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Chern—Simons theory on spherical Seifert

manifolds, topological strings and
integrable systems

GAETAN BOROT AND ANDREA BRINI

We consider the Gopakumar—QOoguri—Vafa correspondence, relat-
ing U(N) Chern—Simons theory at large N to topological strings,
in the context of spherical Seifert 3-manifolds. These are quotients
ST = I'\S? of the three-sphere by the free action of a finite isometry
group. Guided by string theory dualities, we propose a large N dual
description in terms of both A- and B-twisted topological strings
on (in general non-toric) local Calabi-Yau threefolds. The target
space of the B-model theory is obtained from the spectral curve
of Toda-type integrable systems constructed on the double Bruhat
cells of the simply-laced group identified by the ADE label of I. Its
mirror A-model theory is realized as the local Gromov—Witten the-
ory of suitable ALE fibrations on P!, generalizing the results known
for lens spaces. We propose an explicit construction of the family of
target manifolds relevant for the correspondence, which we verify
through a large N analysis of the matrix model that expresses the
contribution of the trivial flat connection to the Chern—Simons par-
tition function. Mathematically, our results put forward an identi-
fication between the 1/N expansion of the sly1 LMO invariant of
ST and a suitably restricted Gromov—Witten/Donaldson-Thomas
partition function on the A-model dual Calabi—Yau. This 1/N ex-
pansion, as well as that of suitable generating series of perturba-
tive quantum invariants of fiber knots in ST, is computed by the
Eynard—Orantin topological recursion.
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1. Introduction

In a series of celebrated works [GV99) [OV00], Gopakumar, Ooguri and Vafa
(GOV) proposed the existence of a duality between U(/N) Chern-Simons
theory at level k£ on S? [Wit89] and the topological A-model on the resolved
conifold Y = Tot[O(—1) ® O(—1) — P!]. From a physical perspective, this
identification provides a concrete instance, and one where exact computa-
tions can be performed in detail, of 't Hooft’s idea that the 1/N expansion
of a gauge theory with adjoint fields in the strong g%MN limit should be
amenable to a dual description in terms of a first quantized string theory.
Originally restricted to the partition function and closed string observables
[GV99], the correspondence was later extended to incorporate Wilson loops
along the unknot [OV00] and topological branes; progress in open/closed
mirror symmetry [HIVO00, [AV0O, has further allowed to rephrase
the correspondence in terms of the topological B-model on the smoothing
of the conifold singularity.

Mathematically, the main consequence of this physics-inspired duality is
a striking connection of theories of invariants from two domains of mathe-
matics that are a priori quite separated. On the one hand, Witten’s heuristic
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approach to Chern—Simons invariants can be recast in the context of quan-
tum groups and modular tensor categories to yield bona fide invariants of
links in 3-manifolds [RT90, RT91]; when the Chern—Simons gauge group is
U(N) or SO/Sp(N), this leads respectively to the HOMFLY and Kauff-
man invariants of links. Furthermore, the perturbative expansion of the
Chern—Simons functional integral around the trivial flat connection leads
to the theory of finite type invariants [BNO6|, via the Kontsevich integral
and Lé-Murakami-Ohtsuki (LMO) invariants. On the flip side, the topo-
logical A-model on a Calabi—Yau 3-fold X is mathematically defined in
terms of suitable theories of moduli of curves in X, either via stable maps
[Kon94] or ideal sheaves [DT98|. In particular, for the case of the unknot the
Gopakumar—Qoguri—Vafa correspondence asserts that Chern—Simons knot
invariants should be identified with suitable virtual counts of open Riemann
surfaces on the dual Calabi—Yau 3-fold X. By mirror symmetry and the re-
modeling formalism [BKMPQ9, [EO15], this can be recast in the form of the
topological recursion of [EOQ07] on the mirror curve of X.

As a detailed instance of the gauge/string correspondence, and because
of its far-reaching implications in geometry and topology, the GOV corre-
spondence has been the subject of intense study both in the physics and
mathematics communities. After the relation between Gromov—Witten in-
variants of the resolved conifold and the sl quantum invariant of the un-
knot in S* had been proved [FP03, [KL02], a natural question was whether
the correspondence could be extended so as to encompass other classical
gauge groups [BEM04, BEMO05], knotﬂ [ILMV00, BEM12,[DSV13,[AENV14],
and 3-manifolds. The generalization to manifolds beyond S? is perhaps the
least studied, with all results to date confined to the case of lens spaces
[AKMV04, [HY09, BGST10].

1.1. Scope of the paper

The purpose of this paper is to propose an extension of the GOV correspon-
dence to the case of spherical Seifert manifolds. Our objects of study will
be quotients ST = I'\S? by the free isometric action of a cyclic or binary
polyhedral group I' C SU(2); one notable example is the Poincaré homology
sphere, corresponding to I' = P15y being the binary icosahedral group. We

In an allied context, a vast program of computation of HOMFLY invari-
ants, exploring also possible new relations with matrix models, has recently
been undertaken by the mathematical physicists at ITEP; see in particular
[AMMMI4, MMM 15| and references therein.
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offer here a conjectural dual description of the 1/N expansion in terms of
both A- and B-type topological strings, together with a precision check for
the contribution of the trivial flat connection, as follows.

On one hand, we associate to each T' a local Calabi-Yau 3-fold YT,
serving as the A-model target space; this is constructed in Section by a
natural T-equivariant generalization of the conifold transition of [GV99] for
T*S3. When T is non-abelian, the I'-action has the effect of reducing the rank
of the automorphism group of YT to two, so that YT is non-toric. At first
sight this may be a hindrance towards finding a mirror B-model picture, as in
particular there is no explicit Hori—Vafa mirror here. However, the M-theory
uplift of the Katz—Klemm—Vafa geometric engineering to five compactified
dimensions [KKV97, [LN98] suggests that the planar part of the topological
string free energy should be governed by special geometry on a family of
5d Seiberg-Witten curves (Section , with gauge group Gr specified by
the ADE label of I" via the McKay correspondence. Furthermore, in light of
the connection of 4d pure N’ = 2 Yang-Mills theory with the classical ADE
Toda chain, it is natural to speculate that the 5d curves should arise as the
spectral curves of some relativistic deformation of the Toda chain, as has
been known for a long time for the case G = SU(p) [Rui90} Nek98]. We will
then be compelled to propose that the B-model target space will be given
by the family of spectral curves of the Toda-type classical integrable system
recently constructed in [Will3, FM14] on the double Bruhat cells of the loop
group G, as we recall in Section [3.6 E Concretely, the Toda spectral curves
take the form

(1.1) Pget(X, Y u) = det [Y1 — puin (LT7)] = 0,

where L\%# is the Lax matrix of the Toda system on a suitable cell w of the
affine co-extended group G#, pmin is an irreducible representation of G of
minimal dimension, and X € C* is the spectral parameter of the Lax matrix.
The right-hand side expands in the spectral invariants of the Lax matrix,
which are encoded in R = rank(G) independent parameters u = (ug, ..., uR)
— these are the Hamiltonians for the Toda classical integrable system on G,
and they correspond to the classical Weyl-invariant order parameters of the
gauge theory vacua. We also have one additional parameter ug associated
to the affine root of G#, which plays the role of the speed of light in the
mechanical system, and is related to the exponentiated volume of the base
P! in the mirror A-model.

On the other hand, the sly; evaluation of the LMO invariant of the
Seifert space SU = I'\S? is given by the partition function of a random matrix
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Figure 1: The chain of dualities behind our proposal.

model, and observables in this matrix model encode perturbative quantum
invariants of fiber knots; to disambiguate notations, Dr in the following
denotes a Dynkin diagram of type A, D or E, bijectively associated with the
cyclic or binary polyhedral group I" (A-model), and also with the compact,
simply connected, simply-laced Lie group Gr (B-model). This matrix model
has a spectral curve:

(1.2) PEMO(X,v;0) =0, A& \o=Nh/o,

which depends on the three-dimensional geometry only via I' and the Seifert
invariant ¢ defined in . The latter only appears in the definition of the
renormalized 't Hooft parameter A. The all-order asymptotic expansion of
the partition function and observables can be obtained from the topological
recursion of Eynard—Orantin [EOQ7] applied to this curve — this is a B-
model computation, in view of the remodeling proposal [BKMPQ9].

We propose that, for a suitable restriction u = u(\) of parameters on the
Toda side, the curves 73%1;/10 and Pngda agree up to an abelian factor (Y —
1)°®. Therefore, the generating functions of LMO invariants and perturbative
quantum invariants of fiber knots in S' receive an interpretation as suitably
restricted Gromov—Witten/Donaldson-Thomas partition functions of Y.
Our proposal passes several non-trivial tests, and automatically retrieves
the known results for the case of lens spaces L(1,p), where I' = Z/pZ is a
cyclic group, Y is a toric variety, and G = SU(p). The non-toric cases have
so far remained unexplored, and they are the main focus of this paper.
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1.2. Summary of results and organization of the article

We now describe more precisely our results and their mathematical status.
They can be grouped in three main strands.

Firstly, we construct the A-model geometries YT by a direct general-
ization of the geometric transition for the case of spherical Seifert spaces
(Section. We also highlight an extension of the holomorphic disk count-
ing of [AV00), KL02, BC11] to the non-abelian orbifold case, and introduce
the generating functions of open/closed Gromov—Witten invariants that are
relevant for the discussion. Secondly, we propose (Section and carry out
the detailed construction of the spectral curves for G = A, D, Eg, E7;
this requires substantial work and occupies the bulk of Section[6] For G = F,
computational complexity restricts the amount of data we can extract, while
still allowing us to make some universal predictions on the form of , as
well as a complete derivation of the spectral curve at the special point in
moduli space corresponding to the I'-orbifold of the conifold. Thirdly, for
all G # Eg, combining these results with [BEI4], we can establish that the
sl 41 LMO invariants of S are computed by the Eynard-Orantin invariants
of the Toda curves, which may be regarded as a restricted, B-model version
of the GOV correspondence; for G = FEg, a complete proof is out of reach of
our methods, but we propose it as a conjecture passing non-trivial checks.

The strategy we employ in our proof runs as follows: the LMO invariant
on any Seifert space has been computed in [BNL04, [Mar04], and for weight
system sl 1 it takes the form of the partition function for a random N x N
hermitian matrix model. The authors of [BE14] rely on [BGK15| to prove
the existence of an asymptotic expansion when N — oo, and on [BEOI15]
to show that the latter is computed by the topological recursion applied to
the spectral curve 77%1;/10 of the matrix model. This material is reviewed in
Section 2.4} The computation of the LMO spectral curve occupies Section [5
and is completed for A, D and Eg, while the result for F7 and Eg involves
a number of parameters, in principle fixed by algebraic constraints that
we could not solve. We however point out that, compared to [BE14], the
complete expression of the LMO curve for Ej is new (Section .

Our comparison statement is presented in Section [4] and implemented
in Section @ It boils down to a general recipe to identify the function wu(\)
such that the LMO spectral curve and the Toda spectral curve specialized to
u < u(\) coincide (Conjecture [4.1)). We give the expression of u(\) for D €
{A, D, Eg}, thus proving the conjecture. Algebraic complexity challenges
the computation for E7 and Eg, but we are however able to prove that the
specialization exists for F7, and we find exact agreement of the Toda/LMO
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curves at the conifold point (i.e. A =0 on the LMO side) for Es, as well as
a more general equality of their vertical slope polynomial. This comparison
pertains to the left vertical arrow in Figure [I, and can be formulated as
follows (see Section [2| for the relevant notation):

Proposition 1.1. Let (E;[X;u]) be the eigenvalues of the Lax matriz of the
Toda integrable system for the affine co-extended group of type ADE, specified
by fundamental character values uy, ..., ug, Casimir uy = — exp(—XorbA\/2)
and spectral parameter X. There exist a specialization (u;(\)); and an ex-
plicit vector vj € Z* such that the Taylor expansion of E;[X;u(X)] near
X — o0 is equal to:

a—1
(1.3) Vo, (X) = H [y(ezme/aX1/a”vj(z)’
=0
with:
A
14 X)=-—x'/e Xorb A x—k/a Ty %) (0)
(1.4) Y(X) ¢ exp ” z (Tr U*)

k>0

and where (Tr le>(0) s the large N limit of the moments of the random
matriz U in the Seifert matriz model. Furthermore, the full 1/N asymptotic
expansion of <Tr Uk Tr Z/lk">conn‘ is computed from f by the
Eynard—Orantin recursion [EO07]. For k; € (a/am)Z, this is identified with
the 1/N expansion of the perturbative quantum invariants (in virtual k-th
power sum representation) of the knot going along the fiber of order a,, in
the Seifert manifold.

Remark 1.1. Combining the results of [Han01] and [Mar04], one sees that
the matrix model observables described in Section [2.4] appear as one term
in the expression of the sl quantum invariants of fiber knots in Seifert
manifolds produced by the Witten—Reshetikhin—Turaev—Wenzl TQFT at
roots of unity; in Chern-Simons theory, localization heuristics identifies it
with the contribution of the trivial flat connection to the Chern—Simons path
integral. Throughout the paper, we will use the name “perturbative quantum
invariants” to refer to these quantities. Whenever the trivial connection is
isolated, i.e. for lens spaces and the Poincaré sphere, these should coincide
with the dominant contribution to the saddle-point asymptotics of Wilson
loops in Chern—Simons theory.
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For the A-series, this correspondence has been known to extend to the
perturbative expansion in Chern—Simons theory around a general flat con-
nection [HY09]. Its formal analogy with the general simply-laced case cries
out for generalization to the D- and FE-series, and we speculate in Conjec-
ture 4.2] on extending our statements to an arbitrary flat background.

The link between the A- and the B- model geometry — i.e. the diagonal
arrow in Figure (1| — will be explored in a subsequent publication [Bril5],
where more details can be found on the computations leading to the results
of Section [6l
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2. Chern-Simons theory and Seifert spaces

This section reviews the main characters in our play, starting from the LMO
invariants and Chern-Simons theory of Seifert 3-manifolds (Section [2)), and
in particular the spherical ones. We also discuss rigorous aspects of the
matrix model approach. Then, we argue on physical grounds using large
N dualities, geometric transitions (Section and geometric engineering
(Section [3.5)), how Chern-Simons theory on SAPF relates to d =5, N =1
pure Yang—Mills theory with ADE gauge group, and in turn to the classical
integrable systems that govern its effective action up to two derivatives (Sec-
tion . This is the necessary material to present our two main conjectures
in Section [l
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2.1. Geometry of Seifert 3-manifolds

Seifert fibered spaces are manifolds M3 that are S'-bundles over orbifold
surfaces [Sei80]. When the base surface is the sphere S? with r orbifold points
of order a1, ...,a,, M3 can be realized by rational surgery on the link in S3,
consisting of one main component passing through r meridians. The surgery
slopes are 1/b on the main component, and a,,/b,, on the m-th meridian.
Here, a,, > 0 and 0 < b,,, < a,y, is coprime to a,,,. There exist moves changing
the surgery data but giving isomorphic Seifert spaces. Nevertheless, the uple
(ai,...,a,) and

,
b
2.1 £b —
(2.1) oLb+ Zl -
are invariants of Seifert fibered spaces. For r > 3, (ay, ..., a,) is a topological

invariant of M3, whereas the cases r = 1 or 2 realize lens spaces in several
inequivalent ways as Seifert fibered spaces. Two quantities are particularly
important:

T
1
(2.2) a = lem(ay, ..., a,), Xorb =2 — 1 + Zlam'
o

A presentation of the fundamental groups of Seifert spaces was described in
[Sei80] and the fundamental groups identified in [Orl72]: we remind this in
Appendix |[Al The key fact is that 7y (M3) is finite iff xom, > 0 and o # 0;
this occurs for lens spaces or for r = 3 exceptional fibers of order (2,2, p),
(2,3,3), (2,3,4), (2,3,5). Then, the orbifold fundamental groups of the 2d-
base of the Seifert fibration is the spherical triangle group I' = (aq, a9, as).
The resulting 3-manifolds S = I'\S? are spherical Seifert spaces: these are
quotients of the 3-sphere by a finite group of isometries acting smoothly,
linearly and freely. Up to central extension, as reviewed in Appendix [A]-
the list of possible groups is exhausted by I' C SL(2,C) being a cyclic or
binary polyhedral group. By the McKay correspondence [McK80|, these have
an ADE classification given in Table [I| Throughout the text, we will employ
the labeling by ADE Dynkin diagrams Dr to refer to the corresponding
Seifert geometry.

As 71 (SV) =T is finite, H,(S",Z) is purely torsion and S' is always a
rational homology sphere (QHS). In our list, the only case where we obtain
an integer homology sphere is the Fg case with b; = by = b3 = —b = 1: this
is the Poincaré sphere.
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Exceptional fibers r Dr
(p) LIpL | Ap-
(2,2,p) Q4(p+2) Dyi2
(2,3,3) Poy Eg
(2,3,4) Pyg Er
(2,3,5) P129 Eg

Table 1: ADE labeling of spherical Seifert manifolds. Q4 is the binary
dihedral group, of order 4p; Po4, P4g and P19 denote the binary tetra-,
octa-, and icosa-hedral groups respectively.

2.2. LMO invariant

Before getting to Chern—Simons theory in Section we first present the
mathematical avatar about which this article is mainly concerned: the LMO
invariant [LMOO8]. It is a graph-valued formal series associated to any ratio-
nal homology sphere. The choice of a simple Lie algebra g gives an evaluation
of the graphs, and converts this series into a formal series with rational co-
efficients:

(2.3) In Ziao(M?) = ) 1972 Fy(M?) € h=2Q([h]].
g€eN/2

Bar-Natan and Lawrence [BNLO04| obtained a surgery formula allowing them
to compute the LMO invariant of Seifert manifolds which are QHS, and after
picking up a simple Lie algebra, the result takes the form:

(24)  Z8uo(M?) = C3OP) /h a6 [ (sinhl(a - 6)/21)*

a>0

X H sinh[(a - ¢)/2an)) e=9/ o),
m=1

b is the (real) Cartan subalgebra of g, the product ranges over all positive
roots, and (x,y) — x - y is the Killing bilinear form, and d¢ the correspond-
ing Riemannian volume. C§ (M?) is an explicit prefactor involving a,,, o and
the Casson—Walker invariant of M3 [Wal92]. Apart from this contribution,
the only dependence on b,, is hidden in the parameter ¢ defined in .
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We will be mainly interested in the weight system of the Lie algebra
sly11. In this case, elementary combinatorics shows that the LMO invariant
can be repackaged by setting A = N into a well-defined formal series:

(25) Wz V) =Y N E (M), F(MP ) € QAL
geN

Fpn, are called the free energies. In the case of Seifert manifolds, we prefer to
define:

(2.6) A2 Nh/o = Ao,

and (2.4]) for Seifert spaces becomes:

(2.7)  ZIuEH(M3) = O M3/ [T (sinhl(¢: —o5)/2))* "

1<z<]<N

r N
x [ sinh((¢i — ¢;)/2am] [ e N/* dg;.
m=1 i=1

2.3. The matrix model approach

The right-hand side of (| pr0v1des a definition for a function of an in-
teger N and a positive parameter )\, that we denote Z N (M3, )\) This is a
convergent matrix integral, and its large N asymptotic behavior for a fixed
A > 0 can be studied rigorously with the techniques recently developed in
[BGK15]. The main result of [BGK15| relies on an assumption of strict con-
vexity, which is here satisfied when Yo, > 0 and A > 0 is small enough. One
then obtains, for any gg > 0, an asymptotic expansion of the form:

(28) Zy(MP:)) 2 / T (sinbl6i — 65)/2)° "

RY 1<ici<n

r N
x [ sinh[(¢: — ¢;)/2am] [ e /> de

9o
= NN/ exp [ > N?729 Fy (A M) + O(N*72%) | |
g=0

and F,(M3;\) extends as an analytic function of X in a vicinity of 0. It was
proved in [BEO15| that the F; are computed by the topological recursion of
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[EOQT]. This requires only the knowledge of the spectral curve of the matrix
model, here conveniently defined as:

N
(29) WO,l(fL') - J\}gnoo N <Z Tz — €¢i/a> )

and the knowledge of the two-point function:

N
a . 12
(210) WOQ([ELCCQ) = ]\}gnoo { < Z (xl _ e¢i1/a)($2 _ e¢i2/a)>

’i17’i2:1

N - N .
(S (S ) |

1= b=

It turns out that Wy o(x1,22) can be analytically continued as a meromor-
phic function of 2 variables in the same curve, i.e. on {(x1,y1,z2,y2) €
C* y; = Wo1(xi)}. The topological recursion then provides a universal
algorithm to compute the whole 1/N asymptotic expansion of correlation
functions, and then F, for g > 2. Beyond computations which are anyway
rather heavy to perform explicitly, we learn that, to understand the singu-
larities of the continuation of (Fy)g>2, O F1 and 85 Fp as an analytic function
of X\ in the complex plane, it is enough to understand the singularities of the
analytic family of curves {y = Wy 1(z)}a.

Remark 2.1. One may ask what these analytic functions Fj;()) in (2.8)have
to do with the formal series F¢(A) in ([2.5)). It can be proved that the Taylor
series of Fy(\) at A — 0 gives Fy(M3; \). Indeed, it is easy to show that the
formal series F, (M3; \) satisfy some loop equations (let us call them formal),
expressing them as generating series of a certain set of ribbon graphs with
Boltzmann weights prescribed by , and these equations have a unique
solution (see e.g. [Borl4]). It is also well-known that Zy(M3;)\) satisfies a
set of loop equations, obtained for instance by integration by parts in the
matrix model. Inserting the form of the asymptotic expansion in these
equations, collecting the powers of N, and collecting order by order in the
Taylor expansion when A — 0, we obtain the same formal loop equations
that were satisfied by F,(\). We can then conclude by uniqueness of the
solution of the formal loop equations.

To recap, the matrix model and the study of Fy(\) give a method to
compute and establish convergence properties and analytic continuation of
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the formal series F,(\). The main task lies in the computation of the spec-
tral curve, which was mainly addressed in [BE14] by one of the authors. It
turns out that among Seifert spaces, only the ADE geometries have an alge-
braic spectral curve, with a subtlety that will be explained in Section In
Section [5.3] we review the construction of the matrix model spectral curves,
which consists in describing the monodromy group of W (x), and exhibit-
ing the unique function that admits the singular behavior and branchcuts
required by the problem.

2.4. Chern—Simons theory

In physics, the LMO invariant captures the A — 0, perturbative expan-
sion of the Chern-Simons functional integral on M? with compact, simply-
connected gauge group G = exp(g),

(2.11) ng(k,M‘g):/d/%[DA] exp (;;CS[AO,
(2.12) CS[A] = /Ms Tr <A/\dA+ §A3>

around the trivial flat connection, A = gdg~'; here k € N* is the Chern—
Simons level, and the LMO variables are identified as h = 2ir/(k + hY),
A = hY - hwith Y the dual Coxeter number of g. The full partition function
Zés of Chern—Simons of Seifert manifolds that are QHS can be found in
various ways, depending on the mathematical starting point one chooses
for Chern—Simons theory — which morally realize the path integral with
Chern—Simons action. They all lead to the same answer for Seifert spaces,
and ZEMO appears as one term within ng.

In a Hamiltonian context, Marino [Mar04] cleverly used the gluing rules
of the Wess—Zumino—Witten TQFT, the Kac—Peterson formula for the S-
and T-matrices, and the surgery presentation of Seifert spaces to derive the
formula for ZﬁMO. His work generalized to all simply-laced Lie algebra
an observation of Lawrence and Rozansky [LR99] for sly, and can be seen as
the TQFT analogue of the surgery approach of [BNL0O4]. His matrix model
representation has then been rederived via functional localization, either by
exploiting the S'-action of the Seifert fibration to reduce to a discrete
sum over flat connections over the orbifold sphere [BT06, BT13], or by taking
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a choice of a contact structure on M3 and resorting to non-abelian localiza-
tion [BWO5, Beal3] to single out the contribution of isolated flat connec-
tion or yet again [K11] by employing localization in a topological twist of a
parent supersymmetric theory [KWY10]. The authors of [Beal3, K11, BT13]
also show that the insertion of a Wilson line W (K,,, ) along the exceptional
fiber of order a,, decorated with a representation R is represented in terms
of ¢ € b as an insertion of the character chg (e?/%m ... e®~/@n) For g = sl,
the characters are the symmetric functions, and the definition of Wx can
be extended by linearity to the whole character ring. If we restrict to the
contribution of the trivial flat connection, a good way to encode all of them
at the same time is to define the correlators of the matrix model. The latter
are defined, for n > 1, as:

(2.13) Wo (a1, .. <H > — >

j=11=1 v conn.

with respect to the measure in (2.8), and they depend implicitly on A. For
our purposes, it is helpful to work with connected observables, as they enjoy
a well-defined 1/N expansion. For k an integer, let py be the k-th power
sum character. Then, we have:

(2.14) <Hkaj(Kamj)> Hx ialam) | Wz, ..., @)
j=1

conn.

We can read off invariants of knots going along the various exceptional fibers
K, by looking at the coefficients of expansion of the correlators when z; —
oo (or x; — 0) for orders that are multiples of a/ay,.

The discussion of Section applies to the W,, as well. For the spherical
Seifert geometries, the work of [BGK15] establishes an asymptotic expansion
when N — oc:

(2.15) W21, n) = Y N> 727" W, (1, .., 2)
920

2Tt should be stressed that the trivial flat connection is isolated only in the case
of lens spaces and the Eg Seifert geometry. Therefore, identifying Zf', ;o with the
trivial connection is only legitimate in those cases.
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at least for A > 0 small enough. The coefficient of z—#(@/4m) in the Laurent
expansion at infinity of the function:

(2.16) W(z) £ Wo1(x)

defining the spectral curve computes the planar limit of the HOMFLY in-
variant of K, _ colored with the virtual character py. The other coefficients
do not seem to have an interpretation in terms of 3d topology, but they do
influence the monodromy of the spectral curwﬂ

3. Construction of YT and topological string dualities
3.1. Topological large N duality

As for any quantum gauge theory with gauge group U(N) and fields in
the adjoint representation, the formal perturbative expansion of the Chern—
Simons path integral can be formulated as an expansion in ribbon graphs
G, whose dual graphs are triangulations of a closed oriented topological 2-
manifold Sg. Elementary combinatorics then shows that each loop in the dia-
gram contributes a factor of A= g%MN , and the overall topology contributes
a factor of gY2X(CG) [tHT4]. In particular, the perturbative free energy takes
the form

IN+1 n 4g—4 — N
(31)  FadT(MPigym) = Y Fun(MAAmg" € gymQIIN, gl
g,n=>0

For the case of U(N) Chern—Simons theory on a closed oriented 3—manifold
M3, Witten showed [Wit95] that this can be reinterpreted as the target
string field theory of the open topological A-model on the cotangent bundle
T*M?, with N Lagrangian A-branes wrapping the image of the zero sec-
tion (see [Mar05| for a review). Here, the string coupling constant should be

3In the case of lens spaces, invariants of fiber knots are related to invariants of
torus knots in S®. We point out that [JKSI4] defines and compute a new spectral
curve that only contains the physical part of the information (i.e. the planar limit
of HOMFLY’s of the torus knots) skipping the other coefficients. They are able to
find a (very complicated) 2-point function which, after applying topological recur-
sion, still gives the “physical part” of the correct higher genus expansion. From a
conceptual point of view, it is simpler to keep on with spectral curves that may con-
tain knot-theoretic irrelevant information, which are used to get the higher genus
corrections, and only then discard coefficients which do not have a knot-theoretic
interpretation.
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identified with g, = g%M; in particular, the ribbon graph expansion trans-
lates into a virtual count of open holomorphic worldsheet instantons with
A-type Dirichlet boundary condition on M3. A formal resummation of the
contribution of the connected contribution of the boundary — the “holes”
in the worldsheet — gives rise to a formal closed string expansion,

(32) For (M3, gya) = 3 92072 - A=C97D F (M3 ),

g=>0

When M3 =S3 Gopakumar and Vafa identified the closed string model
as the closed topological A-model on the resolved conifold Tot[O(—1) &
O(—1) — P']: here g, is the closed string coupling constant, and X is iden-
tified with the Kihler parameter of the base P'. Geometrically, this target
space is obtained from 7*S? by a complex degeneration to a normal singular
variety (the singular conifold) obtained by contracting the base S?, followed
by a minimal crepant resolution of the resulting singularity with a P! as its
exceptional locus. While there are obstructions to extend this circle of ideas
to more general 3-manifolds [BGSTI0], it is still natural to conjecture, in
view of the positive results of [HY09], that the same scenario could apply
to the case of spherical Seifert manifolds and I"' C SU(2) quotients of the
conifold, as we now describe.

3.2. Geometric transition for S

Let us review the conifold transition for the simplest case of S? with unit
radius. Since S* ~ SU(2) is a Lie group, T*S? is a trivial bundle; its fiber at
identity is the space iHo(2, C) of traceless anti-hermitian 2 x 2 matrices. Any
matrix A € GL(2,C) can be written uniquely by polar decomposition M =
Uell where U € U(2) and H € H(2,C) definite positive, and if we restrict to
det(A) = 1, we must have det(U) =1 and tr(H) = 0. Therefore, the polar
decomposition gives an isomorphism:

(3.3) T*s* £SL(2,C)

This description can be fit into a flat family ¢ : X = GL(2,C) — C* given
by the determinant map. Then the fiber X[, at a point u such that Im =0
and Re p > 0 is isomorphic to the cotangent bundle T *S[ ] of a sphere with
radius u. Explicitly, writing

(34) p(A) =wo +1id -,  wj=p;+ig
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realizes X[, as the real complete intersection in T*R* cut out by Z;‘.Zl q]2~ —

2 _ 4 _
Pj = Hs D=1 4P = 0.
Let us add the locus of non-invertible matrices to form:

(3.5) % : Mat(2,C) —s C.

The fiber X[g above u =0 is the singular quadric det A = 0. It admits a
canonical minimal resolution

(3.6) 7:X — Xq. X2{(p(A),v) € X x P, p(A)w =0},

where 7 is the projection to the first factor. The point A = 0 is singular in
X[o], and its fiber is a complex projective line with [v; : v2] as homogeneous
coordinates. Using coordinate charts on P! exhibits X as the total space of
O(—1) ® O(—1) — P!, i.e. the resolved conifold. As a symplectic manifold,
it supports a one-dimensional family of complexified Kahler forms coming
from its presentation in , namely

(3.7) Wi, = jwes + tRiswWES,

where i = (11, i2) is the factorized form of the embedding i : X < Mat(2, C) x
P! from (3.6)), and wcs and wrg are respectively the canonical Kihler form
on Mat(2,C) ~ C* ~ T*R* and the Fubini-Study form on P!,

3.3. Geometric transition for ST

We now consider the action of finite groups of isometries of S, reviewed in
Appendix [Bl The morphism p is compatible with the isometric action of left
and right multiplication on S® ~ SU(2). This means that, if we denote @,
the lift of this action to an action by symplectomorphisms on 7*S?, we have
for any (g1, q2) € SU(2) x SU(2) and any A € T*S?,

(3.8) p(Palqr,q2) - A) = qip(A)gy .

Let us focus on the left action by a finite subgroup I' € SU(2). This is
a fiberwise action on 1 : X — C*, which is free on each fiber X[,;. When
1 >0, we claim that the set of equivalence classes is just isomorphic to
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T*St. Indeed, consider the local diffeomorphism on R® given by

D1 = q1p1 + @22 + @33 + qapa,
P2 = q1P2 — q2P1 + q4P3 — 3P4,

(3.9) ~
P3 = q3p1 + q4p2 — Q1P3 — q2P4,
P4 = q3p2 — qaP1 — q2P3 + q1P4,
and
(3.10) i £

qi = T

It is non-singular everywhere for p > 0, and the resulting real sixfold is just
R3 x S, cut out in R® by:

4
(3.11) pr=0 > @=L
i=1

Using the generators of T' given in Appendix [B] it can be checked that the
coordinates p; are I'-invariant so that the quotient is:

r _ SpecC[AJ"

= _~R¥xS
W~ Tdet A = 1) x5

(3.12)
which is isomorphic to T*S' by Stiefel’s theorem.

Now, let us look at the I'-action on the resolution X. It only acts on the
first factor of (3.6]), and hence this is a fiberwise action on p: X — P! (the
second factor in (3.6])). The fiber at a point z € P! is isomorphic to the du

Val singularity I'\C?, and the resulting target geometry can be studied in
two distinguished chambers of the stringy Kéahler moduli space. Let

(3.13) R £ rank(Gr).

In the orbifold chamber, we are looking at the orbifold A-model on Yol;b =
[T\OF2(—1)]. Its degree two orbifold quantum cohomology — i.e. the space
of marginal deformations of the A-model chiral ring — is generated by classes
(o, (fj)f':l); here § is the class of the base of [Y!]g — P!, where [Jjo denotes
the untwisted sector, and &; are twisted orbifold cohomology classes of Chen—
Ruan degree two. In the large radius chamber, we take a crepant resolution
YL, of the singularities of Y1, obtained by canonically resolving the surface

singularity T'\C? fiberwise. The resulting Calabi-Yau threefold Y is thus
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an ALE fibration over P!, with fibers given by configurations of rational
curves having normal bundle (0, —2), and whose intersection matrix equates
the negative of the Cartan matrix of Gr [Rei]. Then H Q(Y;ES) is generated
as a vector space by the base class § above, plus classes (’yj) ', representing
the nodes in the chain of exceptional fiber ]P’ls In the followmg we will often
write YT to refer to either of the two chambers whenever the context applies

to both of them.

3.4. A-model: Gromov—Witten theory on YT

In terms of the coordinates {a;; = p(A)i;}ij=1,2 and [v; : v2] of ( and
(3.6), Y' supports a natural 7' ~ C*-action given by

(3.14)  (a11,a12, a1, a22; [v1 : va]) — (part, ara, pagi, aze; [ vy < va))

Here T acts trivially on the canonical bundle: on the full resolution Y.L , it
has a compact fixed locus Yrgsj consisting of two fibers above [0 : 1] and
[1:0], each isomorphic to a disjoint union of a P! with (R — 2) points;
likewise, its fixed locus on YF ., is the union of two I'-orbifold points, i.e.
Yol;b r~ BI'UBT'. The A- model/ Gromov-Witten closed free energy of YT

is then defined /computed by localization [GP99):

(315) FGW YF ZQQQ QFGW YF )
g>0

YF
5.16) VT Z > <<I>(t),...,<1>(t)>g75,

n=0 € H2(YT,Z)

(BAT) (pnepn) 2 / evigr U Uevipn € Q).
(Mg, o(YT,B)]¥ir

where = ¢1(Opr(1)) denotes the equivariant parameter of 7' and @ is a
cohomology class specified by linear coordinates t on H*(YT). In fact, as
the torus action is Calabi-Yau (i.e. it preserves the holomorphic volume
form), Gromov—Witten invariants in positive degree do not depend
on x [MOOPOS], nor do the higher genus invariants for g > 2 and all 3.
Equations 3.15* will be our candidate for the A-model dual of the
Chern—Simons free energy at large N.

A-branes. The geometry of Y1 offers also a natural candidate for an A-
model description of the large N expansion of the Wilson loops along fiber
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knots, , in terms of open Gromov—Witten invariants [KL02, [BCT11]. On
the resolved conifold Y = YT={!}| consider the anti-holomorphic involution
o:Y — Y induced by o(a2) = ai1, o(az1) = a1z. Equivalently, this means
o(wo3) = Wo3, o(wie) = —wiz in (3.4)) and v; — v37;. Its fixed locus is
thus isomorphic to R? x S!, where the circle is given by the equator of the
base P!, and it is Lagrangian with respect to the canonical Kihler form
, as the first summand in changes sign under o, and the second
vanishes as Y, N P! has non-vanishing codimension.

When I' € SU(2) is cyclic, the I'-action descends to a free action on
the fixed locus Y,: this simultaneously defines Lagrangian branes on Yol;b
and YL, by respectively taking the orbit space Y = L’,grb for Yrb, and the
transform Ll of this condition under the resolution map for Y, reﬂ When
I" is non-abelian, on the other hand, the I' action does not descend to an
action on the o-fixed locus, as can be checked directly on the generators
(B.11)—(B.13)). However, I' preserves the symplectic form on Y (see
Appendix , and one can check that the images of Y, under the degree
3 (resp. 2) generator j (resp. k) are Lagrangians having empty intersection
with Y,. Then, defining

Dr— A,

Y, Uy, ) Dr=D

3.18 Yy = ’
( ) 7 |_|¢ id,7,7? ¢( ) DF = E67 E77

Ug=idy2s (Ys)  Dr = Es,

the T-action descends on Y] to give Lagrangian branes E o+ and Ll a

before. These branes have topology R?/(Z/qrZ) x S!, Where qr is tabulated
in Table [2} notice that the I'-action leaves the base P! unaffected (hence
the S! factor) and that Y is constructed from Lagrangian copies of Y, in
the orbit of “non-cyclic” generators ¢, 7 and x, hence the I'-action factors
through a residual cyclic action on Y,,, giving rise to a cyclic quotient of R?.

As for the usual toric case, the Calabi—Yau torus action (3.14) allows then
to define a virtual counting theory of stable open maps [BC11], [KL.02, Bril2]
to YT having Dirichlet boundary conditions on £ via equivariant residues

on Mg, and Mg, (P, B) (for Y,5,) or M, ,.(BT) (for Y1, ):

r pr e * U---Ue *
(3‘20) <501""’<‘0”>§n’§d*é/ Vi¥1 Vn¥n ‘
16, mg A(YT LT, 7CfTvirt virt
M, 0 (Y7 ,£7 )] eT(N gn(ycm)

r

4We again omit the subscript from LI and £L

to both.

whenever the statements apply
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Dr qr
Ap1 P
(3.19) Dpya | 2p+4
Ee g 4
Er 8

Table 2: Orders of the residual cyclic group action on Y, for Dr =
AnaDn,En-

Here, n is the number of connected components of the boundary of the source
curve, d = (dy, ..., dy) with d; € Hi(L") describe their winding around the
equator, and ( € HQ(YF, L’F) is the relative homology class representing the
image of the open worldsheet in Y'. This can be packaged into formal gen-
erating series:

(®(1), ... ,<1>( )>Yr £

- ’“’Hd.

(3.21) WV " Lhtw) £
n7C7d
where t are again quantum cohomology parameters accounting for localized

primary insertions. On the resolution, the divisor equation puts (3.16) and
(3.21)) in the form of the familiar worldsheet instanton expansion|’|

(3.22) FEW(vE 1) = Z (U5
BeH? (Y.L, Z)
YF 7££9<
(3.23) WGW(Y;Esv‘Cll:es’t w) = Z< gr;;d ﬁtH d;!’
B.d

3.5. Geometric engineering and mirror symmetry

When I' is a cyclic group, YT is a toric variety and it admits a family
of mirror spectral curves (C', Q) described by Hori-Igbal-Vafa [HIVQ0,

5The class 3 € Ho(Y") here is retrieved as the image of ¢ under the connecting
morphism in the relative homology exact sequence for (YT, L), As the constraint
0¢ =), d; for the moduli space to be non-empty singles out a unique pre-image ¢
for 8, we slightly abuse notation and switch ¢ <+ S to emphasize the dependence of
WY on the bulk/boundary moduli.
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BGSTI0]. When T' is non-abelian, YT is not toric anymore as the fibers
in the ALE fibration only possess the one-dimensional torus action ,
which is the the lift of the scalar action on I'\C?; as a result the standard toric
methods used to deduce an explicit picture in terms of mirror Calabi—Yau 3-
folds (let alone mirror curves) do not apply here. However, at least in some
special limits it has been argued in the physics literature that the genus
zero A-topological string on YT should be governed by special geometry
on a family of curves. Denoting by tg and t; the Kéhler parameters of 9,
v € H*(Y,5s, Z), it was proposed in a series of papers [KKLT96l [KLM™96]

KKV97] that the g = 0 free energy of the type A-topological string on YL,
should coincide with the prepotential of N'=2, d = 4 pure super Yang—
Mills with gauge group Gr upon identifying the quantum Coulomb moduli as
a; = t; /¢, the holomorphic scale as A = e~ '8/% /e, and taking the limit € — 0.
This limit corresponds to a type IIA compactification on a K3 where we
“zoom” around an ADE singularity by sending the Planck mass to infinity.
The overall effect is to decouple the gravitational modes and give rise at the
same time to enhanced ADE gauge symmetry. Further fibering that over
a P! yields a pure gauge field theory in d = 4 with eight supercharges and
no hypermultiplets as the effective four-dimensional theory. As a result, in
this degenerate situation we do expect a spectral curve mirror: this is the
Seiberg—Witten curve of the geometrically engineered gauge theory.

What about the case of finite €? When I' = Z/pZ, i.e. Gr = A1, it was
argued in [LN9§| that uplifting the reasoning above to M-theory compacti-
fied on a circle gives rise to exactly the same type of identification, where now
the UV scale 1/e is identified with the inverse of the radius of the eleventh
dimensional circle. This gives an exact identification of the gauge theory
prepotential of the resulting A" =1, d = 5 field theory with the topological
string free energy: the “field theory limit” of [KKL™96, KLM™96, [KKV97]
becomes here just the limit from five to four dimensions. The upshot is that
the sought-for mirror of Y%/PZ should take the form of a d =5 Seiberg—
Witten curve for the pure gauge theory with group Gr. When Gr = A4,,_1,
this was obtained by Nekrasov in [Nek98|, and the resulting geometry is the
spectral curve Ciyl of the periodic relativistic Toda chain with p-particles
[Rui90):

(3.24) iV, = {(X, Y) € C* x C,

p—1
e (X + XTIYP) =YP 4> up i (-Y)F 4 1},
k=1
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equipped with the 1-form:
2 QW =logY —-.
(3.25) Ay = log¥ —

Unsurprisingly, this coincides with the Hori-Igbal-Vafa mirror of Y%/P%, Us-
ing brane constructions, Nekrasov’s result has been generalized to arbitrary
classical groups, and in particular G = D,2 in [BIST97]:

(3.26) CH, = {(X, YV)eCrxC*, e /2 (X + X 1) (Y2-1)2%y?
p+2
= (—1P2 P [V = )Y - 7“;1>},
j=1

again with the canonical Seiberg—Witten differential Q%\i}; =logYVdX/X.

No results are available in the literature for the exceptional cases away
from the 4d limit (see however [LW98, [EWYO01] for the Fs and E7 cases
when e — 0). However, Nekrasov’s original insight [Nek98| naturally suggests
that the resulting geometry should be in all cases the spectral curve of a
relativistic deformation of the Lie-algebraic Toda systems relevant for the
four-dimensional limit [MW96]. Fortunately, the relevant technology for the
construction of the spectral curves has recently become available since the
work of Williams [Will3] and Fock-Marshakov [FM97, FM14], as we now
turn to review.

3.6. B-model: the classical affine co-extended ADE Toda chain

A simple, simply-laced Lie group G of rank R, with maximal torus 7, can
be endowed with a canonical Drinfeld—Jimbo Poisson structure

1
(3.27) {999} = —5ng@gl,
where
LR
(3.28) r= 3 ca®eatyd hi®h
aEA+ i=1

is the canonical solution of the classical Yang—Baxter equation on G [KS97];
here A, is the set of positive roots, and (h;,eq,eg) is a Chevalley basis
of generators of Lie(G). We choose a labeling of the nodes of the Dynkin
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diagram of G by i = 1,..., R, which leads in turn to a labeling of the Cartan
generators. G has a cell-decomposition

(3.29) 6= J[ Gw

weWg xWg

where g is the Weyl group of G and the double Bruhat cells G,, are them-
selves Poisson manifolds. As 7 C G is a trivial Poisson subgroup of G, the
Poisson structure descends to Poisson structures on G/7 and G /T,
where the quotient is taken by the adjoint action of the torus. Given a
standard decomposition of a word w € 20g x Wg of length [ into reflections
w = 9, o--- 01 with respect to the simple roots o, labeled by the nodes
ij of the Dynkin diagram, the map

LY - (CY — Gu/T
3.30 !
( ) {%m}lmzl — H Him<%m)Eim

m=1

is a Poisson morphism with respect to the logarithmically constant Poisson
structure on (C*)! determined by the exchange matrix e on the corresponding
Poisson quiver (see [KM15]):

(331) {%i,%j} = Eij%i%j-

In (3.30)), H;(>) = exp(s¢h;) and E; = exp(e;) are elements of G obtained by
exponentiating the Chevalley generators. The operator LY is the Lax matrix
of a classical integrable system on G, /7 the coefficients of its characteris-
tic polynomial give then a set of independent Ad-invariant (hence Poisson
commuting) functions on G, /T.

When G = SL(p + 1), the resulting mechanical system is the open rela-
tivistic Toda chain with p sites [Rui90]. As was the case for the Lie-algebraic
version of the non-relativistic Toda system, generalizing this picture to the
periodic case relevant for the discussion of the previous section amounts to
extending the construction above to the case of affine Lie groups. It was pro-
posed in [FM14] that the relevant Poisson submanifolds in this case should
be constructed on the co-extended loop group G# =~ Loop(G) x C*, upon
projecting onto elements having trivial co-extension. In particular, we focus
on the double Bruhat cell labeled by the cyclically irreducible word:

(3.32) w=11...RR.
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The corresponding Lax matrix ngv# is obtained from LY by adjoining a
spectral parameter-dependent contribution by the affine root of Loop(G)
[KM15], as

(3.33)
R

0 e e, gy ey X) 2 [ Hioa) EiHi(36) Bz Eo (X 500) Eg(X 1),
i—1

L

with 279, X € C* and the product is done starting from ¢ =1 on the left
and ending at i = R on the right. Denote by (., ), the characters of the
fundamental representation with highest weight w;, where w;(a;) = d;;. We
have a map

u: (C)* xCr, xCx — Ch
(3.34) L sy, (1)
obtained by taking the constant term Lf,;\,#’[o] in the Laurent expansion of
LY" € G[X, X '] and then evaluating its fundamental characters. This is a

submersion of (C*)25+2 onto a Zariski open subset {g of Cf with the linear
coordinates:

(3.35) ui = X, (Lt )

giving a complete set of hamiltonians in involution. Furthermore, let I; € N
be the coefficients of the highest positive root in the a-basis for G. Then,
upon projecting to trivial co-extension,

R R
(3.36) uy & %3/2 H %ll!i = %0_1/2 H %Z:li
i=1 i=1

gives a Casimir for the Poisson bracket on gﬁ . Fix now an arbitrary irre-
ducible representation p € Rep(G). The characteristic polynomial of p(LZ")
then gives a family of plane curves Cgiida C (C*)2 over {lg 2 C, x Ug. The
curve above a point u = (ug, ..., ur) given by

(3.37)  Coo® ={(X,Y)eC*xC*,  det[Y1—p(L§(sX))] =0}
We further equip ng?j with the 1-form:

dx
(3.38) Qgiy =log¥ =~
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When G = A; = SL(2) and p = O is the fundamental representation, this is
just the holomorphic Poincaré 1-form on the phase space of the relativistic
Toda particle.

4. The two main conjectures

It can easily be shown that, upon specializing (3.37)) to (G = Ap, p = 0) and
(G =Dpi2,p=2(p+2),), we obtain [Nek98, [KM15] that:

(4.1) CRB=CA  and  CRTapy, = Cb,,
after suitably identifying the action variables u = (ug,...,ug) in with
the classical Coulomb vacuum expectation values in —. This com-
pels us to formulate the two following conjectures.

Let I' € SL(2,C) be an isometry group of S* isomorphic to a cyclic
or binary polyhedral group I'. Let Dr its Dynkin diagram determined by
McKay correspondence (Table , and Gr the associated simply connected,
simply-laced Lie group. We specialize ppmin to be an irreducible Gr-module
of minimal dimension, as in the following table (we will comment on non-
minimal representation at the end of this Section). We can thus abbreviate

ng(,izm = Cg:;da, and denote the family ) : ngda — Hg.

gr Pmin
Apq 0,0
Dy 8y, 85.8¢
Dyes | 2(p+2),p > 2
F 27,27
E7 56
Es 248

Table 3: Minimal irreducible modules for the ADE Lie groups.

The first conjecture states that, upon suitable restriction of the action
variables in g, and quantum cohomology parameters of Y, the (affine co-
extended) Toda spectral curves are a subfamily of mirror curves of Y1 that
coincides with the LMO spectral curves of S''. Here, the only place where the
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Seifert invariant o appears is in the rescaling A\ = A /o of the string coupling
constant. Recall that ¢ = exp(XorbA/2a).

Conjecture 4.1. (a) There exists a family of curves ¢ : 5%1;40 — 5151;/10
over a 1-dimensional base, and a finite surjective map k : ‘Z%\F/IO — C7,
such that the germs at ¢ = 1 of the LMO spectral curve and of ko ¢ are
canonically isomorphic.

(b) The base T%;/[O is isomorphic to A,

(¢) We have a commutative diagram:

SL.MO Toda
Cp, 9 Cor
¢ P
LM
(ZDF O 9 L[gl"

where 0 is a finite immersion and 9 restricted to any fiber is an isomor-
phism.

(d) There exists a choice t < t(\) of quantum cohomology parameters such
that the generating series Fg (resp. W) computed by the topological

recursion to the restricted subfamily ngdahmg coincide with the genus-g

closed (resp. m-holes, open) Gromov- Witten potential of the 3-fold ge-
ometry (Y'Y, L) described in , . Up to symplectic transfor-
mations of (X,Y) and overall multiplication by a constant, the 1-form
to use as input of the recursion is Qgida =InY dX/X restricted to Im 6.

We formulate a second conjecture, extending the previous one to generic
action variables/generic vacua in Chern-Simons theory. Since 7 (S') =T,
the set of critical points of the Chern—Simons action is:

(4.2) Up,y £ {flat U(N) connections on St modulo gauge }
~ Hom(I", U(N))/U(N).

and we let Ur = limy_,oo U,y be its direct limit with respect to the com-
position of morphisms given by the embedding U(N) < U(N + 1). By the
McKay correspondence [McK80|, irreducible representations of I' are labeled
by the nodes of the extended Dynkin diagram Dr. The affine node labels
the trivial representation, and for ¢ > 1, these dimensions coincide with the
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components of the highest root of Gr in the basis of simple roots. We can
then describe:
(4.3)

s
Ur = N+, %F,Nz{wo,...,NR)eNR“, N0+ZDZ«N1-=N}.
i=1

When N — oo, we consider a background [A]; parametrized by t; £ N;h
for i € [0, R], and in particular the rank is encoded in A=ty = Nh. We
also define ¢; = exp(Xorbti/2a). Let now Fy(St, t) and W, (St t; Z) be the
perturbative free energies and correlators of U(/N) Chern-Simons theory ex-
panded around the background [A]s, which is defined at least formally as
a series in t by the ribbon graph expansion of Section [3.1} While it is not
clear to us if this can be given a matrix model-like expression beyond the A-
series, e.g. by collecting certain terms in the exact Chern—Simons partition
functions derived in [Mar04, BT13|, the spectral curve in the background
[A]: can nevertheless be defined as in (2.9) from W) 1, and it yields a family
of curves ¢y : CCS ((CR )formal where the notation for the base means
that it is a priori a formal neighborhood of 0 in C®*1. In light of the previ-
ous remark, we are unable to propose an independent computation for this
Chern—Simons spectral curve in a general background, but we speculate:

Conjecture 4.2. (a) There exists a family of curves ¢ : 5g§ — % over an
(R+1)-dimensional base, and a finite surjective map r : Tp. —[[;_, Cs
such that ¢g and the germ at ¢ =1 (i.e. t =0) of ko ¢ are canonically
1somorphic.

(b) We have a commutative diagram:

5CS CToda
CDF 9 >

¢ ¥

D

Ug

where 0 is a finite map and ¥ is a fiberwise isomorphism.

(c) There exists a section t (the orbifold mirror map) of 6 such that the
topological recursion applied to C’TOda and the 1-form InY dX/X (maybe

up to rescaling by a constant) computes above the point u, the free energy
Fy(SU,t(w)) and the correlators W, ., (ST, t(u); &), with x = X1/
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(d) There ezists an affine automorphism ¢p € C'9r x End(C"or) such that

Fg (', 1) = FW (Yo, £r(1)),

(4.4)
WSS, v, 8) = WOV (YL, £5, 6r(t); D).

Furthermore there exists a unique change of normalization of the periods
of W, (call 1t Wg;) such that the ensuing topological recursion on CCS

gives generatmg functions F, FOS WgCTSL with

(45) FPE0e) = B (Vi (1)
WES(ST, 8, @) = WEW (YL, L5, fr(t); D).

Remark 4.1. (On minimal orbits and minimal irreps). The construction
of the Toda spectral curve involves the choice of a minimal-dimensional rep-
resentation pmin of Gr; picking up a different representation leads to a curve,
which cannot be simply reconstructed from the minimal one, but that should
however lead to the same free energies [MW96]. On the other hand, we will
see in Section that the construction of the LMO spectral curve likewise
depends on the choice of a vector v € Z* with finite orbit under a mon-
odromy group 20" = Weyl(Dy,) for a certain D, C Dr: different choices of v
contain equivalent information which is just repackaged differently, though
in a non-trivial way, since the degree of the curves is related to the size of
the orbit of v. One may wonder if there is a set-theoretic injection of the
set of finite monodromy orbits into Rep(Gr), and whether the higher degree
curves on the LMO side should be obtained from (suitable restrictions of)
non-minimal Toda spectral curves.

Remark 4.2. (Central extensions of I'). A finite isometry subgroup T’ C
SO(4) of S? is generically a non-trivial central extension of one of the finite
groups I' of Table [1] (see Appendix |[A| for more details). The reasoning of
Section would lead us to consider now ALE fibrations over the weighted
projective line, as in this case the [-action on the resolved conifold acts
effectively on the base P!. It was shown by one of the authors in [BGST10]
for the A-series that the geometric transition argument cannot be applied
verbatim in this setting. We leave this question to future investigations.

Remark 4.3. (I-action and orientifolds). In our brane construction of
Section if we instead chose o(ai1) = a2z, o(a12) = —az1 as our anti-
holomorphic involution, we would have that Y, = 0): this would correspond
to the orientifold of the resolved conifold considered by Sinha and Vafa in
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[SV00], and in turn to Chern—Simons theory on S? with SO/Sp gauge group
at large N. In contrast with the discussion of Section|3.4] it is straightforward
to check that in this case the I'-action commutes with the real involution
for all finite I' C SU(2). In particular, open and closed real versions of the
Gromov—Witten potentials and can be defined by unoriented
localization, as in [BEMO05, DFMO03]. On the other hand, SO/Sp Chern-
Simons invariants of ST can also be computed from a matrix model analysis
and the topological recursion [BEI4] Section 8]: the spectral curve and two-
point function is the same as for SU up to a renormalization A — /2, but
the initial data is enriched by an (explicit) 1-point genus 1/2 function. It
is possible to formulate the analogue of Conjectures [4.1 in this context,
but we will not venture in collecting supporting evidence here.

5. Computations I: the LMO curves
5.1. LMO spectral curves

The LMO spectral curve is characterized as a solution of a maximization
problem, which can be presented in several ways. In terms of the large N
spectral density o(¢) for the ¢;’s, we have the saddle point equation:

(5.1)
r 2
faoto@{ 2= nmsinti(o - )72+ 3 msinal(6 - )20l | < 5.
m=1

with equality on the support of g, and ¢ > 0 with total mass [ o(¢)d¢ = 1.
When xor, > 0, one can show that the solution of this problem is unique,
the support is a segment S, and o(¢) is of the form 1g(¢)\/Q(¢) with @ a
positive, real-analytic function vanishing at the endpoints of S. Given the
symmetry (¢; — —(;Si)i]il of the model , S must be symmetric around
0. Its determination is part of the problem. The usual method is to solve
the linear equation for a fixed arbitrary segment, then list the possible
segments compatible with the other constraints (total mass 1, vanishing of
the o at the edges). This list is usually finite, and if there is not already a
unique solution, the correct one is singled out by the positivity constraint
o > 0. However, it is by no means easy to solve explicitly singular integral
equations of the form on a segment.

The linear equation can be rewritten in several equivalent forms.
In terms of the resolvent:
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(5.2)

)

x —ebla’

A [z d A W(e?/® —i0) — W (e?/o + i
R e T

it becomes, for all x € S:

(5.3) W (2 +i0) + W (z — i0)

r a/am—1

a—1
+2-7)) W(Ga)+ Y Y W, )
(=1 1 ¢,,=1

— (aQ//\) Inz+ (a/2)Xorb

m=

where ( is a primitive k-th root of unity. The symmetry (¢; — —¢i)i]\;1
implies:

(5.4) Wi(x)+W(1/z) =1.
We can get rid of the right-hand side and of log-singularities by defining:

(5.5) V(z) £ —caexp [(XorbA/a)W ()], ¢ = exp(XorbA/2a).
By construction, Y(x) is a holomorphic function on C\ S, with behavior

(5.6) V(z) Ravgmcc? V(x) ol —c
and satisfying:
(5.7)
a—1 2—pr r a/amfl
voes, Yoo [[ca] T[T ve.)] -1
=1 ln=1

m=1

The symmetry becomes:
(5.8) Y(@)Y(1/z) = 1.

Equation can be seen as a description of generators for the monodromy
group & of the analytic function )(x), and are constraints imposed on
the singularities of the solution away from the branchcuts (here meromorphic
singularities at 0 and oo). [BE14] presented a general strategy to solve a
class of monodromy equations including . It leads at least to a partially
explicit solution when certain finite subgroups of & are identified, as one
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can then express the solution in terms of an algebraic function. Among the
Seifert matrix model, the ADE cases turned out to be very special, because
they are the ones that can be obtained from algebraic curves.

Theorem 5.1. [BE1/j] Consider the equation (5.7) with (ai,...,a,) arbi-
trary positive integers and Xorp 7 0. & is infinite, except in the case (2,2,2p")
where & is the symmetric group in 2p’ + 1 elements. Besides, the two fol-
lowing points are equivalent:

(Z) Xorb > 0.

(13) There exists a non-zero v € Z* such that

a—1

(5.9) Yo() & [T (ca)"

J=0

has a finite monodromy group. So, there is a polynomial P, in two
variables, depending on A, such that Py(x,Y,(x)) = 0.

While Y(x) has a cut on S only, V,(x) has a branchcut on S; = L)
whenever v; # 0. Knowing Y, (z) is enough to retrieve W (x) since:

a 95 d¢ In (Vu(€)/ ()
5. 2im x—¢

J

(5.10) v (W(Gz) = 1) = o

A simple computation from (5.7]) shows that there exists linear involutions
Tj € GL(a, Z) describing the monodromy of these new functions:

(5.11) Yv e Z%, Vx € S, Vo(z +10) = V1, () (7 — 10).

The monodromy group & is isomorphic to the linear subgroup generated
by the T; for j =0,...,(a —1). Lemma is then an answer to the ques-
tion: does there exist a non-zero vector v with finite &-orbit? The answer
is positive only for the ADE cases, and we can actually be more precise:
there exists a decomposition in two lattices Z* = Ey @ E, where F is stable
under &, and the group generated by Tj|g for j = 0,..., (a — 1) is conjugate
to the Weyl group 2’ of a finite root system. The latter are also classified
by Dynkin diagrams D’ of ADE type, and it turns out that D’ is always a
sub-diagram of the Dynkin diagram D attached to the Seifert geometry (see
Table , with equality only in the Eg case and certain lens spaces. Then,
one can show that v has finite &-orbit iff v € E. In that case, describing the
monodromy of Y, (z) reduces to the well-known classification of the orbits of
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the Weyl group 20" [GP00], which are in correspondence with the parabolic
subgroups of 2, themselves described as the reflection groups attached to
the (possibly disconnected) sub-diagrams D" strictly included in D’.

5.2. Definition of ’PLMO

For computational purposes, it is natural to choose v in an orbit of minimal
size. If v lies in a minimal orbit, all the other minimal orbits are obtained
— up to rescaling — by shifting with

(5.12) € (v)5 = (Uj41 (mod a))j-

This shift amounts to replacing # with ¢, 'x. Minimal orbits are given in
Section [5.4] for D cases, in Section [5.5 for E and in Appendices and [F.]]
for 7 and Eg. They happen to be stable under some power of the shift
€%/ ie. Py(x,y) is a polynomial in 2%, for some o’ dividing a.

e In the Seifert geometry D = Day4o, v and €[v] generated two disjoint

minimal orbits, and P,(z,v) is a actually a polynomial in 2. Then:
(513)  PRIO(XY)EP(@Y)Pu(-a,Y), X =2
e For D = Dy 3, there is a unique minimal orbit (all the shifts are

in the same orbit), so P,(x,Y) is a polynomial in X = 2%”" that we
denote PLMO (XY,

e For D = Eg, the triality of D' = Dy is respon51ble for the existence
of 3 minimal orbits, generated by v, €[v] and £2[v], and P,(x,y) is a
polynomial in z2. Then, we introduce the polynomial:

(5.14)  PRIO(X,Y) 2 Py(z,Y)Pu(G2,Y)Pu(G 12, Y), X =af.
e Similarly, for D = FE7, the duality of D’ = Ej results in the existence of
2 minimal orbits generated by v and ¢[v], and P,(z,Y") is a polynomial
in 2%. Then, we introduce the polynomial:

(5.15) PEMO(X,Y) 2 Py(—2,Y)Py(z,Y), X =22

e For D = Ej, there is a unique minimal orbit, so P, (z,Y") is a polyno-
mial in X = z* = 2%, that we denote PpMO(X,Y).
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In all cases, we have set X = 2%, and our definition for the LMO spectral
curve is:

(5.16) MO ={(x,y)eC' xC*,  PEMOX,Y)=0}.

Equivalently, the ideal P%MO(X ,Y) =0 is obtained by elimination of x in
the equations {P,(x,Y) =0, X = 2%}. Considering P*MO rather than P,
is necessary for comparison with the Toda spectral curves, but of course it
does not contain more information than P,.

The symmetry implies the palindromic symmetry:

(5.17) PEMO(X,Y) =C X Y*PEMO(1/X,1/Y),

where e are the degrees of PLMO in the variables X and Y, given in Table

C%MO is a family of spectral curve with parameter A\, equipped with the
1-form:
~ a dx dX
5.18 Q= Y/cX InY — +d
( ) XorbA ( / ) X Xorb>\ X f( )

Adding the differential of a rational function of X does not change the free
energies and correlators computed by the topological recursion, so we can
equally choose the 1-form:

dX
InY —
Xorb)\ " X

0=

Besides, the only effect of the rescaling by a/XorbA is that W, ,, are multiplied
by (XorbA/a)?9 1",

5.3. The computation in practice

Since the details of the orbit analysis were presented in [BEI4], we focus
here on the next step, i.e. the identification of the polynomial equation for
the spectral curve. Denote by (w[i]);cr the list of vectors in a chosen minimal
orbit generated by v, and write

ze]

for the equation of the spectral curve; the constant C' will be fixed later
on. Let C, be the compact Riemann surface which is a smooth model for
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fiber orders a Xorb D D’ degy 737]5MO degy P%MO
(p) P 1+1/p Ap Ap 1 p
(2,2,29) 2 12 | Dapra| Asy > |2+
(2,2,2p"+1) [ 2(2p'+1) | 1/(2p' +1) || Dops | Dopri2 2 4’ +1)
(2,3,3) 6 1/6 Eg Dy 4 3-8
(2,3,4) 12 1/12 jol Eg 6 2.97
(2,3,5) 30 1/30 joN joN 18 240

Figure 2: D = Seifert geometry; D’ = monodromy group of the spectral
curve. k - d in the last column means that the reduced polynomial P, has
degree d in y, and ’P%MO contains k factors of P, differing by some rotations
of z.

{(z,y) € C* x C* : Py(x,y) =0}. It comes with a branched covering x :
C, — P!, and y defines a meromorphic function on C, whose value in the
i-th sheet is y® (z) = V(i) (7).

Step A. From (5.6), the functions y® ()

(5.20) z— 0, Y (2) ~ (—cx)o@lD) cmwli)
(5.21) T — 00, y @D () ~ (=)o@l (i)
with:

a—1 a—1
(5.22) no(w) = Z wj, ni(v) = ijj.
j=0 Jj=0

This fixes the coefficients on the boundary of the Newton polygon of P,
up to the overall multiplicative constant C. - tell us that the
slopes are (+1,ng(wli])), therefore there exists a single monomial of degree
0 in y. We can fix C by setting this coefficient to 1. As we explained in the
last paragraph, the symmetries observed by explicitly computing the orbits
imply that P,(x,%) is actually a polynomial in 2% with a’ given in Figure

In the D geometries, at this stage there is a shortcut to the final solution,
reviewed in Section In the exceptional cases, we continue and proceed
by necessary conditions.
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Step B. In the solution we look for, 3 () derives from a single function
W (z) such that y®(z) = Vuwli)(z) given by formula (5.9). If we write the
Taylor expansion:

Xorb/\ k+1
5.23 —0 w =
(5.23) v XEEWE) =3t

we deduce that:
(5.24)

z—0, y9(z)=(—ca)o@mil) oxp Zﬂk—l B[]k mod o ¥ |
k>1

where we introduced the discrete Fourier transform:

a—1

(5.25) Wy 2 P w;.

J=0

It turns out that many Fourier modes k € Z, are zero for all vectors in
the orbit of v. The set of non-zero Fourier modes Kp = (J;c;{k € [0,a —

1], wlix # 0} is:
o Kp, ={1,2,3,5}.
o Kp =1{3,4,6,8,9,11}.

o K, ={1,2,3,4,5,7,8,9,11,13,14, 16,17, 19,
21,22,23,25, 26,27, 28,29}

Only the ui_1’s with &k € K will appear in the Puiseux expansion of . Then,
the sought-for polynomial takes the form:

(5.26) Pu(z,y) = B(z) [ [y -y (2)

i€l

where the monomial prefactor B(x) is fixed by matching with the coefficient
1 of the monomial 2°y° in P,. By expanding the right-hand side of
when = — 0 using (5.24), we can express the coefficients of P, in terms of
a relatively small number of p; with k € Kp. Since we already know the
Newton polygon and the symmetries of P,, we can impose those relations at
the level of their expression in terms of ug’s, which gives relations between
the pi’s and we can eliminate some of them. Doing so, we can express all
coefficients of P, only in terms of ¢ and:
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o for Eg, p1 and us.
o for Bz, pa, p3, ps and pr.

For Eg, we could not complete this computation: it requires expanding a
product of 240 factors to order o(x%?), and even if this would be achieved,
it is still a formidable task to eliminate ug’s.

Step C. The ramification properties of the spectral curve we seek are easily
described a priori. Call d = deg,, P, the size of the orbits, i.e. the degree of z :
C, — P!, and d’' = deg, P, be the degree of y : C, — P'. By construction,
the number of branchcuts of the function 3 (x) in the i-th sheet is the
number of non-zero components in wli|, let us call it b[:]. The ramification
points of x : C, — P! are simple and correspond to the endpoint of the
branchcuts, and since each branchcut is shared by two sheets, the total
number of ramification points is ), ; b[i]. Riemann-Hurwitz formula then
gives the genus of X:

(5.27) genus(C,) =1 —d + % (Z b[i]) .

el

For Eg, we find that C, has genus 5; for E7, it has genus 46, and for Fj,
it has genus 1471. We remark that the genus is much lower than the genus
of a generic curve with same Newton polygon — which is the number of
interior points in the Newton polygon — even if we take into account the
symmetries. This means that the plane curve P,(z,y) = 0 must be singular.
This puts a number of algebraic constraints on the coefficients inside the
Newton polygon of P,. Taking into account symmetries, we can put an upper
bound on the number of independent such constraints. From our experience
with the D and Eg case, we expect that implementing these constraints
gives only finitely many solutions for the sequence of py. The definition in
implies that p; = O(A) for all k> 1 when A — 0 (i.e. ¢ — 1), and
the p’s must have a power series expansion in A with rational coefficients.
We expect that this extra piece of information singles out a unique solution
(among the finitely many) to the algebraic constraints.

For Fg this program is completed in Section 5.5 For FEr, performing elim-
ination in these algebraic constraints already seem computationally hopeless,
and we could not even solve them perturbatively in A — 0. Therefore, our
best result is the expression of P, in terms of the pa, us, ps and py, which
should be considered as unknown (algebraic) functions of ¢. This expres-
sion is given in Appendix For Eg, as we have seen, our best result is
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the Newton polygon and its boundary coefficients, given in Appendix
Nonetheless, we will be able to compute the exact spectral curves at ¢ =1
in all cases (see Section [6.7)).

D (geometry) | Dopyo | Dopys | Eg | E7 | Eg

d=deg,P, |2p'+1| 4 +1) | 8 | 27| 240

d' = deg, P, 4p' [ 4(2p+1) | 8 | 36 | 540

a o 2w +1 | 2|6 |30

Table 4: Properties of Py(z,y).

Let us turn to the complete and explicit results that can be obtained for
D and Eg.

5.4. Dy, 2 geometries

In that case, it is possible to guess a rational parametrization that has all the
required properties, and thus gives the correct solution bypassing Steps A-B.

p even. v = ¢y = w[0] is a minimal vector, and the other vectors in the
orbit are w[f] = (—1)%e, for £ € [1,p — 1], and w(p] = Zf;ol(—l)”lel. We
thus get:

A

~ yO | @

(5.28) x—0 Cg(cac)(_l)/Z -1

T — 00 (;;(m/c)(_l)é -1

The symmetries of the problem suggest to look for a parametrization of
Py(z,Y) =0 of the form:

2() = 2 (M>

K2zP — 1
(2P/2 — k) (K2P/? + 1)
(kzP/2 — 1)(2P/2 + k)

(5.29)

Y(z)=—
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where we impose that z — 0 correspond to  — 0 in the sheet of wp], and
z — ¢tk?/? in the sheet of w[¢] for ¢ € [0,p — 1]. Requiring (5.28), we must
have:

9y l+1/p

—\/4p?
14 K2 :1/6226 /e

(5.30)

It can be checked that this satisfies all the desired properties of the spectral
curve (including the positivity constraints), and by uniqueness, this is the
solution we looked for. We can also write this parametrization with ¢ = z#/2
and X =z = aP:

_Kk2\P

X(C):@ </§C2—1
G

YO == DCc+n

(5.31)

which is now a parametrization of CIE)NS, for p even.
P

p odd. The minimal vector is v £ w[0] = g + €,, and it generates the

orbit consisting in w[l] = e; + ept¢ and wip + ¢ = —w[f] for 1 <L <p—1,
and w(2p] = ?261(—1)%( and w[2p + 1] = —w[2p).
~ y0 y®P+0 y(2p) | y(2p+1)
(5.32) =0 | =¢(cx)? | =Gplex)™ | —1 | —1
z =00 | =(5,(x/c) | =G (@/e)? | -1 | ~1

A similar guess leads to identification of the solution of P,(z,Y) =0 in
parametric form:

2%Pi? — 1
(5.33) T
Y(z) = (P = k) (k2P +1)

(2P — 1)(2P + k)
Matching with the required behavior for z — 0 or oo imposes:

2H1+1/p

1+ K2

(5.34) =1/c=e N,
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which defines k as a function of A identically to (5.30f). The branch has to
be chosen so that:

(5.35) A €[0,400) «— k€ ][L,0).
We can also write in terms of ¢ = 2P and X = 2% = x?P:
3 C2/€2 -1 p
X()=¢7 <C2—n2

SRR
YO =G n

(5.36)

which is now a parametrization of C%}Z{S, for p odd.

Polynomial equation. If we eliminate the variable ¢ and keep only X =
x% (which is equal to P is p is even and z? if p is odd) we obtain the
polynomial equation 7?]151;@ (X,Y) =0 for the spectral curve. We can factor
a monomial in 731131;@ (X,Y) to put it in the form:

(5.37) (=1)PFLe M2 (X2 £ 1) (Y2 41)
+ XY (82 4+ 1)@ (Y +1/Y) (k2 +1)%] =0,

where:
2514-1/]7 2
5.38 = e MW",
(5.38) 211 ¢
and Qp(n) = nPt1 4+ ... is a polynomial in 1 and 2, which does not have

a uniform expression for all p’s. It is given for p <5 in Appendix [C| These
results were obtained in [BEI4], where A. Weifie also checked that the solu-
tions and match the results of Monte-Carlo simulations of the
matrix integral IBE14, Appendix].

5.5. Eg geometry

We choose the minimal vector v = (1,0,0,1,0,0). After Step A, we arrive
at a curve Py(x,y) = Z?:o 22:0 IT; ; 2% y* depending on the yet unknown
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parameters p1 and g, with ¢ = exp(A\/72).

ILiz [7=0 1 2 314
k=38 *
7 * * *
6 * * *
5 * * * * |k
4 —c | =2¢72 — Aty [ A(—1F et 4Py + 8 + 3¢ Bug) | x| x
3 —c* 2¢ 4y 24 —6c7 2y — 4074;@ * | %
2 0 24+ 12¢ 2y — 63 g *
1 2 14272 *
0 1

and the * are the coefficients obtained by central symmetry, i.e II;; =
II; g =II4—j . These expressions have been found in [BEI4], and now
we present a new computation.

Given the symmetry, let us define ¢ = 2% + 1/2? and n =y + 1/y, and
eliminate z and y from the equation P,(x,y) = 0. We obtain an equation
Q(&,n) = 0 defining a curve of genus 2. A birational transformation (§,n) —
(s,t) brings in in Weierstraf form s? = R(¢) with a polynomial of degree 5:

(5.39)  R(t) =12(1 — ¢* — 4P p1 — 4p® + Scun)t®
+3(—4+ 4 4 p1 + 4p — 40cun)t!
+24(c + 2cpq + p2)t® — 2¢2(11% 4 po)t? + 8¢t — .

Since we are looking for a singular curve, up’s should be such that the
discriminant of R vanishes. This discriminant is a product of two factors Ay
and As given in Appendix so that gives us two equations for the two
unknowns 1 and pg, that can be solved explicitly. Among the finitely many
solutions for (p1, pe), there is a unique branch in which g1 — 0 when ¢ — 1:
that must be our solution. Then, ps is an explicit rational function of uq
that we do not reproduce here, and pu; itself is the branch of the solution of
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the degree 8 equation:

(5.40) 25645 + 4864?17 + (—1024 + 35776 b
+ (62112¢% + 125568¢5) 13 + (1536 — 81600c* 4 206064¢%) i
+ (4544¢% — 162576¢° + 128304¢'0) 113
+ (—1024 + 55116¢* — 78192¢% + 26244¢?) 2
+ (—5984¢% 4 10332¢° — 4374¢1%) 1y
+ 256 — 499¢* + 243¢% = 0,

which behaves like 1 = —2(c — 1) + O(c — 1)?> when ¢ — 1. As a matter of
fact, the solution of (5.40) has a rational uniformization. We choose the
uniformizing parameter s such that x — 0 corresponds to ¢ — 1, and our

final result reads:

o (5= 6)* (s — 2)"
exp(3/36) = ¢ = — 16(r — 3) (K2 — 6k + 12)(52 — 65 + 6)2
_ k(k—4)(k% — 6K+ 12)(k? — 12)
M= 30— 3)(R2 — 6k + 6)
k(k —2)%(k — 3)(k — 4)(k — 6)%(k* — 11K + 49x2 — 108k + 108)

crhz= (k2 — 65 + 6)3(k2 — 6k + 12)2 '

With these values, the spectral curve match perfectly the one computed
numerically from Monte-Carlo simulations of the matrix model (2.8 by
A. Weisse (Figure (3.

Remarkably, the smooth model of the curve P, (x,y) = 0 seen in variables
(22, %) has genus 1, i.e. it defines an elliptic fibration over the base parameter
x € P!, with discriminant:

A(r) =2%0 .3 k(k — 2)(k — 3)1%(k — 4)(k — 6)(Kk? — 8k + 18)
x (k% — 4k + 6) (k% — 65 + 6)M (K% — 61 + 12)8.
Singular fibers occur at the critical values ¢ € {0, 41, 7e1 /16 + iea\/2/4, 00}

with ¢, = +1 independently. We have not found any striking feature in their
Kodaira types, with are either Iy, Is or Iig.

5.6. The A — 0 limit

This regime corresponds to ¢ — 1, where the monodromy along the fibers of
the flat connection tends to be deterministically equal to identity under the
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I
A
0.3} — 1 ||
3
9
—27
81
0.2} s
g
=
i %
/ \
/ \
0.1 ! .
i i
‘/‘f"“:?iﬁ, f ,‘( jz % v—T\
! g | RS !
—15 —10 -5 0 5 10 15
T

Figure 3: (a1, a2,a3) = (2,3,3). The dots display the Monte-Carlo simula-
tion of the eigenvalue distribution for N = 200 in the model , with
various choices of A given in the legend. The plain curves display the the-
oretical computation ensuing from the expression of P,(z,y) = 0 together

with (5.41]).

Chern—Simons measure. This implies that W (x) € O(1), and hence pj — 0
since it carries a prefactor of X\. As a result the spectral curve becomes easy

to compute:

(5.42) Po(z,9)|e=1 = C(x) H (y _ (_x)no(w[i]) ;h(u)[i})) 7

el

i.e. Py(x,y)|c=1 is directly determined by the slope polynomials of P,, with
no extra data. The description of the orbits leads to the following results.

D, 2, p even.

(5:43) Pol, )l = (=12 (y + 1) - (=) 2y + 1)y — (—a2)"?).
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Dp_|_2, p odd.

p—1
(544)  Pu(@,y)le=1 = (v + 1’ [ + ) ya® + &)
£=0

=(y+1)% (y+a*)(yz® +1)

. (i(—l)%plkﬁ) (i(—l)’f(xw’f).
k=0

k=0

Eg geometry.
(5.45)  Py(x,y)|e=1 = A +y+v°) - (x+y)(1 +ay) - (v° — )"z — 1).
E; geometry.

(5.46) Pl y)le=1 = —(1+ )L +37)? (¥ —2%)(y%2® +1)
x (2 + %) (2% — 1) - (4° + 2%) (2% - 1).

Notice that the symmetry of the orbits implies P(z,y) = 0 < P((i22,1/y) =
0, explaining how the factors come in pairs.

Eg geometry.

(547) Po(z,y)le=1 = (y+ 1D* (0 - 1°(0° = 1)°- (5 = 2®) (2™ — 1)
02

x(y15—|—x3) ( 15 30+1) ( 10 1,3() ( 10 30_1)2
> <y15 )(y15$60 1) . (y6 1‘30 ( 6 30 1)
X (P + &) (2% + 1).

6. Computations II: the Toda curves
6.1. The computation in practice
Let us now construct explicitly the B-model geometries Cg‘)da that are rele-

vant for Conjectures [4.1 and [4.2] Recall that we take pyin a minimal repre-
sentation given in Table and we denote dy,in, = dim ppin. The characteristic
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polynomial of the Lax operator (3.30)) for the simple Lie group G,

dmin

(6.1)  Pg(Y)2det [Y1 - prin(Lg)] = D (=1)* Y=y, (L),
k=0

can be regarded as a map

(6.2) Pg : Gw — Clu, Y]

that factors through a map G, — $lg upon evaluation of the antisymmetric
characters xaxp,... € Z[Xw, - - - Xwr] in the representation ring Rep(G). Lift-
ing this to the co-extended affine situation amounts to turning on a spectral
parameter as in . Concretely, we are now looking at the loop space
with a map:

(6.3) @ : Loop(lg) — C[X*!], ui(X) 2 xo, (L),

whose constant term is given by [X°]@;(X) = u;. The (affine co-extended)
Toda spectral curve (3.37) can then be computed in two steps, for each
(g, pmin):

Step A1’: compute the decomposition of the exterior characters x ax
as polynomials in the fundamental characters x.,,;

Step A2’: compute from ([3.33)) the Casimir function ug in (3.36)) and the
dependence of @(ug, . .., ur; X) = X, [Pmin(L$")] on the Hamiltonians
u; and the spectral parameter X.

Pmin

Evaluating the result of Step A1’ on a generic group element g € G expresses
the characteristic polynomial of ppmin(g) as

dmin
(6.4) det [Y1 = pmin(9)] = > (=1)F Y™ F xpi,.,.(9),
k=0
dmin
- Ykpg(g;ula"'7uR)7
k=0
for some universaﬁ polynomials pg € Z[uy, . ..,ug], while Step A2’ amounts

to plugging in the expression (3.33)) of the Lax matrix and then expand the

6These polynomials depend implicitly on pmin, but we dropped the subscript pmin
for the sake of readability.
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above in the spectral parameter,

(6.5)  PI(X,Y;ug, ..., ug) 2 det [Y1 — p(LE")]

d
=Y Ykpf[ur(X),... ir(X)]
k

=0
min d;nin
= Z YkX]pg’j[u(),ul,...,uR].
k=0 j=—d\;,
Here pg ; denotes the result of the expansion in the spectral parameter X
and
(6.6) min = Maxy g—+ degy. p%-
The vanishing locus of Pgida € Clug,...,up; X1, Y] in C% x G5, then re-

turns (3.37)).

Once this is done, the naive expectation would be that, in light of the
discussion of the previous section, all is left to do to prove Point (a) in
Conjecture is just to find a suitable restriction u; +— wu;(A) of the Toda
action variables such that

(6.7) X T PR(X, Y u(N) = Pgo(X, Y3 M),

where Pg ,(X,Y;\) = 0 is the spectral curve found in Theorem that we
call here the “naive LMO spectral curve”. However, this is in general too
much to ask.

First off, a rapid inspection of Tables [3] and [4] reveals that the Y-degrees
in (6.7]) will disagree in general. But more importantly, the qualitative anal-
ysis of the naive LMO spectral curve C, given in Section reveals that
(a) its Galois group 20" = Weyl(D’) = Weyl(G’) is a subgroup of the Ga-
lois group 20 = Weyl(G) = Weyl(D) of the Toda spectral curve (6.5) with
generic parameters u, and (b) the branchcuts of z = X/ : C,, — P! on the
irreducible components of the LMO spectral curve must necessarily be seg-
ments obtained from x € [1/v,~] by rotations of angle multiple to 27 /a, and
the branching data of this curve is completely determined by the analysis of
orbits of 2’ in Section [5.3

This actually suggests a way out of the conundrum: the sought-for sub-
family of Toda curves should arise in the sub-locus of the parameter space g
where the monodromy breaking D — D’ in Table[2]is enforced. The simplest
way to achieve this is to consider an embedding of the subgroup ¢ : ¢’ — G,
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and the induced embedding ¢ : 77 < T of the maximal torus of G’ into that
of G. The restriction to +(7”") is cut out by homogeneous linear constraints
on the Cartan subalgebra of Lie(G), and its image under the character map
Xw vields an affine complete intersection ﬂ(g,g/) in $lg. Under the action of
1(G"), the G-module pyi, decomposes into G'-modules:

(6.8) pmin = EP PV

jed

For u € g, the endomorphism puin(LS") leaves stable the direct sum in
, and thus the characteristic polynomial factors. Requiring that the
latter are Laurent polynomials in X yields an additional constraint, i.e. u
must belong to a subvariety of higher codimension in ﬂ(g,g/), that we denote
U(g,g1y- In both cases (G,G") = (Es, D4) and (E7, Eg) we will examine, g g/
will turn out to be a subvariety of ﬂ(g,g,) ruled along a distinguished direction
Upyl. SUMMing up:

Step B’: Consider the Lie group G’ associated to D" as in Table [2, and
the decomposition as above. Restrict to u € g g/) so that

(6.9)  PF(X,Y) = [[det [y1—pl(LG)] £ T[] P o) (X, V)

JjeJ jeJ
for Laurent polynomials P([Jg'],g/)(X, Y) € C[X*L,Y].

This is the analogue of Step B on the LMO side (Section [5.3)), which consists
in computing Pp ,(z,y) and thus PEMO(X,Y) in terms of unknowns M =
(k) ke, for asmall set Ko. Let us denote PEMO(X,Y; M, \) this answer. In
the following, we will check for D = Eg (resp. D = E7) that with Ky = {1,2}
(resp. Ko = {2,3,5,7}) the equality of polynomialsﬂ in (X,Y):

(6.10) Y = 1)*PEMO(X, YV M, \) = X PG4 (X, Y )
gives an explicit isomorphism
(6.11) Tl 2 g gn.

This T is given in (6.37) for Fg and (6.55) for E7. We expect the same
property to hold for G = Eg (here, G’ = Eg and g gy is just equal to g)
but this case was computationally out of reach.

"In (6.10]), the (Y — 1)*® stands for e copies of the trivial representation appearing
in (63

) and thus factoring out in the Toda spectral curve.
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Step C’: Determine the sublocus of u € l(g,gr) such that the Toda spec-
tral curve has the ramification properties that were required for the
LMO spectral curve (see Step C, Section. This should fix u to live
in a 1-dimension variety M&MO parametrized by A.

In all cases, just by matching the coefficients on the boundary of the Newton
polygon, we find that ug = —1/¢%, where we remind that ¢ = exp(xorbA/2a).
Therefore, L%MO is equivalently parametrized by (u;(u))E,.

By the previous remark, Step C’ is strictly equivalent to the determi-
nation of (uk)rer, as functions of A on the LMO side in Step C. Step
A1-A2'-B’ and C’ together give a complete derivation of the suitable re-
striction of the Toda spectral curve, if we assume and verify the qualitative
properties used in Step B’ and C’ that were dictated by the analysis of the
matrix model.

6.2. A,_1 geometries

This is the case of lens spaces SZ/P%Z = L(p, 1) already well-known in the
literature, so we will only make a couple of passing remarks here to see
how it fits with the discussion above. Steps A1’ and A2’ were performed
in [Nek98| [Mari3] and returrﬁ , which is in exact agreement with the
matrix model curve computed by Halmagyi—Yasnov [HY(9] in a general flat
background. This proves Point (a) of Conjecture for the sphere and disk
potential; the rest of Point (a) follows from the solution by the topological
recursion method of generalized loop equations [BEO15], which combined
with the proof of the remodeling conjecture [EO15] establishes Point (b) as
well. The restriction relevant for Step B’ and Conjecture is simply ug =
e t8/2 = ¢1/2 y; = 0 for i € [1,p]: toric mirror symmetry shows that this
amounts to setting to zero the insertion of twisted classes in Hy,p (YZ/ pZ), SO
that the resulting restricted A-model theory is just the untwisted Gromov—
Witten theory of the stack [Opi(—1)%2/(Z/pZ))].

6.3. D,;2 geometries

For p + 2 = 4, Steps A1’-A2’ in this case can be extracted from [KM15] and
found to be in agreement with (3.26]).

8Choosing the minimal representation pmin to be the anti-fundamental has the
sole effect of redefining uy — (—1)Pup_g.
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Step Al’. Explicitly, the Dynkin diagram of D, is represented in Fig-
ure [l

O
Wp+1
Wp
O O O O
w1 Wo ce Wp—1
Wp+42
@)

Figure 4: The Dynkin diagram of G = Dpy2. Nodes in the diagram are
labeled by the respective fundamental weights; we have ppin = Pu, =
(2p +4),, pu, = N'py, fori <p, p,, ., = optl — optl

) pwp+2

We write pmin = 2(p + 2), for the defining module of Spin(2(p + 2)).
In this specific case, we can slightly bypass Step A1’ by parametrizing g
using the exteriors characters ¢; = [X°] & with:

#
(6.12) & 2 Xaip, (L"), forie[1,p+2].

We have €; = u; for i < p, and

2-1 -

~ ~ ~ Zp/: U2k+1 p even,

(6.13) Ep+1 = Up1Upt2 — { o2 o ad
k=0 2k p odad.
2 .

N N N Zi/—o Uak p even,
(6.14) Epro = Toyy +loyy — 2 /2 .

P P P Z,(f:o )/ Uok+1 p odd.

as a consequence of the decomposition rules of the tensor products S+ ® S+
of the chirality 4 spin representations associated to the fundamental weights
wp+1 and wpio.

Step A2’. The Casimir function ug here reads

-1 1/2 2
(6.15) uy " = %0/ 21 A1 Hpt2 H ),
1<i<p+1
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and the Laurent polynomials €;(X) can be computed straightforwardly from
(3.33]) using Newton identities. We have

gi(X):6i7 Z#pap+27p+47
(6.16) gi(X):Ei—i-uO(X—l-l/X), i=p,p+4,
€ptr2(X) = €pr2 — 2up(X +1/X).

The Newton polygon of the resulting plane curve is shown in Figure [f
In terms of exponentiated linear coordinates (rj)gi% on the maximal torus
TD,.. the resulting curve takes the form

(6.17) ngiij(x, Y) = uo(X2+ 1)(Y — 1)*(Y +1)%Y?

2(p+2)
+ ) (D' XY,
1=0

= uo()EQ + )Y = 1)} +1)%Y?
p+2
+ X OV =rp(y =rh),
j=1

which is just ([3.26) with ug = e~t»/2(—1)P+122,

Steps B’ and C’. Comparing this Toda curve with the LMO curve (5.37)),
we find agreement provided r; = 1 and:

~2
T r<
6.18 +1 J + J -1
(6.18) " 2(k2 +1)2 4(K%+1)%

where 7; are the (p+ 1) roots of the polynomial Q, given in Appendix
and:

(6.19) up = (—1)PHte M,
6.4. Eg geometry

The Dynkin diagram of G = Ej is represented in Figure @ We write pmin £
27 = p,, for the minimal irreducible representation attached to the highest
weight wy; there is another minimal G-module p;, = 27 = p.,, which is
complex-conjugate t0 Pmin-
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Figure 5: The Newton polygon of the Toda curve for G = D, 2, minimal
representation p,, = 2(p + 2),, for p+2=9.

We
O O O O O
(%%} w2 w3 w4 ws

Figure 6: The Dynkin diagram of G = Eg. Nodes in the diagram are labeled
by the corresponding fundamental weights; we have pmin = pu, = 27 = Do,
P, = Npu, = 851 =i, pu, = ANpy, = 2925, p,, = Adj = T8.

Step A1’. The fundamental representations of Fg are antisymmetric pow-
ers of pmin and p,;, with the exception of p,,,, which is the 78-dimensional
adjoint representation. The antisymmetric characters xax,, (9): T, — C
of an element g = e”, which include the fundamental characters (xw,(9))3_;,
can be computed using the explicit representation of the Chevalley gener-
ators in the representations ppyin and pp;, [KMI5, [HRTO0I]. On the other
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hand, the regular character x,,(¢g) is a trace in the adjoint, which is com-
puted straightforwardly from the root system of Fg. We must have

(6.20) Xakpo, (9) = P12 [Xer (9): - -+ Xeoo (9)]

identically as functions on the Cartan torus. One possible brute-force way to

compute ]:Jl,CE6 is to generate a finite-dimensional vector space of monomials

{x:i(g)}i; satisfying a suitable dimensional upper bound on x.; (1), then
evaluate at a number of points g € T equal to the dimension of this
vector space, and then solve the linear system ensuing from . The
resulting relations in Rep(G) read:

pr = —u% — uguUs + w1 + uq4 + uqug,

p5EG = u% — 2u§u1 + 2uquy + ui + u5u% + ug — 2uzus + us
— UUe — U5UG,

pgjﬁ = —ug — ung + ugus + 2uqus — 2uugUs + ugugUs + u%
+ 2uqiug — 2usg + uoug — 3uszug,

p?ﬁ = 2u% + usug — 2usugug + usug + ulug + U4u§ — 3ujusg
— Qu3ug + ug — UBug — ULue + Uslg,

pfﬁ = ung — u1u6u§ + u%% + uiuous — 2uzus — 3usU4Us
+ ugugus — 2ugls + us — U — usug + usuz + urus + uiue
— ugug + 2uiuqug,

(6.21) ngG = ulug1 — u6u§ + ung — 4u1U4u§ + uzu6u§ g u%u;, — uluggg)
— dujus + dugusus + uaus + Juaueus + ug + uz + 2ugug
+ ujug — 6ug + 4U%U4 — 4usuyg — 3uzug — 2usuqug + 3,

p% = ul — Sugul + uyueud — udui — uyugu? + Suzuf — ud
— 2U%U5 + 5u?1U5 + uous + ususus + dujuqus + U%U6U5
— 2UuoUgUs — UL ULUEUS + ulu% + 2U4u% + 2uq + U%UQ
— dujus + 2ujusug — duzuyg — u%uG — 2uiug
+ U1U3UE — U4Us,

pfjf = u6u§ — u2u§ + U1U3U§ — U4u§ + 2u1u6u§ — 4U4u6u§ — 2u§U5
— U1U2u5 + 3U3U5 + SUQU4U,5 — 2u1uQu6u5 + 3U3U6U5 — UgU5
+ ulu% + 2ui + 2u%u§ — 2u2u§ + 2u9 — 3u%u;3 + ususg

+ u%u4 + uiug — 2uuzuy — 2u%u6 + 2uiu6 + uoug,
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p% = 2u6u‘;’ — ufol’ + ugu% — mu% — 2u2uw% — ugue;u% + U4u6u% + SU5u§u1
+ 2ugu1 — 3uguzul + UsUgUsU + UsUL — DUsUGUT — 2UsUSUT + ug
+ u;z,ug — ug — 2ug + 3u§ —uz + uguyg + 3U§U5 — 3uguqus + 2uqus
+ u§u6 — ’LLQU%UG + 6U3u6 - 3U4U5u6,
p%‘ = uf — QUEU‘Z’ + 2uqud + uiu? — Bugu? — 2uzusut — usut — usugu?
+ 4U5u6u% + 2u§u1 + 2u2u§u1 — 2u%u1 + ugui — duougul + u%%ul
— duqusuq — u%uaul + 3usugul + uqusugul — ugul + 2u1 + u%
— 2u2uz + u;;u% + uQU4u§ + u%u% — 3uguyg + 2ug + usus — UsU3U5
+ u%ua — 2u§u6 — 2ugusug,
and p%‘_k(ul,u%u&uz},u&uej) = pkEG(U5,U4,U3,u2,u1,u6). This completes
Step A1’.

Step A2’. As for the D,y case above, the spectral parameter dependence
of (u;(X))?2_; can be computed directly from (3.33]) using Newton identities.
In particular, we obtain

Wi (X) = u; i#3

6.22 ’ ’ ’

(6.22) 5(X) = us + uo(X + 1/X),

in terms of the Casimir function ug' = %é/ 2%1%5%52’%2%5%2. The spectral

parameter dependence of g can be computed from the first line of (6.21)):
the result is

In other words, the Eg-Toda curve is computed as
(6.24)
27
0= ngeda(X, Y) = Zpk’EG [ul, U2, U3 + ZLO(X + 1/X), Ug, U5, UG] Yk.
k=0

The resulting Newton polygon is depicted in Figure
Step B’. In this case, we have D' = D, while we started with D = Fj.

There is an obvious embedding

t:Tp, — TE,

(Q17 Q?a Q37 Q4) — (17 Qh Q?a Q37 17 Q4)

of the maximal tori, induced by the projection of the weight system of Fjg
onto the sublattice of Z5 spanned by the unit lattice vectors wa, w3, ws and
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-2

Figure 7: The Newton polygon of the Toda spectral curve for G# = E# and
Pmin = 27.

wg. Under this projection, the fundamental highest weight modules of Fjg
decompose as Ds-modules in the following way:

(6.25)  po, =Pon =3(1) ® 8, B8, & 8,,

(6.26)  pu, = P, = 3(1) B 4(8,) ® 4(8,) & 4(8,) @ 3(28)
& 56, & 56, @ 56,

(6.27)  pu, _2(1) 8(8,) & 8(8,) @ 8(8,) & 11(28) & 35, & 35, & 35,

@ 6(56,) © 6(56,) @ 6(56,) @ 2(160y)

& 2(160,) & 2(160,) & 350,

) &

(6.28)  pu, = 2(1) B 2(85) ® 2(8,) ® 2(8,) @ 28.

In particular, with (6.25):

(629)  PR™(X.Y)|,eq, . =¥ =1 J] det[y1—ps, (LESY)].

e—=c,v,s

The resulting variety ﬂ( Be,Dy) = (w0 ¢)(T") is a connected codimension zero
submanifold of the intersection of hyperplanes u; = us, ue = uy4, hence it is
locally ruled with respect to the X-dependent Casimir u,, = us. The degree
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of the factors in Y, leaving aside the trivial abelian component (Y — 1)3, now
reproduces the structure of 73}5240 (X,Y) as a product over the polynomials
associated to the 3 minimal orbits generated by v, £[v] and £2[v] as in (5.14)).
In PEVIO(X ,Y), the 3 factors are polynomials in X/3 that differ by order
3 rotations x +— ng. However, this Z /37 rotational symmetry is absent in
for generic values of u € ﬂ(gg/); more importantly, the individual
factors appearing in are not guaranteedﬂ to be polynomials.

This puts two constraints that are solved simultaneously as follows. De-
note

(6.31) Us 2 xs, [LEY],  Unaj 2 xas[LE).

6
w

#
the evalyation of the D,-fundamental characters on the reduced L\EG seen
for u € g, p,) as a Dy group element. The following character relations in
Rep(D,) are easily deduced from simple tensor multiplication rules:

X35, = Xa, — X28 — L,
X56, = X8,X8, — X845
X160, = X28X8, — X8, X8>

(6.32) X350 = X8.X8, X8, — X&. — X8, — Xa. + X28 + 2,

c

where the formulas above should be intended as having the set equality
{o,%,0} = {c,v,s}. Also, A’8, = 28, A38, = 56,, A*8, = 35, @ 35,,. Then,

9This is an instance of the following, general problem: given a family of polyno-
mials P € Clx,y| depending on parameters u = (u;)E ,, and given an integer n > 2,
determine the locus of parameters for which there exists a factorization

n—1

(6.30) P(z",y;u) = [] QG yiu)

Jj=0

where @ is also a polynomial in x and y. It was communicated to us by Don
Zagier that there is no obvious strategy to solve this problem in general, but one
can always try the naive approach consisting in writing down arbitrary coefficients
for @), expanding and solving for the parameters (u;) ;. For the example
(Eg, D4) that we provided, the palindromic symmetry of the factors can be exploited
to simplify a bit the derivation.
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(6:33)  det [Y1— Ry, (LEOY] = VB~ UYT 4 UpgjYS + (Us — U Us) YP

+ (U2 + U2 = 2U,q; — 2)Y*
+ (Us — UpUs) Y2 + Ungi Y — UsY + 1,

and it is immediate to see that restricting to

(6.34) U = U (Zx)+ UM, Uy = U () + 0N, U, = UP(2) + 0,
with:

(6.35) UP(2) = 2 + Uy/z, X =23, wy = U

is necessary and sufficient to attain the required cyclic symmetry with the

spectral dependence dictated by (6.22)—(6.23)).

Comparison with the LMO spectral curve. At this stage, we find by
direct computation of the left-hand side of (6.10])) with (5.14) and the table
of coefficients at the beginning of Section that the equality:

(6.36) P (X,Y,u) = (Y - 1’PRMO(X, Y, M, ), e=eMT2

u€h(mg,Dyq)

is realized if and only if:

ol =_—1— 20_2u1

6.37
( ) Uagj =2+ 12¢ 721 — 6¢7 L g

Eliminating @1 and po from these equations, we retrieve exactly the con-
straints defining (g, p,) C Ug,. This is the equivalence between Step B’ on
the Toda side and Step B on the LMO side highlighted in Section We
can then insert in this parametrization the determination of ug’s in terms

of A (or ¢) performed at the end of Section We obtain ug = —1/c% and



the (u;)%_; as functions of the parameter x related to ¢ by (5.41)):

(6.38)
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3k(k — 4)(k? — 12)(k? — 6K + 12)?

neme (k= 6)3(s — 2)1 ’
 3k(k—4)(K? — 6K + 12)? fo(k)
wom (5= 6)5 (s — 2)° ’
. f3(k)
uz = (k — 6)12(r — 2)12°
rg = 2f6(ﬁ)

(k= 6)%(r —2)%

where f;(k) are polynomials given in Appendix

6.5. E7 geometry
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The Dynkin diagram of G = E7 is represented in Figure |8 We write ppin =
56 = p,,, for the minimal irreducible representation attached to the highest
weight wg, which is self-dual.

w7
N N e
1 (% (% 1\
wa w3 w4 ws

Figure 8: The Dynkin diagram of G = E7. Nodes in the diagram are labeled
here by the respective fundamental weights; we have that p,,, = Adj = 133,
Puw, = 8645, p,, = 365750, p,, = 27664, p,. = 1539, py; = Pmin = 56,

o, = 912.

Step A1’. The computation of pkE7 can be performed exactly as for the Ejg
case. The anti-symmetric characters xarp, (g) can be computed e.g. from
the explicit matrix representation of the exponentiated Cartan matrices of p
[HRT01] via Newton identities. Also, as before, the fundamental characters
(Xwi(9))S_, are expressed via the characters of suitable tensor powers of
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Pmin = Pw and the character of the adjoint representation 133 = Adj:

Xws = XA2Adj — XAdj,

Xws = XA%ws — XA2we»

Xws = XA3ws — Xwe>
(6.39) Xws = XA2w, — 1.

The remaining fundamental character x,, can be computed from the fol-
lowing relation in Rep(Er)

(640) XUJ7XLU2 = _(XUJ5 + ]')XWG - XUJ4 + XUJ4XW1 + XUJGXSymsza

where the right-hand side can be computed again using Newton identities.
Once this is done, the relations p£7 = pfgﬁk for k € [5,28] in Rep(E7) can
be read off by specializing the identity

(6.41) Xakpo, (9) = P [ua(g), - - - ur(g)]

to a suitably large number of sample points g, and then solving for the
coefficients of pf? We obtain for example that

pe = —2uf + (1 - 2us) uf
+ (u% — urug + u% + 4dug — 2uz + 2us + 2) Ul
+u%+u§—U3+QU5+2u2(u5+l)
+ uqug — ugur — ugur + 1,
p]757 = U4 (—u%+u1 + ug + 2us —1—2)
+ (—ui + (2u2 + us + 3) ur + 2us — 2us +us + 1) ug
+ uy (—21@ + (ug —2us + 1) ug + u% + 3ug — 3U3) ,
p? = (ug — 2us — ugur + 2) u%

(6.42)

+ (211% + ugug — 2urug + u% + 4duo — 4dug + 2us — ZU4u7) Ul
+ U3 4 2ui + ud + usud + uf — 2u3 — 3ugus

+ 3ugug + uqgur — usuguy + UgUy

+ ug (u§ + urue + ud — 2us + 2us) — 2u?,

The expressions up to k = 28 are lengthy and are omitted here, but they
are available upon request. This completes Step A1’
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Step A2’. As before, the spectral parameter dependence of (a;(X))%_,
can be computed from using Newton identities applied to its ex-
plicit representation in terms of 56 x 56 matrices. The same holds true for
(;(X))i=1,2 and explicit 133-dimensional adjoint matrices. Finally, u7(X)
can be computed from . We obtain

ai(X):ui, ’L'#?),

(6.43) U3(X) = uz + up(X + 1/X),

. o . _ 1/2
in terms of the Casimir function u, - %0/ 363 563 363 5} 363 52 07 The Ef -
Toda curve is then computed as:

(6.44)
56

0= Pg%da(X, Y)= Zp? [ur, un, us + uo(X + 1/X), ua, us, ug, ur] Y*.
k=0

The resulting Newton polygon is depicted in Figure [9}

Step B’. Here we have D' = Eg while we started with D = FE;. The em-
bedding of the maximal tori

L TEG — TE7

(Q1,Q2,Q3,Q4,Q5,Q6) — (Q1,Q2,Q3,Q4,Q5,1,Qs)

obtained upon projection onto the rank 6 weight sublattice generated by w;,
1 # 7 gives rise to the following decomposition of the fundamental weight
modules:

(6.45) pu, = (1) & (27) @ (27) & (78),
(6.46) po, = (27) ® (27) ® 2(78) @ 2(351) ® 2(351) @ (650)
@ (1728) @ (1728) @ (2925),
(6.47) po, = (78) © 3(351) @ 3(351) @ 2(650) @ 3(1728) © (2430)
5(2925) @ (5824) @ (5824) @ 3(7371) © 3(7371)
2(17550) @ 2(17550) @ (34749) @ 2(51975) & (70070),
(6.48) pu, = (27) ® (27) ® 2(78) @ 3(351) & 3(351) & 2(650) & (1728)
@ (1728) ©2(2925) @ (7371) @ (7371),

(6.49) puw, = ( 27) ® 2(27) ® (78) ® (351) @ (351) @ (650),
(6.50)  pus = 2

(6.51) po, = (27) @ (27) & 2(78) @ (351) & (351).
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In particular, with (6.50]):

(6.52) PR (X, Y)] — (Y — 1)2det [Y1 — par(LE)]

uEll (5, m6)
#
x det [Y1 — pgz(LE7)].

The variety ﬂ(EhEﬁ) = (uo)(T"), by (6.45)(6.51)), can be parametrized as
the image of the morphism wu : (C?] — g, given by

up =U1 +Us +Ug +1,

ug = U +Us + Uy + U Us + Ur1Us + UsUg + U — 1,

uz = —UL 4+ UsUy 4+ UyUy — Uy — U2 + Uy + 4Us + Us Uy
+ Uy + UaUs + UsUs — Us + UaUs + UsUg — 1,

ug = UsUs 4+ 2Us + 2Us + U Uy + 2U4 4+ 2U U5 — 2,

us = UsUy 4+ 2U1 + Us + Uy + 2Us5,

ug = U + Us + 2,

(6.53) ur =U; + U+ Uys + Us + 2Us.

This is not ruled however with respect to u., = ug, nor can it be expected
that the factorization give polynomial factors with respect to the
spectral parameter X, let alone have the Z/27 symmetry of . The
first problem is solved as follows: introduce coordinates (0i)?:1 and Uy to
parametrize the maximal ruled subvariety ﬂ( ErEe) X Cu,, of CGU w.r.t. to
Upyl; We are assuming at this stage the latter to be of dimension higher than
zero, with Uy a curvilinear coordinate in the distinguished ruling direction.
Imposing now that the factorization of (Y — 1)? is preserved by shifts along
ury has the effect of restricting to Us =U; = Ul. Furthermore, the
requirement that the functions w; : g, g;) — C in have vanishing
derivative along the distinguished direction U, is satisfied upon setting,
without loss of generality, U = UQ + Ural, Uy = Uz — U, Uz = 03, Us =
Uy. Equating now the third line of (6.53) to the shifted Casimir us + X +
ug/X as it appears in sets Upy = :l:i\/ X + ug/X with no additional
constraints on Ug, g, which thus turns out to have dimension equal to four.
Restricting to g, g, therefore attains the factorization (6.52)), which is a
fortiori polynomial in (X, X ~!). The question of the Z/2Z symmetry in X is
automatically solved by the fact that replacing 27 with 27 is tantamount to
switching Uy < Us, Uz <> Uy; on Y, g, this reads Uful & —Urzul, which is
just X <> —X. Restricting to (g, g,y is thus necessary and sufficient to have
the factorization in polynomials of X with the desired (Z/2Z)-symmetry.
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1

Figure 9: The Newton polygon of the periodic relativistic Toda curve for
G# = E# and ppin = 56.

Comparison with the LMO spectral curve. By direct computation
of the left-hand side of (6.10) with (5.15)) and the table of coefficients given
in Appendix we find that the equality:

(6.54) P (X,Y,u)l = (VY - 1)?PRMO(X, Y, M, ), e=eMT

u€L (g, D)

is realized by ug = —1/c'? and the morphism
(6.55)
= 62
=——-1
1 3 3 )
~ 6 12
Or =2~ 4+ g 2
c c c
—2¢8 — 245 iy + 24c* g + 36¢2 (u% - ,u5) + 144cpuopus + 12 (Q,ug + ,LL7)
3= 3 )
c
~ 12 12
U, = M3 1 H2 1

ct 3
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6.6. Eg

The Dynkin diagram of G = Fg is represented in Figure [8 We write ppin £
Adj = 248 = p,,, for the minimal irreducible representation attached to the
highest weight wy: this is the adjoint representation.

ws
O O O O ) O
Y O O ) %
w1 w2 w3 w4 Ws we w7

Figure 10: The Dynkin diagram of G = E5. We have p,, = 3875, p,, =
6696000, p., = 6899079264, p,, = 146325270, p,. = 2450240, p,, =
30380, p,. = 248 = Adj, p,, = 147250.

Step A1’. Step A1’ is the hardest bit here, and the one we could not
complete entirely as the size of the linear systems appearing in the calcu-
lation of pfg grows uncontrollably all the way up to k = 124. As a result,
we do not have a closed-form expression for pkEs but for the first few orders,
and in turn we could not find an explicit expression for PEf for arbitrary
values of ug, ..., us. However, if we are interested in any given specific point
u € Up,, and in particular those with integer values for uy, ..., ug, the value
of pkES at that point can be easily computed in finite time, as follows. Let
(Q;)%_, be exponential coordinates on the maximal torus coming from linear
coordinates on Lie(Eg). Then for a given group element g, u; = x.,(g) are
Laurent polynomials in the variables Q;, and so is xxx( Adj)(g) for any k: the
latter in particular can be computed explicitly via Newton identities. For a
given 1, let Q be any root of the system of algebraic equations x.,(g) = .
Plugging @) into the expression of XAk(Adj)(g) then returns ]:Jl,CEg ‘u:ﬂ'

For generic @, it is hopeless to find a manageable expression of () above
that could yield a closed analytic expression for pkES ‘u:ﬂ. However, if € Z8,
a sensible thing to do is to find @ numerically to a good accuracy, and then
plug the result into the expression of xzx(agj)(g) as a Laurent polynomial in
{Q;}%_,: since the latter is on general grounds a polynomial in (u;)%_; with
integer coefficients, it follows that xar(adj)(9)|g—g € Z- A reliable integer
rounding of the numerics gives then a prediction for the ezact expression of
pgs |u:ﬁ' We will provide an example of this procedure shortly.
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Step A2’. The spectral parameter dependence of (@;(X))!_; can be com-

puted from (3.33]) using Newton identities applied to its explicit representa-
tion in terms of 248 x 248 matrices. We obtain

i(X) = s, el
(6.56) 3(X) = ug + uo(X + 1/X).

. - : - 1/2
in terms of the Casimir function uy' = %0/ 363 33 48 363 3 563 362 563 . Further-

more, a quick computation of the character relations pfs for K =6,7,8 re-
veals that @;(X) =wu; for i =1,2,8 as well. The Ef—Toda curve is then
computed as

(6.57) 0= PTOda(X, Y u)
248

= pp® [ur, ug, uz + ug(X + 1/X), ug, us, ug, ug, ug] Y*.
k=0

The polynomials pfs [ﬂl,ﬂg,ﬂg + uo(X + 1/X),H4,H5,H6,H7,Eg] at w; = u,
i € [1,8] can be computed by interpolation of

Eel— — — o
P [, W, Ts + n, Ty, Us, Us, Uy, Us)

for n € [0, T] with T big enough. It turns out that the interpolation stabilizes
at T = 9. The resulting Newton polygon is depicted in Figure [T1]

Step B’. The computational strategy of Step A1’ above only allows us to
compute PTOda at a fixed moduli point v = @, leaving only ug unrestricted.
This nevertheless leaves some limited space for universal predictions, that
are in particular relevant for comparison with PLMO

Firstly, as PTOda is a characteristic polynomlal in the adjoint represen-

tation, we automatlcally have a factor of (Y —1)® pulling out. Factoring
out this component leaves us with a degree—240 polynomial PTOda inY, as

expected from Table I 4l Secondly, notice that T =9 computed in Step A2’
matches with the fact that degy PLMO = 18 in the same table. Thirdly,
the palindromic symmetry (5.17)) is automatically enforced by and
the reality of pmin, so that p,* = pgjgfk. Fourthly, in view of all preced-
ing examples, it is natural to assume that the coefficients of the monomials
corresponding to the vertical boundaries should depend on ug only. Setting
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] T

Figure 11: The Newton polygon of the Toda spectral curve for G# = Ef
and p = 248.

up = —1/¢3, we get:
(6.58)  [X°] PRt = [X T Pyt
— Ay L 12 (VI Y 4+ 1) (Y Y 424y +1) .

This is precisely the vertical slope polynomial of the LMO curve given in

Appendix
6.7. The LMO slice and the conifold point

The spirit of our calculations so far has been the following: we employed
the orbit analysis on the LMO side to enforce the Galois group reduction
G — G on Pngda‘, as well as its compatibility with the affine deformation by
the spectral parameter X — i.e. we imposed that the factors of ’PgT,‘;da when
this reduction are polynomials in X. It is quite remarkable that such limited
piece of data, without any detailed input from the matrix model, allowed us
to establish Points (a)-(c) of Conjecture [f.1]— with the sole exception so far
of G = Eg. However, it would have been desirable to predict the restriction
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u;(\) of the Toda action variables relevant for Conjecture based on
considerations purely within the dual A- and B-model, instead of deriving
them a posteriori from the comparison with the matrix model curve.

6.7.1. Toric case. For G = A,_;, a complete interpretation of the LMO
restriction can be obtained from the Halmagyi—Yasnov solution of the Chern—
Simons matrix model in a generic Chern-Simons vacuum. Let [X2%/PZ) =
[Op1 (=1)%2/(Z/pZ)] be the Z/pZ fiberwise orbifold of the resolved coni-
fold: its coarse moduli space is the GIT quotient arising from the stabil-
ity conditions in the maximally singular chamber of the secondary fan of
YZ/vE _y XZ/P2 which contains [AKMV04] the t = 0 point of Chern-Simons
theory (see Section . The space of marginal deformations of the A-model
chiral ring — i.e. the degree-two Chen-Ruan cohomology of [X%/P%] — is
parametrized by linear coordinates t = {tg, (7; /p)f:_ll )}: here tp is dual to the
Kéhler class c1(Op:(1)), and 7;/, are dual to degree zero classes in orbifold
cohomology with fermionic age-shift [Zas93] equal to one. A local analysis
of the GKZ system around t = 0 then shows that the mirror map in the
twisted sector behaves asymptotically as

(6.59) Tijp = 10 <u2/(kp)> ’

for all £ such that ik = p. Therefore, the LMO restriction u; =0, ug =
—e~'8/2 amounts to switching off the insertion of twisted classes, retaining
only the geometric modulus tg = —2log(c) = —A/p(p+ 1). This cuts out
a 1-dimensional slice of the orbifold chamber of the Kahler moduli space
of [X2/PZ), containing two distinguished boundary points: ¢ = 0 (Re(tp) =
+00), corresponding geometrically to the large radius limit point in this
orbifold phase (that is, the decompactification (Z/pZ)\C? x C — [XZ/PZ]),
and the point ¢c=1 (tg =0) to X [%]/ PZ the Z/pZ-orbifold of the conifold
singularity.

6.7.2. Non-toric cases. A similar identification does not hold for G =
D, E, and we are unable to offer a poignant stringy interpretation of the
LMO slice here. In this case d.u;(c) # 0 (Figure [12)), and as a consequence
the LMO slice does not correspond to the slice where the twisted orbifold
moduli are set to zero; it can also readily be seen that the limit ¢ — 0 is
a different limit point from the (orbifold) large radius point corresponding
to I'\C? x C. However, there is at least one special moduli point where we
must be able to offer a stringy prediction of the LMO curve with no input
from the matrix model: this is the weak 't Hooft limit ¢ — 1, which should
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k — U] = Us

U2 = Ugq

g —— Ly,

1.00

—_—

1.25

- = - e e e e e e = = = == =

Figure 12: The LMO slice u;()\) as a function of ¢ = ¢/ for G = Fs. Con-
tinuous lines depict the prediction for the Toda Hamiltonians upon restric-
tion to the LMO slice. Dashed lines represent their value on the untwisted
slice, where all orbifold moduli have been turned off. It is seen that the two
disagree away from the conifold point ¢ = 1.

correspond to the point in the extended Kahler moduli space corresponding

to the I'-orbifold of the singular conifold, X[E], where we have contracted

the exceptional curves on each I‘/\E2 — P! fiber and we further blow-down
the base P'. For this point we do have a stringy prediction for the value
of u;: the Bryan—Graber form of the Crepant Resolution Conjecture [BG09]
indeed predicts that the condition of contracting the fibers takes the form,
in exponentiated linear coordinates @ on the Cartan torus 7,

27il;
(6.60) Q; = exp (\N) ;

where [; is the i*"-component of the highest root of G in the w-basis (equiv-
alently, the dimension of the corresponding irreducible I'-module). This sets
the Toda actions u; to the values shown in Table |5} As far as the Kéahler
modulus of the base P! is concerned, this is related to the Casimir as
Uy = —ets/ 2 hence ug = —1 is the conifold limit. The conifold B-model
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curves can then be computed for G = A,_1, D12, Eg, E7 simply by restric-
tion of the results of Section to ug = —1. Furthermore, since we are
sitting at a specific point in the moduli space as per Table 6] we can fully
compute the conifold Toda spectral curve for G = Eg upon employing the
methods of Section The results are given in the third column of Table
below.

g character values ’Pg;;da =0
Ap1 u=c¢e=(0,...,0) X+YPXT=YP+1
Dy e=(0,-2,0,2) X+X1=12+Y7?
Dyi2 | €= (0,(=1)P*12,0,(-1)?,0,...,0) X+X 1=@{P+YP)
Eg u=(0,0,3,0,0,-2) ¥ -1)° (X Y3) (XY3 D) (X+Y%) (XY®+1)=0
oo (X N2XZ+ )X T+ (X + ) (X2 +Y)
E7 uf( 2,3, 350717070) (X4Y+1)(X6Y+1)(X12Y+ ) 0
Y12 (V2+Y +1)° (VY3 4y 4y +1)°
X 4+Y5) (XY? +1) (X - V) (XY® —1) (X - Y10)°
E =(1,3,0,3,-3,3,-2,-2 ( K
S ) (XY10—1)% (X2 = V1) (X 4+ V19)* (XV15 + 1)°
(XyB - (X -V (XY -1) (Y -1)8=0

Table 5: The values of the B-model moduli at the I"-orbifold of the conifold
point and the corresponding spectral curves. It corresponds to ug = —1.
Here, (u;)2, are the regular fundamental characters (for G = A, E), and
(e;)E | are the antisymmetric characters of the defining representation (for

G=A,D).

As far as the LMO matrix model is concerned, the small 't Hooft limit is
the A — 0 limit, for which the large N spectral curve can be fully determined
as we have seen in Section Using the definition of P%MO in terms of P,
given in Section we find exact agreement between — and the
Toda spectral curves in Table

7. Outlook

We would like to point out a few directions that our findings suggest to
explore in relation with existing works.

The full GOV correspondence. Perhaps the most immediate question
is how to extend the LMO /topological strings correspondence of this pa-
per to the full Chern—Simons partition function, so as to give a proof of at
least the B-side of the general Conjecture For the string side, the rele-
vant family of spectral curves was constructed in Section [6} the only missing
ingredient is the full Eg-curve, whose computation is currently under way
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[Bril5]. Most of the burden of the comparison is borne by the matrix model
side; a good starting point here should be given by the large N analysis
of the matrix integral expression of [Mar04, BT13|. Establishing an explicit
solution of the loop equations for this matrix model in terms of the topolog-
ical recursion applied on the corresponding Toda spectral curve would give
a full proof of the B-side of the GOV correspondence.

Implications for GW theory. The A-side of the correspondence requires
substantially more work. While it should be feasible to derive explicit all-
genus results e.g. by degeneration techniques [BG0S§], one should probably
work harder to see the Toda spectral setup and the topological recursion
emerge. Perhaps the best route to follow here will hinge on deriving the
S- and R-calibrations of the quantum cohomology of Y!' emerge from the
steepest descent asymptotics of the Toda spectral data, as in [BCR13], and
then retrieve the topological recursion from Givental’s R-action on the asso-
ciated cohomological field theory [DBOSS14]. This would lead to a proof of
the remodeling conjecture beyond the toric case. Along the way it would be
interesting to prove a gluing property of ADE invariants analogous to the
one enjoyed by the topological vertex. A thorough study of mirror symme-
try for the case at hand in the limit uy — oo will appear in [Brild], where
the implications for the Crepant Resolution Conjecture will be explored in
detail.

Implications for gauge theory. The topological recursion method ap-
plied to the Toda curves gives us a glimpse of one slice of the (2-background
for the associated gauge theory — namely, the one with € = —es. It would
be very interesting to investigate how the study of the stationary states of
their quantized version — which is itself an open problem beyond the A-
case — is related to the twisted superpotential of the gauge theory in the
Nekrasov—Shatashvili limit, e = 0. Our construction of Section [6]should also
embody the solution to the associated K-theoretic instanton counting prob-
lem [GNY09] for the A- and D-series; it is natural to imagine, for example,
that the extrapolation of the blow-up equation of [GNY09] to exceptional
root systems will be solved by the Eynard-Orantin/Nekrasov—Shatashvili
free energies of our B-model setup in the respective limits.

Seifert matrix model and DAHA?. Our results suggests that there
should exist observables in the finite N Seifert matrix model — express-
ible, moreover, in terms of fiber knot invariants in a spherical Seifert man-
ifold — providing a basis of solutions for the matrix g-difference equation
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U(gX) = pmin(LI" (X))¥(X). Then, Proposition [1.1f would be the manifes-
tation of this equation in the A = In ¢ — 0 limit. However, a point of caution
must be raised, as here we are considering only the contribution of the trivial
flat connection. Therefore, we rather expect g-difference equations related to
affine Toda to be found for observables in the Seifert matrix model with dis-
crete eigenvalues — as opposed to the matrix integral considered here, where
the eigenvalues are integrated over the real Cartan subalgebra of SU(N). It
is likely that the difference between the continuous and the discrete model
has no impact on the large N limit.

Etingof, Gorsky and Losev established in [ELGI5] Corollary 1.5] an ex-
pression for the colored HOMFLY polynomial of (p,q) torus knots in S% in
terms of characters of the rational double affine Hecke algebra (DAHA) of
type Ap_1, which are also related to characters of equivariant D-modules
on the nilpotent cone of SL(p). A similar relation for the categorification of
the HOMFLY of torus knots was also conjectured in [GORS14], and proved
in the uncategorified case. From the present work, we are tempted to think
that D and E version (instead of A,_1) of these results should be expressed
in terms of fiber knot invariants in the D and E Seifert geometries. Even
independently of the knot theory interpretation, establishing that certain
observables in Seifert matrix model satisfy exact (for finite V) and explicit
g-difference equations produced by DAHA of type D and E would be ex-
tremely interesting.

3d-3d correspondence. From the point of view of the 3d — 3d corre-
spondence [DG(G14], Chern-Simons theory on M? with simply-laced gauge
group exp(g) is dual to a 3d gauge theory Ty[M?3] on X3: they simultane-
ously appear in compactification of the (2,0) 6d SCFT with Lie algebra g on
M3 x X3. The moduli space of classical vacua for Ty, [L(p,1)] on Y2 x S!
is related to the Bethe states in the N particle sector of the XXZ integrable
spin chain on p sites [GP15]. One can wonder if a direct and thorough re-
lation can be found between the theories Tg((S") for I' of type D and E,
and the Q# classical Toda integrable system, e.g. via spectral dualities in
integrable systems.

Appendix A. ©! and H; of Seifert spaces

The fundamental group is [Sei80]:

Cohb = 1,
(A1) (M3 = <h,co, coyCr | @bt =, h] =1, me[1,7] > ,

co---cr=1.
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where h is the generator of a regular fiber, and ¢y, ..., ¢, project to loops
around the orbifold points in the base S%. Denoting ¥ this orbifold S?, its
orbifold fundamental group:

,
(A.2) (%) = <cl,...,cr |t = =cr = cm:1>

m=1

fits in the exact sequence:
(A.3) Z - m(M?) — 7™ (%) — 1,

where ((Z) is the central subgroup generated by h. One can show that
71 (M?3) is finite iff xop > 0 and o # 0, which we now assume. Combining
the relations in 7y (M?), one can show that helel = 1, but it can happen that
the order of h is smaller than a|o|. The complete description of the finite
fundamental groups appearing here was derived in [Mil57, [Orl72] (see also
[TZ08] where three misprints of the final list of [OrI72] were corrected), and
is summarized below. By Hurewicz theorem, the abelianization of m(M?3)
gives Hy(M3;Z).

The conditions Yo > 0 and o # 0 are satisfied only for r = 1,2 (lens
spaces), and for r = 3 with the orders of exceptional fibers among (2,2, p),
(2,3,3), (2,3,4) or (2,3,5). We introduce the binary polyhedral groups:

e Qup the binary dihedral group of order 4p (abelianization Z/4Z if p is
odd, (Z/27)? if p is even),

e Py, for the symmetry group of the tetrahedron (abelianization Z/37Z),
e Pyg for that of the octahedron (abelianization Z/27),

e P9 that of the icosahedron (trivial abelianization).

Introduce also the groups:
Bor.okr+1) = (2,9 | o =y = ayaly = 1)
~ (Z/(2K' +1)Z) x (Z/2"7),
Phg = <J:,y,z | 2 = (zy)? = y? = zazty ™!
= zyz ey = 2 = 1>
~ Qs % (2/3"2),

and for the latter we have P4 g o~ Pos. Their abelianizations are:

(A.4) [Bor.(2k+1))ab = 7/2%7, [Pl glab = Z/3"Z.
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(2,2,p) — m¢™(X) = Qqp. Denote s = p|o]. If s is odd, then 71 (M?) is the
direct product (Z/sZ) x Qup. If s is even, then p is odd and 4 divides s;
decompose s = 2815’ with s’ odd; then 71 (M?) is a non-trivial central ex-
tension of Qgp, namely (Z/s'Z) x Box+s.p,.

(2,3,3) — 79" (%) = Pyy. Denote s = a|o|, and decompose s = 3¥~1s’ with
s" coprime to 3. If k = 1, then by = b3 = 1, s is coprime with 6 and 7 (M?) is
the direct product (Z/sZ) x Poy. If k > 2, then (by, b3) = (1,2), s’ is coprime
to 6, and 71 (M?) is rather a non-trivial central extension of Pyy, namely
(Z)8'Z) x Py ..

(2,3,4) — 79™(¥) =Pys, a=12, and m(M?3) is the direct product
(Z/12|O"Z) X P48.

(2,3,5) — m*P(X) = Piag, a =30, and m(M?3) is the direct product
(Z/30|0|Z) x Pyg9. In particular, for b= —1, by = bs = b3 = 1, we obtain
300 = 1, thus 71 (M?3) = P1g9 and H1(M, Z) = 0. This is the Poincaré sphere,
i.e the unique integer homology sphere with finite fundamental group.

In all cases, the order of Hy(M3,Z) is (I]),_, am)|o].
Appendix B. Group actions on S3

It is known that all groups acting smoothly and freely on S* act (up to dif-
feomorphism) as subgroups of SO(4, R), see e.g. the account in [Zim11]. We
now review elementary facts to explain the classification of finite subgroups
of SO(4,R). Consider S? as the unit sphere of the quaternions. Thus it forms
a Lie group:

(B.1) S? ~ Sp(1,H) ~ SU(2,C) ~ Spin(3,R).
We have a degree 2 covering of Lie groups:

(B.2) B : SU(2,C) —> SO(3, R)
q— (x> qzqg )

where in the right-hand side, we consider the linear map restricted to the
set of purely imaginary quaternions (it is stable by conjugation since it is
the subset of H orthogonal to 1). The squared norm of a quaternion is
det(q), so the conjugation by ¢ is an isometry of the 3-space. Since SU(2, C)
is connected, this isometry always preserve orientation. Since elements of
SO(3,R) are a fortiori angle-preserving isomorphism of the sphere, they
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determine elements of the automorphism group of the Riemann sphere S,
i.e. we have a group homomorphism:

(B.3) ¥ : SO(3,R) — PSL(2,C).

This is more easily understood starting directly from SU(2, C), since we have
the canonical degree 2 covering of Lie groups:

(B.4) ¥ : SU(2,C) — PSU(2,C) C PSL(2,C),

which factors ¥ =1 o ®. It is not difficult to see that any finite subgroup
of PSL(2,C) must be conjugated to a finite subgroup of PSU(2,C). There
are 3 ways to describe elements in those groups. First, as rotations in R? of
angle 6 around the unit vector Z:

(B.5) R(7) = cos@ v+ (1 —cos0)(Z-0)%+sinf T x ¢
where X is the vector product. Second, as 2 x 2 unitary matrices up to a

sign:

(B.6) A=e57% = cos(0/2)1 +isin(0/2)F - 6 = < Z ‘ab ) :
where & is the vector of Pauli matrices:

0 1 0 —i
(B.7) 01:<1 0), ng(i O)’ o3

Third, as Mobius transformations:

Il
7N
O =
=
—
~~_

az—>b
bz+a

(B.8) Z

These 3 descriptions complement each other.

Then, SU(2,C) acts by right and left multiplications on S* (which are
isometries on S?). As a matter of fact, we have a degree 2 covering of Lie
groups:

®, : SU(2,C) x SU(2,C) — SO(4)
(B.9) (q1,92) — (x — qlxqz_l)

which shows that Spin(4, R) ~ S? x S3. Therefore, the (finite) subgroups of
SO(4) are of the form ®4(G1 x G2) where G1,Go are (finite) subgroups of
SU(2,C).
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By the spin covering , the finite subgroups of SU(2,C) are either
cyclic or obtained by adding the matrix —1 to a finite subgroup of PSL(2, C).
The finite subgroups of PSL(2, C) are the polyhedral groups. Their extension
in SU(2,C) are the binary polyhedral groups. Let us give the 3 descriptions
of generators for those groups.

e Element r,, order p:

e2i7r/p 0
(BlO) Tp = < 0 6—217T/p > .

®(rp) is the rotation of angle 47 /p around €3 (beware of the factor 2),
and ¥(rp) is the Mobius transformation z — eim/p,

e Element ¢, order 2:

(B.11) L:<? 8)

®(¢) is the symmetry of axis é;, and W(¢) is the inversion z — 1/z.

e Element 7 of order 3:
1 1+i 1-i
(B.12) ]2<—1—i 1—i>'

®(7) is the rotation of angle 27 /3 around the vector %(—é’l + €5 + €3),
z—1
z+1°

and ¥(y) is the M&bius transformation z — i

e Element s, order 2:

i 1 k
(B.13) K= e ( o1 ) , k = 2cos(2m/5).

® (k) is the symmetry of axis ﬁ(ké& + €3), and ®(k) is the Mdbius
z+k

transformation z .
kz—1

Coming back to the list of binary polyhedral groups: Z/pZ is generated
by 7p; Qup is generated by rg, and ¢; Py is generated by r4 and 7; Pyg is
generated by rg and j; P1og is generated by 74, 7 and k.

Classifying the Seifert spaces that are finite quotients of the 3-sphere
amounts to classifying the pairs of binary polyhedral groups (G1,G2) such
that ®4(G1 x G2) acts freely on S? in . Up to isomorphism, this is the
list given in Appendix [A]
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Notice that the action of SU(2) by left or right multiplication preserves
the symplectic form

(B.14) w=1i (dwo A dwg + dais A dﬁ)

on Mat(2,C) = {wp +iw - &, wo,w € C x C*}. It can be checked by direct
computation, using (cos(0/2)1 +isin(0/2)Z - &)(wo + 1w - &) = wjy + 10’ - &
with

wp = cos(0/2)wy — sin(0/2)7 - 0,
(B.15) W' = cos(0/2)wW + sin(0/2)woT — sin(0/2)F x 0,

for a unit vector ¥, and the properties of the vector product:
(B.16) A(Z - @) Ad(Z - B) + (dF x @) AAT x 7*) = db A dii*.

Therefore, I' C SU(2) acts by symplectomorphisms on the six-fold considered
in Section B4

Appendix C. D, 5 geometry: LMO spectral curve

For all p > 2, it takes the form (5.37):

(C.1) (=P e M2 (X2 4 1) (Y +1)2
+ XY (2 + 1) [(V +1/Y)(k* +1)?] =0,

with

2/{1"1‘1/10 )\ 2
2 = e MW,
(C2) K241 c

Q) is a monic polynomial of degree p + 1. For p < 5, it reads:
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Qo(n) = + 2(k* 4 6K% — 3)n? — 4(r® — 4k°® 4+ 2% + 1262 — 3)
—8(K? +1)%(k® + 14k* — 8k + 1),

Qs3(n) = n* +8(2k% — 1) — 8(K® — 4k + 1262 — 3)1?

— 32(2r"0 + 3k% + 8k5 + 4kt — 6K + 1)1
4+ 16(k% + 1) (k% — 1)(5* — 4k + 1)(k°® + 35" + 562 — 1),

Qu(n) = n° — 2(k* — 10k% 4 5)n* — 8(K® + 4k° — 125" 4 20K2 — 5)1°
+16(k'? — 610 — 11x% — 8k°% — 33k + 30K — 5)1°
+16(k0 + 8k — 8k12 — 24510 4 64K* — 30k% + 56K° — 40Kk% + 5)n
— 32(k? + 1) (k!0 — 4k — 4k1? — 4510 — 1048

— 44k5 + 44K* —12k% + 1),
Qs(n) = n° — 4(k* — 6K2 + 3)1° — 4(k® + 20K° — 46K 4 60K2 — 15)n*
+ 32(k'? — 2r10 — 15K% + 1265 — 41k + 30k2 — 5)1°
—16(x'0 — 24k 4 4k12 4 40K1° + 65° + 2445 — 23652
+ 120k% — 15)n?

—64(k%0 + 2618 — 17616 — 2451 — 30512 — 52510 — 98K8
+ 8k5 + 77k — 30k% + 3)7

+64(k% 4+ 1)%(k% — 1)(k® — 265 + 2k — 62 + 1)
x (k10— 3k% — 12x° — 8k 4+ 7K — 1).

—_— o~

At ¢ =0, i.e. k=0, we always have Q,(n)|s=0 = (n —2)PT. At c =1,
i.e. kK =1, the roots of those polynomials are:

—2.4+v2
0,2,+V3

—2,e1\/2+ €2V2
p=5 0,-2, %1\/10 + 2e0v/2

ST S TS
I
~ W N

where ¢; = £1.
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Appendix D. Eg geometry
D.1. LMO side: discriminant of R in (/5.39)

The discriminant has two factors:

A = =324 27¢% 4+ 68¢* + 1603 + 32, — 3203 — 14443 — 2567 — 12843
+ 31! — 36¢® — 58cP + 4082y — 408cpo — 864cus — 144513
— 288211 — 1296¢2 13 — 432¢ g 4 372¢3 g — 648¢2 13 — 396¢7 iy
+ 1832¢5 13 + 4328 1y + 3104ct 1 4 1404¢t 13 + 177662t — 1440623
+ 648cpu1 p2 — 32407 ju1 pry — 5136¢3 pop? + 3888¢? a1 + 576cu? g
+ 2688¢3 111 1 — 480¢yi3 1o + 432¢° jiy — 440¢5 1y — 1392¢4142,
Ag =324 27¢% — 68c¢ — 160uT + 32y — 32u3 — 14443 + 2567 — 12843
+ 3110 + 36¢® — 58¢5 — 4082y + 408cpuo — 864cpus — 144213
+ 28812111 + 12966213 — 432¢ g + 372 o — 648¢2 17 — 396¢7 s
4 1832c5 13 + 4328 1y + 3104ct 13 4 1404¢t 3 + 1776¢2 s + 14406243
+ 648cpu 1o — 3240¢% 1y g — 51363 op? + 3888c2 121 — 576¢u3 iy
— 2688¢3 111 g — 4806;[;’#2 — 432¢° g + 4408y + 13920%@%.

D.2. Toda side: the polynomials f;(x) in (6.38))

fa(K) = 248832 — 912384k + 11197442 — 617472x> + 115584k 4 43776k°
— 32096K5 + 8704x" — 1260x° + 96K° — 317,

f3(k) = 26748301344768 — 231818611654656 + 922816396394496 >
— 2265845304655872x> + 3881228059017216x* — 4961293921419264%°
+ 4932729950699520k° — 3918448994549760x + 2531494971703296x°
— 1345368215715840%° + 592090245808128x 0 — 216319699795968%
+ 65493454344192k2 — 16315792478208k ' 4 3293224915968+
— 521639046144k'° + 600926699526 — 380324044817
— 196007424k'8 + 88858368k — 12725856k + 1122176k
— 64176K2% + 2208k — 35K24.

fo(k) = —2985984 + 13436928k — 24758784k% + 26085888k — 17843328
+ 8404992k° — 2802048k° 4 667008k — 112752k° + 13248%°
—1032x10 4 48k — 12,
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Appendix E. E; geometry
E.1. LMO side: minimal orbit

The orbit consists of 27 12-dimensional vectors with entries —1,0,1. If w
is in the orbit, so does —&(w) = (—W;+1 mod a);- Below we give an element
of {+w, —e(w),e?(w), ...} that has no(w) = Z,lglzo wg > 0, and indicate the
size [ of this sub-orbit. We encode the vectors in w(t) = z,lglzo wytk.

no | 1 |w(t)

43 4 | 14+t*+1¢8

+2| 6 |t—2+t3 417 -8+ tY

+1 |12 [ 140 — 749 — 1L

0 | 4 | =148 —t*4+¢7—¢34¢l!

0 | 1| iho(—1)keh

E.2. LMO spectral curve in terms of pug’s

We find Py(x,y) = Z?:o Eiio 11 , 257 yF with the symmetries IL k=
(=1) "1 g_j, = (—1)/IL; 97—k. All non-zero coefficients are deduced by sym-
metry from the following list, and depend on the 4 parameters us, us, us
and p7 which are unknown functions of ¢:

o1 =Moo = —c®
H0713 = —2c 18
Mys=T6=—c '
Hl 7= 2c 12

10 = —2¢ (¢ + 15cu0 + 6u3)

11 = —6¢ B (5¢3 g + 6¢2 g — pis)

My 10 = ¢ B(c® —12¢% g — 363 — 36¢% 13 + 18us)
13 = —c 8(c5 + 123 ug + 3603 — 12¢2u3 + 12u5)
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I3 =0
Moy = ¢ 0(=c 4 6epn + 12u3)
Iy 5 = —12¢72(Bpg — Auz + ps)
Iy = 2¢13(c® + 6a) (c* — Bepn — 6pu3)
o7 = —6c " (Ppo — 6¢* s — 24cpaps + 1643 + ¢*(—12u3 + 8ps) — 4pir)
Mo g = 3¢ (c” 4 7203 — 20¢° g + 1263 (13 + ps) + c(40p3 — 4pz))
Mo = c 10(c® + 6;@)(67 + 12¢t gy — 2463 g + T2p0 3 + 36¢(—2p3 + 115))
10 = —6¢ 7 (3¢ ua + 4¢" s — 24¢* paprs + 12¢° (23 — s
+ 24cp3(3p5 — ps) + 3667 (143 + 2uaps) + 8% (243 + pir)
— 12p9(203 + 7))
Mo 11 = ¢ (3 + ¢! + 24 ua — 60c® 3 — 432¢° popuz + 362
— 432¢% 32013 + p15) + (=365 + 48u5) + T2 (I3 + 2pu2pt5)
+12¢*(34p3 — pr)) — 144epn(2p3 + pr))
Moo = =3¢ (= 1+ ¢ +8c”uo — 144 15 — 24c% i3 — 48¢° oy
1446413 + 362 + 1265 (243 + ) — 1443 (2013 + p1s))
Mo 3 =2¢ 18 (3-— ' 4+ 3%y + 24¢® g 4 726 paps + 6¢5 (1543 — 8ps)
— 7262 papus + 3645 — 36¢% (93 — papis) + 24¢H (243 + pur)
+ 36cua (203 + 1))
3 =1
M1 =14 6¢3us
I3 =2+ 6073/12 — 12074;13 + 6076/15
33 = 2¢%(c® + 12c° g — 12¢* g — T2cpaps — 18¢* (5 — ) — 6(2u3 + 7))
34 = 6¢ 0 (4c po + 2c% g — 24¢° popis — 24¢% 13 + 18cpps + 124345
+t (123 + ps)
35 = 2¢™ (1 4 15 s — 6% g — 288¢° papus + 24815 + 252¢° popis
+ 1082 a5 — 1843 + T2cua (4ps3 — pr) — 126 (83 + pir))
M6 =c (= 3c" + 30" s + 84c” 3 — 864c5 oz — 216¢* 113 (63 — 5pus)
— 432pus 1315 — 36¢" (143 + ps) — 36¢ (2443 — 31paps)
— 432 pppur + 12¢°(— 8203 + pu7)
+ (2 + 8645 — 648515 + 3612 — 432p347))
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—c M (3cM + 12  pg — 72" g + 360" popus + 864c%13
+72¢ 13 (183 — 19p15) + 864cpnpiz (6113 + pu5) + 12 (63 + 515
+36¢” (6415 — Taps) — 216¢ ua (643 — pi7)

+ 4% (—1 + 324p5 — 288u3 + 12642 + T2u3p7)

+ 144 (ps (43 — pr) + 3p3 (203 + i)

= =3¢ (" + 4¢P po — 288c8 15 — 20cM pg — 168¢ g pus

+288¢2 papua (95 + 2u5) + ¢ (—36p3 + 38pus) + 4T (26443 — 5pu7)
— 48¢ 1o (8u13 + pi7) + 12p9(—1 + 483 + 36315 — 183 + 24p13417)
(=2 + 4328 — 38443 — 648215 + 3642 + 96u347)

+ 24c(ps(10p3 — p7) + 1245 (1443 + pi7)) )

¢ 10— 3¢ — 78c"P g + 36¢" pg + 1296¢” popis

— 432¢% o3 (24p15 — 19u5) + 18¢'° (245 — 5p15)

— 144¢% 133113 — 5p5) + 108¢” (4p13 — Ypuopus)

— 432¢” 1o (1013 — pir) + 36¢° (=243 + pr)

+ 36cp2(1 + 21645 — 19243 — 2164315 + 30u2 — 9613407)

— 2¢ (=1 + 25923 — 72043 — 34563115 + 59412 + T2u3p7)

— 48(12u13 + pa(—1 + 54p3ps — 18u2) + 12p3 47 + 3p13)

— 864c? (15203 — p7) + 35 (643 + 7))

—2¢ 17 (39014;@ + 72¢3 13 — 648c % uopz — 72¢7 13 (93 — 2015)
— 1296¢* popuzpis — 6¢M (3113 + 4ps) — 54¢>(4p3 — 13papu5)

— 6% (5 + 64815 — 10835 — 54u2) — 12cu3(1 + 64845

— 540315 — 1813) + 216¢°pa (243 — pir) + 6¢7 (19043 + pur)
+ 21605 (205 4 pi7) + 2¢°(—1 + 64813 + 93643 + 324315

— 2703 — 180p3pu7) — 216¢% (p5 (6113 — pr) + 2u5 (1403 + p17)))
—60_18(14015u2 + 26¢M g — 288¢ oz — 108¢% 13 (83 — 5s)
— 1296¢° o pi3(4p3 — ps) — 19¢™ s + (=723 + 264412015
—12¢%p3(1 + 216415 + T2p3p5 + 613) + 2(ps + 1843)

— 14dcpn (3ps — ps) (23 + pr) — 48¢" pa (13 + 2pa7)

+ c10(—400p3 + 4p7) + 263 o (—5 + 6484 — 72043 — 324u3 s
— 16213 — 360p3417) — 12¢° (1083 — 48y — 993115 + 8pi3
+12p3p07) — 36¢* (15 (10413 — po7) + 4413 (2243 + 5pe7)))
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¢ 18 (c!® — 84cM g — 180¢M g + 1368c oy

+ 1448 3 (2143 — 31p5) + 864¢ popiz (33415 — 4p15)

+ ¢12(—28813 + 198115) — 72¢° (9145 + 2040 415)

+36(p5(—1 4 62) + p15(2 + 363)) + 96¢'° (2543 — pir)

+ 21667 g (213 + pr7) — 2592cp2 (15 — us) (2443 + pi7)

— 2463 1y (—1 + 9724 — 4323 — 864135 + 3062 — 21643017)
+265(—1 + 84248 — 86443 — 49681315 + 138642 + 8641317

+ 7262 (24413 + p3(1 — 648415 + 360p5 115 — 1843) + 24u3 7 + 6417)
+432¢* (— ps (43 + Buz) + 1156613 + 9pu7)) )

¢3! = 96¢M g — 288! gy + 864¢” papus (613 — Tpus)

— 1296313 (33 + p5) + 2 (=363 + 60us) — 36¢7 (2445 — Spuaps)
— 24c® (1 + 194445 — 432u5 15 + 126412) + 24(ps + 183

+ 13(3 — 1622)) + 288¢” o (1043 — pr) 4 12¢10(118p3 — pr)

— 432002 (12015 + p5) (243 + pi7) — 24¢% pa(—1 + 648415 — 288413

— 486315 — 144puzpu7) + 2¢5(1 4 324005 — 2448105 + 32443115

— 1265 + T2u3p7) + 144¢* (6152203 — pur) + ps (503 + p17)) )
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Appendix F. FEg geometry
F.1. LMO side: minimal orbit

The orbit consists of 240 30-dimensional vectors with entries —2, —1,0, 1, 2.
If w is in the orbit, so does —w and its shift e(w) = (Wj+1 mod «)j. Below
we give an element of {+w, £e(w),...} that has wy # 0 and ng(w) > 0, and
indicate the size [ of this sub-orbit. The vectors are compactly encoded in
w(t) = Yply wt".

ng l w(t)

46| 2-5 | 1480 +¢10 4415 4420 4 425

+5 2.6 *1+t+t5*t6+t7+tll*t12+t13+t17*t18+t19+t23*t24+t25+t29

£4 1215 | =14ttt — 15 447 4 ¢18 — 415 4 16 4 419 420 4 422 4 428

+312-.10 —1+t+t3—t4+t7—t10+t11+t13—t14+t17—t20+t21+t23—t24+t27

£312-10 [ 1=t + 82 =34t 4410 — 1 4412 — 13 4 g1 420 — 421 4 22 g8 442

£2 215 | 14t 412 — 3 447 — 9 4 ¢ — 15 4 16 4417 — 418 4 422 424 4 426

+212.15 1—t+t3—t4+t5—t6+t8+t15—t16+t18—t19+t20—t22+t23

+112-30 2—t+t6—t7+t10—t11+t12—t13+t15—t17+t18—t19+t20—t23+t24—t29

0 2.5 71+t47t5+t97t10+t147t15+t197t20+t247t25+t29

0 | 25 | 1—t2 41 —t7T 410 — 12 4415 _ 417 1 420 422 4 425 _ 427
T3 g6 g7 g9 10 4 12 13 4 415 416 4 418 419 421
*t22+t24*t25+t26 *1528

0| 2 | SR

F.2. LMO side: Newton polygon

The boundary (and coefficients therein) of the Newton polygon of the full
curve PJI@EAO(X ,Y') is the same as the one of the polynomial computed in
terms of the minimal orbit data:

240
(F.1) Cz'®0 H (v - (—cm)m(w[i])(gé(w[i])), X =270, o M1800
i=1
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where the constant C' is fixed so that the monomial X?Y? appears with
coefficient 1. The result is:

PRO(Xc™ V)= -1+ XYY + 1)°(Y? + YV +1)°

where the ---

[AENV14]

[AKMV04]

[AMMM14]

[AVO0]

[BC11]

[BCR13]

x (Y4*4+Y34+Y24+Y +1)
+(X+X”)(Y76+---+Y164)

+ 2(X2 _|_ X16)(Y61 _|_ Y179)
( le))(y46 +. Y194)
_ 2(X4 X14)(Y36 _|_ Y204)

+ (X5 +X13 (Y26 +. +Y214)
(X7+X11)(Y11 + - +Y229)
( Xlo)(Y5 +. Y235) +X9(1 4. +Y240),

lie in the interior of the polygon.
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