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SYZ transformation for coisotropic
A-branes

KAILEUNG CHAN, NAICHUNG CONAN LEUNG, AND YI ZHANG

Kapustin and Orlov observed that natural boundary conditions
in A-model are coisotropic A-branes, and also they need to be
included for mirror symmetry.

In the SYZ conjecture, the transformation which takes a holo-
morphic bundle E in X to a Lagrangian A-brane in its mirror
manifold X uses the property that the restriction of F to any La-
grangian torus fiber in X is topologically trivial.

In the semiflat setting, without assuming that E is fiberwise
topologically trivial, we construct a SYZ transformation which
takes holomorphic bundles in X to coisotropic A-branes in X and
vice versa. The construction uses fiberwise Nahm transformations
for twisted Dirac operators on tori.
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1. introduction

Inspired by string theory, it is conjectured that the symplectic geometry
(A-model) of a Calabi-Yau manifold X is equivalent to the complex geom-
etry (B-model) of a mirror Calabi-Yau manifold X and vice versa, which is
known as the mirror symmetry phenomenon. One mathematical formulation
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of this proposed by Kontsevich in [I6] is the homological mirror symmetry
(HMS) conjecture, which interprets mirror symmetry as the equivalence of
the derived Fukaya category Dfuk(X ) of X and the derived category of
coherent sheaves D?(X) of the mirror X. Objects of DFuk(X) are roughly
speaking Lagrangian submanifolds carrying flat unitary bundles (Lagrangian
A-branes) while objects of D’(X) are bounded complexes of coherent sheaves
(B-branes). From physical perspectives, branes are boundary conditions for
strings. Kapustin and Orlov pointed out in [I5] that, in general, extra objects
called coisotropic A-branes should be added to the Fukaya category for the
HMS conjecture to be true. A coisotropic A-brane is roughly a coisotropic
submanifold whose leaf space admits a holomorphic symplectic structure. In
particular, coisotropic A-branes on a four-torus was studied in [].

Strominger-Yau-Zaslow [26] proposed a more geometric explanation to
mirror symmetry which is known as the SYZ conjecture. It asserts that, for a
pair of mirror Calabi-Yau manifolds X and X, there exist special Lagrangian
torus fibrations p : X — B and p: X — B over the same base manifold B
which are fiberwise dual to each other, at least in the large complex structure
(volume) limit. It was studied extensively, such as [8 9, 1T, 17HI9] 22].

Moveover, it is conjectured that HMS can be revealed by the SYZ ap-
proach in the sense that DFuk(X) and D®(X) are exchanged by a fibrewise
Fourier-type transformation. The construction of the Fourier transformation
is based on the natural identification between the dual torus T and the mod-
uli space of flat U(1)-bundles over T. Suppose we are given a holomorphic
line bundle £ — X which is flat along fibers of p : X — B. Then its restric-
tion to each fiber is a flat U(1)-bundle over T and it becomes a point in T
under the Fourier transformation. Therefore, family Fourier transformation
takes £ to a section of  : X — B which can be shown to be a Lagrangian
submanifold of X. This program has been carried out successfully in the
semi-flat case, namely no singular fiber appears in those torus fibrations
[2, 6, 21} 23], 24]. In fact, this approach can be further extended beyond the
semi-flat case [3| [7), 10}, 12, [13].

However, a coisotropic A-brane appears as mirror when £ is no longer
fiberwise flat. Therefore, we need to define the SYZ transformation which is
a generalization of the fiberwise Fourier transformation. It is motivated by
the Nahm transformation which was used to transform anti-self-dual bundles
on flat four-tori in [5] and [25]. The basic idea is to use spinor bundles and
a family version of kernels of Dirac operators to incorporate coisotropic A-
branes into the SYZ picture.

Furthermore, at the large complex structure (volume) limit, A- and B-
branes are conjectured to be families of Yang-Mills bundles over semi-flat
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submanifolds. It leads us to consider the class of semi-affine branes (see Def-
inition [10)). Our main theorem says that in the semi-flat case, if we relax the
fiberwise flatness condition to fiberwise Yang-Mills, then SYZ transforma-
tion still works precisely if we include coisotropic A-branes.

Theorem 1 (Main Theorem). The SYZ transformation exchanges semi-
affine coisotropic A-branes and B-branes between a semi-flat Calabi- Yau
manifold X and its mirror manifold X .

Acknowledgement. The authors thank Kwokwai Chan, Siu-Cheong Lau
and Ziming Nikolas Ma for useful discussions. The work of the second author
was substantially supported by a grant from the Research Grants Council of
the Hong Kong Council of the Hong Kong Special Administrative Region,
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2. Construction of transformation
2.1. SYZ mirror symmetry for semi-flat Calabi-Yau manifolds

In this section, we will briefly review the SYZ mirror symmetry for the semi-
flat Calabi-Yau manifolds and the construction of the Fourier transformation
on tori which appears in [21] 23]. Details can be also found in [6].

2.1.1. Semi-flat Calabi-Yau manifolds. Let M = Z" be a lattice and
N = Hom(M,Z) be its dual lattice. Define Mg = M ®z R and Ng = N ®z
R. Let B be an affine manifold such that all transition maps are in Mg
SL(n,Z). We can construct a pair (X, X) of mirror Calabi-Yau manifolds
from the tangent and cotangent bundles of B as follows:

Construction of X

Let (x1,...,2,) be local affine coordinates of B which induces fiber
coordinates (y1, ..., y,) of the tangent bundle T'B via the base 8%1’ ey Bgn'

Since the transition maps of the affine manifold B lie in My x SL(n,Z), we
have a lattice bundle A C T'B which is generated by 8%17 ce %. We define
X to be TB/A and then

p: X —>B

is a torus fibration over B. Also (x1,...,Zn;y1,---,Yn) gives a set of local
coordinates on X which is called a semi-flat coordinate system. Furthermore,
X is a complex manifold with complex coordinates z; = x; ++/—1y; and a
holomorphic volume form Qx :=dz; A ... Adz,.
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If  : B — R is a convex function, then

1<i,j<n
defines a Kahler metric on X and the corresponding Kéhler form is

g /=1 g
wx = Y o d; N dy; = ~—— > ¢dz ndz,

1<ij<n 1<ij<n

.. 2
where ¢% = Bfig;j‘

Construction of X

To construct X which is the mirror of X, we consider the cotangent
bundle T* B with coordinates (x1,...,Zn;y',...,y"), where (y',...,y") are
fiber coordinates induced by dx1,...,dx,. Also, dx1,...,dx, gives rise to a
lattice bundle A* C T*B. As a consequence, if we define X to be T*B/A*,
we get the dual torus fibration

p: X - B

over B. Also (z1,...,2n;y%,...,y") gives a set of coordinates on X which
is called the mirror semi-flat coordinate system. Moreover, X carries a sym-
plectic structure wy = 2?21 dz; A dy’ .

Furthermore, if ¢ : B — R is a convex function, then X is a Kéhler
manifold with complex coordinates z* = ¢ z;++/—1 y* and Kihler metric

9% = Z ¢ijdxi®dxj+ Z ¢z’jdyi®dyja

1<i,j<n 1<i,j<n

where (¢i;) = (¢¥) 7!, such that the Kéhler form is exactly wy.

In summary, we get a pair of torus fibrations p: X — Band p: X — B
which are dual to each other over the same affine manifold B. Furthermore,
if ¢ satisfies the real Monge-Ampére equation:

2
det 04 = constant,
(91'1' ox 7

then one can check easily that X and X are Calabi-Yau manifolds and we
call them a mirror pair of semi-flat Calabi-Yau manifolds.
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2.1.2. Fourier transformation on tori. Let V be a real n-dimensional
vector space and A be a lattice in V' which gives rise to a torus T := V/A. Let
V and A be the dual vector space of V and the dual lattice of A respectively,
then we can define the dual torus T := V/A. Observe that the moduli space
M of flat U(1)-bundles over T can be identified with T as follows: Given
any point § € T with a representative y € V, then ¥ can be regarded as a
constant one-form on T. No matter which representative is chosen,

d—2mv/—1y

defines the same connection on the trivial complex line bundle over T. We
denote the connection and the bundle associated by V and L; respectively.
Then, Ly is a flat U(1)-bundle and the identification of T and M is given
by

g <— Ly.

In fact, this identification can be encoded in the Poincaré line bundle
P — T x T, which is a line bundle possessing an universal property that
Plypy gy = Ly for any point g € T. The bundle P can be constructed as the
following: We first choose a linear coordinate system (yi,...,y,) of V and
its dual coordinates (y',...,y") of V, which give local coordinates of T and
T. Consider the trivial bundle

L:=TxVxC—->TxV
with connection
n
vl =d—-2rv/=-1 Zyidyi,
i=1
then we define a A-action on L:
Ay, ¥,0) = (3,3 + A, e 2V 10y,

where A€ A, y € T, y € V and v € C. It is easy to check that this action
preserves the connection V¥ on L. Therefore, the quotient bundle

(2.1) P:=L/A-TxT

is a well defined U(1)-bundle over the product T x T with the connection
V¥ descended from V*. This bundle is called the Poincaré line bundle. The
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curvature of P is given by
n .
(2.2) 2ry/—1FP =2r ) " V=Tdy; Ady'".
i=1

Let m and 7 be the projections of T x T on T and T respectively. We
can define the Fourier transformation of differential forms between dual tori
by using F* as follows:

Definition 2. The Fourier transformation for differential forms between
dual tori

F: Q*(T) — Q" *(T)
is defined by

F(o) = wo(m (@) Ae FT) = /I‘ﬂ'*(a) Ae F7

Remark 3. The Fourier transformation F in fact descends to be an iso-
morphism
F: H*(T) — H"*(T).

Furthermore, we can use the Poincaré line bundle P to construct the
Fourier transformation for flat branes on tori.

Definition 4. A flat brane (C, E) on a torus T is a pair of affine subtorus
C of T and a flat unitary bundle E over C. We denote the set of all flat
branes on T by By(T).

Let (C,E) be a flat brane in T with a flat unitary connection V¥. For
each point g in T, we define Ej to be the vector space of flat sections of the
bundle 7*E @ P|¢ (43 With respect to the connection VP ® V. We also
define

C:={yeT E;#0} CT.

It can be shown that C' is an affine subtorus in T'and F := |_|g€c E’g defines

a flat unitary bundle over C'. Then, we have the following definition:
Definition 5. The Fourier transformation
F : Bo(T) — By(T)

is defined by F(C,E) = (C,E).
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In fact, the flat unitary bundle E can be split orthogonally into a direct
sum of flat unitary line bundles. In case that E is a flat unitary bundle, the
Fourier transformation can be explicitly written down in local coordinates.
If the lifting of an affine subtorus C' in V is given by

(23) {ye V CYk+1 :bk+17"'7yn:bn}
and
k: .
(2.4) VE=d—2mV/=1) Wy
j=1

with respect to some trivialization of E, then C' can be described by the
lifting

(2.5) {yeV:yt=0bl.. . 5 =0b"}
and the flat U(1)-connection VE on E is
~ n .
(2.6) VE=d-2rv/=1 > bdy
j=n—k+1
with respect to some suitable trivialization of E.

Remark 6. From (2.3) and (2.5)), it can be seen easily that C' and C are
of complementary dimensions.

This transformation for flat branes in fact descends to the Fourier trans-
formation F under the Chern character map ch:

Bo(T) —L—  By(T)

Jon [

H*(T) —2— H"*(T)
Conversely, one can also define the map

F : By(T) — By(T)

by regarding T="T. Then, F o F and F o F are identity maps.
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2.1.3. Fiberwise Fourier transformation for semi-flat Calabi-Yau
manifolds. Let X and X be a pair of mirror semi-flat Calabi-Yau mani-
folds. Then the fiber product X x g X can be regarded as a family of product
of T x T parametrized over the base B. In particular, branes that are fami-
lies of flat branes on tori are called semi-flat branes. Under fiberwise Fourier
transformation, semi-flat A- and B-branes in X are transformed to semi-flat
B- and A-branes in X respectively.

For instance, if £ is a fiberwise flat unitary bundle over X, then (X, &)
is a semi-flat B-brane in X. From Remark [6] since the restriction of X on
any fiber torus is the whole fiber, the corresponding A-brane obtained must
be a Lagrangian section with a fiberwise flat unitary bundle over it. How-
ever, Kapustin and Orlov in [I5] constructed an example of B-brane which
is a four-torus with a non-fiberwise flat U(1)-bundle, but the correspond-
ing A-brane is the mirror four-torus which is coisotropic (see example .
Therefore, in order to include this case, we have to generalize the Fourier
transformation in Definition

2.2. SYZ transformation on tori

In this section, we are going to construct the SYZ transformation which is
motivated by the Nahm transformation (see [5] and [25]) Simply speaking,
besides twisting the Poincaré bundle, a spinor bundle is also twisted to give
extra information.

Definition 7. A constant curvature brane (or simply brane) on a torus T
is a pair (C, E), where C is an affine subtorus of T and E is a projectively
flat unitary bundle over C such that the curvature is 27v/—1 F¥ - I, where
FE is a constant real two form on C. The set of all branes on a torus T is
denoted by B(T).

A flat brane on T may be regarded as a brane on T with F¥ =0 and
hence By(T) C B(T). Note that

Vo:={X eTC:1xFF=0ecT*C}

defines a subbundle of T'C'. The metric on T induces a metric on C' and
so T'C can be decomposed as TC =V @ VOL, where VOJ- is the orthogonal
complement of V. Then V})L associates a spinor bundle S over C. Further-
more, the restriction of the Levi-Civita connection of TC on Vg induces a
connection V° on S. As a result, VS®F .= VS @ V¥ defines a connection on
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S ® E over C, where V¥ is the unitary connection of E. We define I'(S ® F)
to be the space of sections of S ® E and define

FS@E) = {secT(S®E): V§®¥s =0 for all X € T'(V;)}

to be the space of smooth invariant sections along V), where I'(Vp) is the
space of sections of V. Furthermore, by using VS®¥ | we associate the Dirac
operator

D:T(S®E) - T(S®E)".

We claim that ker D is finite dimensional, see Proposition Following
the idea of the construction of the Fourier transformation, if ker D is nontriv-
ial, we twist the pullback of S ® E over C' x T C T x T with the Poincaré
bundle defined by , then for any 7 € T, we construct the induced Dirac
operator

(2.7) ’Dg : F(?T*(S & E) ® P|C><{g})vo — F(W*(S & E) X P|CX{Q})V0,

where 7 and 7 are projections of T x T on T and T respectively. We claim
that the ker Dy is finite dimensional. Furthermore,

C = {y € T : ker D; is nontrival}
defines an affine subtorus of T and
E = |_| ker Dy
deﬁvnes an projectively flat unitary bundle over C. Hence, (C’ , E) is a brane
in T and we can define
Definition 8. The SYZ-transformation 7Y% : B(T) — B(T) is defined by
FYZ(C,E) = (C,E).

Remark 9. In particular, if (C, F) is a flat brane on torus, then F'¥ = 0.
In this case, V) = TC and so S ® F is just F. Then, we have

FY2(C,E) = F(C,E),

and hence the SYZ transformation in Definition [8] can be regarded as a
generalization of the Fourier transformation in Definition
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2.3. Fiberwise SYZ transformation for semi-flat Calabi-Yau
manifolds

As the SYZ transformation is a generalization of the Fourier transformation,
it is expected that the family version of the SYZ transformation is able to
transform a larger class of branes, which are called semi-affine branes.

Let X be a semi-flat Calabi-Yau manifold and p: X — B is a torus
fibration over an affine manifold B.

Definition 10. A semi-affine brane is a pair (C, ), where

1) C is a submanifold in X such that p|¢ : C — p(C) is a torus bundle with
each fiber over = € p(C) being an affine subtorus of p~!(x).

2) & is a projectively flat unitary bundle over C such that the curvature
of £ is constant along any fiber of the fibration plc : C — p(C).

The set of all semi-affine branes in X is denoted by B(X).

Basically, a semi-affine brane is a family of branes in Definition [7} There-
fore, the family version of the transformation in Definition [2.3] associates the
SYZ transformation

FYZ . B(X) = B(X),

see Theorem Furthermore, we can show that (F°Y4)2 is the identity
map, see Theorem Comparing to the Fourier transformation, the SYZ
transformation incorporates the spinor bundle. It is worth to note that even
the spinor bundle is trivial along torus fibers, it is a nontrivial bundle over
the semi-affine branes which provides extra information to transform a larger
class of objects.

Recall that if (X,w) is a symplectic manifold and C is a submanifold of
X, we define TC¥ to be the orthogonal complement of TC in T'X with respect
to the symplectic structure w. The submanifold C is said to be Lagrangian
if TC¥ = TC and coisotropic if TC¥ < TC. For a coisotropic submanifold C,
the subbundle TC* < TC is an integrable distribution and hence it induces
a foliation for C by the Frobenius theorem. We call T'C¥ the tangent bundle
of this foliation and

NC:=TC/TC”

the normal bundle of this foliation. Note that the symplectic structure w

induces an invertible bundle map w : NC — NC* with inverse w™?.
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Definition 11. A coisotropic A-brane on a symplectic manifold (X,w) is
a pair (C, &), where C is a coisotropic submanifold of X and £ is a unitary
line bundle over it, such that

1) The curvature two-form F' of &, regarded as a bundle map F : TC —
TC*, annihilates TC*. This induces a bundle map F : NC — NC*.

2) The composition J := w™! o F gives a complex vector bundle structure
on NC, ie., J?> = —1I.

Remark 12. In general, if we consider the mirror brane in X of a brane
in X which is not semi-flat, then the ranks of the attached bundles may be
different. Therefore, we slightly generalize the definition given by Kapustin
and Orlov in [I5] and allow £ to be a projectively flat unitary bundle.

Definition 13. A B-brane on a complex manifold X is a pair (C, £), where
C is a submanifold of X and £ is a unitary bundle over C satisfying that

1) C is a complex submanifold, of X;

2) & is a projectively flat unitary bundle satisfying that the (0, 1)-part of
its connection V¢ gives a holomorphic structure on &.

With the above definitions, we are ready to state the main result of this
paper as follows

Theorem 14 (Main Theorem). The fiberwise SYZ transformation F5Y %
transforms a semi-affine coisotropic A-brane to a semi-affine B-brane and
vice versa.

Remark 15. Following from Remark [9] the SYZ transformation is a gen-
eralization of the Fourier transformation which also transforms a semi-flat
Lagrangian A-brane to a semi-flat B-brane and vice versa.

3. Explicit computations

In fact, the SYZ transformation on a pair of dual tori or mirror semi-flat
Calabi-Yau manifolds can be written down explicitly by choosing normalized
coordinates as we explain below.
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3.1. SYZ transformation on tori

Let V be a n-dimensional real vector space and A be a lattice in V. Then
the quotient V/A gives a torus T. Let (C, E) be a brane in the torus T.
Note that F is a projectively flat unitary bundle over the affine subtorus C'
such that the curvature is 27v/—1 F¥ . Iy, where F¥ € Q?(C,R). Since F¥
can be regarded as a two form on the universal cover C of C,

(3.1) Co:={weC: 1, FF=0}

defines an affine subspace of V and Cy/(Co N A) defines a subtorus Cy of
C. Note that the codimension of Cy in C' must be even, we can choose
coordinates of T D C D () as

(32) (u’YaV) = (ula ceyUsy YLy e v o5 Y2r, Uy e v e 7Uk;)
such that
(33 = {(wy.v):u=b)

for some b = (by,...,bs) € R® and
- 1
(3.4) VE =d+2rv/—-1 <—b dvl + 2yAdyT> g,
where b = (b, ...,b%) € R, dv = (dvy, ..., dvy), dy = (dyi, ..., dys,) and

(3.5) A = diag { [_(;1 aol} . {—?1 ﬂ }

which is a (2r) x (2r)-matrix with the listed block matrices on the diagonal
and aq,...,a, are nonzero real numbers. Then we have

1
(3.6) FP = 0y A ANndyT.

Similarly, we can write down the dual brane (C, E) by choosing a set of
normalized coordinates explicitly:
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Proposition 16. The dimensions of C and Cy are given by
dim Cy = codim(C) and dim Cy = codim(C).

Furthermore, there exists a set of normalized coordinates of T > C D Cy as

(3.7) (a,y,v) = (ul, cooulyt oyt ,0%)
such that

(3.8) C={(u,y,v):a=b}

(3.9) VE =d+2rv/—1 [ -bdv + ;yAldyT> I
and so

(3.10) rE = %dy ANATEAdyT.

Moreover, by Proposition the rank of E equal to

/Cch(E).

Example 17. Let T be a two dimensional torus and let (C, E') be a brane
in T such that C' =T and E is a U(1)-bundle over C with connection

VE = d + 7v—=1 (y1dys — yadyn).
Then, we have
FP = dyy Adys,
In this case, Co = {*} and C = T. Also E is a U(1)-bundle over C' with
VE = d 4 mv/=1(—y'dy? + yPdy")

and

FE = —dy* A dy?.
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Example 18. If the connection V¥ in example [17|is changed such that
FE = 2dyy N dyso,

then C is still the dual torus T. However, E is a projectively flat unitary
bundle with rank 2 and

2 1
FP = —idy1 A dy?.

3.2. SYZ transformation on semi-flat Calabi-Yau manifolds

Let X and X be a pair of mirror semi-flat Calabi-Yau manifolds, where
p: X — Bandp: X — B are torus and dual torus fibrations over an affine
manifold B, see the construction in Section [2.1.1]

Let (C,€) be a semi-affine brane in a semi-flat Calabi Yau manifold X.
In order to describe C locally, we choose an open set U = R" such that
U C p(C) C B and we define T, := p~!(z) to be the fiber torus over = € U.
From the Definition C; := T, NC is an affine subtorus in T, and

Cv=|]c=UxCc,
xeU

where C is a torus.
Furthermore, the restriction of F€ on C, is a constant two form, so it
defines a subtorus Cy, in C, as (3.1) and

CO,U = |_| CO,:): = U x Cy,
zelU

where C is a subtorus of C' with even codimension.
We choose normalized coordinates, as in (3.2), of p~1(U) 2 U x T as

(X0, ¥, V) = (T1, ooy Ty Uty e e vy Usy Yy e o v s Y2y U1y -« 5 V),

with (u,y,v) as normalized coordinates on T D C' D Cy. Under this set of
coordinates,

(3.11) Cu={(xuy,v):u=gx)}
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for some function g(x) with valued in R*, spanned by u;’s coordinates. The
connection of £ is

1

(3.12) V¢ =d+2rv/—1 <a —gavl + 5yAdyT - fdyT> g,
for some a = a(x) € QY(U,R), f = f(x) and g = g(x) are some functions
and

T 0 al 0 ar

amang ([0 0] [0 @)
for some nonzero real numbers ay, ..., a,. Furthermore,
1

(3.13) F¢ :da—dgT/\dv—l—idy/\A/\dyT—dedyT.

Then, the dual semi-affine brane in X (C,€) can be written down ex-
plicitly:

Proposition 19. There exists a set of fiberwise dual normalized coordinates

(3.14) (x;0,5,V) = (z1,..., x50l ... al oyt oyt ,0%)

on p~1(U) =2 U x T such that

(3.15) Cu={(x1,¥,v):u=gx)},

(316) V€ —d+2m/—1 (a v + %(y +E)Ad(y + f)T> I
=d+2rV/—1 (a —gdvl + %yA—ldyT — fdyT> g

with

(3.17) FE = da—dg ndv’ + %d(mf) NANAF + )T

1 }
:doz—dg/\dvT+§dyAA—1/\dyT—dedyT.

where & = a + 5(y + f)A71dfT € QY(U,R) and f(x) = —4fA~1.
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Example 20. Let B = T? be a 2-torus with affine coordinates (z1,xs).
Then X = B x T? and X = B x T? is a mirror pair with semi-flat coordi-
nates (1,2, y1,y2) and (z1, z2,y',y?) respectively. The following examples
can be regarded as the family version of the example which transform
semi-affine B-branes in X to semi-affine coisotropic A-branes in X under
fiberwise SYZ transformation:

1) If (C1,&1) is a semi-affine B-brane in X, where C; = X and & is a
U(1)-bundle over C; with curvature 2mv/—1 F€ and

F€ = dxy A dxo + dy1 A dys.

Then, its mirror (C,£&1) is a semi-affine coisotropic A-brane in X,
where C; = X and & is a line bundle with

Fgl =dx1 Ndxo — dy; N dyo.

2) If (C9,&7) is a semi-affine B-brane in X, where Co = X and &; is the
trivial line bundle with

1 1
V& = d+2mV-1 <2(l‘1d£ﬂ2 — xady) + 5(.@1@2 — y2dy1) — frdy: — fzdy2>,
where f; and fo are functions on B. Moreover,

F& = (dxy A dxy) — (dfy A dyy — dfs A dysz) + dyr A dys.

Then, its mirror (C,&s) is a semi-affine coisotropic A-brane in X,
where C; = X and & is the U(1)-bundle with

F& = (dwy Adea — dfy Adfa) + (dfy A dy® — dfs A dy*) — dy* A dy?.
4. Proof

4.1. Kernel of Dirac operator

In this section, we will study the Dirac operator defined on torus.

Proposition 21. Let (C,E) be a brane on a torus T and let D:T(S®
E)Y 5 T(S® E)Y be the Dirac operator defined on T. Then kerD # 0 if
and only if El|c, is trivial. When this happens, one has

dim(kerD):/ch(E).

C
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Proof. We will first compute dim(ker D) when F¥ is non-degenerate and
then show the general situation can be reduced to this case.

Firstly, if F¥ is a non-degenerate two-form, dim C' must be even, say 2.
Therefore, the spinor bundle § = ST @ S~ and the Dirac operator has the

form
0 D
D= [w i } .
We will show that ker D~ vanishes and this proposition follows from the
Atiyah-Singer Index Theorem.
We choose an orthonormal frame {e1, ..., e, } of the tangent bundle 7'(T)
with dual frame {w1,...,wy}, such that

F€ = Mwi Awa + -+ 4 Apwar—1 A woy

for some positive real numbers Aq,...,\,.. Then the Lichnerowicz Formula
gives:
" orm
2 _ \* 2T Y o .
(41) D =V*V + ; \/jl )\162171621 s

where V denotes the connection of the spinor bundle S ® E and ‘-’ denotes
the Clifford multiplication.

Remark 22. Since C is a flat torus, the spinor bundle S = C x C?" is
trivial with trivial connection. To simplify our notations, we use V to denote
both connections of the bundles V¥ and V°®F when no confusion occurs.
Readers may refer to Appendix for the details of spinor bundles and
Clifford multiplications.

Lemma 23. Let \ be the first eigenvalue of the operator
V*V:T(F) = T(E),
then A > 21> | A

Proof. Suppose A < Y7 _; A;. Then there exists an non-zero section o € I'(E)
such that

V*Va = 27 )a.
For each I = (¢1,...,t,) € T :={(1,-1)}", we define

.
XI=Xu @ QX €RQC?,



526 K. Chan, N. C. Leung, and Y. Zhang

1
O] and x_1 = 1l

Suppose that Iy = (1,1,...,1) € T, then n = x7, ® « is a nonzero sec-
tion of S ® FE which satisfies

where y1 =

V*Vn =21y

since S is a trivial bundle with fiber ®C2 . Using (4.1),

D?p=2r <)\ — Z)‘Z> n.
i=1

This is a contradiction as A < Y _;_, and D? is an non-negative operator. [

As FE is non-degenerate, we have V- = TC and so I'(S ® E)"® is simply
IN'S®E).

Lemma 24. For any s € kerD C I'(S ® E), s must be in the form of
5= X1, ® a,
where « is a section of E satisfying that V*Va = 2r(3;_; \i)a.

Proof. Suppose that s € kerD C I'(S ® E) and

S=Zx1®a1

IeY

for some sections oy € T'(E). By plugging it into (4.1)), we obtain

ZX[ ® (V*Val — 271'#[&[) = 0,
IeY

where pp =7 t;\;. Therefore,
(4.2) V*Va; = 2nurag

for all I € T. However,

T
wr < W, :271'2)\2'

i=1
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for any I # Iy since A; > 0 for all . By Lemma ar = 0 for I # Iy and so
§ = X1, @ ay,
with

T
V*VQIO = 27‘(’2 /\ia[o
=1

by . O

An immediate consequence is ker D~ = 0 because 1, ® aj, € ST. By
the Atiyah-Singer Index Theorem, we have

dim(kerD):/Cch(E)

In the general case, the subbundle
Vo={XeTC: xFE=0eT*C} <TC
is integrable since F'¥ is a constant two-form.
Since Cp is an affine subtorus of C, we can choose a complementary
affine subtorus C; to get a decomposition

C’:CGCo.

Suppose that ¢1 : C — Cy and ¢g : C — Cy are projection maps. Note
that the bundles E and ¢7(E|c, ) have the same rank and curvature.

Lemma 25. Let E and E' be two projectively flat unitary bundles over a
torus C' with the same rank and curvature. Suppose that E is irreducible,

then E and E' differ by tensoring with a flat U(1)-bundle.

Proof. For simplicity, we assume that rank & = 2. Clearly, £’ ® £* is a flat
unitary bundle. Therefore,

4
&= L
i=1
for four flat U(1)-bundles £;. Similarly, we also have

4
E'ReE= @1£;
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for another four flat U(1)-bundles L. Therefore,

(4.3) Zél (E@L)=EDE ®E = iélw’@z;).
We obtain two decompositions for the bundle £’ ® £* ® £. For this bundle,
there must be at least one non-zero map among the orthogonal projections
from £ ® L; to &' @ L] for 1 < i < 4. Without loss of generality, assume that
the map

P:ER L = E @ L)

is non-zero. We claim that ¢ is actually a unitary bundle isomorphism up
to a constant.

Let p be an arbitrary point in T and V be the fiber of the bundle
&' ® &* ® £ with the holonomy group G acting on it. According to the
representation of G on V has two decompositions @;;m and @?:11/{ . Note
that the decomposition V' = @levi is irreducible since £ is irreducible. Note
that the linear map

¢: VL=V

induced by the projection ¢ is a homomorphisms of representations. More-
over, ¢ is a non-zero map and V; and V{ have the same dimension, so ¢
is actually an isomorphism of representations by Schurs lemma. Hence, by
Schurs lemma again, one can prove that there exists a positive number ¢(p)
such that ¢(p) - ¢ preserves the Hermitian metrics on the fiber over the point
P.

On the other hand, it is easy to see that ¢ preserves the connections, by
letting ¢(p) to be a constant ¢ independent of p, then c¢- ¢ gives a unitary
bundle isomorphism which completes the proof. O

By the above lemma and the fact that any flat U(1)-bundle on C' =
Cq x Cy is of the form

111 ® ¢Lo
where L; and Ly are some flat U(1)-bundles over C and Cjy. As a result,

E = ¢1(Elc,) @ (¢1L1 @ ¢pLo)
= ¢1(Ele, ® L) @ ¢ Lo

Hence if we let F := E|¢, ® L1 and Ey := Ly, then we can decompose E as
E = ¢1E1 ® ¢yE

such that the curvature of F; is non-degenerate and FEj is flat.
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We claim that Ep is trivial. Otherwise, I'(S ® E)"* is nontrivial and
there exists a non-zero section

S:ZX1®0¢IEF(S®E)VO
IeY

for some sections ay € I'(E). Since s is nonzero, there exists nonzero «; for
some I, which contradicts to the assumption that Ey is nontrivial.

As a result, E' = ¢]E;. Let S; be the spinor bundle of C; associated by
the tangent bundle T'C and let

D :T(S1®Ep) - T(S1 ® E)

be the corresponding Dirac operator. Note that S = ¢]S1, so we have the
bundle isomorphism

S1 @& ZPi(S1® &)
and it induces an isomorphism I'(S; ® &1) = T'(S ® ¢7&1)"° which is defined
by
S+ ¢1s.
This map gives an isomorphism between ker D; and ker D. Hence, dim D =

dim D; and the general situation reduces to the non-degenerate case which
finishes the proof Proposition [21} O

4.2. Transformation of semi-affine branes
The main goal of this section is proving the following:

Theorem 26. The fiberwise SYZ transformation F5YZ transforms a semi-
affine brane in X to be a semi-affine brane in X.

Since F5YZ is defined fiberwisely, we can prove this theorem locally on
base. Without loss of generality, we assume that X =2 B x T where B is a
convex subset of R”, then we have:

Proposition 27. Let (C,E) be a semi-affine brane on X. Then there exists
a decomposition of the torus T as a product of subtori Co x C1 x Cy and
a semi-flat coordinate system (x;u,y,v) of X = B x Cy x C1 x Cy which
satisfies:
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C={(xuy,v)| xep(C), u=gx)}
for some vector valued function g(x) on p(C).
2)
ESERELRES

for three bundles &,, &, and £y over C such that:
(i) & is the pull back of a U(1)-bundle over p(C) with curvature
2w/ —1F.

(ii) &rn = C x C with connection form
2mv/—1 (fdy” + gdv")

for two wvector valued functions £ and g on p(C). We denote the
corresponding curvature by 2w/ —1 Fy,.

(ili) & is the pull back of a projectively flat unitary bundle over Cy with
curvature to be 2m\/—1 Fy - Ig, where

1
Ffzidy/\A/\dyT

and A = diag 0 @ e 0 a s a constant matrix
—a; O —a, O
with a; € R\{0}.

Proof. Recall the definition of a semi-flat submanifold that, if p: X =2 B x
T — B is the projection map, then the restriction map p|c : C — p(C) gives
a torus fibration. Hence C can be regarded as a family of affine subtori of
T which gives a continuous family of homology classes in H,(T,Q). Since
H,.(T,Q) is totally disconnected, this family actually gives only one homol-
ogy class in H,(T,Q), which means C is homotopic to C' for some subtorus C
in T. Then we can choose a subtorus Cs which is complementary to C' in T
so that X Np~1(p(C)) = p(C) x Cy x C with a semi-flat coordinate system
(x;u,w) and C is given by

C={(xu,w):u=gx)}

for some vector valued function g(x). Furthermore, the cohomology class of
F¢ can be represented by a constant two-form F 't on C. After carrying out
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a suitable coordinate change, we may assume that
1 i T
where

A = diag{A, 0} and A:diag{[(zl %1],...,[0 Cg}}
—ay

_aT

where a1,...,a, are nonzgero real numbers. So we can further decompose
coordinates w = (y, v) such that

1 ~ 1
Ffzidw/\A/\dszidy/\A/\dyT.

Since [F¢] = [Fy], one has F€ — Fy = da for some one form a on C.
Moreover, both F¢ and Fy are semi-affine forms, so a can be chosen to be
a semi-affine form which can be expressed as

a=fdy” + gdv + ay

where f = f(x) and g = g(x) are vector valued functions on p(C) and «y is
the pull back of some one-form on p(C). It then follows that

1
Fg:dab+(df/\dyT+dg/\dvT)+§dy/\A/\dyT
::Fb+Fm+Ff.

Since C is homotopic to T by our assumption, we can construct three
bundles &, &, £ with curvatures as stated in the proposition and the
curvature of the bundle & ® &, ® £y over C equals to a multiple of the
two-form 2mv/—1 F¢. Then the result just follows from the family version of
Lemma 25 O

The Proposition 27] gives a decomposition of F€ into the base part Fj,
the fiber part Iy and the mixed part F,,. With the above, we are ready to
come back:

Proof of Theorem [26. Note that p|c : C — p(C) is in fact a Riemannian fiber
bundle (see Section . In other words, C = [ |,¢,(c)Cs is a family of flat

rep
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tori. Let
Ve= || 7€) >
z€p(C)

be the vertical tangent bundle of this Riemannian fiber bundle and let
Vo:={X eVe:1xFE =0eV}}

be a subbundle of V. Then VOL associates a spinor bundle § — C which can
be regarded as a family of spinor bundles over the family of tori {C, : = €
p(C)} (see Section . Furthermore, let 7: X xp X — X and 7#: X xp

X — X be projection maps, we can define the Dirac operator 7 which is
parametrized by points (z,9) € X = B x T

Plogy T (E @ E) @ Ple,xiz)”lr = T(r*($®E) @ Ple, wigy) ',

which is a family version of the one in (2.7). Then

C:={(z,9) € X: ker P, 5) # 0},

Note that C, is nonempty if and only if x € p(C). Therefore, by Proposi-
tions 21] and

¢ = {(x;8,%,W) : x € p(C), 1 = §(x)}

defines a semi-affine submanifold in X and &€ is a bundle over C, where
Er = ker ZD(%Q). }

What remains to show is that the curvature of £ is constant along any
fiber of the fibration p|¢ : C — p(C). The computation is divided into two
cases, the special case C = X and the general case:

(i) special case C = X

We begin from the case that C = X and the curvature of £ is non-

degenerate along each fiber. In this case, dim¢ X = n = 2r is even and

V=V =Ve=| | T(T.),
zeB

so the fiber coordinates of X in Proposition[27] only consist of y and we have
E=2E®E, ®Ef, where

(i) & is the pull back of a U(1)-bundle over p(C) with curvature 2m/—1 Fy;
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(ii) &n = C x Cis a U(1)-bundle with connection 27v/—1 fdy” where f(x)
is a vector valued function on B;

(iii) & is a pull back of a projectively flat bundle over the fiber T with
curvature 2my/—1 Fy - I¢,, where

1
Ffzidy/\A/\dyT

for a constant invertible matrix

. 0 a 0 ar
A:dlag{[_al 01],...,[_% 0]}

Suppose that (x;¥) is the semi-flat coordinates in X mirror to (x;y).
For our convenience, we perform a change of coordinates which is replacing
y + f by y. Then

(44) (xﬂyvy) = (xla" . 7wn;y17"'7yn7y17' . ’yn)
gives a set of coordinates of X xp X.

Remark 28. The reason of performing this change of coordinates can be
seen from the equation (3.17)).

We first investigate the connection of £. Note that £ is a subbundle of
the bundle

(@ E) @ Ple,xgy)l =T(n* (@ E) @ Ploxyyy) = H — X.

A section s of H can also be regarded as a section of 7*($ x £) ® P. There-
fore, H equips a connection which is defined by

Vis .= Vs,

where v is a vector field on X with a lift ¥ via the connection of the Rie-
mannian fiber bundle 7 : X xgp X — X.

Remark 29. A connection for a Riemannian fiber bundle 7 : M — B with
a vertical tangent bundle V' in T'M is a choice of splitting TM =V & H. In
our case, the connection is induced by the Riemannian metric of X x5 X.
See Section [5.2] for more details.
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Since € is a subbundle of H, it has connection PV* where P: H — &
is the orthogonal projection map. To calculate the curvature of £, we let

{leg) @) Pl )}

be an orthonormal framing of £, where m is the rank of £. For simplicity,

we denote gpz(’x,g) (y) as ¢P. Then the connection matrix of ker P is

Apg = (P, PVH oY) 12 = (0P, V) 12,

where (-,-)z2 to denote the L? metric of the infinity dimensional vector
bundle H. Then the calculation in [5] shows that the curvature

21y —1 F]i] = (Lzlpq + ZApk A Akq
k
= (p?, VIVHY) 12 + ((Id — P)VHP VHpl)

where d is the exterior derivative of X. The Dirac operator ZD(;p,g) is simply
denoted by P when no confusion occurs and we let G be the corresponding
Green’s operator, which is a self-adjoint operator satisfying

Id = P + PGD.
Therefore,

2mV/ =1 F, = (oF, VAVt 1o + (GDVT P, PVHp) 1o
=I+J

Note that for any two vector fields v, w of X with lifts ¢, to X xg X, we
have

I(’U, w) = <90p7 VHVH(Uv w)(pq>L2
_ QW\/leﬂ*($®5)®P(ﬁ
= T4 ® 27V~ 1 F™ 8P (9, 0) + 21v/—1 F¥(0,0) @ Lr-esop
=: I1(v,w) + I (v,w).

, W)
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We decompose J = J, + Jy,, + Jy to be a sum of the base part, the mix part
and the fiber part, where

Jb L= Z <G¢V%ﬁ(pp,’pv%j<pq>[/2d$i/\d$j

1<ij<n

Jmi= Y (GPV o @ DV o %) pada; A dy’

1<4,5<n
5 P . a9\ dast )
+ Z <G¢V8iyi<ﬂ 7¢V%g0 Yr2dy' A dx;
1<i,j<n
= P q % j
Jp:= Z <GZDV%<,0 ,ﬁvﬁw Yr2dy' A dy’.
1<i,j<n
Hence,
(4.5) 2WV_1F]§;:II+I2+Jb+Jm+Jf

while we have the following lemma:

Lemma 30. If 27v/—1 qu is decomposed as a sum of terms as in ,
then

1) Iy = 2m/=16pg Fy;

2) Io+Jy = 0;

3) Jp=2m1v/—10pg (3dy N AT A dFT);
4) Jp =0

An immediate result from this lemma that
£ L. -1 =T
Fe =F,+ §dy NATANdy

which is constant along any fiber of the fibration p|¢ : C — p(C). The proof
of Lemma [30] will be deferred to the next section.

(ii) general case

For the general situation, we recall that the identification

(S ®&)2T(Seri&)'
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which is also true for the family case. Hence we can apply the same method
and obtain a decomposition

2nV/—1Epy =1 + I+ Jy+ Jom + Jp
as before. The only difference is the term I; which is now given by
I =27V —10pg(Fp + dg A V).
Furthermore, note that
FP|CXP(C)X =dg NdvT +dy A dgT + dv Adu?,

so there is an extra term

g 0 . o 0
N(=—,—)={¢? [Is@2ny/—1F" &P [ — ~ a
1(8x’8v) <SO ’<5® " ox av))? 12

=21V —10,,dg N dV gi

N pq 18 ox’ov )’
As a result, we have

5 1

F¢ :Fb+dg/\\7+§dy/\A_1 AdyT.

Finally, we recall that we have used a change of coordinates which is replac-

ing ¥ + f by §. If we express F¢ in the original semi-flat coordinates, then
we have

5 1
F& = (Fb+2deA_1 /\df) + (dg A +df AN AT A dyT)
1
+ §dy ANATEAdyT.
Therefore, the restriction of F' € is constant along any torus fiber of the
fibration p : C — p(C) and so (C, &) is semi-affine brane on X. This completes
the proof of theorem. O

4.3. Proof of lemmas

We will give the proof of the Lemma [30] in this section.
Proof of Lemma[30. The proof is divided into four parts:
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Proof of (1). First note that
Ii(v,w) = (¢, (Ig ® 2mV/—1 F™ &P (9,40))p7) 12

for any two vector fields v, w with lifts ¢, w. Since we are able to write down
the curvatures of both bundles £ and P, by direct computation, we have

Il = -2mv—1 5qub'

Proof of (2). Let (z,9) be a fixed point in X. We start from the compu-
tation of I. Suppose that & is the spinor bundle associated to the vertical
tangent bundle V of the Riemannian fiber bundle 7 : X x5 X — X, then
by [20], we know that F¥ and FV are related by

1

F? = 3 > (FVei,ej)eie;,
1<j
where {ej,...,e,} is an orthonormal frame of V. As a result, we have
1 N
(4.6) La(v,w) = 5 (& (FY (0, 0)eis e)eies o)
1<J

for any two vector fields v, w of X with lifts 0, to X xg X. In order to
compute I, we have to study FV.

For our convenience, we first choose an orthonormal frame of V as fol-
lows: Since each fiber of the Riemannian fiber bundle 7 : X x5 X — X is
a flat torus, we can find an n x n matrix valued function H(x) on B such
that

0

€1 o

(4.7) = H@) |
o]

€n Aun

is an orthonormal frame of V' with dual {wi,...,w,} and the restriction of
the curvature of £ to the fiber torus over the point (x, ) equals to a multiple
of

—2mv—1 ()\1(,«)1 ANwo + -+ Apwar—1 A way)

for some positive real numbers Aq, ..., A.. We then calculate the connection
and curvature of V.
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Lemma 31. With respect to the orthonormal frame {e1,..., ey}, the con-
nection of V equals to

1
Vv _ INT l
\Y% —2% ((B)" — B')dx
and
1
v _ — m m\T pl T
F 742[3 + (B™T, B! + (BYT | day A da,
<m
where
oH
B:=_—H
81‘1

Proof. Recall that the bundle
V<THX xp X)

inherits a connection from the Levi-Civita connection of X x5 X with the
metric which is a sum of the fiber metric and an arbitrary metric on the
base X. Moreover, this metric on V is independent of the choice of the base
metric. Therefore, we simply take a flat metric on the base X such that

{dxy,. .., degwi,. .. we,dyt, .. dy"™Y
forms an orthonormal frame of T*(X x g X).

If we let dz = (dz1,...,dw,;dyt, ..., dy") and w = (wy,...,wy,) and let
Q be the Levi-Civita connection of T(X xp X), then

(4.8) d [‘izf] —_an [‘izf] .

Furthermore, we can partition €2 into four blocks

10 Q
“‘[—QT F]’

where the block T' is the connection of V. Note that dw?! = —BT A wT

by , where

(4.9) B:=(dH)H™' =) Bldx
=1
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Then equality (4.8) becomes

0 _ QAwT
—BT AT T | =QT Ad2" + T AW
and so
QArwl =0 and BT Awl = QT Adzt +T AWt

Multiplying the second equation by w, together with the first equation, we
have

WABT AW =wAT AW,

Moreover, since I' is antisymmetric,

Therefore,
(4.10) FY =dl +T AT

v [t oB™ 9B'\" 1 /9B™ 9B
- 2\ Oz 0Ty 2\ Oxy 0xm

1<l<m<n

+ i[(Bl)T - BY,(B™T - B™ }dml A dzp,.

By direct computations, we obtain that

oB™ 0’H

oxy 0x10%,

(4.11)

Therefore, by plugging (4.11)) into (4.10]), we obtain

(4.12) PV i S (B BB+ (BYT] dai A da

1<l<m<n
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From the above lemma,

0 0 o 0

41 (s )=h{s5—)=
(4.13) 2(6xz’8ym> 2<6yz’8ym> !
and

0 0\ 1 v( 9 0 o NP oy
(414) IQ <8J,‘178:p7n> = 2;<F <axl781}m) 61,6]> <S0 , €i€59 >L27
where

0 0 1
v, Y — m m\T l INT
F<am’a;? LB+ BB+ (B

Then we compute at (z,9). Note that the fiber torus over (x,7)
of 7: X xg X = X is Just T,. Recall that

S, =2C¥ x T,

and the Clifford multiplication of each e; is the matrix multiplication by
FE;. Under this trivialization, by Lemma [24] ¢? = x1, ® o for some section
aP of the bundle (£ ® P)|r,. From the construction of matrices E;’s, every
non-zero term among (¢, eje;p?)r2’s comes from

(@P, egi—1€2i) 2 = —V/—1
fori=1,...,rand p=1,...,m. Thus equation (4.14)) becomes
a 0 V=1 ¢ o 9
4.15 I = —0pg———— FV|— — i i)

If we express
B' = [Bl]i<s 1<r

and each B, is a 2 x 2 block matrix. We can further obtain

416) I ((,zl,afm)——\/jépq S ooy m

1<s,t<r

where

= (g + B (Bh+ B)") — (B + BR)") (Bh+ (B)").
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Next, we are going to compute J,. Recall that

(4.17) Jp = Z <G¢Vﬂ¢p,$v8¢q> dr; \ dl‘j
Ox a L2

.. zj
1<4,5<2r

at the point (x, 7). We first express each 17>v gpp as a linear combination
of e;Ve,pl’s.

Lemma 32.

(4.18) PVogr=— ), %((BZ)T +B) (eVe,¢")

o 1<i,j<2r b
where ();j denotes the entry of a matriz at the i-th row and the j-th column.

Proof. Since PP = 0, one has

(4.19) OZVO (ZD(xy)gO Vdi (Zel e@)

_Z <V o ez) e ¢P+Ze,~ <V%V6i¢p)‘
=1 =1 .

oz,

In addition,

sl

():F“"<$®5>®7’<a > VeVe=VeVe =V
a:El ez

The first equality holds because the F™ $®E)®P (oes not contain any dz; A
dy;. Therefore,

(4.20) DV o oF = Zel e ( o sop>

oz, oz,

From Lemma we have

(421) Vgei = Z((BZ)T — Bl)jiej
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On the other hand, we recall that

o)
€1 Oy
OH
| =H(z) | : and  B'=(=—)H !,
P 833[
En Yn
so we have
9 !
(422) |:8xl,€i:| = (B )ijej.
Finally, by putting (4.21) and (4.22) into (4.20]), the result follows. O
From Lemma [34] for s,¢ =1,2,...,r, we have
625_1v52t71§0p = _eQSVGQtQDp and

e2svem_190p = er—lveztSop =v-1 628V62t'
Therefore, the formula can be further expressed as
(4.23)
1 -1
PV =5 ¥ (v 1) (Ber ) [V T

k9]
1<s,t<r

By Lemma (36} for s,t=1,2,...,7,

A
G(e2sVe,, ') = pp

M »
()\s +)\t)628v€2t90 )

and by Lemma [37] for k,1,s,t=1,2,...,7r,

(€25V er, 0P, €2k Ve 91 12 = N0y (—1) TGP 50) 2
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As a result, we obtain

o0 0
Jo (63}1 Gmm>

1 pV
V-1 1]
~ 16 pqlgt; s + M

X ((Bit (BL) )[ \/1—1 \/?] (B$+(Bts) )

o) ]

(B:H (Bi2)" 1 1

)L
—otm X @D 1@ |

1<s,t<r

Yt 3 0 e[y

1<s,t<r

o 0
=~k <8afl 8xm>

which means I + J, = 0.

Proof of (3). Without loss of generality, we assume in this proof that 5~
e; on the fiber torus T,. We first express ﬁV P Lpp as a linear comblnatlon
of e;pP’s:

Lemma 33. Fori=1,2,...,2r,
PV o P =21/ —1ejP.
ay*

The proof is similar to that of Lemma
Then, by Lemma we have

GDV o = e;p
o 2

and by Lemma

(eip”, ejpl) 2 = 5[ '][1](\/jl)i(—\/j1)j (", ) 2

z
2412
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As a result, we obtain

(eip?, ej0T) p2dy’ A dy’
1<i,j<n [i/2]

1
= 276pgV — < dy' Ndy® + -+ ~

dyQ'r—l A dy27’>
= 2m0pgV — < dy N A" A dy )

The last equality is true because A\; = a; by the assumption that aiy = e; on
the torus T,.

Proof of (4). It suffices to show that for 4, j,p,q = 1,2,...,2r,

<Gwvaisop,7pvﬂq>L —(PV P PV t) 0
z; By 2 Byt E) 12

)

From Lemma[32[and Lemma we know that szv o (pp can be expressed

as a linear combination of eZV ,©P’s while ZDV o goq is a linear combina-
tion of e;p?’s. The result follows from the fact that the inner product
(eiVe, 0P, e 12 = 0, see Lemma

This completes the proof of Lemma O

In the rest of the section, we will prove the computational lemmas used
in the proof of Lemma

Lemma 34. Fors=1,2,...r and for any @ € ker ﬁ(m]), we have

1) e2sp = V—leas—1¢;

2) e;Ve, 0 = \/—71625_1Ve7.cp forj=1,2,...,2r;

3) Verp = V—=1Ve, ¢
Proof. By Lemma if ¢ € ker ZD(Z@), then ¢ = x1, ® a. Therefore, in or-
der to show (1) and (2), it suffices to show that essa = v/—1eas 10 and

easVe, a0 = \/—1legs 1V afor j =1,2,...,2r which are true by the proper-
ties of Clifford multiplication. Furthermore, first note that

r

0= @SO = 2(625—1V625,1§0 + €25Ve,, )
s=1

_ZXI ® 1v62 Oé-'-ve%a),
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where
Ig:=(1,...,1, —=1,1,...,1)
s—th

and x7, is defined in Lemma [24] Note that {xy,, ..., xz,} is a linear indepen-
dent set, so

V-1V, ,a+V. a=0,
and equivalently,
V=1Ve, @+ Ve, =0
fors=1,...,r. O
To prove Lemma 36| and we need following relations. For simplicity,

write fo;—1 = eg; and fo; = —eg;—1.

Lemma 35. Let [+, -] denotes the superbracket. Then we have

1) [$ ] _2v€i7'

2) [p veq} =2my/—1A /Z]fz;

3) [@ e;] = —4my —1)\[i/2}fz‘;

4) [D°,Ve,] = —4mv/ =1 Nijg) V..
Proof. (1) just follows directly from e;e; + eje; = —20;;. Note that V., o
(e1) = (1) o Ve, as Ve, e; = 0. Therefore,

ﬁvei - VeJD = Zelvelvei - Zelveivez = Zel ® FS@S(elv ei)-
=1 =1 =1

Then, (2) follows from the fact that

2
F¢ = %(Alwl ANwg + -+ Apwar—1 A way).
Finally, (3) and (4) follows from (1) and (2) directly. O

Lemma 36. For any ¢ € ker ﬁ(mj), we have

1) G(ez‘vej<P) = m(eivqw);

2

2) Gleip) = gy (ei)-
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Proof. By (3) and (4) in Lemma and noting that Py = 0, we have

AT [j/2) AT ji/9)
Av
Jo1 VLT

Also by Lemma, V—=1e;Ve, 0 =¢e;Vyp = fiVe,p. Therefore,

P*(eiVe, ) = fiVe, .

(4.24) ¢2(eivej ) = 47r()\[i/2] + )\[j/Q})eivej(p.

Note that e;Ve, ¢ L ker P as €iVe, € 'S~ ®¢&) and ker P is a subset of
(ST ®€&), so the restriction of the Green’s operator G on ker ZDJ' is the
inverse of the operator 7° and (1) is proved. The proof of (2) is similar. [

Lemma 37. For any ¢,¢ € ker ﬂ(x’g), we have
1) (e, ) L2 = 05y (V=1)' (=vV=1)7 (0,9} 12;
2) (eiVe,0,¢;Ve, )1 = oy 0peyy (V1) (=V/=1) N (0, 9) 2

3) (eiVe,p,exth)r2 = (Ve,0,9) 2 = 0.

Proof. First note that

(eip,ejp)re = —(p, ee;p)r2.

Then (1) just follows from Lemma [24] and the properties of Clifford multi-
plication.

To prove (2), similar to the method of proving (1), it suffices to show
that

<V82f,—1907 vefzu—ﬁo)LQ = WétﬂAt(‘Pa ¢>L2-
By (1) in Lemma (35| and Py = 0, we have

1
(4.25) Vep = —5Peip.
As a result,
1 1, .9
(Ves 10, Ve, )12 = ZUD@Qt—l@JD@Qu—w)B = ZUD €241, €2—1P) [2-

On the other hand, by the proof of Lemma ZDQBQt_lnp = Am\eor_1.
Therefore,

(Ver 10 Vey, 19) 12 = TA{€20-19, €20-19) L2
and hence (2) follows from (1).
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Again, to prove (3), it is enough to show that (V¢ ¢, ¢)r2 = 0. By equa-
tion (4.25),

1
(Ve,0,0) 12 = —=(Deip, p) 1> = —§<€z’<ﬁ,¢<ﬂ>m =0.

1
2

4.4. Invertibility of the SYZ transformation

Theorem 38. (F°Y%)2 is the identity map.

Proof. Suppose that (C,&) = FYZ(C, &) and (C,&) = FSYZ(C,E). We need
to show that C = C and € = &.

We first consider the case that C = X and the restriction of F€ on each
fiber is non-degenerate, and come back to the general case after. In this
particular case, it is easy to see that C = C = X by Theorem [26| and we just
need to prove that £ is isomorphic to £. We prove this by the following steps:

Step 1. The construction of the map 7 : £ — é

Recall that g(x,g) is defined to be ker ﬁ(gj’g) whose elements are sections
of the bundle

7T*($®g) ®’P|ir*1(:c,y) — X XpB X.

In other words, for each vector in c‘f(x,y), we can associate a section of the
bundle 7*(8 ® £) ® P|s-1(z,5)- This gives rise to a section ¥ of the bundle

(T E) T (B RE) QP

The authors of [5] and [25] also introduced a section to show that the square
of the Nahm transformation for a four-torus is an identity map, whose family
version is exactly the section U we have just defined. As each point (x,y) in
X, the section ¥ induces a map

V&) — T((FE) @78 @ Pla-i(ay))-

Also, we use 0 to denote the map from a unitary bundle to its dual by its
Hermitian metric. Then the composition of the maps

g * v ~ ok O\ k *
(4.26) Eay) = Elyy — D(FE) @1 E @ Plr1(ay))

J ~ ok G0k * *

— T(((F7E)" @7 @ Plr-1(2))")

=T (7€) @ (1" 8)" ® P*|r-1(2))
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gives a map

vol(T,)
rk(&)

1=

§oWod : &y — T((F*E) @ (1°8)* @ P*|r-1(ay)),

where vol(T) is the volume of the fiber torus T, and rk(£) is the rank of
the bundle &.

Since T(T,) is naturally identified with 7%(T;), the bundle (7*$)* —
X xp X is in fact the pullback bundle 7*§, where & is the family spinor
bundle of the Riemannian fiber bundle 7 : X x5 X — X. Therefore, we can
define the Dirac operator

Play) : T(F(E @ S) @ P lr1(zy)) = T((F(E ®S) @ P*|r1(2y))

and carry out the SYZ transformation. Hence we have

Ewy) = ker Dy y).
The following proposition says that Z is in fact a map from & to g

Proposition 39. ﬁ(xyy) (Z(f)) = 0 for any point (z,y) in X and any vector
[ in the fiber £ -

Proof. By choosing a local orthonormal frame {¢*} of ker P with correspond-
ing frame {f'} of &, for i =1,2,...,1k(£), we are able to write down the
map Z explicitly:

(4.27) 1(f) =

YUTe) $™ 541, pi)e) @ f,
=1

\/tk(E) i

where ( , )¢ denotes the metric of the bundle £. Also, we choose a frame
{e1,...,en} of Vs with the same property on the torus over the point (z, %)
as in the proof of Proposition Let {é1,...,é,} be the frame of V; that
are identified with {eq,...,e,} under the identification between the bundles
Vi and Ve.
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Then we have

(4.28) @ ,y)( ()
(129) = T, Z &V (U4, )e) @ 1)
\/1k(E) 1<ij<n
_ VOl(Tx) éj <v,é7:$*®79* <(5(<f, <Pi>£(1,,y>) ® fl
\/tk(€) 1<ij<n '

+vol(Ty) ) éj5(<f,soi>5(m,y>)>®7‘§in>,

1<ij<n

where V is the connection of the bundle 7*(€ ® $) ® P*. We further note
that

(4.30)  VIFEPS((f, 00e,,)) = 0V ”$®7’<<f, D))
= 5((f,Ve,¥")e ),

where V denotes the connection of the bundle 7*(£ ® &) ® P.
On the other hand, recall that the connection of € is given by

Azk = <30k7 vék(pi>lz27

SO

SO e ) ©VE ) =Y (6( <f, Z%w’“>

i=1 i=1

Also, we note that

n

n .
D At == (0" Ve, o) ek = PV o,
k=1

so we have

n n

@31) Y O en,) ©VE ) =3 (00, ~PVed)e,,) @ [).

i=1 =1



550 K. Chan, N. C. Leung, and Y. Zhang

By plugging equations (4.30]) and (4.31)) into (4.28)), we get

o @(1) = DT ST 26U~ PV p)e,) @ )
rk(&) 1<i,j<n
vol(T;)

= > GOUS PPV e)e.,) @ 1)

= O S 61, Y e POP ) @ )
rk(€) i=1 j=1

Then by Lemma , 133 and noting that Py’ = 0, we have

n

S e PGPV = —V-1 Z Ve, o'

j=1 [J/2

S | Z r(ezsﬂvemwi +€2,Ve,, )
s=1""%

=0.

The last equality follows from Lemma |34] that egs_lvezs_lcpi + €25V, e
0. As a result,

@(:ﬂ,y) (I(f)) =0.
O
Step 2. Show that (f,g)s = <If,Ig> for any f,ge€ &

Without loss of generality, we prove this on the fiber of £ over a point
(z,0) in X. We start with a more careful choice of local orthonormal frame
{p'}, for i =1,2,...,1k(E), of ker P as below: Let E be a projectively flat
bundle over T with curvature to be 27v/—1 F¥ . Iy for an non-degenerate
constant two-form F¥ on T. As a non-degenerate invariant two-form, F'¥
induces an invertible linear map

e VoV,
Note that V acts on the torus T by translation, so the inverse map ¢!
gives an action of the dual vector space V on the torus T. Moreover, this
action can be lift to the bundle E by parallel translation of E. By direct

calculations, one can prove the following proposition, due to the fact that
FE is a constant two-form.
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Proposition 40. Let § be a point in V which induces a map 3 : E — E.
Then

3. VE = VF —ony/—17,

where § on the right hand side is regarded as an one-form on the torus T.

The action of V on T discussed above can be generalized to the family
case so that V acts on X with a lifting to the bundle £. Similarly, it has the
property that

3. VE =V — 2/ =17
for any point 7 in V.

Therefore, if a section ¢ lies in ker ﬁ(%é), then 9. gives a section in
ker ﬁ(%g). This motivates us to construct an orthonormal frame {('}, of
ker P as below: We first choose an orthonormal frame {¢,(y)} of ker D| gy 10}
and define Pla) (y) to be 7. (y), then we get an orthonormal frame
{005y W)} of ker P ).

We have

(4.32)
k(&)

(Zf.Zg)s= (VOI(( (f:9) Z / (2.5 (0)s 9.5 (0))vol(T)dyj

by (4.27), where vol(T,) equals to 1/vol(T,). Therefore, it remains to show
that

1 A ‘ V
rk(€) ; /FL (Pla,)(0), 9z, (0))vol(Ty )dy =

To prove this, first note that we can choose a region A of V with image
A = ¢(A) such that A and A cover the torus T and T for rk(£)? and rk(€)?
times respectively. By Proposition [40] we have

/ (Plag) (0): @l 5y (0)) ol (T ) = / (e (@), b1 (3))vol (T dy
A A
— /A (6 (4), ¢ (9))vol (T, det(e)dy.

Since det(e) = ﬁ:ggz and the choices of A and A, we then obtain

(4.33) /T (D5 (0), 915 (0))vOL(T ) df = / (5 (1), & (1) Vol (T, ) dy

x

= <‘Pi790i>L2 =1
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Hence,

k()
(4.34)

33?/) a:y)( )>V01(Tz)dg =1

which completes the step 2.

Step 3. Prove that 7 preserves the connections

Without loss of generality, we show that

(VS £, gbe = (VET(£), Z(9)) ¢

at a point (z,0) for any sections f, g of the bundle £ and any vector Z in
Tiz0)X-

Recall that V and V are the connections of 7*(£ ® ) ® P and #*(£ ®
$) ® P* respectively. Let P be the prOJectlon to ker@ and we have V¢ =
PV , Where 7 is the lift of Z to X xp X. Then,

(VS Z(9)z = (PV (), T(9) e = (VS Z(F), Z{9))1
Note that
v vol(Ty) - i i Ep i i
VE() = T2 3 (3, Vehe) @ £+ 6(VEFh)e) @ f
rk(€) i=1 )
+0((f,¢")e) ® VFEST),
. 1 rk(€)
(VET0). T = gy Do Uole [ 9507 ool Ty
=1 z
p E _ )
+ i 2 (Vihale | ol
1 rk(é) o e ]
i 2 0 [ EANVE ol dy
=: Ny + N3 + Nj.

Next we compute Ny, No and Nj.
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Proposition 41. If a vector Z in T, 0)X is decomposed as the sum of a
horizontal vector W and a vertical vector T' with respect to the Riemannian
fiber bundle p : X — B, then

(435 Ny=- Z / (VEES i (4), i (3))vol(T.)dy:

(436)  Np—(VEfig >,
(137)  Ny= Z / (VESE 51 (), b () vol( T, ) dy.

Proof. First note that (V4% ¢') = (", V 50" = —(V 4", ¢"). Therefore,

k()
(V50" 0")vol(Ty)dy.

By Proposition [0}

J 7200 Pl Ol Ty
= [ (7558 20Ty 00,y O vl (T
- /vagw (@), 2 (e (7)ol (T dg.
Then, by changing the integral variables to be y, we get
S (720 0l Ol T
= [ (95w ol Ty

2

= (VE22 L (), 0L (1)) 12 + (VEPP 0l (), 0L (1)) 12
= (VE22 i (y), 0L (y)) 12

The last equality holds because of Lemma Then,

N = — Z / (VEEB 1 (1), ot (1)) vol (T dy.
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Note that W = <80ia <Pi>, SO

= (V5f.9) ( Z/ (", p)vol(Ty)dy ) = (V5f.9)e

by equation m Because the choice of the frame {apl} and the term
<V?€fi, fi>g are independent from g,

(VEEF, e = (VRSP F)e :/I‘ (Vi) @) Pl () vol(Ta)dy

T

because V7€ is the pull back connection such that V}g f* = 0. Then, we
have

[ IR T T
- /T (V5 — 20/ =T gl gy (): gy (1)) VOL(T2 )y
- /T (VESS G (71 (5) + 1), (e (§) + 1))vol (T )dy

= / (V5201 (y), 0 (y))vol (T, ) dy

x

which is independent of ¢. Therefore,
N3 = ( Z / (ViZ2 ol (y) <P§c(y)>vol(Tx)dy)

x ( /T 1 Wvol(mdy)
Z / (V5254 0), ) vol (T )y,

where the second equality follows from equality [£.33] O

By this proposition,

(Vf.9)e = <V§I(f),z(g)>é
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which finishes step 3. As a result, the bundle £ is isomorphic to the bundle
£ for the case that C = X and the restriction of F€ on each fiber is non-
degenerate.

For the general case, we consider Vy-invariant sections and recall that
the vector space E,V'(x’g) is identified with a finite dimensional subspace of

(T (ER ) @ Pl (wg) -

Similar to the previous case, this identification gives us a section ¥ €
L((#*€)* @ m*$ @ n*E @ P) which induces a map

V&L, — L((F*E)* @ m*E @ Plr-i1(a.g))-

Then we can construct a map Z : £, ) — F((fr*g)®(7r*$)*®77*|7T_1(x7g))v°
defined by
vol(Ty)

k(&)

1=

doWod,

where (z,5) € C and (z,7) € C. By the definition of F5Y4, the fiber é(:c,qj)
is the kernel space of

Pag) : TE(E D E) @ P r1(y))”* — T(E(E @ 8) @ P¥lrs(ay)) -

Now by the same arguments in the proof for the non-degenerate case,
we can show that Z is in fact an isomorphism of vector space between £, )

and ker ]D(x’y) for (z,y) € C. Hence by the construction of FYZ we have

C={(z,y)€X: ker P, ) # 0} = C.
Moreover, similar arguments can show that
T:6¢&

preserves both Hermitian metrics and connections. Therefore, we obtain a
bundle isomorphism Z between £ and £ and we finish the proof of Theo-
rem [38 O

4.5. Transformation between semi-affine coisotropic A-branes
and semi-affine B-branes

The mechanism of transformation between semi-affine coisotropic A-branes
and semi-affine B-branes can be reformulated in a more concise way in terms
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of generalized complex geometry. We are going to have a quick review and
details can be found in [14]. For any real vector space V, we define its
generalized space

V=VaV*

with a natural non-degenerate inner product of signature (n,n) defined by

(XHEY +1) = J(n(X) +£(V))

for X, Y € V and £, € V*. A generalized complex structure on U is a com-
plex structure J on U which preserves the above inner product. There are
two examples of generalized complex structures that we are particularly
interested:

Example 42 (Complex case). If V is a vector space equipped with a
complex structure J, then J induces a generalized complex structure

el 3]

0o —Js

Example 43 (Symplectic case). If V is a vector space equipped with a
symplectic structure w, then w induces a generalized complex structure

0 —w!
T 1= [w 0 } ’
A generalized subspace of V' is defined to be a pair (W, F'), where W is
a subspace of V and F is a two-form on W. Also, we define the generalized
tangent space of (W, F') to be

Twry ={X+EeWaV* ¢y =u1xF} <.

A generalized complex subspace of V with respect to a generalized com-
plex structure J is a generalized subspace (W, F') such that the associated
subspace VV[}; is stable under 7.

Let (C,€&) be a semi-affine brane on a Calabi-Yau manifold X. The cur-
vature of € is the multiple of a two-form 27v/—1 F¢ on C. For each point p in
C, we can define a generalized space T,X = T, X © T X and its generalized
subspace (T,,C, F € ). Furthermore, since X is Calabi-Yau, we can construct
two generalized structures J; and J,, on T}, X which come from the complex
and symplectic structures of X respectively.
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Proposition 44. (C,€&) is a coisotropic A-brane (B-brane) on X if and
only if (TpC,Fg) is a generalized complex subspace of T, X with respect to
the generalized structure J, (Jj) for any point p in C.

With the above preparation, we can now state and prove the main the-
orem:

Theorem 45 (Main Theorem). The fiberwise SYZ transformation F5Y %
transforms a semi-affine coisotropic A-brane to a semi-affine B-brane and
vice Versa.

Proof. Let (C,€&) be a semi-affine brane on X. By Proposition (C,€) =
FSYZ(C,€) is a semi-affine brane in X. Without loss of generality, assume
X =B xT and X = B x T, where B is a convex subset of a real vector
space V. Hence for any point (z,%) € X and (z,9) € X, we have

TopX 2T, BXxT,T=VaV

and
TepX =TBxT;T =2V oV

Therefore, the corresponding generalized space
TapX =2VaeVoVieV:

and
TepX VeV eV aV

Note that there is an obvious identification
(4.38) 0 Ty X = T X

defined by swapping the second and fourth summands above. Moreover, un-
der this map, the generalized complex structure [J; coming from the com-
plex structure J of X is mapped to the generalized complex structure J;
coming from the mirror symplectic structure & of X and vice versa. There-
fore, by Proposition [44] it remains to prove that the generalized tangent
spaces T(7,, , c.r) and T(T@,g)dF) are exchanged by o for each (z,y) € C and
(z,9) €C.

If we follow the notations in Proposition then 8@“, %, %, du, dy
and dv are mapped to dv, dy, du, %, % and 6% respectively under the
identification o. Then, it is straightforward to show that 7(7, ¢ r) and
7ET<z,g)é,F) are exchanged by o.
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5. Appendix

We are going to review those results of spin geometry which are used in this
article, readers may refer to [4] for more details.

5.1. Clifford algebra, spinor and Dirac operator

Let V be a n dimensional real vector space with the Euclidean metric g.
The Clifford algebra CI(V, g) is defined to be the quotient algebra

oo

SV ww+w-v - 2g(v,w)).
k=0

Let
Cl(n) :=Car Cl(V,9)

be the complex Clifford algebra. It has a natural complex representation
p: Cl(n) —» End(S)

on the complex vector space S := C2'® constructed as below:

Case 1. When n = 2r is even. Let {e1, es, ..., €2,_1, €2, } be an orthonormal
. 1 0 0 -1 0 V=1

baswofV.Wedeﬁnengg—[O 1],A—[1 O]andB—[\/_—l 0 ]

and for i = 1,...,r, define

Eoi1:=I040® - RIxoRARYV—-1AB®---®+v—1AB

r—1i times i—1 times

and

By =l ® R0 @B®V—-1AB® - ®V—1AB

r—i times i—1 times

Note that these are matrices acting on the vector space

S= ®C2
k=1

Then the representation p is determined by p(ex) = Ey for k=1,...,2r
since {e1,...,e,} is a generating set of Cl(n).
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Case 2. When n=2r+1 is odd. Let {e1,ea,...,€2,_1,€2, €241} be an

orthonormal basis of V. For ¢ = 1,...,r, we define

Ey q:=[1]® Ei
By i =[1] @ By

= [-V-1]®V-14B®---®+—-1AB

/ .
E2r+1 C T

Note that these are matrices acting on the vector space
r £3
S::cl®<®<c?> =C?*.
k=0

Also, the representation p is determined by p(ex) := Ex fork =1,...,2r + 1.
With the above definition, we can define the spin group

o0

Spin(n) := | J{v1 v 1 vi € Vi |ui = 1,i =1,...,2k} C Cl(n)
k=1

which is the universal cover of the orthogonal group SO(n). As a subset
of the Clifford algebra Ci(n), Spin(n) has a representation induced by the

representation p of Cl(n):
p : Spin(n) <= Ci(n) — End(S).

When n is odd, this is an irreducible representation. However, if n is even,
this representation has two irreducible components:

p : Spin(n) — End(S¥)

forS=8StaS.
Let E be an n dimensional oriented Riemannian vector bundle over a

manifold M and denote P to be the orthonormal frame bundle of it, which
is a principle SO(n) bundle. A spin structure is a lift Spin(n)-bundle P of

P. The spinor bundle associated to this spin structure is
S=Px »S.

Note that each fiber of E is an Euclidean space and so we can associate the
Clifford bundle CI(E). The spinor bundle S is in fact a bundle of modules
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over the bundle of algebras CI(E):

Cl(E)xS—S.
This is called the Clifford multiplication and we denote it by “-”.
In particular, if F is a rank n subbundle of the tangent bundle TM of a
Riemannian manifold M, we can define the Dirac operator D : I'(S) — I'(S)
which is given by

D .= zn: €ivei,
i=1

where {ej,...,e,} is an orthonormal frame of E. When n is even, we have
a further decomposition of the spinor bundle S = S ¢ S~ with Dirac op-
erator
0 D~
o-[ 7]

5.2. Family spinor bundle

A Riemannian fiber bundle is a fiber bundle 7 : M — B such that M, :=
771(b) is a Riemannian manifold for each point b in B. Then,

V= | | T(M)
beB

forms a subbundle of T'M, which is called the vertical tangent bundle of
m: M — B. A connection of M — B is defined to be a choice of splitting
TM =V & H of the following exact sequence of vector bundles

0>V —>TM —7*TB — 0

and H is called a horizontal bundle.

For a Riemannian fiber bundle 7 : M — B with a connection, one can
associate a natural connection to the bundle V' as below: We first choose a
Riemannian metric on the base manifold B and pull it up to get a metric
on the horizontal bundle H. Also note that the Riemannian metric for each
My gives a metric on the vertical tangent bundle V. Then by combining
the horizontal and the vertical metrics, one obtains a Riemannian metric on
M. Then the Levi-Civita connection on T'M gives a connection V" on the
subbundle V of TM. By Proposition 10.2 in [4], V" is independent of the
choice of the metric on B:
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Proposition 46. Let w: M — B be a Riemannian fiber bundle equipped
with a connection. Then its vertical tangent bundle V is naturally a Rie-
mannian vector bundle with a compatible connection VV .

Assume that the bundle V is orientable and it is equipped with a spin
structure, then we can associate it with a spinor bundle ¢ which the Clifford
algebra bundle CI(V') of V acts on it. Moreover, the Riemannian connection
V" induces an Hermitian connection V on §. Since V|5, = T'M,, the bundle
& can be viewed as a family of spinor bundles &|y;, with Dirac operators P
such that

n

Dy :=Plm, = » €iVe,
i=1
parametrized by points b in B, where ey, ..., e, is an orthonormal frame of
the bundle V|y, = T M,,.

Now, we can construct an infinity dimensional vector bundle

| | 2°(SIm,) = H = B.
beB

In order to get a finite dimensional subbundle of H over B, we consider the
kernels of the Dirac operators ker(P;) < L?(S|ay,), for b € B, which forms
an object

| | ker(®y) = ker(P) — B

beB

of H. Although the dimension of ker(?;) may jumps as b varies in B such
that ker P is not a bundle over B, it sometimes happens that B’ := {b €
B|ker(D,) # 0} is a submanifold of B and ker(P) is a bundle over B’. This
turns out to be our case and it is such a submanifold on which a brane
supports.

Remark 47. We can tensor S with a Hermitian bundle £ — M and con-
sider the family twisted Dirac operators

Dy L2((S® B)as,) = L2((S® E)|u,)

to obtain
E E
ker(D,) — ker(P~) — B
in B.
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