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We further explore the implications of our framework in [ 2], and
physically derive, from the principle that the spacetime BPS spec-
tra of string-dual M-theory compactifications ought to be equiva-
lent, (i) a 5d AGT correspondence for any compact Lie group, (ii)
a 5d and 6d AGT correspondence on ALE space of type ADE,
and (iii) identities between the ordinary, g-deformed and elliptic
affine W-algebras associated with the 4d, 5d and 6d AGT cor-
respondence, respectively, which also define a quantum geometric
Langlands duality and its higher analogs formulated by Feigin-
Frenkel-Reshetikhin in [3, 4]. As an offshoot, we are led to the
sought-after connection between the gauge-theoretic realization of
the geometric Langlands correspondence by Kapustin-Witten [5] [©]
and its algebraic CFT formulation by Beilinson-Drinfeld [7], where
one can also understand Wilson and 't Hooft-Hecke line operators
in 4d gauge theory as monodromy loop operators in 2d CFT, for
example. In turn, this will allow us to argue that the higher 5d/6d
analog of the geometric Langlands correspondence for simply-laced
Lie (Kac-Moody) groups G (G), ought to relate the quantization
of circle (elliptic)-valued G Hitchin systems to circle/elliptic-valued
LG (L@)-bundles over a complex curve on one hand, and the trans-
fer matrices of a G (G)-type XXZ/XYZ spin chain on the other,
where G is the Langlands dual of G. Incidentally, the latter rela-
tion also serves as an M-theoretic realization of Nekrasov-Pestun-
Shatashvili’s recent result in [8], which relates the moduli space
of 5d/6d supersymmetric G (G)-quiver SU(K;) gauge theories to
the representation theory of quantum/elliptic affine (toroidal) G-
algebras.
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1. Introduction, summary and acknowledgements

In 2009, Alday-Gaiotto-Tachikawa computed in [9] that the Nekrasov in-
stanton partition function of a 4d N' = 2 conformal SU(2) quiver theory is
equivalent to a conformal block of a 2d CFT with affine W(su(2))-algebra
symmetry, i.e. Liouville theory. This celebrated 4d-2d correspondence, since
then known as the 4d AGT correspondence, was expected to hold for other
gauge theories as well. In particular, it was later proposed and checked that
the correspondence ought to hold for asymptotically-free SU(2) theories [10],
and for conformal SU(N) quiver theory whereby the corresponding 2d CFT
is an Ay_1 conformal Toda field theory with affine W(su(V))-algebra sym-
metry [II]. The correspondence for pure arbitrary G theory whereby the
corresponding 2d CFT has affine W(Fg)-algebra symmetry (“g being the
Langlands dual of the Lie algebra of ), was also proposed and checked to
hold up to the first instanton level [12].

The basis for the 4d AGT correspondence for SU(N), as first pointed out
in [13], is a conjectured relation between the equivariant cohomology of the
moduli space of SU (N )-instantons on R* and the integrable representations
of an affine W(su(V))-algebra on a certain punctured Riemann surface. This
conjectured relation, and its generalization to simply-laced G, were proved
mathematically in [14] [I5] and [16], respectively, while its generalization to
arbitrary G, and more, were physically derived in [I] via the principle that
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the spacetime BPS spectra of string-dual M-theory compactifications ought
to be equivalent.

The 4d AGT correspondence was subsequently generalized to 5d via a
physical computation for pure SU(2) theory [L7] whereby the 2d CFT has g-
deformed affine W(su(2))-algebra symmetry, and a mathematical conjecture
for conformal SU(N) linear quiver theory [I8] whereby the corresponding
2d CFT has g-deformed affine W(su(INV))-algebra symmetry. The 5d AGT
correspondence for general SU () theories, and more, were then physically
derived in [2] via the principle that the spacetime BPS spectra of string-dual
M-theory compactifications ought to be equivalent.

Exploiting the existence of an elliptic-deformation in [19] of the math-
ematical Ding-Iohara algebra in [20], a 6d generalization of the AGT cor-
respondence for conformal SU(N) linear quiver theory whereby the corre-
sponding 2d CFT has elliptic affine W(su(N))-algebra symmetry, and more,
were also physically derived in [2], again, via the principle that the spacetime
BPS spectra of string-dual M-theory compactifications ought to be equiva-
lent. Of late, there have also been efforts to physically derive the 6d AGT
correspondence for the specific case of N = 2 via field and string-theoretic
methods [21, 22].

The main aim of this paper is to further explore the implications of our
framework in [I], 2], so as to physically derive, via M-theory, generalizations
of the aforementioned 5d and 6d AGT correspondence, and more.

One motivation for our effort is the recent work in [23] which furnishes a
gauge-theoretic realization of the g-deformed affine W-algebras constructed
n [24]. This work strongly suggests that we should be able to realize, in a
unified manner through our M-theoretic framework, a quantum geometric
Langlands duality and its higher analogs as defined in [3| [4], and more.

Another motivation for our effort is the hitherto missing connection be-
tween the gauge-theoretic realization of the geometric Langlands correspon-
dence by Kapustin-Witten in [ [6] and its original algebraic CFT formula-
tion by Beilinson-Drinfeld in [7]. The fact that we can relate 4d supersym-
metric gauge theory to ordinary affine W-algebras which obey a geometric
Langlands duality, suggests that the sought-after connection may actually
reside within our M-theoretic framework.

Let us now give a brief plan and summary of the paper.

A brief plan and summary of the paper

In we will furnish an M-theoretic derivation of a 5d pure AGT corre-
spondence for the A, B, C, D, GGy compact Lie groups, which relates the
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Nekrasov instanton partition function to the norm of a coherent state in a
module of a ¢-deformed affine W-algebra associated with the Langlands dual
Lie algebra. By taking the topological string limit, we will be able to derive
the correspondence for the Fg 78 and F; groups, too, although in this case,
the Nekrasov instanton partition function would be related to the norm of
a coherent state in a module of a Langlands dual toroidal Lie algebra.

In §3) we will first derive an essential mathematical result of Naka-
jima’s [25] which relates the equivariant K-theory of quiver varieties to
quantum toroidal Lie algebras, and then proceed to furnish an M-theoretic
derivation of a 5d and 6d AGT correspondence for SU(N) on the smooth

ALE space R*/T', where I' C SU(2) is a finite subgroup. We find that in
the 5d and 6d case, the Nekrasov instanton partition function would be re-
lated to an N-tensor product of level 1 modules of a quantum and elliptic
toroidal Lie algebra, respectively, that are associated with I' via the McKay
correspondence [26].

In §4 we will furnish an M-theoretic realization of various W-algebras
associated with the 4d, 5d and 6d AGT correspondence obtained hitherto,
and derive respective identities which define a quantum geometric Langlands
duality and its higher analogs. These identities, and their web of relations
to one another, can be summarized as follows:

(1.1)
7 e—0 ~ 7
Watt k() = Wag 21 (79) ‘Z(U(g)crit) = Wa("9) ‘
€e=»0
B—=0[|8-»0 B—=0]|8-»0
ng’ft,k(gADE) = W;’f(f],Lk(LGADE) Z(Uy(8apE)ait) = W (FgapE)
€ +~
Rg¢—0||Rg =~ 0 Rg —>0||Rg—»0
e—0
Wit (aape) = Wt ("eapr) 0 Z(Ugw(84DE)erit) = WS ("940E)
€ +~

Here, Wag 1(9), ng’ft () and ng’;}(g) are the ordinary, g-deformed and el-
liptic affine W-algebras of level k associated with the Lie algebra g,
where Wq(g), Wi (g) and W%%(g) are their corresponding classical limits;
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Z(U(@)erit)s Z(Uqg(@)erit) and Z(Ugqv(8)erit) are the centers, at critical level,
of the (universal enveloping algebra of the) affine g-algebra, quantum affine
g-algebra and elliptic affine g-algebra; € is one of the two Omega-deformation
parameters of the Nekrasov instanton partition function; and S and Rg are
the radii of the fifth and sixth circles associated with the 5d and 6d Nekrasov
instanton partition functions, respectively.

In we will demonstrate the sought-after connection between the
gauge-theoretic realization of the (quantum) geometric Langlands correspon-
dence by Kapustin-Witten [0, [6] and its original algebraic CF'T formulation
by Beilinson-Drinfeld [7]. We will explain how, in our M-theoretic frame-
work which realizes a 4d AGT correspondence for massless N = 2* theories,
4d gauge-theoretic S-duality actually corresponds to a 2d conformal field-
theoretic (quantum) W-algebra duality in the (left) right box of the topmost
relation in , whence we would be able to construct, out of pairs of dual
M-theory compactifications which realize the correspondence for massless
necklace quiver and pure N' = 2 theories, an effective pair of dual M-theory
compactifications which will naturally allow us to demonstrate the afore-
mentioned connection for a complex curve of arbitrary genus greater than
one. In our framework, the Wilson and 't Hooft-Hecke line operators of 4d
gauge theory as realized by boundary M2-branes, will correspond to mon-
odromy loop operators of 2d CFT as realized by MO0-branes, whence the
action of the former on the categories of sigma-model branes in the gauge
theory picture, can be understood in terms of the action of the latter on
modules of the classical affine W-algebras in the right box of the topmost
relation in in the CF'T picture.

And lastly in §6] we will generalize our derivation of the geometric Lang-
lands correspondence in §5| to higher dimensions via a 5d/6d AGT corre-
spondence. In doing so, we will find that the 5d/6d analog of the geometric
Langlands correspondence for simply-laced Lie (Kac-Moody) groups G (G),
which one can associate with the W-algebra duality in the right box of the
middle/bottommost relation in , ought to relate the quantization of
circle (elliptic)-valued G Hitchin systems to circle/elliptic-valued *G' (L£G)-
bundles over a complex curve on one hand, and the transfer matrices of a
G (G)-type XXZ/XYZ spin chain on the other, where /G is the Langlands
dual of G. As an offshoot, we would be able to furnish an M-theoretic re-
alization of Nekrasov-Pestun-Shatashvili’s recent result in [§], which relates
(a) the moduli space of 5d/6d, N' =1 G (G)-quiver SU(K;) gauge theories
captured by a classical integrable system of periodic G-monopoles (doubly-
periodic G-instantons) to (b) the representation theory of quantum/elliptic
affine (toroidal) G-algebras.
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2. A 5d AGT correspondence for compact Lie groups

2.1. An M-theoretic derivation of a 5d pure AGT
correspondence for the A and B groups

We shall now furnish an M-theoretic derivation of a 5d pure AGT Corre-
spondence for any compact Lie group. Let us start with the A and B groups.
The derivation for the A groups has already been carried out in [2]. Let us
review the relevant results in loc.cit. that will be useful here.

A 5d pure AGT correspondence for the A groups. From [2, §3.3],
the 5d pure AGT correspondence for the Ax_1 groups can be expressed as

,5d -
(21) ZS;E?SU(N) (61, €2,0, B, A) = <0|(I)§N(1)|0>sz

On the LHS, ZiI; ifgg( N) is the 5d Nekrasov instanton partition function for

pure SU(N) gauge theory on Mz = St x RéhEQ with corresponding Omega-
deformation parameters €;9; the vector @ = (ai,...,an) is the Coloumb
moduli; 3 is the radius of S, and A is the energy scale. On the RHS, ® 4 is
a vertex operator of a level one module of the Ding-Iohara algebra [20], so
@%N is a vertex operator of a level N module of the Ding-Iohara algebra;
also, the vacuum state |0) = |0)®"V, where |(}) is the vacuum state associated
with the level one module of the Ding-Iohara algebra. In turn, as explained

in [2, footnote 8], it would mean that we have the map
(2.2) OGN L Wa(su(N)ag) — Wi(su(N)as),

where VV\q(su(N )at) is @ Verma module of W2(su(N).g), a g-deformation
of an affine W-algebra W(su(N),g) associated with the affine Lie algebra
SU(N) ot



Higher AGT correspondences 435

In fact, we can write (2.1 as

(2.3) Zf;l;fﬁ(}iw) (e1,€2,a, B, A) = (Gsun)|Gsuny)
where

— . Bmm _ (BN
(2.4) Gsuvy) = (e R0 B A4S G gT Tonyn0 T 1 0o

X

(0@ ®[0)n);
N[ @ @1(0])

—~

(2.5) (Gsunl =

1 (BM"N 1 (sam™M
X (€Z"N>O nN 1—s 7N InN oL ezn1>0 n11—s-m1 9 )’
1 — glmxl
(26) [amkvank] = my 1— r‘mk‘ mg+nk,0s amk>0|®>k == 07
and
(27) s = e*iﬁ\/ﬁ@, r = 6*1'5(61+62+\/€162).

From (2.2), and the fact that |Ggy(yy) is a sum over states of all possible
energy levels (c.f. (2.4])), it is clear that

(2.8) Gsuny) € Wi(Esu(N)ag)

is a coherent state, where “su(N),g is the Langlands dual affine Lie algebra
The relations (2.3) and (2.8) define a 5d pure AGT correspondence for the
An_1 groups.

Some relevant facts. A mathematical fact that was not noted in [2] but
will be relevant to our present discussion, is that the Ding-Iohara algebra is
actually isomorphic to the quantum toroidal algebra U, (Lgl(1).q) associated
with the Lie algebra gl(1) [27, 28]E|From the results in [29] which tell us that

'Here, we have used the fact that g.gq = Fg,q for simply-laced gag.

ZSpecifically, U, (Lgl(1)ag) is a g-deformation of the universal enveloping algebra
of Lgl(1).g, the loop algebra of gl(1).g that is hence a double loop or toroidal
algebra of the Lie algebra gl(1).
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the tensor product of N level one modules of Uy (Lgl(1)ag) is isomorphic to
VV\‘?(su(N )aﬁ) we then arrive back at our conclusion about (2.3).

Yet another mathematical fact that was not noted in [II, 2] but will also
be relevant to our present discussion, is that in the rational limit, i.e. when
B — 0, we have a reduction of Uy (Lgl(1)ag) to Y (gl(1)ag), the Yangian asso-
ciated with the Heisenberg algebra gl(1).g [30]. From the results in [I5, §19.2]
which tell us that the tensor product of N level one modules of Y (gl(1)as)
is isomorphic to the Verma module W(su(N) aff) it would mean that in the
rational limit, will reduce to the 4d pure AGT correspondence for the
An_1 groups derived in [I], §5.2].

In short, we have the following diagram

?(gl(l)afm) ® "'®?(9[(1)affvl), W(su(N)agi s)
N times o
5080 p=0)1f=0

U, (Lal(1)ag) ® - @ Uy (Lgl(1)amy)

(29) N times

——— Wi(su(N)agz)

where ?(9[(1)3@1) and [/J'\(I(Lg[(l)ﬁ) are level one modules of the defining
algebras, while W(su(N)ag ) and We(su(N )ag 1) are modules of W(su(N)ag)
and WI(su(N).g) associated with su(N)ag s of some level k(N €;2).

Also, as explained in [2 §3], the N-tensor products in the above dia-
gram arise because along an S? over which the 2d theory of the 5d pure
AGT correspondence lives, there are, in the dual type ITA frame, N coin-
cident D6 branes (intersecting _a single D4-brane) whereby on each brane,
one has a Ding-Iohara module Uy (Lgl(1)ag,1) associated with an underlying
Heisenberg algebra gl(1),g.

3In loc. cit., it was actually shown that the tensor product of N level one modules
of Uy(Lgl(1)ag) is isomorphic to a module of W(su(N),g) @ u(1l)ax. However, as
explained in [2, footnote 8|, the physics requires us to reduce away the u(1).¢ factor
whence in our context, this statement is consistent.

4Tn loc. cit., it was actually shown that the tensor product of N level one mod-
ules of Y (gl(1)ag) is isomorphic to a module of W(su(N)ag) @ u(1)a.. However, as
explained in [2, footnote 8|, the physics requires us to reduce away the u(1).¢ factor
whence in our context, this statement is again consistent.
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Last but not least, note that in the topological string limit where €; +
e2 = 0, according to [2, §2.2], we have to replace, in (2.9), W(su(N)agr)
with su(N),q; and W (su(N)amrk) with Lsu(N),q,, the loop algebra of
SU(N),q,- Together with (i) the (conformal) equivalence of the N-tensor
product gl(1)ag1 @ - - @ gl(1)ag1 With su(N)ag1 ® u(1)ag,1; (ii) the fact that
looping an affine Lie algebra does not modify the underlying central charge;
and (iii) the comments in footnotes |3| and [} it would mean that in the
topological string limit, the diagram ought to become

9l(1) a1 @ @ 9H(1) 414 (N1
N times
B—=0[|B=0 B—=0[|f»0
ma - ® IE[(\DB, ) Y
ol ~ f L5u(N)aff,1
(210) N times

Since the limit €; 4+ €2 = 0 is tantamount to turning off Omega-deformation
on the 2d side of the AGT correspondence [2], §2.2], the diagrams and
tell us that turning on Omega-deformation on the 2d side effects,
when = 0, the transformation

gl(Dag1 = Y(gl(Dag1) and  su(N),g; = W(su(N),g),
and when § # 0, the transformation
Lgl(1)ag1 — Ug(Lgl(1)ag1) and Lsu(]\f)afh1 — Wq(su(N)aﬂ’k).

A 5d pure AGT correspondence for the B groups. Let us now derive
a 5d pure AGT correspondence for the By o groups (with NV even). To this
end, note that according to [I, §5.2], in order to get, on the gauge theory side,
a Byjp = SO(N + 1) group when 3 =0, one must Zs-twist the affine Lie
algebra underlying the 2d theory. In particular, this would mean that when
€1 + €5 = 0, one would have to replace, in the upper line of @ , SU(N )afr 1
and gl(1)ag,1 with their Zy-twisted versions su(N)Ejf)l and g[(l)aﬁ)l. As this
Zo-twist is independent of the value of 3, and looping a twisted affine Lie
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algebra does not alter its twist characteristics, it would mean that for B
groups, we have, instead of (2.10]), the diagram

Aoy ® - © gl( D)o — )
aff,1 g aff,1 Eu(N)aff,l
N times
B8—=0[|B-+0 B—=0[|8»0
Lol(1)py @ Tl — @)
aff,1 . aff,1 Lgu(N)aHJ
(211) N times

Turning on Omega-deformation on the 2d side of the AGT correspon-

dence does not affect the Zs-twist. Hence, from (2.11), and the paragraph
before last, it would mean that for general €; 2, we have, for the B groups,

instead of (2.9)), the diagram

~ (2) v 2)
(91 ) ® - @ Y(gl(1),¢,) Wisu(N)2,)
N times 7
80|80 p=0]18=0
~ (2) gy (2)
(Lo War) @@ Uoallin) (a2,

N times

(2.12)

Comparing the bottom right-hand corner of with the bottom
right-hand corner of for the A groups, and bearing in mind the iso-
morphism 5u(N)$f) > L5o(N + 1), it would mean that in place of ,
we ought to have

(2.13) Zﬁl‘;f’SS(NH) (€1,€2,d, B8, A) = (Gsonv+1)|Gson+1))
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where the coherent state

(2.14) IGsomvin) € Wi(Eso(N +1)am)

In arriving at (2.13)—(2.14), we have just derived a 5d pure AGT correspon-
dence for the By, groups.

In the limit 8 — 0, the top right-hand side of tells us that f
would reduce to the result for the 4d case in [I, §5.2], as they should.

2.2. An M-theoretic derivation of a 5d pure AGT
correspondence for the C, D and G2 groups

Let us now proceed to furnish an M-theoretic derivation of a 5d pure AGT
Correspondence for the C'; D and G5 groups. The derivation is similar to that
for the A and B groups in the last subsection, except for a few modifications.

A 5d pure AGT correspondence for the D groups. Let us now
derive a 5d pure AGT correspondence for the Dy groups. To this end,
note that according to [I, §5.3, §3.2], if we have, on the gauge theory
side, a Dy = SO(2N) group when 8 = 0 and €1 + €2 = 0 (i.e. when Omega-
deformation on the 2d side of the AGT correspondence is turned off), we
ought to replace, in the upper line of , su(N)ag1 and gl(1).g1 with
50(2N)ag,1 and s0(2)ag,1, respectively. Also, according to [2], §2.2], the loop-
ing of the underlying affine Lie algebra when 8 # 0 is independent of the Lie
algebra type, and as mentioned in the last subsection, looping does not mod-
ify its central charge either. Altogether, this means that for the D groups,

in place of (2.10)), we ought to have

— o —

$0(2) 51 ® - ®50(2) —
aff,1 - aff,1 50<2N)aff71
N times
B—=0]|8-»0 B—=0||8-»0
Lso(Q)am1 R ® Lso(2)aﬁc71) —

E— Lso(2]\7)afh1

(215) N times
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If €1 + €2 # 0 (i.e. when Omega-deformation on the 2d side of the AGT
correspondence is turned on), (2.15)), and the explanation below ([2.10)),
would mean that we ought to have

?(50(2)aﬂ,1) ®--® ?(50(2)35’1) W(50(2N)agt i)
N times o
50|30 B 0])f=0

U, (Lso(2)ag1) ® - - ® Uy(Ls0(2) 1)

~~

(216) N times

A— /W\q(EO(QN)aﬁ7k/)

Note that the upper horizontal relation in is consistent with the math-
ematical results of [15] §19.2]E| while the left vertical relations are consistent
with the mathematical results of [30] H Also, the right vertical relation going
upwards is consistent with the physical results of [I], §5.3], while the right ver-
tical relation going downwards is consistent with the corresponding relation
in diagrams and (where it is clear that the 8 — 0 limit results in
a g-deformation of the relevant affine W-algebra). Altogether, this implies
that the lower horizontal relation in is also consistent, as expected.
By comparing the bottom right-hand corner of with the bottom
right-hand corner of for the A groups, bearing in mind footnote |1}, we

5This claim can be justified as follows. First, note that SO(2) = U(1) whence we
can relate Y (s0(2)asr) to Y(gl(1)as). Second, note that in this case, the additional
O6-plane below the stack of IV coincident D6-branes wrapping the S? would result
in a mirror image of the V D6-branes. Hence, to each factor of Y (s0(2)as), one must
associate two factors of Y (gl(1)ag), i.e. we effectively have 2N factors of Y (gl(1)ag)
whose corresponding tensor product, according to loc. cit, should be identified with
W(gl(2N)a.s). However, because of the reality condition of the chiral fermions on the
S? which generate the underlying affine Lie algebra, we necessarily have a special
orthogonal group [I, §3.2], i.e. we ought to have W(s0(2N).g) instead. In other
words, we have our claim.

In loc cit., the correspondence between U,(Lg.g) and Y (gag) holds for g =
50(2N), too.
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find that in place of (2.3), we ought to have

(2.17) 2200wy (€1, €2, @, 8, A) = (Gso@em)|Gsoe))

where the coherent state

(2.18) Gso@en)) € Wi(Fs0(2N)a5)

In arriving at 7, we have just derived a 5d pure AGT correspon-
dence for the Dy groups.

In the limit 8 — 0, the top right-hand side of tells us that f
would reduce to the result for the 4d case in [I, §5.3], as they should.

A 5d pure AGT correspondence for the C and G3 groups. Last but
not least, let us now derive a 5d pure AGT correspondence for the Cy_1 and
Go groups. To this end, note that according to [I, §5.3], in order to get, on
the gauge theory side, a Cy_1 = USp(2N — 2) or G group when 5 = 0, one
must Zy,-twist the affine Lie algebra underlying the 2d theory, where n = 2
or 3 (with N = 4). In particular, this would mean that when €; 4+ e2 = 0, one
would have to replace, in the upper line of , 50(2N)ag,1 and §0(2)ag 1
with their Z,-twisted versions so(2N )é?f)l and 50(2)27&)’1. As this Z,-twist is
independent of the value of 3, and looping a twisted affine Lie algebra does
not alter its twist characteristics, it would mean that for C' and G groups,
we ought to have, instead of , the diagram

—(n) ——(n)
50(2)aff,1 Q- ® 50(2)aﬁ,1 sm)(n)
aff,1
N times
6—=08-+0 8—=0[|8-+~0
——— (n) ——— (n)
Lso(z)aﬁ,l Q- L50<2)aff,1) —— = ()

—— Lso(2N),4,
(2 19) N times o

Turning on Omega-deformation on the 2d side of the AGT correspon-
dence does not affect the Z,-twist. Hence, from (2.19)), and the explanation
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below (2.10)), it would mean that for general €; o, we have, for the C' and G3
groups, instead of (2.16]), the diagram

Y(0(2)ii) © - © Vso(2)) Fso@N)™ )
aff )k’

N times
B—=0[[B-»0 =050

I/J\,](Lso(Z)g;fh) Q- ® Uq(L50(2)gfo)71)

. S — Vv\q(so(2N);?f)7k,)
(2‘20) N times

Comparing the bottom right-hand corner of with the bottom
right-hand corner of for the A groups, and bearing in mind the isomor-
phisms 50(2N)$f) >~ Lyusp(2N — 2).g and 50(2]\7)5;3 =~ Lg, ¢ (when N = 4),
it would mean that in place of , we ought to have

(2.21) 2 apan—n) (€1, €2,@, B, A) = (Guspan—2)|Guspen—2)
and
(222) leill;’e’cid<ela €2, 67 /87 A) = <GG2 ’GG2>

where the coherent states

(2.23) Guspan—2)) € Wi(tusp(2N — 2).q)
and
(2.24) Ge,) € Wi(tgs )

In arriving at (2.21)—(2.24]), we have just derived a 5d pure AGT correspon-
dence for the Cy_1 and G5 groups.



Higher AGT correspondences 443

In the limit 8 — 0, the top right-hand side of (2.20) tells us that (2.21])—
(2.24]) would reduce to the result for the 4d case in [I}, §5.3], as they should.

2.3. An M-theoretic derivation of a 5d pure AGT correspondence
for the FEg 78 and F4 groups in the topological string limit

Lastly, let us now proceed to furnish an M-theoretic derivation of a 5d pure
AGT Correspondence for the Fg 78 and Fy groups.

A 4d pure AGT correspondence for Fgr7g and F4 groups in the
topological string limit. Consider the discussion behind [I}, equs. (3.137)—
(3.148) and (3.149)—(3.152)] with £ = 1 and Ej¢ generalized to Ep 7 g therein.
Let us turn on Omega-deformation via a fluxbrane as indicated in [I, eqn.
(5.4)], where the w345 directions span the R* in [I, eqn. (3.137) and
(3.149)]. Let us also take the topological string limit and set e3 = €1 + €2 =0
and €; = h = —ey. Then, if we were to repeat the discussion there[| we find
that in place of [I, eqn. (3.148) and (3.152)], we would have

(2.25) H*U(l)th(l)_h xT(M%) = Lgaﬁ,lv

where H*U(l)th(l)_th(Mﬁz;) is the U(1), x U(1)_p, x T-equivariant coho-
mology of Mg4, the (compactified) moduli space of G-instantons on R*,
while G = Fg 7 g or Iy with Cartan subgroup 7" and Lie algebra g. Here, the
RHS is a module of a 2d CFT on a cylinder, and the instanton number on
the LHS corresponds to the (holomorphic) conformal weight eigenvalue on
the RHS.

Repeating the arguments in [I, eqn. (5.27)—(5.36)] with in mind,
we find that we can express the 4d instanton partition function for a pure
G theory as

(2.26) ZP%5 4 (h, @, A) = (cohy|cohy,),

where |cohy,) € Zaaﬁ"l is a coherent state. Note that this is just an E-F' group
generalization of [2, eqn. (2.32)], and it agrees with the Nekrasov-Okounkov
conjecture in [31] §5.4], as explained below [II, eqn. (7.9)].

"In particular, since e3 = 0, there would be no effect on the space of gauge fields
A as we go around the circle S! in [I, eqn. (3.147)] whence the analysis which
follows remains the same, unlike in the case where €3 # 0.
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A 5d pure AGT correspondence for Fg7g and F4 groups in the
topological string limit. We would now like to generalize to bd. To
this end, first note that according to the explanations above [2] eqn. (3.57)],
the 4d and 5d instanton partition function can be associated with a gauged
supersymmetric quantum mechanics and cylindrical sigma-model with tar-
get MPG“, respectively; in other words, the 4d instanton partition function
is determined by points in M%, while the 5d instanton partition function
is determined by loops in M%.

Second, note that like in [2, eqn. (2.32)], one can interpret the RHS
of as a correlation function of two coherent state vertex operators
inserted at the points 0 and oo of 82, i.e. its poles.

Therefore, it would mean that in order to go from 4d to 5d, one must
replace the states (cohy| and |cohy) defined at the points 0 and oo, with
the states (ciry| and |cirp) which are their projections onto a loop. Indeed,
as B -» 0, i.e. as we go from 4d to 5d, the higher KK modes which were
previously decoupled will now contribute to the partition function of the
gauge theory. This is consistent with the fact that when a quantum state
|cohy,) is no longer confined to a space of infinitesimal size, i.e. a point, but is
projected onto a loop to become |ciry), we will get contributions from higher
energy modes.

To understand the state |ciry) (and its dual (cirg|), firstly, recall that
the (chiral) WZW model which underlies Lgafm = Le677,gaﬁ«71 = ¢67,8aff,1 OF
Lyamrr = eé?ml on S2, can be regarded as a (twisted) bosonic sigma-model
with worldsheet S? and target a G = Eg75 or Eg group manifold. Thus,
|cohy), which is defined over a point in S2, would be associated with a point
in the space of all points into the target, i.e. a point in the G group itself.
Similarly, |cirs), which is defined over a loop in S2, would be associated with
a point in the space of all loops into the target, i.e. a point in the loop group
of G. Hence, since |cohs) € Lg,q 1, we ought to have

(2.27) ZPe 34 (h, @, A) = (ciry|ciry)

where

(2.28) |cirg) € LLgaﬂ?1
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and L%g,4, is a Langlands dual toroidal Lie algebra given by the loop
algebra of “g,g 1.

In arriving at and , we have just derived a 5d pure AGT
correspondence for the Fg 78 and Fy groups in the topological string limit.

Note that and are consistent with the (lower horizontal
relations of the) diagrams (2.10)), (2.11)), (2.15) and (2.19) that are associated
with a 5d pure AGT correspondence for the A, B, C, D and G5 groups in
the topological string limit, as they should.

Beyond the topological string limit. To go beyond the topological
string limit such that €3 # 0 requires a more intricate analysis, as mentioned
in footnote 7} As such, we shall leave the discussion for another occasion.

3. A 5d and 6d AGT correspondence on ALE space of type
ADFE

3.1. An M-theoretic derivation of Nakajima’s result relating
equivariant K-theory of quiver varieties to
quantum toroidal algebras

Before we proceed to furnish an M-theoretic derivation of a 5d and 6d AGT

correspondence for SU(N) on the smooth ALE space R*/T, where the finite
subgroup I' C SU(2) is, via the McKay correspondence [20], related to the
Lie algebra gr of ADFE groups, it will be useful to first derive a mathematical
result of Nakajima’s [25] which relates the equivariant K-theory of quiver
varieties to quantum toroidal algebras. Specifically, his result means that the
U(1)? x T -equivariant K-cohomology of the (compactified) moduli space

Mg(l) of framed U(1)-instantons on R*/T’, where .7 (related to I') acts to
change the framing at infinity while U(1)? corresponds to the rotation of the
two R? C R* planes, is related to a module of the quantum toroidal algebra
of gr of type ADFE at level 1.

Deriving Nakajima’s result for type A. Let I' be the cyclic group Z,,,

so that R4/I" is an ALE space of type A,_;. Also, let the group be U(1)
on the pure gauge theory side with €; = eo = 5 = 0, i.e. we turn off Omega-
deformation in the 4d pggg/U (1) case. Then, according to our discussion
in [1, §5.2] (adapted to R*/Zy|o0 instead of R, (,), and the fact that an
N = (2,0) theory on Xy x My is topological along My if it is a hyperkéhler
four-manifold [32], we find that the relation underlying the correspondence
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would be

(3.1) i (M5 Y) = u(1) 4,1

where the L2-cohomology classes on the left are associated with the 4d

instanton partition function on R*/Z,, while the module of the Heisenberg
algebra on the right is associated with the 2d theory on a cylinder.

Let us now turn on Omega-deformation but with €e; = —es = h, i.e. we
turn on Omega-deformation only on the gauge theory side. Then, according
to [Il, §5.2], the relation underlying the correspondence would beﬁ

—

* U(1l
(3.2) HU(l)th(l),hxﬂ(MZp( )= u(1) gt 0

where the (square-integrable) U(1), xU(1)_p, X 7 -equivariant cohomology
classes on the left are associated with the 4d instanton partition function
on R*/Z, with the two R? Cc R* plane rotation parameters being h and
—h, respectively, while the module of the Heisenberg algebra on the right is
again associated with the 2d theory on a cylinder.

As such, when (§ # 0, the corresponding relation in the 5d pure case for
€1 = —eg = h, is, according to |2, §2.2],

(3.3) KU(1)th(1),hx9(sz( ) = u(1),gr 0

where the (square-integrable) U (1), x U(1)_p, X 7 -equivariant K-cohomology
classes on_the left are associated with the 5d instanton partition function
on S! x R4 /Z, with the two R? C R? plane rotation parameters being h
and —h, respectively, while the module of the loop algebra on the right is
associated with the 2d theory on a cylinder.

Notice that (at p=1) is indeed consistent with ([2.3)-(2.8) (at
N =1) — when €; = —e = h, one can see from that s = " = r, ie.

(2.6) reduces to a Heisenberg algebra, whence ([2.4)—(2.5) would mean that
we have, on the 2d side, a module of the loop algebra in ([3.3)).

8In loc cit., what was discussed is actually an SU(N) gauge theory on R* whose
equivariance group is U(1)? x T, where the Cartan subgroup 7' C SU(N) acts to
change the framing at infinity. In order to deduce our following relation, we just
have to note that when one replaces R* with R*/Z, and SU(N) with U(1), the
group that acts to change the framing at infinity would be .7 instead of T' [25, §6].
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Now, if €1 # €9, i.e. Omega-deformation on the 2d side is also turned on,
according to the explanations below regarding the Heisenberg alge-
braﬂ and a derived level-rank duality of the 2d theory (see [1, eqn. (3.158)]),
it would mean that in place of , we would have

—

* U
(3.4) U(1)., ><U(1)€2><,7(MZP(1)) = Uy(Lsu(p)as,1)

This is just Nakajima’s result for type A in [25] §6].

Deriving Nakajima’s result for type D. Let the group be SO(2p) on
the pure gauge theory side with €; = ea = 3 =0, i.e. we turn off Omega-
deformation in the 4d pure SO(2p) case. Then, according to our discussion
in [I, §5.3], and the fact that the identity [I, eqn. (3.162)] also holds for
resolved orbifolds (because the N = (2,0) theory on S! x R; x My in [I}
eqn. (3.154)] is topological along hyperkahler M), we find that the relation
underlying the correspondence would be

—

(3.5) Hi 2 (MY™) = 50(2p)r1

where D, is a dihedral group, the L2-cohomology classes on the left are
associated with the 4d instanton partition function, while the module of the
affine algebra on the right is associated with the 2d theory on a cylinder.
If we now repeat the arguments which took us to and beyond to
(3.4) (omitting the last step of using a level-rank duality), we find that

o~

R U
(3.6) Ko@), xva)., 7 (Mp) =Ty (Lso(2p)ar1)

p

This is just Nakajima’s result for type D in [25], §6].

A useful excursion. We now make a useful excursion before we proceed
to derive Nakajima’s result for type FE.

9The aforementioned explanations involve the Heisenberg algebra at level 1 and
not p. However, this disparity is inconsequential at the level of modules.
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Consider the following type IIB compactification:
(3.7) Type IIB: K3p,,, x S' x Ry x K34, ,,

where K34 denotes a singular K3 manifold with a singularity at the origin
of type 4.

If we scale K3g, ., to be much smaller than S! x R; x K34, ,, we ef-
fectively have, in the low energy limit, a six-dimensional spacetime the-
ory that is N'=(2,0) Egrs theory on S! x Ry x K34, ,. As mentioned,
an N = (2,0) theory on S! x Ry x My, where M, is any hyperkihler four-
manifold, is topological along My (and conformal along S! x R;). In par-
ticular, this means that the BPS spectrum of minimal energy states of the
N = (2,0) Egrg theory on S! x Ry x K34, , — which are states annihi-
lated by all eight unbroken supercharges whence they satisfy H = P, where
H and P are the Hamiltonian and momentum operators which generate
translations along R; and S', respectively — is invariant under topological
deformations of K34, ,. As such, according to [I], §3.1], the Hilbert space of
such BPS states would be spanned by

(3.8) Hy (Mg,

and by scaling K34, _, to be much smaller than S! x Ry, we find that they
live along S x R;.

On the other hand, if we scale K34, , to be much smaller than S! x R; x
K3Eg, . ., we effectively have, in the low energy limit, a six-dimensional space-
time theory that is A" = (2,0) Ap_; theory on S' x R; x K3, . . Then, the
Hilbert space of BPS states would be spanned by

(3.9) Hi (MY @)y,

where M?g(p) is the moduli space of SU(p)-instantons on R*/T'g, and I'p
is either a tetrahedral, octahedral or icosahedral group related to the eg 78
Lie algebra. By scaling K3g, ., to be much smaller than S! x Ry, we again
find that these states live along S' x Ry.

Therefore, if we were to simultaneously scale K3g, ., , and K34, , to be
much smaller than S! x Ry, we would get a 2d N = (8,0) theory along S! x

R; whose minimal energy states with H = P are spanned by Hj . (./\/lgj”)
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and Hj . (M?g(p )) at the same time. In other words, we ought to have
* Es,7,8 * SU
(3.10) HE: (M) = His (M7 7).

Deriving Nakajima’s result for type E. We are now ready to derive
Nakajima’s result for type E. To this end, consider the discussion behind [IJ,
eqns. (3.137)—(3.148)] with k = 1 and Eps generalized to Fp 7 g therein, from
which we then have

EG 7,8 N
(3.11) Hiz(M50"") =6 78aff1-
Via (3.10]), we can also write this as
(3.12) Hy. (Mré )= ¢6,7,8aff,1-

Let us turn on Omega-deformation via a fluxbrane as indicated in [,
eqn. (5.4)], where the 9345 directions span the R* in [I} eqn. (3.137)]. Let
us also set €3 = €1 + € = 0 and €; = h = —e9. Then, if we were to repeat the

discussion there, we find that only the LHS of (3.11)) and therefore (3.12]),
would be Omega-deformed whence we would have

. Uy~
(3.13) U(l)’LXU(l)—;LX?(MF; ) =Fo78ati1

where the (square-integrable) U(1)y x U(1)_p X 7 -equivariant cohomology
classes on the left can be associated with a 4d U(1) instanton partition

function on R*/T'g with the two R? C R* plane rotation parameters being
h and —h, respectively, while the module of the affine algebra on the right
is associated with a 2d theory on a cylinder.

Next, applying the arguments in [2], §2.2] here, it would mean that from

(3.13), we can write
* Uy 7
(3.14) U(l)th(l)fh,xﬂ(Mré )) = Leg 7,8aff,15
where the (square-integrable) U(1), x U(1)_p x .7 -equivariant K-cohomology

classes on the left can be associated with a 5d U(1) instanton partition func-

tion on S! x R*/T'g with the two R? C R* plane rotation parameters being
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h and —h, respectively, while the module of the loop algebra on the right is
associated with a 2d theory on a cylinder.

Consequently, if €] 4+ €2 # 0, according to our explanations below
for when 8 # OH we eventually have

P

* U(1
(315) I(U(1)€1 ><U(1)€2><=7(MF}§ )) = Uq(Le6,7,8 aff,l)

This is just Nakajima’s result for type E in [25] §6].

3.2. An M-theoretic derivation of a 5d AGT correspondence for
SU(N) on ALE space of type ADE

Armed with relations , and We are now ready to derive
a 5d AGT correspondence for SU(N) on R*/T. For brevity, we shall limit
ourselves to the pure case.

From the K-theoretic expression of the relevant 5d instanton partition
function on the LHS of [2, eqn. (3.57)] (which also holds for other groups),

and the relation (3.4)), 1) and (3.15)), we find that for a 5d pure U(1)
gauge theory on S! x R4/T', we have, in place of (2.3)),

(3.16) Zeue i (e e, 8,A,T) = (Gyry|Guy),

where ]éU(1)> is a coherent state in @(Lgrafhl).

To obtain the result for the SU(N) case, note that according to the
lower horizontal relation in diagram , we ought to replace the states on
the RHS of with those in the N-tensor product O%(Lgr‘aﬁ"l). In

other words, for a 5d pure SU(N) gauge theory on S' x R4/T', we have, in

place of (3.16]),

(3.17) Z&ii?ﬁg(m (€1,€2,d,B,A,T') = <éSU(N) ’éSU(N)>

10This explanation — that when e; + e # 0, we ought to have Lg.g1 —
Uq(Lgag,1) — should also hold for any other unique Lie algebra g aside from
gl(1) or s0(2), such as eg 7 5.
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where the coherent state

(3.18) |C~;SU(N)> € Uy(Lgrag1)1 @ - ® Uy(Lgrag:)n

and I/J\q(Lgp aff,1)i is the i-th module.

In arriving at 7, we have just derix;e_(ij 5d pure AGT corre-
spondence for SU(N) on the smooth ALE space R* /T

When I' = Z;, or D, with p = 1, (3.17) and (3.18), via the lower horizon-

tal relation in (2.9)) or (2.16|), reduce to (2.3) and (2.8) or (2.17) and (2.18)),

respectively, as they should.

3.3. An M-theoretic derivation of a 6d AGT correspondence for
SU(N) on ALE space of type ADE

Let us now proceed to derive a 6d AGT correspondence for SU(N) on R*/T.
For brevity, we shall limit ourselves to the case of a conformal linear quiver
theory which thus has Ny = 2N fundamental matter.

When I' = Z,, and p = 1, according to [2], §5.1], the 6d Nekrasov instan-
ton partition function on S' x S' x R* would be given by

(319) le:;;ng(N) (CIL €1, €2, C_ia T?L, I87 RG) = <(i)y(zl)(i)z(z2)>T2 .

Here, g1 = €2™7 (and 7 is the complexified gauge coupling); 1 = (mq,ma,
...,map) are the 2N masses; Rg is the radius of the sixth circle S!; the 2d

vertex operatorﬁ

(3.20) 0§ : Uy (Lgl(Dami)a, ® - © Ugo (Lgl(L)am 1 )dy
— Uq,”U(Lg[(l)aff,l)cl Q- ® Uq,v(Lg[(l)aH,l)cNa

where @,(Lg[(l)aﬁl)w is a 7-dependent module of an elliptic deformation
of the quantum toroidal algebra U, (Lgl(1)ag,1) with deformation parameter
v=e"1/Bs that is supposed to be isomorphic to the elliptic Ding-Tohara
algebra at level 1 constructed in [19]; and the parameters v = (vy,...,vN),

UHere, we have made use of the fact that the Ding-Iohara algebra is actually
isomorphic to Uy (Lgl(1)an) [27 28].
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w = (wq,...,wy) and u = (uy,...,uy) are such that
(321) w’L = eiﬁmi’ Ui — efﬁai7 u’L — efﬁmNJFi.

When Rg — 0, i.e. in the 5d case, according to [2, §3.2], the algebra
Uyo(Lgl(1)ag1) in ought to be replaced by the algebra U, (Lgl(1)ag1),
which is isomorphic to the Ding-Iohara algebra at level 1 (as mentioned
earlier in . In other words, we have to replace the above 2d vertex
operators with

(3.22) 0§ : Ug(Lol(1)ag1)a, © - - © Ug(Lgl(Dag1)ax
— Uq(Lg[(l)aﬁl)cl XX Uq(Lg[(l)aﬁ,l)CN.

Now, notice that (2.8)), the lower horizontal relation in (2.9)), and (3.18]),

mean that in going from I' = Z; = 1 to general I' in the 5d case, one ought
to replace Lgl(1)aq,1 with Lgrag ;1 in the formulas. In turn, by reversing the
discussion about the Rg — 0 limit, and from 7, one can readily
see that we can express the 6d Nekrasov instanton partition function on

S! x 8! x R4/T as

(3.23) Z Sy (@1 €1, €2, @10, B, R, T) = (Y (21) WY (22)) o

where

‘ilfi : Uq,v(LgF aff,l)dl Q- ® Uq,U(LgFaH,l)dN

(3.24) e o
— Uq,U<LgF aff,l)cl Q- Uq,v(LgF aff,l)cN

and @(Lgp aff,1)~ is a y-dependent module of an algebra that can be ob-
tained by the method of elliptic deformation applied to the free-field real-
ization of the quantum toroidal algebra Uy(Lgrag,1) constructed in [33]@

In arriving at 7, we have just derived a 6d AGT correspon-
dence E{;S'U (N) with Ny = 2N fundamental matter on the smooth ALE

space R*/T!

121 would like to thank Y. Saito for his expertise on this point.
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4. VW-algebras and higher quantum geometric Langlands
duality

4.1. An M-theoretic realization of affine YW-algebras and a
quantum geometric Langlands duality

Let us now furnish an M-theoretic realization of affine W-algebras associated
with the compact A, B, C, D and G5 Lie groups which appear in the context
of the 4d AGT correspondence in [I, Part II], and show that they obey
identities obtained earlier by mathematicians Feigin-Frenkel in [3] which
underlie a quantum geometric Langlands duality.

Affine VW-algebras associated with the compact A, B, C, D and
G2 Lie groups. Since our ultimate aim is to derive identities which un-
derlie a Langlands duality, let us specialize our discussion of the 4d AGT
correspondence in [I, Part II] to the N'=4 (or massless N/ = 2*) case so
that we can utilize S-duality.

According to [I, eqns. (5.5) and (5.8)], the string-dual M-theory com-
pactifications which are relevant in this case would bd"|

(4.1) RY|, ., x S x S} xR,

N Mb5-branes
& R’|c;0,, X St x SL x TN

1 Mb5-branes

Ze,7

€3;%6,7)

where n =1 or 2 in (the Z,-twisted circle) S. if we are considering the
G = SU(N) or SO(N + 1) (with N even) case, and
(4.2) R e, XSy xS; xR’|e;
N Mb-branes + OMb-plane
<~ R5|63;$475 X Stl X S’:VLL X SN]]\?_>0|53§5CG,7’

1 M5-branes

Te,7

where n =1, 2 or 3 in (the Z,-twisted circle) SL if we are considering the
G = SO(2N), USp(2N —2) or Gy (with N =4) case. Here, €3 = €1 + €2,

13In the following, we have, for our convenience and purpose, replaced Ry in [I}
eqns. (5.5) and (5.8)] with S}. This replacement is inconsequential, as the sought-
after quantities in loc. cit. are the relevant BPS states furnished by the spectrum
of a topological sigma-model on S! x R; defined by target space differential forms
which are independent of the global topology of its worldsheet.
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and TN ]}\? and SN f\? are an IN-centered Taub-NUT and Sen’s four-manifold
with asymptotic radius R, respectively.

According to [IL §5.2, §5.3], the Hilbert space of spacetime BPS states
on the LHS of and which underlie the gauge theory side of the
correspondence is

(4.3) Hips = P Hipsm = D HiyysxrU(Mam),

where T'C G is a Cartan subgroup, and IH*U(l)szU(MG,m) is the (Z,-
invariant) U(1)? x T-equivariant intersection cohomology of the Uhlenbeck
compactification U(Mg ) of the (singular) moduli space Mg, of G-
instantons on R* with instanton number m.

On the other hand, according to [I, §5.2, §5.3], the Hilbert space of
spacetime BPS states on the RHS of and which underlie the 2d
theory side of the correspondence is

(4.4) Hips = Wer(“0ast),

where m(ggﬂ) is a module of an affine W-algebra W:,.("g,4) associated
with the Langlands dual affine Lie algebra “g,g of level k.

From the principle that the spacetime BPS spectra of string-dual
M-theory compactifications ought to be equivalent, we obtain, from
and , the relation

(4.5) @ IH* ><Tu (Mam) = VT}L\H(LgaH)a

where G = An_1, Bynj2, D, Cn—1 or Gg groups, and gag = SU(N)agr, 50(N +
1)aft, 50(2N)afr, usp(2N — 2)ag OF g2 4, accordingly.

Affine Wh-algebra identities and a quantum geometric Langlands
duality for the simply-laced A and D groups. Let us now focus on
the case where G = SU(N) or SO(2N),i.e. n=11in or (4.2). In this
case, according to [II, eqns. (5.20) or (5.57)], the levels “r4 or “rp of the
respective affine W-algebras on the RHS of obey

(4.6) “kap + hAD—_?a
1
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where Lhy = h(Lsu(N)) or Lhp = h(Fs0(2N)) are Coxeter numbers.

Notice that the M-theory compactifications and are invariant
under the exchange ¢ <+ e2. Consequently, the relation would also
be invariant under the exchange €1 <> €5. In particular, the invariance of
the RHS of under the exchange €1 <> €9, , and the identification
Lgag = gag for simply-laced g.g, together mean that if we regard Wi (gag)
as an affine W-algebra of level  labeled by the Lie algebra g, i.e. Wag . (9),
we can write

(4.7) [ Wagk(g) = Wag.ex(Fg), where rV(k+hY) = "k +Ln")™!

7V is the lacing number of g; b = h"(g) and “h" = hV(*g) are dual Coxeter
numbers, and g = su(NV) or 50(2N)E

In arriving at the identity , we have just derived Feigin-Frenkel’s
result in [3] which defines a quantum geometric Langlands duality for the A
and D groups.

A quantum geometric Langlands duality for the nonsimply-laced
B and C groups. Let us now set n =2 and N =2M in the dual com-
pactifications in . According to [I, §5.2], the Hilbert space of spacetime
BPS states in that appear on the LHS of , is furnished by the spec-
trum of a topological gauged sigma-model over the two-torus T2 = S. x S}
on the LHS of . As the sigma-model is topological, this Hilbert space of
spacetime BPS states would be invariant under a modular transformation
of T2 which maps its complex structure 7 — —1/nr.

That said, this modular transformation will effect an S-duality of the
relevant N = 4 gauge theory along the R?|, ., on the LHS of Btrans—
forming the gauge group SO(2M + 1) into its Langlands dual USp(2M). In
particular, this means that the instantons on R?|, ., are, after the modular
transformation, USp(2M )-instantons.

The preceding two paragraphs, and , together mean that we have
the diagram

14To arrive at this statement, we made use of the fact that ¥ =1 and h(Xg) =
hY(Lg) = hV(g) = h(g) for simply-laced g.

5Note that we are working with the low energy regime of the M5-brane world-
volume theory in , which can then be regarded as a 6d N = (2,0) SCFT on
T2 x R, .,, whence we would have an A" = 4 gauge theory along R*|., ., with
S-duality effected by the aforementioned modular transformation of TZ.
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@ H (12 UMso@p41).m) ——— We,, (F50(2M + 1)411)

Do HE (12 50 U(Muspans) m) Wi o (Pusp(2M)agr)

(4.8)
In particular, the right vertical relation means that
(4.9) Wi, (F50(2M 4 1)agr) = Wee,, (Fusp(2M ) agr),

where the RHS of can also be regarded as the 2d algebra of the AGT
correspondence realized in with N = M + 1 and n = 2, albeit defined
on a two-surface that is a modular transformation of T2,

What about the relationship between the levels “sp and “k¢ in (4.9)?
According to [T} eqns. (5.20) and (5.57)], the levels kg and “xk¢c obey

€
(4.10) Lipo+*thpo = —i,

where “hp = h(¥s0(2M + 1)) and Lhe = h(fusp(2M)) are Coxeter num-
bers. Also, notice that (4.2)), from which the RHS of (4.9)) is derived, is
invariant under the exchange €1 <> €5. Altogether, this means that we can
write

(4.11) (LIQB + LhB) = (LI{C + Lhc)_l.

However, cannot be exact, as we didn’t take into account the fact
that the algebra W, (Fusp(2M).g), associated with its RHS, is actually
realized not on T2 but a modular transformation thereof.

To ascertain the required modification of the RHS of , first, note
that 7 =iRg:/Rs:, whence the modular transformation 7 — —1/n7:
iRg:/Rs: —iRgs: /nRg: means that we have a switch Rg: — Rs: and Rg: —
nRg: in the radii of the circles as we go down along the left vertical rela-
tion in . Second, since there are no a priori restrictions on the radii,
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let us, for ease of illustration, set Rg: = Rg1 = 1; then, under Rg: — Rg:
and Rs: — nRg:, we have (Rgi, Rs:) = (1,1) — (1,n); in particular, Rs:
effectively goes from 1 — n as 7 — —1/n7. Third, recall from [I, Fig. 8]
(where n =1 therein in our case) that the building blocks of our theory
involve a two-sphere C' = S?, where C' can be understood as a fibration
of S1 over an interval I;; hence, when Rgsi goes from 1 — n, the scalar
curvature R of C' will go from R — R/ nm Fourth according to the expla-
nations leading to [I, eqn. (5.59)], the Omega-deformation-induced compo-
nent cq = f(M) (b+ 1/b)? of the total central charge of Wi, (Fusp(2M).g),
is defined via the expectation value of the trace of the stress tensor as
cq ~ (T;z)/R; this means that the change R — R /n can also be interpreted
as a change cq — ncq in the original underlying 2d theory on C' with scalar
curvature R. Lastly, since cq = f(M) (b+ 1/b)2, the previous point would
mean that we must rescale expressions equal to b or 1/b by a factor of \/n;
in particular, from the original expression 1/b = /—(Frc + Lhe) (see [1
eqn. 5.57]), it would mean that we ought to replace the RHS of with
[n(*kc + Fhe)]) 1. Thus, we ought to replace (4.11) with

(4.12) Frp+Php) =n" Fre + Yhe)

where n = 2.
In other words, if we regard W (gag) as an afﬁne Wh-algebra of level k
labeled by the Lie algebra g, i.e. Wag .(g), from (4.9)) and ( -, we have

(413)  Wagr(g) = Wag2r(g), where rV(k+h) =Tk +1Lh)7!

V' is the lacing number of g; h = h(g) and “h = h(*g) are Coxeter numbers;
and g = Lso(2M + 1)[7]

If we now start by setting n =2 and N = M + 1 in the dual compact-

ifications in , and repeat the above arguments which led us to ,

60ne can understand this as follows. In two dimensions, the scalar curvature is
given by S = 2/p1pa, where py 2 are the principal radii of the surface. Hence, by
scaling up one of the principal radii of C, i.e. Rs1, by a factor of n, we effectively
scale down its scalar curvature R by a factor of n.

"To arrive at this statement, we made use of the fact that the lacing num-
ber of Lso(2M + 1) is 2, and recalled that “hp = h(Fso(2M + 1)) and Lhe =
h(fusp(2M)) = h(so(2M + 1)).
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we would have
(4.14) Wat 1(8) = Wag 2r("g), where rV(k+h) = (“k+Lh)~

and g = Lusp(QM)E
Clearly, (4.13) and (4.14) mean that

(4.15) Wit 5(8) = Wag ex(%g), where rV(k+h) = ("k+Lh)™"

r is the lacing number of g; h = h(g) and “h = h(*g) are Coxeter numbers;
and g = “s0(2M + 1) or Lusp(2M).

Notice that in arriving at , we have just derived an identity of
affine W-algebras which defines a quantum geometric Langlands duality for
the B and “C Langlands dual groups.

In order to obtain an identity for g = so(2M + 1) or usp(2M), i.e. the
Langlands dual of @ , one must exchange the roots and coroots of the Lie
algebra underlying @D In particular, this means that A must be replaced
by its dual Y. In other words, from , one also has

(4.16)  [Wagx(9) = Wagrx(Yg), where »V(k+nh") = (“k+LnV)~!

7V is the lacing number of g; hY = h¥(g) and “hY = hV(*g) are dual Coxeter
numbers; and g = s0(2M + 1) or usp(2M).

In arriving at the identity , we have just derived Feigin-Frenkel’s
result in [3] which defines a quantum geometric Langlands duality for the B
and C' groups.

A quantum geometric Langlands duality for the nonsimply-laced
G2 group. Last but not least, let us set n =3 and N =4 in the dual
compactifications in . Then, by repeating the arguments which led us
to whilst noting that the Langlands dual of G is itself, we would arrive
at the diagram

18To arrive at this statement, we made use of the fact that the lacing number of
Lusp(2M) is also 2, and in this case, “hp = h(fusp(2M)) and Lhe = h(Fso(2M +
1)) = h(usp(2M)).
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D IH*U(I)ZXTZ’[(MG%m) M/)Lli\g(LQZaff)
S IHE(I)QXTU(MG%W) WLH\’C;(LQQaH)

(4.17)

In particular, the right vertical relation means that

(4'18) Wi (Lg2aff) = WLK’G (LQQaH)v

where the RHS of can also be regarded as the 2d algebra of the AGT
correspondence realized in with N =4 and n = 3, albeit defined on a
two-surface that is a modular transformation of T2.

Repeating the arguments which led us to (4.12)), we get

(4.19) (" +Tha) =n~ Pkl + Thg) 7,

where “h = Lhl, = h(Fgy), and n = 3.
In other words, if we regard Wy (gag) as an affine W-algebra of level &

labeled by the Lie algebra g, i.e. Wag «(g), from (4.18) and (4.19)), and the
identification “gy = go, we can write

(4.20) Wat 1(8) = Wag.ex(“g), where rV(k+h) = (“k+Lh)~

rV is the lacing number of g; h = h(g) and “h = h(*g) are Coxeter numbers;
and g = Lg,[]

Notice that in arriving at , we have just derived an identity of
affine W-algebras which defines a quantum geometric Langlands duality for
the “Gy Langlands dual group.

In order to obtain an identity for g = go, i.e. the Langlands dual of (4.20)),
one must exchange the roots and coroots of the Lie algebra underlying (4.20]).

9To arrive at this statement, we made use of the fact that the lacing number of
Lgy is 3, and the Coxeter numbers h(¥gy) = h(gs).
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In particular, this means that i must be replaced by its dual h". In other
words, from (4.20]), one also has

(421) | Wara(@) = Wan(“g).  where r(k +hY) = ("k+"h") !

7V is the lacing number of g; bV = hV(g) and “hY = hV(Lg) are dual Coxeter
numbers of the Lie algebras; and g = g».

In arriving at the identity , we have just derived Feigin-Frenkel’s
result in [3] which defines a quantum geometric Langlands duality for the
G2 group.

An M-theoretic proof of a corollary by Braverman-Finkelberg-
Nakajima. A corollary of [16, Conjecture 1.8] states that there should be
an isomorphism between IHy, and IH} ., which sends ez /€1 to rVe; /e, where
IHE =D, IH*U(l)?xTU(MQ,m)-

For the A-D, B-C' and G5 groups, one can see from , respectively
, and , and (bearing in mind that it also holds for all
groups and that we have the physical symmetry €; <> €2), that the above
statement ought to be true. Thus, we have a purely physical M-theoretic
proof of this corollary by Braverman-Finkelberg-Nakajima for these compact
Lie groups.

4.2. An M-theoretic realization of g-deformed affine VW-algebras
and a quantum g-geometric Langlands duality

Let us now analyze, within our M-theoretic framework, the properties of
g-deformed affine W-algebras associated with the 5d AGT correspondence,
and derive various identities conjectured by mathematicians Frenkel-
Reshetikhin in [4] which define a quantum g¢-geometric Langlands duality
and its variants. For brevity, we shall only consider the case of the simply-
laced A and D groups. The case of the nonsimply-laced B, C' and G5 groups
is somewhat more intricate, and we shall leave it for future discussion.

A g-deformed affine W-algebra and a quantum g-geometric Lang-
lands duality for the A groups. Notice that , , (2.7) and
mean that the g-deformation in the module W7(su(N)ag 1) of actually
depends on the two parameter s and r given in . As such, one can regard
its underlying g-deformed algebra WI(su(N)agx) as a two-parameter gen-
eralization of an affine W-algebra of level k associated with the Lie algebra
su(N), ie. Wi, (su(N)).

a
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Note that reversing the overall orientation of the M-theory compactifi-
cation sends €19 — —e€12 but leaves the physics invariant; indeed, the
central charge and level of the affine W-algebra underlying W;%fs’k(su(N ),
given by [1, eqn. (5.19) and (5.20)], are invariant under €; 2 — —eq 2. Also,
recall that the M-theory compactification is invariant under the ex-
change €1 <> €2. In sum, this means that the change (€1, €2) — (—e€2, —¢€1) is
a symmetry of our physical setup.

Now, let p = r/s. From , it would mean that p = e~iBlerte2) Then,
according to the previous paragraph, the change p — p~!, i.e. r/s — s/r, is
also a symmetry of our physical setup. In other words, our formulas should
be invariant under the exchange r <> s; in particular, we ought to have

(4.22) Wit e (80(V)) = Weg . (su(N)),

a;

and because (k+ h"Y) = —ea/e1 (see (4.6)),
(4.23) (k+hY)= (K +n")".

As mentioned above, the ¢-deformation actually depends on the two
parameters s and r given in . But how so? To answer this, first note
that the definition of g-deformation is that it is undone as ¢ — 1. Second,
notice that in our context, even if €; or €; vanishes, g-deformation is not
undone unless we go from 5d to 4d, i.e. as 5 — 0. Altogether, this means from
that r actually corresponds to the deformation parameter ¢, whence g
would depend on s through ¢ = ps. Hence, if we relabel s as t, from

and (4.23)), we have

(4.24) (W% (0) = Wi, (Pg), where V(k+hY) = (Pk+En7) 7

a.

rV is the lacing number of g; b = h¥(g) and “hY = k" (*g) are dual Coxeter
numbers; and g = 5u(N)@

In arriving at the identity , we have just derived Frenkel-
Reshetikhin’s result in [4, §4.1], which defines a quantum g-geometric Lang-
lands duality for the A groups!

20To arrive at this statement, we have made use of the fact that for simply-laced
g and gag, we have gag = “g.q, 7 = 1 and b (“g) = hV(g).
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Reduction to 4d and a quantum geometric Langlands duality for
the A groups. Now, let ¢ — 1 with t = ¢%, i.e. let t > 1 with a # 0,
where oo = (/€163 (€1 + €2 + \/@)_1. In other words, with €19 # 0, let 8 —
0 (c.t. ), whence we simply have a reduction from the 5d to 4d case.
Then, would become

(4.25) (Wit (@) =Wt (Pe), where 7V(k+hY) = (Fk+ L")

a;

and

(4.26) Wit x(8) = Wast 1 ()

is the affine W-algebra of .

Note that the identification (4.26) coincides with [4, Theorem 2], while
f define a quantum geometric Langlands duality for the A groups,
as expected.

A classical q-geometric Langlands duality for the A groups. Next, lett — 1
with ¢ fixed, where again, t = ¢%, i.e. let & — 0. In other words, consider the
limit eo — 0 whence k — —h" and ¢ — e, Then, from (4.24)), we would

have
(4.27) W (8) = Wit

The fact that Wy ;. (g) = Wag,_nv(g) can be identified [3] with the
center Z(U(§)erit) of the completed enveloping algebra U(g)crit of § = gcaft
at critical level, and that going from 4d to 5d will effect a g-deformation of

the underlying algebra,@ means that we have the diagram

21 According to diagrams (2.9)) and (2.10)), this is true as long as €; + e # 0, which
is indeed the case here since e — 0 but €; # 0.
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q,1 ﬁ —0 1,1
Vvauéf,—hv (g) B 20 Wafh_hv (g)
. 8—0 x
Z(Uq(g)crit) Z(U(@)crit)
(4.28) B0

where the quantum affine algebra Uy (§)crit is a g-deformed version of U () crit -
Notably, the left vertical relation means that we have the identification

(4.29) W (8) = Z(Ug()exit)

Furthermore, in the limit ¢ — 1 with ¢ fixed, the algebra underlying the LHS
of becomes commutative (c.f. (2.6)). In turn, this means that the LHS
of also becomes commutative whence it is a Poisson algebra.

Thus, in arriving at and the statement that followed, we have just
derived [4, Conjecture 2]!

The fact that Walgéoo(Lg) = Wit (Fg) can be identified [3] with the
classical W-algebra W, (*g) obtained by a Drinfeld-Sokolov reduction of
the dual space to (“g)ag, and that going from 4d to 5d simply effects a
g-deformation of the underlying algebra, means that we have the diagram

B8 —0
Wit o () Wit oo(F8)
B0
8—0
ng(Lg) WCI(LG)
(4.30) B-»0

where W1 (g) is a g-deformed version of W (Fg).
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Notably, the left vertical relation means that we have the identification

(4.31) Wit o ("8) = Wi ("g)

With regard to the algebra Wg&f,;/ (g'), this identification means that in the
limit ¢ — 1 with ¢ fixed, it becomes Wg (¢'), where p’' =t'.

Thus, in arriving at and the statement that followed, we have just
derived [4, Conjecture 3]!

Last but not least, from (4.27)), (4.29)) and (4.31)), we have

(4.32) Z(Uy(8)erit) = Wi (Fg)

where g = su(NV).

In arriving at the identification of classical algebras, we have just
derived Frenkel-Reshetikhin’s result in [4, §4.1], which defines a classical
g-geometric Langlands duality for the A groups!

A quantum g-geometric Langlands duality and its variants for
the D groups. What about the D groups? Do the above identities of
g-deformed affine W-algebras also apply to them? The answer is ‘yes’, as we
shall now explain.

Firstly, from diagram (2.16)), it would mean that W(s0(2N )ag i) ought
to be associated with Uy (Lso(2)as,1), an 50(2)ag 1-version of Uy (Lgl(1)ag 1),
the Ding-Iohara algebra at level 1 defined by . Secondly, from diagram
, we see that when €1 + €5 = 0, the aforementioned algebra reduces to a
B-dependent loop algebra Lso(2),g.1; in the 3 — 0 limit whence it reduces to
50(2)af,1, it is also a Heisenberg algebra [34, eqn. (15.195)], just like gl(1)ag. 1.
Thus, by reversing the arguments in the second point, and by noting from the
explanations below that when €1 + €2 # 0, one must, in our context,
replace the loop algebra L§) of the Heisenberg algebra $) with its quantum
version U, (L$)), we find that at the purely algebraic level, we can also regard
Uy(Lso(2)as,1) as being defined by . In turn, the first point means that
WI(50(2N )agr 1) ought to be associated with ([2.6), too; in particular, we can
also write W1(s0(2N )af 1) = Wit 1 (50(2N)), and apply the expressions in
. Then, by repeating verbatim the earlier arguments for the case of
g = su(N), we find that we would get exactly the same identities for the
case of g = s0(2N).
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In short, our physical arguments show that the identities , f
(4.26)), (4.29)), (4.31)) and (4.32)), also hold for g = s0(2NV). In arriving at this
conclusion, we have just derived Frenkel-Reshetikhin’s results in [4, §4.1],
which define a quantum g¢-geometric Langlands duality and its variants for
the D groups!

About the case of the nonsimply-laced B, C and G2 groups. Re-
garding the derivation of the identities for the nonsimply-laced B, C' and
G2 groups, just like in the 4d case of the previous subsection, one would
need to appeal to an S-duality which involves a modular transformation
of an underlying two-torus T2 = Sl x S} which effects the swop S! <+ S}.
However, in the 5d case, the Z,-twisted circle S} is a preferred circle in
the sense that the relevant states are projected onto it (as explained in [2]
§3]). Consequently, it would mean that it cannot be true that (and
therefore its variants) would hold for nonsimply-laced g (since n # 1). This
conclusion is consistent with Frenkel-Reshetikhin’s results in [4], §4.1].

4.3. An M-theoretic realization of elliptic affine W-algebras and
a quantum g, v-geometric Langlands duality

Let us now analyze, within our M-theoretic framework, the properties of
elliptic affine W-algebras associated with the 6d AGT correspondence, and
derive various novel identities which define a quantum ¢, v-geometric Lang-
lands duality and its variants. For brevity, we shall only consider the case
of the simply-laced A and D groups. The case of the nonsimply-laced B, C
and Gy groups is somewhat more intricate, and we shall leave it for future
discussion.

An elliptic affine W-algebra and a quantum ¢, v-geometric Lang-
lands duality for the A groups. Consider the elliptic affine W-algebra
WY (su(N)ag i) that appears in the 6d AGT correspondence for An_;
groups with Ny = 2N fundamental matter in [2, §5.1]. It is characterized
by an elliptic Ding-Iohara algebra [19] defined by the following commuta-~
tion relations:

0 G afy L= 8™
(4.33) [Gm,an] = m(1 —v )m m4n,0
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and

= - m(l— vlmly 1 — slml
(434) [brm bn] - (ST71U)|m| 1 _ T‘|m| 6m+n,Oa

where [@p,, by] = 0, and
(4.35) s=e BVae g = gmiblatetvaa) = TR

From these relations, it is clear that we can regard the elliptic algebra
WP (su(N)agr k) as a three-parameter generalization of an affine W-algebra
of level k associated with the Lie algebra su(N), i.e. Wiy (su(N)).

Notice that the variable v is independent of €; 2. Also, in the 6d — 5d
limit effected by Rg — 0, i.e. v — 0, the above relations reduce to those that
underlie our discussion in the previous subsection, reflecting the fact that
the elliptic algebra W,/ ’Z (su(N)) ought to reduce to the g-deformed algebra
Waﬁ w(8U(N)), Whereby the g-deformation, characterized by the first term
on the RHS of (4 3) (involving s and r but not v), is therefore independent
of the value of R6. As such, by repeating verbatim the arguments which led

us to (4.24), we get

(4.36) | Whr(a) = Whtt, (Pg), where rV(k+hY) = (Fk+Th")7!

a

Vis the lacing number of g; ¥ = h"(g) and “hY = hV(’g) are dual Coxeter
numbers, and g = su(N).

Notice that in arriving at , we have just derived a novel identity
which defines a quantum ¢, v-geometric Langlands duality for the A groups!

A classical q,v-geometric Langlands duality for the A groups.
Consider the limit e; — 0 whence k — —hY, t — 1 and ¢ — e~ 22| Then,

from (4.36]), we would have

(4.37) W () = Wity (Fg).

aff, 00

The fact that qu_fl’ohv( ) =Wk ff _ v (@) can be identified with the center

a

Z(Ug(8)crit) of the quantum affine algebra Uqg(§)erit (see (4.29)), and that

22Here, we recall that (k + hY) = —ea/e1, and (g, t) = (1, ).
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going from 5d to 6d simply effects an elliptic-deformation of the underlying
algebra, means that we have the diagram

R — 0

Wiz (9) W (g)
aﬂ: h R6 N 0 aff, ]’L
R RG —0 R
Z(Uq,’u (@)erit) —— Z(Uq(g)crit)
(4.38) R+ 0

where the elliptic affine algebra Uy ,(§)crit is an elliptic-deformed version of

Uq (g)crit-
Notably, the left vertical relation means that we have the identification

(439) Wgﬁ'lvfhv (g) - Z(Uq,v(g)crit)'

Furthermore, in this limit of ¢ — 1 with ¢ # 1, the algebra underlying the
LHS of becomes commutative (c.f. (4.33)—-(4.34), where (r,s) = (g, t)).
In turn, this means that the LHS of @D is also a classical algebra.

The fact that W;f’gfo(Lg) = W;§f7oo(Lg) can be identified with the ¢-
deformed classical algebra W% (Lg) (see ), and that going from 5d to
6d simply effects an elliptic-deformation of the underlying algebra, means

that we have the diagram

Law . 160 1,40 (L
Wit o (79) W,ino (“8)
R6 -0
Rs — 0
Wi (Fg) Wi (Le)
(4.40) R+ 0

where W%"(Lg) is an elliptic-deformed version of W1 (g).
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Notably, the left vertical relation means that we have the identification

(4.41) WS (Fg) = W5 (Fg).

aff 0o

Finally, from (4.37)), (4.39) and (4.41)), we have

(442) Z(Uq,v (g)crit) = ngv(Lg)

where g = su(N).

In arriving at the classical algebra relation , we have just derived
an identity which defines a classical ¢, v-geometric Langlands duality for the
A groups!

A quantum q, v-geometric Langlands duality and its variants for
the D groups. What about the D groups? Do the above identities of
elliptic affine W-algebras also apply to them? The answer is ‘yes’, as we
shall now explain.

Firstly, note that according to WP (su(N)ag 1) ought to be associ-
ated with the elliptically-deformed quantum toroidal algebra U, (Lgl(1)ag.1),
whence W9 (su(N ).z ;) ought to be associated with the quantum toroidal
algebra Ug o(Lgl(1)ag,1) (as noted in ; likewise, W%0(50(2N )4 1) ought
to be associated with Ugo(Lso(2)ag,1) (as noted in §2.2). Secondly, as ex-
plained in the previous subsection, at the purely algebraic level, one can also
regard Uy o(Lso(2)ag,1) as being defined by (4.33)-(4.35) but with v =0,
just like Ugo(Lgl(1)ag,1); this means that just like W%V (su(N)ag ), one
can express W%Y(s0(2N)ag ;) in terms of the three parameters 7, s and v,
too, i.e. WP¥(50(2N )agr 1) = Wiy (50(2N)), and apply the expressions in
(4.35). Then, by repeating verbatim the earlier arguments for the case of
g =su(N), we find that we would get exactly the same identities for the
case of g = s0(2N).

In short, our physical arguments show that the quantum and classical
relations (4.36]) and (4.42), respectively, also hold for g = s0(2V). In arriving
at this conclusion, we have just derived identities which define a quantum
q, v-geometric Langlands duality and its classical variant for the D groups!

About the case of the nonsimply-laced B, C and G2 groups. Re-
garding the derivation of the identities for the nonsimply-laced B, C and
G9 groups, since the g-deformed affine W-algebras are just v = 0 versions
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of the elliptic affine W-algebras, and since the former does not even obey
these aforementioned identities in the nonsimply-laced case, it will mean
that it cannot be true that (and therefore its variants) would hold for
nonsimply-laced g.

5. Supersymmetric gauge theory, YW-algebras and a
quantum geometric Langlands correspondence

5.1. A quantum geometric Langlands correspondence as an
S-duality and a quantum W-algebra duality

We shall now demonstrate, via our M-theoretic framework, how a quantum
geometric Langlands correspondence can be understood simultaneously as
a 4d gauge-theoretic S-duality and a 2d conformal field-theoretic quantum
W-algebra duality. In doing so, we would be able to affirm the conjecture
in [35] §8.6] that quantum WW-algebra duality ought to play a prominent role
in defining a Fourier-Mukai transform.

A GL-twisted N = 4 gauge theory. Consider the low energy world-
volume theory of the five-branes/planes on the LHS of (4.1) and (4.2)), i.e.

(5.1) R4|61762 X S% X S}w

N Mb5-branes

where we set n =1 or 2 if we want a G = SU(N) or SO(N + 1) (with N
even) gauge theory along R*|, ., x S, and

(5.2) RY|., ., xSt xSl |

N Mb5-branes + OM5-plane

where we set n =1, 2 or 3 if we want a G = SO(2N), USp(2N — 2) or Ga
(with N = 4) gauge theory along R*|, ., x S;.

As noted in the theory is topological along the directions spanned
by R*|, ¢,- This means that the precise metric on each of the R?|, planes
in R*|, ., = R?|¢, x R?|,, is not essential in our forthcoming analysis. In
particular, one can place on each of the R?|., planes, a “cigar-like” metric

(5.3) ds®* = dr? + f(r)dd, 0<r<oo, 0<6<2m,
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where f(r) ~ 1?2 for r — 0; f(r) — p? for r — oo; f(r) = p for sufficiently
large r, say r > ro; and p is the asymptotic radius of the circle S' param-
eterized by 6. Then, the rotation of the plane associated with a nonzero ¢;
would therefore correspond to a rotation of the circle S of the cigar. Let us
denote this rotated circle as Si Moreover, since the rotation of the plane
confines the physical excitations close to the origin, i.e. close to the tip of the
cigar, we can conveniently consider the truncated cigar with length r < R,
where R >> p, 1o [36].

So, if we denote the planes R?|., and R?|., endowed with the above
“cigar-like” metrics as Dg., and Dpg,,, we can also express and
as

1,0
(5.4) DR761 X DR,@ X Et,n’
N Mb5-branes
and
D D »}o
(5.5) Re X Dre, X 200,

N Mb5-branes + OMb5-plane

where 2;’2 = S} x S! is a Riemann surface of genus one with zero punctures.

Now, notice that we can regard Dg,, X Dg,, as a nontrivial Sé X Siz
fibration of I x I, where I, is an interval associated with the i*" plane.
However, macroscopically at low energies whence the curvature of the cigar
tips is not observable, D, X Dg, is effectively a trivial S; X Sé fibration
of Iy x Iy. Therefore, with regard to the minimal energy limit of the Mb5-
brane worldvolume theory relevant to us, we can simply take and
to be

(5.6) T2  xI x I x 5,70,
N Mb5-branes

and

(5.7) T2 ., xI1 x Iy x 570,

N Mb-branes + OMb5-plane
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where the torus T2 _ = S1 X S1

€1,€62

The rotation of the crrcles in Tf «, does not break any supersymmetries
in the above flat worldvolumes. Hence, from the perspective of a world-
Volume compactlﬁcatlon on T2 ey We have an N =4 theory along Iy x
Iy x E Wlth gauge group G l Its complexified gauge coupling is given by
T = ’LR2 / Ry, the complex modulus of Te1 > Where R; the radms of S1

Notice that the low energy worldvolume theories in and . are
just a specialization to (g,p) = (1,0) of 6d N' = (2,0) compactlﬁcatlons on
%7 which result in 4d N = 2 theories of class S [38] along T2 _ x I; x I,
Where Zg ?'is a genus ¢ > 0 Riemann surface with p > 0 punctures. Accord-
ing to [39] and [30, §3], based on the fact that the integrable Hitchin systems
associated with theories of class S ought to be defined over Zf,£> the N =4
theory along I x Iy x Zg’p must be topologically-twisted in the GL sense
of [f].

In other words, from the perspective of a compactification on T61 P
we can effectively regard our low energy worldvolume theory in or
as a GL-twisted N =4 theory on I x Iy x Ztl:,? with gauge group
(. This twisted theory also enjoys an S-duality symmetry that maps G
(with lacing number V) to its Langlands dual “G via 7 — —1/rV7, i.e. a
modular transformation of Tfhez. The minimal energy (maximal) BPS states
of the worldvolume theory — these underlie the spectrum of spacetime BPS
states on the LHS of or that ought to be invariant under string
dualities — would then be furnished by the Hilbert space Hf XIQ(Xgl) B
of a topological sigma-model on I; x Iy with boundary B and target X !

determined by G and ¥; = El 0

S-duality as a quantum W-algebra duality for genus g =1. On
the other hand, from the equivalent perspective of a com ctiﬁcation on
2,} 2 , we can regard the low energy worldvolume theory in or as a
massless N = 2* theory on R?|, ., Wlth gauge group G. Therefore accordlng
to our explanations leading up to (4.5]), the minimal energy (maximal) BPS

states of the worldvolume theory ought to also be given by the module

23 As mentioned earlier, the compactification of the worldvolume on S! will result
in a 5d Yang-Mills theory with gauge group G. According to [37], this 5d Yang-
Mills theory will capture all the degrees of freedom of the 6d N = (2,0) from which
it descended from, at least where the BPS spectrum is concerned. Together, this
means that for all our purposes, we can regard the worldvolume theory to be a 6d
N = (2,0) theory of type G, whence our claim follows.
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V\Taff’\Lk(Lg) defined on ¥; = Ei’g. In short, we have

o —

(5.8) Hixlz (Xgl)li = Waff,Lk(Lg)El7

where g is the Lie algebra of “G, and the subscript “2;” just indicates that
the module is defined on it[?]

The level on the RHS of (6 . can (according to and -, which
also holds for the G4 case) be expressed as

(5.9) Ly Lp =2

€1

where “h = h(Fg) is the Coxeter number.

Let us now effect an S-duality transformation of the N = 4 theory via
7 — —1/rV7, i.e. a modular transformation of sz (which, as we will see
below, amounts to a swop €1 <> €5 that is a symmetry of the Worldvolume
theory). The equivalence of the compactifications on T61 ., and Zt , of the
low energy worldvolume theories would then mean that this step ought to be
accompanied by a modular transformation of Ztl:g (so that the S-dual gauge
symmetry can be consistently defined over I} x I, where this transformation

is also a symmetry of the worldvolume theory). Thus, in place of (5.6 and

(5.7), we have

(5.10) T2  xI; xIy x 5p

€1,€2 tn’
N Mb-branes
and
(5.11) T? ., x I x Iy x ztn,

N Mb5-branes + OM5-plane

where T2

ce and Z are the modular transformations of the original tori.

24Here, Wase,1k("8) = Weg("ga) = Wei(“[(9)ar]) = “Wi((8)a) = “Wharr i (9),
where LW, 1 (g) can be interpreted as the “Langlands dual” of Wag x(g).

25The equivalence of the compactlﬁcatlons on T and El 0 of the low energy
worldvolume theories in which underhes 1| has also been fruitfully
exploited in [ §7.4] to prove a conjecture by Alday-Tachikawa in ref. [19] of loc. cit.
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From the perspective of a worldvolume compactification on T61 P
the minimal energy (maximal) BPS states would be furnished by
7—[11X12 (XL AL B. the Hilbert space of an S-dual topological sigma-model
on I x I, with boundary “B and target XLG From the perspective of a

worldvolume compactlﬁcatlon on £, the minimal energy (maximal) BPS

t,n
states would be furnished by W, ¢ k( )~ where ¥; = 2%2 The equivalence
of these perspectives would then mean that

(5.12) ,Hflasz (XLECI;)LB =W ﬁfj;(g)gl'

a

Notice that the transformation 7 — —1/rVr effected by the replacements
Ry — Ry and Ry — rV Ry, can be regarded as an exchange Sil D Siz of the
circles (up to some scaling of one of the radii), i.e. where the rotations of
the planes are concerned, we have a swop €1 <> €2. In other words, on the

RHS of (5.12)), we have

(5.13) k+h=——,

where h = h(g) is the Coxeter number.

The RHS of is defined in terms of 1, which is a modular trans-
formation of X1. In order to define it in terms of X1 so as to be consistent
with the LHS, recall from our explanations below (4.10)) that we can express
VTE;(Q)il as 1//\A;ff\7k(g)21 whence we can also rewrite ([5.12)) as

alt,

(5.14) Hyler, (X2 s = Wa 4 (8)y,
where
(5.15) PV (k+h) = -

€2

26The topologlcal sigma-model which underlies these states is defined by equa-
tions over E -0 , that depend on G and its genus only. As such, we have, for later
convenience, replaced E Wlth 31 in the expression for H.

ZTHere, W k(g) = WL(Lk (E[(*g)arr])) = EWei((P9)ast) = “Wag Lr(Fg), where
LWaﬂ‘,Lk(Lg) can be interpreted as the “Langlands dual” of W,g 1 (“g).
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Altogether from our discussions which led us to (5.8]), (5.9), (5.14) and
(5.15), and footnotes [24] and we have the following diagram

String Duality

" 5 [T
1
11, (XG")s Waff,n(g)zl
S-duality | T — — rV(k+h) = e+ Lh)"1 | W-duality
String Dualit; —
Ly N g Y I
HLXIQ(XLG)LB LWaff,Ln( 9)21

(5.16)

where LWaff’H(g) is the “Langlands dual” of Wag «(g), an affine W-algebra
of level k labeled by the Lie algebra g, and k + h = —ey/€;.

From the diagram, it is clear that there is, in our context, a one-to-one
correspondence between an S-duality of the GL-twisted N = 4 theory and a
W-duality that is in fact a quantum W-algebra duality of 2d CFT! This is an
important fact that we will exploit to elucidate the connection between the
gauge-theoretic realization and algebraic CF'T formulation of the quantum
geometric Langlands correspondence for G. To do that however, we will first
need to show that the above diagram also holds for ¥, = Eﬁ’g, where g > 1.
S-duality as a quantum W-algebra duality for genus g > 1. To
this end, consider the 4d AGT correspondence for a necklace SU(N) quiver
theory with one and two gauge groups; according to [I, Fig. 9], the corre-
spondence can, in our framework, be understood as Fig. (a), where n = 1.
Consider also the 4d AGT correspondence for a pure SU(N) theory; accord-
ing to [I, Fig. 3], the correspondence can, in our framework, be understood
as Fig. [[b), where n = 1.

In the same way that we can construct in [I, §6.3], a generalization from
pure to linear/necklace quiver theories of the 4d AGT correspondence via [,
Figs. 4-6 and 8-9], we can also construct a generalization from ¥; to ¥, of

the above correspondences in diagram . Essentially, we would like to
i (5.5

iag
construct a generalization of {i and in which Zi’g is replaced by
390,

To do so, firstly, consider the massless limit of the 4d theories in Fig. (a).
This corresponds to setting ms—; = 0 in [I}, eqn. (6.98)] (where n = 1 and 2
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Figure 1: Building blocks relevant to our discussion on the connection be-
tween the gauge-theoretic realization and algebraic CF'T formulation of the
geometric Langlands correspondence. (a). Dual M-theory compactifications
which realize the AGT correspondence for N' = 2* SU(N) theory and N = 2
necklace quiver theory with two SU(N) gauge groups, where [ denotes the
size of ¥. (b). Dual M-theory compactifications which realize the AGT corre-
spondence for N' = 2 pure SU(N) theory. (¢). Gluing together g copies of the
(a)-compactifications using the (b)-compactifications. (d). Finally, a single
compactification on X7’ 99 without M9-planes on the 4d side, corresponding

t,n
to a genus g surface with no punctures on the 2d side.

therein as we are considering only one and two gauge groups). In turn, this
means from [I, eqn. (6.102)] that the vertex operators Vzand V5 | in Fig. (a)
have conformal dimension zero and are thus trivial. The vertex operafors
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Veon in Fig. (b) are also trivial, as it is a coalescence of the aforementioned
vertex operators. Consequently, the corresponding M9-planes on the left of
Fig. [ a)-(b) must also be trivial. Secondly, since all the M9-planes and
vertex operators are now similar (and trivial), it would mean that we can
glue along the M9-planes and holes, g copies of the (a)-compactifications
using the (b)-compactifications. This is shown in Fig. [[[c). Finally, as the
correspondence in Fig. (b) is conformally invariant along E?ﬁ and Ceg, it
would mean that we can scale the lines and cylinders in Fig. (c) down to
zero length, whence we have a single compactification on Eg’n without M9-
planes on the gauge theory side, corresponding to a genus g surface with
no punctures on the CFT side, as shown in Fig. [I(d). The worldvolume
theory of the M5-branes in this single compactification is a generalization
of 1' in which E;’f is replaced by Ef”lo . Since the construction leading up
to this final correspondence is actually independent of n, we actually have
a generalization of in which Etlﬁ is replaced by Zg’g for n =1 or 2.
One could also add an OMS5-plane to the stack of N Mb5-branes, and
(4.2) would mean that we would have the same configurations as those in
Fig. [1| after we add the appropriate M9-planes. Hence, by repeating the
construction, we would arrive at a generalization of in which Etl,}? is

,0

replaced by Zf’n forn=1,2 or 3.

As such, in place of (5.6 and (5.7)), we now have

(5.17) T2 xI; x Iy x 90

€1,€2 t,ns

N Mb-branes

forg>1and n=1or 2, and

(5.18) T2 x I x I x 290

€1,€2 t,n

N Mb5-branes + OMb5-plane

forg>1andn=1,2or 3.

In turn, in place of (5.8)—(5.9)), we now have

s, - €2

(5.19) HE o (Xe)s = Warn(Pe)y,,  “k+Th= -

Notice from the LHS of Fig. (d) that the single compactification on Ztgﬁ
without M9-planes, can be regarded as a composition of g compactifications
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on E;’g without M9-planes. If we were to effect an S-duality transforma-

tion which brought us from (5.6)/(5.7) to (5.10)/(5.11) on each of the g
compactifications, we would get, in place of ([5.10) and j5.11 ),

(5.20) T2  xI; x Iy x 290

€1,€2 t,no

N Mb5-branes

for g > 1 and n =1 or 2, and

(5.21) T2 xI; x Iy x 390

€1,€2 t,no

N Mb5-branes + OM5-plane

forg > 1 and n = 1,2 or 3. Here, f]g’,? is a genus g surface with no punctures

that is a composition of g copies of f]i ’2.

In turn, in place of ((5.14)—(5.15]), we now have

— 61

(5.22) Hioer, (Xeg)is = Waak(0)y,,  rV(k+h) =—

€2

Altogether from our discussions which led us to (5.19)) and (5.22), and
footnotes 24 and [27] we have the following diagram

String Duality

pIP .
i xI, (XG’ )B LWaff,n(g)Eg

1

S-duality | 7 — — v rv(n + h) = (Ln + Lh)’1 W-duality
String Duality —
Lo DI L
Hll x1I, (XLG)LB LWaff,Ln( 9)29

(5.23)

Thus, we have a generalization of diagram (5.16|) to X , where g > 1, as
desired.
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A quantum geometric Langlands correspondence as an S-Duality
and a quantum W-algebra duality. In the context of a quantum ge-
ometric Langlands correspondence as realized by an S-duality in a GL-
twisted N' =4 theory in [5] [6], a twisted D-module on the moduli space
Bung(X,) of principal Gc-bundles over ¥, (where g > 1), is a module over
the sheaf of (holomorphic) differential operators on £¥~"" where L is a
certain holomorphic line bundle over Bung(X,) determined by the property
that its first Chern class generates the second cohomology of Bung(X,);
hY = hV(g) is the dual Coxeter number; and the parameter ¥ € C trans-
forms under S-duality as ¥ — —1/rVW¥. The way that ¥ and 7 transform
under S-duality is similar; this is a consequence of the fact that they are
related via t2 = —(¥ — 7)/(¥ — 7), where the parameter ¢t € C transforms
under S-duality as ¢t — +t|7|/7. The classical limit of the correspondence
is defined at ¥ = 0, which for purely imaginary 7 (as in our case) that is
nonvanishing, is at ¢ = 41. In this limit, S-duality maps t = +1 — ¢ = +i.

Let D2d(X) be a derived category of twisted D-modules on a complex
manifold X. Then, a quantum geometric Langlands correspondence is the
following equivalence [5} [0, [35]
(5.24)

DR, (Bung(S,)) = DS ., (Bunig(Sy)), where 0 = —1/rV;

U #£ 0 and so “W # oo; and t # +1 whenever 7 # 0.

Let us, for simplicity, consider the case without gauge theory line oper-
ators, i.e. t =0 whence ¥ = 7 [6] . Then, the above equivalence of derived
categories of twisted D-modules, can, according to [0, §2-§3], be interpreted
as an equivalence

(5.25) Hivm (Mu (G, 29)5,.. 8. = Hixe(Mu (PG, 2y))5,.., 5.

of Hilbert spaces of string states — specifically, those of an open topologi-
cal A-model and its identical S-dual on I x R in complex structure I with
targets Mpy(G,3,) and My (FG,%,), respectively, that end on a distin-
guished coisotropic brane By . and a Lagrangian brane B, — which furnish
the aforementioned minimal energy worldvolume (maximal) BPS states@

28To arrive at and the following statement, we have (i) exploited the fact
that the sigma-models underlying and are topological, whence we are
free to stretch their worldsheets in one direction; (ii) noted that according to [6],
strings of type (Bg.c., Ba.c.) correspond not to states but a noncommutative algebra
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Here, My (¥4,%,), the moduli space of ¢ Hitchin equations on ¥4, can be
regarded as the moduli space of ¢ Higgs bundles on ¥, (since we are in
complex structure 7).

In turn, according to the string duality relations in , the equiva-
lence of Hilbert spaces of states in would correspond to the equivalence

o —

(526) Wz n(0)y, = Warsn(*0)s,. where (s+h) = (“s+ “h) ")

of modules of affine W-algebras. This equivalence is a consequence of a
Feigin-Frenkel W-algebra duality which we physically derived in
In short, from the preceding three paragraphs, we have the diagram

String Duality —

mod
Dﬁ\lf—hv (BunG(EQ)) LWaff,H(g>2q
S-duality | L@ = — 4= Fr+Lhn) = W FF-duality

String Duality

Dmed | (Bun:g(%,))

v . (L
rLw-LpY LWaH,Ln( 9)29

(5.27)

From the diagram, it is clear that within our M-theoretic framework, quan-
tum geometric Langlands correspondence as an S-duality of 4d gauge the-
ory, can be understood, via string duality, as a Feigin-Frenkel quantum W-
algebra duality of 2d CFT, and vice versa! @

Indeed, quantum geometric Langlands correspondence can be mathe-
matically described as a Fourier-Mukai transform [35, §6.3], and it is con-
jectured [35], §8.6] that a Feigin-Frenkel quantum WW-algebra duality ought

of quantized holomorphic functions; (iii) noted that as pointed out in [36], the
brane at the end of I which corresponds to the tip of the cigar arises not from an
actual boundary condition but from geometry whence it can only be space-filling,
i.e. strings whose excitations correspond to states must be of type (Bg.c., Ba)-

29More precisely, we have a dual version of the Feigin-Frenkel duality involving
“Langlands dual” W-algebras and the Coxeter number h, which, as explained in
§4.1} is equivalent to the original duality involving regular W-algebras and dual
Coxeter number h".
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to play a prominent role in defining it. Since an S-duality of our GL-twisted
N =4 gauge theory is equivalent to a T-duality of our open topological
A-model with branes [6], and in mathematical terminology, this T-duality
is just a Fourier-Mukai transform, , which relates an S-duality to a
Feigin-Frenkel quantum Wh-algebra duality via a string duality, would be a
purely physical M-theoretic affirmation of this conjecture.

5.2. A geometric Langlands correspondence as an S-duality and
a classical W-algebra duality

We shall now demonstrate, via our M-theoretic framework, how a geomet-
ric Langlands correspondence can be understood simultanueously as a 4d
gauge-theoretic S-duality and a 2d conformal field-theoretic classical W-
algebra duality. In doing so, we would be able to elucidate the sought-after
connection between its gauge-theoretic realization by Kapustin-Witten [5]
and its original algebraic CFT formulation by Beilinson-Drinfeld [7].

A geometric Langlands correspondence as an S-Duality and a clas-
sical W-algebra duality. From the formula t? = —(¥ — 7) /(¥ — 7), we
find that in our case of purely imaginary 7, we have ¥ = 7(t2 — 1)/(¢% + 1).
As noted in the previous subsection, the classical limit of the quantum ge-
ometric Langlands correspondence occurs at ¥ = 0. For any nonvanishing
value of 7, this happens specifically at ¢t = £1; alternatively, if 7 = 0, this
happens for any value of . We shall henceforth adopt the latter viewpoint
on the classical limit, so that our following discussion would be valid for any
value of ¢.

Recall that in our framework, 7 = iRy /R;. Therefore T —> 0 when Ry >
Ry, i.e. when S1 decompactifies relative to S1 in - This is
tantamount to turnmg off Omega-deformation in the underlymg R2-plane.
In other words, in our framework, setting ¥ = 0 corresponds to setting €; =
0.

Let us now turn our attention to the various objects in ). When ¥ =
0, on the top LHS of -, we have D?Of}v (Bung(Xy)) = Dg“rftd (Bung (X)),
the derived category of critically-twisted D-modules on Bung(X,). On the
other hand, on the bottom LHS of (5.27), we have DmOd(BunLG(EQ)) =
D“’h(/\/lﬂat (X4)), the derived category of coherent sheaves on the moduli
space Mﬁat (X4) of flat LG c-connections on Y4, whose objects therefore
define flat LGc—bundleS on Xg4; in other words, we have a derived category
DQaGtC(Eg) of flat LGc-bundles on ¥,. That these derived categories ought
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to be equivalent, is just the statement of the usual geometric Langlands
correspondence as realized by an S-duality of a 4d gauge theory.

Because setting ¥ = 0 also corresponds to setting €; = 0, on the top
RHS of (f (5-27), we have (after recalling footnote and (5.19)) a mod-
ule Wag,oo(Lg)gg, whose states, via a CFT state-operator isomorphism,
can be identified with polynomials in the z-derivatives of spin-s; holomor-
phic fields Wy, (2) (i = 1,...,rank(*gc)) which define a classical W-algebra
Waff’oo(L 9)29 on Y,. This is also the algebra of functions in Lgc-opers which

correspond to flat “Ge-connections on Y4 B5], whence we can identify
the polynomials with the functions and associate each state in the mod-
ule with a flat “Ge-bundle on X, i.e. we have a “module” ME%@(E) of
flat “Ge-bundles on 24. On the other hand, on the bottom RHS of ,
we have (according to a FF-duality starting from m(Lg)gg) the mod-
ule W;f:w (g)s, of a distinguished W-algebra Wag _pv (g)Eg on Y . This
algebra is also the center Z(U(§)eit) of the completed enveloping algebra
U(@)erit of 8 = gcag at critical level [3]. From gca.g at the critical level on
Y4, one can also show (via [40, §7.1], which physically realizes the corre-
sponding mathematical result by Beilinson-Drinfeld in [7]) that the states in
the module of Z(U(g)crit) can be interpreted as correlation functions which
define critically-twisted D-modules on Bung (%), i.e. we have a “module”
M2ed(Bung(3,)) of critically-twisted D-modules on Bung(X,).

crit

Altogether therefore, in place of ([5.27]), we now have

String Duality

Dcn;?td(BunG(Eg)) belactc (Xg)
S-duality | KW realization BD formulation | FF-duality
String Duality
DI, (Zo) M54 (Bung (%))

(5.28)

From the diagram, it is clear that within our M-theoretic framework, the
geometric Langlands correspondence realized by Kapustin-Witten in [5] via
an S-duality of 4d gauge theory, can be understood, through string duality,
as the geometric Langlands correspondence formulated by Beilinson-Drinfeld
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in [7] via a Feigin-Frenkel classical W-algebra duality of 2d CFT, and vice
versa/

Wilson and ’t Hooft-Hecke line operators in 4d gauge theory as
monodromy loop operators in 2d CFT. Let us now set ¢t = 1 so that
there can be ‘t Hooft line operators at ¥ = 0 (i.e. ¢ = 0). Under S-duality,
these are mapped to Wilson line operators at ¥ = oo and t = i [5].

In the context of M-theory, such line operators can be realized as bound-
ary M2-branes [41]. Hence, let us place M2-branes on the LHS of and
along R C R*|g,, (in the undeformed plane), S., and R C R. Then,
repeating the arguments in [I, eqns. (5.1)—(5.8)] that took us from the LHS

to RHS of (4.1) and (4.2]), we now have, in place of (4.1)) and (4.2)),

(529) :FQ{4’0762 X é711 X St1 Xf{S‘Q%
N M5 rM? on o
— R’ was X Si x S}1 x TN

1 M5-branes + MO on o

Te,7

€2; €2;%e6,7)

where n = 1 or 2, and

54 &1 1 55
(5.30) R0, xS, xS; xR’
N M5 + OM5 + M2 on o
= R’|¢,i0,, X S§ x SL x SNF0|

1 M5 + MO on o

Te,7

€25 €2;Tg,7

where n =1, 2 or 3. Here, the M0-brane will become a DO-brane when we
reduce M-theory on a circle to type ITA string theory [42].
Repeating our discussion that led us to ([5.17)) and ([5.18]), bearing in mind

the LHS of (5.29)) and (5.30), we find that in place of (5.17)) and (5.18]), we

now have
M2 on Ry xS} |
———
(5.31) T, xIx Ry x Xf))

N Mb5-branes

for g >1and n =1 or 2, and



Higher AGT correspondences 483

M2 on Ry xS}

n,g

0
(5.32) T3, x Ix Ry x 5f,

N Mb5-branes + OMb5-plane

for g > 1 and n=1,2 or 3. Here, S}z,g is a disjoint union of a ¢ number of
S one-cycles of Efﬁ. From the perspective of the resulting sigma-models on
I x R, after we compactify the above worldvolumes on Tg, o X Eg’g, there is
just a static ‘t Hooft line operator with gauge symmetry G along the “time”
direction R4. The line operator would act on the boundaries and therefore
the branes of the sigma-model, so let us denote the branes being acted upon

as B‘t—Hooft-
Likewise, we find that in place of ([5.20]) and ([5.21]), we now have

M2 on R xS!

N —_—— ":
(5.33) T3, x Ix Ry x &)

N Mb-branes

for g > 1 and n =1 or 2, and

M2 on R xS2

n,g

_ ,_/%0
(5.34) T3, x Ix Ry x &)

N Mb5-branes + OMb5-plane

for g > 1 and n = 1,2 or 3. Here, g}%g is a disjoint union of a g number of S}

0

one-cycles of if”n. From the perspective of the resulting S-dual sigma-models

on I x Ry after we compactify the above worldvolumes on ’i‘%@ X ZNI;Z’,?,
there is just a static Wilson line operator with gauge symmetry “G along
the “time” direction R . The line operator would act on the boundaries and
therefore the branes of the sigma-model, so let us denote the branes being
acted upon as “Bwilson-

Repeating our discussion that led us to (5.19) and (5.22), bearing in
mind the RHS of (5.29)) and , we find that in place of ¥, on the RHS
of and now have ELOOP, which is Y, with a loop operator
that is a disjoint union of g number of loop operators around its g number
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of S1 one-cycles, each corresponding to a worldloop of a DO-brane. The loop
operators that now appear on the RHS of and are dual to each
other in the sense that they are defined on dual sets of g nonintersecting
one-cycles of a genus g surface (recall that it is actually i]g which underlies
, as reflected in 7), and in the context of our 2d CFT on
this surface, we can regard the former and latter as “Wilson” and “’t Hooft”
loop operators, since they are associated with “g and g, respectively. In fact,
one can see from that string duality, apart from being a 4d-2d duality,
is also an S-duality in the sense that it maps objects associated with G to
objects associated with “G; the “Wilson” and “’t Hooft” loop operators
therefore ought to be associated with the S-dual of the ‘t Hooft and Wilson
line operators described in the last two paragraphs, i.e. the “Wilson” and
“’t Hooft” CFT operators ought to be associated with Wilson and 't Hooft
gauge theory operators, which thus justifies their nomenclature. At any rate,
it is clear that these loop operators act on the underlying modules on the
RHS of and . Let us denote the modules being acted upon as
W(0) syvison A W() 1100

In sum, the three preceding paragraphs mean that under the action of
these one-dimensional operators, we would, in place of , have
(5.35)

String Duality fat
mod ) —~
Dcrit (BU.I’IG (Eg ) ) Bit-noott M Ge (Zg ) W) witson”
S-duality | KW realization BD formulation | FF-duality
String Duality
flat mod .
DL Gc (EQ ) Bwitson M (Bung (Eg ) W(8) wsecttoore

Indeed, as indicated in the above diagram, one can understand the action
of the 't Hooft and Wilson line operators on the derived categories (of sigma-
model branes) on the LHS of in terms of the action of the “’t Hooft”
and “Wilson” loop operators on the modules (of affine W-algebras on %)
on the RHS of , as follows.

First, let us describe the action of the 't Hooft line operator on
D2od(Bung (X)) According to [5, eqn. (8.9)], the 't Hooft line operator
maps the gauge theory magnetic flux mg — mg + £(¥R), where mg and
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¢(FR) are characteristic classes that classify the topology of G-bundles over
>, and S2, respectively. The latter bundle characterizes the 't Hooft line
operator, and “R is a representation of “G. As the relevant branes which
correspond to the critically-twisted D-modules wrap different components of
the sigma-model target labeled by all possible values of mg, the 't Hooft line
operator acts by mapping each object in D™¢4(Bung(%,)) labeled by my,

crit

to another labeled by mg + £(“R). The derived category after this action is
D204 (Bung (X)) 8., o0 @S shown in .

On the other hand, the “’t Hooft” loop operator is (via [43}, §3.2] in the
massless N/ = 2* case) a monodromy operator which acts on

(5.36) Zg(a) = Tryy, q™,

the chiral partition functions (i.e. ¥; conformal blocks) of the module
M2od(Bung(21)), as

crit

(5.37) Zy(a) — Z Aa,p Zg(Pr)-

Pk

Here, [V4] is the submodule labeled by the highest coweight vector a of g;lﬂ
q = e¥™™1 | where 7y, is the complex structure of ¥1; Lo is a translation
operator along 1; pr = a + bhy, where b is a constant and hj are coweights
of a representation R of G; and the A\, p’s are constants. On all the g identical
Y1 surfaces — each with a “’t Hooft” loop operator around the same one-
cycle — that compose X, (shown on the RHS of Fig. [I[d)), what we have
just said holds. Therefore, it would mean that the overall “’t Hooft” loop
operator acts by mapping each state in M™¢4(Bung(%,)) labeled by a, to
another labeled by a + h, where h is a weight of a representation *R of LG.
The module after this action is M294(Bung (%, ))W(g) 0 88 shown in
(5.35). This is just the 2d CFT version of the 4d gauge theory statement
about the action of a 't Hooft line operator on D224(Bung(Z,)).

Next, let us describe the action of the Wilson line operator on DQ%@(Eg).
According to [5, eqn. (8.8)], the Wilson line operator maps the gauge theory
electric flux ey — ey + 0 g, where ey and 6. p are characters of the center of

(the universal cover of) G, where the latter, determined by a representation

30Here, a is a coweight and not weight vector because on the 2d CFT side, we
are actually in a Langlands dual frame where roots and coroots are exchanged, just

as it is h and not h" that appears in (5.27).
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LR of LG, characterizes the Wilson line operator. The relevant branes which
correspond to the flat “Ge-bundles are zerobranes labeled by eg. Because
they are supported on points, the effect of the shift ey — ey + 62z which
twists them by 6= z(¢) (¢ being the obstruction to the existence of a universal
LG Higgs bundle), is trivial, i.e. the zerobranes remain as they are under
the shift. Thus, the Wilson line operator acts by mapping each object in
DQZEC(ZQ) to itself. Therefore, the derived category ngaGtC(Eg)
this action in , is simply DEaGtC(zg).

On the other hand, the “Wilson” loop operator is (via [43, Appendix
D] in the massless N/ = 2* case) a monodromy operator which acts on the
chiral partition functions Zz4(a") (i.e. ¥; conformal blocks) of the module
Mt (), as

LByio, after

(5.38) Zig(a’) = dav Zrg(a¥),

where the highest coweight vector a¥ of g labels a submodule, and \yv is
a constant. On all the g identical 3, surfaces — each with a “Wilson” loop
operator around the same one-cycle — that compose ¥, (shown on the RHS
of Fig. [1[d)), what we have just said holds. Thus, it would mean that the
overall “Wilson” loop operator acts by mapping each state in Mg*gc(ilg) to

itself. Therefore, the module Mggc(xg)W(Lg)uwnsonn after this action, shown

in 1) is simply MIE‘ZEC (X4). This is just the 2d CFT version of the 4d gauge
theory statement about the action of a Wilson line operator on DfLiaGtC(Eg).

About Hecke modifications and correspondence. One could cer-
tainly proceed to discuss the topic of Hecke modifications and correspon-
dence in the context of 2d CFT via the monodromy “’t Hooft” loop oper-
ator. The discussion would parallel that in [40, §7.3]. However, for brevity,
we shall defer it to another occasion and now turn to an even more in-
teresting offshoot of our discussion hitherto — higher geometric Langlands
correspondences.

6. Higher geometric Langlands correspondences from
M-theory

6.1. A g-geometric Langlands correspondence for simply-laced
Lie groups

We would now like to ascertain, for simply-laced Lie groups G, what a
g-geometric Langlands correspondence that is related to the classical g-
geometric Langlands duality in (4.32]), means.
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To this end, note that in the 5d AGT correspondence behind our deriva-
tion of (4.32), the 2d CFT is defined over the same (punctured) Riemann
surface as that in the 4d AGT correspondence [2]. This means that the con-
struction in Fig. |1] is also valid in the 5d case, whence we again have the
effective worldvolume configurations and .

That said, note that according to our explanations leading up to [2]
equs. (3.57)], we must, in the 5d case where § - 0 whence the fifth cir-
cle decompactifies, associate to each and every point on the compactified
Riemann surface Etgf = Y, a loop which effectively represents the decom-
pactified fifth circle. As such, this means that in place of and ,
we ought to have

(6.1) T2 <L x I x 35

€1,€2

N Mb-branes

for the simply-laced A groups, and

(6.2) T2  xI xL x5

€1,€2

N Mb5-branes + OMb5-plane

for the simply-laced D groups, where 231 is the compactified Riemann sur-
face 3, with an S! loop of radius 8 over every point.

Quantization of circle-valued G Hitchin systems and circle-valued
LG-bundles on a complex curve. Since this g-geometric Langlands cor-
respondence of interest is supposed to be a higher 5d analog of the standard
geometric Langlands correspondence discussed in we shall, as was done
in §5.2f set e =0, t =1 (although we will not consider gauge theory line
operators for simplicity) and g > 1. This means that in place of and

(6.2), we have

(6.3) T&QXR+XIXEi

N Mb5-branes

for the simply-laced A groups, and

(6.4) T?,., xRy xIx x5

N Mb5-branes + OMb5-plane
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for the simply-laced D groups, whence in place of (5.19)), we now have, from
the RHS of (2.8)) and (2.18) and the fact that they are given by the LHS of
(4.31) when e; = 0 with ¢ = e~

—

(6.5) Hivr, (M3 (G, S9))pz. 5 = Wi(Fa)s,.

C

The LHS is the Hilbert space of a topological A-model on I x R with target
Mg(G, Yg4), the moduli space of circle-valued G Hitchin equations on 3,
which ends on a space-filling and middle-dimensional brane BE_ c. and By,
respectively, where B2 . = B.... and B% = B, are a canonical coisotropic and
Lagrangian brane on Mpy(G,3,). The RHS is a module of a g-deformed
version of the classical W-algebra Wq(¥g) on 34 obtained by a Drinfeld-
Sokolov reduction of the dual space to (¥g)ag. Here, G = SU(N) or SO(2N),
with Lie algebra g and Langlands dual Lg.

Note that according to the axioms of open-closed topological field theory,
a (Bgc_, Bg) string would be a module for a (Bgc,,Bgc) string (see [5l Fig. Ge]
for illustration). Also, generalizing to our case, the arguments in [6, §11.1]
(which show that (BY,,BY,) strings furnish a noncommutative algebra of
holomorphic functions on Mg (G, % ) which captures a classical G Hitchin
integrable system on ¥,), it is clear that the (Bf s Bg ¢) strings would furnish
a noncommutative algebra Op(M3 ¢ (G, %,)) of holomorphic functions on
M3 ¢ (G,%,) which captures a classical circle-valued G Hitchin integrable
system on ¥,, where i = 1/Im7 = Ri /Ry ~ € is the nonvanishing Planck
constant which effects the noncommutativity@ Last but not least, accord-
ing to our earlier explanatpll (leading up to (5.28])) that one can associate
each state in the module Wg(*g)y, with a flat “G-bundle on ¥4, and our
explanation leading up to [2, eqn. (2.39)], one can associate each state in
the module W% (*g)s,, with a circle-valued flat “G-bundle on %, where the
radius of the circle is given by 3. Altogether, this means that we can also

express (6.5)) as

(6.6) CBy (Mg (G, Zg)) = MEG(Zg)niaes

31That h ~ e, can be understood as follows. Firstly, Ry » are the radii of the
circles in Tfh62 which are rotated by an angle €; 5. Secondly, in the present case
where we have T%,e ,» 11 can be fixed while Ry would depend on e3: the larger ez
is, the greater the Omega-deformation, and the closer to the origin of the R2-plane
the excitations would be localized, whence Ry would be smaller. In sum, this means

that i ~ Ry' ~ e (up to a dimensionful constant).
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where the LHS is a category of modules of Oy (M5 g (G,%,)), and the RHS
is a “module” of circle-valued flat “G-bundles on 2.
In turn, means that we have the following correspondence

(6.7) | On(M5 g (G, %,))-module | <= | circle-valued flat “G-bundle on %,

where g > 1. Clearly, this defines a ¢-geometric Langlands correspondence
that is a 5d analog of the standard geometric Langlands correspondence for
simply-laced G! Indeed, when 8 — 0 whence ¢ — 1, this g-deformed corre-
spondence reduces to the standard correspondence discussed in

Thus, since the noncommutative deformation of the algebra of holomor-
phic functions on a space which captures a classical integrable system defines
a quantization of the classical integrable system itself, therefore relates
the quantization of a circle-valued G Hitchin system on ¥, to a circle-valued
flat “G-bundle on 2.

Quantization of circle-valued G Hitchin systems and transfer ma-
trices of a G-type XXZ spin chain. In light of the identity (4.32))
(which also holds for g = s0(2N), as explained thereafter), one can also ex-

press (6.5 as

~

(6.8) Hixr, My (G 29))pz. 5z = Z(Ug(@)erit)s, -

Here, the RHS is a module of the center Z(U,(g)crit)s, of the quantum
affine algebra Ugy(g)crit at critical level on 3. Hence, since the LHS is the
space of states of all (BCB c,,Bg) strings which are themselves modules of
On(M$ 5 (G,%,)), it would mean that we have a correspondence between
On(M3; 5 (G,%,)) and Z(Ug(8)erit)s, (where h ~ €2 and q = e*iﬁq)

At any rate, according to [44], one can actually identify Z(U,(§)crit)c
with the algebra T, (G, C*) of polynomials in 97" 7;(z), where m > 0; the
7i’s are commuting transfer matrices of a G-type XXZ spin chain with U,(g)
symmetry on C*; and ¢ = 1, ..., rank(g). In other words, since our derivation
of also holds for C* (which is conformally equivalent to a cylinder) if

32The alert reader would have recalled that the algebra Oy is noncommutative
while Zy_ is commutative. However, there is no inconsistency here, as over X,
that Zx, is defined on, Oy is is also commutative (which again can be seen by
generalizing to our case, the arguments in [0, §11.1]).
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we just start with the building block in fig. [I{b), we would have the following
correspondence

(6.9) On(Miis(G,C") <= Tau(G,C")

which relates the quantization of a circle-valued G Hitchin system on C* to
the transfer matrices of a G-type XXZ spin chain on C*!

Circle-valued Hitchin G systems and g-characters of U, j;H(g). A
relevant implication of is the following. Each point z on M%l.sh(G, C*)
defines an arbitrary holomorphic function and therefore generator of
On(M§] 5 (G, C*)); since the T;’s generate Trxs(G, C*), would mean
that to each point x, one can associate the 7;’s. In turn, as the eigenvalue of
each 7; (acting on the physical states of the G-type XXZ spin chain) is given
by the g-character x4(V;), where V; is the ith fundamental representation of
Uqy(9) = Ugﬁ(g) (also know as an “auxiliary space” in the algebraic Bethe
Ansatz) [45], it would mean that we have the correspondence

x € Mg (G, C*) = xo(Vi) = T(2),

(6.10) R .
where V; € Rep [Ug" (g)c-], i=1,...,rank(g)

and T;(z) is a polynomial whose degree depends on V;.

An M-theoretic realization of Nekrasov-Pestun-Shatashvili’s re-
sults for 5d, N' =1 G-quiver SU(K;) gauge theories. Let us now
realize, via our M-theoretic framework, Nekrasov-Pestun-Shatashvili’s result
in [8] which relates the moduli space of 5d, N'=1 G-quiver SU(K;) gauge
theories to the representation theory of Uqaﬁ(g).

To this end, consider the AGT correspondence for a 5d, SU(N) theory
with Ny = 2N fundamental matter discussed in [2} §3.2], as an illustrative
example. In this case, in place of Fig.[I{b), we have [2, Fig. 2(3)] (where n = 1
therein), and according to the RHS of [2, eqn. (3.29)] and the conformal
symmetry of the 2d theory underlying it, it would mean that we can replace
C* in the above with {R x S'},, .., a cylinder with two punctures at points
21,2 with boundary conditions specified at +00. Therefore, in place of ,
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we have
(611) S MIS‘IIS(Gv {R X 81}2172’2) <~ X(I(V;) = n(z)

Note at this point that over a flat surface such as R x S', one can
define a trivial circle-bundle. As such, the circle-valued Hitchin equations
on {R x S1}, ., can also be regarded as a set of equations on {S! x R x
Sl}yhyw where S! represents the aforementioned circle, and y1,2 are the
positions in three-space of the punctures. Since this set of equations must
reduce to the ordinary Hitchin equations when the radius of S! goes to zero,
i.e. the ordinary Hitchin equations are a dimensional reduction of this set of
equations, it must mean that this set of equations are the periodic monopole
equations on {S! x Cyx}y, 4., where Cx = R x S1. In other words, in place

of (6.11]), we have
(612) S Mimngno(Ga k7 {Sl X Cx}yl,yz) Aand Xq(‘/l) = Ti(z)7

where M2 (G, k, {S' x Cyx}y, 4,) captures a classical integrable system of

periodic G-monopoles of charge k on {S! x C} with singularities at y; and
Y2- .

Since x, which is a point in the total space of M (G, k, {S' x Cx}yrun),
also defines a point u in its base space msl’_m"(’ﬂ;yﬁ, and since rank(g) is equal

to the number of vertices in its Dynkin diagram, instead of (6.10]), we would
have

G,Cx,y,
u < msl—mogillo?lz — Xq(‘/l) = E(Z),

(6.13) : .
where Cx =R x 8", V; € Rep [Ug" (9)(c,}.,.,]» i€ Ir

where I denotes the vertices of the Dynkin diagram of G.

Note that k € H?(S! x S, m((T)) = Yier. Kiaj (c.f. [46, eqn. (8.17)]),
where T'C G is a Cartan subgroup, K; is a positive integer, and « is a
simple coroot of G. As one might therefore expect, there should be a corre-
spondence between K; and T;. In fact, the degree of T; would be given by
K;, as we shall now explain.

First, note that k = Fp,|g1xs1, where Fy,|g1«g: is the restriction of the
monopole gauge field strength Fy, on S! x S! x R to S! x S!. Second, no-
tice that our discussion below means that we can actually write
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k= F%l |st, where FIS; |s1 is a restriction of an S!-valued Hitchin gauge field
strength F%l on S' x R to S!. Third, from the perspective of an M-theoretic
compactification on S' (in (6.3) and with X, replaced by Cy), the mo-
mentum number around S* would be given by the number of DO-branes
along R, and the DO-branes, being a charged pointlike object, would in
turn source a two-form field strength and therefore F%l. Fourth, note that
in our M-theoretic realization of the gauge/CFT duality, the momentum
number around S' would correspond to the conformal dimension and thus
energy level of the chiral CFT on Cyx = R x S! with U;H(g) symmetry (as
recalled below for the 4d case). Last but not least, according to [47,
eqn. (2.18)], the energy level of the associated G-type XXZ spin chain would
depend on JInT;(z)|.=1; in particular, the higher the degree of T}, the higher
the energy level. Altogether, this means that the higher the K, the higher
the degree of T;, and since both are integers, the degree of T; ought to be
given by K; (up to some positive integer constant that we can absorb in
redefining o).

According to [8] §5.1.1-5.1.4][46], img(i’;oiﬁi is the moduli space of vacua
on the Coulomb branch of a 5d, N' = 1 G-quiver SU(K;) gauge theory with
the singularities at y; determined by its mass and flavor data. Consequently,
, and the conclusion in the previous paragraph that the degree of T; is
given by K, are, together, Nekrasov-Pestun-Shatashvili’s main result in [8,
§1.3] which relates the moduli space of 5d G-quiver gauge theory to the
representation theory of U;H(g)!

Two comments are in order before we end this subsection. Firstly, our
above analysis can be trivially generalized to the case of multiple y;’s by
considering at the start, a general linear quiver for the 5d theory in the
underlying AGT correspondence. Secondly, as is just (a projection to
the base space of) (6.10) with C* = Cy replaced by the punctured cylinder
{Cx}21 .20, we can regard as a “non-ramified” version of Nekrasov-
Pestun-Shatashvili’s main result in [, §1.3].

6.2. A g-geometric Langlands correspondence for simply-laced
Kac-Moody groups

We would now like to ascertain the G version of the g-geometric Langlands
correspondence for simply-laced G in , where G is the Kac-Moody gen-
eralization of G.

To this end, first note that with regard to our arguments leading up to

, one could, instead of (5.17) and (5.18)), start with the worldvolumes
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in [T, eqns. (5.9)], whence 231 in Dl} would be replaced by {R x S'}5'
(with boundary conditions specified at +00), and would consequently
hold for unpunctured flat R x S' instead of Y,. In other words, in addition

to , we also have

(6.14) Op(M5 5 (G,%))-module <= circle-valued flat “G-bundle on %,

where & = R x S' [} ~

Next, note that it has been established in [48] that nonsingular G-
monopoles on a flat three space M3 can also be regarded as G-instantons on
St x M3, and that as explained below , nonsingular G-monopoles on
Ms; = S! x ¥ correspond to S'-valued G Hitchin equations on X. In other
words, one can interpret the S'-valued G Hitchin equations on ¥ as well-
behaved doubly-periodic G-instantons on S! x S! x ¥, i.e. a consistent G
version of the LHS of and hence , would be “OE(M%{S.(@, ¥))-
module”. Since principal bundles on a flat space with Kac-Moody structure
group are also well-defined [48], it would mean that a consistent /CE version
of the RHS of and hence , would be “circle-valued flat ZG-bundle
on 7.

Thus, in place of , we would have

(6.15) (’)h(MIS{S'(@, ¥)))-module | <= |circle-valued flat LG-bundle on ¥

where ¥ = R x S!. This defines a G version of the g-geometric Langlands
correspondence for simply-laced G.

Indeed, when the radius of S! goes to zero whence G—G , reduces
to the physically consistent correspondence , as expected.

Quantization of elliptic-valued G Hitchin systems and circle-valued

LG-bundles on a flat complex curve. We now wish to express the LHS
of (6.15)) in terms of G, as it will soon prove useful to do so. To this end, note
that since the ordinary Hitchin equations are a double dimensional reduction

33The alert reader may wonder if one can consistently define the Hitchin equations
over R x S!. The answer is “yes”. This is because the Hitchin equations would
have well-behaved solutions when there are singularities [49], and R x S! (which
in our case, has boundary conditions specified at £00) can, in the context of the
conformally-invariant Hitchin equations, be regarded as a Riemann surface (a sphere
to be exact) with singularities (at the poles).
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of the instanton equation, it would mean that doubly—periodic G-instantons
on S' x 8! x % can be regarded as the (S' x S')-valued G Hitchin equations
on ¥; in other words, the S'-valued G Hitchin equations are the same as the
(S1 x S!)-valued G Hitchin equations on ¥. Thus, we can rewrite as

(6.16) |Op(MS 55" (G,%))-module | <= | circle-valued flat ZG-bundle on 3

where ¥ = R x S!. As desired, the LHS of the correspondence is now ex-
pressed solely in terms of G.

Since the noncommutative deformation of the algebra of holomorphic
functions on a space which captures a classical integrable system defines a
quantization of the classical integrable system itself, therefore relates
the quantization of an elliptic-valued G' Hitchin system on ¥ to a circle-
valued flat G-bundle on .

As we will see shortly, actually underlies Nekrasov-Pestun-
Shatashvili’s main result in [8, §1.3] for 5d G-quiver gauge theories.

Quantization of elliptic-valued G Hitchin systems and transfer ma-
trices of a G- -type XXZ spin chain. In light of the fact that a < bundle
can be obtained from a ¢-bundle by replacing the underlying Lie algebra
g of the latter bundle with its Kac-Moody generalization g, it is clear that
just as circle-valued L@G-bundles have a correspondence with Wq( g), circle-

Valued LG-bundles would have a correspondence with Wq( g). Also, just

7) implies the 1dent1ty on Zg, would imply the identity
Z (Uq(@)cm) Wq( g) on X, where U,(g) is the quantum toroidal algebra
of g. Last but not least, just as we can identify Z (Ug(8)crit)y with the al-
gebra Tix, (G, X), we can identify Z(U, (g)cm)g with the algebra 7;XZ(G Y)
of polynomials in 97° ﬁ(z), where m > 0; the T’s are commuting trans-
fer matrices of a é—type XXZ spin chain with Uq(ﬁ) symmetry on X; and
i=0,...,rank(g). In all, together with , it would mean that in place
of , we now have

~

(6.17) On(MEESU(G, %)) = Tau(G. D)

which relates the quantization of an elliptic-valued G Hitchin system on X
to the transfer matrices of a G-type XXZ spin chain on !
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Elhptlc-valued Hitchin G systems and q-characters of Uaff (§). Just
as is an implication of (6.9 ., an implication of (6.17) is the following

correspondence

(6.18)

T;(z) is a polynomial whose degree depends on V;, and U;H(@) is the quantum
toroidal algebra of g.

An M-theoretic realization of Nekrasov-Pestun-Shatashvili’s re-
sults for 5d, N = 1 G-quiver SU(K;) gauge theories. Let us now
realize, via our M-theoretic framework, Nekrasov—Pesjun—Shatashvili’s result
n [8] which relates the moduli space of 5d, N' =1 G-quiver SU(K;) gauge
theories to the representation theory of U (g).

To this end, recall that doubly-periodic G-instantons on SlxSlxy
can be regarded as the (él x S1)-valued G Hitchin equations on Y, where
Y = R x S' = Cy. This means that we can also express as

(6.19) x € MM (G, E,S! x St x Cy) = xy(Vi) = Ti(2),
where M™ (G, k,S' x S* x Cy) captures a classical integrable system of

doubly-periodic G-instantons of charge k£ on St x 8! x Cy.

Since x, which is a point in the total space of M (G, k, S' xSt x Cy),
also defines a point u in its base space zmg"lf Sinet’ and since rank(g) + 1 is
equal to the number of vertices of its affine Dynkin diagram, would

also mean that

G,Cy.k ~ -
(6 20) we mlesl inst g X‘J(‘/’L) = ,‘Ti(z)v
where Cx =R x 8!, Vi € Rep [U"(§)c.), i € Ir

where Ip denotes the vertices of the affine Dynkin diagram of G.

Like the monopole case in the previous subsection, the degree of T; would
depend on k. To see this, First, note that k = félxslxcx F1 A Fr, where Fy is
two-form which can be regarded as an (S' x S')-valued gauge field strength
on Cy. Second, from the perspective of an M-theoretic compactification on
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St (in and with ¥, replaced by Cy), the momentum number
around S! would be given by the number of DO-branes along R, and the
DO-branes, being a charged pointlike object, would in turn source a two-
form field strength and therefore Fi. Third, note that in our M-theoretic
realization of the gauge/CFT duality, the momentum number around S!
would correspond to the conformal dimension and thus energy level of the
chiral CFT on Cy = R x S! with U;H(@) symmetry (as recalled below
for the 4d case). Last but not least, according to [47, eqn. (2.18)], the energy
level of the associated G-type XXZ spin chain would depend on the degree
of Tj; in particular, the higher the degree of T;, the higher the energy level.
Altogether, this means that the higher the k, the higher the degree of T;, and
since both are integers, the degree of T; ought to be some positive integer
times k.

According to [8, §5.1.1-5.1.4][46], Z)ﬁgl’g’é’lk_inst is the moduli space of
vacua on the Coulomb branch of a 5d, N = 1 G-quiver § U(K;) gauge the-
ory with K; = ka;, where the a;’s are the positively-integered Dynkin labels.
Consequently, , and the conclusion in the previous paragraph that the
degree of T; is given by k times a positive integer, are, together, Nekrasov-
Pestun-Shatashvili’s main result in [§], §1.3] which relates the moduli space
of the 5d CA}’—quiver gauge theory to the representation theory of U;H(@)!

6.3. A q,v-geometric Langlands correspondence for simply-laced
Lie groups

We would now like to ascertain, for simply-laced Lie groups G, what a
q, v-geometric Langlands correspondence that is related to the classical ¢, v-
geometric Langlands duality in , means.

To this end, note that in the 6d AGT correspondence behind our deriva-
tion of , the 2d CFT is defined over 2;’12, which is a torus S! x S}
with two punctures at positions z; 2 [2, §5.1]. Here, S! corresponds to the
decompactified fifth circle of radius 3 - 0, while S} corresponds to the sixth
circle formed by gluing the ends of an interval I; of radius Rg much smaller
than 5. In other words, we effectively have a single decompactification of
circles whence like in the 5d AGT correspondence, we ought to associate to
each and every point on the compactified Riemann surface Etlf =12, a
loop which effectively represents the decompactified circle of radius §. This
is consistent with the fact that it is Lgra.g; which appears in both
and for the 6d and 5d case (while it is grag1 which appears in the
upper line of for the 4d case).
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Quantization of circle-valued G Hitchin systems and elliptic-valued
LG-bundles on a punctured torus. Hence, this means that in place of

(6.3) and (6.4), we ought to have

(6.21) TZ,., x Ry x Ix 5f,

N Mb-branes

for the simply-laced A groups, and

(6.22) T?,, x Ry x Ix 2F,

N Mb5-branes + OMb5-plane

for the simply-laced D groups, where Ei} is the Riemann surface ¥ » with
an S! loop of radius /3 over every point.
Consequently, in place of (6.5]), we have

—

(6.23) Hivr, (M (G, 212)gr. gr =W (“)s, .,

cl

where G = SU(N) or SO(2N), ¢ = e and v = e T Also, in place of
, bearing in mind that states on the RHS of (6.23) have a projection
onto the fifth and sixth circle |2 §5.1], we have

(6.24) CBY (M5, (G, D)) = MESS (81 .2)ftas,

where the RHS is a “module” of elliptic-valued flat “G-bundles on Y12, and
the S! loop has radius Rg.

In turn, in place of (6.7), we have the following correspondence
(6.25)

OE(MIS_I{S_(G, ¥12))-module | <= | elliptic-valued flat “G-bundle on ¥ 5

Clearly, this defines a ¢, v-geometric Langlands correspondence that is a 6d
analog of the standard geometric Langlands correspondence for simply-laced
G! Indeed, when 8 — 0 and Rg — 0 whence ¢ — 1 and v — 0, this ¢, v-
deformed correspondence reduces to (a “ramified” version of) the standard
correspondence discussed in
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Thus, since the noncommutative deformation of the algebra of holomor-
phic functions on a space which captures a classical integrable system defines
a quantization of the classical integrable system itself, therefore re-
lates the quantization of a circle-valued G' Hitchin system on X2 to an
elliptic-valued flat LG-bundle on 21,2

Quantization of circle-valued G Hitchin systems and transfer ma-
trices of a G-type XYZ spin chain. In light of the identity (4.42])
(which also holds for g = s0(2N), as explained thereafter), one can also ex-

press (6.23) as

~

(6.26) Hivr, (M3 (G 212)ge . r = Z(Ugn(@)erit)s, -

Here, the RHS is a module of the center Z(Ug(8)erit)s,, of the elliptic
affine algebra Uy, (g)crit at critical level on ¥; 9. Hence, since the LHS is
the space of states of all (Bf e Bg) strings which are themselves modules of
Oh(./\/lls{l.s'(G, ¥1,2)), it would mean that we have a correspondence between
(’)h(./\/lls{l.s_(G, ¥12)) and Z(Ugw(@)erit)s, , (where i ~ ey and g = e,
At any rate, since the eigenvectors of transfer matrices can be con-
structed from intertwining operators between modules of the symmetry alge-
bra of the underlying integrable system at critical level, from [2, eqn. (6.1)—
(6.3)], it is clear that one can identify Z(Ugu(8)cit)s,, with the algebra
Txyz(G, X12) of polynomials in 07" 7;(z), where m > 0; the 7;’s are commut-
ing transfer matrices of a G-type XYZ spin chain with U, ,(g) symmetry

on ¥ 9;and ¢ = 1,...,rank(g). In other words, we have the following corre-
spondence
(6.27) On(Miis (G, 12)) = Taya(G, 51)

which relates the quantization of a circle-valued G' Hitchin system on ¥ o
to the transfer matrices of a G-type XYZ spin chain on 3 5!

Note that when 8 — 0 and Rg — 0 whence ¢ — 1 and v — 0, the genera-
tors of the LHS of would correspond (according to [50]) to commuting

differential operators D12 on K;jf , where Koy, , is the canonical bundle
My o 1,2 ’

of My 2, the moduli space of G-bundles on X1 2, while the generators of the

RHS would correspond (according to [51]) to commuting Segal-Sugawara

fields Sil 2 which define holomorphic differentials of degree d; +1 on X o,

where the d;’s are the exponents of g. This correspondence between the
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D2 ’s on My 2 and the Sil’Q’s on X2 is nothing but (a “ramified” ver-
My 2

sion of) the quantized Hitchin map which underlies the (“ramified” version
of the) original formulation by Beilinson-Drinfeld of the standard geomet-
ric Langlands correspondence for G' (explained via 4d gauge theory and 2d
CFT in [50] and [51], respectively). In other words, is consistent with
established results in the 4d limit, as expected.

Circle-valued Hitchin G systems and g, v-characters of Ug,lil)(g).
Let Uy(g) = U;}},(g) with g, v-character x,,. Then, just as implied
the correspondence (6.10)), (6.27) would imply the correspondence

z € Miis. (G, Z12) <= xgo(Vi) = Ti(2),

(6.28) § ,
where V; € Rep (U, (9)s,.], i =1,...,rank(g)

and T;(z) is a polynomial whose degree depends on V;.

An M-theoretic realization of Nekrasov-Pestun-Shatashvili’s re-
sults for 6d, N' =1 G-quiver SU(K;) gauge theories. Let us now
realize, via our M-theoretic framework, Nekrasov-Pestun-Shatashvili’s result
in [8] which relates the moduli space of 6d, N' =1 G-quiver SU(K;) gauge
theories to the representation theory of U;}}) (9).

To this end, note that since 315 = {S! x S}}., ., = {Cx}sz 2, like {R x

S'}.,.z in (6.11)), is a flat (punctured) surface, from (6.28)), we have
(629) YIS Mimngno(Ga kv {Sl X Cx}yhyz) — X‘LU(V;) - E(Z),

where M (G, k, {S! x Cx}y,.4.) captures a classical integrable system of

periodic G-monopoles of charge k on {S! x C,} with singularities at y; and
Y2-

Since x, which is a point in the total space of M (G, k, {S*x Cx}yr00),
also defines a point u in its base space Mgy Y142 and since rank(g) is equal

S'-mono,k’

to the number of vertices in its Dynkin diagram, (6.28)) would also mean that

G,Cx,y1,
CAS 9J/tsl,—rnolrlllo,yli — XQW(%) = ,Ti(z)v

(6.30) gl ol :
where Cx =8 x 8;, V; € Rep[Ug,(9)(c,}., .., 1 €Ir

where It denotes the vertices of the Dynkin diagram of G.
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Note that k € H?*(S' x 8',m(T)) = >,c;. Ki o (c.f. [46, eqn. (8.17)]),
where T'C G is a Cartan subgroup, K; is a positive integer, and « is a
simple coroot of G. As one might therefore expect, there should be a cor-
respondence between K; and T;. In fact, repeating verbatim the arguments
below (6.13), whilst bearing in mind that according to [52, §8.3.3], the en-
ergy level of a G-type XYZ spin chain would depend on a derivative of T},
we find that the the degree of T; would be given by K;.

According to [8, §5.1.1-5.1.4][46], M, Cm"(fﬁ(fﬁ is the moduli space of vacua
on the Coulomb branch of a 6d, N' = 1 G-quiver SU(K;) gauge theory with
the singularities at y; determined by its mass and flavor data. Consequently,
, and the conclusion in the previous paragraph that the degree of T; is
given by K, are, together, Nekrasov-Pestun-Shatashvili’s main result in [8,
§1.3] which relates the moduli space of 6d G-quiver gauge theory to the
representation theory of qu’l}} (9)!

6.4. A q,v-geometric Langlands correspondence for simply-laced
Kac-Moody groups

We would now like to ascertain the G version of the ¢, v-geometric Langlands
correspondence for simply-laced G in , where G is the Kac- Moody
generalization of G.

To this end, first note that with regard to our arguments leading up
to 1D one could consider Z;’f = X1 instead of 2%12 =Y in and
(6.22) (which is the same as considering the massless limit of the underlying
linear quiver theory). In other words, in addition to , we also have
(6.31)

On(M¥ 5 (G, %1))-module <= elliptic-valued flat “G-bundle on ¥,

where 31 = S! x S} P

Next, note that according to our explanations below (which also
apply in this case because X1, like 3 therein, is also flat), a consistent G
version of would be given by
(6.32)

On(MS ¢ (G, 21))-module| <= | elliptic-valued flat ZG-bundle on ¥

34The alert reader would have noticed that the Hitchin equations on S! x S} =
T? may have subtleties with reducible solutions (and this is why was defined
for g > 1), but since we are working with the circle-valued equations, which as
explained earlier, are equivalent to well-behaved monopoles, such subtleties will
not affect us.
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where Y1 = S! x S}. This defines a G version of the g-geometric Langlands
correspondence for simply-laced G.

Indeed, when the radius of St goes to zero whence G- G , reduces
to the physically consistent correspondence , as expected.

Quantization of elliptic-valued G Hitchin systems and elliptic-
valued LG-bundles on a torus. Just as we could express as ,
we can express as

(6.33)

Oﬁ(Mgsxisl(G, ¥1))-module | <= | elliptic-valued flat LG-bundle on ¥

where ¥; = S! x S}.

Since the noncommutative deformation of the algebra of holomorphic
functions on a space which captures a classical integrable system defines a
quantization of the classical integrable system itself, therefore relates
the quantization of an elliptic-valued G Hitchin system on X; to an elliptic-
valued flat LG-bundle on ¥;.

As we will see shortly, actually underlies Nekrasov-Pestun-
Shatashvili’s main result in [8 §1.3] for 6d G-quiver gauge theories.

Quantization of elliptic-valued G Hitchin systems and transfer ma-
trices of a é—type XYZ spin chain. In light of the fact that a ¢-bundle
can be obtained from a ¢-bundle by replacing the underlying Lie algebra g
of the latter bundle with its Kac-Moody generalization g, it is clear that just
as ellipti/c\—valued LG-bundles have a correspondence with ngﬂL g), elliptic-

valued “G-bundles would have a correspondence with W¥"(Lg). Also, just
as implies the id/e\ntity on X1 2, would imply the identity
Z(Uq,v(ﬁ)crit) = W*"(Lg) on ¥, where Uq(ﬁ) is the elliptic toroidal alge-
bra of g. Last but not least, just as we can identify Z(Uy,(8)erit)s, , With
the algebra Tyy,(G, X1,2), we can identify Z(Uq,v(a)crit)El with the algebra
ﬂyz(é, %) of polynomials in ™ 7;(z), where m > 0; the 7;’s are commuting
transfer matrices of a @—type XYZ spin chain with Uqﬂ,(ﬁ) symmetry on 1;
and i = 0,...,rank(g). In all, together with , it would mean that in

place of (6.27), we now have

(6.34) OWME S (G, 51) <= Taw(G. %)

which relates the quantization of an elliptic-valued G Hitchin system on ¥y
to the transfer matrices of a G-type XYZ spin chain on 3!
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Elhptlc-valued Hitchin G systems and q-characters of Uell »(8). Just

as is an implication of (6.27] -, an implication of (6.34) is the following

correspondence

z e MIZSUG, D)) <= xgu(Vi) = Ti(2),

(6.35) o ‘
where V; € Rep [Ugw(@)s,], i=0,...,rank(g)

Tz(z) is a polynomial whose degree depends on V;, and qul,lj(@) is the elliptic
toroidal algebra of g.

An M-theoretic realization of Nekrasov-Pestun-Shatashvili’s re-
sults for 6d, N' =1 G-quiver SU(K;) gauge theories. Let us now
reahze via our M-theoretic framework, Nekrasov—Pestun Shatashvili’s result

n [8] which relates the moduli space of 6d, N' =1 G-quiver SU (K;) gauge
theones to the representation theory of U(?l},( )

To this end, recall that doubly-periodic G-instantons on St xSt x 3,
can be regarded as the (Sl x S1)-valued G' Hitchin equations on ¥, where
¥, =St x S,} = Cy. This means that we can also express as

(6.36) x € MM (G E,S! x ST x Cy) <= g0 (Vi) = Ti(2),

inst

where M™ (G, k,S' x S* x C,) captures a classical integrable system of
doubly-periodic G-instantons of charge k on S* x S x Cy.

Since z, which is a point in the total space of MI™ (G, k,S' x S' x Cy)
, also defines a point u in its base space EITISGl S’él ey and since rank(g) + 1
is equal to the number of vertices of its affine Dynkm diagram, would

also mean that

G,Cy.k ~ ~
(6.37) we mSlel inst — Xq,v(‘/i) =Ti(2),
where Cy = S! x S%, Vz € Rep [U;EJ(@)C ], i€ —fr

x

where It denotes the vertices of the affine Dynkin diagram of G.

Like the monopole case of the previous subsection, the degree of T; would
depend on k. Repeating our explanations below with Cx =S! x S}
and Uqaff(@) therein replaced by Ugh (§) (whence we have a G-type XYZ spin
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chain on S! x S}), we find that the degree of 1 ought to be some positive
integer times k.

According to [8, §5.1.1-5.1.4][46], m?g’g’é’lk_inst is the moduli space of
vacua on the Coulomb branch of a 6d, N = 1 G-quiver SU(K;) gauge the-
ory with K; = ka;, where the a;’s are the positively-integered Dynkin labels.
Consequently, , and the conclusion in the previous paragraph that the
degree of Ty is given by k times a positive integer, are, together, Nekrasov-
Pestun-Shatashvili’s main result in [8, §1.3] which relates the moduli space
of 6d G-quiver gauge theory to the representation theory of Ug‘l})(g)'
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