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Linear waves on constant radius limits of

cosmological black hole spacetimes

DEJAN GAJIC

In this paper we consider the Klein-Gordon equation on spheri-
cally symmetric background spacetimes with a constant area ra-
dius. The spacetimes under consideration are Nariai and Plebanski-
Hacyan, and can be considered constant radius limits of Reissner-
Nordstrom-de Sitter spacetimes. We prove boundedness in the case
of a non-negative Klein Gordon mass and decay unless the mass
is zero. In the latter case we prove decay of solutions that are
supported on all harmonic modes with angular momentum [ > 1.
We show that the [ = 0 modes of solutions to the massless Klein-
Gordon equation do not decay. They are subject to conservation
laws along degenerate Killing horizons. We apply the estimates
in Nariai to give decay of solutions to the massive Klein-Gordon
equation on an n-dimensional de Sitter background, using only the
vector field method and with no restrictions on the positive Klein-
Gordon mass.
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1. Introduction

Understanding the asymptotics and global causal structures present in so-
lutions (M, g) to the vacuum Einstein equations

1
(1.1) Ric(g) — §Rg +Ag =0,

where A is the cosmological constant, is intimately connected to the question
of stability, in the context of the Cauchy problem. In the A = 0 setting, an
expectation, dubbed the Final State conjecture, is that every vacuum black
hole solution eventually settles down to a member of the Kerr family.

A necessary precondition for this expectation to hold up is the stability
of subextremal Kerr. This remains an open problem. See the lecture notes
[19] for more details.

The picture in the A > 0 case is more intricate. The spherically sym-
metric vacuum setting already provides a wider variety of solutions. Un-
like members of the Schwarzschild family, the analogous spherically sym-
metric Schwarzschild-de Sitter spacetimes (see Figure [1|) have an extremal
limit, “extremal Schwarzschild-de Sitter”, composed of an (infinite) sequence
of collapsing and expanding spacetime regions. The metric in the collaps-
ing regions can be constructed as the limit of a sequence of subextremal
Schwarzschild-de Sitter interior regions, in which the difference between
the event horizon and the cosmological horizon radii goes to zero. Anal-
ogously, an expanding region of extremal Schwarzschild-de Sitter can be
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Figure 1. The Penrose diagram of subextremal Schwarzschild-de Sitter,
where each point in the diagram corresponds to a sphere of radius r. The
radius of the event horizon is 1 and the radius of the cosmological horizon

18 Tyt

constructed as a limit of the expanding regions of a sequence of subex-
tremal Schwarzschild-de Sitter spacetimes, in which the difference between
the radii of the horizons goes to zero. There exists another, lesser-known
limit of subextremal Schwarzschild-de Sitter spacetimes, which we will call
the constant radius limit.

A Nariai spacetime is the maximal extension of a region that can be
viewed as the limit of the regions between the event and cosmological hori-
zons of a sequence of subextremal Schwarzschild-de Sitter spacetimes, in
which the difference between the horizon radii goes to zero. The Nariai ra-
dius is constant everywhere and equal to the radius of the event horizons
of the corresponding extremal limit. Nariai is a homogeneous, geodesically
complete spacetime that was first constructed in [45] 46]. Ginsparg-Perry
showed in [29] that Nariai arises as a constant radius limit.

If we add charge and consider the electrovacuum Einstein equations
with A > 0, we find additional constant radius limits of Reissner-Nordstrom-
de Sitter: charged Nariai, cosmological Bertotti-Robinson and Plebanski-
Hacyan [47]. Similarly, in the electrovacuum A =0 setting, the constant
radius limit of Reissner-Nordstrom is the (regular) Bertotti-Robinson space-
time, first described in [8, 50]. We refer to all these spacetimes as constant
radius spacetimes. See Section for a definition and an overview of their
main properties.
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Motivated by the strong cosmic censorship conjecture in the cosmologi-
cal setting, Dafermos-Rendall considered the Einstein-Vlasov matter model
with A > 0, describing collisionless dust, in spherical, hyperbolic and planar
symmetry in [I6]. They showed in particular that asymptotically extremal
Schwarzschild-de Sitter black hole regions and asymptotically Nariai regions
can form in the evolution of spherically symmetric Einstein-Vlasov data,
even for expanding data that is arbitrarily close to homogeneity. Moreover,
they proved that the formation of such regions constitutes the only possible
obstruction to the validity of the strong cosmic censorship conjecture for
this matter model. See Theorem 1.3 of [16].

The role of constant radius spacetimes in understanding the asymptotics
and global structures of solutions to (|1.1)) should therefore not be underes-
timated. A natural starting point is to address their stability properties.

The numerical study [9] investigated spacetimes arising from perturba-
tions of Nariai initial data, with topology S' x S?, within the Gowdy symme-
try class. Note however that the restriction of Gowdy symmetry sidesteps
an important feature present in the dynamics under spherical symmetry,
namely the formation of asymptotically Schwarzschild-de Sitter black holes.

Results pertaining to the nonlinear stability of solutions to were
first obtained by Friedrich in [28] for de Sitter, with the use of conformal
methods. The first full nonlinear stability result in the A = 0 case followed
soon after in the monumental proof of global stability of the Minkowski
spacetime by Christodoulou-Klainerman in [I5]. Their proof relies on quan-
titative estimates for connection and curvature quantities and motivates the
study of quantitative decay of solutions to the linear wave equation

(1.2) Uy =0,

in a sufficiently robust setting. Indeed, on a fixed background should be
viewed as a “poor man’s linearisation” of the Einstein equations. It is in this
spirit that we initiate a study of , and more generally the Klein-Gordon
equation,

(1.3) (Og — p*)p =0,

with p € R, on fixed constant radius spacetime backgrounds.
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1.1. Previous results on the wave equation in
black hole spacetimes

The study of on black hole backgrounds has been a field of active
research for many years.

The first mode stability results on Schwarzschild and Kerr backgrounds
were obtained in [49, 56, [57]. Boundedness of the full solution to was
obtained by Kay-Wald [36] and in a more robust and complete setting by
Dafermos-Rodnianski in [23], who introduced the celebrated red-shift vector
field. More recently, decay properties have been proved in Schwarzschild and
Kerr, see [1, 1T}, 18, 19] 22| 24], 411, [42], [54]. The results in Schwarzschild can
be extended to subextremal Reissner-Norstrom, see [19] and [10].

Of particular interest is the case of an extremal black hole background.
A mathematical analysis of on extremal black hole backgrounds was
first performed by Aretakis in a series of papers [2, [4-6]. Aretakis estab-
lished quantitative decay rates in time for v and all its derivatives outside
the event horizon, and moreover for ¢ and its tangential derivatives along
the event horizon. Perhaps most surprisingly, non-decay was established for
transversal derivatives d,1 along the event horizon, together with blow-up
of 0%, for k > 2. These instability properties have been extended to the
Maxwell equations and linearised gravity by Lucietti-Reall in [40] and to
higher-dimensional black hole spacetimes by Murata in [44]. Moreover, the
instability was shown to also hold for initial data supported away from the
event horizon in a numerical setting, by Lucietti-Murata-Reall-Tanahashi in
[39] (this result was soon after proved in [@]).

A mathematical analysis of in the region between the event horizon
and cosmological horizon of Schwarzschild-de Sitter was carried out by Bony-
Héfner [12] in a scattering theory framework. See also results by Melrose-Sa
Barreto-Vasy [43]. They proved exponential decay in time of solutions ¥ — 1
to away from the event horizon, where 1) is the zeroth harmonic mode.
In [20] Dafermos-Rodnianski included the event horizon in their analysis,
using the vector field method. They established decay in time, faster than
any given polynomial rate. Exponential decay in time was proved in slowly
rotating Kerr-de Sitter by Dyatlov in [25] 26], including the event horizon.
An analysis of and in the expanding region of Schwarzschild-de
Sitter and Kerr-de Sitter was performed by Schlue in [53].

The Klein-Gordon equation with a non-positive mass,

(1.4) (Og + )¢ =0,
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has been studied in the A < 0 setting on asymptotically AdS black hole
spacetimes in [32-35]. In particular, Holzegel [32] and Holzegel-Warnick
[35] obtained boundedness of solutions to in Kerr-AdS and Holzegel-
Smulevici [33, 34] established logarithmic decay in time, showing moreover
that generic solutions cannot decay faster than logarithmically.

1.2. Properties of constant radius spacetimes

An n-dimensional de Sitter spacetime is denoted by dS,, and an n-
dimensional anti-de Sitter spacetime is denoted by AdS,. We define the
constant radius spacetimes (M, g) to be solutions of the electrovacuum Ein-
stein equations with A > 0 that are isometric to warped products Q x, S?,
where the spherical area radius r = r¢ is constant and Q is a 2-dimensional
Lorentzian manifold that is isometric to either dSs, AdSs or R'*! with a
constant Gaussian curvature K.

Table [1] gives an overview of the geometry of Q corresponding to each
combination of A and charge parameter e € RH The values appearing in
Table [1] are derived in Section Moreover, the constant curvature K is
given by

(1.5) K =1ry2(1 — 2y ?).

A e? 7“8 Q Spacetime
=0]#0 |[=¢2 AdSs | Bertotti-Robinson

>0 <5 | = 5% (1 —V1- 4A€2> < 2e% | AdSs cosmological
Bertotti-Robinson

[\

>0 < % = % 1—V1—4Ae?) >2¢% | dS, charged Nariai
>0 < ﬁ = ﬁ 1++/1—4Ae? dSs charged Nariai
>0|=0 |=% dS> Nariai

>0 =55 | =51 R+ | Plebariski-Hacyan

Table 1. The relation between Q, ry and the parameters A > 0 and e € R.

!The charge parameter e € R determines uniquely the electromagnetic tensor in
spherically symmetric electrovacuum spacetimes.
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All constant radius spacetimes are geodesically complete and homoge-
neous. Their causal structures are represented in Figure 2 The Penrose dia-
grams of (cosmological) Bertotti-Robinson, (charged) Nariai, and Plebanski-
Hacyan are identical to the Penrose diagrams of AdS,, dS,, and R"!, re-
spectively, where n = 2. These follow from constructing conformal compact-
ifications of AdSs, dSo and Rt and embedding them in a compact region
of R2. See [31] for a construction in the n = 4 caseE|

Tp ! V Ty N S NE

," pY “;
’““"‘S‘l“n;
(a) (Cosmological) - S |
Bertotti-Robinson (b) (Charged) Nariai (¢) Plebaiski-Hacyan

Figure 2. The Penrose diagrams of the electrovacuum spherically symmetric
constant radius spacetimes. Each point on the diagram represents a sphere
of radius r, where r has the same value everywhere. The constant radius
spacetimes are geodesically complete and the dashed lines represent points
in the spacetimes that are reached by geodesics in infinite affine time.

In global coordinates (£,%) on dSs, with £ € R, & € R, and (6, ¢) the
standard spherical polar coordinates on S?, the metric on (charged) Nariai
takes the form:

ONariai = K ~1(—dt* 4 cosh® tdz?) + r3(d6?* + sin® 0d¢?).

Here, r2(e, A) takes on the values given in Table (1] and K (e, A) is given by
(L.5).

2When n > 2 the conformal compactifications of AdS,,, dS, and R"*! are instead
embedded in R x S*— 1.
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Similarly, there exists global coordinates (£, %) on AdSs, with £ € R, Z €
R, such that the metric on (cosmological) Bertotti-Robinson is given by,

Y9Bertotti-Robinson — ‘K|71 (_ COSh2 id? + di2) + 7”(2) (d92 + SiIl2 9d¢2)
Finally, the metric on Plebanski-Hacyan is simply given by
gPlebariski-Hacyan = —dt® + dz® + 13(d6” + sin® 0dp?),

where (t,z) are global coordinates on R with t € R and = € R.

Constant radius spacetimes are often forgotten in the literature, when
appealing to Birkhoff’s Theorem for spherically symmetric electrovacuum
spacetimes with A > 0. Birkhoff’s Theorem is stated as follows:

Theorem 1.1 (Birkhoff’s Theorem). A spherically symmetric solution
(M, g) of the electrovacuum FEinstein equations with a non-negative cos-
mological constant A is locally isometric to a Reissner-Nordstrém-de Sit-
ter solution with parameters A >0 and e, M € R, or a constant radius
spacetime with parameters A > 0 and e € R,

In Section we will show that the constant radius spacetimes share
the property that each sphere of constant radius forms the intersection of an
ingoing and an outgoing degenerate Killing horizon, with respect to a suit-
able Killing vector field. The degenerate Killing horizons are isometric to the
horizons of either extremal Reissner-Nordstrom, extremal Schwarzschild-de
Sitter or extremal Reissner-Nordstrom-de Sitter. Constant radius spacetimes
can be viewed in particular as examples of near-horizon spacetimes of ex-
tremal black holes, which all contain two intersecting degenerate Killing hori-
zons. For an extensive review on near-horizon spacetimes, see [3§] and the
references therein.

1.3. Overview of results and techniques

Since (cosmological) Bertotti-Robinson is not globally hyperbolic, the
Cauchy problem for is not well-posed without additional boundary
conditions. (Cosmological) Bertotti-Robinson spacetimes will therefore not
be studied in this paper.

We will investigate the asymptotic behaviour of solutions to on
Nariai (from now on we include charged Nariai when we refer to Nariai) and
Plebanski-Hacyan (PH). This section provides a brief overview of the results
proved in this paper. The main theorems are formulated in Section
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1.3.1. The Klein-Gordon equation on dSs and R'*t1. We can de-
compose solutions 1 of (|1.3) into harmonic modes ¢ = > ¢ satisfying
the 14+1-dimensional Klein-Gordon equation

(1.6) (Hgo — 1* =mi )iy =0,

where [y, is the wave operator corresponding to the induced metric gg on
Q, where Q = dS5 in the Nariai case and Q = R!*! in the PH case. The
mass parameter p? -+ ml2 increases with [ and my = 0. See Section for
more details. In order to obtain uniform boundedness and decay of the full
solution v, we will in particular determine the precise dependence on [ in
the estimates for 1.

1.3.2. Boundedness and decay in Nariai: a local method. In Nariai
we can either make use of a local or a global red-shift effect to establish
boundedness and decay.

In Sections [5] and Section [6] we restrict to a causally independent static
region in Nariai, which is bounded by two cosmological horizons. Since Nar-
iai is homogeneous, there is no loss of generality in doing so. In Section 2.2 we
show that there exists a timelike Killing vector field, which we call T', in the
interior of the static region. The cosmological horizons are non-degenerate
Killing horizons with respect to T'. We foliate the static region with compact
spacelike hypersurfaces by the isometric flow along 7" of an initial spacelike
hypersurface. The energy flux of the current J7 through the spacelike hy-
persurfaces is non-negative definite and conserved, but it degenerates at
the horizons. In order to obtain uniform boundedness of a non-degenerate
energy, we appeal to a theorem of Dafermos-Rodnianski [19] that ensures
the existence of a local red-shift vector field N corresponding to any non-
degenerate Killing horizon in a stationary spacetime. The energy flux of the
current J¥ is positive definite, non-degenerate and uniformly bounded near
the horizon. Pointwise boundedness estimates then follow by commuting
with 7" and applying standard elliptic and Sobolev estimates.

In order to prove uniform energy decay in the static region in Nariai, we
first prove integrated local energy decay. We construct a suitable Morawetz
vector field, which we call V', such that spacetime integrals of the divergence
of the current JV control spacetime integrals of derivatives of 1, after a
slight modification. Integrated local energy decay is a powerful and robust
tool for proving energy decay for solutions to wave equations.

The main obstruction to integrated local energy decay in Nariai is the
trapping of null geodesics. Each sphere foliating the Nariai spacetime con-
tains a trapped null geodesic. Whenever trapped null geodesics are present
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in a spacetime, derivatives are lost in energy estimates, see [48] and [51].
Fortunately, though trapping is present at each sphere in Nariai, it can be
considered unstable, as shown in Section [2.6] Trapping in Nariai results in
the loss of an angular derivative in the integrated local energy decay state-
ment and in the final energy decay statement.

Trapping is a high-frequency effect, so if we restrict 1 to a single har-
monic mode v; with [ > 1, it does not form an obstruction and we are able
to prove a stronger energy decay statement.

We make further use of the local red-shift effect to control integrated
energies near the cosmological horizons.

The advantage of restricting to a static region in Nariai and proving inte-
grated local energy decay is that the method does not involve the geometry
outside the static region.

1.3.3. Boundedness and decay in Nariai: a global method. In Sec-
tions (7] and [8] we work in global coordinates on dSs, introduced in Sec-
tion to construct a global vector field N. The energy flux of the corre-
sponding energy current JV through a constant ¢ slice, where £ is a standard
global time coordinate in dSo, is controlled by an initial energy. We make
use of the exponential expansion in ¢ of the volume form corresponding to
constant ¢ slices to bound the L? norm of 1 at a constant ¢ by the initial
N-energy. By commuting with the spacelike Killing vector field present in
dSs, and with the Killing vector fields generating spherical symmetry we are
able to obtain pointwise boundedness of ¢ from standard Sobolev estimates.

Moreover, after a modification of the energy current JV, we prove expo-
nential decay in ¢ of the N-energy, resulting in pointwise exponential decay
in £ of ¥ — 4 if 4 = 0 and of the full solution ¥ if p # 0.

1.3.4. Decay in n-dimensional de Sitter space. The local method
applied to fixed modes 1) = 1)y provides in particular a proof, using only vec-
tor field methods, of pointwise decay of solutions to the p # 0 Klein-Gordon
equation in the static region of d.S,. Similarly, the global method ap-
plied to 1 = 1y also gives pointwise decay.

We generalise the global method for decay of ¥ = g to higher dimen-
sions to obtain pointwise time decay of solutions to ([1.3)) with px # 0 on
n-dimensional de Sitter space, with n > 2. De Sitter space dS,, is an n-
dimensional submanifold of R”*! of constant positive curvature. It is diffeo-
morphic to R x S*~! and can be globally foliated by Cauchy hypersurfaces
that are diffeomorphic to S*~1.

Boundedness and decay results in dS4 for solutions to , with the
restriction = 0 or p? > %, were proved by Schlue in his thesis [52] using
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energy methods, by considering the static region and expanding region in
dSy separately. Schlue also made use of the presence of a local red-shift effect
near cosmological horizons and a global red-shift effect due to expansion.

Exponential decay for smooth solutions to with p # 0, was estab-
lished in a general class of asymptotically de Sitter Lorentzian manifolds by
Vasy in [55], using scattering theory.

In the literature one often encounters a restriction to the open subset
dShy, flat of dSy, that can be covered by a single chart (¢/,z,...,2;,_;) € R x

R" ! with n > 2. This is referred to as the “flat slicing” of de Sitter space.
The Klein-Gordon equation in dSn flat is equivalent to the following

equation for the rescaled function v = ez Atd)

< ,+e‘2\ﬁt282 < —(71_121)2A>>u:0.

In [58] Yagdjian constructed fundamental solutions for (|1.3)) in d.S, fiqs to
show in particular exponential decay of ||| s (mn- 1)(t’) in t’ Wlth s>l

when the Klein-Gordon mass p? satisfies the bounds p? € (0, M) U

12
[(n7112)2A , oo) Similar results for with g% > ("7112)2/\ were obtained in a
general class of asymptotically de Sitter spacetimes by Baskin [7].

Note that the generalisation of the global method for decay in Nariai
gives exponential decay of |[1)gs(sn- 1)(5) in ¢ in the full spacetime dsS,,
or [|¢]|gs(mn-1)(t') in ¢’ in the subset dSy fiq¢, with s > "5~ L and only the
restriction p # 0.

1.3.5. Boundedness and decay in Plebanski-Hacyan. In PH there
exists a globally timelike Killing vector field that is simply the generator of
time translations in the 2-dimensional quotient spacetime, Q = R*!. We
denote this vector field by T. We immediately obtain uniform boundedness
of the non-degenerate energy flux of the current J? through a foliation of
isometric spacelike hypersurfaces.

Although there is a globally timelike Killing vector field present in PH,
we need to adopt a different strategy compared to Nariai to obtain pointwise
decay of ¥. We can prove integrated local energy decay, with the loss of an
angular derivative due to the presence of unstable trapping at each sphere
foliating PH, similar to the Nariai case. However, the robust method intro-
duced in [I7] for obtaining energy decay from integrated local energy decay
and energy boundedness, even in the case of the massless equation ,

- (n—1)2A
12

3The quantity u? is treated as an “effective mass”.
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fails because PH is not asymptotically flat. In fact, we show that the energy
flux of the current J7 through the future null boundaries NX and N, ; of PH
vanishes, where we consider solutions 1) — g in the p = 0 case. This implies
that one cannot obtain energy decay by foliating PH with hypersurfaces
asymptoting at Ny and N .

In [37] Klainerman established pointwise decay of solutions to with
i # 0 in R by using only vector field methods. In particular, if we take
n = 1 these results extend to the fixed modes v; in PH, with [ > 1, by .
The arguments in [37] rely fundamentally on the presence of a timelike
Killing vector field and a Killing vector field that generates boosts. Since
both Killing vector fields are present in PH, we are able to apply the methods
in [37] to obtain pointwise decay of the full solution ¢ in PH, where we
consider ¢ — 1)y in the p = 0 case.

1.3.6. Non-decay and conservation laws. As mentioned in Section|1.2
we can view each null hypersurface in a constant radius spacetime as a
degenerate Killing horizon with respect to a suitable Killing field. One might
expect conservation laws to form potential problems for decay statements,
in light of the behaviour of solutions to in extremal black holes and
the general picture presented by Aretakis in [3]. In the case of equation
in both Nariai and PH these conservation laws are manifested in the
conservation of (higher-order) transversal derivatives of 1y along each null
hypersurface. This follows also from d’Alembert’s formula, since 1y satisfies
a 14+1-dimensional wave equation in double-null coordinates. Moreover, by
d’Alembert’s formula there is no pointwise decay of 1y for generic initial
data.

The results in [3] for spherically symmetric manifolds also imply that
the higher harmonic modes v, [ > 1 are not subject to any (higher-order)
conservation laws along degenerate Killing horizons.

1.4. Outline

We construct and discuss the geometry of constant radius spacetimes in
Section [2| In Section [3| we give a short overview of some properties of the
Klein-Gordon equation on Lorentzian manifolds. The main theorems
of the paper, corresponding to the results described in Section [1.3] are then
stated in Section [4

We first consider Nariai. We restrict to the static region in Nariai, prov-
ing uniform boundedness in Section [5] and uniform decay in Section [6] using
a local method.
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We apply a global method for an alternative proof of uniform bound-
edness in Section [7] and uniform decay in Section |8l The same method is
generalised in Section [J] to obtain uniform decay in n-dimensional de Sitter
space.

Subsequently, we consider PH. We prove uniform boundedness in Sec-
tion [I0] and uniform decay in Section [11}

Finally, in Section [I2] we show that ¢y does not decay in either Nariai
and PH, in the case where 1 = 0.

1.5. Open problems

A remaining open problem is to venture outside of spherical symmetry by
considering on a rotating Nariai background. One can construct rotat-
ing Nariai by considering a sequence of Kerr-de Sitter spacetimes in which
the radii of the event horizon and cosmological horizon approach an extremal
value in the limit, with a strictly smaller Cauchy horizon radius. The limit
of the corresponding sequence of regions between the event horizons and
cosmological horizons is the static region of a spacetime which is called ro-
tating Nariai, see [13]. The metric in the stationary region of rotating Nariai
is given by

GrNia = (15 +a*cos? 0) | — f(ro)(ro — r—)(1 — 2®)dt?

1 2
T e — =™ ]

2 2
2+ a2cos?6 1+ 22% ¢0s2 6) sin? 0 2 4 g2
TR Gl S L YA R
1+T“cos20 rg + a?cos? § 4

where r_(a) is the radius of the Cauchy horizon, f(r) is a positive linear
function of » > 0 and r9(a) > r_(a) is the radius of the event horizons of
extremal Kerr-de Sitter with coinciding cosmological and event horizons.
For a vanishing angular momentum parameter a of Kerr-de Sitter, rotating
Nariai reduces to regular Nariai. Moreover, 2-surfaces of constant ¢ and x are
ellipsoids of constant area. Not only is the trapping of null geodesics more
complicated in rotating Nariai, there is also superradiance present, which is
absent in the non-rotating case.

Similarly, one can consider the limit of a sequence of regions between the
Cauchy horizon and event horizon of Kerr-de Sitter to obtain the rotating
version of Bertotti-Robinson. Moreover, by letting all three horizon radii
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approach the same value in the limit, one can obtain the rotating version of
Plebanski-Hacyan. The metric of rotating Plebanski-Hacyan is given by

(r3 + a%cos? 0)
2f(ro)
2 2
N (1+ AT‘I cos? ) sin? 0 <2ar0x2 73 + a? ¢>

dt i
73 + a?cos? 6 f(ro) + 1+ 4g

2 1 02 coe2
9 1,2 9 rg+a“cos®l o
= —z°dt" +dz”) + ——F——=—db
gret ( ) 1+ 28% cos? ¢

In the above expression a is not a free parameter, but rather the value of
the angular momentum parameter such that ro(a) is the radius of the event
horizon of extremal Kerr-de Sitter in the case that all horizons coincide. The
term —z2dt? + da? can be viewed as the R'*! metric in Rindler coordinates?}
with a Rindler horizon at x = 0.

1.6. Acknowledgements
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and for his comments and invaluable advice, and Volker Schlue for his com-
ments on the manuscript.

2. The geometry of constant radius spacetimes

We will discuss the geometric properties of constant radius spacetimes and
introduce suitable coordinate charts.

2.1. A classification of the constant radius spacetimes

In this section we will show that any spacetime with a warped product
structure Q x, S?, where r = ry is constant, satisfying the electrovacuum
Einstein equations, is locally isometric to a constant radius spacetime, as
defined in Section Moreover, we will derive the relations between the
geometry of Q and the value of ry, as they appear in Table

4Rindler coordinates are coordinates that cover a subset of Minkowski spacetime.
An observer at rest with respect to Rindler time has a constant positive proper
acceleration.
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We can choose local double-null coordinates on Q such that the metric
on Q X, S? becomes

(2.1) g = —0%(u,v)dudv + TQgSQ.

In this form, the Einstein equations reduce to a system of partial differential
equations on the 1+1-dimensional Lorentzian manifold Q, where r : Q —
(0,00). See for example [21I]. We rederive the system of partial differential
equations on @ in Appendix [C]for A > 0 to set the notation.

One of these pde, see also (C.17)), is

K 2 1 €
2y 2 _ 2
(2.2) 0u0y log(29) = EQ = ﬁﬁurﬁvr + [272 - 7"4] 0°,
where e € R is the charge corresponding to the spherically symmetric elec-
tromagnetic tensor and K is the Gaussian curvature of Q.
Under the assumption of constant r = rg, it follows from (2.2)) that K is
constant and is given by

K =ry*(r2 —2¢2).

All maximally symmetric n + 1 dimensional Lorentzian manifolds with
the same constant curvature are locally isometric, see [27] for a proof. More-
over, we do not need the assumption of maximal symmetry if n =1, so we
can conclude that Q@ must be locally isometric to dSs if K > 0, AdSs if
K <0 and R if K =0. Given A and e, we will determine the possible
signs of K and the values of rg.

In the absence of matter fields other than the electromagnetic stress-
energy tensor, we have that

where M € R is a constant and m(r) is the Hawking mass, defined by
1 -2
m(r)=r 3 +2Q770, 10, | .

See also ((C.21). Hence, m(rg) = 3 and we deduce that the following poly-
nomial equation must hold

A
(2.3) 2 —2Mro + €% — gré =0.
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This equation also appears in Reissner-Nordstrom(-de Sitter) spacetimes for
the radii of the event horizons, Cauchy horizons and cosmological horizons.
We also have an equation for 9,0,7, see ((C.20)),

2

1 2 2 4 Q
(24) aua’ur = _;8717181)7“ + (6 -T + A’f' )47743

Since r = rg, the equation above is equivalent to the polynomial equation
e? — g+ Arj = 0.

2.1.1. A = 0. Consider first the special case A = 0. By and we
find that 73 = e?> = M? and K = —eiz < 0. The corresponding spacetimes
are therefore locally isometric to a member of the 1-parameter Bertotti-
Robinson family, described in Section [L.2

2.1.2. A>0,e=0or e? = ﬁ. Suppose now that A > 0. Then 1'
implies that

r%:i(li 1—4A62>.

Consider the special case e = 0. Then we must have that rg = % and
K = A. The corresponding spacetimes are locally isometric to a member of
the 1-parameter Nariai family, described in Section [1.2

Consider the special case e? = ﬁ. Then r§ = ﬁ =2¢?, s0 K =0. The
corresponding spacetimes are locally isometric to a member of the 1-
parameter Plebanski-Hacyan family, described in Section [1.2

2.1.3. A>0,0<e? < ﬁ. We are left with the cases where 0 < €2 <
1

If r3 > 5+, we must have
2 1 2
Ty = (1 1—4Ae ) :

Moreover, r% > 2¢e2, so K > 0. We refer to the corresponding 2-parameter
family of spacetimes dSs x,, S? as charged Nariai solutions.
If r% < i, we must have

1= o (1-V/1-1A).

2A

If 73 < 2%, then K <0 and we refer to the corresponding 2-parameter
of spacetimes AdSy X, S? as cosmological Bertotti-Robinson solutions. If



Linear waves on constant radius limits 935

2e? < 7‘% < ﬁ, K > 0, and we again refer to the corresponding 2-parameter
family of spacetimes dSy x,, S? as charged Nariai solutions.

Remark 2.1. We can also consider the A <0 case. If e # 0, spherically
symmetric electrovacuum spacetimes with a constant radius function ro must
satisfy

Q_L _ 2
TO_M( 1+ T+

Consequently, K < 0 for all e # 0 and Q must be locally isometric to AdSs.

2.2. Killing vector fields in constant radius spacetimes

We can easily find the Killing vector fields corresponding to the induced met-
ric go on Q. Choose (u, v) coordinates such that Q2(0,v) = 1 and Q?(u,0) =
1, where u,v € R. Note that these coordinates do not cover the entire d.So
or AdS; manifolds.

For all constant radius spacetimes we can then construct the following

basis of Killing vector fields on Q,
0 K 5\ 0
- 1— =
ou * < Y ) ov’
9
0

— K2
B K K ,\ 0
X_<1+4“> v_<1+4“>au’

One can check that 7', X and Y indeed span a 3-dimensional Lie algebra.
In particular, in PH the vector field T" generates time translations, X gen-
erates space translations and Y generates boosts in R!*!. More generally,
in the context of near-horizon spacetimes, Y is the generator of the dilation
symmetry.

Furthermore, T'4+ X and T — X generate outgoing and ingoing degen-
erate Killing horizons {u = 0} and {v = 0}, respectively. By homogeneity of
the spacetimes, each null hypersurface in a constant radius spacetime is a
degenerate horizon with respect to a suitable Killing vector field.

2.3. Coordinate charts on Nariai

Consider the Nariai spacetime of Section
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2.3.1. Global coordinates. There exist coordinates (Z, Z, 0, ¢), where t €
R and Z € R are coordinates on dSs, that cover the entire Nariai spacetime,
such that

g = K~ (—=dt® + cosh® tdi®) + rgg.,.

Via the global coordinates above, we will derive an expression for the term

02(u,v) appearing in , with the gauge choice Q2%(u,0) = Q%(0,v) = 1.

We will also see that the isometry corresponding to the spacelike Killing

vector field X is naturally expressed in these global coordinates. In order to

write the above metric in a double-null foliation, we define £(f) such that
dt 1

dt  cosht

One can check that the following suffices,

t(f) = 2 arctan (tanh (;)) :

where ¢ € (—7,Z). The inverse is given by
. t
t(t) = 2 arctanh (tan <2>> .

g =K' cosh®(i(D)) (—di®* + di®) + r3 g,
= —K ' cosh®(i(t))dadd + g,

Now,

where &t = £ — % and ¢ = t + &. We write £(f) = (1, ). To obtain Q2(0,v) =
1, we first define v(9) as the solution to the ODE

% — K~ cosh? (¢(0,0)) = K™= cos ™2 (;) ,
v(0) = 0.

We integrate to find
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Hence, we can only cover the region —7m < © < 7 if we replace the outgoing
null coordinate ¥ with v. The metric becomes

L cosh2( t(a,0)) i
9= V'K cosh?(#(0, ))d do.

Define u(@) by

du cosh? (1, 0))
di. /K cosh?(£(0,0))
u(0) = 0.

=K 3 cosh?((1,0)) = K™% cos™2 (Z) ,
Then

We need to restrict to —m < @ < w. Consequently,

B ~cosh2 (t(a, 17))~
cosh?(£(0, 0)) cosh? (£(i, 0))
_0052 (2) cos? (”)

cos? (557)

(2.5) dudv + 13~y

dudv + 137,

where u,v € R. We see immediately that Q2(0,v) = Q?(u,0) = 1. The (u,v)
coordinates only cover the region —m < 4,0 < 7 of the spacetime with more-
over —m < U+ < .

The coordinate vector field 0z is a Killing vector field. In (u,v) coordi-
nates we find that

X = VKO,
L a2 U v _ 2 9 .
T = \F[(Sln <2> cos (2>>8 +<sm <2> coS <2>>&J].
T is timelike in the open rectangle R:={(%, 0,0, ¢)e M| (a,0)€ (-3, 3)2}

2.3.2. Static coordinates. Although the chart (,%,6, ¢) covers the en-
tire Nariai spacetime, the Killing vector field 7" is not naturally expressed. In-
deed, we can equip the rectangle R introduced above with static coordinates,
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which we will denote by (t,z,6, ¢), witht € R, z € (—%« %) and 6, ¢ co-

ordinates on S?, such that the metric is given by
(2.6) g=—(1-Ka?)dt* + (1 — Ka®)"'da® + rig,,

where K > 0 is the Gaussian curvature introduced above. In order to con-
struct null coordinates, we introduce the tortoise function z, such that

dx,

dx

=(1—-K2*)™
z4(0) =

(
0.

We integrate the above ode to find,

zi(x) = \/17( arctanh (@x) ,

x(xy) = \/%tanh (@m) .

. 1 1
Hence, z, € R, with , — oo when x — TR and z, — —oo when z — ~ R

Now define the null coordinates u and v by

U =1 — Ty,
V=14 Ts.
Then
(2.7) g=—(1 - Kz?)dudv + ngSQ'

We can relate the null coordinates appearing in (2.7]) to the null coor-
dinates in which the metric is expressed by (12.5)), that moreover define the
vector field T', to establish that in static coordinates T is given by

T = 0;.

Static coordinates are therefore the coordinates in which the vector field T'
is most naturally expressed. As we remarked in the aforementioned section,
T is timelike in R and becomes null on x = i\/%. We characterise the
boundary of R as follows in terms of ingoing and outgoing cosmological
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Figure 3. Part of the Penrose diagram of Nariai with a shaded static re-
gion R.

horizons,
OR =ctuc-uc uc,

where we can express in global double null coordinates (1, )

_ i v
= 0= ——. 0 < — .
¢ {“ 2’”—2}

Moreover,

By passing to ingoing or outgoing Eddington-Finkelstein-type coordi-
nates, we can easily see that C™ and C* have a positive surface gravity
k = v/ K with respect to the timelike Killing vector field T'. Positivity of the
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surface gravity will play an important role in proving uniform boundedness
and decay of solutions to (1.3)).
We can express the global time £ as a function of the static coordinates

t and z,
- t(t
t(t,z) = 2arctanh <tan < ( éx)>) ,

t(t, ) = arctan (tanh (\/2[?(75 + T (96))))
+ arctan (tanh <\/2K(t — x*(w)))>

In particular, £(t,0) = v/Kt and

where

(2.8) it x) > VE(t — |z.(2)]).
2.4. The constant radius limit

For completeness, we will give a precise construction of Nariai and Plebanski-
Hacyan as the constant radius limits of the region between the cosmologi-
cal and event horizons of a sequence of subextremal Reissner-Nordstrom-de
Sitter spacetimes. A similar construction can be performed for the region
between the event and Cauchy horizons, where the constant radius limit is
Bertotti-Robinson.

The Reissner-Nordstrom-de Sitter metric can be expressed as

_—f(r)'f’—T T —T £ r2
N [ [ oy

r2

where t € R, r € (r;,r4,) and 7, and r,, are the radii of the event hori-
zon and cosmological horizon, respectively. See for example [30]. The func-
tion f(r) is a quadratic polynomial with f(r) > 0 for r € [ry, 00). Moreover,
ry < rg < rq4 for all subextremal solutions, where 7y is the radius of the
corresponding extremal solution.

We define € = ¢(M,e) >0 by e =744 — 19 =19 — r4+ and we introduce
the shifted coordinate p :=1r — 19, p € (—¢,€), such that

o= o par s -
2 Tt 97

dr® + rzgSZ,

alp2 + TZgSZ.
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Now rescale, x := ¢ 'p and 7 := €t, to obtain

f(r) 2\ 7.2 r’

2 2
g:_TT(l_X)dT + )dX +rg82a

fr)(1 =X
where y € (—=1,1) and 7 € R. Fix A > 0 and consider a sequence of subex-
tremal Reissner-Nordstrom-de Sitter metrics ¢,, with parameters M,
and ey, such that lim, o €, = 0. Then the metric components (g,)qg in
(1,x,0,¢) coordinates, with 7 € R, y € (—=1,1), 0 <0 <7 and 0 < ¢ < 27
converge to a limit gy, with

_ f(ro) 2\ 7.2 7"(2) 2 2
(29) gN = — Tg (1 - X )dT + md}( +T’Og82.

We introduce a final rescaling, r=—~22—y and t =~ f(TO)T to rewrite (2.9))
v/ f(ro)
To

as

-1
(2.10)  gn=-— (1 - f(TQO)xQ> dt* + (1 — f(go)xg> dz® + 13y,

o o

The metric is precisely a Nariai metric in static coordinates, where
K= (TO) and x € (—T T)
Plebanskl Hacyan can be constructed as the constant radius limit of
a sequence of extremal Reissner-Nordstrém-de Sitter spacetimes with the
radii of two horizons coinciding. We consider extremal Reissner-Nordstrom-
de Sitter in ingoing Eddington-Finkelstein-type coordinates (0, r),
h(r)

2 ~2 ~ 2
9="3 (r—ry)°(r —r_)do” + 2dvdr + g, ,

where h(r) is a first-order polynomial with h(r) > 0 and r_ is the radius
of the Cauchy horizon and r— < rg < ry =ry4. The case where r_ =r
proceeds analogously. Here, r € (r_,r;) and ¢ € R.

Let € = €(e) > 0 be defined by € = r,4 —rg = rg — r— and consider the
shifted coordinate p = r — rg, p € (—e,€). Moreover, rescale x = ¢ !p, x €
(—=1,1), and v = €v, v € R, such that

g=—¢ 2 (x—1(1 - )dv + 2dvdy + 12 oo

As above, we consider a sequence of charge parameters e, such that
lim,,_,~ €(e5,) = 0 and we obtain the limiting spacetime,

grPH = QdUdX + T%ggm
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where we can extend y € R. If we rescale u := —2y, we see that the induced
metric go is the standard metric on R'*! in double-null coordinates, u € R,
v e R.

2.5. Foliations by spacelike hypersurfaces

2.5.1. Nariai. Recall from Section that we can cover Nariai by the
global coordinates (Z, %, 6, ¢) with the metric given by

g=K™! (—df2 + cosh? fd.ch) + T8g82.

We can therefore foliate Nariai by spacelike hypersurfaces %, := {f = 7},
where we take 7 € R. See Figure[d The induced volume form on X, is given
by

dpg, = K_%rg cosh 7 dxdpuse.

Note that the volume form is expanding exponentially in the time parameter
7. The global foliation of Nariai will be used in Sections [7] and

We will also consider a different foliation of a static region R in Nariai.
See Figure 3| Let 3 be an SO(3)-invariant spacelike hypersurface in Nariai,
that is given by a level set of a smooth function hy : M — R, ie ¥ =
hy' ({0}). Let nyg be the future-directed unit normal to ¥. We make the
assumption that the following uniform bounds hold

Cy < —g H(dhy,dhy) < Oy,
Cl S _g(n27T) S 027

where C'1 and C'y are positive constants. We consider a static region R such
that X intersects the cosmological horizons C* and E+, see Figure |3 By the
assumptions on the normal, we can express the volume form corresponding
to the metric induced on X by

dps = by (p)dpdps:,

where (p, 6, ¢) are coordinates along ¥, with p € R, and by : R — R, is a
function that is uniformly bounded above and away from zero everywhere.

Let ¥, := ¢, (XNR), where ¢, is the isometric flow corresponding to
the vector field T'. Consequently,

RNJT(EZ) = |J -

T€[0,00)
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R~

S2

Figure 4. The global foliation of Nariai.

By construction, the volume form restricted to ¥, can be expressed in the
Lie propagated coordinates (p, 6, ¢) on X,

dps, = by (p)dpdps:

We will use the shorthand notation n, :=ny_.
The uniform estimates in Section Bl and Section [6] will be carried out in
the region R(0,7), defined by

RO,7) = |J ==
7€l0,7)
More generally, we will consider the regions

R(m1,72) := U P

?G[Tlﬂ'z)

2.5.2. Plebanski-Hacyan. In PH, we can express the metric g on M =
R? x S%in (t,z,0, ¢) coordinates, where (¢, ) are rectilinear coordinates on
R, to obtain

g = —dt* +dz® + g,

As in the Nariai case, we take ¥ to be the SO(3)-invariant level set of a
smooth function hpy : M — R and require

Cy < —g Y (dhpw,dhpr) < Co,
Cl S _g(nE;T) S 027

where C and Cs are positive constants. Since T is a globally timelike Killing
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Figure 5. The global foliation of PH.

vector field, we can define ¥, := ¢ (X), such that
MnItE) = (] =
T€[0,00)
Moreover, we define the region R(0,7) by
U ==
7€[0,7)
See Figure |5l More generally, we can consider the regions
R(11,72) : U YF.
TE[Tl 77'2)
We can construct coordinates (p, 6, ¢) on X, with p € R, such that the
the volume form restricted to X is given by
dps, = bpa(p)dpdus:,

where bpry : R — Ry is a function that is uniformly bounded above and
away from zero everywhere.

For our purposes it is also convenient to consider a foliation of the interior
of a lightcone in PH. See Figure [6] We fix the origin (¢,z) = (0,0) to lie in
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Figure 6. The hyperboloidal foliation of the lightcone C in PH.

in X. Let (7,p,0,¢) be coordinates on ¥, where p = z|y,. Then the point
(7,0) is equal to (¢,0) in (¢,x) coordinates. Moreover, by the assumptions
on X, we have that 7 ~ t. We consider the lightcone C defined by

C:={t<|z|}.

C can be foliated by hyperboloids Hs = {(t,2) € @ : t? —2? =% t >
0}, where s > 0. The future-directed normal ny;, to Hs is given by,

_19.,9
=\t T or )

Indeed, since s is constant on g, ds® points in the direction of the normal
and

2sds = d(s?) = d(t* — 2°) = 2tdt — 2zdz.

2.6. Trapping of null geodesics

In [51], Shierski showed that on a globally hyperbolic Lorentzian manifold,
there exist solutions to with an energy that is localised around any
given null geodesic. As a consequence, he showed in various black hole space-
times that the presence of trapped null geodesics (a precise definition of
“trapped” in Nariai and PH will be given below) must necessarily lead to a
loss of derivatives in local energy decay statements.

Since Nariai and PH are both spherically symmetric and have a timelike
Killing vector field if we restrict to a static region in Nariai, the dynamics of
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geodesics in both spacetimes can easily be derived and a sensible definition
of trapped null geodesics can be given.

2.6.1. Nariai. Let v be a null geodesic in R of Nariai. We say ~y is trapped
with respect to the foliation X if there exists a compact subset K C Yy such

that suppy C U, >0 ¢7(K).
Without loss of generality, we may assume vy = 7. Let us denote

e=—g(T,7) = (1 — Ka*),
0= (9, %) = 13-

By the properties of Killing vector fields along geodesics, the quantities € > 0
and ¢ > 0 are conserved along 7.
The equation g(¥,%) = 0 can now be rewritten as

e =42+ Vn(z),
where Vi is the effective potential corresponding to the geodesic, given by

I )
Vi(e) = (1 - Ka?).
0

The potential has a maximum at z = 0. Consequently, there exist null geo-
desics of the form ~(s) = (t(s),0,¢(s),5) such that suppy C {x = 0}. The
submanifold {xz = 0} is called the photon sphere.

Each geodesic is characterised by a triple (x(0), ¢, ). Trapped null geo-
desics correspond to the triple (0,¢€,¢). A non-trivial perturbation of z(0) =
0, causes the resulting null geodesic to no longer be trapped. That is to say,
no longer contained in a bounded region —xy < x < xg. The trapping can
therefore be considered unstable.

Note that by homogeneity of the spacetime, each sphere foliating Nariai

contains a trapped null geodesic, i.e. each sphere is a photon sphere.

2.6.2. Plebanski-Hacyan. Asin Narai, we say a null geodesic v is trapped
in PH with respect to the foliation X if there exists a compact subset K C X
such that suppy C |J,~q ¢+ (/). Moreover, we can define the following con-
served quantities along a geodesic v with fixed vy = 5:

= _g(T7 7) = ;7157
€= g(8g,%) = 16
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We have that
62 = /y:% + VPH(x)v

where the effective potential Vpy is the constant function

62
0

There exist trapped null geodesics of the form v(s) = (t(s), 2o, ¢(s), 5)
for each zg € R, such that €2 = f—Z. Hence, each sphere foliating PH is a
photon sphere. ’

In this case, the perturbations of a triple (z(0),¢,¢) = (zg,e = ‘TLOZ,Z)
corresponding to a trapped null geodesm result in the geodesic remaining
trapped, if and only if the constraint € Zz remains satisfied. In this sense,
perturbations resulting in trapped null geo&esms form a codimension 1 sub-

set of all perturbations of the triple (z(0),¢,¢). The trapping is unstable.

3. The Klein-Gordon equation on Lorentzian manifolds
3.1. The Cauchy problem

Let 3 be a Cauchy hypersurface in a globally hyperbolic Lorentzian manifold
(M, g). We consider the equation (1.3|) with initial data imposed on .

Theorem 3.1. For a fized p € R and ¥ € HE (X), ¥ € Hlloc( ), there
exists a unique ¥ : M — R, with |s € H2 (S), nsy|s € HL.(S), for all
spacelike submanifolds S C M with unit future normal ns in M, satisfying

(Dg - iu2)¢ = 07
Py =W
x|y, = U

Form >1, if U € H"TY(X), ¥ ¢ H" (%), then 1|s € H™H(S), nsib|s €

loc loc loc

H" (S). Moreover, if Uy, W) and Uy, ¥, as above and Wi = Wy, V) = ¥}

loc

in an open set U C X, then 11 = g in M\ JE(Z\U).

The last statement in the theorem above is called the domain of de-
pendence property of the wave equation. In particular, it implies that a
solution 1 of in the static region R N J*(X) of Nariai is independent
of the data ¥, ¥’ on X\ Xy. This follows from the fact that there exist no
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causal geodesics connecting points in ¥\ ¥y to points in RN JT(X). For
this reason, we are able to restrict our analysis to the region R of Nariai.

Note that in both Nariai and PH we do not impose any decay of ¥, ¥’
along the initial hypersurface X.

3.2. Spherical harmonic mode decomposition

Since Nariai and PH are spherically symmetric, we can decompose 1 as
follows:

oo m=l

Yt 2,0,0) =D ) Pmalt,x)Y™(0,9),

=0 m=-1

where Y™! € L2(S?) are the spherical harmonics, which form an orthonor-
mal basis under the standard inner product on L?(S?). For convenience, we
denote by (¢, z, 0, ¢) the static coordinates in the region R of Nariai and also
the standard global coordinates in PH.

We define the harmonic modes by

m=l
¢l(t7$707¢) = E Q;Z)m,l(ta x)YmVl(&QS)
m=—1

In particular, since Y%9 = 1, 4/ is a spherically symmetric harmonic mode.
Moreover, we denote

oo
Yiep =Y .
=L
By the properties of spherical harmonics, we have that
m,l l(l + 1) m,l
Dg(wm,ly ’ ) = Swm,l - Tigwm,l Y™ 5
0

where S is an operator on Q. By linear independence of Y"!, we therefore
have that (0, — u2)y = 0 if and only if (Oy — p2) (Y Y™!) = 0, so in par-
ticular, each 1; satisfies separately. Moreover, for 1 = 1, reduces
to with

m? = 7’0_2l(l +1).
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In the massless u = 0 case, we can find an explicit expression for g in
terms of the spherical means of the initial data,

Wo(t,x) U(t,z,0,0)r’dug,

~ Area S, Jq

Ui (t,z) =

V' (t,,0,)r?dpg,, .
AreaST 52 (,l’, ,d))?" :U’gSQ

by using the property that r = rg is constant on the spacetimes.
Indeed, in a double-null foliation (u,v, 8, ¢), we have that

1
3.1 0= (0, — u? :7(9&( — det aa®B9 )_2
( ) ( g /J/ )77/)0 \/m € gg ﬁwo :u‘ ¢0
= —4Q7%0,0,80 — 1o
When p =0, (3.1)) is equivalent to the 1+1-dimensional wave equation
in (u,v) coordinates. We therefore have that

Outho(u, v) = Outbo(u, vs(u)),

where (u,vx(u)) is a point on 3.
Consequently, in both Nariai and PH, we can write down an explicit
expression for 1y that is reminiscent of d’Alembert’s formula,

(3.2) o, v) = o (us(v), v) + / " uo(@, vs(a)) da

ux (v)

3.3. The vector field method

Let V' be a vector field in a Lorentzian manifold (M, g). We consider the
stress-energy tensor T[] corresponding to (1.3]), with components

1
Taﬁ [7/}] = 3a¢3ﬁ¢ - igaﬁ (871/}87w + M2¢2) .

Let JY [4)] denote the energy current corresponding to V, which is obtained
by applying V as a vector field multiplier, i.e. in components

Jo (¥) = Tap[U]V?".

An energy flux is an integral of JV [1/] contracted with the normal to a hyper-
surface with the natural volume form corresponding to the metric induced
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on the hypersurface. If the hypersurface is null, the volume form is chosen
such that Stokes’ theorem holds as below.

Consider a bounded spacetime region D, with a boundary 9D that is a
union of spacelike hypersurfaces Sy, Sz, timelike hypersurfaces 71, T2 and
null hypersurfaces N7 and N3. We have by Stokes’ Theorem that

n32

Ny
A 2

nT

ns,

Figure 7. A diagrammatic representation of a spacetime region D with
boundary 0D and a choice of normal directions ngp.

[ wr= [ ns + [ 20 ns [ 71000

1

+/2 JV[zp]-nTQJr/M Jv[w]-nN1+/j\[2 VY] ng,,

where the null normals nys, and the volume form on N; are chosen such that
the theorem holds as above.
In the language of [14] we refer to the divergence term

KV [y] = T[]V V3 = divJ" [y]

as the compatible current to JV [1].

The vector field method consists of applying Stokes’ Theorem with care-
fully chosen vector fields to suitable spacetime regions. In particular, if
(M, g) is a spacetime satisfying the Dominant Energy Condition, JV - W
satisfies the following positivity property:

Lemma 3.2. Let VW be future-directed causal wvector fields. Then
JW] -V >0 if (M, g) satisfies the dominant energy condition.
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Moreover, if (M, g) is stationary, with a timelike Killing vector field T,
KT vanishes and we obtain conservation of the energy fluxes of J7 with
respect to suitable spacelike hypersurfaces.

4. Main theorems
4.1. Results in Nariai and dS,,

In this section we present the results for (1.3]) on a Nariai background and
on n-dimensional de Sitter space.

4.1.1. Results in Nariai. We first consider the Cauchy problem for (|1.3])
(see Section in a static region R in Nariai, introduced in Section m
that is covered by the static coordinates (t,z,0,¢). We foliate R by the
compact spacelike hypersurfaces X, see Section [2.5.1

The current J7[i] corresponding to the Killing vector field T = 0 is
defined in Section The energy flux of J” can be estimated by

THY] - ns, ~ (0) + (1= Ka?)(0:0)” + VY + iy,

and it degenerates at the cosmological horizons {x = +-L}.

In Section Bl we consider the timelike local red-shift vector fields N and
N. The corresponding currents J™[+)] and JV[¢] are each positive definite
and non-degenerate at one of the cosmological horizons, so

INW] s, + TV[6] - ns, ~ (000) + (000)” + [V + uP0%

The differences between N, N and T are denoted R=N —T and R =
N-T.
Furthermore, by spherical symmetry of Nariai we can decompose the
solutions 1 to into spherical harmonic modes 1)y, defined in Section
We use the shorthand notation 9%, to denote the angular derivatives

Q7 Q5% (1),

where Q;, i = 1,2, 3 are the generators of the SO(3) symmetry and j; + jo +
j3 = k. Since OQF is a product of Killing vector fields, we can commute QF
with the Klein-Gordon operator.

We also consider the Cauchy problem for in the entire Nariai space-
time, where we work in global coordinates (¢, %,6, ¢). We foliate the entire
spacetime by the spacelike hypersurfaces ST, see Section
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The global vector field N is defined by,

L,

Ne—t oo
cosht

with corresponding energy current

1 ~
TN g dps, ~ | O) + g (050" [VOP 4 1% dpised

We can moreover commute with the globally spacelike Killing vector
field X = VK 0;.

All integrals below are with respect to the natural volume form corre-
sponding to the induced metric. The following statements hold in Nariai:

Theorem 4.1 (Boundedness in the static region of Nariai). There
exists a constant C' = C(e, A, X) > 0 such that for all p € R

/Z INW) - ns, + TV - ns, < CEN[Y],

-

where
En[¥] ‘:/Z IV - ng, + IV - 0y,

Additionally, there exists a constant C' = C(pu, e, A, ¥) > 0 such that

llz(z.) < C[/En(0] + B[T9] + Ex[Ry] + By [Ry)

+ %ol poe(s0) + 101 L1550y + V2P0l L2 (50 |5

If u # 0, we can remove the L' and L™ norms of ¥y and \Ilb on the right-
hand side of the above inequality and we have that C = p=2C(e, A, X).

Theorem is proved in Propositions and

Theorem 4.2 (Decay in the static region of Nariai). There exists
a constant C' = C(e,A,X) > 0 such that for all p € R and k € N we can
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estimate

/2 TN -ng, + IV - ns, < C7F YT EN[QM).

Im|<k

Additionally, if we restrict 1 = y>1 in the u =0 case, there exists a
constant Cy, = Ci(k,e, A\, X, u) > 0, such that for all p € R

1]l e,y < Cor ™2 \/Z|m|§k En[Qmy] + Ex[QmTY] + EN[Q™RY] + En [ RY).

If 1 # 0, we have that Cy, = p=2Ch(e, A, X).
Moreover, there exist constants C = C(pu, e, A, ¥) > 0 and é(e, A, X) > 0,

such that for c(l) = l(lil) when 1 > 1 and ¢(0) = ¢, we can estimate

/E TN s, 4+ TV - ns. < e 07 Ex [y,

[Will~(s,) < Ce™ 57\ Ex[n] + Ex[T31] + EnlRoy] + En[Ru),

where in the second estimate we need to take ! > 1 if p =0 and we have that
C=p2C(e, \,%), if u #0.

Theorem [£.2] is proved in Propositions and

Theorem 4.3 (Global boundedness in Nariai). For any ™ > 0, we can
estimate

[ Wl < [ I8 0 = Bl
z.

>
Moreover, there exists a constant C = C(K, pu) > 0 such that

Wi2os, <C Y Bylomxty

|k|+|m|<2,lm|<1

+ Ol esy + I, )+ 1090l 2, 5 ),

where in the u # 0 case C' = C’(K)roq/fZ, and we can remove the L' and
L*> norms of Vo and V{, on the right-hand side of the above inequality.

Theorem is proved in Proposition and Corollary
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Theorem 4.4 (Global decay in Nariai). Let ¢ = ¢;>; if p =0. Then
there exist constants C = C(K,ro, ) > 0 and ¢ = ¢(K, u,r9) > 0, such that

[ 7% e < ce B,

ET

where in the case i # 0, C = C(ro, K)e®H)™ with

70 > max{1,log(2v2VK|u|™} and ¢ = (1 + p=2 + p?)"L&(K, ro).
Moreover,

1917, SCe > En[mXFy).
K+l <2, m| <1

Theorem [£.4] is proved in Corollaries [8.3] and

Theorem 4.5 (Non-decay in Nariai for y = 0). Let u = 0. There exists
a constant

Y =1(e, A, o, Uo, U),

such that in R
Y(u,v,0,0) — 1,

as u — 00 and v — co. For generic Wo and Wy, v is non-vanishing.
Theorem [4.5] is proved in Section

4.1.2. Results in dS,,. Theorem applied to 1 = 1)y implies in par-
ticular uniform global decay of solutions to with g # 0 in dSy. The
results can in fact be generalised to obtain uniform global decay of solutions
P to with p # 0 in dS,, with n > 2.

Let (,01,...,0,_2,¢) be global coordinates on dS,,, where t € R and
(01,...,0,_2,¢) are the standard n-spherical polar coordinates on S*~!, in
which the metric is given by

gds, = 1{71(—d7§2 + cosh? Eggnq%

where K > 0. See for example [31]. We now take the global red-shift vector

field to be
~ 1
N=——"+——0:.
cosh(®=1) § ¢
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Theorem 4.6 (Decay in dS,, for u # 0). Let s € N be the smallest integer
satisfying s > ”T_l Then there exists constants C = C(n, K,u) > 0 and ¢ =
c(n, K, 1) > 0 such that

WP (E 01, .. On, ) < Ce™ > B[O,

k|<s

where_ Q;, i=1,...,n are the generators of (n — 1)-spherical symmmetry,
C = C(n, K)effm with 7o > max{l,log(2ﬂ\/ﬁ\/g\,u\_l)} andc= (1+
p=2)"té(n, K) and

Byl = |  VEJV[Y]-0;
{i=0}

Theorem is proved in Corollary

4.2. Results in Plebanski-Hacyan

We also consider the Cauchy problem for in PH. We work in (¢, x,6, ¢)
coordinates, where (¢, ) are the rectilinear coordinates on R!*1,

It is convenient to consider double-null coordinates (u, v, 6, ¢), where u =
t —xz and v =t 4+ x. We can express X as a graph in double-null coordinates

¥ = {(us(v),v,6,9), |veR, (4,¢) € S?}
= {(u,vs(u),0,9), |u €R, (,9) € S*}.

We foliate M by ¥, see Section The current J7[¢)] corresponding
to the vector field T' = 0; is defined in Section The energy flux of J©
can be estimated by

JTW] - ng, ~ (00))® + (0,0)% + |Y* + pv”.

We can foliate the interior of a lightcone C by hyperboloids Hs, see
Section A natural Killing vector field to employ in the hyperboloidal
foliation is the boost vector field Y = z0; + ¢0,.

All integrals below are with respect to the natural volume form corre-
sponding to the induced metric. The following statements hold in Plebanski-
Hacyan:
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Theorem 4.7 (Boundedness in Plebanski-Hacyan). For all p € R we
have that

| MWl ns, < Bplul
where

Epnly] = / TR - s,

%

Additionally, there exists a constant C = C(u, A, %) > 0 such that

[l Lo (z,) < é[\/EPHW] + Epp[Tv)]

+ %ol poe sy + 1%l L1 m) + Vol 13y |

If 1 # 0, we can remove the L' and L™ norms of g and \Ilf) on the right-
hand side of the above inequality and we have that C = p=2C(A, ).

Theorem [£.7] is proved in Proposition [10.1

Theorem 4.8 (Integrated local energy decay). For any xg > 0, there
exists a constant C = C(A, X, z9) > 0 such that

N T n T k
/0 </Zm{|m|§a:o}J . ET) dr <C Y Epu[2™y)]

|kl<1

Theorem [4.§] is proved in Proposition [11.5

Theorem 4.9 (Decay in Plebanski-Hacyan). There exists a constant
C=0C(u,A,X) >0 such that

[l Lz, < Cr: Z Epp Q¥ + Epp[QFY Y],
|k[<1

where we need to restrict ¥ = 1 if = 0 and we have that C = p=2C(A, %)
if u# 0.

Theorem is proved in Proposition [11.3
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Theorem 4.10 (Non-decay in Plebanski-Hacyan for = 0). Let yu =
0. On N5, 1 attains the values

Bl () = volu, v(w)) + /  Det(un(@),0) s
Similarly, on N, ; 1 attains the values
Pl (0) = Yo(us(v),0) + / | Qutoli, (@) di

For generic initial ¥y and ¥, the above expressions converge to non-zero
constants as u — 00 0T vV — 00.

Theorem [4.10|is proved in Section
5. Uniform boundedness in the static region of Nariai

In this section we will show that we can obtain uniform boundedness results
in the static region, without making use of the Killing vector field X, but by
using the Killing vector field T together with the local red-shift along the
cosmological horizons bounding R. We will moreover see that we can prove
uniform boundedness of solutions to independently of an integrated
local energy decay statement.

5.1. Energy boundedness

First, recall that the control of the H'(X) norm of ¢ by JT[1)] - nx degen-
erates at the horizons

T[] - ng ~ (04h)? + (0,0) + (1 — Ka?) (V0 * + p?y?) .

Moreover, J7 immediately provides uniform boundedness of a degener-
ate energy after applying Stokes’ Theorem in the region R(0,7),

/ET JT) ne < /2 JT19) - o,

where we used that div J7 [¢] = 0.
In order to obtain a non-degenerate energy boundedness statement, we
introduce the red-shift vector fields N and N. Either N or N is timelike at
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a cosmological horizon. Therefore we can estimate

TN s+ TN - ns ~ (819)2 + (09)? + V0] + p20?.

The theorem below is proved in a more general setting in [19] for the
u = 0 case, but it immediately holds for u # 0.

Theorem 5.1 (The Dafermos-Rodnianski Red-Shift Theorem).
There exist timelike vector fields N and N in the static region R of Nariai,
with positive constants By and By and bounds 0 < x1 < xg < \/7(, such that

(iii)
|KN[)| < BoJ"[¢] - e, and JY] - np ~ JT W] - mp —mg <@ < —ay,
\KN[y]| < BoJ T[] - nry and JN[W] - 1ir ~ ST - mr a1 < @ < 0.

The red-shift effect results in a non-degenerate energy boundedness state-
ment.

Proposition 5.2. There exists a uniform constant C > 0, such that

(5.1) /E INW] e+ TV e < C / IR - mo + V(] - mo.

Yo

Proof. We apply Stokes’ theorem to the energy flux with respect to N. The
N case follows analogously. Let 0 < 7/ < 7, then by the Red-shift Theorem

/JN-nTS/ JN-nT/—/ KN
by by R(T',T)

’
T T

g/ JN~nT/+C’// JT n.d7
P 7 JE:N{—zo<z<—z:}

Yo / / JN . dr
7 JEN{x<—x0}
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We add fTT, fzf JN . nzd7 to both sides and rearrange the terms to obtain,

/JN-nT—/ JN~nT/+//JN-anf§C//JT-an?'
> ZT/ T’ = ! -

< C’(T—T')/ JE g,
)

v

-

where we used the degenerate energy bound in the last equality. The above
inequality is of the form,

£ = 1) + | F)ds < €t~ )0,

By dividing by ¢ — ¢’ and taking the limit ¢ — ¢’ we obtain the differential
inequality

d

—(tf(t)) < CD

%51 < Dy
and therefore f(t) < CDy. We can conclude that

/ET TN - s so/ IV - mo.

Yo

5.2. Pointwise boundedness

We use standard Sobolev and elliptic estimates on >, to obtain pointwise
estimates from the energy estimate in Proposition

Proposition 5.3. In Nariai there exists a uniform constant C > 0 such
that

[0l < c(u%um) s s + 119 olls sy

4 \/EN[zp] + EN[TY] + Ex[RY] + EN[RM),

where
Exfol = [ {7l no+ 770 o}

If pw # 0, we can leave out the norms of Wy and ¥, everywhere above.
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Proof. By compactness of ¥, all metric components and their derivatives
are bounded, which justifies the use of the following elliptic estimate, see for
example the Appendix of [5] for a derivation,

(5.2)

l9” (V*0)iillias) < € | {7V ns + IV NG n + TN [NY] s

where 4, j denote components along Y. We can in fact conclude that

101 gy + 11y < 61 ) + Cll7 (V205 By

< C/E {JN[zp] -ny + JN[NY] - ny + Jﬁ[ﬁw]} .

Together with the Sobolev inequality in Proposition[A.4Jand the Poincaré
inequality in Proposition we get for g =0 and ¢ = >4

Wiy <€ [ {7V0) ms 4 TN ING] s + VNG

where C' > 0 is a uniform constant.
If 1 # 0, we no longer need Proposition [B.I] and we find that

2. c | V- NNy - JN[Ny) Y
05 < € [ {7001 o+ VIV (01}

By construction, Y, is isometric to g for all 7 > 0, so the above estimates
holds with g replaced by ¥, and with C' unchanged. We can moreover
estimate

JN) s < C [IN[TY] - nx + JN[RY] - nx]

where R=N —T and C > 0 is a uniform constant. Since [,,T] = 0, by
the Killing property of T, the estimates in Proposition hold for T
replacing .

However, when commuting L1, with Y, we have to estimate an additional
spacetime integral of the error term R(«)0,(Rv), when replacing ¢ with R
in Proposition[5.2] In [19] it is shown in a very general setting that the error
terms in the region {|z| < xo} can be absorbed by the remaining spacetime
integrals of KV[Ry)], KN[¢] and KN [T] if xg is suitably large, relying on
the positivity of the surface gravity to infer that the term proportional to
(R?y)? (that does not come with a smallness constant) has a favourable
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sign. We can therefore conclude that

/ JNINY]-n. <C | JN[TY] - ng + JN[R)] - ng,
p Yo

where C' > 0 is a uniform constant. A similar estimate holds for N replacing

Nand R=N —T.
We can conclude in the case that pu # 0,

(5.3)
[ ye /E IV -y + V) -y + NN -y + VN

< C(En[¢] + EN[TY] + En[RY] + Ex[RY]).

Similarly, for © = 0 we conclude
(5.4) 192117 (s,) < C(EN[Y] + En[TY] + En[RY)] + En[Ry))
where we used the orthonormality of harmonic modes:

/ Dl = b / o2,
S2 S2

where 6y is the Kronecker delta.
We are left with estimating |¢g| in the p = 0 case. By (3.2)) we find that

[Yol[fx(s,) < C [H‘I’Oﬂiw(zo) + 1901171 () + Hax‘I’OH%l(zo)} ;
where C' > 0 depends on the choice of ¥. Consequently, we can estimate
(55)  Nllfem, < C(H%H%m@o) 195l [7 ) + 11020l 7,

+ En[Y] + En[TY] + En[RY] + EN [R¢]> :

We have now proved Theorem
6. Uniform decay in the static region of Nariai

We obtain energy decay in R by first showing that an integrated local energy
decay statement holds.
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6.1. Integrated energy decay

Recall from Section 2.3.2] that

xi(z) = \/1? arctanh <\/E:c> .

The metric in the region R can be expressed in (¢, z, 0, ¢) coordinates,
g = D(—dt* + dx?) + g,

where D(z,) := (1 — Kz?).
The compatible current KV to JV, with V = f(x.)0,,, is given by

1

KY[Y] =5 (1= Ka*)7 ' [(0)* + (0. 0)7]

+ {Kxf - ;f} (VP + %)

We need to have f’ > 0 in order to control (9;3)? and (9,.¢)?. In that case,
we necessarily lose control of the remaining terms at the photon sphere
x = 0. We therefore need to modify the current JV.

Consider the first modified current,

!/
1
JVt=JY + S ¥0atp — 1 0af'.
The corresponding first modified compatible current is given by,

KVt =ve )t

(0 et + L0 w00 +

1 le} / 1 2 !
— YO0 — JU0, f

fl

— K" + V060

:KV+L/ga58 wa w_ifmwQ‘i‘ﬁf/dﬂ
27 TP D 2

1, 1
— o 2 K 2 202\ e 2.
51 0 )* + Kaf (Vo + p*0?) = 5 "%
We now have potential non-negativity of the terms above, for a suitable
choice of f. However, we have lost control over (9;%)? and the control over
|W4)|? still degenerates at z = 0. This is a manifestation of the photon sphere

{z = 0} containing trapped null geodesics.
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Observe that

(1
(6.1) /Sz \Yu|* dus: = ( J;l) Of dpse.

TO §2

We will first restrict to single harmonic modes ¢ = v; with { > 1, in order
to control |Y;|? by ¢? at the cost of a factor I(l + 1), which will result in
the loss of an angular derivative in the final estimate.

In the regime |z| > xo we can use the compatible red-shift currents KV
and KV to control badly signed error terms. It is essential that these error
terms can be taken arbitrarily small compared to the terms with a good sign
in the region 1 < |z| < ¢, as the red-shift currents KN and KV fail to be
non-negative definite in this region. In order to control boundary currents,
we will also cut off f at a large z, so that J¥»! vanishes for suitably large
Ty

Lemma 6.1. Restrict | > 1. Let a > x4(x0) be a suitably large constant.
Then there exists a function f: R — R such that the corresponding current
KV is non-negative when |z.| < a and vanishes for |z.| > Sa.

In the region |x| < xo we can control

Y| + p*biduse,

KV ] Ddps> > 0043/ (Outhr)? + :

- - (1+1)

where C' > 0 is a constant independent of | and «.
In the region x1 < |x| < x¢ we can moreover control

KA Ddpss > Ca™ [ @t + 190 + 4R s
S? 52

where C > 0 is a constant independent of | and o.
Furthermore, for || € [o, Sa, we can control

| KV wlDdus = ~Ca™® [ (@u? + [Vl + v
2 SQ

where C' > 0 is a constant independent of | and «.
If 1 = 0, the above estimates hold without the |Y|? term.

Proof. We define f : (—ea,0) — R by

flx) = (%+e)log(%+e) - (%+e>.
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Then f(x,) >0 for z, > 0 and f(z.) <0 for —ea < 4 < 0, 50 zf(24) >0
for xz, > —ea.
Moreover,

(z4) = o ‘log (% + e) ,
1

]E/
P'(22) = "L (zs + ),
" (2y) = —a™ (24 4 ea) 2.
In particular, f' > 0 and f” < 0 for z, > —ea.
Let x : R — R be the function defined by

X(2) = (1za * Na,r)(2),

where 1.> is an indicator function and 74, z(2) := R™'n(25%), where 7 is

the bump function defined in Lemma Take R := < — o > 0. Therefore,
X is a cut-off function satisfying x(|x«|) =1 for |z4| < o and x(z«) = 0 for
|74 > S

Moreover, we can estimate

62)  supxP (@) <R sup [P (y)| < CRRF < Crah
z€R y€(0,1)

We define f : R = R by f(x.) = f(z«)x(|z«]) for |z.] < Sa and f(z.) =
0 for |z,| > Sa. By applying the chain rule when differentiating f, we obtain

JZ///

DEV'' = y [f/p?(am@z})? + KzDf (|[V]* + p??) 1 P2 | + D2 fX (0:9)?

1 ~ ~ ~
_ Z [3f”XI + 3f/X// + fX///] wZ.

From the above expression, it follows that in the region |z| <z, we can
estimate

KVt > Ca™ [(00h1)? + 7]

where C' = C(zg, K,r9, ) > 0 is a constant that is independent of «.
Away from = = 0, in the region x; < |z| <y we can in fact obtain an
estimate that is less degenerate in «,

KV > Cam [(0utn)? + |V + 2]

Now consider the region o < || < &.
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The terms multiplied by x are non-negative. Moreover, we can estimate
in the region a < [z, < &

|D%f| < C(1 —tanh?®(VKa)) < Ca™2.

Together with the bounds for the derivatives of x in (6.2]), we can therefore
estimate in the region o < |z,| < &,

KV > —Ca3 [(8,0) + |V |* + ] .

We integrate over S? and apply (6.1) to obtain the statements in the
lemma. U

In order to estimate (0;10;)? we will use the fact that we have control
over |¥;|? by the proposition above. We consider a different vector field
multiplier W = g(z,)0,, and use the unmodified compatible current.

Lemma 6.2. In the region |x| < xq there exists a function g : R — R such
that we can estimate for all 1 > 0

/ (O401)? + (Dathr)? duge < C / (Y |? + 2y duse + C | KW [)D dpse,
S2 S2 S2

where C = C(xq) > 0. Moreover, for xq suitably large K" is positive definite
when |x| > xg.

Proof. Define

g(z.) = a larctan(a1x,),

1

/ _
g($*)_ xz_i_ag'

Then
KY (0] = 50719 [0 + @)+ [Kng = 5o’ | (V02 +20%).

We use that ¢’ > 0 is bounded for all z,, together with Lemma to arrive
at the required estimate. Moreover, for zg and « suitably large, KW >0
outside —z¢ < o < zg, because the g term dominates the ¢’ term. ]
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Proposition 6.3. There exists a uniform constant C' > 0, such that we can
bound for all 1l > 1

[ SN LR )

X [(0h)? + (Oestht)? + Y] + 207 d7

< C/ K ] + K ] + € KN [y + K [y,
R(T’,T) R(T/’T)

In the l=0 case, the above estimate holds without the factor <xf($)+ﬁ> .
Proof. Combining the estimates of Lemma and Lemma [6.2] gives in par-
ticular

i 1
o /Zm{wo@s:co} [”ff @)+ wm}
X [(eh0)? + (Ouutit)? + [V u|? + p*yf] d7

e / / (On)® + (Owetn)® + [Wil® + p247 dr
7 JEn{z <|z|<z0}

SCO&S/ K" 4 a3KW,
R(r", 1) |z |<a}

where the factor D appearing in front of K"! and K" on the right hand
side is absorbed into the volume form, /det g = Drg sin 6.

Note that the factor m — 0 as | — oo, so the estimate degenerates in
the high angular frequency limit at = 0. If our integration domain excludes
aregion around the photon sphere z = 0, we can in fact drop the ﬁ factor.

Since we want to bound the right-hand side by suitable boundary cur-
rents, we would like to extend the integration domain on the right-hand
side to the entire region R(7/,7). As a result of the estimates in the region

a<|z| < Sain Lemma and Lemma we have that

(64) a3/ KVJ < a3/ KV,l
R(v",m) ]|z« |<a} R{r'm)
+C/ / JN n,dr
7 JEn{-La<z.<a}

JrC'/ / Jﬁ-nT dr.
7 JE:n{a<z.<fa}
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By the Red-Shift Theorem, we can further estimate

/ / Nongdr < /
S {-fa<z. <~ oc} R(7",7)
/ / -n, dT.
Srn{—zo<z<— xl}

We can absorb the JV - n, integral into the second integral on the left-hand
side of (6.3 by taking a > 0 suitably large. We can estimate the error terms

in [a, §a analogously, employing JN n..
We can now conclude that

[ o 70 i3]

x [(000)? + (Opwtbr)? + |V + p2?] dr

<C K1+ kW L ¢ KN + gV,
R(r',7) R(r',7)

Proposition 6.4. The following spacetime estimate holds,

/ ’ / INW] + JN[Y] - ny dF
Srn{—xo<z<zo}
<C) / INQFY] 4+ TN [QFP] - ny,

k<1
where C' > 0 is a uniform constant.

Proof. By boundedness of the function g, we can estimate for n a causal
normal vector field,

TV | <C(IN n+ IV n).

Moreover, by construction J" Vil vanishes for z, outside a bounded interval,
so JV1.n=0, for n=ne+ and n = ng+. Moreover, by (6.1) we can also
estimate

TV n, <t n
if u # 0. If = 0, this estimate holds only for I > 1. In the [ = 0 case there
is no need for the current J">! and we can control all derivatives by solely
employing JW and K.
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Together with the non-degenerate energy boundedness statement we
conclude by Stokes’ theorem that

/ K‘“+KW+C/ KN+ KN
R(r',T) R(r',T)

<[ IV ne + TN e
ET/

In order to obtain an [ independent estimate, we apply (6.1) once more.
Moreover, Lemma [6.2] gives the required estimate for [ = 0. This implies
that for all [

/ / TN + TN ] - s d7
7 JE{—zo<z<w0}

<C) / TN + TN QR )] 0,

|k|<1
By the orthonormality property of 1; and the independence of [ in the

uniform constants in the above estimate, the estimate holds for general ).
O

Corollary 6.5. The following spacetime estimate holds

(6.5) [ [ 7wl + 1) e
T JE;
<C) / TN Y] g 4 TN [QFY] -,
k<17 %

where C' > 0 is a uniform constant.

Proof. This follows directly from Proposition [6.4] combined with the Red-
Shift Theorem in the regions {z > ¢} and {x < —z¢}. O

6.2. Energy decay

The integrated energy decay statement (6.5) implies energy decay by an
application of the pigeonhole principle.
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Proposition 6.6.

/ TN ne+ IV e < Cer T Y EyIQMY),
D3R

Im|<k
where C, > 0 is a uniform constant that depends on k € N.

Proof. We will first prove the following statement by induction: there exists
a dyadic sequence {7;} such that

JREAC T
E

<cort >y / TN ] - ng + INIQ™Y] - o,
Im|<k
where C' = C(k).
The k = 0 case trivially holds by the non-degenerate energy bound. Now

suppose there exists a dyadic sequence {7;}, such that the above statement
holds for all m < k. By (6.5) we can estimate

/Tm / INW] - g+ I - e dr

<Co Y, / IV 0y + IV Q) 0,

Im|<1

<CoCrri ™ Y INQY] - g + TV [QY] - ng.
Im|<k+17 >0

By the pigeonhole principle, there must therefore exist a 7; < TJ( < Tjt1,such
that

/ IN[Y] - np + JN[Y] - gy < CCpr it Y JNIQ™Y] - ng
[ <k-+1 70
+ JN[Q™] - ng.

In particular, the sequence {7/2;41} is also dyadic and we obtain

/ IV ey 4 TV 1

T 2541

gcckf’;j’;l > / IN[Q™Y] - ng + IV Q)] - ng.
im|<k+1" >0
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Let 7 > 0 be arbitrary. Then there exists a j € Nsuch that 7; <7 < 744,
By non-degenerate energy boundedness and 7 ~ 7, we conclude

s,
<cor* Z /JN[Q’%] no
Im|<k+1" >0
+ JN[Q™] - g

O

If we restrict to single modes ¥ = 1; (or to low angular frequencies), [ > 1,
we can obtain a stronger energy decay statement, with a uniform constant
that depends on [. We will need a Gronwall-type lemma.

Lemma 6.7. Let f: R — [0,00) be a function that satisfies the inequalities

(i) t

[ s < cs),
(ii)
f(t) < Cof(t),

for all0 <t <t and Ci2 > 0 constants. Then there exists a numerical con-
stant ¢ > 0 such that

F(t) < Caf (0)e @’

Proof. Let and consider a sequence {t;} such that ¢y = 0 and 2C;Cs < t; —
t;—1 < 4C1Cs. By the pigeonhole principle, we can take t; 1 to satisfy

t;+4C1C>
f(tivr) < ! / f(t)dt.

2C1Cs Ji,100,0,

By the assumptions (i) and (ii) of the lemma we can therefore estimate

f(tiy1) < Caf (ti +2C1C7) < %f(tv:)-

1
2CCY

Consequently, we have for all i € N that

f(ti) < f(0)e" 1082,
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Now let ¢ > 0. There exists a j € N such that ¢ € [t;,t;41). Moreover, we
can estimate

Jz

401Cy°
Invoking assumption (ii), we therefore arrive at the estimate

log 2

F(t) < Caf(t;) < Caf(0)e Tncs’,

O
Proposition 6.8. Let ¢ = 1y, with | > 0, then
/ TN] - np < Cem0T / TN - ne + TV ] - s,
s, o
where C' > 0 is a uniform constant, independent of | and c(l) = ¢ for

. - 1)
1 >1 and ¢(0) = C, where C > 0 is independent of [.

Proof. The proposition follows directly from the integrated energy decay
statement for ¢; with a factor [(/ 4+ 1) on the right-hand side for [ > 1, and
Lemma O

6.3. Pointwise decay

We can straightforwardly obtain pointwise decay from the energy decay
statements in Propositions and

Proposition 6.9. If we restrict to 1 > 1 in the p =0 case, we obtain the
following decay of solutions to , with suitably regular initial data, in
regions R.:

HQ/)H%w(ZT) <cr* Z EN[Q™)]+EN[Q"TY]+ EN[Q" R+ Ex[Q RY).

Im|<k

where R=N —T and R=N — T, and C > 0 is a uniform constant.
Moreover, if we restrict to a single mode ¢ = 1, there exist uniform

constants C > 0 and C > 0, such that for c(l) = ﬁ whenl > 1 and ¢(0) =

C, we can estimate

1917w,y < Ce™ D7 (En[wi] + En[T4] + En[Yi] + Ex[Y4))

where in the second estimate we need to take | > 1 if u = 0.
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Proof. The statements of the proposition follow from the energy estimates
in Propositions and [6.8| by commuting [0y with Y, as in Proposition
The additional error terms are spacetime integrals of N (¢),(Y %)) and can
be absorbed into KN[Y¢] and KN[T)] for suitably large 1 < xo. This can
be repeated for Y.

The restriction [ > 1 arises in the p = 0 case because ¢y is uniformly
bounded but does not decay, see Section [12] O

We have now proved Theorem [£.2]

7. Uniform boundedness in Nariai via a global method

In this section we work in the global coordinates (Z,Z, 6, ¢) on Nariai, intro-
duced in Section B.3.1] Consider the timelike vector field

N = f(£)o;

The corresponding energy current through the foliation Y, introduced in
Section [2.5.1] is given by

IV, = ff [(070)? + cosh ™2 1(0;9)* + KM (| V| + 1*¥?)] .

Proposition 7.1. Let f(f) = cosh™'¢. Then for any >0,
(71) [ 7% ne < [ 50 ng = Bl
s, b
In particular, there exists a constant C = C(K) > 0 such that

(7.2) / / D) + cosh 2 E(0500)? + K- (V0|2 + p20) dpgsdi
82 t

< CTO EN

=7
Proof. Denote f'(t t) = d—f( ). The compatible current K N corresponding to
JVN is given by

( f'+ ftanh f)[(@gz/))Q + cosh ™2 £(9z¢)?]
1( 7' — £ tanh D[ PH[2 + p2p?).



Linear waves on constant radius limits 973

With the choice f(#) = cosh™'#, f' = —f tanhf. We can therefore estimate
KV = K f tanh [(9)? + cosh ™2 #(051))2] > 0.

By the non-negativity of K N~ , we can apply Stokes’ theorem in the spacetime
region bounded by ¥, and ¥ to obtain 1) 3
Using the exponential growth of the volume form on Y., dus =

-

K _érg cosh td&dpugse, the estimate 1) follows. O

By commuting with the spacelike Killing vector field X, we can obtain
global uniform pointwise boundedness of .

Corollary 7.2. There exists a constant C = C(K, ) > 0 such that
2 n m yk
(73) Wi, <C > EnQ"X"y]
[k|+|m|<2,|m|<1
+C (I190I2 5y + 16112, 5y + 11050l 2, 5, )
where in the p # 0 case C = C(K)rg2u~2, with C(K) > 0, and we can re-

move the L' and L™ norms of ¥y and U( on the right-hand side of the
above inequality.

Proof. Recall, X = v/ K0z;. We therefore commute with €; and X and apply
the Sobolev estimate Proposition together with the Poincaré inequality

(6.1), to obtain ([7.3)) in the case that 1) = 1;>1 or u # 0. ¢y can be bounded
as in Proposition [5.3] O

We have now proved Theorem
8. Uniform decay in Nariai via a global method
In order to obtain energy decay, we modify the current J N ,
N1 v, N L 9 /
Jo =y + 5¢aa'¢ - Zw Oal,

where h = h(f) and K () = %(f). The corresponding modified compatible

current is defined as follows:

; n 1
(8.1) KN .= voghl — gN 4 Egaﬂaaz/}aﬂw — Z¢2Dgh’,
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where

Ogh = —K (K" + h' tanh ).

current JN'! globally satisfies an estimate analogous to (i) of Theorem
for the local red-shift current JV - n,,

We will show in the proof of the proposition below that the modified ene

KN [hys1]dpse > C/ IV =] - nodpse.
s2 s2

Proposition 8.1. Let ) = 1>1. Moreover, take 19 > max{log(2v'Krg), 1}.

Then there exists a constant ¢ = ¢(K, p,ro) > 0, such that

/ TN - ny <e_C(T_TO)[ TN - sy,

5. S

where in the case p =0, ¢ = c(K)(1+13)"1 > 0 and in the case p # 0, c =
AK)(1+75+p 4 p?rg) "t > 0.

Proof. Let f(t) = cosh™1 . By (8.1]), we obtain the following expression for
KN1

n n ~ n
KN =K (—f’ - 2) (Op)* + K <—f’ + 2) cosh™*#(0s1))* + o [ VI
K " " 2
+Z(h + h tanhf)w,
where we have used that f’ = —ftanht. We take h = —f, then

h' = —f = ftanht,

% f’ f -
/
=Ll =L h
2 2 2tan t,
% 3f ~
—_ I —_—
'+ 5 = % tanht.

Moreover,

B 1 —sinh?¢

n coshf”f .
o sinh3# — 5sinh ¢
cosh* ’
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SO
—4sinht 4 W

K" + h" tanht = — = — ~h'.
cosh*{ cosh?

The 1?2 term is the only term that has the wrong sign. However, using that
1 = 1y>1 and applying the Poincaré inequality (6.1]), we can control

K Kr? I
_h? duge < ON/ — 2 duge
/Sz cosh?{ Y dpige < cosh?t Jg 2 |W¢| Hs
1 I 9
S Z <2 E‘W’QZ}’ dMSQ')

if we require coshty > 2v/Krg. This follows in particular from the lower
bound 7y > max{log(2v/Krg),1}. Hence,

[ < o [ kM e [ g
S2 tanhT() S2? S2

where in the case y = 0, C' > 0 is a numerical constant and in the case u # 0,
C = C(K)(u?r¢ + 1), with C(K) > 0.
We can estimate

< < tanh
/Jﬁm-md%m—é;ﬂwnT—VKfz? YO
K 1 —sinh?f
YR
4 cosh”t

SC/ JN'an/’LS27
s2

where C = C(K)(r2+1) > 0if y=0and C = C(K)(u=2 +1) > 0if u # 0.

Applying Stokes’ theorem in the spacetime region bounded by ¥, and
., together with the boundedness statement of Proposition therefore
results in the estimate

/"/gﬂ4%mgc .w“gc/)Jwa
10 J 55 T (Br)NT(5,) DI

where C = C(K)(1+72) > 0if p=0and C = C(K)(u?r3 +1)(1 + p~2) >
0 if u # 0.
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We apply energy boundedness from Proposition [7.1] and Lemma [6.7] to
obtain the decay estimate

[ IN[] s < eC(TT")/ TN - g,

p b))

where in the case p =0, ¢ = ¢(K)(1+r3)~! > 0 and in the case u # 0, c =
SK)1+rE+p2+u*d)"t > 0. O

Proposition 8.2. Let y # 0. Take 1o > max{log(2v2vVK|u|™),1}. Then
there exist a constant ¢ = ¢(K) > 0, such that

s, I
Proof. In the pu # 0 case we deal with the spherically symmetric modes v,
satisfying

(8:2) Ogtbo = p*to,
by considering the auxiliary metric
§ = K~ (—dt® + cosh® tdz*) + 7o’ g,

We take 792 := 272, Consider (t,x,0, ¢) = o (t,)Y11(0, ¢). By definition
of 79? and the expression , is equivalent to Uz = 0, with 1 the
solution arising from initial data ¥ = ¥(Y;, ¥ = U(Y7; on X,.

By Proposition applied to v, with respect to the metric g, we can
estimate

t=T1

2
(8.3) / Y11)? [(afwo)Q + cosh™21(dz100)? + ‘;(wg] r duszdfzs‘~
R JS2
< TR / / |Yn|2{(agww%cosh—?f(awo)?
R JS2

I 2|,.2
+ K1/JO:| o d,ugzdw‘{

=70

Since [, [Y11|* dus2 = 1 we can rewrite (8.3 to obtain

/ IN[iko] -y < e_1+;‘2(T_T°)/~ TN [tho] - 1,
s,

by

70

where ¢ = ¢(K) > 0. O
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Corollary 8.3. Let ¢ = ¢y>1 if p=0. Then there exist constants C =
C(K,ro,1) >0 and ¢ = ¢(K, p,1m9) > 0, such that

(3.4) [ Ve < Ce Bl
b

where in the case p # 0, C = C(rg, K)e®F)™  with

70 > max{1,1og(2v2VK ||} and ¢ = (1 + p=2 + p?)71e(K, rg).

Proof. By the orthogonality of the modes v;>; and 1, we can combine the

estimates in Propositions and to obtain (8.4)). O

Remark 8.1. It may seem that the energy decay statement of Proposi-
tion is in contradiction with the results of Sbierski [51] mentioned in
Section as there is no loss of derivatives due to the trapping of null
geodesics. However, these results require in particular that g(N,N) < —c
for some uniform constant ¢ > 0, where N is a timelike vector field used to
define the energy current corresponding to a foliation of spacelike hypersur-
faces. See for example Theorem 2.42 of [51]. We have that g(N,N) — 0 as
t — 00, so the results of Sbierski do not apply to En.

The energy En defined in Section[5 does however satisfy the requirements
needed for the results of Sbierski to hold, so there must be a loss of derivatives
in the corresponding energy decay statement, as seen in Proposition [6.0.

Corollary 8.4. Let ¢ =1;>1 if p=0. Then there exists constants C =
C(K,rg,pu) >0 and ¢ = ¢(K, u,r9) > 0 such that

[l e, SCe™ D Ex[@mX*y),
|k|+[m|<2,|m|<1

where in the case p # 0, C = C(rg, K)efFE) ™ with
70 > max{1,log(2v2vVK|u|™")} and ¢ = (1 + p=2 + p?)71é(K, ro).

Proof. The pointwise estimate follows from Corollary [B:3] by applying
Sobolev estimates on R x S? as in Proposition O

We have now proved Theorem [4.4]

Remark 8.2. We can compare the pointwise decay result from Proposi-
tion to the result of Corollary . Using the relation @) between t,
defined in the static region, and t, defined globally, we can replace €7 by
ecl=le=Ct in the static region, where ¢ > 0 is a uniform constant. The factor
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eel blows up as we approach the cosmological horizons. Therefore, while
Corollary gives a stronger decay rate at a fived x compared to Proposi-
tion[6.9, the decay estimate is not uniform in x.

Moreover, unlike Corollary Proposition [6.9 does not rely on the
geometry outside the static region.

9. Uniform decay in n-dimensional de Sitter space

The methods of Sections[7]and [§can be generalised to spacetimes of the form
dSp X, S?, where n > 2, to obtain in particular uniform decay of solutions

to (|1.3) with p # 0 on a dS,, background.
Choose r% = 2;@‘2 and consider d.S, X, S? in global coordinates

(£,01,...,0h_2,6,9,p), where (01,...,0,_2,¢) are coordinates on S"~! and
(9, @) are coordinates on S?. The metric is then given by

g = K71<_d£2 + COSh2 fgSnfl) + nggz'

Let = {t =0}, %, :={t =7} and n, = ng, the corresponding future-
directed normal. Consider the timelike vector field

N = f(£)0;.

We consider 1' on dS, x,, S?. The corresponding energy current
through the foliation X is given by

* _ VEf

IV ne = T | 0) + VP + K|Vl

where |Vy|? = cosh_2ot~|Y7§n711/1]2 with Yg.-: denoting the derivative re-
stricted to S*!, and ¥ denotes the derivative restricted to S.

Proposition 9.1. Let f(i) = cosh- ™"V . Then for any T > 0,

/ T[] < / T[] ng = E[y].
i b
Proof. The proof proceeds in the same way as the proof of Proposition
with K for general n given by
N 5 / N2 5 / T 2
K" = 5 (—f'+f(n—1)tanht)(9p)" + 5 (—f' = f(n—1) tanh t+2)| V|

L = fo— D anh U
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By choosing f(f) = cosh™ ™D {, KN >0 easily follows. O

As in Nariai, we can perform a decomposition of v into spherical har-

monics on S?,
) = Z W,

where

¢l(£701a" n 25@5719 (10 Z ¢ml t 017"' n— 27¢)Ym7l(197¢)'

m=—1

Proposition 9.2. Let ¢ = ;>1. Moreover, take

70 > max {log (2@7«0\/@ ,1} .

Then there exists a constant ¢ = c¢(K,n) > 0, such that

[ < F 2 T [,

po P

70

Proof. As in Nariai, we define the modified current J N )
N ._ v Loog 1
Jo o =dy + 57/}8&1/} - Zw Ol

where h = h(t) and K (t) = %(f). The corresponding modified compatible

current is defined as follows:
Y 7 B 1
KNL.=vegit = gN 4 gaﬂa Yz — Z¢QD£,h’,
where
Og,h" = =K (K" + (n — 1)1" tanh ).
We take h = — f from which is is easy to derive that

"+ (n—1)h"t hf— ~h,
(n —1)h" tan h2 ;

It is straightforward to show that

1)/ tanh 7(95)2 +

2 (
1 g K
+ 5 (n = Dh'rg *| Wyl — V%
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We can estimate

nk
——n / 2 duge
2cosh?t  Jse V7 dps

IA

nk r% / 1., 9.3 9

— - —h'r dise
2 cosh?f Je 2 ° VoI dis

1 1 P

/ §h'r02|y7w\2dusz,
SQ

IN

4

if we take 79 > max{1,log (2\/[7(7@\/%)}.
The remainder of the proof proceeds in the same way as the proof of
Proposition [8:1] 0

Proposition 9.3. There exist constants C = C(n, K, ) > 0 and
c¢=c(n,K,pu) >0, such that

(9) [ Vel e < o B,
where in the case pn # 0, C = C(n, K)efmF)70 yith
To > max{l,log(Q\@\/E\/gmrl)} and ¢ = (1 + p=2)7te(n, K).

Proof. The proof proceeds in the same was as the proof of Proposition [8:2]
using the results of Proposition for v = oY1 and r% = 24172, together
with Proposition [9.1 O

The metric ggs, does not depend on the coordinates on S"~! so there
exist Killing vector fields ;, with ¢ = 1,...,n that generate the (n — 1)-
spherical symmetry, as in the n = 3 case. Moreover, Proposition can be
generalised to n > 2 to obtain

/s' V19| dpgn— = Z/s (Qrp)? dpgn—+.
" i=1

n—1

We can therefore commute the wave operator [, with 2; and apply standard
Sobolev estimates on S"~! to obtain pointwise decay from Proposition

Corollary 9.4. Let s € N be the smallest integer satisfying s > ”T_l Then
there exists constants C' = C(n, K, ) >0 and ¢ = c¢(n, K, i) > 0 such that

ol (s, < Ce™ S Bl

k|<s

where C = C(n, K)ef™E)  with 5 > max{1,log(2v2vV K /%|u|™")} and
c=(1+p*)""en, K)
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We have now proved Theorem |4.6

Remark 9.1. Instead of considering the entire manifold dS,, we could
have restricted to an open subset dSy fiqt that can be covered by a single
chart (t',2y,...,x},_1), where t e R and z, € R for alli=1,...,n—1, see
also Section|1.3.4). The metric in these coordinates is given by

n—1
g=—dt” + V'Y da?.
=1

By considering a foliation of constant t' hypersurfaces, we can obtain ex-
ponential decay in t' using the methods from this section. In particular, we
need to take N = f(t')0p with f(t') = e~ =UVEY and h = —f in the mod-
ified current JN1 - n..

One can easily show that Ogh’ = 0, which means that we do not need to
take the product dSy fiat Xr, S? and restrict to Yi>1 first, but we can consider
dSy, flat directly.

10. Uniform boundedness in Plebanski-Hacyan

We now consider (1.3)) on PH. Boundedness follows very easily in this case.

Proposition 10.1. In PH, we can estimate

/ JT1] - ns, < Epulyl,
pI

where
Epp[y] = / T - ns,
%
and moreover, there exists a uniform constant C' > 0 such that
192,y < C (1ol sy + 191 122y + 119 Wol I sy
+VEpu[y] + EPH[TT/J])-

If n # 0, we can remove the L' and L™ norms of Vg and Ui, on the right-
hand side of the above inequality.

Proof. In PH there exists a uniformly timelike Killing vector field T". Non-
degenerate energy boundedness is implied by energy conservation, see the
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comments in Section Moreover, we can apply the elliptic estimate ([5.2))
with N replaced by T and commute L1, with 7" to arrive at the pointwise
boundedness statement. O

We have now proved Theorem
11. Uniform decay in Plebanski-Hacyan

As in the static region of Nariai, we can show that integrated local energy
decay holds in PH. However, we will not use this to obtain pointwise de-
cay. Instead, we will derive pointwise decay directly by exploiting the boost
isometry in R'! generated by the Killing vector field Y.

11.1. Pointwise decay

To obtain global pointwise decay from global energy decay with respect to
the current J7 in PH, we would need positivity of the energy flux associated
to JT, through the null boundary NZ and N, g . We show below that this flux
vanishes, implying instead the non-decay of the energy flux of J? through
any foliation of spacelike hypersurfaces asymptoting at the null boundaries

N and N3

Proposition 11.1. Let ug < —1 and vo < —1. If p =0, restrict 1 = ;>1.
Then

/ JTW] ' au = 07
Nin{u<uo}

/ T[]0, =0,
NEN{v<wo}
if Epu[] + Epu(0,0] + 3 1<) EpulQ*y] is finite.

Proof. Without loss of generality, we only consider /\/'X. Let D be the space-
time region bounded in the past by X, and in the future by the null hypersur-
faces {u = uo} and the null boundary segment N'f N {u < ug}. In particular,
u < ug everywhere in D.

Define the vector fields V and W in D by

. (%
 Jullog? u]
1

W= log |u|
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We have that

KV[y] = _|u]102gz]u (Wib\Q + ,u21/12) + non-negative terms,
2
KV = Tl Tog? ] IV + p*?) .

Consequently, K" [¢] + KW [y] > 0.
By Stokes’ theorem in D, we then have that

/ JV[¢]-au+JW[¢1-aus/ TV s + TV 6] -y
Nin{u<uo}

Sn{u<uo}

- / KV + KV [y)
D

<[ Bl Vs
En{u<uo}

By the properties of ¥ in Section it follows that v ~ —u on XN
{u < wugp}, so

JV W] -ng 4+ JV[Y] -ng < CIT[)] - nx.
Moreover,

Gaps < S [ V-0,
S2 UV Js2

In the g = 0 case the above estimate follows from the Poincaré inequality
on S2.

The statement of the proposition follows immediately, after commuting
with 0, and €2; and taking the limit v — oo. O

By homogeneity of PH, we can in fact conclude from Proposition [L1.1
that

Consider a lightcone C with the hyperboloidal foliation, see Section|2.5.2
We can apply Stokes” Theorem to the region bounded in the future by H;
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and in the past by H1, in order to obtain the estimate

AS ], < [ T

1

Moreover, in the region |z| < ¢ we can estimate

t

JTW] e, = Ty + =Ty
s s
t T
= 5 [0 + (00)° + Y9 + u*0°] + - (0)(9)

g 1 202
S (T + p2y2).

v

Let I' be a Killing vector field of (M, g). Then we can replace ¢ above by
I"y. Before proving pointwise decay of i, we need to make use of a scaled
Sobolev inequality on the hyperboloid.

Lemma 11.2. Let U(z) :==u (\/ 52 +$2,x>, where U is suitably regular
such that the right-hand side below is well-defined. Then for (t,z) € Hs

(11.1) tlu(t, z)|* < C’/ U(z)?* + (s* + 7%)(0:U)%(%) dz.
R

Proof. We parametrise Hs by the z-coordinate and use that ¢t = v a2 + s2,
with z € R. By the scaled Sobolev inequality in Lemma we have for
B R(CUO) CR

R|U(zo)]* < C

/ U(x + y) dy + RQ/ (0,U)* (w0 +y) dy]| .
ly|<R ly|<R

Now let R = 1./s2 + 22 = Lt(=).
s*+ (y+20)% = 8>+ af + 2yzo + y° > (2R)* — 4RJy| + v* = (2R — |y])*>.
By virtue of |y| < R in Br(z), we therefore obtain
s2+ (y +0)%) > 2R — |y| > R.

With the above inequality, (L1.1)) gives the statement of the lemma directly.
O
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Proposition 11.3. If we restrict tol > 1 in the p = 0 case, we obtain the
following decay of solutions to for all p € R, with suitably regular initial
data,

[l < €770 Y {Epul0*v] + Bpal@tyuyl} .
lk|<1

Proof. We commute (1.3)) with Y = 20, + t0,, which is tangent to Hs, be-
cause on Hg we have the following equality,

-1 2
v 1) = < (5:) +t> (@01)7 = 45 + )0,

When integrating the natural volume form induced on Hs we have to take
into account the factor

S
V detg|7—ls = %
We can now apply Lemmato ¥ and ;1) and integrate over S? to obtain
L1968 202 dye
3
= Z/ ro H(Qi)? + p?y? dus
=175
Lot
<ct 'y / —[(Quh)? + i + (YQup)? + 1 (Y )]
i=1 /M 8
_ t
<crt [ LIV + R+ VYU + (V6P
Hs

<! /H LI mag, + JTIVO] o, )

where we have used Proposition multiple times.

Suppose pu = 0. We apply Proposition [A.4], Proposition and Propo-
sition together with the assumption that 1 is supported on the modes
[ > 1, to obtain for a fixed t and =

3
(11.2) 1112 g2y < CllIEpz(s2y < C DIV T2(s2),

i=1
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where C' depends on ry. Hence, we can estimate in C

V2t x, 0, ¢) <Ct‘12/

k<1 HoxS?

<oty /H AT g+ YRR )
|k|<1 X

{T710%] - mye, + TV ) o, |

Y / {ITI05 ] ns, + TV Q4] - s, }

|k|I<1

where in the second to last step we used Stokes’ Theorem on the region in
M bounded in the future by #; and in the past by .

Now suppose p # 0. Because our estimate now includes a zeroth-order
term, we do not need to restrict to I > 1. We use , together with

3
V202 <rg® Y (i) = ro4Z IV Q)2

17‘7:1

to obtain in C

W2(t,2,0,0) <CT—1Z/ {77108 s, + TV s, )

k<1

where C' now also depends on p. Since the constants in the estimates do not
depend on the choice of C, we can conclude the statement of the proposition.
O

We have now proved Theorem
11.2. Integrated local energy decay

The argument in the previous section is not very robust, as it fundamentally
relies on the presence of a boost vector field Y. We complement the uniform
boundedness result above by an integrated local energy decay statement, in
which Y does not appear. Because of the trapping of null geodesics along
each fixed x hypersurface, we will lose derivatives in the estimate.

We consider a vector field V = f(x)d,. The corresponding spacetime
current KV is given by

KV =L - [0) + (0)? — V0P — 27
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We need to modify the current J"[¢] to control the |¥1|? and u? terms
in the resulting compatible current.
Let

! 1
T W] i= T[] + S00ath — 79%0uf"

Then

f/ af 1 ", 2
59 OapOptp — Zf (4
n

Y 2 ] 9
= f1(00)* = v

KV Y] = v Yty = KV +

With the modified current we lose control over (9y2)%, but we are able to
control (9,v)? and |Y|? if we assume 1) = 1/;, where [ > 1. Indeed, by the
Poincaré inequality,

2
2 7o i 2
Cl 2 = d 2.
s? Vi dps I(l+1) /s2 IVl dpis

Proposition 11.4. There exists a uniform constant C' > 0 such that for
all x € [—xo,x0], and 1 > 1

1
0 +1)

KV ) + KW ] > C/Sz(atwl)Q + (Out)* + IVl + p?e7,

S2
for suitable V- = f(x)0, and W = g(x)0,. Moreover, if i # 0, we can include

[ =0, by removing the |Y|? term in the above estimate. If 1 =0, we can
estimate directly,

KW ol duse = € [ (@i + 0ut)® dpn
s2 s2
for all x € [—xg, zo).

Proof. We restrict to the region {—z¢ < z < ¢}, where zy can be chosen
arbitrarily large, and want to prove integrated decay in {—z¢ < z < z¢}.
Define the function f on [—xg, zg] by

flx)=(x+xzo+ E)log(x +z0+ E) — (z+z0+ E)+ F >0,



988 Dejan Gajic

where F, F' >0 are sufficiently large constant, to ensure f(z)>0 on [—xg, zg].
We obtain,

f'(z) =log(z +xo + E) > 0,
1

1 _
/ (x)_x+:co+E >0,
1
n
S )
) @tao+ B2

We can now estimate for [ > 1

2 1 2 2,12 V,1
[0+ g Pl + it < ¢ [ K

for all z € [—xg, zo].

Now choose g(z) = e(x + x9 + E), for € > 0 a suitably small constant.
Then we also gain control of (9;1;)?, and we absorb the badly signed terms
in KW by KV O

We resort to Stokes’ Theorem to estimate the spacetime integral of KV:!,
using that X = 0, is a Killing vector field.

Proposition 11.5. There exists a a uniform constant C > 0 such that,

) T N T l
/0 </Em{:c|3wo}<] . E*) dr <C ) EpulQ'y)

lf|<1

Proof. By Stokes’ Theorem, we have for [ > 1

/ KV[y) = / TV s — / TV s
{lz|<zo} o n{]z|<zo} X, {|z|<zo0}

0
+ / JV] - —
{z=zo}n{0<7<7} vl Oz
0
— JVA ] - =—.
/{x:azo}ﬂ{0<‘r<‘r} [ ] Ox

It easily follows from the Poincaré inequality on the sphere that

[TV ) - s | < CIT [ - mx,
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in {—zo < <o} for [ > 1. The above estimate holds for [ > 0 if u # 0.
We can also estimate

[TV ] s, | < CT ] - ns,

Moreover,

0
JVl
/S T

dpise < / {‘; [(29)* + (09)* = [V = u*0]
T=To §2

o - ff”\WF}( _ duse

4l(l + 1)

= {g (1 1f;> 0 + (0007

where in the second inequality we have used Young’s inequality with € on
¥0,19. We need to take € > 0 suitably small. Similarly,

- [
g/s{ L= L) @ - Loy

dps:

T=—2XTp

i r(% " 1 (2) L 2
Tyt agsn? Taus 2 Vol™ ¢ dpse
0 0
< — oz C— 2.
o ¢ SzJ W}] ox T=—xo d'uS

Since X = % is Killing, we have that K*[¢] =0. We can therefore
apply Stokes’ Theorem in the regions {|z| > x¢} to estimate the energy flux
through {z = +2¢} of the JX current .
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+ / JX .0,
{z==%z0 0<7<T}
S/ JX_nZT1+/ JX@U
En{|z|>w0} {v=r+4z0, —zo<u<T—120}

+ / JX .0,
{u=14z0, —0<V<T—20 }

We have that

/ JX .8,
{v="+z0, —zo<UuLT—20}

{—(M)2 + % (Il + p?w?)}

JT-augC/JT.nE
»

/{v:Terg, —zo<u<T—x0}

<

/{v=7'+1"07 —zo<ulT—20}

and similarly

/ JX ’ 811 < / JT : 81,
{u=14z0, —o<V<T—20} {u=1420, —T0<V<T—20}

§C/JT-nE.
)

We conclude that

i/ JVo, < C/ JE) - nx.
{x==%x,0<7<7} by

By a similar argument we obtain the above estimate with J" replacing J"*!.
Consequently, we obtain an integrated local energy decay statement for
Y =y, with I > 1.

- T ‘n T T -n
(11.3) /0 (/E e AT zf>d <Cui+1) /E TR - s,

where C' > 0 is independent of [. If [ = 0, we can drop the [({ + 1) factor.
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We can use (11.3)) and (6.1]) to obtain
(11.4) / (/ JTY] n2> dr<C > / JTQF Y] ns.
Ty So0{|z|<zo} b))

k<1

We have now proved Theorem
12. Non-decay for p =0

We can now easily show that ¢/ does not decay in time in the case p = 0.
Consider first the region R of Nariai in double-null coordinates. By (3.2)) we
have for all (u,v) € R,

u

o, v) = do(uss, (v), v) + / Do i, v, () di.

us, (v)

For generic initial data ¥, ¥’, the above expression converges to a constant
Y on ¥, as 7 — 0o. Theorem immediately follows.

In PH, we treat the two null boundaries separately. On the null boundary
N ; we can write

Wo(00,v) = o(us(v), v) + / " Outo(@, v (@) da.

us (v)

We can derive an expression analogous to (3.2]), reversing the roles of v and
v, to obtain on the null boundary NX

o0

Yo (u, 00) = Yo(u, vs(u)) + / Optbo(ug(v), v) dv.

vs(u)

In both cases, the expressions do not vanish for generic initial data. Theo-
rem [£.10 now follows.

Appendix A. Sobolev estimates
Lemma A.1. Letu € H*(R"). Then for s €N, s > §

[ul| L @y < Cllull s @ny,

where C' depends only on n and s.
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Lemma A.2. Letu € H*(B), where B = I1 x I x I3 C R3, I; intervals in
R. Then

|ullr=(B) < Cllullg2(B);

where C' depends only on B.

Proof. We want to construct 4 € H2(R?), such that u(z) = u(x) for x € B
and u(z) =0 for z ¢ U, where U C R? is an open containing B. Consider
the bump function n: R — R:

n(x) = Ae 12 for|z| <1,
n(z) =0 for |z| > 1,

where A is a constant such that [, 7(x) dz = 1. For each € > 0 we can define
ne(z) := e ™n(e 'x). Then [p. ne(x)de =1 and spt(ne) C [—€, €. One can
show that 7. € C*°(R) for all € > 0. Consider the step functions x; : R — R,
x(x;) :=1if z; € I; and x = 0 if x; ¢ I;. x; are locally integrable functions,
but are not smooth. However, the mollifications x§ := 1. * x; are smooth
and satisfy

forx € [ai, b@]

Xi(z) =1
0 forz ¢ [a; — €,b; + €],

Xi ()

where I; = [ai, bi], a;,b; € RU {—OO, OO}

Extend u continuously to R3, such that |u(z)| < supyep [u(y)|- Now de-
fine u € H*(R3) by u(z) := u(x)v(z), where v(x) := x§(21)x5(z2) x5 (z3). let
B:= [a1 — €,b1 + €] X [ag — €,b2 + €] X [az — €,b3 + €]. We have that u(z) =
u(z) for x € B and @(z) = 0 for = ¢ B. Furthermore, |a(z)| < supyep [u(y)|-

By Lemma it follows that

lull7 () = N1l 7w oy < Klll32 2oy,

with K > 0 a constant independent of u. We have that
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3 3
1@l 772 sy = Nl F25) + /B\B l(uv)2 + Y (Oi(w)* + Y (@'(%(uv))Q] dx

i=1 ij=1
ol By )+ /
B\B

w

3
+ Z (v0;05u + 20;v0;u + (Biajv)u)2] dx
by
< 1l Bpagsy + C(6)

< CHUHHQ(B)a

el

where we used that v and its derivatives only depend on €, and C’(e) —0
as € — 0. We can therefore choose C(e) > 0 sufficiently small, such that
HuHH2 B\B) < HUH%P(B)' Consequently,
|ul|7 oy < KC|lul|}2(p).
O

Corollary A.3. Letu € H*(Bg(xo)), wheres > 5 and Br(zo) = {y € R" :
ly — x0| < R}. Then

S
ll Lo (Br(woy < C Y R¥ 210"l | 12800
k=0

where C' depends only on Bi(xo).

Proof. By using a suitable cut-off function analogous to the function v in
Lemma we infer from Lemma that

||u||L°°(Bl(aco)) < CZ HakuHLz(Bl(mo))’
k=0

for u € H*(B1(x0)). Define @ by u(xo + y) := u(zo + Ry), then

/ (@) (20 + y) dy = B / (%) (w0 + Ry) dy
ly—zo|<1

ly—z0|<1

= R%_”/I | (0"u)? (o + 2) dz,
z—xo|<R
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where z = Ry. Hence, u € H*(B(x9)) if and only if « € H*(Bgr(xo)). To-
gether with ||ul|r (B, (o)) = [I%]|2 (B, (20))» this proves the corollary. O

Proposition A.4. Let u € H*(I x S?), where I C R. Then there exists a
C > 0 independent of u, such that

ul| < (rxs2) < Cllul|g2(rxs2)-

Proof. The chart (0, ¢) covers the entire sphere, without a meridian con-
necting the poles. The metric components of v are bounded from below and
away from zero, if we restrict 6 € [, m — n] for n > 0 small. If we can bound
the integral over the region S = {n < 6 < 7 —n} independently of u, then
we can redefine (6, ¢) — (0, @), so as to cover the remaining region S?\ S
by n < < 7 —n and use the same bound as before. We find that

2T pm—n o °
2
Wil = [ [ (2 19l + @® + 9P
1J0 n
+|VOpul? + (agu)2) sin 0 dodedz,
where

\Wu|2 = gg‘ZBVAuVBu = (Dpu)? + sin 2 9(8¢u)2,
72 = 9P gSPV AV cuV gV pu
= g2 gL (040cu — T 00pu) (0p0pu — T popu)
= (93u)? + 2sin "1 0 (pdyu + cot 0Dyu)
+sin™26 (Qiu + sin 6 cos 089U)2 ,
where we used that the only non-zero components of the Christoffel sym-

bols on S? are ng) = —cotf and F2)¢ = —sinfcosf. We can use Cauchy’s
inequality with € to absorb the mixed terms in the squares into the remaining

terms in |Vul|? + \W2u]2 and estimate,
CllullFra(reszy = ulltz(rxs)-
We conclude that
2 1012 100112 2
llZ (rxs2) < Cllullzzrxo2mx 0.7 < Cllullzrz(rxs) < Cllullze(1xs2)-

where we applied Corollary in the first inequality. O
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Appendix B. Estimates on S?

Proposition B.1 (Poincaré inequality on S?). Let ¢ € H'(S?), such
that ;=0 forl > L, L > 1. Then

Proof. We can perform the following integration by parts

/SQWOWQ /W&/} /Z Z Z U1+ D) g g Y Y

LU=0m=—Im'==1l'

>LIL+1) [ |[¥)°
S2 O

Proposition B.2. Let ;, i =1,2,3 be the elements of the Lie algebra
generating to SO(3) isometries on R3. Then

(i) Vo2 = 33 ()2,
(i) Y22 < 7 100,

where r2 = |z|2, z; standard coordinates on R3.

Proof. Assuming for convenience of notation Einstein summation, we can
write ; = Qf%

k
Qj = €ijry,
which implies that
kOl 2
Qi = €k€imiTiTm = (0jmOkt — 0j10km ) TjTm = 170k — LX)

Now we can conclude that

3

2 o
> (Q)? = | VY = (z- Vi)? =17 (rvw - (x-w) ) =Yyl

i=1 |z|
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which proves (i). Using that ; are Killing vector fields and the expressions
above, we can obtain the inequality

N 3 3
PV < Lo, dyf? = Z |d(La, )|

il
—ZW (Qap)|? = r~2 Z 2.0,
i,j=1

which proves (ii). O
Appendix C. The Einstein equations in spherical symmetry
We introduce 7', defined as

1 N
R, — §Rg/“, =811y — Agu =: 2T},

Assume the splitting of the metric

9 = gap(@)dada® +1*(2) g, , o (y)dydy®,

where {z%}, a = 0, 1 are coordinates on the quotient manifold @ = M/SO(3)
and, {yA}, A = 2,3 are coordinates on the orbits, which are 2-spheres
equipped with the standard metric Jeo- Relevant quantities which get af-
fected by this splitting are the Christoffel symbols

1
Fﬁp = 59“0 (goy,p + Yop,v — gup,a)-
The quantities I'j, and Fé(] are equal to the two-dimensional Christoffel
symbols of the respectively Q and a sphere of radius r(z), x € M. There
are also mixed terms

(C.1) Ije =0,

(C.2) I'be = —T@ngSQBcgab
(C.3) Iy =0,

(C.4) ra. = T_lacréé.

The Riemann tensor can be expressed in terms of the Christoffel symbols

R:,,, = 9,0t — 9,T% + 7 T —T7 W

Vo~ Tp vp-TO"
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We can obtain the Ricci tensor by contraction: R,, = R, vuo- It’s convenient
to split

Rab = Rab + R:lba

where Ry, contains only Christoffel symbols with lower case indices and R,
constitutes the remaining terms. The symmetries of the Riemann tensor
imply that in two dimensions there is only one independent component, so
we can write

(05) Rabcd = K(gabgcd - gabgcd)v

where K is the Gaussian curvature of (Q, g).

Contraction of implies that R,, = Kgq. Similarly, we can split
Rap = I ap T Rf4 p» Where we used that the Gaussian curvature on S? is
1 and the Christoffel symbols are invariant under a rescaling of the metric
by a constant factor. We can therefore write

(C.6) Rap = 8T, — 9yT%, + T4, —T7 T,
= Rap — 0Ty + T4 T — Tiplh,
= Kgap — Vb(2r*18ar) — 2r 29,10

=Kgu — QT_IVaVbr,

where in the second equality we used the expressions (C.1)—(C.4)). Similarly,

(C.7) Raa = 0, — QaTV, + T, T%, —T7, 1%,
=T TG0 —ThT5a
=0.

Finally,

(C8) Rap =g, + 0al%ip + Tapliy + Thplic — TG es — Thelds

= o 45 (1 = VO (rdar)).

The form of the Ricci tensor carries over to the energy-momentum tensor
via Finstein’s equation. We can write

- 1 1
(Cg) Tuy = 5 (RMV - 2Rgul/> .



998 Dejan Gajic

By inserting the expressions ((C.6)—(C.8) into (C.9)), we obtain

(C.10) Ty =0,

(C.11) Tup = % <1 — Ve ro,r) — ;R) yap =: 2 (2)S(x)yaB-
Now we can rewrite Einstein’s equations in the following form
(C.12) Kgay — 2r 'V oVyr = Rap = 2(Tyy — %gab(trf +25))
(C.13) (1= V*(roar))dg. . = Rap = —rztrTgSZAB.

Taking the trace of (C.12)) and inserting (C.13|) gives

C.14 K= 1 1— 9% ,r) +trT — 28.
2

T

Using (C.14]), we can rearrange (C.13):

1
(C.15) VoVpr = 5

r

(1 - acrac'r)gab - T(Tab — Gabtr T)

Equations and are therefore equivalent to Einstein’s equations
in the case of spherical symmetry.

A crucial result of spherical symmetry is that Q is a two dimensional
manifold. This implies that ingoing and outgoing null lines span the tangent
space. Hence, we can write

g = —0%(u,v)dudv.
This allows us to get simple expressions for the Christoffel symbols.
Ly =Ty = Ly = Ty = 0,
Iy, = Q720,(Q°%),
Ty, = 0720,(0%).

In null coordinates (u,v) we can write the equation for the Gaussian curva-
ture as

—%KQZ = Ryp = —0,TY%, = =0, (27%0,9%),

where the bar indicates that were working with the induced metric g4 on
Q. We can rewrite the above expression to obtain:

K =20720,(Q720,9%) = 20720,0, log 2,
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Hence, ((C.14) can be rewritten to obtain
0?2 02 . 5
(C.16) Du0y log Q2 = 272(1 = 0"r0ar) + o tr T = 028.

The Einstein-Maxwell stress-energy tensor in null coordinates is given by

292

- s ©
Y udv + 87r7'2g52’

where e is the total charge (which is topological, because there is no source
term in the Maxwell equations). Consequently,

N e A e2 A
T=|-—+—-|0 i R
[2r4+ 2} dudv + [21"4 2}7" Jeo

Now we see that

PO e? A e? A e?

Consequently, equation ((C.16)) becomes

N | =

2 02 e2
(017) O0uOy log 0% = 772 WOy + ﬁ — 17192.

We can also rewrite (C.15)) in null coordinates. We have that
VuVyr = 0,0,r,

0 == VUVUT == 6uaur - Fguaur7
0=V,Vyr = 0,0,7 — 'y, 0y

Consequently,
Q20,0,r — (220,920, = 0,

and similarly for derivatives with respect to v. The above expression gives
us Raychaudhuri’s equations:

(C.18) 2u(Q720,1) =0,
(C.19) 0y(Q720,r) = 0.
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Furthermore,
1 rQ? [ e? A rQ? [e?
8uav7“ = 5(1 — 867’807“)9% — T (27’4 + 2) + 7 (7’4 + A)
02 1 20?2 A 9
= —E — ;&ﬂ‘avr + F + ZTQ .

Rewriting the above expression, we arrive at the final equation

2

1 2 2 4 Q
(CQO) 8U8’Ur = _;8'“7"8@7" + (e —r° 4+ Ar ) 47743

The equations (C.17), (C.18)), (C.19) and are Einstein’s equations
in null coordinates for the spherically symmetric Einstein-Maxwell system
with positive cosmological constant.

A useful quantity to consider is the Hawking mass, defined by

m(r):=r <; + 292(9”7"&,7“) .

By filling in the equations ((C.18)), (C.19)) and (C.20)) it follows that

Oym = %(62 + Ar?),

Dym = ‘;Z (€2 4+ Ard).
Consequently, the renormalised mass w :=m + % — %r:" satisfies
(C.21) Oy = Oyw = 0.

We can therefore take @ = M, where M € R is constant.
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