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Scattering theory for the Dirac equation
in Schwarzschild-Anti-de Sitter space-time

GUILLAUME IDELON-RITON

We show asymptotic completeness for linear massive Dirac fields
on the Schwarzschild-Anti-de Sitter spacetime. The proof is based
on a Mourre estimate. We also construct an asymptotic velocity
for this field.
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1. Introduction

The aim of this paper is to show asymptotic completeness for the massive
Dirac equation on the Anti-de Sitter Schwarzschild space-time.

When studying a physical system for which the dynamics is described
by a Hamiltonian, one of the fundamental properties we want to prove is
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asymptotic completeness. Roughly speaking, it states that, for large time,
our dynamics behave, modulo possible eigenvalues, like the well-understood
dynamics described by what we call a free Hamiltonian.

The first asymptotic completeness results in General Relativity were
obtained by J. Dimock and B. Kay in 1986 and 1987 ([23],[24], [25]) for
classical and quantum scalar fields. This study was pursued in the 1990’s by
A. Bachelot for classical fields. He obtains scattering theories for Maxwell
fields in 1991 [3] and Klein-Gordon fields in 1994 [4]. After that, J-P. Nico-
las obtained a scattering theory for massless Dirac fields in 1995 [67] and
F. Melnyk obtained a complete scattering for massive charged Dirac fields
[62] in 2003. In all these works, the authors used trace class perturbation
methods. On the other hand, new techniques, using Mourre estimates, were
applied to the wave equation on the Schwarzschild space-time in 1992 by
S. De Bievre, P. Hislop and I.M Sigal [20]. Using this method, a complete
scattering theory for the wave equation on stationary asymptotically flat
space-times was obtained by D. Héfner in 2001 [43] and D. Hafner and J-P.
Nicolas obtained a scattering theory for massless Dirac fields outside slowly
rotating Kerr black holes in 2004 [46], making use of a positive conserved
quantity which exists for the Dirac equation and not for the Klein-Gordon
equation. In 2004, T. Daudé obtains a scattering theory for Dirac fields on
Reissner-Nordstrém black holes [19] and on Kerr-Newman black holes in
[18]. Using an integral representation for the Dirac propagator, D. Batic
gives a new approach to the time-dependent scattering for massive Dirac
fields on the Kerr metric in 2007. Recently, V. Georgescu, C. Gérard and
D. Héafner obtained an asymptotic completeness result for the Klein-Gordon
equation in the De-Sitter Kerr black hole, see [39]. See also M. Dafermos,
G. Holzegel and I. Rodnianski for scattering results for the Einstein equa-
tions [16] and M. Dafermos, I. Rodnianski and Y. Shlapentokh-Rothman
for a scattering theory for the wave equation on Kerr black holes exteriors
[17]. One of the principal motivation for all these works is the study of the
Hawking effect. That kind of results are needed to give a mathematically
rigorous description of the Hawking effect, see [6] and [45].

In our work, we are concerned with problems that arise from the Anti-de
Sitter background. Indeed, the Schwarzschild Anti-de Sitter space-time is a
solution of the Einstein vacuum equations with cosmological constant A < 0
containing a spherically symmetric black hole. This space-time has a non-
trivial causality. In fact, it is not globally hyperbolic, that is to say, Cauchy
data defined on a slice {t = constant} x|rgaqs, +00[xS? (where rgaqg corre-
spond to the horizon) do not uniquely determine the evolution of the field in
all the space-time. So, first of all, there’s a difficulty in defining the dynamic.
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This is due to the fact that, when studying the geodesics in Boyer-Lindquist
coordinates, null geodesics can reach timelike infinity in finite time. This
suggests that we will need to put asymptotic conditions as r — +o0 in or-
der to determine the dynamic uniquely. This problem was first studied by
Breitenlohner and Freedman ([13],[14]) for scalar fields. They showed that
the need to put boundary conditions depends on the comparison between
the mass of the field and the cosmological constant and discovered two crit-
ical values known as B-F bounds. More recently, A. Bachelot ([§]) showed
a similar bound for the Dirac equation in the Anti-de Sitter space-time
using a spectral approach. This approach uses the fact that, in an appro-
priate coordinate system, the equation can be written as i0yt) = i H,,1) with
H,, independent of t. We thus have to construct a self-adjoint extension of
H,,. In order to put the right boundary condition, we will understand the
asymptotic behavior of the states in the natural domain of H,,. This kind
of method was also used by Ishibashi and Wald ([56],[57]) for integer spin
fields.

Using other techniques, there has been some recent advances concern-
ing scalar fields. We first mention the works of G. Holzegel and J. Smule-
vici who proved, using vectorfield methods, a result of asymptotic stability
of the Schwarzschild-AdS space-time with respect to spherically symmet-
ric perturbations thanks to an exponential decay rate of the local energy
[49]. However, looking at the solutions of the linear wave equation on the
Schwarzschild-AdS black hole gvith arbitrary angular momentum [, reso-
nances with imaginary part e~ @ appear (see [38] for details) and the local
energy only decays logarithmically. The same phenomenon appear in the
Kerr-AdS space-time, see [48]. Thus Kerr-AdS is supposed to be unstable.
In these papers, it was supposed that the Dirichlet boundary condition holds.
More recently, G. Holzegel and C. M. Warnick considered other boundary
conditions for the wave equation on asymptotically AdS black hole [5I]. This
includes some boundary conditions considered in the context of AdS-CFT
correspondence. This correspondence was also in mind of A. Bachelot in his
paper about the Klein-Gordon equation in the AdS® space-time [9] and of
A. Enciso and N. Kamran when they study the Klein-Gordon equation in
AdS® x YP4 where YP4 is a Sasaki-Einstein 5-manifold [32].

We now present our results. We denote the natural domain of H,, by

D(Hp,) ={¢p€M; Hnpc M},

and we will use [? = —% where A < 0 is the cosmological constant. We ob-
tain:
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Proposition 1.1. For2ml > 1, the operator Hy, is self-adjoint on D(H,,).

For the case 2ml < 1, we will put MIT boundary conditions. This defines
an operator HM!T with natural domain D (H,]?\{[ IT). Then we obtain:

Proposition 1.2. The operator HXIT is self-adjoint on D (H%IT).

The Cauchy problem is then well-posed by Stone’s theorem.

We then turn our attention to the scattering theory. By means of a
Mourre estimate, we are able to prove velocity estimates. We then introduce
the comparison operator H, = i7%y'0, with domain

D (He) ={p € Hsn; Hep € Hony ¢1(0) = —03(0), ©2(0) = 04 (0)}.

Making use of the velocity estimates, we obtain the following asymptotic
completeness result:

Theorem 1.3 (Asymptotic completeness). For allm >0 and all ¢ €
H, the limits:

(1.1) lim e"Hee™"Hm
t—o0

(1.2) lim e“Hme_“H“go
t—o00

exist. If we denote these limits by Qp and W respectively, then we have
Q=W.

We eventually study the asymptotic velocity. We will say that B =s —
Coo — hrnB if, for all J € C (R), we have J (B) =s — hrnJ( B,,) (where

Co (R) is the set of continuous functions which go to 0 at :l:oo) Then, we
obtain the following:

Theorem 1.4 (Asymptotic velocity for H,,). LetJ € Cx (R) and A =
—%9 'z where 4°, ' are Dirac matrices. Then, for all m > 0, the limit:

t—o0

. A ,
(1.3) s — lim e*fm J (t) e~ itHm

exists. Moreover, if J (0) =1, then

A .
(1.4) s — lim <s lim e”H’”J( >e—“Hm> =1.

R—o0 t—o0 Rt
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If we define

A
. o itH,, = —itH,, _. pt

(1.5) s — Cx tligloe e :Pr,

then the self-adjoint operator P is densely defined and commute with Hy,.

The operator P is called the asymptotic velocity and is in fact the identity

operator.

The paper is organized as follows.

In Section 2, we present the Schwarzschild-AdS geometry and, due to the
lack of global hyperbolicity, the fact that radial null geodesics go to infinity
in finite time. Using the Newman-Penrose formalism, we then obtain the
Dirac equation on this space-time and give a spectral formulation of this
equation for a coordinate system (¢,x, 6, p) where the horizon corresponds
to x goes to —oo and the Anti-de Sitter infinity corresponds to z = 0. We
eventually generalize this equation by giving asymptotic behaviors of the
potentials and we ensure that the Dirac equation in the Schwarzschild-AdS
space-time is part of our generalization. In the rest of the paper, we will
work with this generalization.

In Section 3, we obtain the self-adjointness of our operator for all m > 0.
First, we present the spinoidal spherical harmonics and then we use this
tool to decompose our operator (in fact, we diagonalize the Dirac operator
on the sphere) which leads us to a 1+ 1 dimensional problem for the op-
erator now denoted H,;". Then we study the states in the natural domain
D (H»") ={p € Hon|Hn" o € Hspn}. The problem is coming from the Anti-
de Sitter infinity where the potential behaves badly. Nevertheless, the po-
tential behaves like in the result of A. Bachelot on the Anti-de Sitter space.
After a unitary transform we can use his result. In this way, we see that the
states behave well when 2ml > 1 but it degenerates at 0 when 2ml < 1.
When 2ml > 1, we prove that our operator is essentially self-adjoint on
C&° (] — 00,0]) and, using an elliptic estimate and a Hardy-type inequality,
we give a precise description of the domain. In the case 2ml < 1, we need to
put a boundary condition to obtain the self-adjointness of our operator. In
this paper, we have chosen the MIT boundary condition. This allows us to
solve the Cauchy problem. We finally prove the absence of eigenvalues for
this operator.

In Section 4, we prove a compactness result. We use an approximation
of our resolvent, separating the behavior close to the black hole horizon and
close to z = 0. We then obtain that f (x) (Hy;" — )\)_1 is compact if f goes
to 0 at the horizon and has a finite limit at « = 0.
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In Section 5, we obtain a Mourre estimate for H;;" using A = I'yz, where
I'; is the matrix diag (1,—1,—1, 1), as conjugate operator.

In Section 6, we obtain some propagation estimates. First, making use
of the Mourre estimate and of an abstract result about minimal velocity
estimates, we prove that the minimal velocity is 1. Then, using a standard
observable and a general result which uses Heisenberg derivative to obtain
velocity estimates, we prove that the maximal velocity is also 1.

In Section 7, we are now able to prove asymptotic completeness for our
hamiltonian. This result is first proved for fixed harmonics and then we prove
that we can sum over all harmonics. It is proved by making use of the two
velocity estimates and a similar reasoning as in the propagation estimates.

In Section 8, we first prove the existence of the asymptotic velocity for
H, and then deduce the same result for H,, using the wave operators. We
see that the asymptotic velocity operator is the identity.

Aknowledgments. This work was partially supported by the ANR project
AARG.

2. The Schwarzschild Anti-de Sitter space-time and
the Dirac equation

In this section, we present the Schwarzschild Anti-de Sitter space-time and
give the coordinate system that we will work with in the rest of the paper.
We quickly study the radial null geodesics and then formulate the Dirac
equation as a system of partial differential equations which are derived from
the two spinor component expression of this equation by use of the Newman-
Penrose formalism. We finally give a generalization of our equation by just
considering a potential that have the same asymptotic behavior as in the
case of the Schwarzschild Anti-de Sitter space-time.

2.1. The Schwarzschild Anti-de Sitter space-time

Let A < 0. We define [? = %3 We denote by M the black hole mass.
In Boyer-Lindquist coordinates, the Schwarzschild-Anti-de Sitter metric
is given by:

(2.1)

oM 2 oM 2\ !
Jab = <1 e ;) di — <1 -y §2> dr® = (A6 + sin® fd?)
r r
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We define F(r) =1- 24 4 71"—22 We can see that F' admits two complex
conjugate roots and one real root r = rgags. We deduce that the singu-
larities of the metric are at r=0 and r = rgaqs = p+ + p— where py =

<Ml2 + (M2l4 + %) 2) y (See [49]) The exterior of the black hole will be

the region r > rg 445 and our spacetime is then seen as Ry x|rg a4, +00[xS2.
It is well-know that the metric can be extended for r < rgags by a coordi-
nate change which gives the maximally extended Schwarschild-Anti-de Sitter
spacetime. In this paper, we are only interested in the exterior region.

In order to have a better understanding of this geometry, we study the
outgoing (respectively ingoing) radial null geodesics (that is to say for which
% > 0 (respectively % < 0)). Using the form of the metric we can see that
along such geodesics, we have:

dt 1
2.2 — =4F .
(22) C =2F ()
We thus introduce a new coordinate r, such that ¢t — r, (respectively t 4 r)
is constant along outgoing (respectively ingoing) radial null geodesics. In
other words:

dr
2.3 = F(r) L
(23) = F(r)

The coordinate system (¢, 7y, 0, ¢) is called Regge-Wheeler coordinates. r,
is given by:

(2.4) r«(r) =lIn ((r —rsads)™ (r2 + TSAdST + T%‘Ads + 12)_7>
+ C arctan ( 2r + rsaas )
(3réaqg +41%)2
where:
12 1 12(3r%, o+ 207

(25) oy = ZSAdS =5 O= (378 aas ) ;

3r5aas T & (3r&aas +12) (3réags +41%)*
We obtain lim;, . , s 74(7) = —00 and lim, o () = C'5. We will consider

the coordinate x = r, — C g rather than r.. We thus have:

(2.6) Tjigids x(r)=—00
(2.7) lim z (r) = 0.

T—00
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This limit proves that, along radial null geodesic, a particle goes to timelike
infinity in finite Boyer-Lindquist time (recall that along these geodesic, t — .
and t + r, are constants). This geometric property will be a major issue in
our problem. This implies that our space-time is not globally hyperbolic, so
that we cannot use the standard result by Leray about the global existence
of solution of hyperbolic equations. A similar situation has been encountered
by A.Bachelot in his article [§] concerning the Dirac equation on the Anti-de
Sitter space-time. We expect to do a similar study concerning the self-adjoint
extension.

2.2. The Dirac equation on Schwarzschild Anti-de Sitter
space-time

In the two components spinor notation, the Dirac equation takes the follow-
ing form:

(2.8) N

Vaadd = —pxa
Vaax™ = —upa

where V 44 is the Levi-Civita connection, ¢4 is a two-spinor, p = % and
m > 0 is the mass of the field.

Thanks to the Newman-Penrose formalism, we can obtain the equation
in the form of a system of partial differential equations. In this formalism,
we introduce a null tetrad (1%, n® m® m®), that is

(2.9) 1% = ngn® = mem® = mem® = lym® = ngm® = 0,

which is a basis of the complexified of the tangent space. We’ll say that the
tetrad is normalized if:

(2.10) =1 mem® = —1.

The two vectors {* and n® correspond to the directions along which the light
goes to infinity (we can choose [* as an outgoing null vector and n® as an
ingoing null vector). The vector m?® admits bounded integral curves. The
vectors m® and m® will generate rotations. In our case, we will consider:

190, — \}iF(r)_; (O +0y), ndz, = %F(r)—é 0, — 0,)

l

a9y =+ (5 T b
maxa—ﬁr (8@ Sin@acp)’ mama—\/ﬁr <89+Sin€a¢).
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We remark that this tetrad is normalized and since ¢ + x is constant along
null geodesics, the vector [“0z, and n®dx, are null. Moreover, using the
equation of radial null geodesics with A\ as our affine parameter, we deduce
that % = j—f\% =F (7‘)71 which gives us an outgoing real null vector. We see
as well that m® is linked to rotations. We give the associated dual vectors:

1 1
EF(T> 2 (dt + dx)

r r
medr® = — (—df + isin(0)dy), Mmedx® = —

oda” = 2= (O)dg). mada® = 2
Using this tetrad, it is then possible to decompose the covariant derivative

in directional derivatives along these directions. We introduce the following
symbols:

N =

lodz® = iF('r)

dt —dzx), mnedx® =
7 ( )

(—df — isin(0)dyp) .

D =1°V,, D'=n"V,, §=m"V, § =m"V,.
We have twelve spin coefficients that are defined by the following expressions:

k=m"Dl,, p=ml,, o=ml, 7=m"Dl,,

1 1
€ =5 (n"Dlg+m*Dima), =5 (nly +m"'m*),

1 1
B =5 (n%ly +mom®), 7y =g (n'Dl+m"D'ima)
m=-—m"Dng, A=-m"ng, p=-m"ne, v=-m"Dn,,

where & is the spin coefficient usually denoted &, since  is the surface gravity
in our convention. We can now give the equation as a system of partial
differential equations. These equations act on the components of the spinor
¢4, x*" in a normalized spinorial basis (04, :4) (that is such that 044 = 1).
To choose our spinorial basis, we use the null tetrad above. Indeed, we can
define the spinorial basis (oA, LA), uniquely up to an overall sign, using the
following conditions:
A =10, A =n, ATV =m®, A =mt, ot = 1.

The dual basis is 6?4 = —14, 6}4 =o04. Let ¢, ¢', X", x!" such that ¢4 =
#20 + 1A and x = ¥ 0 + x4 where (oA', LA') is the conjugate basis
of (OA, LA). In this basis, the components of ¢4 and y 4. are respectively:

do=—0" o1=0" xo=-x", xr=x"
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We obtain the following system of partial differential equations:

1902401 — M*0xa¢0 + (€ — p) ¢1 — (T — @) o = %Xl/
m*Oxapr — n“Oxato + (B — 7)1 — (L — ) do = —%XOI
1*9ax” +mdzax! + (€= p) X + (7 —a)x" = — T
M0z, X" + n0z.x" + (B—7) XY + (m—H) x' = _%qjl'

(2.11)

Using the 4-component spinor ¢ = (;?f,), we obtain:

(2.12)

NG

F(r)  F'(n)\  F(r):
r 4 )+

(@ + 704 (F(r)&« + + " D> +imA F(r) ) P =0.

where m is the mass of the field and Pg is the Dirac operator on the
sphere. In the coordinate system given by (6, ) € [0; 27| x [0; 7], we obtain:
Pgo =42 (89 + %cot 9) + 403 Sirlleap where singularities appear, but we
just have to change our chart in this case. We will now work in these coor-
dinates.

Recall that Dirac matrices v*, 0 < i < 3, unique up to unitary trans-

form, are given by the following relations:

Y =4% A=, 1<
<

YA+ =2¢"1, 0

)

<
(2.13)
14

ji<3
pv < 3.
In our representation, the matrices take the form:

0 k

g

where the Pauli matrices are given by:

o (1 0 1 (1 0 o (0 1 3 (0 —i
(2.15)O'—<01,O'—0_1,O'—10,O'—Z,0.

We thus obtain:

1 2 3
o1_ (-0 0\ oo (=0 0\ o3 (=0 0
(2-16)77—<0 01),77—<0 U2>,V7—<0 a3>'
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We introduce the matrix:

(2.17) 7’ = =iy

which satisfies the relations:

(2.18) VI 4 AR =0, 0< pu<3.

We make the change of spinor ¢(t,z,0,¢) = rF(r)iw(t, r,0,¢) and obtain
the following equation:

(2.19) O =i (z”yofyl@x + z’F(:)zggz — mA° F@«)é) o.
We set:
(2.20) H,, = iv°y'0, + iF(r)Eﬂgz — mA F(r)z.

T

We introduce the Hilbert space:
(2.21) H = [L? (]—00,0[, x S2, dwdw)]"
2.3. Generalization

Let ¢ € R and n € N, and define the spaces T%" by:
(222) T = {f € 0 (] o050 |

qz h _
Va €N, \a$f<x>|s{e ywhen o “}

(—x)" , when z — 0
We consider two smooth functions Ag, By such that:

0 if z<-2 0 if =
Ag = ;o By =
0 {1 ifr>—1 0 {l if &

l —x

We will consider the following operator:

(2.23) H,, =T'D, + A(x)Ps: — my"B(z)
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where m is the mass of the field and, for two positive numbers ¢, 3:

(2.24) A—AgeT’?
(2.25) B — By e TP

We also recall that I'' = —7%9! = diag(1, -1, -1,1) and D, = %890.
We then check that the Schwarzschild Anti-de Sitter case enters in our
abstract model. For z going to —oo, we have:

) o 1 —2nCarctan<33TSA‘1254l2>+C7m )
r—rsads = (3r§aqs +17)% € (3(rsaas)*+47) g2

_ 016451‘ +o (€4mz)
(3rfags +1%)* Dj

F(r): = X " 4 Coe3™ 4 o (377)
T3 ads!
1 3 1
(T) _ ( SAd.S;’ ) 4 ehT + Csegﬁx +o (e3lidf)
r p
3 Aas!

where C7,C5,Cs are constants. Then, for x in a neighbourhood of 0, we
have:

2 1
Tz—f—l-g(x)—l—o(—x)
F@ﬁ——é—%+o@
(N 1 2% 2
Pt te@)

The Schwarzschild Anti-de Sittelr model is thus a particular case of our
generalized model with A = £ and B = F(r)z.

3. Study of the hamiltonian

In this section, we first present the spinoidal spherical harmonics. This allows
us to reduce our problem to the study of a 1 + 1 dimensional equation with
a new hamiltonian denoted H;;". We then use the fact that, at AdS infinity,
the potential looks like the one considered by A. Bachelot in [§]. By means
of a unitary transform and a cut-off near AdS infinity, we are able to make
use of his result and obtain the asymptotic behavior of the elements in the
natural domain of our operator. As in [8], the need or not to put a boundary



Scattering theory for the Dirac equation 1019

condition is linked to the comparison between the mass of the field and the
cosmological constant. For 2ml > 1 (where m is the mass of the field and
l is linked to the cosmological constant), there’s no need to put boundary
conditions. When 2ml < 1, we consider the generalized MIT-bag boundary
condition in order to determine the dynamic uniquely. We then prove the
self-adjointness of our operators. Using an elliptic inequality, we are able to
give the domain of our operator for 2ml > 1. Using Stone’s theorem, we can
solve the Cauchy problem for our equation. At last, we give a proof of the
absence of eigenvalue for all m > 0 which will be useful for the propagation
estimates.

3.1. Description of the domain

3.1.1. The spinoidal spherical harmonics. In the rest of this paper,
we will often make use of spinoidal spherical harmonics (we can refer to [§]
for a more complete presentation of these harmonics) which will permit us
to decompose H as follows:

T4,
“ln
s | I3
(3.1) H= (L?(z,dx))" ® Tf’n
(s,n)el —3m
T3
2
where:
1 1
(3.2) I:=4(s,n); 56N+§, n€Z+§, s—InleN3.
These functions satisfy the following relations:
0 1 n 1
3.3 —+—— |1}, =x—"7T5, —i — )12,
(3:3) (89 * 2tan9> +3n sing =3 <S+ 2> Faon
0 .
Since (Tf n)( : and (Tfl n)( ) both span L? (82), we can decompose
2’ s,n)el 27 s,n)el

f € L%(S?) as follows:

FO,9)= Y uln(NTL,0,0), ui,(f)€C.

(s,n)el
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Let us introduce the Hilbert spaces Wﬁ for d € R as the closure of the space:
(3.5) W;t = Z ul Ty, 5 ui, €C
finite ’

for the norm

2d
= 3 (s+5) ltalP

(s,n)el

Using Plancherel’s formula, L? (52) is just W°. We give some properties of
these spaces (for a more complete presentation, we refer to [§]). We have:

d>0=Wi={rer’(s*); |Iflws <oo}.
<Wﬁ>’ =Wi? and C§°(]0,7[px]0,27[,) C WL

We must remark that T L L(0,2m) = =T, (0,0) # 0. Consequently, these

functions are not smooth on the sphere 5’2 In correspondence with the
decomposition (|3 , we introduce the Hilbert spaces:

(3.6) Wi =wd x wd x we x we

equipped with the norm:

2d 2
(37) ]2y, = ZZ( 3) il

Jj=1(s,n)el
where:
S S
ul’nT_l’n 0,
us I%, (0,9

(smyet | 2"

S
uj nT+ n

(

Z ) +5,n(
u3 1%, (

(

3.1.2. A result due to A.Bachelot. We recall a result obtained by
A .Bachelot (see [§]). In this article, the hamiltonian considered was:

(3.8)

— G Fp(r)?

Ear) | B0 ),

HE = irgvp (FB(T)@ + +
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in (1,0, ¢) coordinates where Fjg (r) = 1+ 22. Here, m is m\/% with m the
mass of the field and —A the cosmological constant. Moreover, the space
L£? is defined by £2 := [L? ([0, 5 [¢x[0,7]g x [0, 2W[¢,sin0dCd9dgp)]4

where
¢ = arctan ( %r .. Using a change of spinor and a change of coordinates

such that ¢(t,¢,0,¢) = rFB(r)iw(t, 1,6, ), he obtains:

0 i 0 1 1 0

B._.0.109 0.2 (9 0,39

(8:9)  Hy = WBVBGC * sin ¢ [VBVB <89 * 2tan0) * SinevaB&p]
m

_ 0
cos VB
where he uses the natural domain:

(3.10) DHP)={® e HL P e L?}.

At last, we recall that the Dirac matrices v%, 75, v%, 73, take the form:

I 0 0 ok
0 _ _ B _

where the Pauli matrices are given by:

(10 L (1 0 > (01 N
=0 1) o 8) A=(a) A=)

The result is then the following (see Theorem V.1 in [§]):

o=

Theorem 3.1. For all ® € D(HDB), we have:

(3.12) <I>€C'0<[0,72TL;W§) with [|®(¢, )], = O(VC), (=0,

and for m > 0, we have

2 d
(3.13) lAr@mw&u§C<wm®@-

sin
Form > %, we have

(3.14) 2 M =0 ({5 <) <=5
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Form = %, we have

315 el =0 (6 3)m(5-¢)). <= 3

For0<m < %, there exist functions_ € W2, x_ € W2, 4, x4 € L*(S?)
and ¢ € C° ([0, Z]¢; L2(S%,CY)) satisfying

(3.16) (¢, 0,p) = (% - C) - —fmz_(@,w)

I N (L I

Conwversely, for all ¢_ € W_Eer, X— € Wf+m, Yy € wz", X+ €W} "
there exists ® € D(HDP) satisfying (3.16) and (3.17).

Remark. This result concerning the asymptotic behavior of elements in
the domain of the operator H7 is first proved for fixed harmonics (i.e fixed
(s,n) € I). In the next sections, we will often make use of the result obtained
for fixed harmonics.

The condition on the mass is a consequence of the fact that the states
in the natural domain of our operator have to be in L?. When the mass
is sufficiently large, the term (g — C) "™ in is not in L? so it cannot
appear in the development of the states near 7. In this case, we do not need
to put boundary conditions to obtain the self-adjointness of this operator
and well-posedness of the Cauchy problem.

Unfortunately, for a mass too small compared to the cosmological con-
stant, we see that the term (% —C ) ™ in is in L? which is problematic
for the symmetry of our operator. We thus need to put boundary conditions
to get rid of this term and solve the Cauchy problem.

3.1.3. Unitary transform of H,,. Let us introduce the following do-
mains:
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- If 2mil > 1:
(3.18) D(H,,) ={¢p€H; HnpcH}.

- If 2ml < 1, we consider the operator equipped with the domain whose
elements satisfy a generalized MIT-bag condition (where o € R is called
the Chiral angle and 7° = —iv9y142y3 (see []])):

(3.19)
D(Hy) = {qﬁ €H: Hpnd e M, H (’yl + z'eW) ¢H2 —o(V=z), x> o} .

First, we’ll try to remove « in the case 2ml < 1. We introduce the following
operator:

(320) ‘E[TO)A1 — ei%'y";Hme,i%,yzs'

Since eio‘f is unitary and e’y = 41e=@7" e see that ¢ € D (H,,) if and
only if €'27°p € D (H2) where:

D (Hp) ={¢eH; HyocH,

(0! +3) o, =0 (V=2), == 0}.
So we can restrict to the case @ = 0 which we will do in the following.

We will now modify our hamiltonian in order to exploit the result of A. Bach-

elot. We introduce a new time variable f = —t (and we will continue to denote
by t) which gives:

(3.21) Op =1i(—Hp,) ¢.

Let:

(3.22) Hypy =93P~ (~Hin) P

where:

— 1 77 Id 1d x _ p—1 __ 1 iz Id i1d
F=5° (ild iId)’ Pr=r= e (Id iId)’

5 (0 Id
B = 1d 0/’
and Id is the identity matrix of order 2. The matrix P satisfies the following

relations:

(3.23) W =PygPY = —PypPT 1< <3
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where the Dirac matrices are defined by (3.11]) and (2.14)). The matrix 73
satisfies the same relations as 4° in (2.18). We obtain:

- 1
(3.24) H,, = Y3750, + iYdvEA(x) <89 t3 cot 9)

. 1
+ W%’Y%A(x)@&o — myyB(x).

3.1.4. Asymptotic behavior of elements of the domain. We intro-
duce the projection P, from H to Hs, and the operators Hp" = Hp,jy,

HEVE = Hﬁm for (s,n) € I. We denote 15, = Ps (1) with components

in fori=1,..., 4. Furthermore, the domain of HE™P is given by:

-If2ml > 1:
D (Hfﬁn’B) = {Sos,n S Hs,n; Hri;’,mB‘;Ds,n € Hs,n}

- If 2ml <1, we add the condition that H (fy}g—i—i) Ysn(,.) HWO =0 (\/—m)
when x goes to 0.

We then have the:

Lemma 3.2. Let ¢ € D (I:Im> and x € C§° (]—2¢,0]) such that x =1 on
|—¢,0] with € > 0. Then xy € D (Hﬁ)

Proof. Recall that the operator obtained by A. Bachelot in [§] is given by
(3.8) where Fp(r) =1+ ’;—22 This operator has the same form as in (2.12)).
Moreover, when r >> rg44s, F's and F have the same behavior (F' is defined

by F (r)=1+ 7—22 - %) We make the change of variable r — x where Z—f =
F(r)~" and F is defined on ]rgaqs, +00[. We obtain:
F F’
H,, = ivp75g () 0: +ivp7p ( y) + f)>
3M
+ ﬁ + AB (.’L’) Dgz — m’y]OgBB (.CC)

where r is understood as a function of x and:

g(@) =1+ 20 (-0 +o((-2)*), Ab(@) =1+ 55 (-2 + o ((2))
Bp (z) = —Lx + é (—x)+o(—x), Fﬁr) = %E 3% (—z)+o(—x)
Flr)= =~ 2 (~a) +o(~a)

—z 312
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when x goes to 0. Since P, (x¥) = X5 n, we have:

H3P Pron(xt) = 9(@) H3y Pon (x¥)

rink (F2+ 20 (- g )

b b+ 287 (An0) = g(a)A) (54 3 )
(3.29 — s (B (z) — o(a)B)) xtbon

Since ¢ € D(H,,), ¢ is bounded in a neighborhood of 0 and y € C§° (] -1, 0],),
the first term is in L?(z, dx). Using the behavior at 0 of g, the terms Ag(x) —

g(x)A(z), Bg(z) — g(z)B(z) and ( ) | F m) (1 — g (x)) are bounded near

0. We deduce that Hy™™" Py, (x9) € Hsn. In particular, x¢s , € D (an”B>
To be able to sum over (s,n), we need to know that

(++3) Noxtam2e s

is summable. Since ¢ € D( ) f = Hy admits a decomposition f =

Z [ We denote f7, (i=1,...,4) the components of f;. We obtain

(s,n)el
four differential equations:

N 1 -
V3, (x¥3,) + (s + 2> 2) |[x¥5n|? = B (@) XOG X 0 = X S
N 1 .
—ixys3,, (xvi,) + <s + 2) 2) X3 n|” — B (&) XO50 X5 0 = X3 o
- 1 ) - .
W0 (0a) + (54 5 ) A0 [O8l” + B (0) XOE, 050 = X
N 1 ) - .
—ixvi,, (xvs,) + (8 + 2) A(z) x5 ,|" + B (@) X¥b§ X3 = XU5 o fin

where we have multiply by ijn for j =1,...,4. Adding these equations
and taking the real part, we obtain:

d —_— — 1 .
(3.26) =3 (winw;,n - xwé,nxwin) + (s + 2> A(x) 2; X5l
iz

= R (XD i + X i+ XU fi + XL i)
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Using that:
(3.27) S (x5, + XU5.X0,) = 0.

and that x¢7, is 0 at 1 for all j =1,...,4, we obtain:

(s3) [ a3 oo

2

0
— [ R (TS 4 X+ X fi + X f)

|-

After some calculations, this gives:

1\2 [0 4 9 0 ., 2
<s+2> / A EWM d‘”g/lzl [ Fiul” da

—3 2 j=1

Using the asymptotic behavior of A (see (2.24))), we can prove that 2[A (x) —
1 > 1 on the support of x (for e sufficiently small). Finally, we obtain:

(3.28) ( >/ Z!xdgn} dz < 12/ E\fm\ dz

and the right hand side is summable because f € H. This gives the lemma.
O

We can know apply Theorem to xv and obtain the asymptotic behavior
of .

Proposition 3.3. If2ml > 1, we have:
(3:29) 1 (S5 Mlp2(sz) = O (V=x), == 0.
If 2ml = 1, we have:

(3.30) 9@, Mgz = O (V=a) In(=2)) , = 0.

If0 < 2ml < 1, there eists functionsy_— € W2, x_ € W2, 94, x4 € L*(S?)
and ¢ € C° (} — oo,O]m;LQ(SQ;(C‘l)) satisfying (3.16) and (3.17) with 5 —
replaced by (—z)".
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Conversely, for all ¢_ € w2t X-€ WE—H%; preW2 ", xy€ W_E_m,
there exists 1 € D(H,,) satisfying (3.16) and (3.17) with the same replace-
ment as before.

Remark. By restriction to Hs,, we obtain the same result for s,n fixed.
Moreover, if s, € D (Hpy"), then it is in H! (] — 0o, —¢[) for a constant
¢ > 0. We conclude that ¢, € C° (] — 0o, —c[) N L? (] — 00, —¢[) and:

(3.31) l¢s,n (@, ) o = 0, & — —o0.

3.1.5. Description of the domain. We now give a description of the
domain of H,, for fixed (s,n) € I. Recall that H,, and H,, are linked by a
unitary transform, so it does not change the norm of the observables. We
obtain:

(3.32)

—D (H") = {tsn € Hem: HS " Von € Han}, if 2ml > 1;

¥ (0,9)
_ g .0,0)

-D(H;") = snEHsn; H" sneHsna s;n =\ mh| X n( X
() = § i €Ha By Mo = (o) | D (G0
ix% ,(0,9)

(333) 0L (1,0,9), 165 (@ e = 0 (V=E)}, if 2l < 1.

3.2. Self-adjointness for fixed harmonic

In this section, s and n are fixed.

3.2.1. The case 2ml > 1.

Lemma 3.4 (Elliptic estimate). We suppose that 2ml > 1. Then, there
exists a constant C > 0 such that, for all ¢ € C§° (] — 00,0[), we have:

(3.34) I-ideel® < C (IE"1 + Il

Proof. We write D, = —i0, and I'' = —7%y!. Recall that:

1
H:" =T'D, + <s + 2) A(z)7%y? = mB (z)4°.

We will often denote V (z) = (s + 3) A (2)7°y* — mB (z) 7°. Choose a par-
tition of unity x1, x2 such that x1 + x2 = 1, supp (x1) C] — oo, —€[ and x1 =
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1 on | — 00, —2¢[, supp (x2) C] —2¢,0] and x2 =1 on | —€,0[. We choose
¢ > 0 sufficiently small so that, if v% and P are unitary matrices defined as
in (3:22), v°P~'x2¢ € D (HB) when ¢ € D (Hy") (it is possible by lemma
. Recall that m is the mass of the field and [ correspond to the cosmo-
logical constant. Using equation 177.32 in theorem II1.4 of [§], and

, we obtain:
D (VEP " x20) || € Cont [|g (2) HE™ (VBP x20) || + Crnt 1290l

where C),; and CN'm,l are constants depending on m and [. Since V%P_l is
unitary and commute with D, and g is bounded near 0, we obtain:

(3.35) 1Dz (20) || < Conte [HE™ (x20) || + Comt 22l -

On the other hand, with Cy. constant, we have:

1Dz (x1) || < [1H™ (xap) || + Cvie [l -

Since x1,x2 commute with V and are bounded as are their derivatives, we
obtain:

IDapl? < © (I Ca@)l + I1H" (o)) + gl
<ClE? +C ol
g

Proposition 3.5. For 2ml > 1, the operator Hy)" is essentially self-adjoint
on C§° (]—00,0[). Moreover, if 2ml > 1, the domain of this operator is given
by Hg (] — 00,0)).

Proof. Recall that:

- , 1
3 = o+ oo (54 3 ) Ale) - B

with domain D (ﬁ%") = {ws,n € Hsn; Hy"hsp € Hsyn} and if v, €
D (.ﬁ]ﬁ{"), then we have:

(3'36) st,n(wa ')HL2(SQ) =0 ( (—x)) , T — 0, if 2ml > 1;
(3.37) [en(. )l posey = O ( xln(—:z:)) 0, if 2ml=1;
(3.38) s (2, )]l po = 0, x — —o0.
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Let us prove that H;" is symmetric on its domain. We remark that (7]037%) .
=878 (VB7B)" = Vv and ()" =B So:

(3400 (545) buman) = (60 G5B) A0 (545 )
H H

s,n s,m

(VBB (2) bsinsVsin)gy, . = (Dsms VBB (@) Ysn)yy -

Thus, in the calculation of <ﬁ;;"¢s,n,¢s,n>ﬂ — <¢S,n,f1,§;”¢s,n>7{ it

remains only the boundary term due to integration by parts. Using ,
this gives the symmetry of our operator on its domain.

We then use the same trick as in [§]. Let us consider a new operator H
with the same expression as Hy" but defined on D(H) = C5° (]—00,0]).

Then H* is H:" with domain D(H*) included in D (Hm") Let ¢y €

ker (H* + iId). Then, using the symmetry of Hy;" and that H* = Hy", we
have:

(339) 0= (H3"0s.0x) — (0u H3"0s)

= (H ¢, ¢1) — (¢, H ¢x) = F2i |62 )13, -

We conclude that ¢+ = 0. This proves that Hj;" is essentially self-adjoint
on C§° (]—o00,0[).

For the last part, using the last lemma, we see that, for 2ml > 1, we have:
D (Hy") € H} (] — 00,0]). Indeed, if we take ¢ € D (Hp"), it is the limit of
a sequence (©n),cy € (C°)N for the graph norm. The last lemma gives
that 0., is a Cauchy sequence so that it converges in H&. A distribution
argument gives that this limit is 0,¢ which is in L? by the lemma.

Moreover, we have Hy;" = i79910, +v°9% (s + 1) A (z) — m7°B (z) with
A having the behavior as in and B as in . Using the fact that B
and Bp have the same behavior when z — 0 and the unitary transform, we
can use the proof of Theorem I77.4 in [§] to prove a Hardy type inequality
of the form:

(3.40) B30l < c(llell + | =idze])) -
Using the fact that A is bounded, we have a similar estimate for

7% (s + ;) A(z) —my’B (z).

Thus H} C D (Hy"). This proves the proposition. O
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3.2.2. The case 2ml < 1. Recall that 1f0 <2ml < 1 then, for all ¥ ,, €
D (ﬁf,;n>, there exists functions ¢_ € I/V27 X_ € W+, by, x4 € L2(S?)

and ¢ € C° ([0, 3],; L?(S% C*)) such that ||o5(z,6,¢)|ye = 0( (—a:)) as
x goes to 0 and:

Ve (0, 9) Vi n(0,0)
_ —ml Xs_,n(9780) _ ml Xi— n( aSD)
ixZ (0, 0) —ix 790)
+ Ofl($7 07 (10)7
= (=) ML (0,0) + (=)™ UL, (0,)
+ oy (2,0, ¢)

We denote by H, MIT the operator HE™ with domain:

(342) DUIIT) = {Yon € Homi H3"bom € o 30 = X =0}

which is a consequence of the discussion after proposition V7.2 in [§]. We
have the:

Proposition 3.6. The operator I:I%IT is self-adjoint on D (I:I%IT)
Proof. Let ¢gpn,sn € D(H%LIT). As in the proof of Proposition when

calculating
FMIT
— (e H4"),

s

(B G un)

only boundary values of ¢ ,,, 15, are left. Using that

s,m

®)
_Z¢s (9’9(?20) +¢n (2,0, 0)
®)

(

i§2 (0,

= (—2) ™, (6,0) + 5
):0< (—x)), x — 0,

G (7,0,0) = <_x)_ml

and a similar formula for ¢, with ®% . ¢ replaced by W2 o7 respec-

tively, we can calculate these boundary values in a nelghbourhood of 0
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(with the scalar product being the one of L? (S?) and we write ¢, (2)
for ¢sp (z,.)):

(b (@) A VEYsn (2)) = (=)™ (B2 05 (@) + (5, (2) , U2 )
+(en (@) o (2))yyo -

Indeed, 'y%'y}g arranges the terms such that

—ml —ml
- (= oS > — 0.
((ay e, () ™)

Igsing the behavior at 0 of ¢j, 0, and at —oo of ¢sy, s, we deduce that
H %LIT is symmetric.

Let ¢, € D(H™™M™*). Then, since D(H5"""™*) ¢ D(HS™), ¢ ad-
mits a decomposition, in a neighbourhood of 0, as in . Moreover,
HEPMITx _ frsm on D <ﬁﬁ;"’MIT’*) (using distributions). We have:

0= <ﬁfr2n,MIT¢s7n7¢s,n> — <¢8,n7 ﬁrsrzn7MIT’*¢57n>

= lim (—a) ™ @, (~2)" W),

for all ¢, € D (E’fﬁn’MlT) and 9, € D <1L~Iﬁlbn’MIT’*>. In other words, we
have:

) (2)-
(3.43) 2 () (L)) -0

But, for all ¢* ,,,£% ,, € C§°(Ys ), we can find ¢ € D(HE™MITY admitting
these components as coordinates. Thus ¢% ,, = x7% , = 0. We conclude that

D (ﬁfﬁn’MlT’*) cD (I:Ifﬂn’MIT) and that H™M™ is self-adjoint on his
domain. 0

3.3. Self-adjointness of H,y,

3.3.1. The case 2ml > 1. We equip H,, with the domain:
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D(Hp,) u €H; Hpuce 7—[
uj nTS
u nTS )
= “ TS V(s,n) €I, u; € L*(]—00,0[,,dz),
(s,n) "
S
u4nT
(3.44)
2
ul TLTS 1, UTJ.LTi 1’
. (O . (N
e I D DN (Gl I | RS
UBnT 1 Uz n 1
— 3 (s,n)el T
S S S S
uy nT;n “4,nT§,n Lo

We then have:

Proposition 3.7. Suppose that 2ml > 1. Then the operator H,, is self-
adjoint on its domain.

Proof. H,, is symmetric. Indeed, let p,eD <lEIm) We can decompose

©= > ¢sn and the same for . Then:
(s,n)el

(345)  (Hnp) = > (B ponton)

(s,n)el

— Z <<ps,mﬁﬁén¢s,n> = <‘P’Hmw>

(s,n)el

since Hy" is symmetric. We can prove that H,, is closed in the same way.

Let z= Y. x5, €H. Since Hy," is self-adjoint, there exists s, € D (Hf,fé
(s;n)el

such that (Hy, +9)ysn = (Hm" +4)yYsn = Tsn. Thus

v= > (HpEi)ysn = (ﬁmii)y

(s,n)erl
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where y = > ysn €D <ﬁm> since:
(s,n)el

2
= Z [2sm]|” < o0.

2 ~
Fllysal® = 30 || (" £ i)y

> Hﬁ%’”ys,n

(s,n)el (s,n)el (s,n)el
Consequently, (Ysn)(sn)er is summable and = € Im(H,, £1i) so Im(H,, +
i) =M and H,, is self-adjoint. O

3.3.2. The case 2ml < 1. Let us denote ﬁnj\{HT the operator H,, with
domain:

S S
ul,nT—§7n
ug T?
FrMITY _ 2nin | s 2
DY =8 3 | o | Vs € 1w € L2 (1-00,0[, da),
1
(s,n)el 3mT—Zn
S S
u4nTL
27
uy T° uy 1% 2
1n —%771 1n —%771
us TY us TY
~ 2,n 1777/ ~ . 2717, l,n
HEm | 2 e Y (@i | 2 <00
U3,nT_1 n u3 1%, n
. Tsz’ (s,n)el . TS?
U, U,
47” %,n 47” %,n L2
2
S S
uLnTi%’n
S S
1 . UQ,TLTl’n
(3.46) (’yB + Z) us TS =0 (\/—ZL‘) ,x—0
(s,n)el 3n—Zn
ug T3
4,n 51 L2 )

Proposition 3.8. Suppose that 2ml < 1. Then the operator ﬁnj\{[IT is self-
adjoint with domain D (ﬁ%IT).

Proof. Let us remark that, if the boundary condition is fulfilled for ¢ €
D (H%IT), then it is fulfilled for ¢, € D ﬁﬁ{"’MIT). We can now prove,
as in the proof of Proposition that ﬁnj\{[ IT is symmetric on its domain.
Show that HM!T is closed will require more effort. Choose a sequence
(1) ey of elements of D ﬁ%lT> such that 1; — ¢ and HM T — ¢
where v, o € H and the convergence is understood in the norm of H. Using
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distributions, we have ﬁ% ITyy = » € H and we have to show that v satisfies
the boundary condition. We can write:

(347) '¢j: Z ¢;,n’ w: Z ws,n’ o= Z @s,n7
(s;,n)el (s,;n)el (s,n)el
and we obtain:
¢;,n N ws,n; f{frin,MIqu;,n N 9057”

. s, MITY . s, MIT
in the norm of Hs,. Thus, ¥*" € D ( Hpy™" since H™ is closed
and 1*" admits a decomposition as in (3.33) where:

S (165 all + 1680l + 1650l + 165all500 ) = 0 (—2)

(s,n)el

when z goes to 0, using the proof of theorem V.1 in [§] and the fact that ¢ is
in the natural domain of H,,. Since v} + i eliminates the terms containing

(—=z)™™ we have:
(3.48) (v + 1) @ @)
<O (6l + 16800 + N6l + 15150
(s,n)el

where the last term is o (—x). This proves that the boundary condition is
fulfilled and that the operator HMIT i5 closed. To prove the self-adjointness
of HMIT e follow the same argument as in Proposition where we have

to prove that y = > ysn € D (f[n]\{”T) The only difference is that the
(sy,n)el

boundary condition has to be fulfilled. Since y,, € D I:If;;n’MIT , We can
decompose ys,, as for p®" just above. A similar argument shows that y
satisfies the boundary condition. Thus HM7 is self-adjoint on D <I:I% I T).

O

3.3.3. Self-adjointness of H,,. Recall that the domain of H,, is:

-If2ml > 1:
D(H,,)={¢€H; HnpcH}.

-If0<m< %, we will denote by H%IT the operator H,, with domain:

D(HMIT) = {¢e7-l; Hn¢€H, ||(v! +1) ¢ (2,)| 22y =0 (V-12) x—>0}.
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We obtain the following theorem:

Theorem 3.9. - For allm > 4, the operator Hy, with domain D (Hy,)
1s self-adjoint.

- For all m < g, the operator HM'T with domain D(HMT) is self-
adjoint.

Proof. Recall that H,, = Y4 P~1 (—H,,) Py% where 4% and P are unitary
matrices. Thus H,, = Pv% (—f[m) %P~ This is clear that ¢ € D (H,,)

if and only if vgp_lzb e D(H,,) for m > % Moreover, recall that y' =
—P~yEP7! and 75y = —v3v5 using (3.23) and (2.18). We then obtain:

16F + )l =105 + ) vsP -

Thus ¢ € D (Hy,) if and only if v3P % € D <ﬁm> for all m > 0. This
shows that H,, is self-adjoint equipped with the convenient domain. O

3.4. The Cauchy problem

Using Stone theorem, we obtain:

Theorem 3.10. Let iy € H, there exists a unique solution 1 to the equa-

tion:

(3.49) O = iHm)
such that

(3.50) Y e CY (Ry; H)

and satisfying:

(3.51) P (t=0,.)=1o()
(3.52) VEeR, [l9(t; )l = [P0l )y -

3.5. Absence of eigenvalues

Proposition 3.11. For all m >0 , the Dirac operator H,,, defined in
(2.23)), does not admit any eigenvalues.
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Proof. Let us first show the absence of eigenvalues for H,;" for all m > 0
and all (s,n) €. Since Hy;" is self-adjoint on its domain, the eigenvalues (if
they exist) are all real. So, suppose that there exists A € R and p € D (Hy,")
such that Hp,"o = M.
We define:
w(z) = €277 ()
such that
W/ () = My () + €N ().
But, with V(z) = 7%9?A(z) (s + ) — m7°B(z), we have:

HyMo— Ao =0 in"y' ¢ (z) = (A= V(2)) p(x)
& ¢ (z) =iy (V(z) — A) p()

So, we obtain:
(3.53) W' (z) = iy e VIV (2)e M Ty (z).

Write: W (z) = in Oy e 72V (1)e= "7 Let T €] — 00, 0[, we can then
solve the preceding equation by:

w(z) = elr WOy, (7).

As in the remark after Proposition each component of ¢ goes to 0 at
—o00. Consequently, w(z) — 0.

T—r—00
x

On the other hand, for all z < 0, / |W (t)| dt < oo so:

—00

lim ef; W(t)dt _ efjoo W (t)dt
T——00

exists and is finished. As a consequence, we have:

lim elr W®dt (T = 0.
T——o0
We then deduce that w(x) = 0 for all x < 0 so it is the same for ¢. Conse-
quently, H," admits no eigenvalues.

We can now consider H,,. If A € R is an eigenvalue of H,, then there
exists ¢ € D (H,,) such that (H,, — A) ¢ = 0. Using the decomposition of
¢ in spherical harmonics, if ¢ is non zero, there exists (s,n) € I such that
0sm # 0 and s 5, satisfies (Hp," — A) ps.n, = 0. This is impossible since Hy;"
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does not admit eigenvalues. Thus ¢ is identically 0. We deduce that H,,
does not admit any eigenvalue for all m > 0. ]

4. Compactness results

The purpose of this section is to prove that, for a well chosen function f,
the operator f (z) (Ha" — 2) " is compact for all z € p (H5™). We will make
use of this result for proving Mourre estimates in the following section. The
key point here for the Mourre estimate is that f only admits a finite limit
at 0.

This result is proved by separating our operator in two operators denoted
Hy and H_. The operator H has a potential which behaves like the one in
Hy;" at 0 and is extended so that the potential becomes confining. Hence the
resolvent of this operator is itself compact. For H_, we preserve the behavior
near the horizon of the black hole and extend it so that it decreases to 0
at 0. By extending the states and the potential, we are thus able to view
the resolvent as the restriction of a resolvent on the entire line. For this
last resolvent, we are able to use standard results about Hilbert-Schmidt
operators.

We now enter into the details. We have:

(4.1) H:" =T'D, + <s + ;) A(z)y°y? — my°B(x).

where A and B behave like:
A—AyeT™*; B-ByeT"

with x, & > 0. Moreover, 't = —yYy! where 4% is given in (2.16)). The main
result of this section is:

Proposition 4.1. Let f € C(] — 00,0]) such that f goes to 0 at —oo. Let

z € p(Hp") where p(Hy'") is the resolvent set of Hy,'. Then the operator
Flx) (HS™ = 2)"" is compact on H for all m > 0.

4.1. Asymptotic operators

4.1.1. Operator H_. Let us first introduce the operator H,. = iv%y'0,
where 70y! = diag (—1,1,1, —1). We can thus prove the:
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Proposition 4.2. The operator H. = i7y°y'0, is self-adjoint on the domain
defined by:

D (He) = {p € Hon; Hep € Hony 01 (0) = —3(0), 92 (0) = ¢4 (0)}

Proof. Since D (H.) C H' (] — 00,0[) € C°(] — 00;0]), we can deduce that
the elements of D (H.) go to 0 at —oo and from the boundary condition, we
deduce the symmetry of H. on D (H.). The closedness is also proven using
the fact that D (H.) C C° (] — o0;0[).

On the other hand, since C§° (] — 00,0[) C D (H,), we can prove (using
distribution) that H} = H. on D (H}). We then study the default spaces.
Let ¢ € ker (H} +1). Since x — ¢~ is not in L? (] — oo, 0[), we obtain:

T

Q)

0
ker (H? + i) = vect 8 ND(H?).

9

T

o O O

e
But, if ¢ € D (H}), then, for all ¢ € D (H,.), we have:
0= {Heip, ) — . Hiw) = lim (—igon (2) D (2) + m( )2 (2)
+ips (2) Y3 () — ipa (x) Yy (2)) .

Choosing ¢ such that ¢ (0) # 0, we see that ker (H} + i) = {0}. The same
is true for H} — i = {0}. This shows that H, is self-adjoint on D (H.). O

Now, let us define the operator H_ by:
(4.2) H_=H.+V_(x)
where

z>d
“43) v fore
<e

@) = {xld,
1402 A(x) (s+3) —m°B(z), forx

with ¢,d two negative constants such that ¢ < d. We remark that V_
bounded on R*. Using the Kato-Rellich theorem, we obtain:

Corollary 4.3. The operator H_ equipped with D (H.) is self-adjoint.

Remark. Note that the potential of H_ equals the potential of H;;" for
negative and |z| large.
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4.1.2. Operator H;. Let us define the operator H; by:

(4.4) Hy =T'D, +V,(2)
where
A5 v B ’yO'yQA(m) (5 + %) — m’yOB(x), for x> b.
( : ) +(I’) - _22~0
Y, forxz < a.

This time, the potential behaves like the potential in H,;" at 0 and increases
at —oo. We then have a confining potential. This type of potential has been
encountered in the article of A.Bachelot [8]. For proving the self-adjointness
of his operator, he uses the method we have recovered for proving the self-
adjointness of our operator H,,. We just indicate the differents stages of the
proof. We introduce the domain:

D(H,) = {¢ € AR, CY); Hip e LX(RY),

H(’yl + i)go(x, ‘)HL2(82) =0 (\/5) , T —r 0}

if 2ml < 1 and we remove the boundary condition for 2ml > 1. In the fol-
lowing proof of compactness of (H,; — z)_l, we obtain estimates that allow
us to prove the symmetry of this operator for mil > % As before, we can
do a unitary transform and obtain a result similar as lemma We then
obtain the asymptotic behavior of ¢. This allows us to conclude in the case
ml > % Ifml < %, we introduce the MIT boundary condition and a suitable
partition of unity in order to separate the behavior at 0 from the one at —oo.
We then obtain:

Proposition 4.4. The operator H, equipped with D (Hy) is self-adjoint.

4.2. Compactness of f (x) (H_ —z)!

Lemma 4.5. Let f€C (] — 00,0]) such that EIP f(z)=0andzep(H-).
Then f () (H- —2)"" is compact.

Proof. Let ¢ € D (H,.) and g = (H. — z) ¢ be defined on | — 0o, 0[. Denote
by ¢; and g;, i = 1,...,4, their components. We will extend these functions
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to R in the following way:

i pi(2)if # <0, i o2(2) if 7 <0,
) {—ws(—:r) ez - R0 {m(—x) if >0
. p3(z) if © <0, - pa(x)if x <0,
= {—sol<—x> ifezo 1 A0S {so2<—x> if >0

The components are thus in H* (R). We also extend g into g € [L? (R)]4 in
the same way. Here, we have put H¢ for the operator with the same formula
as H, but acting on functions defined on R. Some calculation gives that

(H. — z) ¢ = g if and only if (ffc — z) @ = g for all z in the resolvent set
of H..
Let f € CY(] — 00,0]) such that lim f (x) = 0. We consider a sequence
T—>—00

(9n)nen € (L2 (R*_))N such that g, — 0 and we want to prove that

f(x)(He=2)"" gn

goes to 0 strongly in L?. We introduce u,, = (H, — z)_l gn and extend g,
and u, into g, and 1, as before. Consequently, g, — 0 in L? (R) and ;,, =

(f[ € — z) gn- We mention here a consequence of theorem 7X.29 in [72]
which say that if f,g € L*> (R") and:

lim f(z) =0, lim g(¢)=0,

|z| =00 [€| =00

then the operator f (z)g(—iV) is compact. Since z — (z — 2) "+ € L* and
|z — 2" — 0, we deduce that:

|x|—00
~ ~ -1 L2(R)
fx) <H —z> gn — 0,
where f is the extension of f by symmetry on R, . Therefore, we have:
- - -1 .
Ue (@) (@) (B = 2) " go = 1) o((2) ()i

= f(@)un = f(x) (He — 2) " gn.

So f(2) (He —2) " gu " 5

n—oo

0 and the operator f(z) (H. — z)~* is compact.
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Since V_ goes to 0 at —oo and 0 and using the identity:
fla) (H- = 2)7" = = f(a) (H- = 2) 7' Vo(a) (He — 2) 7' + f(a) (He —2) 7

we deduce that (H_ — z)™' — (H, — z)~ " is compact and consequently that
f(z) (H- — 2)"! is also compact. O

4.3. Compactness of (H; — z)~*
Lemma 4.6. The operator (H; — z)_l s compact.

Proof. We follow the proof of the compactness result in [§]. Let us show that
the set:

(4.6) K ={pe DHL); ol + | Hipll < 1}

is compact. We consider a sequence (¢,)nen € K. Using the Banach-
Alaoglu theorem and distributions, we obtain the existence of a sub-sequence
(¢y) such that:

P — ¥ fu =: -H-i-SDy — H_HO = f
V—00

Let:
mB(z)=—-"+ 0 (z), forxz>b.
T <

x2, for a,

so that W is smooth on a, b[. The equation Hp, = f, can be written:
1
(1D, =W (@) 9 = =7 (54 3 ) Ao +

We denote g, the right hand side of this equation. Then g, is in L?(] — oo, 0[)
and g, — g where g is defined by replacing ¢,, f, by ¢, f respectively. We
thus obtain four differential equations:

O (oh +5) + W(x) (0 +¢3) =i (9, — 95)
(47 O (07 — i) + W () (vp — ¥i) = —i (95 + 92)

O (0 — 03) —W(x) (o, — 3) =i (95 + 9p)

O (07 +p) —W(x) (0 + ) =i (9, — 92)
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For some constants \J,, Jj=1,...,4, the solutions are:
(4.8) (0L + ¢P) () = ALe™ s Wl
+i / ! (g} — g3) f2s Wdu— %, Wladugy.
—00
(49) (]~ o) () = X Sa Wi

_ Z/x (gg + gé) efi1 W(u)du—ffl W(u)dudt,
(410) () — ¢8) () = Ade5r Wldu
+i/ (gL + g3) e~ S5 Wldut 2, Wwdu gy
0
(411) (@2 +¢h) (x) = Mel s Wwdu

+i/x (90 —g2) e S8 W @) dut 7, W (u)du g,
0

Proof of the pointwise convergence of the integral terms.

We have:

x

—mlIn(—x) +/ O(u)du, forz >b.
-1

(4.12) / W(u)du =
- %3 - a*; + [ W (u)du, for z < a.

where / O(u)du is bounded on [b; 0[. We obtain:
-1

JZ, W (u)du ( .CL') : effl (u)d 5 f07“ x > b.
el-1 = s
Cle 3 <

, forx < a.
I —[* O(u)d
o= I Wwdu _ (2 m3 e [0 forz > b,
Coe™ 5, forx <a.
where C7,Cs are positive constants. We thus see that e’/-1 is square

integrable on | — oo, z[ and that e S Wwdu ig square integrable on |z, 0[.

Consequently, since g, is weakly convergent, we deduce that:

/m (gi _ gg) efil W (uw)du— [, W(u)dudt

_ (g1 _ gs) oJ L W(w)du—[7, W(u)du g4

V—00 —c0
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when v — co. The same is true for the integral with g} + g3.

Majorations of integral terms by L? functions independent of v.

In the following, we will only treat (go,l, + g013,) and (cp,% - go,?j) The other
functions can be treated in the same way. When a < x < b, the functions
are smooth hence integrable. We study the other cases:

a) First, using the Cauchy-Schwarz inequality and that g} + g3 is bounded
in L?, we obtain:
T - 2 x . .
(4.13) ‘/ (gi n gg) i W(u)dudt' < / e~ 2 0 W(w)dut2 [*) W(u)dudt’
0 0

Therefore, we prove that the right hand side is integrable:
i) If x > b, using the expression of W, the right hand side is integrable

since:
0 2ml
1 2mi
—— —t dt

0
/ o2 JEW(w)dut2 [7) W(U)dudt’ < €2C
x

ii) If z < a, we have:

0 3 a +3 0 t
/ el W(“)d“dt‘ = (C1)%e*% </ (Cy)e 25 dt —|—/ e_Qf—lw(“)d“dt> .

3 0 "
The function (C;)%e?% </ 6_2I1W(“)d“dt> is integrable on
a

| — 00, a] and:

@ s 1 oer 1 a1 % s
/ e 2T dt < — e P b e — o [ e
" 2a 2z a’ J,

by integration by parts. Choosing a such that 1 + a—lg, > (0, we deduce

23 3
that €25 [ e~ 23 dt is integrable on | — 00, a] and goes to 0 at —cc.

b) Secondly, as above, we study the integrability of

/ o2 S5 W (uw)du—2 [*, W (u)du gy
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i) If z > b, using the expression of W and separating the integral from
—o0 to b and from b to x, we have to study

b
(_x)le o2 I T(u)du/ o2 It W(u)dudt

—00

and

(71‘)2ml 2 I T(u)du/

€T 1 2ml .
<t> 62f71T(u)dudt'
b

The first term is clearly integrable and since e S Tdu jo bounded

on [b,0[, we can perform the second integral to see that it is also

integrable.
z 2¢3

1
ii) If x < a, since t—gert < 0, by integration by part, we have:

—00

T2 Wdu-2 7, Wndug, « o202 L
/_OO e NS 02 Cl 21‘2 .

This ends the proof of the integrability.

Convergence in L? of integral terms.

We can use the dominate convergence theorem to obtain:

(4.14) /z (gi + gg) o= J W dut [7, W(u)du g,
0
12 T 3Y ,— [T W(w)du+[*, W (u)du
By (9" +9g°)e at.

and the same for the integral with g} — ¢3.

Study of the sequences XY, i =1,..., 4.

a) Let us study the convergence of A3 in (4.10) (we can do the same
for \1). ,
- Iftml < %, using that e/ Wlwdu ¢ 2 v, — @ and (4.14]), the term:

()\3 _ )\3) Hef’jl W (w)du||?

L2
= <<(<)01£ - (pg) - / (9,1 + gg) e fil W(u)du—i—ffl W(u)dudt> ’effl W (u)du
0

. <<(¢1 . S03) _/0 (gl + 93) e S5 W(u)du+ %, W(u)dudt> ,6ff1 W(u)du>

L2

L2
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goes to 0 as v — —oo. We deduce that \3 = A3,
V—00
- Ifml > 3, /L Wwdn g 12 and A3 = 0.
b) We then study the convergence of AL and A\2.

Since @l + 3 € L2, ¢~ JAWWdu ¢ 12 3nq the other terms are in
L?, we deduce that AL = A\2 =0 for all v € N.

Convergence in L? of the sequences ¢l — ¢35, 02 + ¢k oL + 3 2 — ol
2
Using the dominate convergence theorem, we deduce that ¢l — @3 L,

V—r00
@' — 3. The same is true for the other functions. Thus, the sequence (¢, ) neN

admits a converging sub-sequence which proves that K is compact. Conse-
quently, (Hy +4) " is compact and so is (Hy — z) " for all z € p(H,.) using
a resolvent identity. O

4.4. Proof of Proposition 4.1

Proof. Let j_,ji € C* such that j2 + j% =1, supp(j_) C] — o0, ¢ and
supp(j+) C|b,0[. We define:

Q(z) = j-(z) (H- = 2)7" j- () + ji(2) (Hs = 2) 7 i (2).

Since Hy" —2z=H_ —z on ]| —oo,c[ and Hy;" — 2= Hy — z on |b,0], we
have:
(Hy" —2)Q(z) =1 —w(z)

where:
w(z) = = ([(H3" = 2),j-@)] (H- — )" j_(x)

(" = 2) 3 (@) (Hy = 2) 7 G4 ().

Since [(Hn" — 2), j—(2)] = i7" jL(x) and [(Ha" — 2) , j+ ()] = ir*y' 5 (2)
and j',j’ have compact support, we deduce that w(z) is compact for all
z € p(H) using the last two sections. Moreover, w : p (H) — L (L?) is ana-
lytic.

Since j', j', j—, j+ are bounded, for some constant C' > 0, we have:

C
lw(2)elly < 157 lella

for all ¢ € L2. We then choose z such that the imaginary part satisfies & <
1. Therefore, 1 —w(z) is invertible. Using the analytic Fredholm theorem,
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we have that 1 — w(z) is invertible for all z € p (H) \. S where S is a discrete
set without accumulation points.
For these z, we deduce that:

(4.15) (Hy" =27 = Q) (1 —w(2)™",

Let f be a continuous function going to 0 at —oco and admitting a finite limit
at 0. Then f(z)Q(z) is compact. Thus for z € p (H) N S, f(z) (Hy" — 2)""
is compact. Using the analyticity of 2 — (Hy;" — 2z)”~, we obtain the com-
pactness for all z € p (Hyp"). O

5. Mourre estimates
5.1. Mourre theory

We recall here some facts about the Mourre theory. Let A be a self-adjoint
operator. We say that the pair (A, H) satisfies the Mourre conditions if

(5.1)  D(A)ND(H) is dense in D(H)

(5.2) €™ preserves D(H) for t;0, sup HHeitAuH < o0, Yue D(H)
tl<1

[iH, A] defined as quadratic form on D(H)N D(A)
(5.3) extend to a bounded operator from D(H) into H.

The Mourre conditions are stronger than C!(A) regularity. We recall the
definition of C*(A):

Definition 5.1. We say that H € C*(A) if there exists z € C \ o(H) such
that

(5.4) R >t e (z— H) temitA
is C* for the strong topology of L(H).

We then have the following lemma (see [I, Proposition 5.1.2, Theo-
rem 6.3.4]):

Lemma 5.2. Suppose that (H,A) satisfies the Mourre conditions. Then
H € CY(A).

We also recall a lemma concerning the C2(A) regularity:
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Lemma 5.3. Suppose that H € C*(A) and that the commutator [iA, H] ex-
tends to a bounded operator from D(H) into H. We denote [iA, H]o this ex-
tension. If, in addition, the commutator [i.A, [i.A, H]o| defined as a quadratic
form on D(A) N D(H) extends to a bounded operator from D(H) into D(H)*,
then H € C%(A).

5.2. Mourre estimate

We will use A = I'x as conjugate operator where

I = %! = diag (1,-1,-1,1).
The operator A is self-adjoint when equipped with domain
(5.5) D(A) = {p € Hsn; Ap € Hsn}-

Lemma 5.4. For all m > 0, the pair (H,;", A) satisfies the Mourre condi-
tions. Consequently, Hp" € C1(A)

Proof. Let us check (5.1)):
Case 2ml < 1:

Let x be a C*° function such that x = 1 on [—1, 0], supp x C| — 2,0]. We
set xx(z) = x (%) for all k € N~ {0}. This implies that supp xx(z) =1 on
] — k,0]. We have x},(z) = £X’ (%) so that it is bounded. Using these facts,
we see that xrp € D(A)N D (Hy") if ¢ € D (Hy").

We now show that xx k——>)oo  for the norm:

el gzm = lpllagen + 1H ell3, , -

. Hesn
By the dominate convergence theorem we have xp P Moreover, |x}. ()]
—00

1 .
< 30, sor

Co
| Hpy" o — Hp xrel|l < * lloll + [1Hp o — xuHy o] -

which gives the desired result when k goes to infinity for ¢ € D (H;"). We
deduce (5.1)).

We denote D (Hp"). = {xxp; ¢ € D (Hy"), k € Nx {0}}.

Case 2ml > 1:

In this case, C° (] — o0, 0[) is a subset of D (A) N D (Hy;") and is dense
in D (Hp").
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Let us check (5.2):
For all t > 0,

6it.4 — diag(eim, efitm’ efita:’ eit:v)‘
Let p € D (Hy,"), then:
_ eit‘A(p c Hs,n-
- Hylet g = A H o + te'Ap. So

Hyre'™ Ao € Hop and  sup || Hye"™ || < oo.
<1

We need to check the boundary condition in the case 2ml < 1. We have:
,L'eitx . —itx
p1 e s
,L'e'—zt:tSOQ _ ,L'ez'tasgp4
’L.eltxg()l +i€_ltx903

- —itx

(v + 1) (. )10 =
—te P2 + ieitx@4 [L2(S2)]4

Let’s consider: Hz’emapl —i—ie*mcngLQ(SQ) when x goes to 0. By Taylor expan-
sion, we must check that —z (H(pl(:c, M rzes2)+les(z, .)HL2(52)> is o ((—x)%)
Since ¢ € D (Hp"), there exists functions ¢y € W2, y_ € W3 and a func-

tion ¢ € € ([0, 51 L(S%CY)), such that [0} (r.. 6, ¢)yyo = o (V)
as ¢ — 0, satisfying:

Y2 (0, 0)

_ —ml Xs—,n(ea 90) s
1/13,71 = (_$ ) —Z'?,Z)S_’n(e, (,0) + ¢n(r*a 0, 90)

S

ix% (0, 9)

We thus obtain:
2 lp1(@, sz < Con (—0)' ™ =2 (0 ((-2)})).

Since 1—ml> 3 when ml <3, we have that —2z ||¢1 (z, M p2(s2y=0 ((—x)%)
Since p € D (H,;"), this proves that the boundary condition is fulfilled and

then ([5.2)).
Let us check (5.3):
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First, we see that zA(x) and xB(x) are bounded functions on | — oo, 0[.
Let u,v € D (Hp"), in the case 2ml <1 and u,v € C§° (] — 00,0]) in the
case 2ml > 1, we have:

(5.6) [HE",iA] (u,v)= <u+2i <s—|—;> xA(x)'yQ'ylu—l—%mxB(:p)'ylu,v> .

This shows that:

[H",1A] (u, 0)| < Crflully, | lv]

Hs,n
for some constant C'; and consequently, (5.3)) is satisfied. O

We then have the following:

Proposition 5.5. Recall that A =Tz. Let I C R be a compact non-empty
interval. Then, for all m > 0, we have:

(5.7) Ly (Hy") [Hy" i Al Ly (Hy") > 07 (Hy") + Ly (Hy") K1 (Hy")
where 1 is the characteristic function of I and K is a compact operator.

Proof. We remark that zA(z) — 00’ that zB(x) o 0 and that
T—>—00 x —0o0

)

xB(x) = —![ using the asymptotic behavior of A and B described in ([2.24))
and (2.25). We obtain

[H5" iA] > 1d — (25 + 1) 2A(2)7%" — 2maB(x)y".

Consider a compact non-empty interval I C R and I a compact interval
strictly containing I. Let ¢ € C§° (I ) such that ¢ =1 on I. We have:

(5.8) < (H") [H" iAl ¢ (") > 2 (Hy") + K.

where K =¢ (Hp") (—(25+1) 2A(z)v*y' —2maB(z)y') < (Hn") is compact.
Indeed, by Proposition and the use of Helffer-Sjostrand formula, we see
that ¢ (H;;") multiplied by a good function will be compact. The asymptotic
behavior of A and B gives that A (z) and =B (x) are bounded near 0 and
goes to 0 at —oo. This gives the compacity of K. Multiplying both sides by
17 (Hy'"), this gives the desired result since 175 = 1. O

Using the absence of eigenvalues, we deduce the following corollary:
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Corollary 5.6. For all m >0, all A € R and all 0 < € < 1, there exists a
compact non-empty interval I' C R containing X such that:

(5.9) 1y (HS™) [HE™ A Ly (HS™) > (1 —€) 1% (HS™) .
Recall that 1 is the characteristic function of I'.

Proof. We have the Mourre estimate with I such that A € I. Let I’ C I such
that A € I’. We can multiply both sides by 1 (H;;") to obtain the same in-
equality with I replaced by I’. Since \ is not an eigenvalue of Hy;", 1 (H")
tends strongly to 0 when the size of I’ decreases. Then 1 (Hy,") K1 (Hp,")
goes to 0 in the operator norm (K is compact). We can thus choose I’ suf-
ficiently small such that the desired inequality holds. O

6. Propagation estimates

In this section, we first present abstract results about propagation estimates
and the minimal velocity estimate. Then, we apply this to prove that our
minimal and maximal velocity is 1. This will be useful in the proof of asymp-
totic completeness.

6.1. Abstract propagation estimates

We present the abstract theory of propagation estimates. Proofs can be
found in [21].

Consider a Hilbert space H and (H, D (H)) a self-adjoint operator on H.
Let ® (t) be a C! uniformly bounded function with values in £ () defined
on RT. We define the Heisenberg derivative of ® by:

d .
Do (t) := %q) (t)+i[H,®(t)].

6.1.1. Basic principle.

Lemma 6.1. [Z1, Lemma B.4.1, B.4.2] Let ® (t) be a C* uniformly bounded
function with values in L (H) and defined on RY.

i) If there exists measurables functions with values in L (H) B (t), B; (t),
i=1,...,n with

DO (1) > CoB* (1) B(t) — 3 BE (1) By (1)
i=1
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such that for all i € {1,...,n}
> —itH, |2 2
| Bi (t) e u||"dt < Clul|*, YueH
1
then there exists a constant C7 > 0 such that
OO —itH |2 2
|B (@) e " u|"dt < Cr|jull®, YueH.
1

ii) Suppose that By ; (t) and By ; (t) are mesurable functions with value in
L (H) and that the function ® satisfies

(42, D® (£) ¥1)| <D || Bayi (£) ool [|Brsi () ¢,
i=1
for all 1,19 € H, with
/ B (6) e ul|? dt < Cy Jul®, Vu e H
1
and
/ |Bus (6) e ul*dt < Oy [[ul?, Vue D,
1
where D is a dense subset of H. Then the limit
s — lim ™ @ (t) e H
t—o00
exists.

6.1.2. Abstract minimal velocity estimates.

Proposition 6.2. [/1, Proposition A.1] Let H € C'*¢(A) for e > 0. Let
A be an interval such that

1 (H) [H,iA| 1a (H) > cola (H).

Then, for all g € C3° (R), suppg C (—00,¢o) and for f € C§° (A), we have

[ )

s— limg <A> f(H)e " =,

t—o00 t

2
dt
—<C lull®, VueH,
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6.2. Propagation estimates

We have seen that [Hy;",iA] admits a bounded extension from D (A) N
D (Hpy") to D (Hy"). We denote this extension by [Hy;",iA],. We have:

61) (il iAl = 4 (54 5 ) 240070 + B ()

so [[Hp",iA],,iA] extends to a bounded operator to D (Hy") with values

in Hsp. Using lemma we deduce that H € C? (A). Using the Mourre
estimate and a partition of unity argument, this gives:

Proposition 6.3. For allm >0, g € Cg° (R), supp (g9) C (—o0,1 —¢) and
f e 5 (R), we have:

62 Hg (j‘) F(H) ety

(6.3) s— limg (Jj) e " — 0,

t—o00

2
dt
7<CWW,WGHM,

Proof of Proposition [6.3. Using the corollary [5.6] where we denote I our in-
terval, we obtain

[hg)mce
1

s— limg <’?> fH™ e UHE™ 0,

t—o0

2
dt
— < Culf?, Yue Hep,

for f € C§° (I) by the abstract velocity estimate. For f € C5° (R), we can
cover supp (f) by a finite number of intervals Ii,..., I, where a Mourre
estimate holds. Then, we consider a partition of unity subordinate to this
cover 11, ...,7N, and we note f; =n; f for all i = 1,...,n. Then:

% dt

Hg () stz e S

H ( )fz Hsn) 7thfn’"u

< Cn HuH , Yu € Hon,

? i
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and:
: 'A s,n\ —itHs™ __ . . ‘A sn\ —itHs™ __
s—tlggog<t>f(Hm)€ zs—tlggog(t)fz(l‘fm)e =0.

Thanks to a density argument, we obtain the desired limit. O

Proposition [6.3| allows us to obtain:

Lemma 6.4. Let J_ € C™ such thatsupp (J-) C] — 00,1 — €[ and J_ (x) =
1 for all x €] — 00,1 — 2¢[ and let x € C5°. Then, for all m > 0, we have:

(6.4) / HJ_ <";l> X (H™) eTHL"
1

(6.5) lim J_ <J;l> e Mty = 0, Yu € Hg .

2
dt
— < Cllull?, Yu € Hop

t—o00

Proof. 1) Let 01,0, € C* such that supp (61) C] — co, =1 — 5[, supp (62)
C]—1—¢1—¢€ and 61 4+ 63 = 1. Then, using the triangular inequal-
ity and the minimal velocity estimate, we only need to prove the inte-
gral estimate for 61J_.

So suppose that K € C* such that supp (K) C] — oo, —1 — 5[ and
K (z) =1 for all z €] —o00,—1—¢[. We define F(s)= [ K (t)dt
and

L\

B (0) = x () F () )

such that ® is C! uniformly bounded. We have:

D (t) = %X (H™) §K2 <“;t> X (Hy")

v [ (5| .

where

e ()] e (3) + (o a)an e () - ()



1054

(6.6)
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where 1 is the characteristic function and sup yelz,— .1 K? (y) is thought
as a function depending on the variables x and ¢.' We know that for
T < 0 and |a:] sufficiently large, the functions A and B are exponen—

x sufficiently small7 for all t > T, we have:

T T

A@ (F(-3)-F(7))] < tng{m(—l—;m'

We can do the same thing with B. We obtain:

Do) = ) (1-5) &2 (5 xn + 0 ()

2+£ s,n 'A s,n -
> 2 b 1 () e + 0 ().

since % < —1— 5 on the support of K?. By lemma this shows

that:
oo
o (¢

for all u € Hs5,. This proves the first statement of the lemma.

2
< Cul®

We next set:

B (0 = x () 2 () )

So, we have:

D& (t) < %X (HZ™) (J’_J_) (“?) X (Hy") +0(t72)

where supp (J’_J_) C]1 — 2¢,1 — €] so it is integrable by the minimal
velocity estimate. Using lemma, and the integrability in this
gives

t—o00

lim e®Hn"y (HS™) J? <?> X (HE™) e™ M "y = 0, Yu € Hy p.

Using the last lemma, we obtain the desired limit by a density argu-
ment. ]
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Proposition 6.5. Let g € C* such that supp (g) C|1 + €, 00[ with € >0
and such that g (x) =1 for all x €]1 + 2¢,00[. Let ¢ € C§° (R). Then, for all
m > 0, we have:

2
o ST dt
(6.7) / Hg <Jj> e LT C(HS Y u " <Cull?, Yue Han
1
. AN itme
(6.8) s — tllglog <t) e = 0.

Proof of the Proposition[6.5. Let J € C* (R) such that
supp () € (1 + 6, +00)

with € > 0 and J () = 1 for all z €]1 + 2¢,4o00[. Let ¢ € C5° (R). We define

F(s)—/s J2 (u) du

—0o0

and

o () =) F () )

so that ® is C'!' uniformly bounded. As in the last proof, we calculate the
Heisenberg derivative of ® and thanks to the support of J, we obtain:

(09) Do (0) > Sl 2 (%) ez

+C(HE) (z (s + ;) A(z) <F <?> ~F (f)) vyt
+imB (z) (F (‘f) ~F (f)) #) C(H),

and we have:
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Using the exponential decay of A and B, we obtain:

(6.10)

¢ (HE™) (z <s + ;) A(x) (F (_;”) ~F (f)) 7yt
e o) (7 () - (5)) ! e -0

for ¢ sufficiently large. We deduce that:

(6.11) /100 HJ (f) e M (Hy™

Next, we use:

2
dt
— < Culf?, Yue Hsp.

0 (0) = (3 () <),

and obtain:

( t ) JZ(t))7271
) e

The first two terms are integrable due to the support of J and (6.11)). The
last two are also integrable using the support of J. Consequently:

s— lim J <J;l> e " (Hy)

t—o00

exists and is zero by (6.11]). The proposition follows by density. O
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7. Asymptotic completeness
7.1. Comparison operator
Our comparison operator will be H, defined by:
(7.1) H, = iv%419,
where 7y! = diag (—1,1,1,—1) and with domain:
(7.2) D (He) ={p € Hsni Hep € Hsmy 1 (0) = —3(0), 92 (0) = ¢4 (0)}

By Proposition this is a self-adjoint operator on its domain.
7.2. Asymptotic completeness
Recall that A = I'z where I' = —%~!. We have:

Theorem 7.1 (Asymptotic completeness for fixed harmonics). For
allm >0 and all ¢ € Hsp, the limits

(7.3) lim e/Hee "
t—o0

(7.4) lim " e itHe
t—00

exist. If we denote them by:

(7.5) Qs = lim tHeeH"
t—00

(7.6) Wenp = lim /" e=itHe
t—o00

Jor all o € Hsy, we have Q5 ,, = Wy .

Proof. Let J_, Jy,Jy € C* such that J_ + Jy+ JL =1, the supports of
J_,Jy are as in and and Jp =1 on |1 —¢,1+ ¢, supp (Jp) C]1 —
2¢,1 + 2¢[ with € > 0. Using Proposition and lemma it suffices to
prove that, for all ¢ € H,,, the limit:

; A L
lim eltHCJO () efthm ©

t—o00 t
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exists. We remark that Jo (£) # 0 if and only if z > (1 —2¢)t > 0. Since
x <0, Jy (%) =0, for all t > 0 and 2 < 0. We thus have:

0(7) =0 ()

where My = diag (0,1,1,0). We then define:

B (1) = x (1) 0o () x (H5),

and, denoting V (z) = (s + 3) A (z) v'v* — mB (z)~°, we have:

On the support of JjJy, we have 7 +1 < 2e. Moreover, Jy (%x) # 0 if and
only if — (1 +2¢)t <z < — (1 — 2¢)t. Since A, B are exponentially decreas-
ing at —oo, we obtain:

D (1) < () (o) <“;‘> (S + 0 (£2).

Using the support of J{Jy, minimal and maximal velocity estimates, the
right hand side is integrable. Hence the limit exists. We can show that the
second limit exists in the same way. Finally, for all ¢ > 0 and ¢, € H,p,
we have <eitH“e_itHfri"g0, w> = <g0, e“H;’r”e_“HC"L@ which proves the last state-
ment. 0

Therefore, we obtain:

Theorem 7.2 (Asymptotic completeness). For allm > 0 and all p €
H, the limits:

(7.7) lim eitHCe_ithgo
t—o0

(7.8) lim e/tHme=itHe
t—o0

exist. If we denote these limits by Q¢ and W respectively, we have Q* = W.
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Proof. We can decompose ¢ = > @5, where
(s,n)el

Psn € Hom and Y [psn
(s,n)el

\%M < 00.

‘We have:

ethcefthm(p: § : ethcefthm’ Do
(s,n)el

Since lim;—yoo eitHCe*"tHfrincps,n:Qs,ncps,n exists for all (s,n) € and

etHe e HL" s ynitary, we deduce, using the dominate convergence theo-
rem, that the limit in the theorem exists. We can do the same for the other
limit. The last statement follows as in the last proof. O

8. Asymptotic velocity
8.1. Abstract theory

In this section, we follow the appendix B.2 in [21]. We consider a sequence
(Bn),en of vectors of self-adjoint operators which commute in a Hilbert
space H. More precisely:

B,=(B;,...,B"), [B.,Bl]=0, 0<ij<m, n=12....

n

We have the following proposition:
Proposition 8.1. Suppose that, for all g € C (R™), there exists

(8.1) s— lim g (By).

n—oo

Then there exists a unique vector of self-adjoint operators
(8.2) B=(B',...,B™)

such that (8.1) is equal to g(B). B is densely defined if, for some g €
Coo (R™) such that g (0) =1, we have:

(8.3) s — lim (s - tlirn g (Rian)> =1.

R—o00 —00

We then define:
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Definition 8.2. Under the hypotheses of the preceding proposition, we will
write:

(8.4) B =s5—Cyx — lim B,.

n—oo

8.2. Asymptotic velocity for H.
Theorem 8.3 (Asymptotic velocity for H.). LetJ € Cs (R). Then the
limat:

(8.5) s — lim eHe J (?) e HH.

t—o00

exists and is equal to J (1) 1 where 1 is the identity. Moreover, if J(0) =1,
then

(8.6) s — lim (s — lim e g ('A) e_itHC> =1.
R—oo t—00 Rt
If we define
8.7 s — Coo — lim e“Hcée_itH” =: P,
( .
t—o00 t

then the self-adjoint operator P is densely defined and it commutes with

H,.. PF is called the asymptotic velocity.

C

Proof. Recall that A = —°y'x where —%y! = diag (1, —1, —1,1). Thus, for

J € Cx (R), we have J %) = diag (J( ,J (—%) ,J (—%) ,J (%)) More-

over, we have H. = i7°y19,. Let ¥'* € D (H,), we wish to solve the equation
atd} (t7 .’E) - 7’HC¢ (t7 J") )

$(0,.) =90 ()= (9 (), 99 (), 48 (), 98 ()

where iH, = diag (1,—1,—1,1) 9. We will prove that the formula:

@b(taﬂﬁ) =

R+ (T — 1)

)
)
U (z — 1) Ip- (z — ) — 9} (2 +1)
) I+ (z+1)

9 (x+ 1) Ip- (z+1) + 09 (= (z +

gives an explicit solution for this problem. Since z < 0 in our -case,
Ig+ (x —t) =0 for all ¢ > 0, but we need this term for the group property
of this solution.
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We first prove that our formula gives a solution of the desired equation.
Indeed, for all ¢ > 0, we see that 13 (t,0) = ¥J (—t) and ¥y (t,0) = —3 (—t)
since 1g- (t) =0 for ¢t > 0. Thus 93 (¢,0) = —t)1 (¢,0). On the other hand,
we have 19 (t,0) = 8 (—t) and 94 (t,0) = ¥ (—t) which gives us 19 (t,0) =
¥4 (t,0). The boundary conditions are thus satisfied. It remains to prove
that it satisfies the equation. For the first component of our formula, using
the boundary consition and the derivation in the distributional sense, we
obtain:

opy () =Y (x+ ) Mg (x+ 1)+ (= (x+ 1) Ips (x +1).
We also have:
Ot (t2) =) (x+ 1) In- (x+t) + 9§ (= (x+1) Ip+ (x +1)

which gives 0y (¢, z) = 0x11 (¢, x). For the second and third components,
1g- (z —t) is constant so its derivative is 0 and we can check that ds)2 (¢, x)
= —0,9 (t,x) and Opbs (t,x) = —0,3 (t, ). For the fourth component, we
obtain:

s (t, ) = (z+ ) Ip- (z+t) =99 (= (x +1)).

We have the same for 0,14 (¢, x) so that 0y14 (¢, x) = 014 (¢, ). So O (t, )
= iH) (t, ) in the sense of distribution. Since 1/° € D (H,), the derivatives
are, in fact, well defined in H,, and the equality is satisfied in H,,. We
thus have a solution.

We then turn our attention to the asymptotic velocity. We have:

itHe T <A> e~ tHe 0

J(§+1) (¥ (2) 1g- (2) Lg-

This last term converges pointwise to J (1) ¢ (x) as t — oo. Since J, 1r-,
1g+, 1z~ are bounded and ¢° € Hs.n, we can use the dominate convergence
theorem to conclude that:

lim et J <“;t> e~ tHey0 — (1) 0.

t—o00
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If J € Cx (R) with J(0) = 1, then

, A ; 1
L itH., —itH., 0 _ 0
M e J<Rt>e v J(R)w’

and the last term goes to J (0) ¢° = ¢%. So

s — lim (s — lim e g <A> e_itHC> =1.
R—o0 t—00 Rt
The last part of the theorem follows from the abstract theory. g

We can know study the spectrum of P
Proposition 8.4. ¢ (PF) = {1}

Proof. Let J € Cx (R) such that J (1) =0. We can approach J by a se-
quence (Jp),cy of Cg° (R) functions which are zero in a neighbourhood of
1 in L*°. By density, we can suppose that J € C3° (R) and J is zero in
a neighbourhood of 1. Using minimal and maximal velocity estimates, we
obtain:

(8.8) J(PF) =s— lim e g <“;‘> T

t—o00

Now, if we have J (1) # 0, we can suppose that J € C§° (R) is constant, non
zero, in a neighbourhood of 1. Then, for all ¢ € H, we have:

J(PHe—J1)p=s— Jim eltHe <J <A> —J (1)> e ey,

—00 t

Since J (z) — J (1) is zero in a neighbourhood of 1, we obtain J (P.) ¢
J (1) ¢ # 0. This ends the proof.

ol

The following consequence is immediate:

Corollary 8.5. P =1
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8.3. Asymptotic velocity for H,,

Theorem 8.6 (Asymptotic velocity for H,,). Let J € Cs (R). Then,
for allm > 0, the limit:

(8.9) s — Tim it g <A> (it

t—o00 t

exists. Moreover, if J (0) =1, then

(8.10) s — lim <S _ lim ¢itHm g <A> e—ith> -1

R—o0 t—o0 Rt
If we define
(8.11) s — Coo — tlirgoeith?e_itHﬂl =: P},

then the self-adjoint operator P} is densely defined and commutes with Hy,.
The operator P} is called the asymptotic velocity.

Proof. We can write

. A . . . . A . . .
ethmJ <t e itH,, — ethmethcethcJ ? e thcethce itH,,

Using uniform boundedness of our operators and introducing 2 and W at
the right place, this limit is equal to W.J (P.) Q where W, are defined in
theorems We can use the same argument for the second limit and the
existence of P} follows by the abstract theory and we have:

(8.12) J(Pf)=wJ(PHa

We deduce:
Proposition 8.7. For allm >0, o (BP;) = {1}
Proof. Using the last proof, we have:

J(PE) =WJ(PH)Q

for all J € Cy (R) where Q, W are unitary and Q! = W. O
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We then have the following consequence:

Corollary 8.8. For allm >0, P} =1.
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