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1. Introduction

In this paper we prove linear stability of the non-extreme Kerr black hole
under perturbations by gravitational and electromagnetic waves. More pre-
cisely, we consider the initial value problem for the Teukolsky equation of
general spin s € {0, %, 1, %, 2,...} for smooth initial data with compact sup-
port outside the event horizon. Thus, rewriting the equation as a first-order
system in time, we analyze the solution for initial data W € C§°((r1, 00) x
S2 C?) (where 1 is the event horizon, and the two components of ¥( de-
scribe the Teukolsky wave function and its first time derivative at time zero;
for details see Section[2]). We decompose the initial data into a Fourier series
of azimuthal modes,

(1.1) Uo(r, 0, 0) = > e e wl (r,0) .
kEZ

Since the Kerr geometry is axisymmetric, the Teukolsky equation decouples
into separate equations for each mode. Therefore, the solution of the Cauchy
problem with initial data ¥y is obtained by solving the Cauchy problem for
each mode and taking the sum of the resulting solutions. With this in mind,
we here restrict attention to the Cauchy problem for a single mode, i.e.

(1.2) W(0,7,0,p) = e F? qf(()k)(r, ¥) € C§°((r1,00) x §2,C?) .

We derive an integral representation of the solution which involves the fun-
damental solutions of the ODEs arising in the separation of variables. More-
over, we prove the following pointwise decay result:

Theorem 1.1. Consider a non-extreme Kerr black hole of mass M and
angular momentum aM with M? > a®> > 0. Then for any s > 0, the solu-
tion ¥ of the Teukolsky equation with initial data of the form (L2)) decays
to zero in LS ((r1,00) x S?).

This theorem establishes in the dynamical setting that the non-extreme Kerr
black hole is linearly stable.
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In general terms, the problem of linear stability of black holes can be
stated mathematically as the question whether solutions of massless linear
wave equations in the Kerr geometry decay in time. The different types of
equations are characterized systematically in the Newman-Penrose formal-
ism by their spin, taking the possible values s = 0, %, 1, %, 2,.... From the
physical point of view, the most interesting cases are s = 1 (Maxwell field)
and s = 2 (gravitational waves). The case s = 0 of scalar waves is a major
mathematical simplification. The black hole stability problem has a long
history and has been studied by many authors. For brevity, we only men-
tion a few recent results and refer for the broader context to [14] and the
references therein. Despite many results for scalar waves in the Kerr geom-
etry (see for example [8, 12, 13, 127, 31, [32]) and for higher spin waves in
spherically symmetric space-times (see for example [3, |7, 18, 130]), only few
results are known for higher spin waves in the Kerr geometry. There are re-
sults for the Dirac field [11] and for the Maxwell field |1, 12, 28], all of which
use the specific structure of the respective equations. Also, we would like
to mention recent nonlinear stability results in the related Kerr-De Sitter
geometry [24]. A general framework for analyzing the equations of arbitrary
spin in the Kerr geometry goes back to Teukolsky [33], who showed that the
massless equations of any spin can be rewritten as a single wave equation for
a complex scalar field ¢, referred to as the Teukolsky equation. If s # 0, the
coefficients of the Teukolsky equation are complex. The Teukolsky equation
has the remarkable property that it can be separated into a coupled system
of aradial and an angular ODE (for details see for example the textbook [6]).
The only known stability result in the Teukolsky framework was obtained
by Whiting [34], who proved that the Teukolsky equation does not admit
solutions which decay both at spatial infinity and at the event horizon and
increase exponentially in time. This so-called mode stability result is also a
key ingredient to our analysis of the long-time dynamics of solutions of the
Cauchy problem.

We now outline our method of proof (a more detailed overview is given
in the survey article [23]). We first bring the Teukolsky equation into Hamil-
tonian form by employing the ansatz

®
V= (ia&)

iV = HU

and writing the equation as
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where H is a second-order spatial differential operator. Using suitable PDE
estimates, we show that the resolvent R, := (H — w)~! exists if w lies out-
side a strip enclosing the real axis (see Lemma [£1]). We then derive an
integral representation for the solution of the Cauchy problem which in-
volves a Cauchy-type contour integral over the resolvent (see Theorems [5.]]
and [£.2)). Next, we decompose the resolvent on the contour into an infinite
sum of angular modes (see Theorem [T.]]). These angular modes arise from
our previous paper [22] where we derive a spectral decomposition of the an-
gular operator into invariant subspaces. After employing this angular mode
decomposition, Whiting’s mode stability [34] makes it possible to move the
contour integrals of the separated resolvent onto the real axis.

At this point two major problems remain: to show that the separated
resolvents have no poles on the real axis, and to control the infinite sum
of angular modes uniformly in time. In order to resolve these problems, we
write the radial part of the separated Teukolsky equation in Sturm-Liouville
form

(—CZ;JrV)X:o.

By a careful analysis of the potential V' and of the solutions of this ODE;,
we show that we can approximate X in different regions by WKB, Airy and
parabolic cylinder functions, with rigorous error estimates. Here we rely
crucially on our previous work on special functions [20] and on the ODE
estimates developed in [19, 21]. These results also give rise to corresponding
estimates for the separated resolvent (see Proposition [[0.TT]).

For smooth initial data with compact support outside the event hori-
zon, we thus obtain an integral representation of the solution W of the
Cauchy problem for the Teukolsky equation involving an infinite sum of
angular modes (see Theorem [I2.1]). We prove that this infinite sum, for
large n is uniformly small, and that the remaining finite sum decays using
the Riemann-Lebesgue lemma (see Corollary [[2.2]). This gives the above
theorem.

2. Preliminaries

We consider the Kerr metric in Boyer-Lindquist coordinates (t,r, 9, ¢) with
r>0,0<9<m 0<¢ <27 (see for example [6]). Then the line element
takes the form
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ds? = 9jk da? ¥
A dr?
=T (dt —a sin® 9 dp)? — U (2 + d192>
sin? ¥

i (adt — (r* + a?) dp)?,

where
(2.1) U(r,9) =r*4+a® cos®9 and A(r) =r®—2Mr +a*.

Here the parameters M and aM denote the mass and the angular momentum
of the black hole, respectively. We shall restrict attention to the non-extreme
case with non-zero angular momentum, i.e. M? > a? > 0. In this case, the
function A has two distinct zeros,

(2.2) ro=M—+M2—-a2 and ri=M+ VM2 —ad?,

corresponding to the Cauchy and the event horizon, respectively. We shall
consider only the region r > r1 outside the event horizon, and thus A > 0.

Our starting point is the Teukolsky equation in the form given by Whit-
ing [34]

.0 1 5, 5 0 0 2
(2.3) (8?"A6T_A{(T +a)8t+aa¢—(r—M)s}

0 0
—4s (r +iacos?) §+ Feosd SinQﬁ@cosﬁ

2
—i—Sleﬂ{asian?gt%—ai—i—iscosﬁ} ><b:().

We restrict attention to a fixed p-mode. Thus for a given k € Z/2 we make
the ansatz

(2.4) o(t. 10, 0) = e P R(t,r,9).
Moreover, we introduce the Regge-Wheeler coordinate u € R by

2.5) dﬁ_r2+a2 g_r2+a2g
' dr A or A du
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and introduce the new function ® by

(2.6) O(t,u,¥) = 1?2+ a? R(t,r,9).
Using the transformation

0.0 r*+a>0 o, 5 0

o~ A o Ty

2 2 2
_r +a /2 4 a2 (aalﬂ,/r2+a2_<az,/r2+a2>>’

A

we find that

9,0 1 (2 +a?)? (a? 65\/7"24-@2) o

ZA—R= =
or Or V12 + a2 A ou2 V2 + a2
Then the Teukolsky equation takes the form
(2.7) T® =0,

where

N A ou?  \rZ4 a2
1(, 5, 50 ? . 0
_A{(r +a)at—zak—(r—M)s} —43(1"—1—2&(:0819)(%
) 1 9 ?
. 2 . 2 - . .
T Hcoso " ﬂacosﬁ—i_SinQﬁ{asm 19375 Zk—HSCOSﬁ} .

3. Hamiltonian formulation

In order to write the Teukolsky equation (2.7]) in Hamiltonian form, we make
the ansatz

(3.1) - <i8(I:<I>> .

Then the equation takes the form

(3.2) iV =HU,
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where H is the Hamiltonian

(3.3) H = <21 ;) ,

whose matrix entries are the operators

2 2 2 2 /r2 4 2

(34) A=l ta(_ 0  dvrta
p ou*  \r?+a?
A 0 . 9 d (—k + scos1)?
(3:5) + p (r2+a?) ( deosv v 0 cos ¥ * sin? ¢
(3.6) B (ak+i(M—7")s)2
’ p(r?+a?)

2 , _ A

(3.7 pB= p [— <ak +i(M — r)s) + (ak — 2irs + as cosﬁ) 7“2+a2}
A

(3.8) p=r?+a®—a’sin?v

r2 4+ a2’

As the domain of definition of H we choose the smooth wave functions which
are compactly supported outside the event horizon. Thus, working with the
Regge-Wheeler coordinate u throughout (see (2.)), we choose

(3.9) D(H) = C(R x §2,C?) .

We remark that in the limiting case a ™\ 0, the above Hamiltonian reduces to
that in [18, Section 4]. In the case s = 0, on the other hand, our Hamiltonian
coincides with that in [12, eqn (2.25)], except for the factor V72 + a? in the
transformation (2.6]).

The next step is to introduce a scalar product. Our starting point is the
bilinear form

o) 1
(3.10) <\I/,\Il>—/ % du/ dcos? (U, < 61 (1] > U)ee .
-1

2
o T ta

This bilinear form has a structure similar to the familiar “energy scalar
product” used for example in Minkowski space. In our setting, however, this
bilinear form does not have the symmetry property <Wi, Wo> =<Wy, U1>
(because the term (B.6]) is complex) and is therefore certainly not positive
definite. Our strategy is to modify (B.I0) in such a way that it becomes
symmetric and positive definite. We first verify the sign of the zero order

term in (34).
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Lemma 3.1. Outside the event horizon, the zero order term in [B.4) is
non-negative, i.e.
024/r2 + a?
—- >0 forallr >ry.
Vr? + a?
Proof. By direct computation, one finds that
22 +a? A

Vrzta2  (r24a?)t 1)
with  f(r) := a* — 4a®*Mr + a®r* + 2M 13 .

We want to show that the function f is non-zero outside the event horizon.
To this end, we first note that its derivative

f'(r) = —4a®>M + 2a®r + 6 M 1>

is obviously monotone increasing. Therefore, a direct computation using (2.2])
gives

Fr) = fl(r) = (12M° — 8a>M) + (12M* 4 2a°) VM2 — a2 > 0,

where in the last step we used that a®> < M?2. We conclude that f is monotone
increasing. Therefore,

f(r) = f(r1) = 8M?(M? — a®) + (8M? — 4a°’ M)/ M? —a? > 0,

where we again used (2.2)) together with the inequality a? < M?. This con-
cludes the proof. O

In view of this lemma, the term ([B.4) gives a positive contribution to the
bilinear form (B.I0]). Obviously, the same is true for the term (B.5]). In order
to get rid of the troublesome complex term (B.6]) we set

(ak +i(M — r)s)2

b=t )

and introduce the scalar product (.,.) by

(3.11) (\11,\11):/00pdu/ldcosﬂ(\lf,<A36 ?)@mz.

2 2
—o T +a -1

Taking the completion of the domain ([B9) gives rise to a Hilbert space
(H,(.,.)). Using that A+ > 1 and that the weight factor in (BIT]) written
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as
p A a?sin? 9
r2+a2 (r2 4+ a?)?

is clearly bounded uniformly from above and below in v and ¢, the corre-
sponding Hilbert space norm ||.|| is equivalent to the Sobolev norm on (H'2 @

L?)(R x S2,C?).
4. Resolvent estimates
Obviously, the Hamiltonian H is not symmetric on (H,(.|.)). But, as is

verified by direct computation, we obtain a symmetric operator by modifying
the Hamiltonian to

0 1
Hy = <A+5 ReB) !

where we again choose the domain ([B.9). The difference of H and H; is a
bounded operator. Namely,

0 0 v .
- erw = | (& ms) (3) | = 1= 0+ i
< sup (18] + [Tm B1) (]| @1llz + [1Wall12)
Rx.S?
< sup (o] + [Tm ) @],
Rx.S?
implying that

(4.1) I~ H)l < e= sup (13]+ |1m )

Now we use a method similar as in |12, Lemma 4.1] to obtain resolvent
estimates.

Lemma 4.1. For every w with
(4.2) | Imw| > ¢,

the resolvent R, = (H — w)~! emwists and is bounded by

1
4. S e r—
(43) IRl < o=
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Proof. The inequality (II) gives rise to the bound

|H — H|| = ||(H — Hy) — (H - H.)"|
< |H — Hyll+ | (H = Hy)*| = 2 | H - Hy|| < 2.

It follows that for every normalized vector ¥ € D(H),

[(H —w)¥[| > (¥, (H —w)¥)| > [Im (¥, (H — w)¥)|

> | |97 - 5 |(¥, (2 - 7))
(1.0 > (me] =) ]

It follows that the operator (H — w) is injective.

In order to show that this operator is also surjective, we first note that
the estimate (A4]) implies that the image of (H — w) is a closed subspace
of H. Therefore, it suffices to show that the image of the operator H — w is
dense in H. If this were not the case, there would exist a non-zero vector U e
H such that

((H—w)\ll,\il) =0 forall W € D(H) .

In other words, ¥ is a weak solution of the adjoint equation (H* — @)U =
0. By the interior regularity theorem for elliptic operators (cf. [10, Sec-
tion 6.3.1]), every weak solution of this equation is a solution in the strong
sense. On the other hand, repeating the estimate (4.4]) with H replaced
by H* and w replaced by w, we get the inequality

s )
[~ )] > (e - ) ]
This is a contradiction.
The above arguments show that the resolvent R, exists. Applying the

inequality (@4) for ¥ = R,® gives the estimate (43]). This concludes the
proof. O

5. Contour integrals and completeness

Given R > 0, we consider the two contours C and C' in the complex w-plane
defined by

Cy =0Bgr(0)N {Imw > 26} , Cy=0Bgr(0)N {Imw < —26},
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AImw

Figure 1: The contour Cg.

both taken with positive orientation (see Figure [I). We set Cr = C1 U Cy.
We can now state the following completeness result. The proof uses similar
methods as in |18, Section 7] and is based on an idea which we learned from
A. Bachelot [5, Proof of Theorem 2.12].

Theorem 5.1. For every U € D(H), we have the representation

1
(5.1) UV =—— lim (R,Y) dw .

271 R—o0 Cr
Proof. Given w satisfying the inequality ([£2]) and ¥ € D(K), we know that
(5.2) R,(H—w)¥ =0,

Solving for R,V gives the identity
vo1
R,V =——+—R,(HY).
w o ow

Clearly, this identity also holds for ¥ replaced by HW. This makes it possible
to iterate the identity to obtain

U1 1 2
(5.3) R =——— — (HV) + — R, (H?V) .
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Integrating over the contour Cr gives the estimate

H/CR (walf+%>dw

Using the resolvent estimate (4.3]) and noting that the length of the contour
grows only linearly in R, one sees that the right side tends to zero as R — oo.
Hence

d|w|
‘ < (HH\IIH + HRW(HQ\IJ)H) /CR w2

d
lim [ (Ry¥)dw=—V lim [ “°=—-2miV,

R—o00 Cr R—o00 Ccrp W

where the last step can be verified by computing the integral explicitly or
by using the estimate

foode [
dBRr(0) W Cr W

This concludes the proof. Il

S% R—o0 0.

The integral representation in Theorem [5.1] has the disadvantage that
the integrand decays at infinity only like 1/|w|, making it impossible to work
with unbounded contours (because these would not converge in the Hilbert
space). In order to avoid this problem, we use the method introduced in [18,
Section 7] to subtract counter terms which do not change the value of the
contour integral. We thus obtain the following result.

Theorem 5.2. Choosing C' as the contour
C:{w‘ Imwch}U{w‘ Imw:—QC}

with counter-clockwise orientation, the following completeness relation holds
for every W € D(H),

1 v
(5.4) V= (Rw\ll + , ) dw
c w + 3ic

21

Moreover, the Cauchy problem for the Teukolsky equation with initial data
Uli—o = Yo € D(H) has a unique solution given by

1 . 7
(5.5) U(t)=—— [ e ™ (RM\IJOJF 0 >dw

2mi Jo w + 3ic

Proof. Since the resolvent is holomorphic in the region {|Imw| > ¢} (see [25,
Section III.6.1]), we may continuously deform the contour Cr in (5] for



Linear stability of the non-extreme Kerr black hole 2003

any R. In particular, we may deform the contours to new contours Cr which
all lie inside the region |Imw| < 3c. Then the function 1/(w + 3ic), having
its poles outside this region, does not contribute to the contour integral in
the the limit R — oo, i.e.

)\
(5.6) V= omi Rglnl)o/ (R v w—i—Szc) de

Using (5.3) and expanding, one finds

_ = _ v -2
R = - w+3ic+o(w )

o 2 T e +0(w™) =-

v HV R(H2\I/) v
W

Hence the norm of the integrand in (5.6]) decays quadratically for large |w]|.
Therefore, in the limit R — oo the integrals converges to the unbounded
contour integral (5.4)).

In order to prove (B.5]), we insert one more counter term (which again
does not change the value of the contour integral) to obtain

1
(5.7) Wy=-—— (Rw% +
C

211

U (H + 316)\110 d
w+3ic (w4 3ic)?

A direct computation using the identity

v HY H?W R,(H3Y
R\I’o——f— 20_ 0 wl( 0)

w w3 w3

(obtained again by iterating (5.3])) shows that the integrand in (B.7) decays
even cubically for large |w|. Clearly, the additional counter term can also be
inserted in (B.3]), so that the function ¥ () as defined by (5.5]) takes the form

1
) I - = fzwt
55 w0 = [ (Rowot

U n (H + 3iC)‘1’0
w+3dic  (w+ 3ic)?

Setting ¢ = 0 and using (5.7), we find that ¥(0) = ¥y, showing that the
initial conditions are satisfied. It remains to show that W(¢) satisfies the
Teukolsky equation (i0; — H)¥(t) = 0. Using that the integrand in (5.8)
decays cubically for large w and that the time derivative generates a factor w,
Lebesgue’s dominated convergence theorem allows us to interchange the
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differential operator with the integration. We thus obtain

(8 — H)WU(t)

1 —iwt \I’() (H + 3iC)\I/0
= [ et (H—w RV
omi €L “’)( 0t o 3ic T (w+siE ) ¥
1 [ (H—w)W  (H — w)(H + 3ic) ¥,
_ w \/j dw =20
27 Jo c < 0t + 3ic * (w+ 3ic)? “ ’

because no poles are enclosed by the contour. This shows that W(t) as given
by (B3 really is a solution of the Cauchy problem. Uniqueness follows im-
mediately because the Teukolsky equation is hyperbolic. U

We now derive alternative integral representations for the solution of the
Cauchy problem which will be useful for our estimates.

Corollary 5.3. For any integer p > 1, the solution of the Cauchy prob-
lem for the Teukolsky equation with initial data V|—o = ¥ € D(H) has the
representation

_ _i —iwt # . \P
(5.9) V) =5 | (Rw (H + 3ic) \I/0> dw .

Proof. Rewriting (5.2)) as

1 1

R, W= — v
« w + 3ic +w—l—3ic

R, (H + 3ic) U,

we can iterate similar to (5.3]) to obtain

(5.10) Ry—_ ! C(HA43i)¥  (H 4 3ic)P!
' YT W+ 3ic (w + 3ic)? (w + 3ic)P
1
A1 — R, (H ic)P W .
(5.11) + (@ 3ic) R, (H + 3ic)

Using this identity in (5.5]), the first summand in (5.I0) cancels. For all
the other summands in (5.10), one can compute the integral in (5.5]) with
residues to obtain zero. Therefore, only the summand (5.11]) remains, giving
the result. ]

For negative times, the integral representation of the solution of the
Cauchy problem can be further simplified. This is the representation which
we will use in the remainder of this paper.
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Corollary 5.4. For negative times, the solution of the Cauchy problem for
the Teukolsky equation with initial data V|i—g = Yo € D(H) has the integral
representation

1 .
U(t) = —— e Wt (RwlIlo +
270 Jr—2ic

w—|—3ic> dw (ift <0).

Moreover, for any integer p > 1,

1 . 1
12) U = —— _“”ti(wH 'W)d.
(5 ) ( ) 27TZ R_Q,L‘Ce (W + Bic)p R ( + 31’6) 0 w

Proof. Starting from (5.5 and (5.9), we take the limit where the upper part
of the contour R + 2ic is deformed towards Imw — oo, making use of the
fact that the factor e™*! decays exponentially in this limit. O

6. Separation of variables and Jost solutions

Our methods rely on the fact that the Teukolsky equation is completely
separable into a coupled system of a radial and an angular ODE. We now
recall this procedure. Let w € C. We make the separation ansatz

O(t,u,9) = e “ X (u) Y ().
This gives rise to the coupled system of ODEs
(6.1) RoX(u) = =X (u), ALY (9) =AY (9),
where the radial operator R,, and the angular operator A, are given by

62) R __(7"2—|—a2)2 ﬁ_@gm
' wo A 8u2 \/7‘2—{—(12

1 2
+Z<—iw(r2+a2)—iak—(r—M)s) — disrw + 4k aw
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(6.3) A, = 4saw cosV — 4k aw

0 1 9
in? : .92 . .
~ Feony S0 U Seosd Sin229(—mwsm 19—1/-64—18(:0519)
8 P2 8 1 . ) . i 2
- ~ dcosd sin” ¥ dcost sinzﬁ(mwsm 19_“{:+ZSCOS”Q)
0 in2 9 1 . 9 2
- v (— 9+ k — 19)
dcostd Y Beosd + sin2 9 aw sm” v + 5COoS

The operator A, coincides with the angular Teukolsky operator as studied
in [21, 22] (with the aspherical parameter {2 = —aw). Note that in order to
get this agreement, we added and subtracted the constant 4kaw.

The radial equation can be written as the Sturm-Liouville equation

d2
4 VIX=

where V is the potential
AA N 2\/r? + a?
(r2 + a2)2 /72 1 a2

4w A )
703 n a2)2 (ak - 7,7“3) — (w +

(6.5)  V(u) =

ak —i(r — M) s\?
r? + a? '

Near spatial infinity, the potential has the asymptotics

2i 1
(6.6) Vi) = —w? — Zj” o ( 0;“) if u — 00

Likewise, near the event horizon, we have the asymptotics

(6.7) V(u) =—-0%+ 0(e™) if u— —o0,
where
ak —i(r1 — M) s 1 —T0
6.8 Q.= =
(6.8) Wt r? + a2 ’ i r? 4+ a2

(and ro and 71 are again the horizons (Z2])). These asymptotics are the
same as in the Schwarzschild geometry, if at the event horizon we replace w
by w + (ak)/(r? + a?) and r? by r? + a®. Therefore, we can proceed exactly
as in [18, Section 3] to construct Jost solutions qﬁi and ¢i with prescribed
asymptotics at u — +o0o. Near the event horizon, the following result was
established in [13, Theorem 3.1]:
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Theorem 6.1. For every w in the domain

- M
D_::{w’hnw<%+l}
rita 2

there is a solution ¢_ of ([©A) having the asymptotics

. , . , /

(6.9) lim e ® ™ ¢_(u) =1, lim (e_’Q“ gb,(u)) =0.
U—>—00 U—>—00

These solutions can be chosen to form a holomorphic family, in the sense that

for every u € R, the function q;_ (u) is holomorphic in w € D_. Similarly,
on the domain

(ri—M)s v
D :_—{ ’1 >7——}
+ w mw 1"% a2 9

there is a holomorphic family of solutions (;34_ of (64]) with the asymptotics

lim ¢, (u)=1, lim (emu ¢+(u)>l =0.
U——00 U——00

Loosely speaking, the method of proof is to use a Picard-type iteration on
the unbounded interval (—oo, —ug) for sufficiently small and negative uy,
taking a plane wave as the starting point. For a general introduction to this
method we refer to the classical text book [9].

At infinity, one must keep in mind that the potential is of long range,
making it necessary to modify the plane wave asymptotics by factors u®*.
The following result was obtained in [18, Theorem 3.3]:

Theorem 6.2. On the domain Ey := {w|w # 0 and Imw > 0}, there is a
family of solutions ¢4 (u) of ([©.4), holomorphic in the interior of E, having
the asymptotics

. N . N !/
lim v’ e ™" ¢, (u)=1, lim (us e ¢+(u)> =0.
Likewise, on the domain E_ := {w|w # 0 and Imw < 0}, there is a family
of solutions ¢_(u) of ([64), holomorphic in the interior of E_, with the
asymptotics

(6.10) lim u*e™" ¢_(u) =1, lim <u_s e (u))/ =0.

UuU—00 U— 00
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7. Separation of the resolvent

Our strategy for getting more explicit information on the solution of the
Cauchy problem in Corollary £.4] is to express the resolvent in terms of the
Jost solutions. We now explain how this “separation” of the resolvent is ca
be derived based on the spectral decomposition of the angular operator as
derived in [22].

For any w € R — 2ic, we choose the Jost function as

G=6 wma b=

These functions all decay exponentially in their asymptotic ends. We now
apply the results of |22] on the spectral decomposition of the angular op-
erator. According to [22, Theorem 1.1], for any w in the strip U defined
by

(7.1) U := {w € C with [Imw| < 3c},

there is a family (Q%)nenufoy of idempotent operators on L?(S?) whose
images are invariant subspaces of the angular operator A,, with the following
properties:

(i) The Q% are complete in the sense that
oo

(7.2) > Q=1
n=0

with strong convergence of the series.

(ii) The operators Qf have rank at most N, where N can be chosen uni-
formly in w. The operators Y, Q%, ... have rank at most two.

(iii) The Q% are uniformly bounded in L?(S?), i.e. there is a constant co
such that

(7.3) Q%] < e for all n e NU{0} and w € U .

We now choose w € R — 2ic and let n € NU {0}. We point out that the
range of the operator )% need not be an eigenspace of A4, because there
might be Jordan chains. However, since the length of the Jordan chains is
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bounded by N, we can write A, on the invariant subspace as

where A is a nilpotent operator with NV = 0. Let us consider the Teukolsky
equation (7)) with separated time dependence ~ e~™?! on the invariant
subspace. Using (Z.4]), the resulting equation is obtained from the radial
equation (6.4) and (G.5) if the separation constant A is replaced by the
operators A 1 + AN. This gives the equation

d? A

where X (u) is now vector-valued, taking values in the invariant subspace.
We want to construct a Green’s function g, (u,v) of this equation, defined
by

2
(7.5) <ju2+v+(r2i‘aQ)2N> gu(u,v) =d6(u—v) 1.

If the nilpotent operator A is absent, this Green’s function is given just as
in |18, Section 4] by a function which we now denote by s, (u,v),

__1 { d(u) dp(v) ifv>u
w(é,d) | dw ) ifv<u.

Namely, a straightforward computation yields

(7.6) Sw(u,v)

( - C;f? + V(u)> su(u,v) = 3(u— v).

We also regard s, as an operator with corresponding integral kernel s, (u, v).
Then we can multiply (Z.3) by s, to obtain the operator equation

A
<1+3w(7”‘2—|-(12)2'/\/’>gw:8w1.

Since N is nilpotent, this equation can be solved by a finite Neumann series,

N

(7.7) go = <—sw (TzfaQ)QN)l Se -

=0

The existence of powers of s, is proved exactly as in [12, Lemma 5.2].
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After these preparations, we can now decompose the resolvent into an-
gular modes:

Theorem 7.1. For anyw € R — 2ic, the resolvent R, = (H — w) ™! has the
representation

o
Rw - Z Rw,n Q;:i ;
n=0
where the operators R, ,, can be written as integral operators,

18 (Reawd) = [ L) W 0) o

TP T a?

with integral kernels given by

(7.9) R 0) = ;“25@ _v) G 8) + g (u,0) (www__ﬁgz)) :) .

Proof. 1t is obvious from (B.3]) that

r2 CL2
(7.10) (H - w) : 5(u—v) (? 8) Qs

= ) (60— 0) %

We next compute the operator product

(7.11) (Hy — w) go(u,v) <w“_5(v) 1> w

(w=Bw) w) "’

where the index u at the Hamiltonian clarifies that its derivatives act on
the variable w. If u # v, we know from (5] that g, (u,v) is a solution of
the radial Teukolsky equation. Moreover, using the fact that the second row
in the matrix is w times the first row, one sees that every column of this
matrix is of the form (BI). This implies that (ZII)) vanishes. If u = v, the
only additional contribution is obtained when the operator 92 contained
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in H acts on g,,. In view of B3] and ([B4]), we obtain

=t (o070 L)

= (0 (L Ty o)
_r J; o’ §(u — v) (w _(I)B(v) (1)> @n-

Adding (CI0) and using (7.9), we conclude that

(Ho — ) R (0) Q% — - =) Q.

Summing over n and using the completeness relation (7.2) gives the result.
O

We conclude this section with a lemma which shows that the vector Q)5 ¥
decays rapidly in the corresponding angular eigenvalues.

Lemma 7.2. For any q € N, there is a constant C(q) such that for all U €
C>=(S?) of the form ¥ = e~ Y () as well as for allm > 1 and all w € U

in the strip (1),

C(q) qu

w w gl

”Qn\IIHLZ(Sz) < inf ’A|q ||QnAwW||L2(Sz) .
0£NE0(ALQy) =0

Proof. As shown in |22, Theorem 1.1] (see also (ii) on page 2008]), the oper-
ator 3 with n > 1 has rank at most two. If it has rank two, we denote the
nonzero spectrum of 4,Q% (counting algebraic multiplicities) by A and .
Otherwise, if it has rank one, we choose A = A as the nonzero eigenvalue

of A,Q%. Then
QZ (Aw - )‘)(Aw - ;\) =0.
Multiplying out and solving for )7}, we obtain
MQE=Q8 (= AL+ A+ VA) .
Next, we multiply by the phase factor |)\5\]/ A\ to obtain
oy

3 n __ n 42 3
MQL = Q55 (A + (D)
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As a consequence,

- 2\ - -
(142 (1+A) QL = qr <|M|(—Ai+()\+)\)Aw)+!>\!+|A|+1>.
Iterating gives the identity
1 A !
n= —Qn [ S (A2 AN NAL) NN T
= T e A (\w( A+ DA+ )

We now apply this operator to the wave function ¥ and take the norm.
Multiplying out and using the triangle inequality, we obtain

|)\‘a2+a4 ‘5\’0«3+a5

n q 2a1+a2+a3
1591 < 30 (o) o s g 1A

a1+ tae=q
- a1+-Z+:a4:q (1+ \/\)q‘“r‘i(q()l + [A])a-as—as |QnAZm et ||
- aw;(m:q (1 + min(|Al, |§\(;]))2qazasa4a5 |QpAZnFastasy |
< Y cla) Py ——

i (1+min<|A| )

T (1+ mm(

< — \I/
~ min ’)\| ’)\| ZHQ H

with combinatorial factors ¢(q) and ¢/(¢q). This gives the result. O

8. Contour deformations

Using the result of Theorem [ 1] in the integral representations of Corol-
lary 5.4 we obtain an integral over an infinite sum of angular modes. Since
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it is not clear a-priori whether the integration and summation can be inter-
changed, our method is to first analyze the partial sums defined by

8.1)  WN() e | Ry Q% Wo + Q% d
(8.1) ®) QWZZ/R %e ( Qo+ @ +320) v
N
1

—iwt
Nppy — & e w . \P
(8:2) WNP(t) = - on /R T (RM Q¥ (H + 3ic) %) dw

(where again p > 1 and ¢t < 0). After getting suitable estimates, we will be
able to prove that the limit N — oo of the partial sums exists, both with
the summation inside and outside the integral (see Section [[0.5]).

We now use Whiting’s mode stability result [34] to move the contour for
the partial sums up to the real axis:

Lemma 8.1. For any ¥y € D(H) and any integer p > 1, the partial sums
BT)) and B2) can be written for any t <0 as

(8.3)
1 < v
\I/N )= —— li —iwt R W\ w 0 d
=gl o ( on @+ Q5 0 ) d
(8.4)
W (p) I (R Q2 (H + 3i¢) Wo)d
2m 5{% Rie (w4 3ic)p \" "R ey o)

Proof. We first verify that the above integrands decay so fast near w =
+oo that the integrals (81]), (82) and (&3), (84) converge. To this end,
given n, we need to analyze the asymptotics for large w. In this asymptotic
region, the angular eigenvalue X\ scales like |\ < |w| (see Lemma [A3] in
the appendix). Therefore, for large w the summand —w? dominates all the
other terms in (6.0, so that the potential goes over to a constant potential.
In this limiting case, the solutions (;S and ¢> go over to plane waves. By
direct computation, one verifies that in this limiting case, the kernels s, (u, v)
and g, (u,v) in (Z6) and (7)) are bounded, uniformly in w and in u,v € R.
Using that the matrix entries in (7.9) involve w at most quadratically, we
can estimate the integral in (7.8]) with the Schwarz inequality to obtain

(85) |(RunQ3¥)(w,9)] < O (. supp®) (14 o) sup [ (QLO)(0)] | s
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Next, we can use Lemmal[7.2 as well as the lower bound for |A| in Lemmal[A3]
to generate factors of 1/|w|,

(86) (@2 W) 152y S mf WZH (@5 ASD) (V)] 12 52y

Ao (AL,Q¥)
A S s A0,

Choosing ¢ sufficiently large, we obtain the desired decay for large |w|.
Since the angular operators ()% as well as the Jost solutions are holomor-
phic in w, the integrand in the above contour integrals clearly is meromorphic
in w. In order to rule out poles of the integrand, assume the integrand has
a pole at some wy € C \ R. Then the operator R, , has a pole at wy. Conse-
quently, its kernel R, ,, in (Z9) has a pole at wp. This in turn implies that
the kernel g,, has a pole at wy. Using ([Z.7)), it follows that the kernel s,, has a
pole at wg. Using (7.0]), one sees that the Wronskian w(gz/b, qS) vanishes at wy.
This gives rise to a mode solution at wyp, in contradiction to Whiting’s re-
sult [34]. We conclude that the integrands in (8.1) and ([8:2]) are holomorphic
in the strip —2¢ < Imw < 0. This makes it possible to deform the contours,
giving the result. ]

9. Estimates of the potential

Before entering the detailed ODE estimates, we give a brief outline of what
needs to be done. Generally speaking, our task is to show that the Jost
solutions qb and qb are well-approximated by functions obtained by “glueing
together” WKB, Airy and parabolic cylinder functions. To this end, we need
to construct the approximate solutions and derive rigorous error bounds. For
the construction of the approximate solutions, one needs to identify regions
where the different approximations (WKB, Airy and parabolic cylinder)
apply. For the choice of these regions, one must distinguish different cases.
This analysis is carried out in this section. The following section (Section [I0])
is devoted to the derivation of the error estimates.

Recall that our equations involve the parameters k, s, w and A\. We
always keep k and s fixed. The parameters w and X, however, may vary in
a certain parameter range to be specified later on, and we must make sure
that our estimates are uniform in these parameters. In order to keep track
of the dependence on w and A, we use the same conventions and notation
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as in [22]. Namely, we adopt the convention that
all constants are independent of w and A

(but they may depend on k and s). Moreover, in order to have a compact and
clear notation, we always denote constants which may be increased during
our constructions by capital letters C1, Co, . ... However, constants with small
letters ¢y, co,. .. are determined at the beginning and are fixed throughout.
We use the symbol

S for Sc

with a constant ¢ which is independent of the capital constants €; (and may
thus be fixed right away, without the need to increase it later on).

When increasing the constants C;, we must keep track of the mutual de-
pendences of these constants. We adopt the convention that the constant C;
may depend on all previous constants €y, ..., C;_1, but is independent of the
subsequent constants C;41, .. .. In particular, we may choose the capital con-
stants such that €1 <« Cy <« ---. This dependence of the constants implies
that increasing C; may also make it necessary to increase the subsequent
constants €41, C4a,. ... For brevity, when we write “possibly after increas-
ing €;” we implicitly mean that the subsequent constants C;;1,Cryo,... are
also suitably increased.

9.1. Different cases and regions

In Lemma Bl we could deform the integration contours up to the real axis.
With this in mind, it suffices to consider the case that w is real. Then the
potential in the angular Teukolsky operator A, in (63) is real. Consequently,
its eigenvalues are also real. They have the properties as worked out in [22,
Sections 5 and 7] (see also the appendix of the present paper). In particular,
the angular operator has simple eigenvalues, which we order as

A< Ap < -oe

In view of [22, Theorem 1.1] (see also (ii) on page 2008]), we know that the
spectral points in the image of the operator ()% are in the range

(9'1) U(-AwQ%J) - {)\na-~-7)\2n+N+1} .
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Moreover, the imaginary part of Q as defined by (G.8)) is a negative constant,

(ri —M)s

>0.
r%+a2

(9.2) ImQ=-w with w :=

In preparation for proving convergence of our sum of contour integrals
(see Section [I0.5]), we need to estimate the behavior of the fundamental
solutions of the Sturm-Liouville equation (6.4]) for large A and |w|. With this
mind, we now restrict attention to the parameter range

(9.3) w?>Cs and \>Cr.

Expanding the potential in (6.5]), we obtain

(9.4) V=—w?+

AA _ 2wak B 2A
(r24+a2)?2 r2+ a2 r2 + a2

2iws 2rA

From this formula one sees in particular that the potential is almost constant
if |w| is large. This implies that the WKB conditions are satisfied, as is
quantified in the next lemma.

Lemma 9.1. Assume that
A< Cslw|?

for a given constant Cs. Then for any € > 0, we can arrange by choosing the
constants Cg and C; sufficiently large that

V" (u)]

|
=, <e foralluelR,
2 [V(w)?

V' (w)
[V (w)

uniformly in w and .
Proof. From the form of the potential (9.4]) it is obvious that

(9.5) V+w? SA+|w| and |V

,!V”‘ SA+|w|.
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As a consequence, |V| > w? and thus

VI oAbl _ Cstlwl™s _ €

3~ 3 = 3 g e
vz~ el w2 :
V| o A+lwl _ G tlwl™s _ Cs+1
V2~ et T wlp T el
6
This concludes the proof. U

In view of this result, in what follows we may assume that

(9.6) A>Cslw|z,

because otherwise the potential is nearly constant and can be treated easily
with the WKB approximation. Then, choosing Cs sufficiently large, we can
sometimes work with the simpler approximation

(9.7) Veowty o OB 5+ 0(w) +0(X\%) .

Discussing the form of the approximate potential immediately gives the
following result:

Lemma 9.2. For any w and X\ in the range ([O3) and ([@.0), we have the
bounds

(9.8) | Im V|, | Im V'

ImV”| < |wl .

)

Moreover, for sufficiently large Cs, the real part of the potential has a
unique maximum at a point Umy., with % m < 1(Upayx) < 3m. The mazimal
value is bounded by

ReV (Unmax) S A

~

The function ReV is concave near near Um,... More quantitatively, there is
a constant ¢ such that

(9.9)

Al >

1 1
<—ReV"(u) <A 0N |Upax — 55 Umax + f] :
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Proof. We substitute the formula for A, (Z1]), into (@7) and compute the
first and and second u-derivatives with the help of the formula (see also (2.5))

0 A0

u  r2+a? dr’

Then the result follows by a direct computation. O

The value of the real part of the potential at the point u,,,, distinguishes
different cases:

WKB case if Re V (tnax) < —C4 VA
(9.10) ¢ parabolic cylinder (PC) case if —C4 VA < Re V (tUpax) < Cs VA
Airy case if Re V (Umax) > C4 V.

In each of these above cases, we estimate the solution by considering different
regions, which we now introduce. To this end, we work with the zeros of the
function Re V' characterized in the next lemma.

Lemma 9.3. By increasing the constant Cs in (0.6 we can arrange that
whenever Re V (Unmay) > 0, there are unique points ué, u(l)% € R with

ReV(ul) =0=ReV(ul) and ul <t <ull.

Furthermore, the function ReV is monotone increasing on (—o0, Un.y), and
it is monotone decreasing on (Up .y, 00).

Proof. Since w? enters the potential (6.5]) only as a constant, for large C5 the
derivative Re V' is dominated by the term A9, (A/(r? + a?)?). An asymptotic
expansion shows that Re V' is positive near u = —oo and negative near u =
oo. Moreover, the function A/(r? + a?)? is monotone increasing up to a
turning point where its second derivative is negative, and from then on is
monotone decreasing. This gives the result. [l

If Re V(Umay) > 0, we denote the zeros of Re V by ué and ué%. IfReV (Upax) <
0 (as is always true in the WKB case and may be true in the PC case), we
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L/R

set Uy = Upax. We introduce
(9.11)
ul in the WKB case
_1
ut = {uf — e3¢, ° \w|_% in the PC case

ul — C3max ( |w C1 Re V(tUpmax éw_é in the Airy case
0 jw| 75, ( (tmax)) © || y

ul in the WKB case
R ul® + C3 G’l_é w| ™2 in the PC case
ult + C5 A |w| 75

X max (|w|_§, (€1 Re V(umx))_é |w]_§) in the Airy case .

Moreover, in the Airy case we set
(9.13) uJLr = uOL 4 G3 max (M—%’ (81 Re V(umx))fé M—i)
(9.14)  wf = uff — €x A w75 max (||, (€1 Re V (1) T ] 7F) -

We thus obtain the following regions:
(9.15)

WKB regions (—oo,ul), (uf,00) in all cases

PC region (ul, ul?) in the PC case
Airy regions (ul,ul), (uff,u®) in the Airy case
WKB region with ReV >0 (u%,uf}) in the Airy case .

9.2. Estimates in the WKB regions

In this section we shall prove the following results:

Proposition 9.4. For any € > 0, we can arrange by choosing the con-
stants C1, ..., Cy sufficiently large that for all w and X in the range (O.3),

/ 1
VLV
vz V]

on (—oo,ut).
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Proposition 9.5. For any € >0, we can arrange by choosing the con-
stants Cy, ..., Cy sufficiently large that for all w and X in the range (O.3),

<e on (uf,00) .

Proof of Propositions[9.7) and [943 in the WKB case in (QI0). From (@.1)
and (9.6]), it is obvious that

(9.16) VLIV S A
Therefore, using (0.10), we find that

V"
V2

1
ez

<

Moreover, using ([O.8)) and (9.6), we get

<l

3 ~ 3 ~ 3 3 3
Ve ezt eiellws e:e

V| _ |l

-
16
86

In order to bound |Re V’|/|V|?, we consider the three different cases
(A) U= Upae| < 3 and |u — Uppa| > CoA™ T
(B) [t — Upae| < CoA™ 1
(C) [t = Unax| > 3,
where the constant Gy will be specified below. In cases (A) and (B), we can
use (@.I0) and integrate the inequality (@.9]) to obtain
(9.17) |Re V'(u)] S AU — Upax]

(9.18) ReV(u) < —C4 VA (U — U )? -

2

In case (A), we drop the first summand in (0.18) and use (@.I7) to obtain

v A A 1

VI T A3 (0 —um)? ~ A3 €A G
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which can be made arbitrarily small by choosing Cg sufficiently large. In
case (B), we drop the second summand in ([@.I8) and again use (@17,

!/
14k G2 \i e:

AU — Uppay| < Co

which can be made arbitrarily small by increasing Cy.
In the remaining case (C), we know from the monotonicity of ReV on

the intervals (—00, Upax — 3) and (Upa. + 3,00) that

1
ReV(u) <ReV <um.dx + 2) < =,

where in the last step we used (9.I8]). Hence, using again (0.10)),

This concludes the proof. O

It remains to prove Propositions and in the Airy and PC cases
in (@.I0). We distinguish the two cases

(9.19) (a) w?>CiReV(Unw) and (b) w? < CrReV (Upay) -
We begin with two preparatory lemmas.

Lemma 9.6. In the Airy case, by increasing Cz we can arrange that

(9.20) A > w?,
Moreover,
(9.21) A <w? in case (a) .

Proof. From (9.10) and the form of the potential (0.4]), we obtain
(9.22) — C4 VA < ReV (Unay) < —w? + e

Applying ([@.3]) and increasing Cr, we obtain (9.20).
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In case (a), we know that
2 2, A
w?® > CrReV (Upay) = C1 | —w* + o)

implying that

This gives ([@.21]) in case (a). O

Lemma 9.7. In the PC case, by increasing Cg and C7 we can arrange that
we are in case (a). Moreover, the inequalities (0.20) and (©Q.21)) again hold.

Proof. The inequality (@.20) again follows from ([@:22]). Moreover, we know
from (O.I0) that

A
C4sVA > Re V (Usmax) = —w? + o

Choosing the constant C7 in ([@.3]) sufficiently large, we obtain (O.21).
Next, by combining (@.I0) with (@:2I)) and ([@.3]), we obtain

el 64 w2
Vs

This concludes the proof. Il

CrReV (Upar) < C1C4 VA < €18y w| <

The next lemma gives an alternative characterization of the cases in (9.19]).

Lemma 9.8. The mazimal value of ReV satisfies the bounds

ReV (Upax) S e in case (a)
(9.23) 5!
Re V (Upax) 2 e in case (b) .
1
Moreover,
L\ (R L.
(tUmax — ug)s (UG — Uimax) S —== i case (a)
(9.24) 161
(umax - Ué), (Ué2 - umax) 2 ——=— in case (b).
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Proof. In case (a), it follows that

2
Re V (Upmax) - w® 1 7
A CiA "™ C

where in the last step we applied Lemma Likewise, in case (b), from
[@19) and ([@.7) we have the alternative estimates

2
A
Re V(Umax) 2 (g— and  ReV (Umax) 2 —w?+ .

TG
Multiplying the first inequality by €; and adding them, we obtain

A
(14 C1)Re V (tUnax) 2 o

giving (9.23).
In order to derive (0.24), we approximate the function ReV near its
maximum by a parabola. More precisely, integrating ([@.9), we obtain

A A
(9.25) — % (4= ty)? < Re V() = Re V(uyne) < =2 (1= tur)

valid if (U — Upay| < % In case (a), applying ([0.23) and increasing C;, one
sees that the function Re V has zeros ug and u{f in a neighborhood of u,,,,, as

is made precise in (0.24]). Likewise, in case (b) we find that the function Re V'
has no zero in a 1/+/C1-neighborhood of .., implying ([©.24]). O

For the remaining estimates, we consider the regions (—oo,u”) and
(uf, 00) separately. We begin with the region (—oo,u”) as considered in
Proposition We treat the PC case and the Airy case in the two subcases

in (@.19) after each other.

Proof of Proposition[9.4) in the PC case. We first consider the region |u —
U | > % Since we are in case (a) in (@.19), the inequality ([@.25) gives

) L2 @)
D)< = - <
(9.26) ReV(umax 2)N Mg S A

Using the monotonicity of Re V' on the interval (—00, tya, — %), we conclude
that

1
ReV < =) on (—oo,umax—§>.
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Hence, using (0.16),

/ @3 " @
(0.27) i 1'% 1L VI 1581
VES VA S Ve VEAA NG

On the remaining interval [t,., — %, u®), by integrating (@.9)), we obtain
for any u < ul,

| Re V' (u)| < X [t — Upyay|
A
~ReV(u) > —ReV(w) + Re V(uf) > o (1= ) = (uff = t)?) -

Setting v = Uy, — v and vy = Uypy — ué, we obtain
(9.28) ‘ Re V’(u)| <cl\v
A A
(9.29) —ReV(u) > % (v =) = % (v —0)(v+ ) .

Moreover, from (@.I1]) we know that
v—vg=uf —u>uf —ut =036 ° \w]*%.
Combining these inequalities, we obtain
|Re V'|? < A2y? < v?
VI3~ X (w—wv)d(v+uv) ~ XA(v—wvo)*(v+wv9)?
1 w? €} (E<ZII) gf
T A(v—wvo)*t T ACE ™ Ci
Similarly, using (9.8)),
| Im V|2 < w? < w?
VI3~ X3 (v—v9)3(v+wv)3 ~ A3 (v—1)b
CewP B, 1 e
=78l Y el lw| Y e VEs

This concludes the proof for the term involving the first derivatives.

The second derivatives can be handled similarly by using (0.10)),
1< 4 < L GLPERE

V12~ A2 (v—v0)2(v+wv0)®2 =~ A(v—wp)* ACS e3

This concludes the proof. Il
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Proof of Proposition[J7] in the Airy case in subcase (a). If |t — Upa| > 3,
we can again use the estimates in (@.26)—(Q.27]). Therefore, it suffices to con-
sider the region [t.. — %, u]. Then, by integrating (@), one finds exactly
as in the PC case that (0.28) and (@.29) again hold. Moreover, in case (a),
equation (@.IT]) reduces to

(930) uL = UOL —C3 (81 Phe‘/(umax))ié |w’7% :

Combining these inequalities, we conclude that

|[Re V/(u)[? _ A2 _ (C1ReV (uy))® ||
VP ~NMe—wPe+w? = AGE+wP

Next, we can estimate Re V (up.,) by

A
(9.31) 0=Re (V(ul)) > Re V(tpa.) — %v%

and thus  ReV(Upax) S )\vg .

We thus obtain

|Re V' (u)|? < \/GTM vo v2 < Ve
VP~ € VX (v+w)® ™~ €’

where in the last step we used (@20). The imaginary part of V' can be
handled similarly. Namely, from (@.8) and ([@.20), we know that

| Im V' (u)|? < A < 1
V)P~ X —0)3(©+00)* = X2 (v —wp)3 (v+v0)%

Applying again (@.30) and (@.3T]), we obtain

V@ (€ReV ) lolt  (€108) e’
[V (w) A2€2 (v +vp)} A2 €2 (v+ )3
Hwf @ ek :
ORI ER &

A2e: vae:  /ere;

This concludes the proof of the term involving the first derivatives.
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The second derivatives can be handled similarly as follows,

@3), @9 @8)
V'(w)| < |ReV"(w)| + [ImV"(w)] < c¢(A+]w]) S A
VW) ) < 1
[V (u)]? ™~ A2 (v—1v9)% (v+v9)%2 = A(v—100)3(v+v0)
(E<3IID ((‘31 ReV(umax))E |w| (I%ID (61)\@8)5 |w] @ g v CE
- AC3 (v + o) ~oAC (v+wy) Y G vt T C3

This concludes the proof. [l

Proof of Proposition[9.4) in the Airy case in subcase (b). In this case, equa-
tion (@.II)) reduces to

(9.32) ul =k — ey w7

Expanding the potential (0.7) similar to (6.1), one sees that for sufficiently
large A, our potential satisfies the inequalities

(9.33) ‘V’(u)‘ <cAe™ on (—00, Unay)
(9.34) V" (u)| < cxe™ on (—00, Unay)
A 1
(9.35) ReV'(u) > — ™ on (— 00, Unax — —)
2 ¢

for a suitable choice of the constants ¢, Co > 1. Using (6.7)), (9-33) and ([@.35]),
it follows that

Re(Q2):/OReV’Sc)\/Oerv:ij\ewg

u A [uot eV e
Re (2 :/ ReV'z/ eV dy=——e"
( ) —o0 Cs —o0 Cay
and thus
_’y L L
)\67 eT%o < Re (Q2) < 9 ev%o |
Cay v

According to (6.8)), the imaginary part of €2 is uniformly bounded. Combin-
ing this fact with the first inequality in (@.3]), we obtain

-
(9.36) )‘67 €7u§ < w? < @ eWUS .
2Co7y Y
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Combining the above inequalities, for any u < ug we obtain

Uy A [ A ;
—ReV(u) z/ ReV’ > / e’ dv = e (e70 — )

= ¢,
A L L 1

= V% (] — y(u—ug) >
6276 ( © ) — 2¢Cy

(1 _ ev(u—uc?)) w? 7

where in the last step we applied (0.30). Using (9.32]), we conclude that for
any u < u” and for sufficiently large |w|,

1 2 1
(9.37) —ReV(u) > Tey lw| 73w 2 —= |wl|s .

— 2¢Cy 2

It follows that

L 3
\d < cAelv < cAeo ¢ Coy |wl? < cCyy <c€2>2

wvi: T v T Yo v Cs
V" cxerus cC\%, .

< < Cyy [ 2 ;.
ve S e ~ 7 (Je) W

Obviously, the right side of these inequalities can be made arbitrarily small
by increasing Cs. O

It remains to consider the region (uf',00) as considered in Proposi-

tion We again treat PC case and the Airy case in the two subcases
in (@.I9) after each other.

Proof of Proposition in the PC case. If |u — Up| > %, we can again use
the estimates in (@:26)—(@.27)). Therefore, it suffices to consider the region

[u@,umx + %] In this region, we can proceed exactly as in the proof of
Proposition in the PC case. O

Proof of Proposition [T in the Airy case in subcase (a). If |t — Upa| > 3,

we can again use the estimates in (9.26)-(@.27)). Therefore, it suffices to

consider the region [uf, Uy + 3.

In case (a), equation (@.12) reduces to
uf = uff + C3(CrReV (Upay)) "¢ NG || 75 .
Using Lemma [0.6] we know that o = w%, so that

ulj ~ UOR + 63 (61 Re ‘/(Ulmax))_g ‘w|_é ‘



2028 F. Finster and J. Smoller

Therefore, the identity (@.30) again holds up to a uniform constant. This
makes it possible to proceed just as in the proof of Proposition af-

ter (@.30). O

Proof of Proposition[3.3 in the Airy case in subcase (b). In this case, equa-
tion ([O.I2]) reduces to

(9.38) uf = uft + 3 Ad [w| 7

Using the form of the potential (6.5) and (6.6]), we obtain the estimates

9.39 ReV +w? = i ON (U ax, OO
uZ
(9.40) — ull = Az
' © 7wl
y A
. — ne u -y Oon (Upax, O
(9.41) ReV/(u) < - (s )
9.42 V()| < i 0N (U, OO
~ u4
A 1
(9.43) ~ReV'(u) 2 g on (umax+ GTI,oo) :

where we introduced the abbreviation
5\::)\+52+2akw@)\.

Setting ug = uOR, for any u > uf* we obtain the estimates

(9.44) ReV(u) — Re V(up) <—/ — du

( > )\uo—uz
2 2 2,2
U ug Co u?uj

N w2 — 2
(9.45) — |ReV(u)| > - 0
Co uuf

|ReV'| _ X\ G  wul

(946) 3 S 3 T3 3
|ReV|z 7w X2 (u? —ud):
_ ?25 U _ ?25 Yo
Mo (u?—ud)s A: (u—ug):(u+ up)
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3

2 2 -3 3 2
ug @40, @33) €2 A w2 C3

3
2

(@]
Do

<

N =

Az (u— ug)

In order to estimate the imaginary part, we first note that if s = 0, the
potential is real, so that there is nothing to do. Therefore, we may assume
that s # 0. We again use the form of the potential (6.5]) and (6.6]) to obtain

|w] / |w]
4 I < I < =
(9.47) V()| s ==, [ImV' ()| S 5
(9.48) |ImV’(u)‘] < |w| CE ud ud
[ReV(u)|z ™ % X3 (u? —uf)s
_ €3 |w| wu
A2 (u—wup)2(u+ug)2
@) e 3
(9.49) <G uug
A (u—wup)2
M)&mg /\Z |w|% ggi

This gives the desired estimate provided that u < ¢ (for a constant ¢ > 0
which is independent of the parameters A and w). For large u, on the other
hand, we know that

(9.50) | Im V' (u)| = |wu| for u > ¢ (if s #0)
/ / 3
(9.51) L P L
V@l V@~ @ i e A

The second derivatives are estimated similarly:

(9.52) |ReV"| =
]ReV”\dﬂ%ﬂ)i 3 wtug < C3ul

ReV[2 ~ wd 32 (u2—u2)? ~ A (u — ug)?
M}QM €2 A w? e

Yoo Xw?eia eas

(9.53)
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ol
| Im V| < |l 3 wtug

55 U I el B A e SN
(9:55) [Re V|2~ w3 )2 (u? —uj)?
(II<ZIID C3uud m<(m €

Az (1 — ug)? ~ 3 A5 VA

giving the desired estimate if v < ¢. On the other hand, if u > ¢, we again
use ([@.50) to obtain (again it suffices to consider the case s # 0 because
otherwise ImV = 0)

This concludes the proof. [l

9.3. Estimates in the WKB region with ReV > 0
In this section we shall prove the following results:

Proposition 9.9. For any € >0, we can arrange by choosing the con-
stants C1,...,Cy sufficiently large that for all w and X in the range (@3]
where we are in the Airy case (see (Q.1H)), the following WKB estimates
hold:
Vv
iz VP

<e on (ul,ul?).

For the proof, we again consider the cases (a) and (b) in (@I9) after
each other.

Proof of Proposition[9.9 in case (a). We proceed similar as in the proofs
of Propositions and in case (a). It suffices to consider the region
(umax,uf), because on the interval (ui,umax) the proof is the same with
obvious changes. In case (a), equation (O.14]) reduces to

[

(9.56) uf = ull — @3 A5 w75 (€1 Re V (Una))

Moreover, in view of the inequality (924), on the interval (um..,u%) the
second derivative of Re V' satisfies the inequalities in (9.9]). Hence, setting v =
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U — Upay, and vy = ué% — Upax, We obtain for all u € (Upyax, uf)

)\—cv < —ReV'<clw

ReV(u) = ReV(u) — Re V (ulf) = —/ " Re V'(u) < X (v — v?)
— %(v% —v?) <ReV(u) <X (vf —v?) .

Combining these estimates with (@.50), we obtain

w? v?

=

|Re V' (u)|? < A2 0?2 - (C1Re V (tUpay))
V(P ~ A wo—v)¥(vo+v)> = X33 (vy+0)3

Next, we can estimate Re V (upay) by

0=Re (V(ud)) > ReV (tpa) — — 3,
implying that
(9.57) Re V (Upax) S AVE .

We thus obtain

]ReV’(u)]2<\/(‘371w72 vp 2 <\/@
V()PP ~ e X (v+w)? ™~ €37

where in the last step we used (@.20). The imaginary part of V'’ can be han-
dled similar as in the proof of Proposition 0.4 Namely, from (0.8]) and (@20,
we know that

| Im V' (u)|? < A < 1
V(w2 ™~ A (vg—v)3(vg+v)3 = A2 (vo —’U)% (vo + v)

Applying again (@.56) and (@.51), we obtain
| Tm V”(u3)|2 < (€ RegV(umax ) \w|3 (61)\@2)1|w\3
V(W) A2€2 A% (v + o)t A% e: (v+vo)%
GRS I
A5 @2 Vae:  Vere:

This concludes the proof for the first derivatives.

W
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The second derivatives are estimated similarly by

@), @I
V"(w)| < |[ReV"(u)| + |[ImV"(w)| < c(A+1+]w])
V" (u)] _ A - 1
|V (u)f? P (o —v)* (o +v)2 ™ A (vo = v)* (vo + )
< (C1ReV i) o €30 (€)Wl OV ef w6
A2 €3 (vo +v) A2 C3 (v + vp) €3 v+uv ~ €3

This concludes the proof. O

Proof of Proposition[3.9 in case (b). In this case, the identities (@ 13) and
[@.14) simplify to

(9.58) ub =l +eslw75, uft =l -3 AT w7t

We first consider the interval [t (‘31 s Uax + €T 11 (according to (0:24)
and (@.58), this interval is contained in (u%,uf)). Comblmng the estimate
(@.23) with the upper bound in (@.9), we know that on [t.. — €] L o +
el

A A A A
RV >7_7>\ max2>7_7>77
¢ () Gy 2 ( ) - ¢ 26%7261
where in the last step we increased C;. Moreover, from the right of ([@.5]) we
know that |V'[, |[V”| < A+ |w]|. Hence

V' (u)?
V(w)l®
V" (w)
[V (u)]?

Choosing C; sufficiently large, we obtain the result.

It remains to consider the regions (uJLr, T — 61_1) and (Upay + (‘,’1 LU +)
In these regions, we can proceed similar as in the proofs of Propositions [0.4]
and in case (b). Namely, on the interval (u, ., — C;') the inequali-

ties (@33)—(@35) and (@30) hold. As a consequence,

(9.59) ReV(u) = /u ReV' > A /u e’ dv = A (7 — 67“5)
uk — Gy Cay

Vi BB ey e

V(@) ~ A (eW — 67“5)3 .

—
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By computing its u-derivative, one sees that the last fraction is monotone
decreasing in u. Hence

VP _e3 e e e

- < ,
V()3 ~ A (eWJLr —67“5)3 T A eBvuf (’y (ui —u%))3

where in the last step we used the mean value inequality. Applying (O.36])
and (@.58)), we obtain

VP e enti)  _eg ¢

VP~ X e (wh —uf)d ™ A w2 (eylw5)° €3

which can be made arbitrarily small by increasing Cs (note that, in view
of ([@5R), the factor e2"(#¥ =) is uniformly bounded). The second deriva-
tives can be estimated similarly as follows. First, using (9.34]) and (@.59),

Vil € e
V()> ~ A (67“ —67“5)2

This is again monotone decreasing, implying that

Vi 8 e e o)
[V (w2~ A (evwﬁ — evut) A evud (uk — uk)?
e2 A ©2 2

<2 <G,

where in the last line we again applied (@.36]) and (@.58).

In the remaining region (Up., + Gl_l,uf), we can again use the esti-
mates (@39) - (T43). Again omitting the index R, for any u € (U + €7, ull)
we obtain

ReV(u) = ReV(u) — Re V(up)

_ uoReV/m> i 11 oA ug -t
u ~oC \u? ud Cy uZu?
[ReV'(w)| _ A € wluj € wy €3 up
[ReV(w)s 7w Az (ud—u?):  As (ud—ud): A3 (ug—u):(up +u):
< 6725 ug MQM g% A2 ‘w|§ < E
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For the imaginary part, we again use the estimate (@.47) to obtain

3 3
[Im V'(w)] _ |w| € u’uf C3lw]  uuf
IReV(u)|z ~ u? A2 (u2 —u?)s A (U —u?):
3 3
(II<2D]) (‘322 uu% 5 u
~ 3

This gives the desired estimate if u <¢. On the other hand, if u > ¢ we

again apply (@.50) (again it suffices to consider the case s # 0 because oth-
erwise Im V' = 0). This gives

|\3 1
<

2 wlz ™ el

[Tm V' (u)] _
[Tm V (u)| :

The second derivatives are estimated similarly using (9.52) and (@.54)

|ReV"| < A€ utug €3 ud mm €3 A 2

82

< . 5

[Re V2~ ut 32 (ud —u2)? = X(ug — u)? S AW @A @A
| Tm V| M Ciz ut ug C3uu} mm €3 wu

|Re V2 S R (ug —u?)® = X% (up — u)? S C2As VA
giving the desired estimate if u < ¢. On the other hand, if v > ¢, we again
use (@.50) to obtain (again it suffices to consider the case s # 0 because
otherwise ImV = 0)

[ Im V| V”] lw| u 1

[Im V|2 S wd w? ™ w|
This concludes the proof.

9.4. Estimates in the Airy regions

Lemma 9.10. In the Airy case, one can arrange by suitably increasing the
constants Cq,...,Cy that

sup |V| (ui —ub)?2<e,.

[ul ut]

Proof. We consider the two cases in (9.19) separately. In case (a), we know
from ([@24) and (@II) that the interval [u, u

7] is contained in the inter-
val [Umax — 5, Umax + 5. Therefore, we can integrate the inequality (@) to
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conclude that for any u € [u”, ui],
9.60) ReV (Upmax) = A (umax — ué)Q
2
(9.61) [ReV(u)| < |Re V' (ud)] (uf —ub) + A (uk —ul)
and thus
4

(9.62) |ReV(w)| (uf —u?)® < |ReV'(ud)| (uf —ul)® + X (ul — ub)

Moreover, similar to ([@.30), the identities (O.11]) and (@.I3) imply that
_1
ui —ul =2 @3(@1 Re V(umax)) E ]w\*é .
Using this equation in (0.62), we obtain two contributions, which can be

estimated as follows,

@23) 1
| Re V’(ué)‘ (ul — uf)3 < A C3(CrRe V (Upay)) 2 w|

@E0) .

< A C3(CrAWY) 2 |w| !
I @2n) ,

=CiC A fw™t S ege

where we used the abbreviation vg := Uy — ué. The imaginary part of the
potential is estimated similarly with the help of (O.8),

sup [T V| (uf = ul)® S ol (uf = )" S I€3€, ReV ()™l
[u® uf]

@ , 1 lm2_;_;
< GG PC P A o|ws < G3e e,

This can be made arbitrarily small by increasing €. This completes the

proof in case (a).
In case (b), similar to ([@0.32), the identities (@.11]) and (@.I3)) imply that

(9.63) uk —ul =28y |w|7F .
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We integrate the inequality (0:33) to obtain for any u € [u,u]

|Re V(u)| S Ao (uk —uh) (D%ED Cow? (u —uk)

©.53)
— |ReV(u)|(uJLr—uf)Qﬁesz(uJLr—uf)g S

Moreover,

@) (@53) 1
T V(u)| (uh —u2)? < Jw| (uk —ul)? S €3 lw| 75,

~ ~

This concludes the proof. O

Lemma 9.11. In the Airy case, one can arrange by suitably increasing the
constants Cy1,...,Cy that

sup [V (uff —ul)? < €3
[ul,ul]

Proof. We consider the two cases in (3.19)) separately. In case (a), we can
proceed exactly as in the proof of Lemma [0.I0l In the remaining case (b),

similar to (9.38), the identities (O.12)) and (9.14)) imply that
(9.64) uf —uft =203 A7 |w| L.

Integrating (@.41)), we obtain for any u € [uf, uff] that

|Re V(u)| S (ui):g (uft —uf) @ |;£3 (uft —uf)
0
= [ReV(u)| (uf —uf)* < ‘;f (uft - uf)3 (IBSED cs.
Similarly, using (©.47),
| Im V (u)| (uf — uft)? < ‘:0| (uft —uf)? @ |§; (uft —ult)?
" e e g e

This concludes the proof. O
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9.5. Estimates in the parabolic cylinder region

Lemma 9.12. In the PC case, one can arrange by suitably increasing the
constants Cq,...,Cy that

sup [V (uf —ul)? < €3

[uf uf]

Proof. We first estimate uf* —ul. In the case ReV (tmay) > 0, we know
that Re V(u}) vanishes. Hence, using (@.I0) and again integrating (0.9),
we obtain

A (Ugax — u6)2 S ReV (Upax) < Cy VA
and thus

(9.65) (Unmax — U

C _1 , @2D) /@

In the case Re V(tpay) < 0, on the other hand, we know that uOL = Upax, SO
that (@.63) and consequently also (@.66) again hold.
Combining the last inequality with (@.9) and (@I0), we obtain for any u €

[uf, u®] the estimate

V(W) (uf = u2)? S|V ()| (0 = uE)? + sup V7] (uf —ul)?

S =
[uf uf]

SC VA (uff — k)2 + A (uf —u)t < 6F

This concludes the proof. O

9.6. Estimates of the zeros of ImV

For the T-estimates introduced in |21, Section 3.2], the sign of ImV is
of particular importance. More precisely, if y is in the upper half plane
and ImV > 0 (and similarly if y is in the lower half plane and Im V' < 0),
then we can use these estimates setting g = 0 (the “good” sign). If, however,
the imaginary part of V' has the opposite “bad” sign, then the estimates ap-
ply only if |[Im V| is small in a quite restrictive sense. In the next lemma,
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we identify the regions where Im V' has a “good” sign and estimate Im V' in
the regions where the sign is “bad.”

Lemma 9.13. Assume that we are in the Airy or PC case. Then by choos-
ing the constants Cs, Cg and C7 in (Q3)) and (O6]) sufficiently large, one
can arrange that

(9.67) {w ImV(u) >0 on (— oo,umaxl— G;é}

wImV(u) <0 on (umax + G;E,oo) .

Moreover, on the remaining intervals, the function ImV satisfies the in-
equalities

(9.68) wImV(u) 2 —|wl on ( Upnax (‘,’ 2 malx]
wImV(u) < |w| on [umax,umax +C; 2) .

Proof. Using the form of the potential (6.5]), one obtains the expansions

2w3s

(9.69)  wImV = —m (7«2 (r — 3M) +a? (r + M)) +0(w)
(9.70) d% ReV =\ i (7“2 Tt +0(\) +O0(w)
= r2+a23 2 (r — 3M) + (7“—|—M))

+O0(\) + O(w).

Comparing these formulas, one sees that the leading contributions to both
functions have the opposite sign as the factor 72(r — 3M) + a® (r + M). In
order to control the error term, we denote the zero of the function r?(r —
3M) + a? (r + M) by us. Then the zero iy, of Im V' and the zero u,,,, of the
function 9, Re V' are given by

1
Uim = Uug + O (—) and U = ur+ 0O (E) .
w A

This proves ([0.67). In order to derive ([0.68]), we need to take into account two
contributions: First, the error term in (0.69), which is uniformly bounded
and thus unproblematic. Second, we need to take into account that the devi-
ations of the zeros uiy, and U,., from u¢ may have the effect that the leading
contribution to wIm V in ([9.69) has the wrong sign. This contribution scales
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like

’ Im V/| ‘ulm — Umax

s (o(1) +o(%)) o0

where in the last step we used (@.3]) and (@.20). This concludes the proof. [

10. Invariant region estimates
10.1. Estimates of qb

We again restrict attention to the parameter range ([@.3]). We consider the
solutions Qg_ constructed in Theorem For ease in notation, we shall omit
the index —. We denote the corresponding solution of the Riccati equation
by
11

o(u)
According to Proposition [0.4] the WKB approximation holds on the inter-
val (—oo,u”), meaning that

, 1 ) u , ] V/
(10.1) o~ M exp (:l:z/ \/—V> and y ~ =+i V_V_W

with an arbitrarily small error, where the sign is chosen such that

lim +vV-V =Q.

U—r—00

Moreover, the integration constant is chosen in agreement with the nor-
malization convention in (6.9). The goal of this section is to estimate the
solution qS all the way to © = Uy.y.

We begin with the parabolic cylinder case:

Lemma 10.1. In the parabolic cylinder case, there is a constant Cg such
that on the interval [ul, u,..], the solutions § and ¢ are bounded in terms
of its values at ul by

(10.2) |9(w)| < € [3i(ul)]

m g (ul
(10.3) Tmg(u) > I?é(g—)
(10.4) [o(u)] < |d(u)| < €q|d(ul)].

Co
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Proof. Our strategy is to estimate y using the T-method as introduced in |21,
Section 3.2]. More precisely, we shall apply |21, Theorem 3.3] for a suitable
function g. Moreover, setting

v= sup |V],

[u” umax]
we choose
(10.5) a=+v2v and f=0.
Then V and U are given by
(10.6) V=0?’=2v and U=ReV -a’<—v.
Moreover, the error terms FEi, ..., F4 are bounded by
Re V’ ReV’

< i+

|F1| < |[ReV —Re V| +
(10.7) f

| Im V]
1 .
The integral over the error term F; can estimated by

Umax 1
[ B S VB 0 ><1+ sup R‘lv').
ut [

L
u- »Umax] V2

Ey =0,  |Bs[+][E4] S

The factor ﬁ(umax—u’: ) was estimated in Lemma Q.21 The factor

ReV’|/ 1/%, on the other hand, is bounded at the left end point u” because
of the WKB estimate in Proposition This bound can be extended to the
interval (4, tm..) by using that ReV’ is monotone decreasing according

to ([@.9), i.e.
(10.8) 0 <ReV'(u) <ReV'(ul)  forall u € [uX, tp.] .

From Lemma [9.13] we know that ImV and Imy have the same signs,
except for the error estimated in (0.68). We choose

() 0 fwImV >0
u:
g VA ifwImV <0.
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Then the function g Im V' vanishes unless w Im V' < 0, in which case (0.G8))
gives the estimate

(10.9) lgIm V| < lg| S V.
Moreover, using the inequality
vZ>A (umax — u£)2

(obtained again by integrating (@.9)), we obtain

Umax Umax |ImV|
u_ uz max ~ W_
Umax [ Im V| Umax lg Im V|

<

+
T VA (e — ) Sur VA (U — uk)

uF 1
<V / <1,
~ uk \/X (umax - uE) ~
where in the last line we used (0.8)), ([©.20) and (I0.9]).

Combining the above estimates, we conclude that

Umax
/)I&HWMMMH&&%.
uL

As a consequence, the function T is bounded by e®. It follows that the
inequality
g>T—1 ifImV <0
is satisfied for large .
Having verified the hypotheses of [21, Theorem 3.3], we can apply this

theorem to obtain ([0.2)) and (I0.3]). The inequality (I0.4]) is derived as
follows. At w, this inequality clearly holds in view of the WKB approxima-

tion (I0.I). Expressing d(u) as

d(u) = ¢(ul) exp (/uj y>

it remains to show that the integral in the exponent is uniformly bounded.
To this end, we use (I0.2)) to obtain the estimate

[, 1012 €D (e = ) 5 €/ IV D)t — ) 5 Eo.
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where we employed the WKB approximation at u” and applied Lemma @12
This concludes the proof. O

In the remaining Airy case, we need to consider the Airy region and the
WKB region with Re V' > 0. We begin with the Airy region.

Lemma 10.2. In the Airy case, there is a constant Cg such that on the
interval [u” ,uﬂ, the solutions § and ¢ are bounded in terms of its values
at ul by

[9(u)| < € [g(ul)|
roo L
Im g(u) > U2

Co
b UL , ,
PN < ot < eo oty

<

Proof. Our strategy is to estimate y using the T-method as introduced in |21,
Section 3.2]. More precisely, we shall apply |21, Theorem 3.3] for a suitable
function g. Moreover, setting

v= sup |V],

ful ut]

we again choose a and § according to (I@35). Then V and U are again given
by (I0.6). Moreover, the error terms Ei, ..., Es can again be estimated as
in (I0.7). The integral over the error term E; can estimated by

uk ReV’
(10.10) / ’ |Ey| < ﬁ(ui —ul) (1 + sup | eg ‘) )
ul [ulwk] V2

The factor v/v (uf — u®) was estimated in Lemma[.10. The factor Re V'|/ Vs,
on the other hand, is bounded at the left end point u’ because of the
WKB estimate in Proposition This bound can be extended to the in-
terval (uX,ul) again by using the estimate (I0.8).

In order to control the error terms F3 and FEj;, we again distinguish
the two cases in (@.19). In case (b), we know from Lemma that Im'V/
and Im ¢ have the same signs, making it possible to choose g = 0. Hence

L

uy v Im V] @D |y |w)
Es|+ |Ey 5/ < D (uk —ul) = =V (bl b))
/1;L S uk Vv ﬁ( N ) v (+ )
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The factor /v (ui — ") was estimated in Lemma [@.I0. Moreover, the fac-
tor v can be estimated with the help of (@.37) by

It follows that

L

Uy G G’ 1
/ Byl + By < S8 1L < &
ul

v C3 |w\§ G’3| IR

which can be made arbitrarily small by increasing Cs.
The remaining case (a) is more subtle. We begin by proving the inequal-

ity

¢

ES

V.

Wwlw

(10.11) ~ReV(ut) 2 €

To this end, we integrate ([@.9) to obtain
Re V (Upmax) ~ )\U(Q) .

As a consequence, using (0.11)), (©.13)), (0:20) and ([@.21)), we obtain

Vg — U = 83(6’1 Re V(umax))_% |w|_§

= @3C; 8 ATF Jug| S |w|7F = €5 €, o F AT
and thus
(vg —v_) |Uo\§ ~ Cs Cl_é A
Hence
—ReV(v_) = MMvg —v_| |vg+v_| > X|vg — v_|? |vo —I—v_ﬁ

=5 ((UO —v) yvo|%)5 ~ACICTATE =03t VA,

giving (I0.IT).
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Next, we know from Lemma [0.13] that ImV and Imgy have the same
signs, except for the error estimated in (0.68]). We choose

(u) 0 fwImV >0
u) =
g VA ifwImV <0.

Then, using ([0.68) and (I0.7]), we obtain

uk
(10.12) / |Bs| + | Ey) £ Vv (ul —ub) ( sup va
uk

[uli ’u-lf—] 14 14

| Im V| n ﬁ) .

The prefactor /v (u} — ul") was estimated in Lemma @10l Moreover, us-

ing (I0.IT)), we find that the factor vA/v in (I012) is bounded by a constant.
In order to estimate the term |ImV|/v, we compare the equations (0.69)
and (@.70]) to obtain

| Im V| < |w]
v vl

The error term is uniformly bounded in view of (@20) and (I0.II]). The
other summand can be estimated by

(! ReV'| + O(w)) .

ol | Ry g 1l [Be V') €20 WP [Re V],
VA A V2 \F)\ V2

Here the factor v/\ can be estimated with the help of ([@.8) and (6.5]) by

ut —ul
sup |ImV!+% sup |ReV’|
fu ut] fu: ut]
Wl | Atlwl L

<

> R
> =

which is uniformly bounded in view of (0.20) and (@.11]). In order to estimate
3

the remaining factor |Re V’|/vz, we first note that this factor is uniformly

bounded at u” because of the WKB approximation (see Lemma [1.4). In

order to extend this inequality to u € [uf,ui], we make use of the mono-

tonicity (see (@.24)), (O.11) and (@.9))
0 <Re'V(u) <ReV(ul).

We conclude that (I0.I2]) is uniformly bounded.
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Combining the above estimates, we obtain in case (a),

L

uy
/ B[ + | ol + |Bs| + |Ea| < .
uk

As a consequence, the function T is bounded by e®. It follows that the
inequality

g>T—1 ifImV <0
is satisfied for large A.

Having verified the hypothesis of |21, Theorem 3.3], we can proceed
exactly as in the proof of Lemma [I0.1l This concludes the proof. O

Lemma 10.3. There are constants C1g and c = c¢(\,w) such that in the
WKB region with ReV > 0 the following inequality holds on the interval

I:’U‘i? umax] )
Bl chw) g mevy
Cio (ReV(u))s
Proof. In Proposition[@.9it was shown that the WKB conditions are satisfied

on the interval [ufr,umax]. Thus the solution is well-approximated by the
WKB solution

7 1 uL - uL
(10.13) ¢ ~ — (Cl efu+ v + CQ e fu+ ﬁ) s
(ReV)x

< Cio|d(u)| -

with error terms which are under control in view of the estimates in [21].
Choosing the sign convention for the square roots such that Re vV > 0, the
first fundamental solutions in (I0.I3) is exponentially increasing, whereas
the second is exponentially decaying.

It remains to show that the quotient C/C5 is bounded away from zero.
To this end, we compute the derivative of (I0.I3) at u to obtain

A Ci—Cy V'

y(“+)”\/‘701+02 Ty
again with an arbitrarily small error. On the other hand, the estimate of
Proposition implies that the WKB approximation (I0.I) holds at u”
with an arbitrarily small error. Moreover, the estimates of Lemma give
uniform control of the solution on the interval [u’, uf;] The resulting esti-
mate shows that y(uJLr) is not well-approximated by —v/V. This gives the
desired lower bound for |Cy/Cs|, concluding the proof. O
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10.2. Estimates of ¢

We again restrict attention to the parameter range (3.3). We consider the
solutions ¢_ constructed in Theorem [6.2] For ease in notation, we shall omit

the index —. We denote the corresponding solution of the Riccati equation
by

According to Proposition 0.5 the WKB approximation holds on the inter-
val (uf, 00), meaning that

1
V=V

with an arbitrarily small error, where the sign is chosen such that

lim +v-V = —w.

U—00

(10.14) ¢ ~

u /
exp <:|:z/ \/—V) and ¢ =~ j:i\/—V—Z—V

Moreover, the integration constant is chosen in agreement with the nor-
malization convention in (G.I0). The goal of this section is to estimate the
solution ng backwards in u all the way to © = U, a.

We again begin with the parabolic cylinder case:

Lemma 10.4. In the parabolic cylinder case, there is a constant Cg such
that on the interval [Uyay, ujj], the solutions y and ¢ are bounded in terms
of its values at uf* by

Proof. Follows exactly as in the proof of Lemma [T0.11 O

In the remaining Airy case, we again need to consider the Airy region
and the WKB region with ReV > 0:

Lemma 10.5. In the Airy case, there is a constant Cg such that on the
interval [uf,uﬁ], the solutions § and ¢ are bounded in terms of its values
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at uf® by
9(w)] < €g y(u)]
Im §(uf
Img(u) > ;ny(u_)

Co
(R
20O < o < e ot

Proof. Our strategy is to estimate y using the T-method in |21, Theo-
rem 3.3]. We set
v= sup |V]|
[uff,uf]

and choose a and 8 again according to (I0.3). The function g will be spec-
ified below. Then V and U are again given by (ILG). Moreover, the error
terms Ey,..., Ey are again estimated by (I0.7). The integral over the error
term E) can be estimated exactly as explained after (I0.10).

In order to control the error terms F3 and Ey4, we again distinguish the
two cases in ([@.J9). In case (a), we can proceed exactly as in the proof
of Lemma In the remaining case (b), we know from Lemma
that Im V' and Im g have opposite signs, making it possible to choose g = 0.
Next, from (@.45), we know that
A (0 = ) (R + o) EIER 3 7

G () (uf)’ TG (W)

vz

It follows that

uf’ImH < Ve />R /. R R
w U u_ —Uu
/’1/,+R VO | |ﬁ 0 *

0@, L /E A L s
S T Ve A fw] T = VEC AT
VA Jwlz

which can be made arbitrarily small by increasing €7. This concludes the
proof. O

@l

Lemma 10.6. There are constants C1g and ¢ = ¢(\,w) such that in the
WKB region with ReV > 0 the following inequality holds on the interval
[umaxvqu

D)l - _cAw) -~ fipRevy

Cio ~ (ReV(u) < Cuolo(w]-
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Proof. We proceed similar as in Lemma [[0.3] According to Proposition
we know that on the interval [u,,y, uf] the WKB approximation

N 1 “r — 'R
PR —— <C'1 vV 4 Cye I W)
(ReV)s

holds with an arbitrarily small error. By combining the results of Proposi-
tion and Lemma [[0.5] we conclude that Cy/C} is bounded away from
Z€ero. [l

10.3. Estimates for bounded w and large A

In Section [ we restricted attention to the case that |w| is large (see ([@.3])).
We now consider the complementary region that w is in a bounded set,
but again for large A. We exclude the case w = 0, which will be considered
separately in Section [[0.4l We thus consider the parameter range

(10.15) 0#w?< @ and \>Cr.

Choosing Cy sufficiently large, the potential looks qualitatively as in the Airy
case in Section @l The real part of the potential is negative both at u = oo
with the asymptotics (6.6]) and (6.7). Since the summand involving A in ([6.4])
is non-negative, for large A the real part of the potential will be non-negative
on an interval (uf,u{’) whose size tends to infinity as A — co. We now work
out the resulting estimates in detail. The only major change compared to the
estimates in Section @ and Sections [I0.T] and is that for large negative u
we must approximate qS by Bessel functions and must derive suitable error
estimates.

Clearly, the real part of the potential again has a unique maximum U, -
We begin with the estimates in the region (.., c0). Expanding the poten-

tial ([6.5]) gives (see also (6.6]) and (@.39))

A
(10.16) ReV = —w’+ =5 + 0 (M)
2
(10.17) mV = —=2 4+ 0(u?).

The connection to the situation of large w as considered in Section [0 can be
understood directly from the following scaling argument. Suppose that ¢(u)
is a solution of the Sturm-Liouville equation (6.4). Then, introducing the
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new variable @ = wu and the function ¢(@i) = ¢(u), we obtain

d2
da?

(@) = — " (u) = — V(w) 6(u) = V(@) (),

w? w?

where the new potential V(@) has the asymptotics

2s

Im V() = —=+ 0(a?).

This means that the potential looks just as before, but with w replaced
by one. Hence the above scaling argument makes it possible to change w
arbitrarily. This explains why the methods in Section [ and Section
again apply. The situation is even a bit easier because we are in case (b)
in ([@.I9). For clarity, we summarize these estimates: According to (I0.1G),
the function Re V' has a unique zero for large u,

A
ReV(ull) =0, ué%:ﬁ—i—(f)(l).

As in ([@.38)) and (O.58]) we set
ull = ull F C3 As |w| 7t

Then the results of Proposition and Lemma remain true for all w
and A in the range (I0.I5). As a consequence, the fundamental solution o
satisfies on the interval (u, oo) the WKB approximation (I0.14), again with
an arbitrarily small error. Moreover, the behavior on the interval (uff,u®)
can be estimated as in Lemma Finally, on the interval (w,ay, uﬁ) one
can estimate the solution exactly as in Lemma

We come to the estimates in the region (—00, Uy, ). Near u = —oo, the

potential has the asymptotic form (see also (6.7]))
(10.18) Vu) = - +c1(A+v)e™ + o Ae?™ + ("),

where ¢ is the positive constant

L —To
cl=—-—>5,
YTt r?
¢y is a real constant, and v = v(w) is a linear polynomial in w with complex
coefficients. The real part of the potential again has a unique zero for large
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negative u,

: ,,)> (1+0(x).

1 Q

Obviously, u§ tends to —oo as A — co. In order to see the basic difference
to the estimates in Section [ let us consider the situation that u < ué
and Q2 =0. Then V =~ ¢; ()\ + v) . Evaluating the expressions in the WKB
conditions, we obtain

|V/| -~ (&) _ou ’V”|N C3 e
Ve (A+v): VP A+v

e 2, A

Since the exponential factors increase exponentially as u — —oo, the WKB
conditions fail if u < —log A. In particular, in the limiting case 2 = 0, the
WKB approximation does not apply near u = —oo. This is why the methods
in Section [@ and Section [I0.1l no longer apply. Instead, we use the xk-method
introduced in [21, Section 3.3] to obtain the following result:

Proposition 10.7. There are constants ¢g, ¢y > 0 such that for all w and A
in the range (I0IR), the solution y(u) in Theorem[6.1] satisfies the estimate

(10.19) Re(u) > \CA e2 —¢
1

for all u in the interval

log A
2y

(10.20) U € (—00, Upin) with Uy, = — — <.

Before coming to the proof of this proposition, we explain its significance
and work out an application. To this end, we evaluate the inequality (I0.19])
at U = Up;,. Then

log A \/X

(10.21) AT =)de 702 = ,
evco

which can be made arbitrarily large by increasing A (note that the factor 1,/2
in (I0.20) is essential). As a consequence, at U, the summand A e’ dom-
inates the potential (I0.I8). This also implies that we are in the WKB
regime. The inequality (I0.19) shows that in this regime, the solution ¢ has
a large real part, meaning that ¢ is well-approximated by the exponentially
increasing fundamental solution. This gives rise to the following result:
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Lemma 10.8. There are constants Ci19 and ¢ = c¢(A\,w) such that on the
interval (Umpin, Umax) the following inequalities hold

Bl cOw) o revi e
C1o = (Re V(u))i ¢ < Cuolo(w)l,

for all w and X\ in the range (I0.IH).

Proof. We proceed similar as in the proof of Lemma As shown af-
ter (I0.21]), the WKB conditions are satisfied at u,,;,. Moreover, as in Propo-
sition one verifies that the WKB conditions are also satisfied on the
interval (Ui, Umax). Thus on this interval, the WKB approximation

b1 (01 S AR ﬁ)
(ReV)x

holds with an error which can be made arbitrarily small by increasing .
The inequality (I0.I9) implies that the quotient Cy/C5 is bounded away
from zero. Il

The remainder of this section is devoted to the proof of Proposition I0.7
According to ([9.2), we know that Im 2 < 0. Moreover, it suffices to consider
the case

ReQ2 >0,

because the case Re ) < 0 can be treated in exactly the same way by consid-
ering the complex conjugate equation. Then the solution QS with the asymp-
totics ([6.9) starts at u = —oo in the upper half plane. But, depending on the
sign of the imaginary part of the parameter v in (I0.I8]), the imaginary part
of y could change signs. Thus there might be ug;, € (—00, Uy;,) such that

<0.

Uflip :umin) -

(10.22) Imy|, >0 and Imyl,

7oo’uﬂip)

In order to treat all possible cases at once, in the case that Imy does not
change signs, we again work with (I0:22]) but choose g, = Uiy
We choose the approximate potential as

(10.23) Vuw) =-+c(A+0)e™  with 7:=i|Imv|+i

and Q € C to be determined below. The corresponding Sturm-Liouville equa-
tion ¢ (u) = V(u) ¢(u) can be solved explicitly in terms of Bessel functions.
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Similar to (G9]), we want to arrange the asymptotic behavior
d(u) ~ it as u — —00.

This gives the unique solution (see |29, §10.25])

(10.24) dlu) =" I‘(l + 2?) Lo G O+ ) eW> .

This solution is well-defined and regular. It is well-behaved in the limit Q —
0. The corresponding solution of the Riccati equation

is also well-defined and smooth and has the asymptotics

(10.25) lim g(u) =i.

U—r—00
Next, we choose

) - ImQ
(10.26) ReQ = (1+6) ReQ >0 and ImQ:%<O

for a parameter § > 0 which later on we will choose sufficiently small. Using
these inequalities in (I0.25]), one sees that the solution g starts at u = —oo in
the upper half plane. Moreover, as Im V > 0 (see (I0.23) and again (I0.26))),
we conclude that ¢ stays in the upper half plane,

Img >0 forall u e R.

In order to get more detailed information on g, it is useful to again consider
the WKB approximation and expand it for large A,
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~ 1 w ~
(10.27) G = —— e VY
A%
Ywks ‘= ~(NKB = - 1:
Pwis 4v

= - 1 a(A+p)yer
=4/ A R
\/ +Cl( +1/)€ 4 _QQ+01()\+17)67”

Fu Y 1K yu 1

1 .2 pr 2 - — 2 2
(10.28) cire 4+ﬁe +0(A72)
1 -

1
(10.29)  Re (fwkn) Im (Jwxe) = 5 Tm (Toxc) & 5 m(V),

where the parameter K depends on . Clearly, this WKB approximation
only applies if Ae? > 1. Even in this regime, it is not at all obvious that §wks
approximates . Namely, the function g?) is in general a linear combination
of the WKB solution in ([I0.27) and the other, exponentially decaying WKB
solution. As a consequence, the function § could have a different form. It
turns out that, using the explicit form of (I0.24]), the function gwks does
describe the qualitative behavior of the solution correctly, as is made precise
in the following lemma.

Lemma 10.9. There are constants ca, ¢3, ¢4 such that for all w and A in
the range (I0.10), the functions

(10.30) a:=Ref§ and [:=Imj

satisfy on the interval (—o0, Uy| (With Uy, according to (I0.20)) the in-
equalities

VA

(10.31) —e2 <a
€2
1 -
(10.32) < fB<cy
C3 v
Q!
(10.33) ﬂﬁ <cer .

Proof. Writing the potential V, (T0.23) as

Vi) = 0 1 ¢ (1 F ) e g2 g o
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with
log A

(10.34) vi=u+ and b:=c, <1 + %) ,
one can arrange that the problem depends on two parameters € and b which
both lie in a bounded set. Indeed, by increasing the constant C; in (I0.15)
one can even arrange that b is arbitrarily close to ¢;. Therefore, it suffices
to analyze the perturbation of a one-parameter problem.

In the variable v, the fundamental solution ¢, [I0.24)), becomes

&@wvum<3v@ew>_

~

In the limit v — —oo, the argument of the Bessel function tends to zero.
Using the power expansion of the Bessel functions (see [29, eqn (10.25.2)]),
one obtains

S

(v) ~ it (ao + a1 67”) + (‘)(62”’)

F (v) ~ ¢m + e qay e + 0(e2)
ji(v) = Q+ Lo o(e).

where the complex coefficients ag and a; depend on Q and b. These coeffi-
cients are given in terms of the gamma function, and one verifies explicitly
that they are non-zero. This shows that the relations (10.31))—(10.33]) hold
for sufficiently small and negative v.

For large v, the Bessel function goes over to the exponentially increasing
WKB approximation (see [29, eqn (10.40.1)]),

(10.35) d(v) o —° exp(/vﬁ)
z\f-‘l:\/@éﬂ’—fﬂ—ﬂ
N

4(ber —Q?)
~ Yv QQ v QQ
bez ~677—1—’7~677v

2Vb 4w
where &~ means that we neglect higher orders in e~7". Taking the real part
of the last equation, we immediately obtain

(10.36)

Q

)

v
2

(10.37) arer
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giving in particular the lower bound (I03I]). Taking the imaginary part
of (I0L36), we can make use of the fact that, according to (I0.34)), the pa-
rameter b is real up to an error of order 1/, so that

S 1 0?2 70
10. ~es (—)—I — e 2 -1 A A
(10.38) Bre O)\ m<2 B)e m<4b>e

Using (I0:21), we obtain at vny, := Ui, + (log A)/~ that

YVmin 1 _3 _ min _1 VU _1
e 0($) =0, e TE =0T, e = 0(A3),

showing that the second summand in (I0.38]) dominates. Combining this esti-
mate with the upper bound (I0.37), we conclude that also (I0.32)) and (I0.33)
hold at v = v,,.

Since ImV > 0, we know furthermore that 3 remains strictly positive.
Using the validity of the inequalities (I0.31)—([10.33]) asymptotically as v —
—oo and at v,,;,, we conclude that for every Q and B , there are constants co,
¢s and ¢4 such that (I03I)-033) hold for all v € (—00, Uyin]. Since the
constants can be chosen continuously in the parameters Q and B, it fol-
lows that the constants can be chosen uniformly for the parameters in any
compact set. This concludes the proof. O

Comparing (I0.18) and (I0.23), we obtain

Re(V —V) = —Re (Q2 - QQ) +0(e™) + (9()\627“)
2
1039) B (254) (R4 )+ 0(0) + O >0
Im(V — V) = —Im (% = Q) + ¢ Im (v — 7) & 4 O(e21%)

(0.25) clm (v —0) ™ + O(€2w)

1040) " (Tmy — [Tmp| — 1) & + O(2™) <0,

where the inequalities hold for all u < ., provided that w.,, is sufficiently
small (as can be arranged by increasing the constant C; in (I0IH) as a
function of 9).

We first consider the region (—oo, ug;,) where Imy > 0. We apply the -
method introduced in |21, Section 3.3]. Let us choose the function x. Recall
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that this function is defined by

( ) 1 T
(10.41) K(u) = + - aIm(V V),

where o is defined by

(10.42) o (1) = exp ( / ’ 2a> ,

and g can be any monotone increasing function. Since Im(V — V) < 0, we
may choose g(u) as

o) = [ atu(v - V)

— 00

to obtain

As a consequence, the formula for the determinator |21, eqn (3.27)] can be
rewritten as follows,

(10.43) © =2aRe(V - V) + %Re(V — VY +BIm(V —V)+ (k— R)ImV

(10.44) = <2a h;g) Re(V = V) + 0(e™) + O (Ae™)

where in the last line we used (I0.32]) and (I0.40]). Next,

ImV +2o¢5—1mf/ Im(V — V) @TI0 203 —ImV
Y _ “ap—mv

2c = = > a4+ =
2B 2B 2B
Im (7% — Im V) Im §/ 5’ VA Sz
= o+ = = o — — =0 — —= = 2,
25 2ﬂ 25 2(2

where in the last step we applied (I0.3I) and (I033)) and increased the
constant €7 in (I0.I5). Using (T0.39), we conclude that

D= \? e2 (1 + (‘)(ew) + O()\ eQW)) + O(ew) + (9()\627“)
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with a positive constant ¢ = ¢(d). By choosing ¢¢ in (I0.20)) sufficiently large,
we can arrange that all the error terms are small on the interval (—oo, ug;,).
Thus the determinator is positive. We conclude that the invariant region
estimate in |21, Proposition 3.5] applies, giving the estimate (I0.19) on the
interval (—oo, ugs,).

It remains to consider the interval (ugi,, Umi). Since we want to apply
again [21, Proposition 3.5], it is most convenient to take the complex conju-
gate of the equation. This corresponds to the replacements

ImV - —ImV, ImV — —ImV,
Imy - —Imy, Imyg— —Imyg,....

Then the solution g is again in the upper half plane. The invariant circle
is reflected at the real axis (corresponding to the transformation 8 — —f).
The only difference compared to the above analysis is that the factor Im(V —
V) in (I0AI) is now positive, so that the integral in (I0AI]) is increasing.
Therefore, we now choose g =0, implying that « > 0. Using the formula
for kK — R in [21, Lemma 3.4], the last summand in (I0.43)) can be estimated
by

M—RﬂmV:M_R%V_mImV
2(5+ ) N
oy RV oy
26+%)  20+m
RV =V) v s RV =V) oy
2(B+ k)

where in the last line we used the fact that Im V' > 0 (otherwise the solution y
would not have crossed the real axis), and that Re(V — V) is positive accord-
ing to (I0.:39). Thus we have estimated the determinator by the expression
in (I0.44]), making it possible to proceed just as on the interval (—oo, ug;,)
above. Note that, estimating (I0.41]) in the case ¢ = 0 using ([0.40)), keeping
in mind that o is monotone increasing in view of ([0.42)) and (I0.31]), one
sees that

(1045) 0 S K S ¢ on (_007 umin)

(where ¢ is again a constant which is uniform in w and X in the range (I0I5);
note that this inequality is trivial on the interval (—oo, ug;,) where k = 0).
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In the above arguments we concluded that [21, Proposition 3.5] applies.
It follows that the solution ¢ lies inside the circle with center m = o + i3
and radius R, with « as defined in (I0.30) and

U

(10.46) R+B=0+k, R—ﬁzm.

Here the function U is given by (see [21, eqns (3.3) and (3.17)],
(10.47) U:=ReV —a?—a' =Re(V-V)—-j32.

Let us analyze what this estimate means for the radius. Combining (I0.46))

and (I0.47), we obtain

iy u .z Re(V-V) 2
2R—(5+H)+B+ﬁ—(ﬁ+l-€)+ CEU
S(B+R)+Re(~V—V)7

where we used that the summand f 4 & is non-negative according to (I0.32)
and (I0.45). Next, we know from (I0.39) that the term Re(V — V) is uni-
formly bounded and can be made arbitrarily small by decreasing §. Also
using that 3 and k are both positive (see again (I0.32) and ([L4H)), we
conclude that

2R§B+m+"’;.

Applying the estimates (I0.32) and (I0.43]), we conclude that
)
(10.48) Rgc(1+3) <c(l+¢da).

The fact that g lies inside the invariant circle gives the inequality Rey >
a — R. Combining this inequality with (I0.48)), we obtain

Rey > (1—cezd)a—c.

We choose ¢ so small that ccgd < 1/2. Using (I0.31) gives the inequal-
ity (I0.19). This concludes the proof of Proposition [0.71
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10.4. The limit w — 0

In the construction of the Jost solution qS = <;3_ in Theorem as well as
in all the previous estimates of gi) we always assumed that w # 0. We now
analyze the behavior of these Jost solutions in the limit w — 0, coming from
the lower half plane Imw < 0. Before beginning, we point out that if A is
sufficiently large, the asymptotics for small w is obtained immediately by
taking the limit w — 0 in the estimates of Sections and [[0.3l This can
be understood directly by analyzing the WKB conditions: For w = 0, the
asymptotics of the potential in (I0.16) and (I0.I7) simplifies to

Viw) = 25+ 0(u).

Hence

V| V6

2 ] -1
|V‘2:m<1+0(u )) and |V|2_H<1+O(u )),

showing that the WKB conditions are satisfied for large A and «. Combining
this result with the estimates in Section [0.3] one finds that for w = 0 and
large A, the solution qb is well-approximated by the WKB solution. Conse-
quently, the behavior for small w and large A\ can be described simply by
perturbing this WKB solution.

If X is not large, we can use methods and results in [18]. For self-
consistency, we now restate these results in our setting and outline the
proofs.

Lemma 10.10. Setting

1
(10.49) = (\/1+4)\+432+8akw— 1),
the following limit exists,

(10.50) lim w7 =gy .

w—0, Im w<0, w#0

The limit function ¢y is a solution of the Sturm-Liouville equation (G.4)
for w =0 and has the asymptotics

L\ (4iTEo+)
(10.51) Jim (7 do) = i) To+1—s)
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Proof. We proceed as in the proof of [18, Lemma 8.1]. Again working in the
r-coordinate and writing the radial equation as

d2
(10.52) - Ww(r) +V(r)yY(r)=0,
the potential V has the following asymptotics near infinity:

(10.53) V() = —w? — g BT MW

,
N \ + 82 + 2akw — 2iM sw — 12M? w?
2
,

+ O(r™3)

(this differs from the potential in [18, eqn (8.6)] only by the summand
(2akw)/r?). Dropping the error term, the equation (I0.52) can be solved ex-
plicitly in terms of Whittaker functions. Satisfying the correct asymptotics
at infinity (€I0), one obtains the unique solution

(2iw) s M@ (2iwr) |

o(r) = VA

where the parameters x and p are given by

k=58—2wwM and

1
u:5\/1+4)\+482+8akw—8iM3w—48M2w2.

For small w, this solution has the asymptotics

7 — S5O0 (_4)_% F(20' + 2)
o) =75 (2i)°T(c +1—s)

with o as in (I0.49). This function obviously satisfies (I0.50) and (I0.51)).
The error term in ([0.53) can be treated exactly as in the proof of [18,

Lemma 8.1] by a Jost iteration, taking the solution ¢ as the starting point.
O

10.5. Estimates of the large angular modes

Combining the estimates of Sections [0.JHI0.4] we obtain the following a-
priori estimate:
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Proposition 10.11. For any us > 0, there is a constant C11 > 0 and N €
N such that for alln > N, the kernels of the Green’s functions s,, and of the
operator g, (CO) and (1), satisfy for allw € R and all X > C; the bound

(10.54) ’e_w“ S (u, u’)‘, ’e_w“ gw(u,u')| < €1,
uniformly for all u < Use and —Ueo < U < Uxo.

Before coming to the proof, we point out that the exponential fac-
tor e~ " compensates for the exponential decay as u — —oo of the funda-

mental solution ¢(u) contained in g(u,u’) (see (Z0), (Z0), @) and (@2)).

In order to verify that this exponential factor really controls the asymp-
totics uniformly in A and w, we need to estimate the absolute value of the
exponential in the WKB solution (I0.1]). This is done in the next lemma.

Lemma 10.12. There is a constant C4 such that the following estimate
holds in the WKB region (—oo,ul) for all X and w in the range ([@.3),

/UL<—w¢Imﬁ> < Cy4.

—00

Proof. We begin with the PC and Airy cases. Then, in view of Lemma [0.1],
we know that (@.0) holds. We again consider the cases (a) and (b) in (0.19)
after each other. We begin with case (b), where in view of Lemma
we must be in the Airy case. From (0.8) and (@.31), we know that on the
interval (—oo,u”) the inequalities

C 1
[ Im V| < |w| and —ReVZe—3|w|§
2

hold. As a consequence, the real part of V dominates its imaginary part,
giving rise to the expansion

A ImV

IV ().

7Ry (L+00I)

Using the asymptotic form of the potential (I0.I8]), we obtain the expansions
V=V =0Q- 20—;2()\ +uv)er <1 + O(e"’“))

-V = __a YU -1 Yu
Rev—-V =Re) 2P ReQ Me <1+O(w)\ )—i—O(e ))

ImV =-2ReQ ImQ+¢ Iml/ew—k(‘)(eh“)
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and thus

YU

cle cp e
Im v~V =ImQ (— I A)
my—V =ImQ + Re ) ml/+2|Q|2

X (1 +0(wA™h) + O(|w|_%) + O(ew)) :

Using the notation (@.2]), we obtain the estimate

(10.55) |- = +mv=V] g ('Imyy+w2> s (14 A)ew,

where in the last step we used that the function v in (I0.I8) is a linear
polynomial in w. Integrating this inequality, we obtain

/“L (~=wimv 7)< (14 3) e

— 00

Applying the first inequality in (0.36]) gives the result.

In case (a), the last estimates apply without changes in the region
(—00, Umax — €~z) away from the maximum of ReV, and the term M w?
in is uniformly bounded in view of (@21]). On the interval (umax —
€~ 2,ul), on the other hand, we know from (@) that |Re V"| ~ \. There-
fore, the WKB inequality for the second derivative in Proposition implies
that [V > \/A/e = |w|/v/€ (where in the last step we used Lemma [.6).
Combining this inequality with (0.8]), we see that for sufficiently small ¢, the
real part of the potential again dominates its imaginary part, implying that

\ImV!

VIRe V]

Comparing the inequalities (0.69) and (@.70) in Lemma [0.I3] and using
that Re V' (upay) is zero, we find that |ImV (up.,)| S 1. Integrating (9.9),
we infer the bound

(10.56) ’ —w+Imv-— ‘ S [ S on (umax — G_E,UE) .

[Tm V (u)| <1+ | ‘u — Uppax| -

Moreover, integrating (@.9]), we know that

|ReV| Z A (u— umax)2
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Hence

/u [mv] _ [ < 1 . |w|>
wme—€3 A/ JReV] ™ Jumed \WA U — U] VA
< | 1Og(umax - U£)| M

N 5y 7

which is uniformly bounded in view of ([@.I1)), (@.21I]) and (@.3). This con-
cludes the proof in case (a).

In the remaining WKB case, we use the following monotonicity argu-
ment: We increase A until Re V (Upa) = —C4 vVA. Then we are in the PC
case (see (@.I0])), where the above method applies. When decreasing A, the
absolute value of the real part of the potential increases, whereas its imag-
inary part remains unchanged. Therefore, the inequality (I0.56) remains
valid, and the integral (I0.57) decreases. This concludes the proof. O

(10.57)

Proof of Proposition [I0.11. Let us go through the different cases, beginning
with the parameter range that both |w| and X are large (@.3]): First, according
to Proposition 0.4 on the interval (—oo, uI;) the fundamental solution <Z> is
approximated by the WKB solution in (I0.]), up to an arbitrarily small
error. From Lemma we conclude that the asymptotics of |¢(u)| is
controlled by the exponential e®", uniformly in A and w.

We next proceed by analyzing the different cases in (@.I0). In the WKB
case, the WKB approximation applies on the whole interval (—o0, tU.y)-
Likewise, on the interval (., 00) also the fundamental solution ¢ is well-
approximated by the WKB solution. Moreover, the fundamental solutions
and y lie in different half planes (see (6.9) and (6I0])). This implies that

wou

e
) gw(u,u/)l S W .

(10.58) EMORTS

Next, in the parabolic cylinder case, the estimates of Lemmas [I0.1] and [10.4]
show that (I0.58) again holds. Finally, in the Airy case, the estimates of
Lemmas [10.2], T0.3] and imply that ¢ is increasing exponentially
in the WKB region with ReV > 0, whereas gb is exponentially decaying in
this region. Hence |s(u,u)| and |g(u, u’)| decay for large A, uniformly in w.
This concludes the proof in the parameter range (0.3).

If w+#0 is in a bounded set and A is large (I0.I5), the estimates in
Section 03] show that qb and ¢ behave again just as described in the Airy
case. Moreover, as by rescaling one can arrange a compact parameter range
(as explained after (I0.34))), it is obvious that the exponential e=** in ([0.54))
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again controls the behavior as u — —oo uniformly in all parameters. Finally,
in Section 0.4l it is shown that the fundamental solution ¢ as well as the
Wronskian are continuous at w = 0 after the rescaling (I0.50). Moreover,
since the function ¢y is decreasing at infinity (I0.5T), the Wronskian is non-
zero in the limit. This concludes the proof. [l

The estimate of Proposition [0.11] gives us uniform control of the large
angular modes:

Proposition 10.13. For sufficiently large p and all w € R, the following
estimate holds for all u < ue,

c(Uoo, ¥p)
£2(s2) ~ (n+1)2 (14 |w[)?

(R Q2 (H + 3ic)" o) ) (u)

i |
|w + 3ic|P
Proof. Using Proposition [[0.11] similar to (85) we obtain the estimate

< C(use, Uo) (1 + w?).

| (Run @ (1 + 3i6)" w0 ) (u)| sy

Using the method in (B.0), one can generate factors of 1/,

1 w . \D
|w + 3ic|P H <R°"’" Q@ (H + 3ic) qu)) (u)’ L2(5?)
1+w?
< O (oo, Wo, AuWo, . .., AZ1W0) W ’

where in the last step we used (@.0]). Since the operator A, involves w at
most quadratically (see (6.3])), we obtain the estimate

(van Q“ (H + 3ic)” %)) (u)’

1+ w?
(14 |w))P=4a A7

1
|w + 3ic|P H L2(S52)

S C(’“/OO? \IIO)

Choosing p sufficiently large and estimating the eigenvalues A, from below
with the help of Proposition [A.2, we obtain the result. O

Corollary 10.14. For sufficiently large p, the solution of the Cauchy prob-
lem for the Teukolsky equation with initial data V|,—g = W € D(H) can be
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written for any t <0 as

e—zwt

_ _L - : w - \P
\I/<t) - Qi nz_;) ‘11\1}1] /Rig (w T 3iC)p (Rw,n Qn (H + 3’LC) qj()) dw .

Here the series converges absolutely in the sense that for any € > 0, there
is N such that for all t <0 and all u < Us,

e ) e—iwt . ‘
Z il\rj(l) </R . m (Rw’n Qn (H + 3ZC)p \I/0> dw> (U)
n=N -t

Proof. Our starting point is the integral representation (5.I2]) in Corol-
lary 5.4l Separating the resolvent (Theorem [TI]), we obtain an integral over
an infinite sum of angular modes. Exactly as explained in Lemma [B.] for the
first N angular modes, for each angular mode we may deform the integral
and move it up to the real axis, without changing the values of the integrals.
Applying the estimates of the large angular modes of Proposition I0.13], we
obtain the result. O

<e.
L2(S?)

11. Ruling out radiant modes

In the integral representation of Corollary [[0.14] we know that all integrands
are holomorphic for w in the lower half plane, making it possible to move
the contour arbitrarily close to the real axis. However, our analysis so far
does not rule out the possibility that the integrands might have poles on the
real axis. We refer to such poles as radiant modes. In this section we rule
out radiant modes.

11.1. Ruling out radiant modes at w =0

For w = 0, the potential (6.5) simplifies to

2 /12 L 2 —ilr — 2
(11.1) V() = AA +8u r*+a® (ak: i(r M)S)
(r2 4+ a?)? VrZ £ a2 r? + a?
YA +83\/r2+a2+ (r — M)?s% — a?k?
T2t a2? ' i a2 (2 + a2)?

. ak(r—M)
+ 21s 702 T a2)2
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In particular, one sees that the imaginary part of V' has a fixed sign,
ak? (r — M) 0
(r24+a?)? —
Lemma 11.1. For every angular mode, the kernels of the Green’s func-

tions s, and of the operator g,,, (C8) and (L), are uniformly bounded in
a neighborhood of w = 0 (here again Imw < 0).

(11.2) EImV(u) =2s

Proof. In view of the continuity results of Theorem [6.1] and Lemma T0.10,
it remains to show that choosing w = 0, the Wronskian w(qg, (\ﬁo) (with do as
in (I050)) is non-zero. Assume conversely that this Wronskian were zero.
Then the solutions qg, <250 are multiples of each other. Thus there is a non-
trivial solution ¢ of the Sturm-Liouville equation (6.4]) which decays both
as u — +oo. More precisely, this solution decays exponentially as u — —oo
(see (6.9)), keeping in mind that €2 in (6.8) has a negative imaginary part),
whereas it decays polynomially as u — oo (see (I0.5])). In particular, the
solution is in L?(R).

In the case k = 0, the potential (IT.J]) is obviously real and positive. As a
consequence, the solution ¢ is convex (for details see |16, Section 5]), contra-
dicting the fact that it decays as u — +o00. In the remaining case k # 0, we
make use of an observation made previously in |22, Section 9]. Multiplying
the differential equation for ¢ by ¢ and integrating, we obtain

_ T d2 (i) ™ d2 - B ™ o
0= [To(-gatv)e [[(iz+7)eo= [[r-7s.

where in (x) we integrated by parts and used the decay properties of ¢ to
conclude that the boundary terms vanish. We thus obtain the relation

/ ImV[¢]*=0.

0

Using (IT.2)), we conclude that ¢ must vanish identically, a contradiction. [

11.2. A causality argument

In the following proposition we show that the separated resolvent has no
poles on the real axis. The method makes use of finite speed of propagation
and is an improvement of the method first developed for the scalar wave
equation in [13, Section 7]. We remark that an alternative method for ruling
out radiant modes is given in [4].
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Proposition 11.2. For any n€ NU{0}, the separated resolvent R, ,,, (T.9),
is holomorphic in the lower half plane {Imw < 0}. Moreover, it is continuous
up to the real axis, i.e. the limit

R, ¥ = lim (RW_Z-(E 2V) exists for all w € R,
’ e\0 ’

Proof. Let wy € R. We want to show that R, , is continuous at wg. In the
case wy = 0, the result follows immediately from Lemma[IT.Il In the remain-
ing case wy # 0, for test functions 7y, n2 € C3°(R) and a real parameter L
we set

11.3 b (u,,0) =m(u+2L)e ke =2l g (Y
0y
7’2 + CL2

(11'4) Drest (u, 9,0) = n2(u) etk @wo,nw) )

where O, » is an eigenfunction of the angular operator A, in the image
of Q%. Moreover, we set

(P (0
\IJL B ( 0 ) and \IlteSt B (q)test> '

Finally, we let U ; be the solution of the Cauchy problem with initial
data Wy o= Wy. Then, due to finite propagation speed, it follows that
for sufficiently large L, the functions \I/tL and Wit have disjoint supports
if t € [-L,0]. Hence for any power r € N,

1 0 W T
(11.5) 0= L/Le of <(H _wo) \I}tLa\Iltest>L2(R><52) dt.

Corollary [[0.14] yields the integral representation

(H — wo)r\IltL
1 & . . (w _ wo)r .
= —— | zwt7< o Q) (H \I/>d ?
2mi n’Z:O El\r‘% R—ie ¢ (OJ + SiC)P R ) Qn ( + 316) 1) dw

where the infinite sum over n’ converges absolutely if for any given r €
N we choose p sufficiently large. Using this representation in (ILH) and
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introducing the short notation

e
we obtain
: 0
= ! —iw—wo)t
0= il\];r(l] e wvn’Q(TILJ"_‘va’\PteSt>L2(RXS’2)L/Le i(w—wo) dt
i(w—wo)L -1
— w, =
(11.6) = Z ;l\f‘% i W <Rw,n’ Qn/ HL,wa\I/test>L2(R><Sg) .
n'=0 B

Let 6 > 0. According to Corollary T0.14, we know that for sufficiently
large N,

[e.9]

<4,
NE\O

i(w—wo)L __ 1
i —_— Q=
lim /l\g o (w—wo)L <Rw,n Qs Lw \I]teSt>L2(R><5'2)

uniformly for large L. Moreover, using Proposition [0.13] we may choose
Wmax > 2 |wo| such that

Wmax z(w wo)L _ 1
</ /w > w CU(])L <Rw,n’ Qn’ EL,w) ‘ljtest>Lz(RX52)

max

N
<4,

again uniformly in L. Using these estimates in (IT.6), we conclude that

Wmax —ie i UJ—LU())L

( 1
e —
lim N <Rw,n’ Q%’ :'L,wy \I}teSt>L2(R><S2)

(11. 7
5\0 I (w — wO)L

< 290,

uniformly for large L.
In order to estimate the remaining integrals, we iteratively apply the
identity

1
————— Ry Q¥ (H + 3ic)?
(w+3ic) @ (H + 3ic)
1
N oW _ . : \g—1
= i3 Ry n Qs ((H w) + (w+ 316)) (H + 3ic)
1 1
(11.8) = Q%+ 7 Ruw Qi (H +3ic)?!

(w+ 3ic)? (w + 3ic)~
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Im w

' : —>

—Wmax wo Wmax

Figure 2: The contour T'.

Using this relation in (II.7)), the first summand in (II.8]) gives rise to inte-
grals of the form

/wmax—ie ei(w—wo)L -1 (w _ WO)T

(w—wo)L (w+ 3ic) (@ Vs, \IjteSt>L2(Rx52) :

—Wmax—1€

As the integrand is holomorphic in a neighborhood of wy, we may deform
the contour into the upper half plane (keeping the end points fixed) such
that |w — wp| > wWmax/2 along the contour. Taking the limit £ \, 0, we obtain
the integral along a contour I' which joins the points —wax and wmax and
lies in the upper half plane (see Figure ). Then the bounds |e!“~—«0)l| <1
and |w — wp| > wmax/2 show that the integral tends to zero in the limit L —
oo. Therefore, for large L only the second summand in (1.8 must be taken
into account. We conclude that for large L,

(11.9)
i Wmax i€ gi(w—wo) L _ ] "(R W, W 30
7 N7 - ’ ’ <
| TL,Z::OEI\IA% — Wmax—i€ (w — WO)L (w WO) < w,n Qn L, test>L2(R><52)

(with r as in (IIH)).

We proceed indirectly. Let us assume that the separated resolvents R,
have poles at wy. Since the poles of meromorphic functions are isolated, there
is a small neighborhood of wy on the real axis where the resolvent has no
other poles. Moreover, we may choose n such that the pole of R, , has a
pole of order ¢ > 1, and that for all n’ # n, the separated resolvents Ry,
have a pole of order at most ¢q. By choosing r = ¢ — 1, we can arrange that
the integrand in (IT.9) for n’ = n has a pole of order one, whereas all the
integrands for n’ # n have a pole of order at most one.

For all modes n/ with n’ # n, we can make use of the fact that ¥y, is an
eigenfunction of the angular operator A, in the image of Q% (see (I13])).
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As a consequence, Q,?¥ = 0, and thus

KRw,n’ Q:/ vy, \Iltest>L2(RX52)’ = KRw,n’ (Qﬁ/ - Q‘;«j?) v, \I/test>L2(R><Sz)‘ :

Next, since wg is real, the angular operator A, is self-adjoint and has
simple eigenvalues (for details see [22, Section 7]). Therefore, the opera-
tor Q¥ — Q. is given linearly in (w —wp) by a standard first order per-
turbation calculation without degeneracies (see [25]). We thus obtain the
estimate

’<Rw,n’ QL;:’ \I’Ly \I/test>L2(RXSQ)‘ < 0(771, 7]27w0) }OJ — WO‘ .

Using this estimate in (I1.9), the factor |w —wp| has the effect that the
integrand is bounded near w = wy. Due to the factor 1/L in (IL.9), the
corresponding summand in (II9]) tends to zero as L — oco. We conclude
that for sufficiently large L,

(11.10)

wmax i€ z w—wo)L __ 1 1
’ / (w - w0>q7 <Rw,an\pLa \I/test>L2(RX52) < 44.

wmn—ie (W —wo)L

Thus it remains to analyze the angular mode n: The integrand can be
simplified with the relations

< an \IIL,\I’test>L2 RxS2)

<Qw Woum» w07 L2 52/ du/ d’U (I)L %w,n(u,v));q%est(v)
— (Q% Oy s O 1259 / du / dv DLW g (1, 0) Brest(v)
—o0 —o0

where in the last step we used the explicit form of the kernel R, ,, in (Z9).
Since wy is real, the angular operator A, is self-adjoint and has no degenera-
cies. A standard perturbation argument implies that if |w — wy| is sufficiently
small, the operator A, is diagonalizable. Therefore, the nilpotent matrix N
in (77) vanishes, so that g, = s, with s, given by (7.6). We conclude that

(R Qi W, Wiegt) (RxS?)

_ e @woj(’jg)’“”“” ([ s a) ([~ oo w).




Linear stability of the non-extreme Kerr black hole 2071

Using this relation in (IT.I0), the integral can be computed with residues.
Since the Wronskian is assumed to have a zero of order ¢, we obtain

Winax —1€ ei(wfwo)L -1

. e =1 _ q—1 w
g{% o —ie (W —wo)L (w = wo) <R”’"Q”\I’L’\IjteSt>L2(Rxs2)

~ (i [ w0 ) ([ B0 60 ) (O Ou s
) +0(L7).

Clearly, the residue is non-zero. Moreover, the limit L — oo of the first
integral exists in view of the asymptotics of the fundamental solution (6.9]),
as is obvious after a change of variables,

ei(w—wo)L -1 (OJ _ UJo)q_l

(@=w)l  w(6,9)

« (cim) R,

o0

/ M (u 4 2L) e~ 2L U gy — / m(u+ 2L) e W+2L) gy,

—00 — 00

= / m(7) ™7 dr .

By choosing the test functions 1; and 7y in (IL3) and (II.4]) appropriately,
we can clearly arrange that this limit as well as the second integral are non-
zero. We conclude that the integral in (IT.I0) has a non-zero limit as € \, 0.
Since § can be chosen arbitrarily small, we obtain a contradiction. This
concludes the proof. O

12. Integral representation and proof of decay

We now consider the Cauchy problem for the Teukolsky equation (2.3])
with smooth and compactly supported initial data Wy = (®|i=o, 0, P|i=0) €
C>®(R x §2,C?) (we always work in the Regge-Wheeler variable u € R
(see (ZH)) and the function @ := V72 + a? ¢ (see (2.6])). We decompose the

initial data into a Fourier series of azimuthal modes (cf. (2.4)),

Vo(u,0,0) = > e 0P (u,0).
kEZ

By linearity, the solution of the Cauchy problem for Wy is obtained by solving
the Cauchy problem for each azimuthal mode k£ and taking the sum of all the
resulting solutions. In the next theorem an integral representation for the
solution of each azimuthal mode is given, and it is shown that the solution
decays pointwise.
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Theorem 12.1. For any k € 7/2, there is a parameter p > 0 such that for
any t < 0, the solution of the Cauchy problem for the Teukolsky equation
with initial data

Ulmg = e R wW (e 9)  with WP e C®(R x $2,C2)
has the integral representation

(12.1) (t u, 9, )

77,0Jt

— —Z — w . (k)
- k‘pZ/ (w + 3ic)p ( w,n @ (H + 3ic)"¥g )(“a J)dw.

Moreover, the integrals in (I21) all exist in the Lebesgque sense. Further-
more, for every € > 0 and u € R, there is N such that for all u < o,

dw < €.
L2(52?)

(12.2) Z/ H ST - (Ro @ (H + 3icy ) (w)

Proof. Starting from the result of Corollary [I[0.14] we apply Proposition IT.2]
to move the contour up to the real axis. [l

Corollary 12.2. For every k € Z/2, the solution of the Cauchy problem for
the Teukolsky equation with initial data V|—o = \I/ék) € D(H) decays point-
wise, 1i.e.
lim Y(t,u,9,¢)=0 in L (R x S?) .
t——00

Proof. Given € > 0, we choose N such that (I2.2)) holds. For each of the an-
gular modesn = 0,..., N — 1, the Riemann-Lebesgue lemma gives pointwise
decay as t — —o0o, locally uniformly in the spatial variables. We conclude
that W(t) decays in L (R x S?,C?). Differentiating the equation with re-
spect to ¢, we conclude that all time derivatives 97 ¥ (t) decay in L2 (R x
S2 C?). Using the Teukolsky equation (3.2) and applying the Sobolev em-

bedding theorem, we obtain pointwise decay in Lp . U

For clarity, we point out that, applying the Teukolsky-Starobinsky iden-
tities (see for example [6]), one also gets decay of all other components of the
spin s wave. Applying the above corollary to the lowest component of the
spin wave with reversed time direction, one also gets decay of the Teukolsky
solution W in the limit ¢ — +o00. In the case s = 2 of gravitational waves, the
corresponding metric perturbations can be constructed as explained in [26].
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13. Concluding remarks

We close with a few remarks. We first point out that the integral representa-
tion of Theorem [I2.1] opens the door to a detailed analysis of the dynamics
of the Teukolsky waves. In particular, one can study decay rates (similar as
worked out for massive Dirac waves in [13]) and derive uniform energy esti-
mates outside the ergosphere (similar as for scalar waves in [17]). Moreover,
using the methods in [15], one could analyze superradiance phenomena for
wave packets in the time-dependent setting.

We finally comment on the limitations of our methods. First, we do not
aim for minimal regularity assumptions on the initial data, and we do not
analyze decay in weighted Sobolev spaces. Also, we do not study to which
extent our estimates are uniform in the support of the initial data. Moreover,
we do not consider whether our estimates are uniform in the azimuthal
separation constant k, and we do not analyze the convergence and decay
properties of the infinite series of azimuthal modes. Indeed, the analysis
of the infinite sum of azimuthal modes is closely related to the analysis of
optimal regularity. Namely, for smooth initial data, the coefficients of the
Fourier series (L)) clearly decay rapidly in k, so that the convergence of
the k-series is not an issue. The question of whether this rapid decay in k
also holds for later times is intimately linked to the question of whether the
regularity of the solution (as quantified by suitable weighted Sobolev norms)
is preserved under the time evolution. As just mentioned, such regularity
questions are not addressed in this paper. In order to attack these important
open problems, it seems a promising strategy to us to combine our methods
and results with techniques of microlocal analysis as used in [24] to study
the high frequency behavior in the related Kerr-De Sitter geometry.

Clearly, the next challenge is to prove nonlinear stability of the Kerr
geometry. This will make it necessary to refine our results on the linear
problem, in particular by deriving weighted Sobolev estimates and by ana-
lyzing the k-dependence of our estimates.

Appendix A. Some estimates of the angular eigenvalues

Asin 22, Section 2] we rewrite the angular equation in (6.1]) as the eigenvalue
equation

(A1) Hé =)o,
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where H has the form of a one-dimensional Hamiltonian

2

—
du?

+W

with the complex potential

1 cos®u 1

1
(A.2) W=—-——— -+ ——(Qsin®u+k — scosu)?

4 sin“u 2 sin‘u

1 1 1

=% sin®u+ (K2 + 5% - —— + 2Qk —s* — =

4/ sin®u 4
— 28Q cosu — 2sk (iOSQu
sin® u

and u =9, Q := —aw.

We begin with estimates for real 2. Then, as explained in detail in [22,
Sections 5 and 7], the Hamiltonian has non-degenerate eigenvalues Ay <
)\1 < v

Lemma A.1. There is a constant ¢ > 0 such that
1
A > = (14 19)) for allQ e R.
c

Proof. It clearly suffices to prove the inequality for the lowest eigenvalues Ag.
In the formulation as an eigenvalue equation for the partial differential op-
erator on the sphere (see [22, eqn (1.1)]), the angular operator is a sum
of two positive operators. Hence its spectrum is clearly non-negative, so
that A\g > 0. Assume that the statement of the lemma is false. Then there is
a sequence (Q%)gey with [Qf] — 0o, so that the corresponding eigenvalues \§
satisfy the relation

PYS 0

W —0.
Let us derive a contradiction. Due to the summand Q2 sin? u, the potential
is positive except possibly at a neighborhood of © = 0 or w. Near the pole
at u = 0, the potential has the asymptotic form (see [22, eqn (11.18)]),

A
V(u) = 2 + 0% u? —2sQ — p + O(|Q|u2) + (‘)(|Q|2u4)
1
A=(k—s)?—-=
(k-5 -1

1
M:A0—29k+32+1.
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Introducing the new variable @ = /|Q] u, the eigenvalue equation (A1) be-

comes
&2
< + V(ﬂ)) $=0

 di2

with the new potential

- A 2sQ+p <u2> <a4>
V=0 "+ +0(=)+0| =
u? il il il
—*4ﬂ2+~72:|:2(k—8)+u “10l

w0~ ()~ ()

where the plus and minus signs correspond to the cases 2 > 0 and €2 < 0,
respectively. Hence the potential can be regarded as a perturbation of the
potential

1 (k — s)?
YT @
For this potential, the fundamental solution with the same asymptotics as qZ)

is given explicitly in terms of generalized Laguerre polynomials (see [29,
§18.8.1]),

Vi +2(k —s) 4 a2

Gasy (1) = c o @ik [FE9(_g2)
2

Considering the asymptotics for large #, one sees that this function is strictly
monotone increasing for large 4. A perturbation argument shows that the
same is true for the eigenfunction ¢ if ¢ is sufficiently large (this perturbation
argument could be carried out in a straightforward way for example by
performing a Jost iteration, taking ¢.s, as the unperturbed solution; for
details see [13, Section 3] or [9]). This implies that for any sufficiently large ¢
and sufficiently large ||,

¢|._.>0.
Repeating the above argument at the pole at u = —7, we conclude the

the eigenfunction ¢ has the properties that for any sufficiently large ¢ and
sufficiently large ||,

¢'(c|Q72) >0 and ¢'(r—c|Q72) <0.

Moreover, the potential is positive on the interval (¢ |27z, 7 — ¢|€|"2), im-
plying that ¢ is convex on this interval (see for example |16, Section 5]).
This is a contradiction. O
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Proposition A.2. There is a constant ¢ such that the eigenvalues A\, sat-
isfy the inequalities

(n+1)2

(A.3) <M <c|lQ(n+1)?  forallne NU{0} and Qe R.

Proof. We shall apply [22, Corollary 7.6], which states that if for given A,
we choose two intervals I, Ir C (0, ) such that potential V' is non-negative
on the complement of these intervals, and if we choose any two solutions ¢
and ¢ of the Riccati equation on the intervals I, respectively Ir which lie
in the upper half plane {Imy > 0}, then

W(n—5)</ Im;y'—i—/ Imy < m(n+2).
Iy Ir

We choose the intervals as

I, = (O,min(ui,umax)) and Ip= (max(uf,umax),w)

(with ui/R and U, as introduced in |22, Section 10.1]). Then obviously
ReV > 0 on the complement of these intervals.

Thus our task is to estimate the integral of Im gy over the interval I,
(and similarly the integral of Im ¢ over Ip). Here we want to use the results
of the detailed estimates of the Riccati solutions near the poles and in the
WKB and Airy regions carried out in [20-22]. These estimates apply in
the parameter range (see [22, Section 10.1], keeping in mind that now the
potential is real)

(A.4) Q] > ¢4
(A.5) A> €50

Let us argue why we may restrict attention to this parameter range. First,
for © in a compact set, the inequalities (A.3]) follow immediately from a con-
tinuity argument and Weyl’s asymptotics (see |22, Section 7.3]). Therefore,
we may restrict attention to large ||, (A4]). Next, for proving the upper
bound in ([A3), it is clearly no restriction to assume that (A.5) holds. For
the lower bound, we can argue as follows: Given N € N, for the first IV eigen-
values, the lower bound in ([A.3]) follows immediately from Lemma [A-Tl On
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the other hand, by choosing N sufficiently large, we can apply [22, Proposi-
tion 7.7] to conclude that

An > C5 Q] foralln > N .

Therefore, we may indeed restrict attention to the parameter range (A.4)
and (A.5)).

The detailed estimates of the Riccati solutions near the poles and in the
WKB and Airy regions carried out in [20-22] show that

1 [ur uy
(‘f/ \/—VS/Imy'ﬁ(‘f/ v=V,
uk I u¥

where u} and ul are the boundaries of the WKB region as introduced in [22,
Section 10.1] (and similarly for the integral of Im ¢ over Ir). Thus it remains
to estimate the integral of v/—V. In order to get upper bounds, we restrict
attention to the interval (ug, up) near the pole, where (see |22, eqns (10.8),
(11.12) and (11.19)))

C1
vRe A

up = and wg = A7 |Q|_%+O(|Q|_%) .

On this interval, the potential can be estimated by (see |22, eqns (11.14)
and (11.18)])

V(u) < < -

)

3\
4

N[ >

c
w2
where in the last step we increased the constant C;. Hence

nZ/T\/—VZ\FA(uO—w)Z <‘>\(;|>2 .

14
We thus obtain the estimate
A S Q02

proving the upper bound in (A.3]).
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In order to obtain simple lower bounds for the eigenvalues, we make use
of the fact that away from the pole region, the potential is bounded by

V] iom 2 -

U, T

Hence

ng/\/—vz/ \/—V+/T\/—V§(|)\S;|>2+\/>\n,

giving rise to the estimate
A\p > n?.

~

This concludes the proof. O

Lemma A.3. For any given c¢; > 0, we let U C C be the region
(A.6) Im Q| < ¢, Q] > €4 .

Then for any n € NU{0}, there is a constant ¢ = c¢(n,c1,C4) > 0 such all
spectral points X of the angular operator A, restricted to the image of the
operator Q% are in the range

Q

(A.7) 1 <A < ¢|9] forallQQ e U .
c

Proof. If Q) is real, the inequalities (A7) were already derived in Lemma[A]]

and Proposition In order to extend these results to complex (2, similar

as in [22, Section 16] we consider the homotopy

(A.B) Wy =7WI[Q]+ (1 —7) W[Re ()]

with 7 € [0, 1] (where the argument in the square brackets is the respective
value for the parameter Q in (A.2)) Then for 7 = 0, the potential W is real,
and the results of Lemma [A.T] and Proposition apply.

In [22, Section 16] a similar homotopy was considered, and the eigen-
values were traced in detail. However, as we will become clear below, these
estimates are not good enough for getting the lower bound in (AG) for the
first N spectral points, making it necessary to slightly refine the method. In
preparation, we now explain an alternative method for tracking the eigen-
values. Apart from giving a different point of view, this method has the
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advantage that it can be refined to get the required control of the first N
spectral points.

For families of self-adjoint operators, the change of the eigenvalues can
be estimated in terms of the sup-norm of the perturbation, i.e. (see for
example [|25])

(A.9) ISSESINGD

This inequality is not necessarily true for non-selfadjoint operators. But it
holds in our setting up to a uniform constant, if we make use of the fact
that the spectral operators Q% are uniformly bounded (Z3). In order to
make the argument precise, we first consider a non-degenerate eigenspace,
in which case the eigenvalue A, (7) depends smoothly on 7. Differentiating
the eigenvalue equation

(H(T) = (7)) ¢n(1) =0
with respect to 7, we obtain

(where we omitted the argument 7, and the dot denotes the 7-derivative).
Multiplying by Q%, the left side vanishes, and thus

(A.10) 0= Q% (H — ) 6 = Q% Ho — Ay ¢ -

Taking the norm and using (Z.3), we obtain the estimate

(A1) ] < ea ] = a5

Integrating this inequality, we obtain (A.9]), up to the constant ¢y,
(A.12) AN S o [|[AW]) .

In the general case with degeneracies, the situation is more involved, because
the eigenvalues no longer depend smoothly on 7. But the spectrum is still
continuous in 7. Moreover, the eigenvalues depend smoothly on 7 except
at the points where degeneracies form and the dimensions of the invariant
subspaces change. Therefore, the inequality (A.11]) shows that the total vari-
ation of the change of the spectral points can be estimated by a constant
times ||AW]].
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Using the assumption (A.6) in ([A22]), one sees that for our homotopy (A.8]),
[AW]| = W1 = Wo|l < 1€
Using this inequality in (A12]), we obtain
(A.13) A€ = An[Re Q| S |0 .

Combining this estimate with the upper bound in (A.3]), we obtain the upper
bound in ([A.7). Moreover, the lower bound in ([A.3)) gives the lower bound
in (A7), but only if n is sufficiently large and || is not too large.

In order to derive the lower bound in ([A.3]), we make use of the fact that
for large |€2|, the eigenfunction is localized mainly near the poles, where
the imaginary part of W is bounded uniformly in |{2|. This is made precise
by the following estimate: We choose a test function n € C*°((0, 7)) taking
values in the interval [0, 1] with the properties

1.

(A.14) suppnc[my—&,w—my—&} and ”‘[2|m-%,n—2mr%}

Clearly, n can be chosen such that supy . [7”| < |Q[. Integrating by parts,
we obtain

2 [“nkeViofdu= ["u (66" + 7o) du= [ (' loP - nlo) du,
0 0 0
giving rise to the inequality
| nreviof du 9l
Using (A:2) as well as the upper bound in (A7), we conclude that
(A.15) Re (92)/ n |¢]2 sin? u du < 19| ||<Z>H%2
0

(note that, in view of (A.14]), the summands with poles in (A 2)) are pointwise
bounded on the support of 1 by a constant times |€2|). Moreover, using that
the function sinu has zeros at © = 0 and u = 7, we also have

Re (22) /0 (1—n) |6 sinudu < |91 I3
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Adding this estimate to (A15]), we obtain the inequality

ol
]

(A.16) / |9 sin®u du <
0

We now multiply our flow equation (AI0) by é,, and integrate. Omitting
the index n of the wave function ¢, this gives the estimate

(A.17) Anlllollze < [ Q2] Wre]|,. -
Next, we estimate the last factor as follows,
W0l = [ W7 6 du
<l [ 67 ducs 100 [ o
Again using the explicit form of the potential (A.2]), one sees that
W, —2iQ Im Q sin®u| S 1.

We thus obtain

™ (A18)
d 2 .
W] 7. < 190 llglI7: + IQ\2/0 sin®u ¢ du < 1Qf [6]Z: -

Using this inequality in (A7), we get

Al S vialfesl £ vial,

where in the last step we again used (.3]). We thus obtain the following
improvement of (AT3)),

[Anf€) — Au[Re Q| < VI

Combining this estimate with the result of Lemma[A Tl gives the lower bound
in ([AL7). This concludes the proof. O
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