Since Tz4y = 1, we have

k wk
(69) Thow = o 1.

Thus, we proved
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Theorem 2.2.

(70) TBGW = ehWBGW -1

where the differential operator WBGW s given by (@

With a few lines of Maple code the author was able to find all Tékc);W for

k < 90. Let us stress that the obtained expressions allow us to find explicitly
all correlation functions wy , for g < 30 and arbitrary n (see below).

3. Generalized Brezin—Gross—Witten model

There exists a deformation of the BGW model, which depends on an addi-
tional parameter N (not to be confused with M, the size of the matrices)

[imesn (10 (B2 4 L v aniogs))

/ (D] exp (Tr (7;@ + (N = M)log cp))

For N = 0 it obviously coincides with the BGW model @D, and for N # 0
the unitary integral representation of is not known.

This model was introduced in [4], and in the weak coupling limit (large A)
it has very natural integrable properties. Namely, from the general theory of
GKM [21], it follows that after a multiplication by a simple quasi-classical
prefactor it is a tau-function of the MKP hierarchy, where N € Z is the
discrete time.

Following the description of the open intersection numbers in terms of
the Kontsevich—Penner model, we do not require IV to be an integer. It ap-
pears that the model is defined perfectly well for an arbitrary N € C.
Moreover, the tau-functions corresponding to the half-integer values of N
are particularly interesting: they are polynomials. We call the general-
ized Brezin—Gross—Witten model. In this section we consider the generalized
BGW tau-function in detail.

(71) Zn(A) =
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3.1. MKP hierarchy and Virasoro constraints

After integration over the unitary group reduces to

M(M 1)

(72)  Zn(A) = (-1) det(A)*"
M det}M_, <f\§”‘N‘i IM—N—i(25‘j)>
r(j— N - )
X ]11 (J ) A(N2)

which satisfies Zn(0) = 1.
From the general theory of GKM it follows that for the large values of the
eigenvalues of A matrix integral corresponds to the MKP tau-function

(73) ™ =Cy' ZN,

where

2T A get AN Hl T —N)

(74) Cy =
(2m) % det(A®1+1®A>

Indeed, from and we have

det_, <<I>§N)()\Z-)>

(75) ™ = A :
where the basis vectors
(76) oM () = AN, (),

and ®;’s were defined in . The coefficients of their asymptotic series
expansion for the large values of |A| depend only on j — N

(77) 2™ (1) = A <1+Z L “klé;kfv>>,

where ay(j) is a polynomial both in k& and j given by . These basis
vectors define a point on the big cell of the Sato Grassmannian

(78) Wy = <<I>§N),<I>§N),<I>§N>,...>.
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The value N =0 corresponds to the original BGW model considered in
Section 2

(79) T0 = TBGW -

From it follows that

(80) Tn(t, h) = T (t, 1) i

Let us stress that defines a point of the big cell of the Sato Grass-
mannian, thus, a KP tau-function for any N € C. Moreover, it defines an
MKP hierarchy, which relates 7 and 7y1, for any n € Z, N € C. The
MKP hierarchy can be described by the bilinear identity, satisfied by the
tau-function 7y (t, k), namely, in our case,

(81)
f e (b — [T B T (8 + [z 7Y, h)dz =0, N eC, neN.

Here Ny = {0,1,2,...} is the set of non-negative integers.
Again, for all N we hav<£|

(N)_ . N (N) 1 (N)
(82) a<1>j —<j—1— 2><I>j +f<1>j T
N . N N

Here the KS operators a and b are given by and do not depend on N.
This means, in particular, that they can not uniquely specify the point of
the Sato Grassmannian, because they stabilize all points Wy .

Integration by parts yields

1 NN sy _ Lo
Thus
1/, N?

2This expression for the KS operators indicates that the generalized BGW tau-
function is closely related to the model, considered in [38].
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is the KS operator for mn:

(55) ey @) = G- 18+ Y
and

(86) cN WN = Wh.

It satisfies the commutation relations

(87) [en,al =cen,  [en,b] =2a+1,

and, similar to the case NV = 0 considered in Section [2, we have

Proposition 3.1. Operators a and cy completely specify the point Wy of
the Sato Grassmannian.

Using the Kac—Schwarz description it is easy to show that the tau-
function 7n(t, k) satisfies the Virasoro constraints

0

(88) AL 7y (6, 1) = n(t,h), m>0,
3t2m+1
where
(89) LA = ! i(% + 1)t2k+1L
2~ ok yom1

1 02

- o+ 1000,

4 Z 3t2a+13t2b+1 H00m,0

a+b=
and
1 N?

(90) Ho = 6 4

Again, the value of pg can be extracted from the expansion of the first basis
vector

@(N) 1 —4N?

(91) 1A =1+h o +0(\7?).

In the next section we prove
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Theorem 3.2. There exists a unique (up to normalization) solution of the
Virasoro constraints (88)).

This theorem for i =1 was proved in [39], we prove it constructively
and describe the solution in terms of the cut-and-join operator. Thus, the
generalized BGW tau-function 7y (t, i) is the unique solution of the Virasoro
constraints which satisfies the normalisation condition

(92) (0, h) = 1.

Equation for m = 0 is the string equation for the generalized BGW
tau-function. From the KS description it follows that this equation com-
pletely specifies the KdV tau-function.

Lemma 3.3. There is only one tau-function of the KdV hierarchy, which
satisfies the string equation

9
(93) REGY () = 5T (b)
1

and the normalization condition (@

Alternatively, the Virasoro constraints can be derived from the expansion
of the operator W,,, the derivation is completely similar to the one from
Section In particular, this operator specifies the value of constant .

3.2. Cut-and-join operator
Similar to the case of the BGW tau-function, considered in Section [2| we

can solve the Virasoro constraints for the generalized BGW tau-function in
terms of the cut-and-join operator:

Lemma 3.4. The solution of the Virasoro constraints (88) with the nor-
malization (@ s given by

(94) N (t) = W
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where
—~ 1 & 0
(95) Wy =3 Z (2k +1)(2m + Dtogritomtr 57—
2.~ Otoktam1
1 «— 0?
— 2k + 2 3)t -
+ 1 kz; (2k +2m + 3) 2k+2m+38t2k+18t2m+1
,m=0
+ L N* t
6 4 )"
. 2
= Wgaew — —t1.

4

All other solutions of the Virasoro constraints correspond to the multi-
plication of by a constant.

Proof. Let us consider an arbitrary series in the time variables
oo

(96) Zt)y=C+>y zW
k=1

where Z(*) (t) is a homogeneous polynomial of degree k,
(97) DZW(t) = k z®(t),

and C is some constant. Then, if Z(t) solves the Virasoro constraints (38),
then

(98) MWV Z(t) = DZ(t).

From the comparison of the terms in the r.h.s. and the r.h.s. with the same
degree we conclude

(99) MWWy Z®)(t) = DZK+D(4),

thus, from it follows that

h
1 Zk+) 4y = VARIE
(100) (t) = k+1WN (t)
or
k
(101) ZW () = "5 WNC
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In particular, for C' =1 we get the solution , which coincides with the
generalized BGW tau-function. O

We call the cut-and-join operator for the generalized BGW tau-
function. This operator does not belong to the Wi algebra of symmetries
of the KP hierarchy, thus, integrability is not obvious from the representa-

tion .
From the proof of Lemma|95|we see that the coefficients of the topological
expansion

o0

(102) vt ) =1+ > mF
k=1

satisfy the recursion

1
(103) T](\;Hl) =—Wxn Tl(f).

Using this recursion we calculated T](\? ) for k < 60, expressions for £ < 10 are

given in Appendix [Bl There we introduce

(104)  Be(N) = (=1)"ax(N +1)
= (1 —4N?)(3%2 —4N?)---((2k — 1)? —4N?).
In Sectionﬁwe show that for k < M the polynomials T](\f ) are divisible
by B (N).
From we see that the tau-function is actually a series in N2 (not in
N), thus

(105) BGW (¢, h) = 7BV (¢, h).

From this observation and from the explicit expression for TJ(\} ) we conclude
Lemma 3.5.

(106) T (t,h) = T5(t, )

if and inly if N = £N.

In particular, it means that the generalized BGW tau-function is not
periodic in the variable N, and it is enough to consider only the values of
N with RN > 0.
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Operator has a rather natural free field representation. Indeed, let
us introduce a bosonic current

~ > 1 o) iN
107 = E 2k + 1)t 2k - 7 —
( 0 ) J(Z) — <( + ) 2k+1% + 222k+2 8t2k+1) 227
then
—~ 1 1~ 1 -~
1 — o 3 3
(108) Wi 57 (_3J(z) + 6.2 J(z).> zdz,

where we use the standard normal ordering for the bosonic operators.
To consider the genus expansion we have to rescale the times t;, — h~1t;,.
Then we can rewrite as

(109) (B ) = e WAV ORIy
where
—~ 52
W(il) = _Ztla
o L i (2% + 1)(2m + Dtagsstom i1 ——2—— + L4,
(110) 2 o Otogromy1 16
w1 i (2k + 2m + 3)togso +38—2
4.5 " Otok 110t a1

and we introduced a new parameter
(111) S = hN.

From this representation it follows that after the times rescaling the gener-
alized BGW tau-function has a natural genus expansion

o0

(112) (R h) = exp | Y R TCF,(t,S)
g=0

From the zeroth equation it immediately follows that

o0

0
113 2k + 1 t.
(113) k;Z:o ok Otor+1

S? 1
fg(t, S) — 76‘970 - g(sgyl,
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where the dilaton shift of the time variables is defined by

~ 2
(114) tp =1 — ﬁék’l'

Thus, up to the genus zero and genus one contributions, we can express all
Fy(t,S) in terms of the “moment variables”

173
11 T, — "%
(115) F= @ e
namely
. S? 1 t
(116) ]:g(t,S) == fg(T,S) + ?(5970 — §5971 log 1-— 5 .

Moreover, from it follows that F4(T,.S) are the homogeneous functions
of degree g — 1

(117) <ZmTQm+18 9 g({%) Fy(T,8) = (g — 1) Fy(T, S).

T
m—1 2m—+1

Thus, the genus g contribution is given by the sum

o0

(118) =Y (—DFS*FER(T),

k=0

where we introduced the polynomials ]:"g(k)(T) such that

9 = = (k
19 3 mTam gl B = (g4 k- DEDD)

m=1

For k = 0 they coincide with the free energies for BGW tau-function, given
in Appendix [A]

(120) FIOT) = Fy(T).

Using the recursion 1) we found expressions for }"g(k) (T) for all g + k£ < 20.
For k > 0 and g + k < 8 they are given in Appendix [C]
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3.3. Quantum spectral curve

The quantum spectral curveE| for the generalized BGW tau-function, as for
many other examples of the generating functions related to the KP/Toda
hierarchies [I7, 24 25], can be derived from the Sato Grassmannian descrip-
tion. Actually, the principal specialisation of any KP tau-function coincides
with the first basis vector of the corresponding point of the Sato Grass-
mannian. Often, the KS algebra contains an operator, which annihilates
this basis vector, and namely this operator describes the quantum spectral
curve.

It follows from that for the generalized BGW tau-function this
vector is annihilated by a shifted operator cy:

1
(121) <cN - h2> ™M) = 0.
Let us introduce a new variable:
(122) x =\

Then the corresponding wave function

h 2y -1
(123) Us(w) = ——r % B (Vi)

is the modified Baker function

(124) We(z) = Lon (Zf) .

It satisfies the modified Bessel equation

0? 0 52

which is the quantum spectral curve equation for the generalized BGW
model. If we introduce the operators

B
12 = )= h—
(126) t=x, 9 hax’

3For more details on quantum spectral curves see [40] and references therein.
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then we can rewrite the quantum spectral curve equation as

(127) <xy:z:y - ‘T) Wg(z) =0,

which in the classical limit reduces to the curve

(128) 2y? —x — = =0
or, equivalentely
1 s2
129 2= 4
(129) y x + 422

This curve admits a rational parametrization:

S?(z—1) o 2(2—2)

. EENEE IR T e )

thus, the spectral curve is of genus zero.
The branch points are the zeros of the differential dz,

S22

which do not coincide with the zeros of the differential dy,

2_9,42
z z+ d

(132) dy = m z

We see, that on the curve (130]) there is only one branch point,
(133) z=0,

which corresponds to

(134) y=0, z=——.

1371

For the BGW model, that is for S =0, the quantum spectral curve

equation reduces to

(135) (529 — 1) Yo(x) =0
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and in the classical limit
(136) y? =

In this limit y plays the role of the global rational coordinate. This can be
considered as the curve for the r-spin intersection numbers with r = —2.

We claim that the Chekhov—Eynard-Orantin topological reduction [9-
11] for the spectral curves and should give the expressions for
the correlation functions of the generalized BGW and BGW models corre-
spondingly. However, in the next section we will derive the recursion relation
for the correlation functions using only the Virasoro constraints .

3.4. Correlation functions

The Virasoro constraints can also be reformulated in terms of the correlation
functions (multiresolvents). This reformulation leads to the loop equations
[41H46].

Sometimes the loop equations can be solved systematically, producing
simple recursive relations for the correlation functions [47-50]. Let use define
the connected correlation functions

(137)  Won(ar,... ) = V(@) V(a2) - V(an) Fylt, 8)|

where

o0

(138) Viz)=>_ L9

X

Obviously, the correlation functions are symmetric functions of the variables
T1,...,Z, and contain all information about the tau-function.

From the Virasoro constraints it follows that the correlation func-
tions of the generalized BGW tau-function satisfy the loop equations:
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(139)

Woms1 (2,21, ..., Tm)

1 1 S?
= 1 g—l,m+2(357 Z,T1,--- 733m) + ﬁég,l - Ar 59,0 5m,0
1
+ 1 Z Wq7m1+1 (CC, Ligs ooy Lipy, )Wpamﬁ-l(m? Ljyy--- ’$j7n2)

q+p=g,1UJ={1,2,....,m}

m
0 1\ Wom(z1,. .., @i1,2,Zit1, -, Tm) — Wom(21, ..., Zm)
+ ZZ; (%zaxl + 2)

r — Ty

for all m > 0 and g > 0. This is a simple S-deformation of the loop equations
for the BGW tau-function, which were derived in [14].

The simplest case is g = m = 0, and in this case gives a quadratic
equation for Wy 1:

(140) Woa(z)* — 4Wp1(z) — —=0

so that

(141) W0,1($) =2 (1 —4/ 1+ 512) ,

or

o0 N
(142) Woa(z) =2) <_8Sx> m

This allows us to solve recursively the Loopequations (139) for g + m >
0,
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Lemma 3.6.

(143)
1
W97m+1(‘r,x1,...,xm) = =
1+ iz
1 /
X (4 Z Wq,m1+1(x7 Liyyeeoy Lipy, )Wp,mg-‘rl(xa Ljyy--- 7':Ujm,2)
q+p=g,]UJ={1,2,....,m}

+ i l’i + 1 ngm(l'l, ey Lj—1, Ly L4145+ - - ,:Em) — Wg,m(l'la e ,l’m)

— ‘Ox; 2 T — T

1 1
+ ZWg—l,m-i-Q(xa P P ufom) + ]_65659,15771,0) 9

where we exclude from the sum two terms: with ¢ =g, I ={1,2,...,m},
J ={0} and withp =g, [ ={0}, J={1,2,...,m}.

In particular, the genus zero two-point function is

1( 9 n >W01($1) Wo,1(z2)

(9332 Tr1 — T2
1+E

(144) WO’2($1,$2) =

1 S2 4+ 2(x +x
= (21 2) 2(z1 + x2)

2w —e) || 1+ 2 \/+4$2

It is regular at the coincident points (that is when z1 = z2 and y; = y2),
and has a second order pole when the points are on different sheets above

the same base point (that is when x; = x9 and y; = —y2),
(145) Wo.o( ) 2 W
0,2\41, 42 (.Tl — x2)2

In genus one we have

1

1 1
S Wk 7 7 — - -
1+52<4 02(3:x)+16x> 4x(1+g)§7
V 4z 4z

(146) Wl’l(x) =

or

1 S/ S2\F 2k +3)!
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On the next level of recursion we have

8x1x2x3\/1+ \/1+ 1z, \/1+ e

(148) Wos(x1,z2,23) =

(149) Wia(z1,22) = 7 7
2127373 (1 + E;) (1 + f;;) ’
X (S8 — 6(1’1 + 302) 56 — 136 541‘21’1
— 128 Tr1x2 (xz + .’L‘l) 52 + 128.7312.%'22),
5% —208%x + 922
(150) Waa(x) =

21044 (1 + %)171

T

For the stable cases (the cases with 2g +n — 2 > 0, that is, for all W ,,’s
except for Wy 1 and Wy 2) let use define the differentials forms

(151) Won (215 oy 2) 1= S22V W (21, wn)dy/Zn - do/Tn

o Won(x1, ..., zp)
= §29-2+n 9N ! ! drt - -dz. .
on /xl c Ty L1 In

They satisfy the recursion relations which follow from (143) and can be
easily found for small g and n. In particular,

z—1
dz
24 ’

105 — 21024+ 13322 - 2823 + 24) (2 —2)% (2 — 1
(153) wo1(z) = ( 10 )( )" )dz

(154) OJ172(Z1, 22) = (54 222214 + 24 223Z13 — 14 Z23214 + 54 224212

— 14 2242’13 + Z24214 + 24 2’12222 — 80 21422
4

(152) w171(z) =

— 24 213222 —24 212223 — 80 2129

1
+ 40 224 + 40 214) G dz1dzo
Z1°22

8
(155) wos3(21,22,23) = 55 5dz1dzadzs
F1%273

Conjecture 3.7. Allw,, are the meromorphic differentials, defined on the
spectral curve @ and symmetric in z;’s. Moreover, for any g and n

22 '-zflwgm(zl, ceesZn)

156
(156) dz1---dzy
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s a polynomial in each of variables zfl, oy 27t Thus, wgn have poles of

finite degree only at the branch point z; = 0.

It should be simple to prove this conjecture using the Chekhov—Eynard-
Orantin topological recursion methods, which are beyond the scope of this

paper.
In the limit of S = 0 the correlation functions W, , coincide with the

original BGW model. In this case all Wy,, are polynomials in m;l, see [14].

3.5. Genus zero contribution

Formulas (C1)—(C8) as well as higher terms indicate that the coefficients of
the expansion of genus zero free energy are quite simple.

Conjecture 3.8.

L - _1)m+1 (351 +5j3 + Tjz + -+ — 1)!
1 [leTJQsz . i| T, _ (
157 T3 15717 Fo(T,5) 2m (2m + 2)!
(3117 (51172 (711)Js . gam+2
(L7 gt (27 o (87 gl -7
where
(158) m=ji+2ja+3jg+---.

From this conjecture and from the definition of the variables T} it im-
mediately follows that

(159) Fo(t,S) = Z A(jos j1,Jas )

o
« (—=1)m+L§2mE2 (o + 3y + 5jp + -+ — 1) dogiygn
om—+jo+3j1+5j2+ (2m + 2)[ 1°%3°% ’
where
(160) A(jo, 1, J2,---) = (117 (317 (5U)%= - -

(O jol (117 Gl (2) Jol -+

This expression is consistent with expressions for the correlation functions
obtained in Section It should help to identify the coefficients of the
generalized BGW model with the enumerative geometry invariants. This



Generalized Brezin—Gross—Witten model 1377

conjecture probably can be proved with the help of the Baker—Campbell—-
Hausdorff analysis of .

Let us give for comparison an expression for the genus zero free energy
of the Kontsevich—Witten tau-function

(161) fé{w(t’s) = Z A(j07j17j27'--)
JosJ1Jzye- -
x m!d(—jo+ jo + 2j3 + - - + 3) 1t L - -

3.6. Polynomial tau-functions of KdV hierarchy

It appears that for N — % € Z the generalized BGW tau-function is a poly-
nomial in times. From (105 it follows that it is enough to consider only
positive values of V. In this section we assume that

1
(162) [=N-3€eN.

Then we have

Theorem 3.9. For the half-integer value of N the generalized BGW tau-
function s polynomial in times. Moreover, up to the dilaton shift of the
times, it is equal to the the Schur function corresponding to the triangular

partition of @,

(163) A= 1—-1,1—-2,...,1).
Namely
(164) Tip1(t) = Crsyg)(t)

where the dilaton shift is given by and

wa+n ]
2

_(=h) (20 — 2k +1)!
(165) Ci="— kHl (B

Proof. In this case all sums in the expressions for the basic vectors have
only a finite numbers of terms:
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(166)
l—j5+1 . 1
4 —1=1y
R S ik VRS R P Y
® )= 4 il ap(j—1-1) .
A‘j_l + Z (—h)ka'Q )\]_k_l fOI' ] > l + 1.
k=1

Thus, ®§l+1/ ?) s not polynomial (contains negative powers of ) only for
7 < é + 1, and in this case the most singular term is proportional to A% —/=2,

Moreover,

(+1)

)= e ) = A

(167) P 142

thus, from we see that
(168) NWew,: for k>
Therefore, for any M > [ a ratio of determinants

detM_, (@f*é)(m)

AN

(169) mi(A) =

is a symmetric polynomial (not homogeneous!) in the eigenvalues )\j_l of

total degree l(l;rl). It means that if we put degt, = k, g is a polynomial

in times t; of degree l(l;rl), for example

T1 =1,
t1 h -~
( ) 7_5 2 21a
3 3 3 1 3. 1
s=1—Shti+ SR+ SRt —-RPtl=m (St — -5 ).
Ts 2 1+4 1 +8 3 3 1 83 gl

Let us prove, that the tau-unctions 7 +1 actually coincide (up to a con-
stant normalization) with the Schur functions. The shift of the times in the
tau-functions corresponds to the action of the multiplication operator on
the Sato Grassmannian. Namely, if a given tau-function 7(t) is described by
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the point W of the Sato Grassmannian, the tau-function
(171) 7(t)=7(t+a)

corresponds to the point of the Sato Grassmannian, specified by

a2k

(172) W =eX "W,

In particular, to get rid of the dilaton shift (114) we introduce

(173) %l+§(t) =T <t + 2%1) ;

which corresponds to the point of the point of Sato Grassmannian
) Wiys = % Wiy

Let us show that

(175) MR e Wi for 1> k> 0.

Indeed, from ([172)) it follows that

MBS

(176) e Y 0@ () € Wiy
j=1

for any constants «;. In particular, from and it follows that if
we choose these constants such that Z;‘;l ajh ™7 = exp(t™1), then 1|
reduces to

12 dt e
(177) Al+1AeA tt_H% € Wit
Since
32 dt
(178) /6)\ t — o~ A72171
e

it proves ([L75)) for k = 1. To prove ((L75)) for [ > k > 1 one have just to choose
other values for the constants a;.
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Thus
(179) Wips = <)\_l,/\2_l,)\4_l, U >

It does not belong to the big cell of the Sato Grassmannian, and the KdV
tau-function is (up to a constant factor) the Schur function, corresponding
to the triangular Young tableau with

(180) A =(@,1-1,1—2,...,1).

These KdV tau-functions were described already in [51]. The constant Cj in
(164]) can be easily found from the comparison of the r.h.s. and the Lh.s. for
t = 0. Namely,

(181) Al th=0,k>1 Mtk = Ok) 17
thus
Wty wey
(182) O = ’ _(=h) 1T (20 — 2k + 1)!
- 1(14+1) — 2 — .
(=2) 2 sy (te = k1) 2 i (=R

We have a corollary

Lemma 3.10. The tau-function of the KdV hierarchy given by the Schur
function

(183) 7(t) = s\ (t),

where the partition is given by , is uniquely (up to normalization) spec-
ified by the Virasoro constraints

~

(184) Ly, T(t)=0, m>0,
where
~ 1 .

185 Ly, == 2k + 1)t _—

(185) 2 k:Z:o( ) 2k+13t2k+2m+1
1 0? (1+1
> -1
"1 | Ot2a+10t2p11 4 '

a+b=m—
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Polynomially of the tau-function (164) means that in this case the ex-
pansion ([102)) is finite, and

1(1+1)
WD 4

(186) (W\Hé) 1=0
Also, since

1
(187) By, (l—|—2> =0, k>|l,

(k)

the terms 7
I(1+1)
for k < =5—.
Thus, it is natural to express the free energy in terms of only B, (N)
and T}. Namely, for

, which are polynomials in N, are indeed divisive by B;(N)

(188) 5 (At B) = exp (F(t, N, )

where we do not introduce the variable S, (111]), we have

(189) F(t,N,h) = ﬁl R > h972F,(T,N)
) ’ - 8 og 2 ~ g )
where
g
(190) Fy(T,N) = Bi(N)Fy4(T).
k=2

Polynomials F}; ;, can be found using the cut-and-join operator or from ((164]).
In Appendix [D] we give expressions for g < 6.

4. Concluding remarks

In this paper we have investigated the generalized BGW tau-function. Ob-
tained results are not only interesting for the matrix model theory, but also
should help to identify the generalized BGW tau-function with a generat-
ing function of some enumerative geometry invariants. A natural candidate
would be a version of open r = —2 spin intersection numbers. However,
probably this interpretation is too naive. One of the reasons is that the in-
troduction of the variable N, which should add boundaries to the theory,
is not accompanied by new variables for the descendants on the boundary
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(which appears in the Kontsevich-Penner model and constitute a second
infinite set of times of the KP tau-function).

The results also should help to develop the theory of the Givental de-
composition. The cut-and-join representation (in particular, its free field
version) should allow us to represent the decomposition formulas purely in
terms of simple exponential operators. Of course, the same analysis can be
applied to other antipolynomial generalized Kontsevich models.

This paper contains all necessary prerequisites for construction of the
Chekhov—Eynard-Orantin topological recursion for the generalized BGW
model, namely, the quantum and classical spectral curves, rational parame-
trization, wave function, one and two point correlation functions in genus
zero and loop equations. It would be interesting to compere our results
with the contour integral expressions for the n-point (all-genera) correlation
functions obtained in [52] and with the recursion relations for the KdV
hierarchy correlation functions from [53]. It is also interesting to find the
compact expressions for the higher genera contributions to the free energy.
Some compact expressions for the higher genera contributions to the free
energy in terms of the moments are given in [54], but their conclusions about
the relation of this model with the Kontsevich-Witten tau-function and the
structure of the Virasoro constraints look to be not completely consistent
with our results. These topics are beyond the scope of the present paper and
will be considered later.
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Appendix C. Free energy of generalized BGW model
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Appendix D. Free energy of generalized BGW model as a
linear combination of By (INV)
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