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Vortices and Vermas

MATHEW BULLIMORE, TUDOR DIMOFTE, DAVIDE GAIOTTO,
JUSTIN HILBURN, AND HEE-CHEOL KiM

In three-dimensional gauge theories, monopole operators create
and destroy vortices. We explore this idea in the context of 3d
N = 4 gauge theories in the presence of an 2-background. In this
case, monopole operators generate a non-commutative algebra that
quantizes the Coulomb-branch chiral ring. The monopole opera-
tors act naturally on a Hilbert space, which is realized concretely
as the equivariant cohomology of a moduli space of vortices. The
action furnishes the space with the structure of a Verma mod-
ule for the Coulomb-branch algebra. This leads to a new math-
ematical definition of the Coulomb-branch algebra itself, related
to that of Braverman-Finkelberg-Nakajima. By introducing addi-
tional boundary conditions, we find a construction of vortex par-
tition functions of 2d N = (2,2) theories as overlaps of coherent
states (Whittaker vectors) for Coulomb-branch algebras, general-
izing work of Braverman-Feigin-Finkelberg-Rybnikov on a finite
version of the AGT correspondence. In the case of 3d linear quiver
gauge theories, we use brane constructions to exhibit vortex moduli
spaces as handsaw quiver varieties, and realize monopole operators
as interfaces between handsaw-quiver quantum mechanics, gener-
alizing work of Nakajima.
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1. Introduction
1.1. Summary

In this paper, we study various setups involving a three-dimensional gauge
theory 7 with A/ = 4 supersymmetry placed in an Q-background R? x R
(Figure . Such a theory is labelled by a compact gauge group G and a
quaternionic representation R describing the hypermultiplet content. We
will require that the theory has only isolated massive vacua when generic
mass and FI parameters are turned on, and place the system in such a
vacuum v at infinity in the plane of the Q2-background.

R 4

R? De

Figure 1: A 3d N =4 theory in the Q-background, with a fixed vacuum v
at spatial infinity.

The vacuum and §2-background effectively compactify this system to
one-dimensional N/ = 4 supersymmetric quantum mechanics at the origin of
R2, with a Hilbert space #,, of supersymmetric ground states. By analyzing
solutions of the BPS equations that are independent of the coordinate along
R, we find the following description of the Hilbert space:

e The half-BPS particles of the three-dimensional gauge theory that pre-
serve the same supersymmetry as the Q2-background are vortices local-
ized at the origin of R2. They are characterized by a vortex number n:
the flux of the abelian part of the gauge field through R2. The Hilbert
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space
(1) H, = P HE, (M),

is the direct sum of the equivariant cohomology of vortex moduli spaces
M}, with respect to the symmetries GG, preserved by the vacuum v.

We also provide a mathematical description of the vortex moduli space
M?® as the moduli space of based holomorphic maps from CP* into the Higgs
branch My of the theory 7 where the vortex number n corresponds to the
degree of the map. More precisely, it is the moduli space of such maps into
a Higgs-branch “stack”. We expect that this description is more general and
holds even when the theory 7 does not have vortex solutions in the standard
sense, for example when 7T is a pure gauge theory.

The theory 7 has monopole operators labelled by cocharacters A of
the gauge group G, which create or destroy vortices. Together with vector-
multiplet scalar fields, the monopole operators generate a Coulomb-branch
chiral ring, which is the coordinate ring C[M ] of the Coulomb branch in
a given complex structure. The Coulomb-branch chiral ring is quantized to
a noncommutative algebra C.Mc¢] in the presence of the © background.
A systematic construction of this ring and its quantization was the topic
of [15, [16l 59]. One motivation for the present paper is to provide a new
construction of C.[Mg¢] from its action on vortices.

We will compute the action of monopole operators on H, by analyzing
solutions of three-dimensional BPS equations in R? x R. Schematically, a
monopole operator labelled by a cocharacter A takes a vortex with charge n
to one with charge n + A. The following statement is one of the main results
of this paper:

The action of monopole operators on H,, endows it with the structure
of a Verma module for the quantized Coulomb branch algebra C.[M¢].

Intuitively, this corresponds to the statement that the entire Hilbert space
is generated from the vacuum state by acting with monopole operators of
positive charge. We will demonstrate it explicitly for various theories with
unitary gauge groups, and prove it given some assumptions on the structure
of the Coulomb branch.

We can now enrich the setup of Figure [I| by adding a boundary condi-
tion B at some point in the R direction and filling R?, as in Figure [2 We

€
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e

Figure 2: A 3d N = 4 theory in the Q-background, with a boundary condi-
tion.

will consider boundary conditions that preserve 2d NV = (2,2) supersymme-
try on the boundary and are therefore compatible with the Q background.
Such a boundary condition defines a state in the supersymmetric quantum
mechanics:

(2) Boundary Condition B —  State |B) € H,.

The state is characterized by the additional relations obeyed by operators
in C.[M¢] when acting on it. In physical terms, the state is characterized
by the behavior of monopole operators brought to the boundary.

We will also consider the setup shown in Figure [3] with boundary con-
ditions B and B’ at either end of an interval R x Z. At low energies, this
system has an effective description as a 2d N = (2,2) theory 7gp in the
Q-background. The partition function of this system admits two equivalent
descriptions: directly as the partition function of the two-dimensional theory,
or as an inner product

(3) Zpp = (B|B')

in the Hilbert space H, of the three-dimensional theory T .

B/

e B
Figure 3: A 3d N =4 theory in the Q-background, sandwiched between

half-BPS boundary conditions.

It is particularly interesting to consider boundary conditions B and B’
that preserve the gauge symmetry G. Such ‘Neumann’ boundary conditions
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were studied extensively in [I7]. They depend on a choice of G-invariant
Lagrangian splitting R = L @ L* of the hypermultiplet representation, and
on complex boundary FI parameters £ = e’2?. The states N7, ¢) € H, created
by these boundary conditions have an explicit description as an equivariant
cohomology class in the vortex moduli space, or rather a sum of classes for all
vortex numbers. They turn out to be coherent states in the supersymmetric
quantum mechanics, satisfying an equation of the form

(4) Va|Npg) ~ €A}NL,5>-

Mathematically, these conditions identify ’N L7§> as a generalized “Whittaker
vector” for the Coulomb-branch algebra C.[M¢].

If we now consider an interval with Neumann boundary conditions N7, ¢
and N7, ¢ at either end, we will find at low energies a 2d N = (2,2) gauge
theory 77,1, with gauge group G, chiral matter content transforming in the
representation L N (L')*, and FI parameter ¢ = £/¢’. Tts partition function
Zp, 1, acquires two equivalent descriptions:

e The partition function is a standard vortex partition function [27, [66]
of the two-dimensional theory 77, r.. This is an equivariant integral

(5) Z=Ya [ 1

n
L,L';v

of a fundamental class over the moduli space of n vortices in the two-
dimensional gauge theory 77, 1.

e The partition function is an inner product

(6) Zrp = {Npge

NLe)

of states defined by the boundary conditions N, ¢, N7 ¢ in the Hilbert
space H,, of the three-dimensional theory 7 on R? x R.

The equivalence of these two descriptions means that

The vortex partition function of a 2d N = (2, 2) theory 7, 1 arising
from a 3d AN =4 theory T on an interval with Neumann boundary
conditions N7, and N7, is equal to an overlap of generalized Whittaker
vectors for the quantized Coulomb branch algebra C[M¢] in H,.
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As we explain in Section below, this can be seen as a “finite” ver-
sion of the AGT correspondence. Indeed, in very particular examples the
Coulomb-branch algebra C.[M(] is known to be a finite W-algebra, moti-
vating the name. One consequence of writing the partition function Zr, 1,
as an inner product of vectors that satisfy the Whittaker-like condition
is that the vortex partition function itself must satisfy differential equations
in the parameters ¢ that quantize the twisted chiral ring of 77, 1.

Throughout the paper, we find it useful to describe the physics of half-
BPS vortex particles via an N’ = 4 supersymmetric quantum mechanics on
their worldlines. For each vacuum v and vortex number n, there is an N =
4 supersymmetric quantum mechanics Q(v,n) whose Higgs branch is the
moduli space of vortices MY°®*, Tts space of supersymmetric ground states
coincides with subspace of the 3d Hilbert space of vortex number n,

(7) Hom = Hg, (M)).

Both the complex mass parameters of 7 and the 2-background deformation
parameter € are twisted masses in the supersymmetric quantum mechanics;
they are the equivariant parameters for the symmetry G, preserved by the
vacuum v.

The quantum mechanics Q(v, n) can be given a simple description as a 1d
gauge theory (with finite-dimensional gauge group) when 7 itself is a type-A
quiver gauge theory. Then T can be engineered on a system of intersecting
D3 and NS5 branes [44] and a vortex of charge n corresponds to adding |n|
finite-length D1 branes to this geometry in appropriate positions [42], [43].
From the brane construction one reads off Q(v,n) as a quiver quantum
mechanics whose moduli space is precisely M.

The monopole operators of 7 change vortex number and so should cor-
respond to interfaces between different supersymmetric quantum mechanics.
Very schematically, a monopole operator V4 is represented as an interface
between the quantum mechanics Q(v,n) and Q(v,n 4+ A). It defines a corre-
spondence between the moduli spaces; roughly speaking, this is a map

(8) L4 — MDx MPFTA

from a monopole moduli space £4 to the product of vortex moduli spaces.
Upon taking cohomology, this induces a map of Hilbert spaces @ We will
construct such correspondences for general theories 7, and explain how they
reproduce the Coulomb-branch algebra.

When T is an A-type quiver gauge theory, we find an explicit descrip-
tion of these interfaces by coupling the supersymmetric quantum mechanics
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(as a 1d gauge theory) to matrix-model degrees of freedom at the inter-
face. This provides a physical setup for a construction of Nakajima [58] (see
Section below) and extends it to more general A-type quivers.

1.2. Relation to other work

There are numerous connections between this paper and previous work and
ideas. We briefly mention a few prominent ones.

1.2.1. Vortices, J-functions, and differential equations. BPS vor-
tices have a very long history in both mathematics and physics. They were
initially discovered in abelian Higgs models, i.e. U(1) gauge theories with
scalar matter [II, [63]. Vortex moduli spaces were later studied by math-
ematicians, e.g. [46l 69], who established an equivalence between vortices
and holomorphic maps. See [71] for a review with further references.

Vortices in 2d N = (2,2) theories played a central role in early work
on mirror symmetry [38, [45] 57, [72]. In mathematics, vortex partition func-
tions such as (and its K-theory lift) arose in Gromov-Witten theory,
and are sometimes known as equivariant J-functions, cf. [23, 37, B89, 40] and
references therein.

From these early works it became clear that vortex partition functions
should be solutions to certain differential equations — interpreted either as
Picard-Fuchs equations or more intrinsically as “quantizations” of twisted-
chiral rings of 2d N = (2,2) theories (in the spirit of [18]). Such differential
equations have shown up over and over again in various guises, from (e.g.)
topological string theory [2] to the AGT correspondence with surface opera-
tors [3] and the 3d-3d correspondence [25]. We re-derive them here using the
construction of vortex partition functions as overlaps of Whittaker vectors.

1.2.2. Q-background. The Q-background was originally introduced for
four-dimensional gauge theories with N' = 2 supersymmetry in [60], building
on the previous work [50, [55], 56]. The idea that an Q-background is related to
quantization of moduli spaces goes back to the work of Nekrasov-Shatashvili
[61] and related works such as [3] 26, 28, [34].

As explained in [16, 17], a 3d N =4 gauge theory admits two dis-
tinct families of ()-backgrounds that provide a quantization of either the
Higgs branch and Coulomb branch in a given complex structure. These €2-
backgrounds may be viewed as deformations of the two distinct families of
Rozansky-Witten twists introduced in [8, [64]. The former class was studied
recently in [75] in the context of a sigma model onto the Higgs branch. In this
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paper, we study the latter: the Q-background that quantizes the Coulomb
branch. This is a dimensional reduction of the usual four-dimensional -
background in the Nekrasov-Shatashvili limit where the deformation is con-
fined to a single plane [61].

In Section 3| we demonstrate that the Hilbert space H, is given by the
equivariant cohomology of a moduli spaces of vortices. This observation is
not unexpected: a 2d theory with at least A/ = (2,2) supersymmetry lo-
calizes to BPS vortex configurations in the presence of an 2-background
[66]. It is therefore natural to find a Hilbert space populated by BPS vortex
particles in three dimensions.

1.2.3. Finite AGT correspondence. One of our main results is that the
Hilbert space H, of a 3d theory in the Q2-background is a Verma module for
the quantized Coulomb branch algebra, and that 2d vortex partition func-
tions arise as overlaps of Whittaker-like vectors in H,,. Special cases of these
statements were discovered in mathematics by Braverman and Braverman-
Feigin-Finkelberg-Rybnikov [IT], 12]. Much earlier, Kostant [49] introduced
overlaps of Whittaker vectors to construct eigenfunctions of the Toda inte-
grable system, which happen to be examples of 2d vortex partition functions.
The physical setup for these references is the 3d N = 4 theory T[G] and
its generalization T,[G], introduced by Gaiotto and Witten as an S-duality
interface in 4d gauge theory [36]. The Higgs branch of T),[G] is the cotangent
bundle of a partial flag variety 7*(Gc/P,) for G, and its quantized Coulomb-
branch algebra is a finite W-algebra W,[g"] for the Langlands dual algebraﬂ
Notice that holomorphic maps to T*(G¢/P,) are all supported on the base
Gc/P,. By studying the Hilbert space of T,[G] in an {2-background, one
therefore expects to find (roughly) that the equivariant cohomology

9) H*(based maps CP' — G¢/P,)

is a Verma module for W,[g"]. Moreover, one expects that the vortex par-
tition function for a 2d sigma-model with target Gc/P, is an overlap of
Whittaker vectors for W,[g¥]. These are precisely the claims made by [11}, [12]
(after modifying @ by partially compactifying the space of based maps and
passing to intersection cohomology to to account for the fact that this com-
pactification is not necessarily smooth).

When G = U(n) is of type A, the theory T,[U(n)] is a linear-quiver gauge
theory. Moreover, in the presence of generic mass and FI deformations, it

'Finite W-algebras originated in [24] [70] and thereafter explored extensively in
mathematics, as summarized in the review [5I].
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has isolated massive vacua. It is thus amenable to the gauge-theory methods
of the current paper, and we will discuss it in many examples. We also
generalize to theories T} ' [U(n)] whose Higgs branches are intersections of
nilpotent orbits and Slodowy slices in sl,,C.

One of the main goals of [I1], [12] was to develop and prove a ‘finite’
analogue of the AGT conjecture. To relate to AGT, recall that the AGT
conjecture [4] states that instanton partition functions of 4d A/ = 2 theories
of class S are conformal blocks for a W-algebra. In mathematics (see for in-
stance [13, 54} [65]), this conjecture has been viewed as a consequence of two
more fundamental statements: 1) that a W-algebra acts on the equivariant
cohomology of instanton moduli spaces; and 2) that the instanton parti-
tion function is an inner product of Whittaker vectors for the W-algebra.
Together, (1) and (2) imply that the instanton partition function satisfies
conformal Ward identities that ensure it is W-algebra conformal block. By
analogy, the statement that 2d vortex partition functions arise as inner prod-
ucts of Whittaker vectors for finite W-algebras can be viewed as a finite
version AGT.

We expect it should be possible to understand the full AGT conjecture
using a higher-dimensional analogue of the setup in this paper, as outlined
in [67] (¢f. [32, B3, 68]. Specifically, one would like to consider a 5d N =2
theory in an Q background R? _ x R, with instanton operators generating a

€1,€
W-algebra or generalization tilei"eof. Compatifying on an interval Rﬁhﬁz x I
with half-BPS Neumann boundary conditions would lead to a 4d N =2
theory, whose instanton partition function naturally becomes interpreted as
an overlap of Whittaker vectors. This geometry could be further enriched
with codimension-two defects along Rfl x R or Rzz x R, leading to similar
statements about ‘ramified’ instanton partition functions and affine Lie al-

gebras [5, [47]. This would be very interesting to explore.

1.2.4. Handsaw quivers and interfaces. In Section [0, we employ a
description of BPS vortex-particles using N' = 4 supersymmetric quantum
mechanics. For type-A quiver gauge theories 7 whose Higgs branches are
cotangent bundles of partial flag varieties, the supersymmetric quantum
mechanics describing vortex particles are precisely the “handsaw” quivers
that appeared in work of Nakajima [58]. The infrared images of the inter-
faces that represent the action of monopole operators were defined in [58]
as correspondences between pairs of vortex moduli spaces, as in . Here
we develop gauge-theory definitions of these interfaces and extend the dis-
cussion to more general type-A quiver gauge theories 7. The interfaces are
closely analogous to those found in [33] for five-dimensional gauge theories.
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1.2.5. Symplectic duality. There are many relations known between
geometric structures assigned to Higgs and Coulomb branches of 3d N =
4 gauge theories, often referred to collectively as “symplectic duality” [9)
10]. This includes an equivalence of categories of modules associated to the
Higgs and Coulomb branches, whose physical origin was studied in [I7]. The
relation proposed in this paper might also be included in the symplectic
duality canon. It is somewhat different in character from the equivalence of
categories discussed in [I7], most notably in its asymmetric treatment of the
Higgs and Coulomb branches. The (2-background that quantizes the Higgs
branch (related to the one studied here by mirror symmetry) should lead to
a relation between quasi-maps to the Coulomb branch and Verma modules
for Higgs-branch algebras.

1.3. Outline of the paper

We begin in Section [2| by reviewing the basic structure of 3d N/ = 4 theories,
their BPS operators and excitations, and the 2-background. In Section
we describe the Hilbert space H,, and give it a mathematical definition
in terms of holomorphic maps to a Higgs-branch stack. In Section {| we
then derive the action of monopole operators (more generally, the Coulomb-
branch algebra) on H,. We construct this action mathematically in terms
of correspondences, leading to a new “definition” of the Coulomb-branch
algebra complementary to that of Braverman-Finkelberg-Nakajima. In Sec-
tion [5| we introduce half-BPS boundary conditions and 2d vortex partition
functions as overlaps of Whittaker vectors. Finally, in Section [6] we use D-
branes to derive quiver-quantum-mechanics descriptions of the 1d theories
on the worldlines of vortices, and describe the matrix-model interfaces cor-
responding to monopole operators. In Section [7] we demonstrate our various
constructions in the case of a simple 3d abelian quiver gauge theory, whose
Higgs branch is a resolved C2/Zy singularity and whose Coulomb-branch
algebra is a central quotient of sly.

2. Basic setup

We begin with a review of 3d N = 4 theories, their symmetries, and their
moduli spaces, setting up some basic notation. We then describe various
half-BPS excitations and operators in 3d A =4 theories. Notably, half-
BPS monopoles, vortices, and boundary conditions can be aligned so as
to preserve two common supercharges. The BPS equations for this pair of
supercharges will feature throughout the paper. In Section we rewrite
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the 3d theory on C x R as a 1d N = 4 quantum mechanics along R (with
infinite-dimensional gauge group and target space). In terms of the quantum
mechanics, vortices are simply identified as supersymmetric ground states,
and monopoles as half-BPS operators or interfaces. The quantum-mechanics
perspective also gives us an easy way to describe the 2-background, as an
ordinary twisted-mass deformation.

2.1. 3d N = 4 theories

We consider a 3d N' = 4 supersymmetric gauge theory with compact gauge
group G and hypermultiplets transforming in the representation R @& R where
R is a unitary representation of G.

Recall that this theory has an R-symmetry SU(2)¢c x SU(2) g, where the
two factors rotate vectormultiplet and hypermultiplet scalars, respectively.
(Alternatively, these are metric isometries that rotate the CP'’s of complex
structures on the Coulomb and Higgs branches.) The theory also has flavor
symmetry G¢o x Gy, acting via tri-Hamiltonian isometries of the Coulomb
and Higgs branches. Explicitly, G¢ is the Pontryagin dual

(10) Ge = Hom(m (G),U(1)) = U(1)* U(1) factors in G

In the infrared, G¢ may be enhanced to a nonabelian group. This Higgs-
branch symmetry Gy is the group of unitary symmetries of R acting inde-
pendently of G; it fits into the exact sequence

(11) G—-UR)— Gy — 1

Momentarily, we will fix a choice of complex structures on the Coulomb
and Higgs branches, left invariant by a U(1)c x U(1)g subgroup of the
R-symmetry. All choices are equivalent. In the fixed complex structures,
we denote the holomorphic hypermultiplet scalars as (X,Y) € R® R, with
U(1) g charges (—i—%, —1—%); the vectormultiplet scalars split into a holomorphic
field ¢ € gc of U(1)¢ charge +1, and areal o € g that enters the construction
of holomorphic monopole operators.

The Higgs branch can be described either as a hyperkahler quotient or
an algebraic symplectic quotient

(12) Mgy =(R&R)/J/C = {uz = pc = 0}/G = {uc = 0}/G,
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where ug, ¢ are the real and complex moment maps for the action of G on
the representation R & R. The moment maps are given by

(13) pr = XTX —YTY  puc=YTX

where T are the generators of G. The Coulomb branch was constructed in
full generality in [15, 16, [59]. It takes the form of a holomorphic Lagrangian
fibration

where the base is parameterized by G-invariant polynomials in ¢, and generic
fibers are ‘dual complex tori’ Ty ~ (C*)rank G The fibers are parameterized
by expectation values of monopole operators, which we will return to later.

The theory admits canonical mass and FI deformations that preserve 3d
N = 4 supersymmetry. Masses are constant, background expectation values
of vectormultiplet scalars associated to the Gy flavor symmetry, and thus
take values in the Cartan subalgebra of G,

(15) mp € ), mc € t((CH).

By combining the masses with the dynamical vectormultiplet scalars, we can
lift them to elements in the Cartan of the full U(R) symmetry of the hyper-
multiplets, schematically denoted o + mgr and ¢ + m¢. One can think of m¢
as generating an infinitesimal complexified u(1),, action on the Higgs branch,
and ¢ + mc as generating a corresponding u(1) 4, action on the hypermul-
tiplets. We shall mostly be interested in complex masses, which deform the
ring of holomorphic functions on the Coulomb branch (the Coulomb-branch
chiral ring).

Similarly, FI parameters are constant, background values of twisted vec-
tormultiplet scalars associated to the Go Coulomb-branch symmetry,

(16) ta et e et

These transform as a triplet of SU(2)y rather than the usual SU(2)c. We

shall mostly be interested in real FI parameters tg, which resolve the Higgs
branch,

(17) MHZ{MR—FtR:O:,U,C}/G.
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Algebraically, we also have
(18) M = {uc = 017" /G,

where the stable locus is a certain open subset of {uc = 0} determined by
the choice of tg.

We make a major simplifying assumption: that for generic m¢ and tg
the theory is fully massive, with a finite set {v} of isolated massive vacua.
Geometrically, this means that the Higgs branch is fully resolved and the
u(1),, action on the Higgs branch has isolated fixed points; or equivalently
that the Coulomb branch is fully deformed to a smooth space on which the
u(1); action has isolated fixed points. In either description, the fixed points
correspond to the massive vacua {v}.

2.2. The half-BPS zoo

We are interested in the interactions of half-BPS monopole operators, vor-
tices, and boundary conditions in a 3d N' = 4 theory. Each of these objects
preserves a different half-dimensional subalgebra of the 3d N = 4 algebra,
which we summarize in Table [Il

Here and throughout the paper the Euclidean spacetime coordinates are

denoted z!, 22, 23, or

(19) z =zl 4 ia?, zZ=x —iz”, t=uz°.

The 3d supercharges are denoted Q%¢, where o is an SU(2)g Lorentz in-
dex, and a,a are SU(2)g, SU(2)¢c R-symmetry indices. There is a dis-
tinguished U(1)g C SU(2)g that preserves the complex z-plane in space-
time, rotating z with charge one. Similarly, there are distinguished U (1) g X
U(l)e € SU((2)g x SU(2)¢ subgroups of the R-symmetry that preserve a
fixed choice of complex structures on the Higgs and Coulomb branches. We
index the supercharges so that they transform with definite charge under
Ul)g xU(1)g x U(1)c, namely

U2 Q? Q2| Q| oY | et | 2

U(1) - -+ ]+ 1+ 1]+
(20) U(1)§ e e e R e e
Ul)e | + | = | + | = |+ | -] + | -
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where +, — denote charges +%, —%. The superalgebra then takes the form
(21) {ngz’ Q%b} _ _QEQbGaEO—SBPH + 26a5(6abzab + eai)Zab)’

where 0% are the standard Pauli matrices, and the central charges act as
infinitesimal gauge or flavor transformations with parameters

711 _ (Z22)T ~te, 22 ity

- 2= (2 ~prme, 28~ i + ).

We can partially align the half-BPS subalgebras preserved by various
objects by requiring that the subalgebras all have a common U(1)g x U(1)¢
R-symmetry. This fixes the algebras to the form in Table [} Although we
are mainly interested in Coulomb-branch chiral ring operators, vortices, and
N = (2,2) boundary conditions, it is instructive to include a few other half-
BPS objects as well.

Qlj ng QQ} QZ} Erl £r2 2+1 %FZ
3d N =4 SUSY vacua . o o . . o . .
2d N = (2,2) b.c. filling z-plane | e . . °
particles & Wilson lines along ¢ ° °
vortices & vortex lines along ¢ ° °
My chiral ring operators . °
M chiral ring operators . . . °

Table 1: Supercharges preserved by various half-BPS boundary conditions,
line operators, and local operators in 3d A/ = 4 theory.

Some brief comments are in order:

e There exist half-BPS boundary conditions preserving any 2d N =
(p, q) subalgebra with p+ ¢ =4. The 2d N = (2,2) b.c. shown here
are rather special in that this subalgebra is preserved under 3d mirror
symmetry, which swaps dotted and undotted R-symmetry indices on
the @’s. Such b.c. were studied in [17].

e The half-BPS particles come in two varieties, related by mirror sym-
metry. In a gauge theory they can be identified as ordinary “electric”
particles and vortices. Each preserve a particular 1d N' = 4 subalgebra.
Similarly, a 3d A/ = 4 theory has two types of half-BPS line operators
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(Wilson lines and vortex lines), discussed in [6], which preserve the
same 1d A = 4 subalgebras as the BPS particles.

e There are two half-BPS chiral rings. They only contain bosonic oper-
ators, whose expectation values are holomorphic functions on either
the Higgs or Coulomb branches. Two supercharges (Q!! and Q1) are
preserved by both types of operators; these are the supercharges that
would define the chiral ring of a 3d N' = 2 theory, which has no dis-
tinction between Higgs and Coulomb branches.

Most importantly for us, there is a pair of supercharges Ql_i and Qii
preserved by all three of the objects we want to study: boundary conditions,
vortices, and Coulomb-branch chiral ring operators. We will denote these as

(23) Q:=q%, @ =%

in the remainder of the paper. Their sum is the twisted Rozansky-Witten
supercharge Qrw = Q + Q’. They do not quite commute with each other,
but rather have

(24) (Qrw)* =2{Q,Q'} = 42" ~ o + mc-

In other words, their commutator in a gauge theory is a combined gauge and
flavor rotation, with parameters ¢, mc. This is good enough for many pur-
poses. In particular, if we consider a path integral with operator insertions
and boundary conditions all of which preserve Q and @’ (and thus are in-
variant under ¢ + mc), the path integral will localize to field configurations
that are invariant under both @ and Q'

2.3. The quarter-BPS equations

The field configurations in a 3d N = 4 gauge theory preserved by both @
and @’ from satisfy an interesting set of equations. They can easily be
derived by considering the action of Q and @’ on the various fields of the 3d
theory; however, a more conceptual derivation follows from the quantum-
mechanics perspective of Section

2The localization can be understood as a two-step procedure. First, one localizes
with respect to the twisted RW supercharge Q zw . Its fixed locus is invariant under
@ + mg, and thus has an action of ). Then one can localize with respect to Q.
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To describe the equations, we introduce the complexified covariant
derivatived|

9D, = Dy — iDs,
(25) 9D; = Dy + iDs,
D; = Dy — (0 +mpg).

The equations state that the chiral scalars in a hypermultiplet are holomor-
phic in the z-plane and constant in “time” with respect to the modified Dy
derivative

(26) D:X =D:Y =0, DX =Dy =0.

In addition, the D; derivative is constant in time, and real and complex
moment-map constraints are imposed as

[Dt;Di] — 07
(27) A[D,, D5] + [Dy, D}] = g + tg,
pe +tc =0.

Finally, the vectormultiplet scalars obey

(28)  [Dedl = Dol = [Digl =0, [o.0] =0,  [p,¢l] =0,
and

(29) (p+me) - X =0, (p+me) Y =0

As usual, we write (¢ + mc) - @ or (¢ + mp) - ® to mean the action of a com-
bined gauge and flavor transformation on @ in the appropriate representa-
tion — say R for ® = X or R for ® = Y. Most of the equations in f
can be understood as requiring that the anticommutator {Q, Q'} ~ ¢ + m¢
vanish when acting on any field. The final equation in requires that the
complex scalar ¢ lie in a Cartan subalgebra t C g.

These equations have several specializations, corresponding to the fact
that Q and Q' are simultaneously preserved by 3d SUSY vacua, vortices,
and Coulomb-branch operators (Table .

3Throughout the paper we will assume the gauge field A, (and the scalar o) to
be Hermitian, so D = d —iA and F = i[D, D].
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2.3.1. Supersymmetric vacua. The classical supersymmetric vacua of
the 3d N = 4 gauge theory correspond to solutions of the BPS equations
that are independent of ¢ and z, Z, and have vanishing gauge field:

pe +ic =0 pr +tr =0

(30) [o, '] =0 [p,0] =0
(p+mc)- X =0 (c+mgr)-X=0

(p+me) Y =0 (c+mg)-Y =0

We are interested in situations where mg and t¢ vanish, but m¢ and tg
are generic. We require that for generic m¢ and tr these equations have a
finite number of isolated solutions {v}, i.e. that the theory is fully massive.
As mentioned at the end of Section these solutions can be identified
as fixed points on the Higgs branch of a complexified C* flavor symmetry
generated by mc.

2.3.2. Vortices. Next, let us consider time-independent solutions of the
BPS equations. In temporal gauge A; = 0, equations and imply
that

D.X = D.Y =0,
(31) he +te =0,
4[D,, Dz] = pr + tr.

These are generalized vortex equations, which describe half-BPS vortex ex-
citations of the 3d N = 4 gauge theory. They generally only have solutions
when t¢ = 0. Quantizing the moduli space of solutions to these equations is
the main goal of Section

The generalized vortex equations should be supplemented by the addi-
tional constraints Dsp = D, = Dso = D,0 = 0 and

(32) (p+me)- X =0 (c+mgr)-X=0
(p+mc)- Y =0 (c+mpr)-Y =0

from and . When mr = m¢ = 0, we can simply set ¢ =0 =0 to
satisfy these constraints. In this case, the time-independent BPS equations
are fully equivalent to . As mg is turned on, the additional constraints
have the effect of restricting the moduli space of solutions of to
fixed points of a combined gauge and flavor rotation. This will lead to the
use of equivariant cohomology when quantizing the moduli space of vortices.
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2.3.3. Monopoles. Finally, if we turn off the FI parameters tg = t¢c =0
and set the hypermultiplets to zero, X =Y = 0, equations become the
monopole equations

(33) F =xDo.

Together with Dy = [0, ¢] = [, ] = 0 from (28], these describe half-BPS
monopole solutions of the 3d N' = 4 gauge theory.
We recall that near the center of a monopole the field o has a profile

A

4 ==
(34 o=

where r is Euclidean distance from the center and
A € Acochar = Hom(U(1),G) C g

is an element of the cocharacter lattice of G that specifies the magnetic
charge. (Charges A, A’ related by an element of the Weyl group are equiva-
lent.) In the quantum theory, one defines a corresponding monopole operator
V4 by requiring that fields have a singularity of the form near a given
point. The Coulomb-branch chiral ring C[M¢] is then generated by such
monopole operator and by guage-invariant polynomials in (.

Altogether, the full set of BPS equations can be understood intuitively
as describing vortices in the z-plane that propagate in time ¢, and that
can be created or destroyed at the location of monopole operators. Of the
four supercharges preserved by BPS vortices, only two are preserved by
monopoles.

2.4. 3d N =4 as 1d N = 4 quantum mechanics

When describing the interactions of vortices, monopoles, and boundary con-
ditions, an extremely useful perspective is to view the 3d N = 4 theory as a
one-dimensional N' = 4 quantum mechanics, whose supersymmetry algebra
involves the same four supercharges preserved by vortices in Table Then
vortices can be understood as supersymmetric ground states in the quantum
mechanics. Similarly, boundary conditions that fill the z-plane become half-
BPS b.c. in the quantum mechanics (preserving @ and @'); and monopoles
become half-BPS operators (also preserving @ and Q’).

4This sort of gauged N’ = 4 quantum mechanics played a prominent role in [74].
Many of the basic results there are directly applicable here.
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We can give a rather explicit description of the N' = 4 quantum mechan-
ics — though the details will not be relevant for most of this paper. We use
the language of 2d N = (2,2) superfields and superspace, reduced to one
dimension. The quantum mechanics is a gauge theory, whose gauge group

(35) G = Hom(C., G)

is the group of gauge transformations in the z-plane. Its fields are valued in
functions (or sections of various bundles) on the z-plane.

The fields X,Y in a 3d hypermultiplet become chiral fields in the quan-
tum mechanics, as does the zZ-component of the gauge connection Az. A
more gauge-covariant way of saying that is that the covariant derivative Dx
should be treated as a chiral field. There is a natural superpotential

(36) W—/\dz]QYDZX

that contains the z,z kinetic terms for X and Y. The 1d vectormultiplet
contains all the 3d scalars ¢, o as well as the gauge field Ay; they fit in the
the vector superfield

(37) V ~0 0 p+0 0 o +010T (A 4 i0)+07 0 (A; —io) +--- + 6*D.

The field ¢ is a twisted chiral, the leading component of the twisted-chiral
superfield

38) R=D,D_V ~o+0A +0 A+_ 4670 (D +i[Dy,D]]) +--- .

The natural Kahler potential then takes the form
(39) K= / |dz|? (Tr »yf 4 ‘e%X‘Q + ‘e*%Yf + Tr |€%D567%‘2).

where €3 X schematically denotes the exponentiated action of V € g on X,
and similarly for Y.

To include masses mg, mc, we may introduce a background vectormulti-
plet for the Higgs-branch flavor symmetry. The complex masses m¢ become
background values of twisted-chiral fields. Similarly, a real FI parameter tg
enters in a standard twisted superpotential W = [ |dz|?(tg, X).

The vortex equations of Section [2.3.2] are easily derived as equations for
supersymmetric vacua in this N’ = 4 quantum mechanics. Namely, D:X =
D:Y = uc = 0 arise as F-term equations for the superpotential , the real
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equation [D,, Dz| = ur + tg is the D-term, and the supplemental constraints
Dz:p=(p+meg) - X =(p+meg) Y =0 (etc.) arise as twisted-mass terms
from the Kahler potential.

The quarter-BPS equations for @Q and @’ in Section can be derived
from the N/ = 4 quantum mechanics in a similar way. In particular, equations
f are a combination of F-terms and Morse flow

0 3

(40) AW =0,  D=g"" 5

with respect to a Morse function
(@) h= [ 1o (D X)) = [ 1dsP (o, pa(X.Y) = 4D, D)

Here pgr(Dz, X,Y) denotes the moment map for gauge group (35) of the
quantum mechanics, which contains a contribution from the chiral field Dz
and its conjugate.

Such Morse flows may be more familiar in A/ = 2 quantum mechanics,
where instantons that preserve a single supercharge appear as Morse flow
for a single real function h [73]. In the present case, our N'=4 quantum
mechanics has many V' = 2 subalgebras embedded inside. Each subalgebra
is labelled by a phase ¢, and contains the two supercharges R¢ = ¢ _%Ql_l +
QA =(3Q+¢3Q and R = (72 Q2 — (3Q%, which obey {R¢, R¢} =
—21Dy for any (. The instantons that preserve R take the form of Morse
flow with respect to

(42) he = h+ Re(W/()

The instantons that preserve both @ and @’ individually must be Morse
flows for for all ¢, and therefore obey .

2.5. Q-background
We would also like introduce an {2-deformation associated to the vector field
(43) V =2'0y — 2701 = §(20; — 20.)
that rotates the z-plane, with a complex parameter €. There are many equiv-

alent ways to understand this deformation. A standard approach (analogous
to the Q-background in 4d N = 2 theory [60], see Section [1.2.2) is to work
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in the twisted-Rozansky-Witten topological twist, and to deform the super-
charge and the Lagrangian in such a way that (Qgw)? ~ ¢ +mc — ieLy.
Alternatively, one may view the 2-background as a twisted-mass deforma-
tion of the 1d N' = 4 quantum mechanics of Section[2.4] This latter approach,
which we describe here, makes several important properties manifest.

The four supercharges of the quantum mechanics (the “vortex” row of
Table|l)) are all left invariant by a simultaneous U(1) g rotation in the z-plane
and a U(1)y R-symmetry rotation. Let us call this diagonal subgroup

It is an ordinary flavor symmetry of the 1d quantum mechanics, and thus we
can introduce a background vectormultiplet for it, with a nonzero complex-
scalar field e (analogous to ¢ in ) Thus € becomes a twisted-mass de-
formation in the quantum mechanics.

Formulated this way, it is clear that the {2-background preserves all four
supercharges of the quantum mechanicsﬁ Moreover, it is easy to see how
it will deform the quarter-BPS equations of Section [2.3} any appearance of
@ + mc should be replaced by

(45) po+me = @+me—iely +erg,

representing a simultaneous G X Gy x U(1), transformation with parame-
ters (¢, mc,€). (Here ‘rg’ is the generator of U(1)g.)

Notably, this means that the nondynamical constraints in the
quarter-BPS equations, or in the vortex equations, are deformed to

(46) (p+mc+e(zD:+35)) X =0, (p+mec+e(zD:+3)) Y =0.

We have used here the fact that D;X = D;Y = 0 to replace Ly with zD,.
Since X and Y transform in conjugate representations of G and Gp, the
parameters ¢ and mc (viewed as actual complex numbers) will typically
appear with opposite signs in these two equations. On the other hand, X
and Y both have R-charge +1 under U(1)y, leading to the extra +§ term
in each equation.

This conclusion was also reached from a different viewpoint in [21], Sec. 5], which
constructed the -background by coupling to supergravity.
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3. Hilbert space

In this section, we analyze in some detail the Hilbert space H, of a 4d
N = 4 theory in the Q-background, with a fixed massive vacuum v at spatial
infinity.

From the perspective of N' = 4 supersymmetric quantum mechanics (Sec-
tion , H, is a space of supersymmetric ground states. By standard ar-
guments [73], we expect that H, should be realized as the cohomology

(47) H, = H"(M,,C)

of a classical moduli space M,,. The moduli space M, is the space of time-
independent solutions to the BPS equations of Section As discussed
there, it is a particular generalization of a vortex moduli space. We will
describe some general features of M, in Section [3.1] and related it to a
space of holomorphic maps to the Higgs-branch stack in Section |3.2

In the presence of complex masses and the Q-background, H*(M,)
should be replaced by an equivariant cohomology group

(48) Hl/ - HEV(MV7(C)7

where GG, is an appropriate group of symmetries acting on M,,. We will only
consider theories where the action of (¢, has isolated fixed points. Then, by
virtue of the localization theorem in equivariant cohomology [7], H, acquires
a distinguished basis labelled by the fixed points. We will describe this ab-
stractly in Section [3.3] Then, in Sections [3.4H3.5] we will analyze M, and
‘H, very explicitly for families of abelian and non-abelian theories, including
SQED, SQCD, and triangular-quiver gauge theories.

Here and throughout the rest of the paper we set tc = 0, to allow non-
trivial vortex configurations. We leave tg generic, so that the Higgs branch
is fully resolved. We also usually set mgr = 0 for simplicity, as this parameter
does not affect the BPS sector that we are considering.

3.1. General structure

We begin by studying time-independent solutions to the BPS equations in
the absence of 2-background (e = 0) and with mass parameters set to zero
(m¢ = 0). We can then set ¢ = o = 0, and reduce the BPS equations to the
generalized vortex equations given in .

Suppose v is a vacuum that survives mass deformations, and becomes
fully massive in the presence of generic mc. This can be thought of as a point
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on the resolved Higgs branch where the gauge symmetry is fully broken, but
a maximal torus Ty C Gy of the flavor symmetry and the R-symmetry
U(1)g are preserved. Let G - v denote the G-orbit of v in the space R ® R
of hypermultiplet scalars.

We are interested in the moduli space of solutions to the time-
independent BPS equations that tend to the vacuum v at spatial infinity,

DgX — DgY — 0 -
49) M, ={ pc=0 with X, v 2 a.vY /g,
[D.,Dz| = pr + tr

where G is the infinite-dimensional group of gauge transformations on R?
that are constant at infinity. The last condition ensures that gauge transfor-
mations preserve the orbit G - v at infinity. We call this the moduli space of
‘generalized vortices’.

If we compactify the z-plane to CP!, a point in this moduli space may
be equivalently described by the following data:

1) A G-bundle on CP!, trivialized near oc.

2) Holomorphic sections (X,Y) of an associated bundle in the repre-
sentation R @ R tending to v at infinity and satisfying uc =0 and
[D:,D:] = pr + tr.

The moduli space will split into components labelled by a ‘vortex num-
ber’ n € m1(G). This labels topological type of the G-bundle on CP!,

1

(50) n= % opt

Tr (F)

This number can also be defined as the winding number of a gauge trans-
formation g : S' — G on the equator of CP' that relates trivializations of
the bundle on the northern and southern hemispheres. This makes it clear
that n € 71 (G). We will mainly be interested in cases where 7m1(G) is a free
abelian group, namely, G = U(N) with 7 (G) ~ Z and products thereof. It
is only in such cases that solutions of are ‘vortices’ in the traditional
sense. Nevertheless, we expect our construction to valid more generally and
continue to use the term ‘vortex number’ for n € w1 (G).
The moduli space of solutions splits into disconnected components

(51) M, = Jme,
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where labelled by the vortex number n. In Section we will see that not
all vortex numbers are realized: whether or not the component M? is empty
depends on the precise choice of vacuum v.

The components M), of the moduli space are Kahler manifolds with
rather large abelian symmetry groups

(52) G, =Ty x U(1)..

Here Ty is the maximal torus of the Higgs-branch flavor symmetry preserved
by the vacuum v; and U(1), is the combination of Higgs-branch R-
symmetry and rotation in the z-plane that acts as a flavor symmetry of
N = 4 quantum-mechanics. We will work equivariantly with respect to Ty
and U(1). when turning on mc and e, respectively.

The assumption that v is an isolated fixed point of Ty on a smooth
Higgs branch ensures that M, has isolated fixed points under the combined
symmetry Ty x U(1).. We will describe them in Section Similarly, the
fact that G symmetry is fully broken at the vacuum v ensures that G is fully
broken in a neighborhood of each fixed point on M, and therefore that a
neighborhood of each fixed point is smooth. More generally, we expect that
the G action in is free and that the whole space M,, is smooth, but we
will not prove this here.

3.2. Algebraic description

We expect the moduli space of generalized vortices to have a complex-
algebraic description as well. This is obtained by dropping the real moment-
map equation and dividing by complex gauge transformations,

DgX == DgY == 0, |z\—>oo

(53) MZ,E{ e =0 with X, Y — Gc-l/}/g(c.

Usually, a stability condition must be imposed in the algebraic quotient.
However, any solution that tends to a massive vacuum at infinity is auto-
matically stable, so no further conditions are necessary in . This con-
struction makes manifest that the moduli space M,, is Kéhler. The equiv-
alence of descriptions and is a version of the Hitchin-Kobayashi
correspondence for the generalized vortex equations, which we will not at-
tempt to prove here. (Algebraically, could be taken as a definition of
M,.)

From the algebraic point of view, a point in M,, is specified by
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1) A choice of Ge-bundle E on CP?, trivialized near oo.

2) Holomorphic sections X,Y of an associated bundle in the represen-
tation R @ R, satisfying puc = 0 and sitting inside the orbit G¢ - v at
infinity.

Once we allow for complex gauge transformations, we may pass to a
‘holomorphic frame’ where Ds = 205. The holomorphic sections can then be
described concretely as polynomial matrices X (z), Y (z) in the affine coordi-
nate z. We must still quotient by holomorphic gauge transformations that
preserve the choice of gauge. These are polynomial valued group elements
g(z). The resulting description of the moduli space is familiar in the physics
literature, for example in the work of Morrison and Plesser [57] and in the
‘moduli matrix’ construction of [29, [30].

Mathematically, we have described what are based maps from CP! into
the stack [My] := [uc'(0)/Gc]. Recall from that that the actual Higgs
branch My = (uz"(0))*2P /G involves a stability condition that depends
on the real FI parameter ¢tg. The stability condition prevents certain combi-
nations of the hypermultiplet fields from vanishing. Provided R is a faithful
representation of G, maps from CP! into the stack [My] only differ from
ordinary holomorphic maps into the Higgs branch in that they may violate
the stability condition at various points z € CP!. Since co € CP! must map
to the vacuum v € My, which is a point on the actual Higgs branch, holo-
morphicity ensures that the points z € CP! where stability is violated are
isolated and finite.

Thus we can simply say that

(54) M, >~ {f:CP* - [Mpy] suchthat f(oo)=r.}

In this picture the decomposition [3.1] comes from looking at the fibers of the
map

(55) M, — Bung, (CP') — mo(Bung,. (CP')) = w1 (Ge)

and the vortex number is often called the degree because it constrains the
degrees of the polynomial matrices X (z), Y (z).

3.3. Fixed points and the Hilbert space

As discussed around , the perspective of supersymmetric quantum me-
chanics suggests that the Hilbert space H, should be identified with the de
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Rham cohomology of the classical moduli space M,, of generalized vortices.
Care must be taken to properly interpret this cohomology, because M, is
noncompactﬁ Such subtleties disappear, however, once complex masses mg¢
and the -deformation parameter € are turned on. Physically, their effect is
to make the quantum mechanics fully massive. Both m¢ and € play the role
of twisted masses (scalar fields in background vectormultiplets) associated
to the symmetries of the space M,. Namely, m¢ € t((CH) generates an
infinitesimal T rotation and e € C generates a U(1), rotation. The result-
ing massive vacua of the supersymmetric quantum mechanics are identified
as the fixed points of these symmetries on M,,.

Mathematically, in the presence of twisted masses m¢ and € the Hilbert
space is identified as the equivariant cohomology of the moduli space of
generalized vortices,

(56) My = Hr, v ). (Mo).
The equivariant cohomology has a distinguished basis, whose elements |p)
correspond to cohomology classes supported on each fixed point p of T x

U(1)]] Thus

(57) ", = € Clp).

fixed p

There is a slight ambiguity in the normalization of fixed-point states.
One natural option is to take |p) to denote the Poincaré dual of the funda-
mental class of the fixed point p € M, i.e. an equivariant delta-function 4,
supported at p. In terms of the inclusion map i : {p} — M, one would say
that |p) is the push-forward of the fundamental class of the point,

(58a) p) = dp = ix(1Lp).

6Supersymmetric quantum mechanics suggests that the Hilbert space actually
consists of L2 harmonic forms on M,,.

"Ordinarily in mathematics (cf. [7]) the equivariant cohomology of a point H¢:(p)
is an infinite-dimensional space, generated by invariant polynomials in the Lie al-
gebra gc. In our case, this would mean polynomials in m¢ and €. However, because
mgc and € are fixed parameters rather than dynamical fields, such polynomials are
just complex numbers and do not correspond to new states. For example, mc|p) is
just a rescaling of the state |p). In contrast, had we gauged the Ty symmetry (say),
mgc would be promoted to a dynamical field and we would have found the usual
infinity of states.
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Alternatively, we could normalize |p) by the Euler class of the normal bundle
to p in M,

1 1

(58Db) p) = e(Np)ép - wp(me, €)

Op,

where w,(mc, €) denotes the equivariant weight of the normal bundle. This
normalization is dual to (58n), in the sense that the pull-back i*(|p)) = 1,
is the fundamental class of the point. Notice that the combined operation
i*i, 1, = e(N,)1l, is multiplication by the Euler class.

From a physical perspective, neither normalization is especially pre-
ferred, but a choice must be made. Almost exclusively throughout this paper
we will use (58b).

The Hilbert space has a natural inner product coming from the
supersymmetric quantum mechanics: the overlap of states (p/|p) is given by
computing the path integral of the supersymmetric quantum mechanics with
a state |p) at t — —oo and a state (p| at t — oco. In terms of equivariant
cohomology, (p'|p) is given by the equivariant integral [ o, of the product
of classes representing (p'| and |p). If we use the convention (58p) for both
(p'| and |p), then the inner product is

5 ’
59 Plp) = —F—,
(59) W) = s
where as before w, = e(NN,,) is the equivariant weight of the normal bundle
to p under the combined Ty x U(1), action. ﬁ
In the remainder of this section, we give some explicit descriptions of
M, and its fixed points for abelian and some basic nonabelian theories.

3.4. Example: SQED

Let us consider G = U(1) with N > 1 hypermultiplets (X;,Y;) of charges
(+1,—1) and introduce a negative real FI parameter tg < 0. The Higgs
branch is a hyper-Kéahler quotient given by imposing the moment map con-
straints

©) e V0 YN e
i i

8Notice that by describing the space of ground states as the cohomology of a
supercharge, we lost track of unitary. Thus our H is not a Hilbert space in the
formal sense, but we will continue using this terminology.
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and dividing by the U(1) gauge symmetry. This gives a description of the
Higgs branch as the cotangent bundle My = T*CPV~! with the compact
base parameterized by the coordinates X; at Y; = 0. Algebraically, we can
impose the complex moment map constraint uc = 0 together with the sta-
bility condition X # 0, and divide by G¢ = GL(1,C) = C*.

The Higgs-branch flavor symmetry is PSU(N), and we choose a maxi-
mal torus Ty = [[],U(1);]/U(1) such that (X;,Y;) have charges (+1,—1)
under the U(1);, and zero under all other U(1);. Correspondingly, we intro-
duce complex masses (mi,...,my) € t((CH). The vacuum equations require
the hypermultiplets to be invariant under a simultaneous gauge and flavor

transformation,

(61) (p+mi)X; =0 —(p+mi)Y; = 0.

When tg < 0 and the masses are generic, there are N massive vacua
(62) vj X; = /—trdij Yi=0  »=-my

which are the isolated fixed points of T. In the algebraic description of the
Higgs branch, they correspond to the coordinate hyperplanes in the base.

Let us consider vortices that tend to a vacuum, say vy, at spatial infinity.
Following the algebraic description of Section we first choose a GL(1,C)
bundle on CP!, which is classified by a vortex number n € 7 (U (1)) ~ Z. The
fields X;,Y; become sections of an associated bundle in the representation
R @ R, namely O(n)" @ O(—n)", and therefore X;(z) and Y;(z) are poly-
nomials of degrees at most n and —n, respectively. The moduli space M},
is the space of such polynomials satisfying the complex moment map con-
straint ), X;Y; = 0 and hitting the vacuum v as z — oco. There are several
options:

e If n > 0 then only the X;(z) can be nonzero. Hitting the vacuum 1,
requires the leading coefficients of X;(z) with ¢ # 1 to vanish while the
leading coefficient of X (z) is nonvanishing. A constant complex gauge
transformation sets

n—1 n—1
(63) Xi(z) =2"+ Y zud,  Xi(z) =) myd (i #1).
=0 =0

The coefficients x;; are unconstrained and parameterize M}, ~ CN»,

e Ifn = 0, both X; and Y; are sections of O(0), and hence may be nonzero
constants. However, the requirement that they hit the vacuum v; at
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infinity sets them equal to their vacuum values X; ~ d;1, ¥; = 0. Thus
MY is a point.

e If n < 0 then only the Y;(z) can be nonzero. This is incompatible with
the vacuum vy, so M7 is empty.

If instead tg > 0, the vacuum v; would have Y; ~ §;; and X; = 0, and the
component M7 would be empty for positive n. In general,

(64) My, nonempty < tg-n<0.

In order to determine the Hilbert space H in the presence of complex
masses and the (2-background, we must find the fixed points of the T x
U(1)c action on M;, . We analyze this action by considering combined G x
Ty x U(1), transformations of the fields X;(z), and compensating for Ty X
U(1), rotations with gauge transformations. An infinitesimal transformation
with parameters ¢, m, e (respectively) sends

(65) Xi(2) = (o +m; + § +€20.) Xi(2).

For n > 0, there is a unique fixed point X;(z) = 2" and X;(z) =0 for ¢ #
1, with compensating gauge transformation ¢ = —m; — (n 4 %)6 The fixed
point is therefore just the origin of the space M} = CN®. Denoting the
corresponding state in the quantum mechanics as |n), we therefore find that

(66) H=ECh).

n>0

The tangent space to the origin in M is parameterized by the remain-
ing coefficients x;; in , which transform as

(67) zip = (p+mi+ (1+ %)G)xi,z
= (mz — ma + (l — 11)6).%'1‘,[

under an infinitesimal Ty x U(1)e rotation. Therefore, the inner product on
the Hilbert space is given by

N n—1

(68) (W) =6 [TT] ey — 1+ (I —n)e

i=1 =0
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It is convenient to introduce a characteristic polynomial for the flavor sym-
metry, P(z) = [~ (x 4+ m;), and write this as

(69) (n'|n) = 0w n

with ¢ = —m; — (n + %)e given by its value at the fixed point.
3.5. Nonabelian theories

The analysis of non-abelian gauge theories is more intricate as there is a rich
space of polynomial gauge transformations preserving holomorphic gauge.

A straightforward approach is to simply fix this additional freedom com-
pletely, as in the ‘moduli matrix’ approach of [29, 30]. Here, the idea is to
work on the complex plane C rather than CP', so that the Gc-bundle can
be fully trivialized. The polynomial matrices X (z), Y (z) are parameterized
in such a way that no residual gauge symmetries remain; and as z — oo
these matrices are required to approach a fixed, chosen lift of the vacuum
v. In the case of G = U(K), this leads to a cell decomposition of the vortex
moduli space

(70) My = JMp*,
k

where each cell MJ* is labelled by a cocharacter k = (k1,...,ky) € ZX such
that n = Zfil ki;. We call k the abelianized vortex number. Each cell has a
unique fixed point of the Ty x U(1), symmetry. We consider U(K) with N
hypermultiplets in more detail below. This approach can also be extended
to quiver gauge theories with unitary gauge groups.

An alternative approach proceeds by decomposing M, as a union of
fibers of the map

(71) U : M, — Bung,(CP')

from (55). As we will see the points of Bung,.(CP') and hence the fibers of
U are not necessarily closed so we will get a stratification of M,,.

To be more explicit, we first need to understand a few basic facts about
Ge-bundles on CP!. Let T¢ be a maximal torus of Gg¢, let Acochar be the
lattice of cocharacters of Tt, and let W be the Weyl group of G¢. A result of
Grothendieck [41] states that any Ge-bundle E on CP! admits a reduction
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of structure group to Tt and hence the set of isomorphism classes of G-
bundles on CP! is in bijection with Acochar/W. More concretely, a reduction
of E to Tt consists of trivializations of £/ on the two hemispheres such that
the gauge transformation relating them is valued in 7t and hence defines an
abelianized vortex number k € Acochar- By composing k with the embedding
Tc C Ge one can compute the topological vortex number n(k) € 7r1(G)E|
For example, if G = U(K), the abelianized vortex number takes values k =
(k1,..., ki) € ZX and n(k) = XN | k.
Thus we have a decomposition

(72) M = U M

[k] € Acochar/W such that n(k) =n

where M3 .= U~([k]). As mentioned earlier a point [k] € Bung,(CP')
and hence the fiber M, M s only locally closed in general. In particular,
each Weyl orbit has a unique dominant representative and a Gc-bundle
with abelianized vortex number [k] can deform to a bundle with abelianized
vortex number [k'] if and only if k" is greater than k in the standard order
on dominant cocharacters.

To understand the fibers M}’ , notice that once we reduce the structure
group of a G¢ bundle F to T, the associated bundle in the representation
R @ R splits as a direct sum of line bundles,

(73) B ok, X)) & O(={k, \i)),

Ai

[¥]

where {)\;} are the weights of R with respect to T¢, and (k, \;) € Z is the
natural pairing between k € Hom(C*,T¢) and \; € Hom(7¢, C*). Similar to
the abelian case, we now consider the space of polynomials X;(z), Y;(z) of
degrees < (k, A\;) and < —(k, \;), respectively, such that

a) the complex moment map vanishes, uc =0

b) at z = oo, the sections X;(z), Y;(z) lie in the orbit G¢ - v of a vacuum
v.

Quite unlike the abelian case, there typically remains a large group of
unbroken gauge transformations that must still be accounted for. These

9 Alternatively, one may recall that m;(G) is isomorphic to a quotient of the
cocharacter and coroot lattices of G, m1(G) =~ Acochar/Acoroot- The quotient induces
the map k — n(k).
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come from automorphisms of E. If zF € T¢[z,271] is the Te-valued gauge
transformation on the equator of CP! coming from the reduction of structure
the gauge transformations are elements of

(74) P, = Gelz] N 2*Gelz 7127,

where Gc[z] denotes group elements with polynomial entries. These trans-
formations preserve the degrees of the X;,Y; polynomials. The fiber MB’W
is precisely the space of polynomials satisfying the conditions above, mod-
ulo Pj. Each fiber contains a number of fixed points for the Ty x U(1),
symmetry, which we will describe more explicitly in examples below.
Either the cell decomposition or the decomposition into strata
can be used to analyze fixed points and to construct the Hilbert space .
However, we warn readers that the two are not globally compatible — the

cells of usually cut across multiple strata of .

3.5.1. SQCD via moduli matrix. As an example, we consider G =
U(K) with N > K fundamental hypermultiplets (X%;,Y",), where 1 <3 <
N, 1 < a < K. Introducing a negative FI parameter tg < 0, the Higgs branch
is a hyper-Kéhler quotient describing the cotangent bundle T*Gr(K, N).
The real moment-map constraint requires X to have maximal rank; this
provides the stability condition in the algebraic description of the Higgs
branch, and we have

(75) My ~{YX =0, rank(X) = K}/GL(K, C).

The flavor symmetry is Gg = PSU(N) and we may introduce complex
masses (my,...,my) valued in a Cartan subalgebra. The classical vacuum
equations require that ¢ = diag(ep1, ..., ¢x) is diagonal and that the hyper-
multiplets are invariant under a combined gauge and flavor transformation:

(76> (Spa + mi)Xai =0 (‘Pa + mi)Yia =0.

In order to satisfy both the stability condition and equation in the
presence of generic mass parameters, exactly K entries of the matrix X in
distinct rows and columns must be nonzero. The possible choices of nonva-
nishing entries are labelled by subsets I = {i1,...,ix} C {1,..., N} of size
K. Therefore, there are (g) distinct massive vacua, of the form

(77) VIt Qo= —my, X% = 0i4,, Y, =0.
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These vacua are the fixed points of a maximal torus Ty = U(1)"V/U(1) of
the flavor symmetry acting on the Higgs branch.

The connected components M}, of the vortex moduli space associated
to vacuum vy are labelled by an integer n € m(U(K)) = Z. When tg < 0,
the only nonempty moduli spaces are M}, for n > 0. In each component, the
vortices are parameterized by the polynomial-valued matrix X (z), with Y'(z)
set to zero, modulo gauge transformations. Let us denote the K x K minor
formed from the columns J = {ji,...,ji} by X;(2) = det”X“j”?Sl"“’K}.
Then we have the vacuum condition

n if J=1

(78) deg<xj<z>>={<n_1 721

Due to Pliicker identities, it is only necessary to impose the second condition
for minors involving just one column outside of I.

For simplicity, let us consider the vacuum vy with I = {1,..., K}. Then
polynomial gauge transformations can be used to bring any such matrix into
a canonical ‘triangular’ gauge-fixed form with square part

0 1< a
(79) X%(2) = q 2% + Zf;al 2%,2b i=a

Zf;gl :c“Z-JZI a<i<K
for some non-negative integers (ki,...,kx) satisfying Y kq = n. The re-
maining columns with ¢ = K +1,..., N are fixed by the second condition
in . For example, if K = 2 and N = 3, the canonical form looks like

k ka—1

zM _|_ e az™? + e *
X =

(80) ( 0 Zk2+"' *>7

where ‘...’ indicates lower-order terms. The unconstrained coefficients in

the matrix X%;(z) parameterize a cell M in the vortex moduli space.

Every cell MEF has a unique fixed point. To see this, we note that the
combined action of T x U(1). and the maximal torus 7' C G of the gauge
group sends

(81) X%(2) = (o +mi+ (20: + 3)e) X% (2).

The origin X%, (z) = §;;,2" is the unique fixed point of (8I), with a com-
pensating gauge transformation

(82) Yo =—mg — (ko + 3)e a=1,... K.
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The weights of the tangent space at the fixed point can be computed by ob-
serving that small deformations away from the fixed point are parameterized
as

Zha 4 Zf;o_l S22t i =a,
(83) X%(z) = SF o 2! ie{l,...,K}—{a},
nggl 51 12 ie{K+1,...,N}.

This matrix only obeys the vacuum condition to linear order in the small
deformations, which is adequate to describe the tangent space at the fixed
point. Now multiplying the weights of the coordinates in (83) we find, after
a small calculation, that the equivariant weight of the tangent space is

K k,—1
(84) o = [J(-ppeto ot BB TETT b4 40

a<b L a=1 1—0
ka1

K
= (DT 22 =TT I Ploa+ (L B)e)

ach Pa P05

with P(z) = [IX,(x + m;) and @, evaluated as in (82).

Now each fixed point contributes a state |n, k) to the Hilbert space of
the supersymmetric quantum mechanics, labelled by an integer n > 0 and
non-negative integers kq such that )k, = n. The component of the Hilbert
space with fixed n thus has dimension (n}lﬁ Il) The inner product of states
is given by the inverse of the equivariant weight,

1
(85) <1‘L, k!n’, k/> = 5n,n’5k,k’ .
Wn k

3.5.2. SQCD via strata. We can reproduce the same result as an ex-
ample of the more sophisticated approach that we expect applies more
broadly. As explained above, the space M) admits a decomposition into
fibers labelled by a reduction of the structure group of the gauge bundle.
For G = U(K), this corresponds to a set of integers (ki, ..., kx) € Z¥ mod-
ulo permutations that satisfy )k, =n. We can denote the equivalence
class under permutations by [k] and write

(86) My =My,
k]

In the stratum corresponding to a given [k, the hypermultiplets X,Y
are matrices of polynomials whose entries X%;(z) and Y",(z) have degrees
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< kg and < —k,, respectively. In order for X, Y to lie in the G¢-orbit of the
vacuum v at infinity, we must have k, > 0 for all a. This implies that

(87) M} nonempty < n>0,

and that for each n > 0 there are finitely many nonempty strata Mg’[k].
These strata are labelled by partitions of n, .e. by Young diagrams k of size
n. (For a general FI parameter we would have M}, nonempty if and only if
tr -0 < O)

Since degY?, < —k, and k, are nonnegative, we also find that the the
Y’s must be constant, possibly zero. The condition that Y lies in the G¢
orbit of v as z — oo then implies that Y vanishes identically. The complex
moment-map constraint Y X = 0 is satisfied automatically.

As before, we concentrate on the vacuum vy with I = {1,..., K}. The
complex orbit G¢ - 1 consists of matrices X with nonvanishing leading mi-
nor Xr(z) #0 and X% = 0 for i > K. Therefore, we find that the stratum
My M is the space of polynomial matrices X%;(z) with

(88) and deg(X1(2)) =n,

deg X% <k, i<a
deg X% < ks i1>a

modulo residual gauge transformations. The residual gauge transformations
as in are polynomial matrices g%,(z) such that deg g%, < ko — kp. These
are the transformations that preserve the degrees in .

For example, if K =2, N =3, and k = (0,2), we can parametrize the
stratum by matrices of the form

a a' 0
(89) X(z) = ( c?+dz+e dP2+dz+e d'z+e >

such that ac’ — da’c # 0, modulo gauge transformations of the form

(90) 9(2) = < 822 +ijz+77 2 )

The stratum can be covered by two coordinate charts, corresponding to
a#0ora #0in . If @ # 0 then gauge transformations can be fixed by
bringing X to a canonical form

(91a) X(z) = 1 o 0
N0 224dz+e d'z+e )
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On the other hand, if a’ # 0 then X can be brought to the form

a 1 0
(91b) X(2) = ( 2ideité 0 dz+é >

Globally, the stratum is the total space of the line bundle O(0)%? @ O(1)%? —
CP!, where [a : a'] are homogeneous coordinates on the base, d’, e’ are sec-
tions of O(0), and d”,€” are sections of O(1).

Let us now reconsider the fixed points and the equivariant weights of
their tangent spaces. This does not require a understanding the global struc-
ture of the strata. The combined action of Ty x U(1) and T C G is given
in (B1). First, a fixed point of U (1), requires the entries of X (z) to be mono-
mials. Moreover, in order for X (z) to be a fixed point of Ty (modulo the
T C G action), at most K entries of the leading K x K block of X can
be nonzero, one in each row and each column. In order to be compatible
with the vacuum v, exactly K such entries must be nonzero, and must be
monomials of maximal degree. Thus, the fixed points are

(92) Xaz' = (Sm'a Zk“,
where i, is any permutation of 1,..., K.

This would suggest that there are K! fixed points per stratum. However,
if some of the abelian vortex numbers are equal (e.g. k, = k) then resid-
ual gauge transformations contain elements of the Weyl group that identify
corresponding fixed points (e.g. swapping i, <> 7). Altogether, the distinct
fixed points in ./\/lg’[k] end up in 1-1 correspondence with points in the Weyl
orbit of k. Taking a union over all strata, we find that the fixed points in
M are labelled by all sets of non-negative integers (ki, ..., kx) such that
> o ka =n. Given a cocharacter k, complex gauge transformations can be
used to bring the corresponding fixed point to a canonical form

X = 5%z i <k,
(93) k) o s Y =0.
X% =0 1>k,
as found previously.
Returning to our previous example with K = 2 and N = 3, the moduli

space of vortices with n = 2 has three fixed points, corresponding to k =
(2,0), (1,1) and (0,2). The fixed points (2,0) and (0,2) lie in the stratum
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Mz’[O’Q] and are given by the points

0 1 0 1 0 0
in the coordinate charts (91p) and (91h), respectively. The remaining fixed
point

(95) (1,1) - X(z>:<g . 8)

lies in the stratum M?j[l’l].

Computation of the corresponding equivariant weights is performed in
three steps:

1) Lift the fixed point to the space of polynomials in , and compute
the weights of its tangent space there.

2) Remove weights of the residual polynomial gauge transformations to
compute the weight of the tangent space in the stratum ME’[k].

3) Add weights corresponding to deformations of the G¢-bundle that pa-
rameterize the normal bundle of the stratum M>* inside M.

This gives the weight of the tangent space at the fixed point in M.

To be explicit, consider the fixed point |n, k), presented in the canonical
form (93). As always, we concentrate on the vacuum with I = {1,..., K}.
A neighborhood of the fixed point in the space of polynomials is pa-
rameterized by

(96) X% = Zfio x%,20 i <K,
X% = Z;Zal $ai’12’l 1> K.

from which we obtain the equivariant weight

K K k4 N K k,—1
(97) HHH90a+mz + (I+ )) H HH(‘P&"‘mi"i‘(l"i_%)E)
i=1a=11=0 i=K+1a=1 [=0
K K K k,—1
=1 11(ea+mi+ 1) I I Plea+ 0+ Lo,
a=11i=1 a=1 [=0

where P(z) := Hf\; 1(z 4+ m;) is again the characteristic polynomial for the
flavor symmetry.
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The residual gauge transformations contain polynomials of degree <
ko — kp, and transform in the adjoint representation of the gauge group.
Thus, they remove the following weights

(%8) H H — ©p + Vo — op+ 1€

ab=1 [=0

Combining these two contributions gives the equivariant weight of the tan-
gent space to the fixed point lying inside the stratum ME’[H.

Finally, Gc-bundle deformations are adjoint-valued 1-forms that can be
added to the holomorphic connection A,. The matrix elements of a deforma-
tion are holomorphic one-forms valued in the bundles O(k, — k) on CP.
From Serre duality, this is equivalent to global sections of O(ky — kq — 2)
and therefore they contribute additional weights

K ky—k,—2
(99) IT II wa—¢v—(@+1))
a,b=1 1=0

Putting together the three contributions @, , and , there are many
cancellations and we finally arrive at the equivariant weight (84]) obtained
via the moduli matrix description.

3.5.3. Triangular Quivers. The computation above can be extended to
a ‘triangular’ linear quiver with gauge group @ oz 1U( o), hypermultiplets in
the bifundamental representation of U(K,) X U(Ka41) fora=1,...,L —2,
and K, = N hypermultiplets in the fundamental representation of U(K_1).
We assume that K1 < --- < Ky. This quiver is illustrated in figure @ Here
we are much more schematic: we only summarize the results.

(k) @
|
N

Figure 4: A triangular, linear quiver.

The data of a triangular quiver can be repackaged as a partition p =
[p1,-..,pr] of N with p, = K4 — K,—1 and this theory is sometimes known
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as T,(SU(N)). The Higgs branch flavor symmetry is Gy = PSU(N).
The Coulomb branch flavor symmetry is enhanced in the infrared to Go =
S(®;U(¢;)) where ¢; is the number of times j appears in the partition p.

We turn on real FI parameters {t1,...,t;—1} such that ¢; > t;;1 and
complex masses {mj,...,my}. The massive vacua are labelled by nested
subsets
(100) LiCIyCc---CZIp1CIp=A{1,...,N}

with |Z,| = K,. We can label the elements of these subsets by Z, =
{ia,15--,%a,k. }- The number of such vacua is given in terms of the par-
tition p by N!/pi!---prl.

Solutions of the vortex equations are labelled by a vortex number for each
node = {ny,...,nz_1} and the fixed points by decompositions k= {ka,a}
with ) ka,a = na. The corresponding equivariant weights are

L-1T[ K,
T — Qaaa_@ab'f‘(kaa_kabk
(101) W 7 = (_1)ka,a ka,b ’ 5 ) s
h o:!;Il (;l:[b Pa,a — Pa,b
Ko ka,a—1

Pa+1 ((Pa,a + (l + %)6)

X
a=1 1—=0 Qa—l(@a,a + (l + 1)6)
where
(102) Paa = —Mi, , — (kaa + )€,
and in particular ¢ ; = —m; — § for the flavor node. As before, we introduce

generating functions for gauge invariant operators at each node Q,(z) :=
Hf:“l(z — Qaa), With Qo(z) =1 by definition. In addition, we introduce
polynomials P, (z) := Hf:“l (x 4+ m;, ) with Pr(2) = P(z) = Hivzl(z + myg).
As above this defines the inner product on the Hilbert space.

4. The action of monopole operators

We are now ready to explain the action of Coulomb branch operators on
the Hilbert space of a 3d N = 4 gauge theory in Q-background. From the
perspective of supersymmetric quantum mechanics, these are half-BPS op-
erators that preserve the Hilbert space of supersymmetric ground states.
Classically, they correspond to singular solutions of the BPS equations from

Section 2.3
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In Section (3] we showed that the Hilbert space is the equivariant co-
homology of the moduli space of solutions to the time-independent BPS
equations. We studied this moduli space of generalized vortices by complex-
ifying the gauge group, removing real moment-map constraints, and fixing a
holomorphic gauge Az = 0. Then a vortex configuration could be described
as an algebraic G¢-bundle E on the z-plane C,, together with holomorphic
sections X, Y of an associated R @ R bundle, such that uc(X,Y) =0 and a
vacuum boundary condition at |z| — co. We refer to the bundle and sections

(103) £=(EXY)

collectively as the “holomorphic data”.

In this section, we examine how the holomorphic data evolve in “time”
t = 2% when we impose the complete time-dependent BPS equations from
Section The equation that controls their evolution is

(104) [Dy, D5 = 0.

This ensures that the holomorphic data are generically constant in time.
More precisely, if we denote the holomorphic data at time t by & =
(Ey, X4, Y}:), we generically find that at two nearby times ¢ and ¢/, & and
&y are related by a globally invertible, holomorphic gauge transformation
g(z;t,t") € Gelz].

Figure 5: Modification of the holomorphic data at z = p and t = ¢;.

At a collection of times {¢;}, however, the G¢-bundle may develop a sin-
gularity and the holomorphic data can jump, as illustrated in Figure |5} This
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means that at nearby times ¢ < ¢; and t’ > t;, the data & and &y are related
by a gauge transformation g(z;¢,t') that is only invertible in the complement
of some point z = p. For example, if the group is Gc = GL(N, C), we might
find that det g(z;t,t') ~ (2 — p)? has a zero or pole at z = p. One usually
calls this a singular gauge transformation. In mathematics, it is known as
a Hecke modification. Such modifications were analyzed by Kapustin and
Witten [48] in a four-dimensional lift of our current setup, with sections
X,Y in the adjoint representation.

In terms of the ambient 3d N = 4 theory, a singular gauge transforma-
tion corresponds to the insertion of a monopole operator V4 at the point
(p,t;). The monopole operator is labelled by some dominant cocharacter A
of G (its magnetic charge), and the G-bundle on a small S? surrounding the
monopole operator has nonzero Chern class (magnetic flux)

1
o

(105) n(A) /S I (F) e m(G)

In the Q-background the monopole operator must be inserted at the ori-
gin p =0 of C, in order to preserve U(1).. We then expect the monopole
operator acts on vortex states in the Hilbert space as

(106) Valn k) ~ > cawmen+n(A) k+w),
werep(A)

where w are weights of the finite-dimensional representation rep(A) of the
Langlands-dual group G with highest weight A.

Our task in the remainder of this section is to make equation pre-
cise, determining the coefficients cy , . We will begin in Section with a
simple abelian example. We will then give a very general (if somewhat for-
mal) description of the action in Section drawing on methods from
topological quantum field theory. In particular, we will find that the action
of monopole operators on vortices is induced from classical correspondences
between vortex moduli spaces.

The correspondences themselves have the structure of a convolution alge-
bra, discussed in Section [£.4] This leads to a new mathematical definition of
the Coulomb-branch algebra C.[M ], complementary to that of Braverman-
Finkelberg-Nakajima [15].

Finally, in Section we explain that action of monopoles on vortices
identifies each Hilbert space H, as a module for the Coulomb-branch algebra
of a very special type, namely a highest-weight Verma module.
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4.1. Example: SQED

A simple way to illustrate the action of monopoles on vortices and its many
properties is by looking at the elementary example of G = U(1) gauge theory
with N fundamental hypermultiplets. As in Section [3.4] we choose a vacuum
v in which X # 0 and all other hypermultiplet fields vanishing. We found
there that the vortex moduli space was M® = C™ for n > 0, parameterized
by the coefficients of

n—1
(107) Xi(z) = 6;12" + sz’,lzl-
1=0

The states in the Hilbert space H, = ®yH], = ®n C |n) were equivariant co-
homology classes |n) corresponding to the fixed points at the origin of each
M.

Now consider the insertion of a monopole operator v4 of charge A € Z at
the origin of the z-plane and at some time t,. On a small sphere surrounding
this operator we have

1
(108) — F=A,

2T S2
so by topological considerations alone, the operator v4 must act on the basis
In) by

(109)

) canln+A) ifn+A>0
v = .
A 0 ifn+A<0

We would like to determine the non-zero coefficients c4 n.

As explained in general terms above, the presence of the monopole oper-
ator induces a Hecke modification of the holomorphic data. We can represent
this modification as a gauge transformation

(110) vA g(z) =24

that is invertible away from the origin in the z-plane. The transformation
must preserve the fact that X and Y are holomorphic sections. Since Y = 0,
we can just focus on X. The effect of transformation is then summarized as
follows:

e If A >0, the gauge transformation sends X;(z) — 24 X;(z). This cre-
ates A vortices at the origin of the z-plane.
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e If A <0, the transformation sends X;(z) — 2~ 141X;(2). Regularity of
this modification requires that X;(z) have a zero of order A at z = 0.
In other words, there must exist A vortices at the origin of the z-plane
to be destroyed by the monopole operator.

We emphasize that not all Hecke modifications of the holomorphic bundle
E are allowed Hecke modifications of the full data (E, X,Y).

To determine the coefficients c4 , we examine the action of the singular
gauge transformation in the neighborhood of the fixed points of M] and
M?FT4, Note that if A > 0 then the gauge transformation is simply a com-
position of singular gauge transformations of unit charge, g(z) = z. In terms
of monopole operators, v4 = (vy)?, where v, has unit charge. Similarly, if
A < 0 then the singular gauge transformation is a composition of funda-
mental transformations g(z) = z~!, hence vy = (v_)MI. Thus it suffices to
determine the action of vy and v_.

Thus, let us act with g(z) = z on the state |n — 1). A vortex configuration
in the neighborhood of the origin of M"~! looks like

n—2

(111) Xi(z) = 2"0ia + Y w2,
1=0

and is mapped to
n—1

(112) Xi(z) =2"8;1 + sz‘,lzl~
I=1

Thus the image of g(z) is the subspace of M}} where x; o = 0 for all 7. In terms
of equivariant cohomology, this means that the fixed-point class [n — 1) is
mapped to the fixed-point class [n), times an ‘equivariant delta function’ that
imposes the constraints x; o = 0, and accounts for the additional directions
in the tangent tangent space to the origin in MJ,. We find

(113) vin—1) = P(p + 1€)[n),

where ¢ = —my — (n+ 3)e is the value of ¢ at the fixed point |n).

On the other hand, acting with g(z)~! = 2!, we find that a subspace of
M?® where x; o = 0 maps isomorphically onto M%~1. Therefore, we expect
that v_|n) = [n — 1) for n > 0, and v_|0) = 0.
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More formally, we may observe that acting with g(z) = z embeds each
moduli space M" as a subspace of the moduli space M1 :

MO S oML S oM S M S
I Il Il Il
{pt} (CN (C2N (C3N

(114)
These embeddings induce natural push-forward and pull-back maps on equiv-
ariant cohomology. Setting

(115) Uy =g, V- =g,

we obtain H*(MDY) = H* (M) or

Uy Uy V4 (o
(116) HO=H =1 =H =
(. v (. v

We can summarize the action on vortices as
eln) = (—=mi — (n+ 1)e)ln)
(117) viln) = P(p+ 3e)[n+1)
v_|n) =|n—1).

A short computation shows that the monopole operators obey the algebra

vivs = Ple+1e),  vvy = P(p—1e),

Do~

(118)
[p,v1] = Fevy.

For example, the relation v_v; = P(¢p + %e) captures the fact that in equiv-
ariant cohomology g*g. equals the Euler class of the normal bundle to M,
in M2+ Relations precisely describe the quantum Coulomb-branch
algebra C.[Mc] for SQED derived in [I6]. [l In the limit e — 0, we recover
a commutative ring with the relation viv_ = P(g). This is the expected
Coulomb-branch chiral ring: it is the coordinate ring of C2?/Zy, deformed
by complex masses.

We may recall from [16], 17] that the Coulomb-branch algebra is graded
by the topological G ~ U(1) symmetry under which monopole operators
are charged. In particular ¢ has weight zero, and the weight of any monopole

10T compare directly with formulas of [16] and [I7], one should reverse the sign
of e.
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operator v, is the product tgA of the magnetic charge and the real FI
parameter. The Hilbert space is a highest-weight module for the Coulomb-
branch algebra with respect to this grading. This means that:

e the ‘Cartan’ generator ¢ is diagonalized on weight spaces |n),

e if we act repeatedly on any weight space |n) with an operator v4 of
positive grading tg A > 0, we will eventually get zero.

More so, as long as the m; are generic (so that the prefactors P(p + %6)
never vanish), every state |n) can be obtained by acting freely on |0) with
operators vy of negative grading. This identifies the Hilbert space as a Verma
module.

For general N, the algebra is known as a spherical rational Chered-
nik algebra. For NV = 2, it is simply isomorphic the universal enveloping al-
gebra of sly, with the quadratic Casimir fixed in terms of the complex masses
m;. Namely, defining h = 2p, e = —v_, f = vy, we find

(119) [h, €] = 2ee, [h, f] = —2¢f, le, f] = €h,
and

15 1 2 2
(120) ng§h +ef+fe:§((m1—m2) —€%).

This algebra admits two different Verma modules, corresponding to the two
possible vacua vy, v that we could have chosen in defining the Hilbert space
Hy.

4.2. Algebraic formulation

The structure we found in the preceding example can be readily formalized
and generalized, by adapting the quantum-mechanics approach that we used
to construct Hilbert spaces in Section

Physically, the action of monopole operators in the Hilbert space should
be computed by performing the path integral on C, x Ry with particular
boundary conditions:

e a fixed vacuum v at |z| — oo,
e fixed vortex states |n, k) at t = —oo and |0, k') at t — oo, and

e a monopole operator V4 inserted at the origin (z,t) = (0,0).
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The insertion of the monopole operator V4 amounts to removing a three-ball
neighborhood of the origin, and specifying a particular state in the radially-
quantized Hilbert space H(S?) there. From topological considerations, we
know that the amplitude is nonzero if and only if 0 —n =n(A) and ¥’ — k €
rep(A).

(n',

[n, k)

Figure 6: Configuration of boundary conditions that computes the matrix
element of a monopole operator.

Since all the boundary conditions preserve two common supercharges,
the path integral will localize on solutions of the quarter-BPS equations from
Section Moreover, after complexifying the gauge group and passing to
a holomorphic gauge, the equation

(121) [Dy, D] = 0.

ensures time-evolution of the holomorphic data is trivial away from the
insertion of the monopole operator. We may therefore collapse ((CZ x Ry —
(0,0))) to a ‘UFO’ or ‘raviolo’ curv@

(122) > = CUc-C,

consisting of two copies of the spatial plane C,, identified everywhere except
for the origin (the position of the monopole operator). The path integral now
reduces to an integral over the space of solutions to the BPS equations on
<=, with appropriate boundary conditions.

1We thank D. Ben-Zvi and J. Kamnitzer for introducing us to these respective
descriptors.
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To be more concrete, recall the notation £ = (E, X,Y) from for
an algebraic G¢-bundle E on C, together with sections X, Y of associated
R @ R bundles satisfying the complex moment-map constraint uc(X,Y) = 0
and landing on the orbit G¢ - v at z — co. Since the massive vacuum v
trivializes the bundles at z = oo, we can always compactify the z-plane to
CP'.

In an algebraic formulation, the space of solutions to BPS equations on
the raviolo is given by a pair £, £, together with an identification by a gauge
transformation g away from the origin,

9
(123) Moy ={(&E59): E5E onC, —{0}}/G x G

We quotient by isomorphisms of the data £ and £’ i.e. by holomorphic gauge
transformations G x G’. This moduli space has natural maps to two copies
of the vortex moduli space M,,, simply obtained by forgetting either £ and
g, or £ and g,

M-<>1/
N
(124)
M, M,
(€) (&)

This is called a correspondence.

We saw that quantum vortex states correspond to equivariant cohomol-
ogy classes [n, k) € H*(M,). (We will suppress the equivariant Ty x U(1),
action in order to simplify notation.) In a similar way, the insertion of any
monopole operator V4 defines an equivariant cohomology class

(125) Vi€ H'(M—,).

We will describe these classes explicitly in a moment. The action of a
monopole operator on a vortex state translates to a ‘push-pull’ action on
cohomology, induced by the correspondence (124). Namely, we use 7 to
pull-back the class |n, k) to H*(M__, ), take the cup-product with the class
V4, and use 7 to push-forward to H*(M.),

(126) Valn k) = (Va - 7 (In, k).
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The push-forward 7, is an equivariant integration along the fibers of the
map 7', and encapsulates the integration over the moduli space of solutions
to the BPS equations in the localized path integral.

4.2.1. Components and monopole operators. Just as the vortex mod-

uli space splits into components labelled by vortex number

(127) M,= || Mz,
nEﬂ'l(G)

the raviolo moduli space also has connected components labelled by pairs of
vortex numbers, describing the topological type of the bundles E, E’ on the
two copies of CP!

(128) Moy= || M=,

nn’ ent(G)

Thus, the correspondence ([124)) splits into components

M
(129) V Y
ME MY

In addition, each raviolo space M™Y, has a further decomposition (in
fact, a stratification) by the magnetic charge of monopole operators. Since
the gauge transformation g in is regular away from the origin, it must
lie in the G x G’ orbit of

(130) g(z) = 24, A€ Hom(U(1),G)

for some cocharacter A. Here we think of 24 as an element in the maxi-
mal torus of the gauge group, with Laurent-polynomial entries. (See
below.) Two cocharacters related by an element of the Weyl group lead to
the same G x G’ orbit, so we may assume that A is a dominant cocharacter.
Then

(131) My, =) M

AGAdom

cochar

Of course, a particular singular gauge transformation changes the vortex
number by a fixed amount n(A). Thus, MZ! i s actually empty unless
n(A) =n'—n.
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It is natural to identify each basic monopole operator V4 with the equiv-
ariant fundamental class of the closure MEZA of MEZA,

(132) Vi < HW € H*(Mg;)

This is the concrete way in which monopole operators enter the push-pull
action . More generally, the Coulomb-branch chiral ring may contain
“dressed” monopole operators, defined by superposing polynomials in the
p fields on top of a monopole singularity. Dressed monopole operators are
represented as characteristic classes of various bundles on ML’"IV;A.

Note that the ‘strata’ ME/V;A are not closed unless the cocharacter A is
miniscule. The closure of a particular stratum contains other strata, and has
interesting topology related to the physics of monopole bubbling, discussed
e.g. in [48], Sec. 10].

4.2.2. SQED revisited. We now reproduce the action of monopole oper-
ators on vortices in SQED, in terms of the canonical correspondences .

Let us consider the simplest possible correspondence ML, Tt consists
of a pair £, £’, and a gauge transformation g identifying them away from the
origin. Since n = 0, the bundle in £ is trivial and we can use the complexified
gauge group G to set X = (1,0,...,0) and Y = 0. The gauge transformation
g can be any element of the form g = az for nonzero a; it acts on £ to produce
a bundle in &£ of degree one and

(133) X' =(az,0,...,0), Y'=0.

The gauge group G’ can now be used to fix a = 1. Therefore, ./\/lo’;,,, is
simply a point. By forgetting £, it maps isomorphically to MY, which is
also a point. On the other hand, by forgetting £, it maps to the origin of
ML =CV.

More generally, whenever n < n’ we can use up the gauge freedom G x G’
to write every point of M, uniquely as

n—1 n'—1
(134) Xi = (51'712’“ + Zﬂ?uzl, g = Zn/_n, Xz/ = 51',12’“/ + Z :cuzl,
=1

l=n'—n

with Y =Y’ = 0. These points are fully determined by the form of X, which
is unconstrained; therefore, by forgetting ¢ and X’ we get an isomorphism
with M. On the other hand, by forgetting X and g we get a map into
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/ . . o . . . . .
MY . This is an injection, because X’ is constrained so that coefficients of

2% vanish when d < n’ — n. Thus

(135) My & MY, < M
Similarly, for n > n’, the isomorphism and injection are reversed.

Let us now compute the action v4|n) for A > 0 using the correspondence
ME"FA Recall that In) Corresponds to the fundamental class in M. We
use the isomorphism 7 in ) to pull it back to the fundamental class

m™(n)) =1 in H *(Mn“+A) The monopole operator v4 also corresponds
to the fundamental class in H*(M™"5%), so va A 7%(|n)) = *(|n)). Finally,
we use the injection 7’ to push forward 7*(|n)) to H*(M?2+4), obtaining
the vortex class |n + 1) times an equivariant delta function corresponding to
the normal directions of N* (' (M2Z2F")) € T*MEH4. The delta function is
easily computed to give

A-1
(136) valn) = [[ P+ @+ 3e)n+4)  A>0
=0

in agreement with Section

Similarly, if A < 0is a negatlve integer, then we compute v4|n) by using
the injection 7 : M™ " <5 M® to pull back the fundamental class |n) to
the fundamental class in M2} A , then intersecting with the fundamental
class in M%) 54 that represents va, and finally pushing forward to M"+4
via the 1somorphlsm 7’. In this case there is no equivariant delta function
and we simply find

(137) valn) = [n+4)  A<o.

This of course is the same action that we found more directly in Sec-
tion Since the correspondences ((135]) are so simple, the whole construc-
tion reduces to the sequence of maps described in ((114]); the map ‘g’ in (114
is o1,

4.3. Non-abelian theories

The structure of correspondences and monopole operators in nonabelian
theories is well illustrated by the example of SQCD.
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4.3.1. SQCD. Let us consider U(K) gauge theory with N fundamental
hypermultiplets, as in Section[3.5.1] Recall that for tg < 0, the nontrivial vor-
tex moduli spaces M}, have n > 0 with fixed points labelled by non-negative
integers k = (k1,...,kg) with >k, =n. After a flavor rotation, we may
assume that the vacuum v has X%; = §%; with all other hypermultiplet fields
vanishing. Then the fixed-point states correspond to

(138) In k) & X% =06%2 Y =0,

and the equivariant weight of the normal bundle to a fixed point is wy  as
in .

The basic monopole operators V4 of SQCD are labelled by cocharacters
A € Hom(U(1),U(K)) ~ Z¥, and correspond to singular gauge transforma-
tions of the form

(139) g(z) = 2 = diag(z1, ..., 24%).

Naively, this maps a fixed point |n, k) to [n+ ), A, k+ A). However, this
conclusion is clearly not gauge-invariant. We must account for the fact that
the singular transformation may be composed with arbitrary regular
gauge transformations g — g(ggo when mapping one fixed point to another.
The correspondences of Section [£.2] provide a precise way to do this.

We focus on the basic monopole operators V4 of charge A=(£1,0,...,0).
It is actually sufficient to understand the action of these operators: as dis-
cussed in [16], the entire Coulomb-branch algebra of SQCD is generated by
V. and their dressed versions.

The operator Vi (say) increases vortex number by one, so we should

look at the correspondence space Mt Specifically, we are interested in

the stratum Ml’:tl;(l’o’""o) C M™™! consisting of triples (X,9,X’) such
that X’ = ¢ X, modulo two copies of the gauge group G x G’, with the extra
condition that g is in the G x G’ orbit of 2100 = diag(2,0,...,0). Let us

just call this stratum M™!. It has maps
(140) MR E M T pmrtL

and V. corresponds to the equivariant fundamental class 1 pq+1.

The map 7 in ((140)) is actually a surjection with regular compact fibers
isomorphic to CP* 1, (This implies that M™*! is compact, which was ex-
pected because the cocharacter (1,0,...,0) is minuscule.) To justify this
claim, let us choose a point X € M?J. Specifying X fully breaks the gauge
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symmetry G. Then the fibers of m at X consists of gauge transformations of
the form

(141) 90(2)210Dgo(2),

where g, go are regular, modulo the action of regular G’ transformations on
the left. The action of G’ can be used to absorb g(, as well as most of go. The
gauge transformations go that can be commuted to the left past z(1:0:0)
(as regular gauge transformations) are of the form

(142) g0(z) =

where each ‘x’ denotes a polynomial in z. The remaining gy that cannot be
commuted to the left precisely parameterize a coset CPX 71

The map 7 in is more complicated. Generically it is an injection, in
the sense that its fibers above generic X’ € M"*! are either empty or single
points. However, above values of X’ that are fixed points of the Ty x U(1),
action on M" 1 the fibers of 7’ can be nontrivial. We will not need to know
about this to find the action of V..

Now consider the various symmetries acting on the triples (X, g, X’). The
flavor symmetry T simultaneously acts on the columns of X and X’ (viewed
as K x N matrices). The symmetry U(1), rotates z as usual (and X, X’ with
weight %) In addition, constant gauge transformations (go, gj) € G x G" act
as (X, 9, X") = (90X, gbggy ", ghX"). Just as in the analysis of vortex moduli
spaces, the gauge action is free. The Ty x U(1), action has isolated fixed
points, provided that this action is compensating for by an appropriate gauge
transformation.

Concretely, the fixed points of T x U(1), on the correspondence space
M1 are of the form

(143) X% = zFes9;, g = diag(1,..., 2y 1), X'a, = ZRatdu ga,

for all nonnegative vectors k (such that n(k) = n) and all integers 1 < b < K.
We should understand %k as labeling a fixed point on M} and b labeling a

12This sort of analysis is very familiar in the study of the affine Grassmannian
and its stratification by orbits of cocharacters z. For miniscule cocharacters, the
orbits are ordinary Grassmannians.
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fixed point on the CPX~1 fiber of 7. The relation between flavor parameters
mc, € and compensating gauge parameters ¢, ¢’ is

Spa+ma+(ka+%)€:07 90g+ma+(ka+5ab+%)€:07

144
( ) Pa = 90; + dape.

Thus Tr ¢ — Tr ¢’ = ¢, reflecting the fact that vortex number is increased by
one.

We need one more ingredient to describe the action of V. on equivariant
cohomology. Recall that V is realized as the equivariant fundamental class
of MTL Tt is extremely useful to use the localization theorem to decompose
this as a sum of fixed-point classes in the CPX~! fibers

K
1
(145) Vi=1lpyn = E v vf = 1y,
b—1 ’ ’ [Late(Pa — 2b)

where 1, denotes the fundamental class of M (thought of as the base of
M) times a point in the fiber. The v;” were introduced in [16] as “abelian-
ized” monopole operators.

Now, the state |n, k) = ﬁﬂn,k is a normalized fixed-point class in
H*(M®). Tt pulls back via 7! to ﬁ times the fundamental class of the
CPE~! fiber of M1, sitting above the fixed point of M. The product with
v; then produces the normalized fundamental class of a fixed point in M*1,

1 1
W,k Ha#(‘ﬂa — ®b

(146) v - |n, k) = )nn,k;b.

Since the fundamental class of a fixed point 1, ., in M1 pushes forward
via 7/ to the fundamental class of the fixed point 1,41 g+s, in M5! (where
o = (0,...,0, 11)’ 0,...,0)), we finally find that

(147) v In, k) o= 7 (v - 7 n, K))

w 1
_ Xntlk+d, n+1,k+ &),

Wn,k Ha;éb(@a — ¥b)

and Vijn k) =S, v, |n, k). Using the formula for the equivariant
weights, this can easily be brought to the form

Py, +5)

(148) v k) = =6 T2
’ TTaces (2 — ©})

n+ 1,k + &).
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We can similarly find the action of the negatively charged operators V_
by running backwards through the same correspondence M*!. Using the
same decomposition into abelianized monopole operators

K
(149) Vo=,
b=1
we find that
(150) )
=n—1,k— ) if n—1, kK — J, nonnegative
v, [n, k) = [Loz(0a — %)‘ 2 ’ s
0 otherwise.

The combined action of v} and v, on any vortex state is

WU+’Ui = P<80b + %6)
(151) ’ Ha;éb(‘pb — ¢a)(Pa —pp —€)’
Plor — 1
’Ub_’l);_ _ (op 26)

[Lass (06 — 0a) (0o — 06+ €)

This is the fundamental relation in the Coulomb-branch algebra that was
derived more abstractly in [16], Sec 5.3] (with ¢ — —¢). There the weights on
the RHS were interpreted as one-loop corrections to the chiral ring, arising
from hypermultiplets (numerator) and W-bosons (denominator).

The dressed monopole operators of SQCD can be very easily described
in terms of the abelianized vf. Namely, they all take the general form

(152) Vip= Z p(w - ),
weW
for some polynomial p in the fields ¢ = (¢1, ..., 9K ), where the sum imple-

ments an averaging over the Weyl group. The dressed monopole operators
can be understood as characteristic classes of various bundles on M*! and
their action on vortex states derived accordingly.

We note that in [16], the Coulomb-branch algebra was also re-derived
by relating the Coulomb branch of SQCD to a moduli space of singular
monopoles [44] — namely a moduli space of K PSU(2) monopoles with
N Dirac monopole singularities. To see this connection it is convenient to
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introduce polynomial generating functions Q(z) = Hizl(z — ¢q) and

K K
153) Ut =S wi[[-w) U () =3 ur [](z— )

a=1 b#a a=1 b#a

where uj = v} and u; = (—1)%v, . The polynomials U*(z) are generating
functions for dressed monopole operators. The relations (151) can now be
written in ‘quantum determinant’ form

(154) Q(z = 5)Q(z+5) ~UT(z = §)U (2 + §) = P(2)

where Q(z) is a generating function for dressed monopole operators with
magnetic weight in the adjoint representation. In the limit € — 0, we recover
the coordinate ring of the moduli space of k PSU(2) monopoles with N
fundamental Dirac monopole singularities, written in terms of scattering
data.

4.3.2. Triangular quivers. Let us now state the results of the corre-
sponding computation in the case of a triangular quiver, with notation from
Section Let us denote the monopole operators of fundamental and
anti-fundamental magnetic charge at the a-th node by V.. Then we find

(155) Paa = —My, , — (k‘ma + %)6’

together with

= Qa—i—l Pa, a) = =
Va+ n,k‘ n+5a7k+6a,a
| Z Hb;ﬁa Paa — Pab) | )

(156) KQ

Qa—l(‘/)a,a) -
n —
) Hb;éa((pa,b — Pa,a)

VIR E) =

These generators obey the following ‘quantum determinant’ relation for
each node « = 1,...,L — 1, independent of which state is acted upon,

(157)  Qulz— $)Qal(z+5) ~ Ud (z = HUs ( + §) = Qa1 (2)Qus (2).

In the limit € — 0 we recover the coordinate ring of the moduli space of
PSU(L + 1) monopoles with N singular monopoles in the fundamental
representation. Indeed, the relations are Plucker relations for the
monopole scattering matrix [16]. This is the expected Coulomb branch chiral
ring of the quiver.
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4.4. Recovering the Coulomb-branch algebra

So far we have described an action on the equivariant cohomology H =
DnH*(M}) of vortex moduli spaces generated by the correspondences

2;, Our main claim is that this is an action of the quantized Coulomb-
branch algebra C.Mc], which is a fundamental observable of the under-
lying 3d N = 4 theory, independent of the particular boundary conditions
that lead to vortices. We verified this above for SQED and SQCD.

We can make the claim a little more precise, by giving an intrinsic de-
scription of the algebra of correspondences. Mathematically, this leads to
a new “definition” of M M¢], complementary to the one proposed by
Braverman-Finkelberg-Nakajima.

The basic idea is to construct an algebra intrinsically from the correspon-
dence spaces M, (forgetting for the moment that they act on vortices),
and to embed the Coulomb-branch algebra in it. To this end, let us define
a sum of equivariant cohomology groups

(158) A= P H(ME),

nn en (G)

with the usual Ty x U(1). equivariance made implicit. This vector space

has a standard “convolution product” that realizes the physical OPE of

monopole operators. To see it, we introduce the double-correspondence space

(159)

(&,8,8":9,9) st. E,E,E" v at z=00

M = g g /Gx9",
and £ - &', & = &'; on C*

involving holomorphic data £ = (F,X,Y) on three copies of the z-plane
C,, identified by potentially singular gauge transformations g and ¢’. The
space has three maps to ordinary correspondence spaces, obtained by
forgetting the data one one of the three copies of C,

n,n',n’
M-e- v
T2 13
2
(160) n,n n,n”

le/ MnlA’nl;j M-OV
(5,5’79) (5/’5//’91) (5,5”79,9)
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The convolution product is then defined by pushing and pulling, just as
in (129).
(161)
HA (M) x HA(MZY) = HA (M)
(n, A) = Axn=(ma)a(miy(n) - 735(A))

The product can be extended to all of A, by defining it to be zero when
vortex numbers are incompatible, i.e. Axn =0 if n € H*( -1:;/) and \ €
H* (M™% with v’ # n”.

The convolution product makes A, into an algebra. Moreover, by con-
struction, the product is automatically compatible with the action of A4, on
vortices. In other words, A- (n-|n,k)) = (Axn) - |n, k) for any vortex state
In, k).

Our main claim can be rephrased as the statement that the Coulomb-
branch algebra is embedded in A, ,

*

(162) CMc] = A, |

Physically, we are saying that all Coulomb-branch operators can be repre-
sented via their action on vortices, and that this representation is faithful.
This is manifestly true in SQED, SQCD, and the various quiver theories
that we discuss. A similar assertion appears in [58, Section 6] in the case of
triangular quivers (see Section [6] below).

4.4.1. Orthogonal idempotents. The algebra A, above is actually
much bigger than the Coulomb-branch algebra C[Mc]. Indeed, a given
monopole operator V4 has an image in H*(M™",) whenever n’ — n = n(A),
and thus has infinitely many images in .A,. Under the map in , we must
take the sum of all images; but in A, it is also possible to consider them
individually.

In order to speak about the individual images of a monopole operator, we
introduce an infinite set of orthogonal projection operators or “idempotents”

(163) {en|n € m(G) and M}, nonempty},
satisfying the orthogonality and completion relations

(164) enén = Op n/€n, Z eqn = 1.

In fact, these operators are already part of the algebra A,,. Namely, in every
correspondence space MY, that leaves vortex-number unchanged there is
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a stratum M) corresponding to the orbit of the trivial gauge transfor-

mation g =1 (so that X = X’ and Y =Y’). Then e, is its fundamental
class

(165) €n 1= ]1@ e M7,

Physically, the e, are operators in the effective N'=4 quantum me-
chanics obtained by placing a 3d N' = 4 theory in the -background with a
vacuum v at z — 0o. Each e, acts a projection to a subsector of the quan-
tum mechanics whose states have fixed vortex number n. Unlike ordinary
Coulomb-branch operators, the e, do not admit a UV realization in the un-
derlying 3d N = 4 theory. They are additional operators that exist in the
infrared.

Now, given some monopole operator V, that is represented as a sum of
classes, say

(166) Va= P LVIRE
nnen (G)

we can simply sandwich with the projection operators to obtain an individual
image ey * Vg * e, = HW € H*(MQ;)

It is natural to Conjegﬁre that the convolution algebra 4, is simply
equivalent to the Coulomb-branch algebra together with the idempotents

en. In other words,

(167) Ay ~ C Mol |,
where
(168) CcMc] = (CMc] @ Clen)nem (c)) / (relations),

is obtained by adjoining the idempotents, subject to all the relations that
exist when Coulomb-branch operators act on states of fixed vortex number[|
For example, in SQED with vacuum v = vy, the additional relations set

pen=(—m; — (n+ %)6) én
(169) enviey =egv_ey =0 ifn' —n=#1
en =0 ifn<O.

13Such an enhancement of an algebra with idempotents is especially familiar in
the study of quantum groups and their categorification. It was introduced there by
Lusztig [52).
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4.5. Verma modules

We have proposed that the Hilbert space H,, of a 3d N' = 4 gauge theory in
an (2-background admits an action of the quantized Coulomb-branch algebra
Ce¢[M¢]. We would now like to argue that H, is a very special representation
of C.[Mc¢], namely a Verma module.

Let us first recall what it means to be a Verma module for the Coulomb-
branch algebra@ The notion depends on a choice of real FI parameter
tr, which we think of as generating an infinitesimal u(1); isometry of the
Coulomb branch as in (16]). This isometry makes Cc[Mc] into a graded al-
gebra, such that the degree of any operator O equals its weight (or charge)
under u(1);. Concretely, all polynomials in the ¢ fields have weight zero
and each monopole operator V4 (dressed or undressed) has weight (tg, A).
Our assumption that ¢g is generic means that the weight (tg, A) is nonzero
whenever A is nonzero.

We may decompose

(170) CeMc] = C M« @ C[Mc]o @ C[Mc]s

into subspaces of operators with negative, zero, and positive weights, respec-
tively. The space C[Mc]p simply contains gauge-invariant polynomials in
¢; whereas C[M¢]|< and C.M¢]s contain monopole operators. A Verma
module M is characterized by the following properties:

1) M is a weight module: it decomposes as a sum M = @)M, of finite-
dimensional spaces M), of fixed weight A, such that for any O € Cc[M]
we have O : M\ — M) geg(0)- Physically, this means that M preserves
the Coulomb-branch flavor symmetry u(1);.

2) There is a maximal Apax appearing in the sum @y M), and there exists
a “highest-weight vector” |0) € M), that is annihilated by operators
in Cc[Mc]s and is an eigenvector for C.[Mc]o.

3) The entirety of M is freely generated from |0) by acting with C.[M¢]|<.

The first property is already manifest for a Hilbert space of the form
Hy = Dner, (o) H*(M}), since the decomposition by vortex number is equiv-
alent to a decomposition into weight spaces. Explicitly, we may assign weight
(tr,n) to every state |n) € H*(M?). Compatibility with the grading of the
Coulomb-branch algebra is automatic, since a (potentially dressed) monopole

14This discussion is slightly heuristic. For more details see Secs. 5 and 7.2.3 of
[I7] or mathematical references, e.g. [9) 20].
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operator Vy sends H*(M}) — H*(MEJFn(A)) and (tg,n+n(A)) = (tg,n) +
(tr, A).

For the second property we identify |0) as the unique zero-vortex state
in H,, i.e. the fundamental class of the zero-vortex moduli space MY. Recall
that MY is simply a point, and describes a configuration in which all fields
are fixed to their values in the vacuum v. Thus |0) is an eigenvector for
all gauge-invariant polynomials p(p), which are simply set to their vacuum
values.

Moreover, all vortex moduli spaces M} with (tg,n) > 0 are empty, iden-
tifying |0) as a unique highest-weight vector. To see this, we observe that in
the vacuum v some combination of the X and Y hypermultiplet fields are
necessarily nonzero, and moreover real moment-map equation ugr +tg =0
(or, equivalently, the stability condition) requires that tg can be written as
a non-positive linear combination of weights of the nonvanishing X and Y,

(171) tp = Z ay L, a, <0.

peweights of X, Y nonvanishing at v

Therefore, if (tg,n) > 0 we must have (u,n) < 0 for at least one X or Y that
is nonvanishing in the vacuum. In a configuration of vortex number n, this
X or Y must be a) nonvanishing (in order to tend to v as z — 00); b) regular
at z = 0; and ¢) a polynomial of negative degree. Since this is impossible,
the moduli space M} is empty.

SQED and SQCD provide simple examples of the highest-weight prop-
erty. In both theories, we chose a negative FI parameter tg < 0 and found
in every vacuum various ‘X’ fields had to be nonzero. Correspondingly, the
nonempty vortex moduli spaces M all had n > 0, which is to say (tg,n) < 0.
The zero-vortex state [0) € H*(M0) is the unique vector of maximal weight.

The intuition behind the third property is that any nontrivial vortex
configuration can be created from |0) by acting with appropriate monopole
operators. We can see this rather explicitly. Consider some nonzero vortex
state |n,*), represented as the (normalized) class of a fixed point p € MJ.
Note that we necessarily have (tg,n) < 0, due to the highest weight property.

The correspondence space Mo, 5 M2 is a subset of the n-vortex moduli
space itself that includes all of the fixed points in M2. In particular, 7'~ (p)
is a fixed point of ./\/lo’on,,, and its fundamental class 1,/-1(,) corresponds to
some monopole operator that precisely maps |0) to |n,x*). This monopole
operator has negative weight (tg,n — 0) = (tg,n).
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We remark that this (somewhat heuristic) argument only holds when
complex masses m¢ are generic. The complex masses enter the normaliza-
tions of vortex states as equivariant parameters; for special values of the
masses, the relative normalizations of states may tend to zero, and the req-
uisite monopole operators relating them may not exist. For example, in

SQED with the action (117)), we have

(172)  va)0) = (HP —my — le) (ﬂl]‘[l )) |n).

=1

Generically, the prefactor []}' ; P(—my — le) is nonzero and |n) is created
from |0) by acting with v, = (v4)" (times the inverse of this prefactor)E
However, if the masses are tuned so that some difference m; — mq equals
le for some 1 <[ < n, then the prefactor vanishes and there is no way to
generate |n) from |0). The case of specialized (or “quantized”) masses is
extremely interesting, and formed the context for much of [I7], but it is not
directly relevant here.

5. Boundary conditions and overlaps

We now enrich the setup of the previous sections by adding boundary con-
ditions B that fill the z-plane at various times ¢, as shown in Figures
in the introduction. We are interested in boundary conditions that preserve
a 2d N = (2,2) supersymmetry algebra (as in Table [I] on page and a
U(1)y vector R-symmetry. Such boundary conditions also preserve the two
supercharges @ and @’ that we have been using to localize, and are compat-
ible with the Q-background. Large families of boundary conditions of this
type were studied in [17].

Roughly speaking, one expects a boundary condition B at (say) t = 0 to
define a state |B) in the Hilbert space of our 3d N = 4 theory on the cylinder,
or equivalently the SUSY Hilbert space of the effective N'=4 quantum
mechanics. The main goal of this section is to analyze this state when B
is a “Neumann-type” boundary conditions, which preserve gauge symmetry
on the boundary. Using results of [17] (reviewed in Section we will find

5By generalizing this observation, one can actually show that when the complex
masses are generic, every module satisfying (1) and (2) automatically decomposes
as a direct sum of Verma modules.
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that |B) must satisfy certain relations of the form

(173) Va|B) ~ pa(p) 1B),

which identify it as a generalized Whittaker vector in the Verma module
‘H,. Physically, we would say that |B) is a coherent state, a generalized
eigenstate of the monopole operators. In addition, using the description
Hy, = & H*(M}) as a sum of equivariant cohomology groups of vortex mod-
uli spaces, we will explicitly identify |B) with an equivariant cohomology
class. In simple cases, it will just be a weighted sum of fundamental classes
of each M}. The fact that this class satisfies the equations is rather
nontrivial.

A 3d N = 4 theory compactified on an interval with boundary conditions
B and B’ at either end leads to a 2d N = (2,2) gauge theory. This setup
is illustrated in Figure [3| of the introduction. In Section [5.4] we show that
the partition function of this two-dimensional theory in Q-background, or
vortex partition function, is an inner product of vectors in the Hilbert space
of the three-dimensional theory,

(174) Zvortex = <B/‘B>

The Whittaker-like equations imply that Zortex must satisfy certain
differential equations, often of hypergeometric type. In addition, we can use
our construction to derive identities for expectation values of twisted chiral
operators of the two-dimensional theory in (2-background. Taken together,
these results constitute a ‘finite’ version of the AGT correspondence.

5.1. Boundaries and modules

We begin by describing more carefully the structure of boundary conditions.

The insertion of a (2,2) boundary condition B at ¢ = 0 in our setup has
two main effects. First, via the bulk-boundary OPE, the space Mg of BPS
local operators on the boundary (preserved by @ and Q') becomes a module
for the algebra C.[M] of local operators in the bulk (Figure [7)). This is an
entirely local phenomenon, independent of the vacuum v at |z| — oo or any
other features at large z. One of the main goals of [17] was to describe the
module Mp associated to a particular UV boundary condition.

Second, as we move away from ¢ = 0, any local operator Opq, € Mp on
the boundary defines a state in the Hilbert space H, of the 3d theory; thus
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€ Mp

Figure 7: The action of a bulk operator algebra on the vector space of bound-
ary operators.

there is a map
(175) Mg 5 H,.

As explained in previous sections, the Hilbert space H, is also a module
for the Coulomb-branch algebra, and the map respects this action. In
other words, it is a homomorphism of modules.

The precise map depends on the details of the intersection between
the boundary condition B at ¢ = 0 and the vacuum boundary condition v
at spatial infinity. In particular, one could modify the map by adding
a line operator along the circle at { = 0 and z — co. We will not do so here.

Given a map , the boundary condition B defines distinguished state
in the Hilbert space

(176) IB) := ¢(1) € Ho,

which is the image of the identity operator ‘1’ on the boundary. This is the
state we seek to describe.

5.2. Local operators on a Neumann b.c.

We want to consider boundary conditions B involving Neumann boundary
conditions for the vectormultiplets that preserve the gauge symmetry G at
the boundary. As discussed in [I7), Sec. 2], the simplest boundary conditions
of this type require an additional choice of G-invariant Lagrangian splitting
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of the hypermultiplet representation,
(177) ReR~La&L

This splitting need not have anything to do with the reference splitting
R @ R. Let us write the hypermultiplet chiral fields as (X,Yz) € L@ L.
Then the boundary condition sets

(178) Yi|, =0,

with Neumann boundary conditions for X, where |5 denotes restriction to
the boundary. For example, if G = U (1), we have a binary choice of X|5 =0
or Y|y = 0 for each hypermultiplet.

The boundary condition also depends on a choice of boundary FI pa-
rameter and theta angle, which can be grouped into the twisted chiral com-
bination

(179) ¢ = efztitoa,

Formally, £ € Hom(G¢, C*) is a character of G¢. Given any cocharacter A,
for example labeling a monopole operator, we denote by

(180) é’A — 6<t2d+i02d’A> E C*

under the natural pairing. We denote the Neumann boundary condition with
Lagrangian splitting L @ L and boundary parameters & as N L

The only twisted chiral operators that exist on a Neumann boundary
condition are formed from the boundary values of gauge-invariant polyno-
mials in the fields ¢. These are completely unconstrained. Indeed, N = (2, 2)
supersymmetry requires that if gauge symmetry is preserved at the bound-
ary then ¢ has a Neumann boundary condition 9 lgp‘ s = 0. Thus the space
of local operators on any N7, ¢ is

(181) My, ¢ = {gauge-invariant polys in ¢} ~ Cltc/W].

On the other hand, monopole operators are killed by a Neumann bound-
ary condition. Classically, one expects their boundary values to be fixed by
the boundary FI parameter and theta angle, VA‘ P €4, Quantum correc-
tions modify this relation. To review how, we introduce abelianized monopole
operators vy following [16], out of which nonabelian monopole operators
are constructed. (The abelianized monopole operators were identified with
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fixed-point classes in correspondence spaces in (145]). They also appear as
fixed-point classes in the work of Braverman-Finkelberg-Nakajima [14] [15].)
When brought to a boundary, an abelianized monopole operator satisfies

[T (he+mep?

 #A AEL,(AA)>0

182 v =¢ )
( ) A‘E) H ((a,gp>)<°"’4>

a€roots, {a,A)>0

where the product in the numerator is over weights of L (counted with
multiplicity), and the product in the denominator is over roots of G. In the
presence of -background, the relation is deformed td[¥|

(183)
(MA)—1
11 IT (e+me)+ @+ 1)) .
A AEL, (LA)>0  1=0 A Py (0, me)
valy = ¢ A1 =8 T W)
(o, 4) P} ()

II [I Cevg)+ie)

a€roots, (a,A)y>0 =0

The various factors in , were understood in [17] as quantum
corrections arising from the hypermultiplets in L and the W-bosons with
positive charge under the U(1)4 C G subgroup defined by A. These factors
clearly resemble equivariant weights, and we will interpret them as such in
Section (5.3l

In terms of the module My, ¢ containing local operators on the bound-
ary, the relation specifies the action of bulk monopoles on the identity
operator. Acting on more general polynomials f(y) € My, ¢, the bulk com-
mutation relations [va, @] = €A imply that

Phyper

(Qpa m(C)

(184) va- flp) =& APXV(QO) flo+ Ae).

In nonabelian theories, the denominators PXV are nontrivial, and abelian-
ized monopole operators v4 do not preserve the space of polynomials f(y).
However, the actual nonabelian operators V4, constructed as Weyl-invariant
sums of the v4, are expected to preserve the space of polynomials.

16This is related to Eqn (2.58) of [17] by reversing the sign € — —e of the Q-
deformation.



868 M. Bullimore, et al.

For example, in SQED with N hypermultiplets, the G-invariant La-
grangian splittings are labelled by a sign vector € = (g1, ...,en), such that

(185) X, e L if g =+, Y,e L if g =-—.

Thus the basic Neumann boundary conditions can be labelled A ¢. The
corresponding space of boundary operators simply consists of polynomials,

(186) M. ¢ = Cly],

and the two basic monopole operators v+ act on f(p) € M. ¢ as

vr-flo)=¢ [I (p+mit$) flo+e),
(187) z_slt €=+
v fl@) =" ] (~e-mi+5) fle—e).

7 s.t. E; = —

It is easy to check that the algebra relations ((117)) are obeyed, up to a sign
that can be absorbed in the definition of v_.

5.2.1. Whittaker modules. The module Mp, ¢ defined above is a gen-
eralization of what is known as a Whittaker module in the representation
theory of complex semi-simple Lie algebras [49].

If g is a complex semi-simple Lie algebra, let g =n~ @ t & n* be its de-
composition into positive and negative nilpotent subalgebras and a Cartan.
Then a Whittaker module M is characterized by two properties:

e M contains an eigenvector w of n™ with nonzero eigenvalues & E

o M is freely generated from w by acting with n= @ t.

This is very different from a highest-weight Verma module, which would be
generated from a vector v such that n™ -v = 0.

The space M, ¢ of local operators on a Neumann boundary condition
described above is somewhat similar to a Whittaker module. Recall from Sec-
tion and that in the presence of real FI parameters, the Coulomb-
branch algebra decomposes into positive, zero, and negatively graded sub-
algebras C[M¢|< ® C[Mc]o @ C[M¢]s. If the FI parameters are generic,

1"Note that the commutator subalgebra [n*,n*] C n* necessarily annihilates w.
The requirement that “€ is nonzero” actually means that nt/[n™, n™| acts with
generic, nonzero eigenvalues.
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then all monopole operators V4 belong to C[M¢]< or C[M¢]s while polyno-
mials in ¢ belong to C[M¢]o. As a module for the Coulomb-branch algebra,
M

e contains a unique identity operator 1 that satisfies V4 - 1 € C[M¢]p - 1
for any V4 € C[Mc¢]s; and

e is freely generated from the identity 1 by acting with C[M¢]< @
CiMclo-

In this sense My ¢ is a generalization of a standard Whittaker module.

The generalized Whittaker modules we encounter here also have a nice
geometric characterization [I7, Sec 2.5.1]. Namely, if we send € — 0, the
equations obeyed at the boundary define a holomorphic Lagrangian
section of the Coulomb-branch integrable system M — tc/W. This section
is called the support Supp(Mp ¢) of the module.

5.3. Whittaker states

Next we combine the Neumann boundary condition Ny ¢ with the vacuum
boundary condition v at |z| — oo for all . No extra data is needed in this case
to specify what happens on the circle at infinity where the two boundaries
intersect — we simply require fields there to obey both the N7 ¢ conditions
and to sit in the vacuum v. Thus, we expect to find a canonical map of
modules £ : My ¢ — H, as in .

We are interested in finding the image of the identity operator ({176]) un-
der this map, i.e. the state [N7 ¢) € H, created by the boundary condition.
Specifying this state actually fixes the entire map, because My ¢ is gener-
ated from the identity (by acting with polynomials in ¢’s) and the map ¢
commutes with the action of C.[M¢].

Since the identity operator 1 € M, ¢ satisfies the Whittaker-like relations
, the state N7 ¢) € H, must satisfy the same relations — now with v
and ¢ interpreted as elements of the convolution algebra (singular gauge
transformations) as in acting on vortices. Explicitly,

Phyper

. (¢, mc)
ass) e =€ gy Wi

This indirectly characterizes [N ¢). However, there is also a direct defi-
nition of |V ¢) coming (classically) from looking at solutions to the BPS
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equations in the presence of a Neumann boundary condition, and (quan-
tum mechanically) from evaluating the path integral in the presence of a
Neumann boundary condition.

Let’s begin with the BPS equations. Since D; X = D;Y = 0 we see that
if the hypermultiplets Y7, € L are set to zero on the Neumann boundary at
t = 0, they will continue to be zero for all t. Therefore, evolving in time from
the Neumann boundary, we will only be able to reach vortex configurations
“supported on L”. Algebraically, for any given vortex number n, we find a
restricted moduli space

Z— 0

(189) = {(B, X1)ep st Xp =F Ge - v}/Ge
c My,

where E is an algebraic Ge-bundle on CP!, trivialized at infinity, and X7, is
a section of an associated L-bundle. (The moment-map condition pc = 0 is
automatically obeyed because Y7, = 0 and L @ L is a Lagrangian splitting.)
Put differently, describes based maps from CP! to the Higgs-branch
stack [ug'(0)/Gc] supported on the Lagrangian [L/Gc]. Notice that the
space M7 ; will be empty unless the orbit G¢ - v of the chosen vacuum is
contained in L.

Quantum mechanically, the localized path integral should produce a cor-
responding state

(190) WLe) =€7/¢ " e,

nem (G)

where Ly, € H*(M}) denotes the Poincaré dual of the fundamental class
of the subvariety M} ; C M. (As usual, we work in T x U(1), equivariant
cohomology, but suppress these groups.)

The prefactor £ /€ does require a little explanation. This is a contribution
to the path integral coming from the twisted superpotential on the boundary,
which in the 2-background takes the form

1 1 )
(191) EW = g<t2d + 1024, ).
This exponentiates to & #/¢. Note that the contraction (tag + 1624, @) is natu-
rally gauge-invariant. For example, if G = U(K), (I91)) is (toq + i62q) Tt .
Acting within a sector of fixed vortex number n, we simply have ¢ ~ —ne +
const., where the constant depends on the weights of the flavor symmetry
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acting on the tangent space to the vacuum v. Therefore, we could also write

(192) Nig) = gomitmee 37 gy,

nem (G)

Now the weight £~ " is a familiar contribution coming from a topological
term —(taq + i02q) o F' in the localized action on the boundary, cf. [27, 66].

Mathematically, (190)) may be taken as a definition of the state created
by the Neumann boundary condition. It is then a nontrivial conjecture that
this state satisfies the Whittaker-like conditions .

In addition to the Whittaker-like conditions, the state N7 ¢) also satis-
fies some very simple differential equations coming from varying the bound-
ary parameter £. To be explicit, let us choose a basis for the character lattice
such that € = (£1,...,&.), and expand £9/¢ = Ha(fa)‘p“/e. Then it is obvious

from (190) that

(193) 9

€& o NLe) = Pa [NLg)-

For example, in the case of a U(K) gauge theory the equation would read
€& d%|/\/ Le) = (Tr@)|Np ¢). This differential equation is completely indepen-
dent of the vacuum v or even the Lagrangian splitting L. It reflects a fun-
damental property of the module My, ¢ of local operators on the Neumann
boundary condition, discussed in further detail in [I7, Sec. 2.5.4].

5.3.1. Example: SQED. The Lagrangian splittings involved in a Neu-
mann boundary condition are labelled by a sign vector € as in , and a
given Lagrangian L contains the vacuum v if and only if ¢y = +, that is if
Xq € L. Thus

(194) My, nonempty < X € L.

In the extreme case € = (+,...,+), the space M;L is the entire vortex
moduli space M = C™V and therefore

(195) WNeh,omye) = €79 g = (677 72) D¢ ).

n>0 n>0

Given the action of monopole operators vy in ([L17)), this state clearly satisfies
the Whittaker conditions

(196) NG ) =€ NG ) =N e
=EP(p+ 5)INMG,. e
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It also satisfies the differential equation

d
(197) €€ e Wiktrg) = @ Wity

More generally, if € is some sign vector with ey = +, then M} ; is a
linear subspace of the vortex moduli space, C*V+ where N, is the number
of ‘+’ in €. The corresponding vector,

(198)  |Neg) = )Y e <H H @ +mi+ (I+3)e )) n),
n>0

contains extra equivariant weights for the Euler class of the normal bundle
to M} ;. This state satisfies the generalized Whittaker conditions (187),
namely

(199) v Nz g) £iH (o +mi) + 5)INeg)-

Every single [N, ¢) obeys (197) as well.

Finally, if e; = —, we simply have |[N;¢) = 0. In this case there is no
nontrivial solution to the Whittaker-like conditions in H,. For example, if
e=(—,...,—) we would be looking for a state of the form |N_ _y.) =

> >0 @nln) that obeys v [IN(_ | _)¢) = &N . _)¢). The image of vy does
not contain |0), so oy = 0. By induction, this forces all the remaining o, = 0.

5.4. Overlaps and vortex partition functions

Finally, we construct “sandwiches” of Neumann boundary conditions. Sup-
pose we place our theory on an interval [0,¢'], with one Neumann bound-
ary condition N7 ¢ at ¢ =0 and a second N/ ¢ at t =t (Figure [3] of the
introduction). Combined with an Q-background and a fixed vacuum v at
|z| = o0, the system effectively becomes zero-dimensional and should have
a well-defined partition function Z. There are two ways to describe it:

1) Reducing first to quantum mechanics (say, in the limit of large t’), we
find that each boundary condition defines states |N7 ¢) and (N, ¢ in
the Hilbert space H, and its dual. The partition function is the inner
product of these states

(200) Z=(Npe

EVH,
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2) Alternatively, we may first collapse the interval [0, ] to zero size, ob-
taining a 2d N = (2,2) theory 7z 1. It has a well-studied standard
partition function in the -background, sometimes called its vortex
partition function

(201) Z = Zvortex[ﬁ,L’a V]‘

The equivalence of these two perspectives follows from the fact that in the
BPS sector of the 3d theory that contributes to the partition function (i.e.
in the cohomology of @ and Q') t-dependence is trivialized, so the actual
length of the interval [0,t'] is irrelevant.

Let us spell out some of the details of these constructions. First consider
the vortex partition function. The 2d theory 77 1+ is a gauged linear sigma
model, with gauge group G and chiral matter in the representation L N L'. It
has a complexified FI parameter equal to the difference of the boundary FI
parameters 27T = (toq + ibaq) — (th,; + i6),) on the two boundaries at t = 0
and t = t'. In the limit ¢’ — 0, the dependence on the 3d FI parameter tg
disappears. At low energies, the theory flows to a sigma-model to the Higgs
branch

(202) Vi~ (LN L) /Ge,

where the stability condition depends on the FI parameter 7. Assuming
that the difference tog — t’2 4 is aligned with the 3d FI parameter tg, and that
L and L' are both compatible with the 3d vacuum v, then Yy . can be
identified with a complex submanifold of the 3d Higgs branch that contains
v,

(203) [ yL’L/ C Mp.

The 2d vortex partition function in this case is also known as the equiv-
ariant J-function of Yy, 1/, appearing in Gromov-Witten theory, cf. [23] [39]
40]. It takes the form

(204) Zyortex [%,L" ] COIlSt Z / M

nem (G) viL,L'
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where 1 Me denotes the fundamental class of the vortex moduli space

(205) My, 1, 1 = {n-vortex moduli space of T}, 1, with vacuum v
at infinity }
~ {maps to the stack [(L N L")/G¢] of degree n,
tending to v at infinity}.

Here g = €2™™ = £/¢' is the exponentiated 2d FI parameter, and there may
be an additional constant prefactor analogous to that in above.

Let us compare this to the inner product of Whittaker states . The
state N7 ¢) was expressed as a weighted sum of fundamental classes
of moduli spaces ./\/lB 1 C M}, containing vortices supported on the image

of L in the 3d Higgs branch. Similarly, we the dual state is

(2060)  (Npel= D Tpw (€)7°=(const) » (€N Ly -

v, L’
n’'em (G) nem (G)

It belongs to a dual Hilbert space that still takes the form H}, ~ &, H*(M?}),
but on which monopole operators act “from the bottom”, in an opposite
representation. For example, a correspondence such as of Section
acts by pulling back via 7’ and pushing forward via 7. In analogy with ,
the dual state (N7, ¢ | should satisfy the Whittaker-like conditions

Phyper ’
va = Nyl () —A—— (. me)

(207) <NL’7§’ PX\A]A(QO)

The inner product of two equivariant cohomology classes (as in Section
3.3)) is given by taking the cup product and integrating over the entire 3d
vortex moduli space M,,. However, since

, MEo, o an=v
(208) My AM) = { vl L

@ otherwise ’

the inner products are just

(209) <HM3/L/ |]1M:,L> - 511,11’ / HM:;L,L’ - 611,11’ /_/\/[ ﬂM:;L,z/’

n n
MV v;L,L

and we rather explicitly obtain an equivalence (N ¢
with the expected identification ¢ = £/¢’.

NL{) = Zyortex [7-L,L/§ V]a
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For example, following the discussion of Section [5.3.1]for SQED we could
choose both Lagrangian splittings so that L =L and e =&’ = (+,...,+).
Then the 2d theory 771 is a U(1) gauge theory with chiral multiplets
(X1,...,Xn) of charge +1, and Y, 1/ = CPN~! is just the base of the 3d
Higgs branch My = T*CPY~!. In this case the inner product of Whittaker

states ([195)) is

(210) (5) TS el

o [LiZo P(=m1+ (I —n)e)

—n

=g 1
=q Z(—E)nNn!(mlznw+1)n“'(m1_emN+1)n’

where

(211) (@) =z(x+1)---(r+n—-1)

is the Pochhammer symbol. This is the equivariant J-function of CP¥ 1!,

More generally, consider L = L' but ¢ = &’ = (+, *, ..., %) with both N
plus signs and N_ plus minus signs. Then the 2d theory 77 1 is a U(1)
gauge theory with Ny chiral multiplets {X;}¢,—+ of charge +1 and N_ chiral
multiplets {Y;}.,—_ of charge —1. Its 2d Higgs branch Yy, 1, ~ O(—1)%¥- —
CPY+~1 is the conormal bundle of a Schubert cell CPY+~1 in the base of
the 3d Higgs branch. The Whittaker-like state [N ¢) is given by , while

the dual state is

n—1
(212)  (Megl=(€)" =) (n] ( IT TG +mi+ 1)6)) -
=0

n>0

The inner product then gives

—-n

_ ;Z __ (A1), q
- m1;mi )n <—€)n(N+_N_)n! :

n>0 z>1 ei=+ (

(213) (Neg
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This happens to be a generalized hypergeometric function. If we arrange the

signs so that ¢; = + for ¢ < Ny and ¢; = — for ¢ > N, we can write it as
(214)
ml_mN++1 mi—m
_mi 1 — 41, 4] q
WegNeg) = a7 72 v Fv. mismy g M g (NS

The expression is also known to be the vortex partition function of
the 2d theory Tz, 1 [3 27].

One could also consider boundary conditions with L # L’. We only give
the simplest, most dramatic example. If e=(+,...,+) but &' =(+,—,..., —),
the 2d theory 77,1+ is a U(1) theory with a single chiral X of charge one and

has a trivial 2d Higgs branch. Our two Whittaker-like states are |V, ¢) =
§ 2 ano 7% m) and (Mo o] = (&)~ 2 ZnZO(n’ (€)" [Lisa ?:_01(90 +

m; + (I + 1)e), and due to many cancellations the inner product just gives

2
oo q_n
(215) Ne e Nog)=q = 2 Z m =q ¢ Tae /D),
n=0

which is the vortex partition function of the simple 2d theory.

5.4.1. Differential equations. In the preceding SQED example, we found
that overlaps of vortex states take the form of generalized hypergeometric
functions. These functions famously satisfy a differential equation in the pa-
rameter ¢. In fact, as discussed in the introduction, more general 2d vortex
partition functions (or equivariant J-functions) are all expected to satisfy
differential equations in ¢g. The differential equations can be explicitly de-
rived from the central relation Zyvortex(q; - -.) = (N ¢/|Np¢) and the defin-
ing properties of Whittaker states.

Schematically, the idea is to first observe that ¢ = £/&’, so that ¢d/dq =
€0/0¢, and to use the relations (193 to write

(216) f <€qaaq> Zvortex = <NL’,£/ f <6£§£>’NL,£>
= N gl f(P)WVLe)

for any polynomial f in the logarithmic derivatives ¢0/dq. Then we recall
that monopole operators in the Coulomb-branch algebra satisfy relations of
the form V_4Vy = fa(p). (Here we really are being schematic, as for gen-
eral nonabelian theories such a relation might involve a sum over monopole
operators with various dressing factors on the LHS. Also, we are suppressing
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the dependence on complex masses m(c and €.) On the other hand, due to

the Whittaker-like conditions , , the monopole operators act on
Whittaker states to give

(217) ValNie) = &'palp) INLe),  Npe| Vo = Wire |(€) 4 Pa(e).

for some p4 and p/,. Putting all this together, we find that

0
(218) fA (6 q8q> Zyortex = <NL’,£"V—AVA’NL7§>
= (N elaPa(0)pa(e) VL)

0 0

A

- a_ a_ Zvorexa
(02 o (52

or

) L ) )
21 - Zvor ex 1,V = U.
(219) [fA <eqaq> q" ply <6qaq>p,4 (eqaq” tex |11/, Vgl = 0

These are the equations we seek. In principle, there is such an equation for
every cocharacter A, but only finitely many equations are independent.

To illustrate the procedure explicitly, consider SQED with boundary
conditions € = &’ = (+,...,+). Recall that v v_ = P(¢ + §). Thus

0 €
(220) P <€ qaiq + 2) Zvortex( )

Negr|[P(o + §)INzg)
= (N ~[Nee)
= (N es’\& M)
=dq -1 Zvortex(Q)

whence “_[Z 1 (eqa/ﬁq +m; + f) —q 1]Zvortex(q) = 0, which is indeed the
hypergeometric equation satisfied by (210 . Notice that the derivation of
this equation did not actually depend on the choice of vacuum v; the N
different choices of vacuum produce the N linearly independent solutions to
the hypergeometric equation.
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More generally, if e = ¢’ = (+, , .. ., %), analogous manipulations lead to
N 0 €
(221) H <6q +m; + ) Zyortex
i=1 9q 2

0 e\ 2

~1

=dq H <6q +m; — > Zvortex
il Jq 2

0 _ 0
= H <6qaq +mz+;>q ! H <6q8q +mz_;> Zvortex‘

Ei=——

For i # 1, the operators €qd/dq + m; + § are invertible as long as mass
parameters are generic, so this equation reduces to
(222)

0 € _ 0 €
[H (Eqaq +mi+2>q T <€q6q +mi2)

gi=+

Zvortex (Q) = Oa

which is the hypergeometric differential equation governing (213)).

5.4.2. Quantization of 2d twisted-chiral rings. In addition to tak-
ing overlaps of basic Neumann boundary conditions to produce 2d vortex
partition functions, we may consider insertions of any bulk Coulomb branch
operator O € C.[M(]

(223) (N e

ONLg) = (O24).

This computes the expectation value of a particular twisted chiral opera-
tor Oyq in the 2-deformed 2d gauge theory 77 r/. In fact all operators in
the 2d twisted-chiral ring can be created this way, by ‘sandwiching’ a 3d
Coulomb-branch operator between Neumann boundary conditions. More-
over, the differential equations that we derived above can be reinter-
preted as relations in a quantized version of the 2d twisted-chiral ring.

We outline a bit of this structure here. We emphasize, however, that very
few of the actual results are new. The differential equations of Section [5.4.1
and many of their interpretations were discussed in the introduction. Ex-
pectation values of twisted-chiral-ring operators in the 2-background have
recently been computed explicitly by [22] using localization methods (see
also the related [62]). We are simply offering a new perspective on these
relations, coming from the overlaps of boundary conditions.

Let us first recall that the 2d theory 77,/ has a Higgs branch Yy, 1. that
(for suitable values of the FI parameter) may be viewed as a complex sub-
manifold of the 3d Higgs branch Mg. In the absence of the (2-deformation,
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the 2d theory has a twisted-chiral ring R4 generated by gauge-invariant
polynomials in the complex scalar fields ¢, viewed as fields in the 2d gauge
multiplet. (They descend from the 3d complex scalar ¢.) Schematically,

(224) Roq = C[@]G/(relations).

The relations depend on complex masses m¢ (twisted masses in the 2d
theory) and on the exponentiated, complex FI parameters ¢. This ring can
be identified as the equivariant quantum cohomology ring of the 2d Higgs
branch,

(225) Roa ~ QHT, (VL)

When an -background is turned on, one can still consider expectation
values of operators O9y € Rog, but the ring structure is destroyed. Intu-
itively, this is because operators are forced to live at the origin and there is
no longer a notion of OPE. Nevertheless, there is still a way to make sense
of the relations in . Recall from that inserting an operator ¢ in
the Q-deformed partition function has the same effect as acting on the bare
partition function with a differential operator

d
(226) P = €q5 — insertion of (.
q

We can also “act” on the partition function with ¢ itself, simply as mul-
tiplication. Together, ¢ and ¢ generate a quantum algebra (C[(,Za,q]G, with
relations

(227) [¢.q] = €q.

(We retain the superscript ¢ to emphasize that we are only considering
gauge-invariant polynomials in ¢.) In the limit € — 0, we can simply inter-
pret ¢ as a number and ¢ — ¢ as the usual twisted-chiral ring generator.
Thus C[p, q]¢ — C[e]® becomes the usual algebra of 2d twisted-chiral op-
erators, before relations are imposed.

In the presence of 2-background, the analogues of twisted-chiral ring re-
lations are precisely the differential equations that we found in Section [5.4.1
These equations, schematically of the form p(¢, q) - Zvortex(q) = 0, generate
a left ideal Tyq in the algebra C[p,q]¢ — this ideal is just the set of all
differential operators that annihilate the vortex partition function. Thus the
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analogue of the twisted-chiral ring in the Q-background is the left C[p, ¢]-
module generated by Zortex, namely

(228) Roa = QH3, (Ti,1) = C[3, ] /T2a.

In the limit € — 0, the ideal Zy4 just becomes the usual (commutative) ideal
of relations in the twisted-chiral ring, and Rog — Rog.

Our interpretation of vortex partition functions as overlaps of boundary
states provides an interesting construction of the differential equations in
T4, coming from relations in the 3d Coulomb-branch algebra together with
the Whittaker-like conditions obeyed by the boundary states.

For example, in SQED with NV hypermultiplets and boundary conditions
e=¢ =(+,...,4), we saw above that the 2d theory 77 is a U(1) the-
ory with IV chiral multiplets of charge one, whose Higgs branch is YV 1 =
CPN~!. The equivariant quantum cohomology ring of CPN~1 is (N—-1)
dimensional,

(229) Roa = Clel/((p +m1)(p+m2) - (p+mn)—q ).

The differential equation derived in (220 “quantizes” this ring, promoting
it to a right module for the the algebra C[p, ¢],

(230) Rog=Clp,ql/((p+mi+ 5)(@+ma+5) - (@+mn+5) —qh).

In (220) we explicitly derived this module starting from the 3d Coulomb-
branch relations viv_ = (¢ +mi + §)--- (¢ +mn + 5) together with the
Whittaker conditions on boundary states.

5.5. Example: SQCD

Consider SQCD with G = U(K ) and N fundamental hypermultiplets (X, Y),
as in Sections [3.5.1] and [£.3.1] We take tg < 0 and choose the usual vacuum
X = §% at infinity. Choosing the Lagrangian L to contain all the X’s, the
boundary state corresponding to N7, ¢ obeys the conditions

1
] S — Y
- G /PR EETA L
N_ a+ '+£
UJINL,§>=§_1H]_1(¢ o 2)WL,s%

Hb;éa(‘?a — ¢b)
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and can be written explicitly in terms of fixed-point classes as

(232) |Npg) =D &Me/fn k) = ¢ DM/ KRN N emnn k),

n>0 k n>0 k

Again, this reflects the fact that Neumann boundary conditions are compat-
ible with all vortex configurations.

The overlap of Neumann boundary conditions with the same Lagrangian
L is

n

(233) <NL7£/ |NL,§> = q_ ElgigKmi/E_K/2ZZ

v
n>0 k"

Wk
where wy, ;, is the usual equivariant tangent-space weight . This is the
vortex partition function of 2d U(K') gauge theory with N chiral multiplets
in the fundamental representation. It (roughly) counts holomorphic maps to
the two-dimensional Higgs branch Yy, ~ Gr(K, N).

It is illuminating to write the constraints on |N7 ¢) in terms of the gener-

ating functions for dressed monopole operators. In terms of the polynomial
generating functions U (z) the condition is

(234) U*(2) = € [P(z + §) mod Q(2)]

which is compatible with the quantum determinant relation (154]). In the
limit € — 0, this defines a nice holomorphic lagrangian in the moduli space
of K PSU(2) monopoles with N Dirac singularities.

6. Vortex quantum mechanics

In Sections [2] and [3] we argued that a 3d N =4 gauge theory in an -
background in the z!?-plane localizes to an infinite-dimensional supersym-
metric quantum mechanics on the 23-axis. The Hilbert space of supersym-
metric vacua of this theory decomposed as a direct sum

(235) "= 1,
nEm(G)

where each summand is given by the equivariant cohomology of a moduli
space of vortices M} labelled by a vortex number n € 71 (G). In this section,
we first describe each summand in isolation as an gauged supersymmetric
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quantum mechanics Q(v,n) with a finite-dimensional target, whose Higgs
branch is the moduli space of vortices Mj. This quantum mechanics is
known from the brane construction of M} : for three-dimensional triangular
quiver gauge theories, they are ‘handsaw’ quiver varieties. Monopole opera-
tors are then realized as a family of interfaces between these vortex quantum
mechanics, which we construct in detail.

One way to think about Q(v,n) is as an effective description of the
deep-infrared limit of the original 3d N =4 theory, in an Q-background,
with boundary condition v :

(236) 3AN =4 BT D).

The vortex numbers n label superselection sectors of the deep-infrared the-
ory. We then correct the deep-infrared description by adding back in the
monopole operators, which must take the form of interfaces between dif-
ferent sectors Q(v,n) and Q(v,n’). This is similar in spirit to classic con-
structions of Cecotti-Vafa [18, [19] and more recently [35], which analyzed
massive 2d N = (2, 2) theories by first approximating them as a direct sum
of vacua, then correcting the approximation with solitons (interfaces) among
the vacua.

In this section, we proceed straight to examples, first SQCD, and then
triangular quiver gauge theories.

6.1. SQCD

6.1.1. Brane construction. We first consider U(K) gauge theory with
N fundamental hypermultiplets. The brane construction of the moduli space
M of vortices is known from the work of Hanany and Tong [43]. The brane
set-up consists of D3-branes with worldvolume 0126 and two NS5-branes
with worldvolume 012345 separated in the 2% direction. In this construc-
tion, the U(K) gauge theory arises from a stack of K D3-branes suspended
between two NS5-branes and the fundamental hypermultiplets are provided
by N semi-infinite D3-branes ending on the right-hand NS5-brane, as drawn
in Figure [8} Turning on a real FI parameter ¢g corresponds to translating
the right-hand NS5-brane (NS5’) along 7, while generic complex masses
mi, ..., my correspond to separating the D3-branes in the z*, z°-directions.
There are (J,X ) distinct configurations for the D3 branes, which are in 1-1
correspondence with the isolated massive vacua vy described in Section [3.5.1]
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3,4,5

NS5 x> 6
NS5 )—>
K D3 o
i n D1 ;R
»
N-K D3

Figure 8: The brane construction of vortices in 3d SQCD. The vortices are
the D1-branes (red line).

Now we can consider n D1-branes connecting the K D3-branes and the
NS5’-brane. They become the vortices with magnetic flux n in the 3d gauge
theory. The low energy dynamics of the D1-branes can be described by an
N = (2,2) supersymmetric gauged quantum mechanicﬁ with gauge group
U(n) with K fundamental chiral multiplets (¢, ¢;), N — K anti-fundamental
chiral multiplets (¢,1)4), and an adjoint chiral multiplet (B, x4). The fields
of the vectormultiplet are a gauge field A;, gauginos A4, A4, three scalars
¢! and an auxiliary field D. Turning off the complex mass parameters, the
vortex quantum mechanics would have R-symmetry SU(2)¢ x U(1)g, and
a and I are doublet and triplet indices of SU(2)¢, respectively. The flavor
symmetry is [U(K) x U(N — K)]/U(1) x U(1)e, acting as

¢, @Y B,x
UK K1 1
(237) UN-K)| 1 N-K 1
Ue | 53 3 1

The U(1), here is the symmetry associated to the Q-background.

8Throughout this section, we use the notation of two-dimensional supersymme-
try to describe different types of one-dimensional gauged quantum mechanics and
zero-dimensional gauged matrix models. We simply mean that the latter theories
can be obtained by dimensional reduction of a two-dimensional gauge theory of the
appropriate type.
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The Lagrangian for the vector multiplet and a chiral multiplet is given
by

1 5 1 1 -
Luee = Tr (Dt¢1Dt¢f +IADA = 5D + 206", 67 + Ao [, A]>,

Leni = |Deg* + i Dyp — ¢'¢' ¢ q — iq' Dg — o’ ¢y
+ \fub)\q — quTA¢,

(238)

where o! are SU(2)¢ Pauli matrices. The supersymmetry transformation of
the vector multiplet is given by

0A; = ieh —ig), ¢! =ieoc! X +igo! A,

g = 0 i€ ( Do’ + %QJK[QSJ ¢K]) +igg D,
(239)

0ha = 00;E (thb + —eUKW ¢>K]) — i&D,
0D = EDiA 4 e DA+ i[¢! ot N + ¢!, 0T ],
and each chiral multiplet transforms under SUSY as

5(] = \@5% 5qT = _\/ﬁngv
(240) Sia = —iv2eaDyq — V20 he1q,
0va = iv2zaDig' — V20! Tl

We introduce the notation ¢ = ¢' + i¢? for the complex scalar of charge +1
under U(1)c € SU(2)c.

Complex masses and the {2-background parameter have a common origin
in the vortex quantum mechanics as twisted masses for flavor symmetries.
Introducing them modifies the supersymmetry transformations schemati-
cally by ¢ — ¢ + mc + €. For simplicity, we will choose the vacuum v la-
belled by {1,...,K} C {1,...,N}; then parameters {mi,...,mx} (of the
3d N =4 theory) are twisted masses for the fundamental chirals, while
{mK41,...,my} are twisted masses for the anti-fundamental chirals. As
expected already from the 3d theory, twisted masses break the R-symmetry
of the quantum mechanics from SU(2)¢ to U(1)¢. The vortex quantum me-
chanics also has a 1d FI parameter ¢, which is identified with the inverse of
the 3d gauge coupling as ¢ ~ 1/g>.

6.1.2. Hilbert space. Keeping the 1d FI parameter finite and setting the
twisted masses to zero, the supersymmetric quantum mechanics has a Higgs
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branch of vacua parametrized by the scalar fields in the chiral multiplets
subject to the D-term constraint,

(241) B, B+ qq' —§'g = ¢,

with ¢! = 0, modulo U(n) gauge transformations. This defines a Kihler
manifold of complex dimension n/V, which coincides with the moduli space
of vortices M.

Turning back on the twisted masses myq, ..., my and ¢, the Higgs branch
of the supersymmetric quantum mechanics is lifted to the fixed-point set of
Ty x U(1)e. The fixed points are found by solving the D-term constraint
and

(6+mi+5)d' =0, —¢(p+m;—5) =0,

(342) 6.B] +eB=0, [6.61]=0,

foralli=1,...,K and j = K +1,..., N. The fixed points are labelled by
non-negative integers k = (k1,...,kx) such that > k, =n. The explicit
solution to (242)) corresponding to each such k is

G=p1® Dok

with ¢, = —diag (ma + %e,ma + %6, coymg + (kg — %)e) ,
PN b

¢ = (0,...,0,v/kq(,0,...,0) z:1—1—2:1kaf01"s.omeb’q«zo7

0 oth.
(243)

0 0 0 O
(ke —1)C 0 0 0

with B, = 0 (ka —2)¢ 0 0

(==}

0 0 o W/C
The Hilbert space of the vortex quantum mechanics is the equivariant

cohomology of M}, with respect to the action of Ty x U(1),. Each equivari-
ant fixed point contributes a state |n, k), normalized as usual such that

(244) (k' E') = 6n w0k ke /Wi ks
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where wy, i, is the equivariant weight of the fixed point . We will derive
this result in the following section by computing the partition function of the
vortex quantum mechanics on an interval with the insertion of an ‘identity’
interface. Taking a direct sum over the Hilbert spaces of the supersymmetric
vortex quantum mechanics with n > 0, we recover the full Hilbert space of
the effective N' = 4 quantum mechanics described in Section [3.5

6.1.3. Interfaces. We now discuss monopole operators in the vortex quan-
tum mechanics. In our setting, a monopole operator is represented as an
interface interpolating between a pair of vortex quantum mechanics with
different gauge groups. We will focus on the monopole operators vy that
change the vortex number by one unit. The other monopole operators v,
with |n| > 1 can be constructed by concatenation.

In particular, we consider a U(n) vortex quantum mechanics on the half-
line t < 0 and a U(n’) vortex quantum mechanics on ¢ > 0 with Neumann-
type boundary conditions at ¢ = 0. Without loss of generality we assume that
n’ > n. We then couple the theories at t = 0 by adding boundary matrix
degrees of freedom and appropriate superpotential couplings. In the case
n’ = n this will construct an ‘identity’ interface allowing the computation of
the norms (n, k[n, k). In the case n’ = n+ 1, this will allow us to compute
correlation functions (n+ 1,&'|vy|n, k) and (n, klv_|n+ 1,k’) of monopole
operators between pairs of vortex states.

Our proposal for the interfaces is guided by the mathematical construc-
tion of Hecke correspondences for the handsaw quiver varieties in [58]. The
first step is to impose a Neumann-type boundary condition at ¢ = 0 for the
two theories on ¢ < 0 and ¢ > 0. This boundary condition is given by

(245) At = ¢3 = 0, 8t¢ = atB = 8756] = 8,5(? =0.
Supersymmetry then requires that
(246) EN=20°A=0, eolx=ecoclp=coclp=0 (I=1,2).

One can easily check that the 1d action with this boundary condition is
invariant under two supersymmetries parametrized by e and £*. They cor-
respond to the bulk supersymmetries @, Q' from mutually preserved
by boundary conditions and vortices. Each chiral multiplet in the super-
symmetric quantum mechanics leaves a N' = (0,2) chiral multiplet at the
boundary.

The second step is to add matrix-model degrees of freedom at ¢t =0
preserving the N' = (0,2) supersymmetry with appropriate superpotential
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couplings. In particular, we will introduce a bi-fundamental chiral multiplet
and three Fermi multiplets at t = 0, whose lowest components transform in
the representations

v : chiral multiplet in (?',n,1,1),

~ : Fermi multiplet in (7/,n,1,1),
(247) g

n : Fermi multiplet in (1,n,K,1),

7 : Fermi multiplet in (#/,1,1, N-K),

under the U(n') x U(n) x U(K) x U(N — K) symmetries of the supersym-
metric quantum mechanics at t < 0 and ¢ > 0. The interactions at the in-
terface are specified by N' = (0, 2) superpotentials for the Fermi multiplets

(248) E,=vB'—Bv, E,=v¢—-q, E;=dq —qv,

together with J, = J,, = J; = 0. Here the primed and unprimed fields corre-
spond to the quantum mechanics on ¢ > 0 and ¢ < 0 respectively. Note that
the flavor symmetries on either side of the interface are naturally identified
by the superpotentials.

Keeping the 1d FI parameters ¢ finite and setting the twisted masses
to zero, the system has a Higgs branch parametrized by the chiral fields on
either side and the bifundamental field v at the interface, subject to the
relations

[B,BY]+q¢' —3'q—¢ =0,
(249) [B', (BT +d'(d)" - (q
vB' = Bv, wv¢ =gq,

together with ¢ = ¢/ = 0, and modulo the action of U(n) and U(n') gauge
transformations. The first two lines are the standard D-term contributions
from the vortex quantum mechanics, whereas the third line sets to zero the
‘E-type’ N/ = (0, 2) superpotentials at the interface.

This defines a finite dimensional Kihler quotient Z; "™ with natural pro-
jections onto both M"" and M. The complex dimension is

(250) nN + 0N+’ —an’ —nK —n/ (N — K) =nN + (' —n)K,

where the first two summands on the left correspond to the dimension of
the moduli space of n and n’ vortices respectively, while the third summand
comes from the bi-fundamental scalar v and the last three from the super-
potential constraints at the interface. We consider two cases:
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e 1’ = n: the complex dimension is nN and Z,"" is the diagonal in M} x
M. This is the expected result for an identity interface. In particular,
the bifundamental field v is simply a complex gauge transformation.

e ' = n+ 1: the complex dimension is N(n+ 1) + K. This is consistent
with

(251) Zyrhr = M C,

where ME}I}" is the correspondence of Section and the factor C
parameterizes the position of the monopole operator in the z-plane. In
the correspondence M.'li,lljn the position was fixed to z = 0. We will
therefore need to remove the contributions from the factor of C in

order find precise agreement.

We now compute the partition function of the quantum mechanical sys-
tem with a supersymmetric vacuum |n, k) at some ¢; < 0, a supersymmetric
vacuum |0, k') at some to > 0 and an interface at t = 0. The saddle point
of the path integral corresponds to the equivariant fixed point of the cor-
respondence Z;‘H’" labelled by the pair of partitions k, k’. Note that the
equivariant fixed points of Z, L are labelled by a pair of equivariant fixed
points for M®" and M" with the value of the bifundamental chiral v deter-
mined by the final line of .

The 1-loop contributions from fluctuations around the saddle point con-
tains contributions from three sources: a) the quantum mechanics on ¢ > 0;
b) the quantum mechanics on ¢ < 0; and c) the matrix model degrees of
freedom at ¢ = 0. First, the contributions coming from a) and b) are given
by

1—loop __ ~1-loop 1—loop __ ~1—loop
(252) Ziso =Ly s Lico o = Zyg

where

_ [172,(01 — o)
Zl loop _ 1#J
S [ N Crpyarars

<11 !

=1 Hfil(@ +mi + 5) Hij\iKH(_mi — 1+ 5)

The additional contribution from the matrix degrees of freedom at t = 0 is
given by
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loo L ¢I_¢ +6 s
(254)  Zlloor — 1;[ 1 (ZSI_;/ 11_1“1:[1(¢I+m1 )
n’ N
XH II (—mj—¢§+%),
J=1j=K+1

Then the localized partition function with the interface can be expressed as
the residue of a product of the 1-loop contributions evaluated at the super-
symmetric vacua (243) corresponding to k and k' for ¢; and ¢’ respectively.

-] -1 1
(255) Z(w k) x (nk) = Resg g t>0Oop Zl oop Ztl<000p

Note that the contribution from the matrix degrees of freedom cancels all
the poles of ¢; corresponding to the supersymmetric vacuum labelled by k,
and instead introduce new poles at ¢; — ¢/, = 0. Therefore, the the partition
k should be a subset of the partition £/, i.e. k, < k/, for all a. Otherwise the
partition function becomes trivial, which implies that the full system with
the interface has no corresponding supersymmetric vacuum.

Plugging the saddle point values of ¢; and ¢ into the 1-loop contri-
butions (and removing poles and zeros), we find that Z,2,°% = 1/w,  and

Ztl <0100p = 1/wy iy where
(256)
K k | K N
wmk:HH H(mj—mi+(1+kj—8)€) H (mi —mj + se)
i=1s=1 | j=1 j=K+1

is an equivalent expression for the the equivariant weight . An similar
computation leads to the contribution

(257) Z} 0P = H H j—mi+ (1+K; — s)e)

4,j=1s=1

K N ki
xH H H(mi—mj‘{‘SE).

i=1 j=K+1s=1

Multiplying these contributions gives the desired partition function. When
n = n+ 1 we further multiply by a factor of € to remove the contribution
from C in (251 corresponding to the position of the monopole.
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Let us first consider n’ = n. In this case, we are inserting an identity
interface at ¢ = 0 and therefore our computation result should reproduce
the overlap (n,k'|n, k). Indeed, the contribution from the matrix degrees
of freedom is given by Zg;éooP = O prwn . and therefore we reproduce the
normalization .

In the case n’ = n + 1, we expect the partition function to reproduce the
correlation function of monopole operators (n + 1, k’|v; |n, k). This partition
function vanishes unless k' = k + 8, for some 1 < a < K as discussed above.
Putting all contributions together, we find

K
(258) (n+1k+ 8alvg|n k) =]
i#a
K k; 1
XHH K N '

i1 st L (my —mi + (L4 kj — s)e) [ [;2 je 4 (mi — my + se)

1
(mi — Mg + (kiz — ka)e)

This result can also be interpreted as the correlation function with the
monopole operator v, . So we have the relation

(259) kv, n+ 1,k +684) = (n+ 1,k + 84|v) |n, k).

Using these correlation functions, we can extract explicit forms of the
actions of monopole operators on vortex states. The monopole operators act

by
(260) vl k) =Cln+ 1,k + 64), v, [n k) =C,n—1,k —é,),
with some coefficients C;F. One can easily compute the coefficients by sand-

wiching the vortex states (n+ 1,k 4 d,| and (n, k| on these relations. Some
simple algebra leads to

+ 1,k + 8q|v] n, k)
2 1 J,-: <n Y a a Y
(261) Ca n+1,k+dn+1,k+6,)
1Y, (ma — mi + (ko + 1))
T a(ma — mi + (ka — ki + 1)e)

Therefore the monopole operator v acts as

N
N (mg —my + (kg + 1
iy — T =i+ (ka4 1)0

(262) [150(ma —mi + (ko — ki + 1)e)

n+ 1,k + da),
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A similar computation leads to the action of the monopole operator v, as

K

_ 1
(263) vy |n k) = 1;[ TS ——y In—1,k—d,).

We assert that v, [n, k) = 0 if k, is zero because our system with the inter-
face has no such vacuum and thus the correlation function of v, becomes
Z€ero.

If we define an operator such as

(264) aln k) = (=ma — kae = 5)[n, k),

then the monopole operators can be simplified as

Plpg + 5
oo k) = Pt gy,
v, n, k) = n—1,k—d,).

Hlf;a(goa - Sob)

These actions of the monopole operators perfectly agree with the actions
in 1’ and 1) computed using the correspondence M"O"Jf,l

6.2. Triangular quiver

We now turn to the 3d triangular quiver gauge theory discussed in Sec-
tion and the vortex quantum mechanics in this theory. We have a
simple brane construction for the triangular quiver theory. When the the-
ory is fully Higgssed with the real FI parameters t, (1 < «a < L), it can be
engineered by the brane system with L NS5-branes and N D3-branes with
25:1 pa = N in Figure @

The 3d field theory has N, = N!/(p1!---pr!) supersymmetric massive
vacua when generic hypermultiplet masses are turned on. In the brane sys-
tem, a field theory vacuum labelled by nested subsets Zo, = {in 1, .., %0k, }
define in is mapped to a configuration with a choice of p, D3-branes
among the total N D3-branes attached at the a-th NS5-brane. Given a
supersymmetric vacuum, vortex particles are provided by D1-branes sus-
pended between one of the NS5-branes and a D3-brane.

The dynamics of the vortices can be described by the gauge theory living
on the D1-branes. At low energy with finite FI parameters, the theory on the
D1-branes reduces to a N' = (2, 2) supersymmetric quantum mechanics given
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NS5
NS5
NS5
n NSH
n P f i G
2 1,a 2.a L—1la 1./
~ ~ ,4} P2 D3
ko kr—1p tZ»:" ps D3
kr—1c
pr D3

Figure 9: The brane construction of vortices in the triangular quiver theory
for the partition p = [p1, p2, . ,pr]. The vortices are the ko, D1-branes
(red lines) with ko = 25;; kaa-

by so-called ‘handsaw quiver’ gauge theory. The quiver presentation can be
easily read off from the brane configuration. This handsaw quiver theory
has been studied extensively in the mathematical literature, for example in
[31L 58]. The moduli space of vortices in the 3d triangular quiver theory
agrees with the Higgs branch of this quantum mechanics.

The handsaw quiver theory, as illustrated in Figure has gauge group
Gom = HCLY;% U (ny) and flavor group Hi:l U(pa)- Each gauge node has chi-
ral multiplets with scalar components g, in a bi-fundamental representation
(Nay Po) and G in (Pa+1,0q) under the gauge and flavor groups; together
with B, in the adjoint representation of the gauge group U(n,). Two ad-
jacent nodes are connected by bi-fundamental chiral multiplets with scalar
components A, and A,. The theory has additional superpotential couplings

(266) Wy =Tr Ay (AaBa — Bat14a + Gas1da), (a=1,...,L=2).

The flavor charges for the bi-fundamental fields A, and A, are fixed by
these superpotentials.

The moduli space of vortices in the 3d gauge theory coincides with a
Higgs branch My of vacua in the quantum mechanics parametrized by the
scalar fields qa, Go, Ba, and Aq, with ¢o = A, = 0. These scalars are subject
to the D-term and the F-term constraints:

(267) MH = {Ma == Ca, AaBa - Ba+1Aa + qa—l—l(ja = 0}/GQM
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Figure 10: Hand-saw quiver theory.

where (, are the FI parameters for the gauge group Ggy. The complex
dimension of the Higgs branch is

L-1
(268) dimeMy = > na(pa + pat1).

a=1

This agrees with the moduli space of vortices in the 3d gauge theory.

Let us now turn on generic twisted masses myq, ..., my for the flavor
symmetry and € for U(1).. The Higgs branch of vacua will be lifted to a
set of isolated fixed points under the action Ty x U(1)., which solve the
deformed BPS equations

[(éon Ba] + EBa =0 ) ¢a+1Ai - A’L(ba =0 )
(269) (Qba + mia,a + %)qg =0 ) _qg(qsa + mia+1,b - %) =0 9
[ba, 6] =0,

for Ko1 <a < K, and Ky < b < Kqq1, as well as D-term and F-term con-
straints. Generalizing , one finds that solutions are labelled by multi-
vectors k = {ka,a} with Zf;‘l kaq =1 and kqq > kai1,4. For each such
solution, the complex scalars ¢, are diagonalized, with blocks

bo =0 & @B,

270
(270) gb((xa) = —diag (mza + %e,mim + %e, ooy, (ko — %)e) .

The equivariant weight of the tangent space to the Higgs branch My
can be easily computed again using the equivariant index theorem. We find
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that the inverse of the residue of

o [175(@a,r —da,1) £ ﬁ T (bat1,g — bag +€)
117921 (¢a,1 = ba,s+e) (Pat1,0 — ba,1)

—_

K. K ’
a=1I1=1 Ha:KQ_1+1(¢a7]+mia,a + %) Ha:a}—éa{»l(_miaJrl,a _¢Oé,[+ %)

at (270) gives rise to the equivariant weight

(272)
T T (e, st Hbo =) b (g e
ke a=1 (E s=1 S Mgy i o HFocro—sH)e)
e, 1’3[ kH Qar1 (o + (1 + 1)e)
a=1a<b T Pab o Qa- 1¢a“+(l+1)6)7
where we define po, = —m;, , — (ka,a + %) Thus the quantum mechanics

result precisely reproduces the previous result in (101)).

6.2.1. Interface. We now construct 1d quantum mechanical systems for
monopole operators in the triangular quiver theories. The 1d systems can re-
alized by particular interfaces in the vortex quantum mechanics. By analogy
with the construction of interfaces in the SQCD case, we will first consider
two 1d handsaw quiver theories with vortex numbers # and o’ living on the
half-lines ¢t < 0 and ¢t > 0 respectively, and glue these two theories by adding
extra boundary degrees of freedom and turning on boundary interactions at
t=0.

For the theory at ¢ < 0, we first give Neumann-type boundary conditions
to the vectormultiplets and the chiral multiplets with scalars B, Aa, ¢a; Ga-
For the chiral multiplets of A,, we will choose the Dirichlet-type boundary
condition that sets

(273) Aa = (Xa)-l— =0 at t =0,

and leaves N = (0,2) Fermi multiplets for Ay = (Xo)- with boundary in-
teractions

(274) JA(v = AaBa — Ba+1Aa + dat1Ga, Er, =0

et
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at t = 0. We consider similar boundary conditions for the 1d theory on ¢ > 0.
Two vortex theories with these boundary conditions will be connected by
new degrees of freedom at t = 0.

We propose that the new boundary degrees of freedom consists of the
N = (0,2) chiral and Fermi multiplets whose lowest components transform
in the representations

(275)

Vg : chiral multiplet in (i, ny, 1), g : chiral multiplet in (n',, g1, 1),

Yo : Fermi multiplet in (7, n4,1), o : Fermi multiplet in (7, nq441,1),

7o : Fermi multiplet in (1,n,,04), 7o : Fermi multiplet in (7,1, n41),

under the U(nl)) x U(ny) x U(K,) symmetry groups. These multiplets cou-
ple to the boundary conditions of the 1d bulk fields through the zero-
dimensional superpotentials for the Fermi multiplets given by

E, = Vo Bl — Bava, E;, = Vatr14L — Aqva,

Ena = Ua‘]; — (a, Eﬁa = (Z;y — GaVa,

J’Ya = @aAa — A/afl'f)a_l, J:/ _@aBa-i-l + Bgf)a,

~/ ~ ~
Jne = do—10a—1, Jij, = VaGa+1-

(276)

o4

Here, the primed fields are the bulk fields on ¢t > 0. A priori, these super-
potentials break all supersymmetries since they do not obey the SUSY con-
straint ), E, - J, = 0. The non-zero terms in the constraint can be com-
pensated by the superpotentials for the fermi multiplets Ay, A}, coming from
the Dirichlet b.c. of the 1d bulk chiral multiplets, if we modify them as

JIr, = AaBa — Bat14a + Gat1Ga,  Er, = VaOa,

(277) I = A B B A / ~ ’ .~

A, = AgDy — D1 Aa + 4ot 14as EA; = —VUaVa+1-
Then the full system with the interface and the boundary conditions at ¢t = 0
preserves N’ = (0,2) supersymmetry.

We would like to remark that the extra degrees of freedom and the .J-
type superpotentials in are introduced by following the construction
of the handsaw quiver varieties and Hecke correspondence in [58]. However,
the construction in [58] does not tell us the E-type superpotentials in ([276).
Without the E-type superpotentials, there would be extra U(1) flavor sym-
metries acting on v,, which appear to be absent in the Hecke correspondence
in [58]. In order to remove these extra flavor symmetries, we turn on the E-
type superpotentials as in , which seems to be a unique choice for this
purpose.



896 M. Bullimore, et al.

The Higgs branch of this system is parametrized by the 1d scalar fields
Ba, Aa, Ga, o and Bg, Aa, ga, o and the boundary scalar v, satisfying the
D-term constraints and the superpotential constraints given by

AaBy — Ba+1Aa + Q()z—l—l(joc = A/aB/ B! +1A + qa+1Qa =0,

(278) , B , B o
Vo Bl — BaVa = Vat14L, — Aova =0, VaGh = oy, 4o = Gava,
together with 0, = 0. We claim that the Higgs branch of the handsaw quiver
theory with the interface coincides with the moduli space of the vortices in
the 3d triangular quiver theory interacting with the monopole operator.

The localized partition function of our system with the interface can be
written as

Zl loop Zl loop Zl loop

(279) Z(ﬁ/’E/)X(ﬁ‘7 E) = “t>0 t<0

where Zt1>é°°p and Z, <Ol°°p are the contributions from the 1d bulk fields with
the boundary conditions given by the inverse of equivariant weights at the
fixed points |, k') and [u, k), respectively,

230 Zl loop -1 Zl loop -1

(280) >0 /wﬁ’,E” <0 /Wﬁ,E'

The matrix degrees of freedom at ¢ = 0 contributes to a factor of

(281)
1 loop ﬁﬁH ¢a[ ¢aJ+€ ﬁ o ﬁl ¢Ol+1J_¢:)¢J)
ot (Par = Do y) 4217y 7o @atig — ¢ rte)
L-1 Na Ka éx KQ+

x H H <¢a71+miaa )H (mz‘a,a—%,l‘*‘%) ;

a=1 |I=1a=K,1+1 I=1a=K

where ¢,,; and ¢, ; takes the values at the fixed points |, k) and |1, k)
respectively. We simplify further and obtain

(282)
L1 Ko

1 loop | | | | | ot Hb 1(7nlLY p Mg, a+(ku y—stl)e) Hsala Hb Ka+1(m’i(,,+1y(, ”Lia,a_SE)
IC(X (’/ cx— °
H =1 l(mla 1,b ”‘La a+<ko<—1 b 8—"»1)6)

a=1a=1

As we discussed in the previous section, the partition function vanishes un-
less k C K.
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In the case W' =1, our interface defines an identity interface. So the

partition function should give the norm of the vortex state |n, k). Indeed,
- 7= 7 o o

(283) <1‘1, k |11, k) = Z(ﬁ’,l;’)x(ﬁ',l;) = 5,;,’];/0017’];,
which reproduces the correct normalization for our vortex states.

On the other hand, when ' =1+, and k' = k + d,,4, the partition
function will compute the correlation functions of monopole operators vid
such as

(284) (R4 8oy k + Gaalv) o7, k) = (1, K|ug ol + 8o, k + 80

= Z(E+6(,,E+5a,a)><(ﬁ,1;)'

Using the correlation functions, one can easily compute the action of
the monopole operators on the vortex states. We find that the monopole
operators act by

-,

of 17 F) = (5 + 3o, K + b0 |odl F) R
wal (R + s K+ G|+ Oy K+ O a) “ o
= H QC(YJrl(SDa,a) )|ﬁ+ _‘aaE‘{'ga,a%
(285) b;ﬁa_ﬁia,a foa,b_’ o
I (n,k|v;a|n—5a,k—5a,a> L e -
Vool k) = —=—="———=—="5—[0— 00,k — 0a,a)
’ <n—6a,k‘—5a,a|n—5a,k:—6a7a)

_ Qa—l(@a,a) |ﬁ»_ S’O”E 5’
Hb;ﬁa Paa = Pab)

and v, ,[W, k) = 0 if ko = 0. Therefore the monopole operators satisfy the
following relations

ot v = Qa—l—l(@a,a)@a—l((ﬁa,a“‘ﬁ)
(286) waena Hb;éa((paﬂ_¢a7b>((p&,a_90a,b_6> ’
- vt — QoH»l(SOa,a_E)Qozfl(Soa,a)

e Hb;éa(SDa,a_¢a,b)(90a,a_80a,b+5)'
6.3. Equivalence to vortex moduli space

In [58], Section 3] Nakajima explicitly described the equivalence of the moduli
space of handsaw quivers and the moduli space of vortices in a triangular
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quiver gauge theory. We briefly sketch how his argument works for n vortices
in U(K) gauge theory with N > K hypermultiplets.

Recall that for SQCD the Higgs branch is the cotangent bundle to the
Grassmannian of K-planes in CV. We choose the vacuum v corresponding to
the standard inclusion CX < CV, i.e. the subset {1,...,K} C {1,...,N}.
As explained earlier, the supersymmetric quantum mechanics describing vor-
tices consists of a U(n) vectormultiplet, together with an adjoint chiral mul-
tiplet, K chiral multiplets in the fundamental representation of U(n) and
(N — K) chiral multiplets in the anti-fundamental representation of U(n).
This is a handsaw quiver with a single gauge node.

The bosonic components of the chiral multiplets can be represented as
complex matrices

e A n x n matrix B
e A n x K matrix ¢
e A (N —K) xnmatrix ¢ .
and an element g € GL(n) of the complexified gauge group acts by

(287) B—gBg™'  q—gq q—dg '

In this case the F-term equation is vacuous and the real moment map equa-
tion coming from the D-term equations can be replaced with the following
stability condition: a tuple (B, ¢, q) is stable if there is no proper B-stable
subspace of C" containing the image of ¢g. Then the moduli space is equiva-
lent to

(288) {(B,q,q) stable}/GL(n).

Recall that in Section a point in the vortex moduli space M} is
defined to be a map from CP" to the Higgs stack [M ] of degree n sending
o0 to v. More concretely, this is just a rank K vector bundle F Wit}m
c1(E) = —n trivialized at oo together with an inclusion of sheaves X : E —
CN ®c Ocpr such that X| is the standard inclusion CK «— CN. Recall that
an inclusion of locally free sheaves may only fail to be injective on a finite
number of fibers. To recover the moduli matrix write X in terms of the
inhomogeneous coordinate z on CP!. The gauge is fixed by the condition
on X |ec.

19 A direct comparison with Section [3| requires replacing n — —n. This is simply
a matter of convention.



Vortices and Vermas 899

From the matrices (B, q,§) we can define a diagram

C"®c Ocp (1)
(289) ot
(CX¥eCY) @c O 5 (CK @ CVK) @ Ocm

where a = [q Z—B] and 0 =16® ¢. By the stability condition we have
im a|, = C" for all p € CP'. Thus E = ker a is a rank K vector bundle with
c(E) = —n.

The map 3 induces a map X : E — CV ®@¢ O¢pr. To see that X has the
right behavior at infinity notice that 8o = 1 ® ¢ and that ol = [0 1] so
E|s = CX ©0. The map X is an injection of sheaves because

(290) ker X |, = ker ["’(p){j— B]

so X|, can only fail to be injective when z(p) is one of the finitely many
eigenvalues of B.

Now let us consider two supersymmetric quantum mechanics with n’ =
n+ 1 and an interface between them such that

(291) vB' = Bv vg =q qd = qu.

for some v : C" — C". As a consequence of the stability condition corre-
sponding to the D-terms the map v is surjective. The first two equations
tell us that the diagram

v

(Cn, Rc O(CIP’I (1) — cn Rc O(CIP“ (1)
(292) a af

(CKCY)®c Ocp 28 (CK & C™) &¢ Ocpr

commutes. Thus we have an induced map 7 : £/ — E. The third equations
tells us that X’ = X o 4. The quotient E/E’ is supported at a single point
which is the position of the vortex created by the interface.

7. Case study: abelian quiver

In this section, we consider the simplest example of our constructions that
has not already appeared in the mathematics literature: the abelian quiver
gauge theory shown in Figure [7] This is the 3d mirror of SQED.
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Refering to Figure[7] we see that the gauge group is U (1) 1. We denote
the “bifundamental” hypermultiplet fields by (X;,Y;) with j=1,...,N.
The moment map constraints for the gauge symmetry are

25 — Zj+1 = 0 Z5 = X]Y}
(293) B o 9 9
Zj = Zjy1 = —t; Zj = X" = [Yj]

with j =1,...,N — 1 and t; = tg ; is real FI parameter at the j-th node of
the quiver. We will assume that ¢; < 0 for all nodes of the quiver. The Higgs
branch is a resolution of the singularity C?/Zy.

Y; Y, Yy
X1 Xo XN
t1 o tn-1

Figure 11: Quiver for the mirror of SQED with N hypermultiplets.

The moment maps for the flavor symmetry Gy = U(1) are given by
wHC =21 + 2Ny and pgr = Z1 + Zn. Solving for z; and Z; in terms of the
flavor moment maps and FI parameters, we find

1 1 j—1 N-1
(294) g=gnne  Zj=5 | maR+ > tn - Z tn
n=1 n=j
The Higgs branch can be described as a circle fibration over R? with the
base parametrized by the moment maps pg,c and puyr and fibers rotated
by G = U(1). The circle fibers degenerate when z; = 0 and Z; = 0; these
are fixed points of the flavor symmetry, i.e. locations of the N massive
vacua {v;} in the presence of a generic mass deformation. The slice pc g is
illustrated in Figure With our convention t; < 0, the positions of these
vacua on the slice g, c = 0 are ordered such that pgr(vi) < parR(Vit1). In
each vacuum,

Yi=0 j=0,...i
(295) vy o 7 St
X;j=0 j=14,....,N

Furthermore, it is straightforward to check that, on the slice pug c = 0,
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e X;=0 for ppgr< MH,R(Vj)
o Y;=0 for pupr>par(y).

Yii Xy Y5iXs Yy i XN

Figure 12: The Higgs branch of abelian quiver on the slice pgc = 0.

Generalized vortex solutions are characterized by a degree vector n =
(ng,...,ny—1). With a supersymmetric vacuum v; at infinity, there are in
general two nontrivial types of solutions, or “chambers” in the moduli space.
We must always have ny < --- <n;_1 and n; > --- > ny_1. The two cham-
bers are distinguished by the relative size of n;_1 and n;. In the case n;_1 < n;
the nonvanishing holomorphic fields are

X;(z) monic of degree n; —mn;_; for j=1,...,i—1
(296) Xi(z) of degree n; —n;_y
Yj(z) monic of degree n;j_; —mn; for j=i+1,...,N

where we define for convenience ng = ny = 0. The case with n;_; > n; is
similar except that Y;(z) (rather than X;(z)) is now turned on and of degree
n;_1 — n;. Here we concentrate on the first chamber. In what follows we
introduce the notation n; ; := n; —n;.

For each fixed vortex number n, there is a unique equivariant fixed point
in the moduli space M}, leading to a unique state |n) € H} = H*(M?}).
(This is a general property of abelian theories.) For n = (ny,...,ny_1), the
fixed point is given by

Xj(z) = 2" j=1,...i—1
(297) Xi(2) =0
Yj(z) =2"%"1 j=i+1,...,N—1

with

m—nje — & if j=0,...,i—1

—m—nje—% if j=14,...,N

(298) %z{
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where m is the mass parameter corresponding to the Gy = U(1) flavor sym-
metry. Note that it is convenient to introduce the notation ¢y = m and
N = —m. The corresponding equivariant weight is

i—1ny;-1—1
(299) wa = [ II —nj 1)
j=1 ¢=0

N 7171

1 .
X H [—2m—|— (Z—nm_l)e— 5(N—22+ 1)6
K 0
Nj—1,5—
X H H €+11]J 1
j=i+1 (=0

As in Section we can model monopole operators as singular gauge
transformations. For example, the monopole operator u;r at the j-th node
acts by

(300) Xj(2) = 2X;(z) Xjp1(2) = 27 X1 (2)
(301) Yj(2) = 27 1Yj(2) Yjt1(2) = 2Yj1a(2)

leaving the other polynomials unchanged.

For the monopole operator u;r we find an action on equivariant coho-
mology
(302)

(—tljﬂ‘_l—l)e jZl,...,i—l
(=41 — L)e( — 2m — (01 + 1)e

—2(N = 2i 4 1)e) j=1
(*ﬂj7j+1*1)6 j=1+1,...,N

ufln) = |n+5;)

and for the monopole operator u;

(—njy1, — 1e j=1,...,i—2
—2m + (—n;;—1 — 1)e
(303) wj|n)=|n—4d;) —I(N—=2i4+1)e j=i—1
1 j=i
(1 — 1)e j=i+1,...,N—1.
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We can now check the commutator algebra generated by these operators.
The commutators of uji with ¢y are straightforward: they depend only on
the weights of ¢; acting on a state |n) being linear in —nje. From this we
find

(304) [uj[, i | = £edji ujt

In order to write the remaining commutation relations, it is convenient to
introduce the notation

(305) hj =2p; —@j—1 — pj1 + cje

where ¢; are some constants. We will need to choose non-vanishing constants
Cim1 = —¢; = % With this notation we find that the algebra has relations

306) [uf, hy]=teAjpuf  [ulf,ul] =

{-@m% j=1,...,i0—1
where A}y, is the Cartan matrix of sly. The entire Coulomb-branch algebra is
a central quotient of U (sly), with (in particular) the Casimir elements fixed
to be certain polynomials in the mass m. The very same algebra was com-
puted by more abstract methods in [16, Section 6.6.2]; it is a quantization
of the Coulomb branch M, which is a minimal nilpotent orbit in sly.

7.1. Vortex quantum mechanics

We now reproduce the same result using interfaces for vortex quiver quantum
mechanics, as in Section [6] We first note that the theory admits a simple
brane construction with N 4+ 1 NS5-branes and an infinite D3-brane which
goes across the NSh-branes. The system with finite real FI parameters t;
can be illustrated by the brane configuration in Figure

The theory has N massive vacua {v;}. The i-th vacuum corresponds to
the configuration where the D3-brane touches the i-th NS5-brane. Vortex
particles in the gauge theory are the D1-branes suspended between the D3-
brane and one of the NS5-branes. The number of D1-branes n; is related to
the vortex number n; of the j-th gauge node as n; = chzl ny for j < i and
n; = Zi\;j ﬁk fOI”j > 4.

The vortex quantum mechanics describing the moduli space of the vor-
tices can be read off from the brane configuration. The low energy theory
living on the D1-branes is the 1d ' = (2, 2) linear quiver gauge theory with
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n2 to
D3 , Py

Figure 13: The brane construction of vortices in the Ay linear quiver theory
at i-th vacuum. The vortices are the n; D1-branes (red lines). This figure
illustrates the vortices in the A4 quiver theory at the 3-rd vacuum.

By

Figure 14: The 1d vortex quantum mechanics in the Ay linear quiver the-
ory at i-th vacuum. The solid arrows and the red arrows represent the chiral
multiplets whose the scalar fields parametrize the Higgs branch at the first
chamber when n; ; < n;, whereas the solid arrows and the blue arrows rep-
resent those at the second chamber when n; 1 > n;.

gauge group @~ U(n;), with ny <--- <mn;_; and n; > --- > ny, given in
Figure Each quiver node has an adjoint chiral multiplet B; and two
adjacent nodes, say the j-th and j + 1-th nodes, are connected by two bi-
fundamental chiral multiplets A; and flj. In addition, at the i-th vacuum,
the ¢—1-th node couples to a fundamental chiral multiplet ¢; and an anti-
fundamental chiral multiplet ¢;, and i-th node has a fundamental g5 and
an anti-fundamental §s chiral multiplets. This theory has superpotentials of
the form

Wi

(307) T‘FAJ (Aij - Bj+1Aj) for ] 75 7 — 1,
Wi-1 A

~1(Ais1Bio1 — BrAio1 + ¢2q1) + Aic1q1Ge.
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We propose that the Higgs branch of this 1d quantum mechanics agrees with
the moduli space of vortices in the 3d Ay abelian quiver theory.

The 1d gauge theory has U(1); x U(1)y x U(1), flavor symmetry. ¢;
and ¢, have U(1); charge +1, respectively and g2 and gy have U(1)2 charge
+1, respectively. For U(1), symmetry, B;, ¢1, g2 have +1, +%, +% charges of
the U(1), symmetry and §i, o are singlets. We can identify the off-diagonal
rotation of U(1); x U(1)2 with Gy = U(1) flavor symmetry of the 3d abelian
quiver theory.

Recall that the vortex moduli space has in general two chambers char-
acterized by the relative size of n;_1 and n; at the i-th vacuum, i.e. n;_; < n;
or n;_1 > n;. Accordingly, we have two distinguished moduli spaces of the
Higgs branch in the vortex quantum mechanics depending on the relative
size of the ranks of two gauge groups at the i—1-th and i-th nodes.

For now we assume the FI parameters, which are proportional to the
3d gauge couplings, to be positive for all gauge nodes. It restricts us to the
Higgs branch vacua. The Higgs branch is defined as follows. We can first
solve the F-term conditions flej = Ajflj = 0 by setting either A; or flj
to zero. With the positive FI parameters, it turns out that the scalar fields
Aj for j > ¢ and flj for j < i — 1 should be non-vanishing. In particular, we
need to be more careful with the fields A;_; and A;_;. When A4;_1 = 0, the
F-term condition ¢2q; = 0 requires ¢; = 0 since go must be non-zero. The
Higgs branch in this case is therefore the space of solutions to

BZ'A]' - Aij-i-l =0 for j = 1, ves ,i—2,
(308) A]'Bj —Bj+1Aj =0 for j :i,...,N—l,

Bi1Ai1 — A 1Bi+qga=0, Ai_1g2=0

modulo the gauge transformations. We claim that this class of the Higgs
branch vacua with n;_1 < n; describes the moduli space of vortices in the
first chamber in the 3d theory. This Higgs branch has complex dimension

(309) dimeMp = 2n;,

which agrees with the dimension of the vortex moduli space in the first
chamber at n;_1 < n,.

On the other hand if 4;_; = 0, the F-term condition ¢142 = 0 requires
that gs = 0. The Higgs branch is then the solution space of
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BjAj—Aij_;,_l =0 for jzl,...,’i—Q,
(310) Aij — Bj+1AZ‘ =0 for ] = i, ey N—l,
Ai1Bi1 — BrAic1+ @21 =0, Aisiqn =0

divided by the gauge transformations. We again claim that this class of the
Higgs branch vacua with n;_; > n; coincides with the vortex moduli space
in the second chamber. The dimension of this space is

(311) dimcMH = 2112‘_1,

which also agrees with the dimension of the vortex moduli space in the
second chamber at n;_1 > n;.

Let us now focus on the first chamber with n;_; < n;. Turning on twisted
masses mq, ma, € for the flavor symmetry U(1); x U(1)2 x U(1),, the quan-
tum mechanics has an isolated fixed point of the flavor symmetry where the
diagonal elements of the complex scalars in the vectormultiplets take the
values

(312) birm —my — Te+ Sle if j=1,...,i—1
! —mg —Te—=L=Le if j=i,...,N.

Each supersymmetric vacuum defines a vortex state |1) in the Hilbert space
of the 3d abelian quiver theory in an Q-background.

The equivariant weight of the tangent space to the fixed point can be
obtained using equivariant index theorem. Its inverse can be expressed as
the residue of

H;;J(QSJI_QSJJ L ( (Pjr1,0—Pj1—5)
313 ’ ’
(319) [17(¢51—j.5+¢€) JI_IUI_[I}_II (@j1—j+1,0—35)

N—1 n; nj41 )
1717 Yir=9is=5) 11 _(beri=m2)
X H 11 H (G110 —G51—5) [1;[1 (i1, r+m1+5)

1
. 1131 (¢i, 1 +ma+5)(—pir—m1)’
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at supersymmetric vacuum of (312). Plugging (312) into this formula, we
find the equivariant weight

i—1 ;=N n;—ni N nji—ny
(314) =10 1T e I e = 6=z 1111 4
j=1 =1 (=1 j=i+l =1
If we identify the flavor mass parameter as mip = —2m — NY=242 7§i+2€, we see

that the quantum mechanics result perfectly agrees with the equivariant
weight of the fixed point in the first chamber computed using the moduli

matrix approach above in (299)).

7.1.1. Interface. We can engineer the monopole operators in the 1d vor-
tex quantum mechanics, as in Section[6] by coupling the 1d boundary condi-
tions introduced above to extra degrees of freedom localized at an interface
at t = 0. The interface interpolates between a pair of vortex quantum me-
chanics with @Y ,U(n;) and ®Y,U(n}) gauge groups living on half-lines
t <0 and t > 0, respectively. In the following we will consider vortices on
the ¢-th vacuum with n;_1 < n;.

Let us first discuss boundary conditions at ¢ = 0. Boundary conditions
should be chosen to be consistent with the Higgs vacuum. So we choose
Neumann-type boundary conditions for the chiral fields that belong to the
Higgs branch, whereas we choose Dirichlet-type boundary conditions for all
other chiral multiplets vanishing in the Higgs branch. The vector multiplets
will have Neumann-type boundary conditions.

For our case, the chiral multiplets with scalar fields B}, g1, ¢2,¢1 and A;
for j >4 and flj for j <4 will have Neumann b.c. and they induce N =
(0,2) chiral multiplets at ¢ = 0. The remaining chiral multiplets obeying
Dirichlet b.c. give rise to the boundary N' = (0, 2) Fermi multiplets with the
superpotentials,

Ja, = BjAj = AjBji1, Ji = A;Bj— Bj1 4,

(315) - - -
Ir_, = Bic1Aic1 — AiaaBi+ q1Ga, Ju, = Aicage,
and Fy, = E;\ = Ey, = 0. A, A]7 W, are the Fermi multiplets induced from
D1r1chlet b.c. of the 1d chiral multiplets whose lowest components are A;
with 7 <4 and A with 7 > ¢ and ¢ respectively.

We propose that the monopole operator acting on vortex states is re-
alized by an interface with the above boundary conditions coupled to the
N = (0,2) matrix degrees of freedom as follows. The interface contains the
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extra chiral and Fermi multiplets in the representations of the gauge groups
as

(316) vy : chiral multiplet in (ﬁ;,nj), 7; : Fermi multiplet in (ﬁ;,nj),

for all 7, and

(317) 0j : chiral in (n';j41,0;), 95 : Fermi in (W), ;,n;) j <4
0; : chiral in (n';,M;11), 95 : Fermiin (0}, nj41) 7 >4,

and lastly

(318) p : chiral multiplet in (f;—1,1), 71 : Fermi multiplet in (1,n;_1),
7o : Fermi multiplet in (1,n;), 7 : Fermi multiplet in (fi}, 1).

The 0d matrix fields couple to the boundary conditions through the
superpotentials of the extra boundary Fermi multiplets given by

E%.:vaé.—BjUj, j=1,...,N,
O Ay = Aoy j<i
Jy, = UjA; + ﬁj—lzij—l j=1
UjA; — A;_lbj,l j >,

P v = A >
—0;Bj + Bj,,0; j<i
Ji, =9 —0;Bj + Bj 105+ qp  j=i-1
—0jBjy1 + Biv; j>i,
and
(320) Ep =viaig —q,  En, =vigh — @2, Ej =G — qavk,
Iny = —@0i-1, Iny = pAi-1, Ji = —vi—1q1.

In addition, the superpotentials of the Fermi multiplets from the Dirich-
let b.c. need to be modified as follows:

Jn, = Bidj — AjBjr1,  Ex, = —vjni0j,

(321) _ ! A 1! D! 5
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for j <i—1, and

(322) In,_, = Bi1Ai_1 — Ai_1Bi + q1o, En, , = —viU;i_1,
In = Bi Al — A \Bi+ i@, En, = 0i1vio1,

and

(323) i, = 4B = Bindj, By, = vity,

J/”\/‘ = A;B; - B§»+1A;~, EA/ = —’D]'Uj_;,_l,
for j7 > i, and lastly
(324) Ju, = Ai_1qo, By, =p, Ju =A_\dh, Eg, =—pvi1.

The above superpotentials are chosen in order that all charges of the extra
supermultiplets are uniquely fixed and also the supersymmetric condition
Yo Fa-Jo =0 is satisfied m

We remark here that the vortex quantum mechanics in the first vacuum
at i = 1 can be considered as the handsaw quiver theory in Figure [I0] with
p1=p2=1and p; =0 for j > 2, and ¢; = ¢; =0 for j > 2. So we expect
that the interface in this section and the interface for the handsaw quiver
given in Section [6.2.1] after truncating the some fields appropriately will be
the same. Indeed one can check that our interface for the abelian quiver
theory at ¢ = 1 coincides with the interface of the handsaw quiver theory by
setting g; = g; = n; = n; = 0 for j > 2. So two interface constructions are
compatible.

The localized partition function with the interface is given by

__ r71-loop »1—loop ~1—loop
(325) Zirxi = Ziso - Zi—o >0

where Ztl;éo‘)p = 1/wy and Ztl<_é°°p = 1/w; are the 1-loop contributions from

the 1d bulk fields. The contribution from the extra fields at ¢ = 0 is given

20We note that there is another choice of superpotentials including the extra
chiral field p which gives the same, but opposite for p, charge assignments and the
same partition function. The choice is that we turn on only one superpotential term
for p such as Jy, = /L-, 192 — p. However, if we restrict to the case where the chiral
field p does not develop extra branch of moduli space, for being consistent with the
physics at the interface, the current choice is preferred.
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00 N ¢, d) + zlﬂ] EiS ¢ -5
@20z =TI 11 T ST o ”quf_z;

j=1I1=1J=1 ]1[1J1 +1J

(G410 — 1 —5) J7 (bim1,r +m1 +5)
) HHH (&7 — dirrs — §) ==

=i T=1 J=1 Pi+10 —3) 1
n; ni
€
Xllj1<¢i,1+m2+2)ll:l( ¢ —m1),

where the complex scalars ¢; ; and (JSZ ; take values at the supersymmetric
vacua . By plugging the fixed pomt values of ¢;; and gb’ 7 into this
contribution, we find

(327) Z})°P = H H (0 — €+ 1)e
j=14=n;_1+1

n’

i

N n;
<IT TII ®j—¢+ve ] (ma2— -+ %))

J=il=n;11+1 l=n;_1+1

The partition function of the identity interface at ' = # correctly yields
the overlap of the vortex state as

(328) (M0) = Zagwi = 1/wg.

On the other hand, the partition function with # = + §; computes the
correlation functions of the monopole operators as

(329) (M + &]v|n) = (Ao, [0+ 8;) = Zirxin-

Using the correlation function, we find the actions of the monopole op-
erators:
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(nj —nj_1+1)e Jj<t
vl ) = [0+ 85) § (i — niga + De(mag — (n —ni1 + §)e) j =i
L(n] —njp1+1)e J >,
(330) (nje1 —nj + 1)e j<i-—1
1 . .
— — N1 — = — _ 1
v7 ) = |1 — §;) (maz = (8 = i1 = 3)¢) ] Z
J 1 j=1i
(nj—1 —nj+1)e J >

The results show perfect agreement with the monopole actions in and
. This strongly supports that the interface in the vortex quantum me-
chanics constructed in this section realizes the action of monopole operators
on vortex states in the abelian quiver theory.
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