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New symmetries of QED

DANIEL KAPEC, MONICA PATE, AND ANDREW STROMINGER

The soft photon theorem in U(1) gauge theories with only massless
charged particles has recently been shown to be the Ward iden-
tity of an infinite-dimensional asymptotic symmetry group. This
symmetry group is comprised of gauge transformations which ap-
proach angle-dependent constants at null infinity. In this paper,
we extend the analysis to all U(1) theories, including those with
massive charged particles such as QED.

1. Introduction

The soft photon theorem [IH5] has played a ubiquitous role in the study of
QED and more general abelian gauge theories. For example, it is essential for
taming otherwise uncontrollable infrared divergences in the S-matrix and is
central to the analysis of jet substructure. Recent considerations [6-14] have
demonstrated that, in abelian gauge theories with only massless charged
particles, the soft theorem is a Ward identity of an infinite-dimensional
symmetry group comprised of certain ‘large’ gauge transformations which
do not die off at infinity. These symmetries are spontaneously broken and
the soft photons are the Goldstone bosons. This is but one instance of a
recently-discovered universal triangle connecting soft theorems, symmetries
and memory in gauge and gravitational theories [10H34].

Of course in the real world QED has massive, not massless, charged
particles. Hence, it is desirable to extend our results to the massive case.
That goal is achieved in this paper. As seen below, the massive case is rather
more subtle than the massless one and requires a careful analysis of timelike
infinity.

We hope that the identification given herein of the symmetry which con-
trols the electromagnetic soft behavior of QED and more generally, the Stan-
dard Model will have practical utility for organizing and predicting a variety
of physical phenomena.

The outline of the paper is as follows. In section 2, we establish con-
ventions and review relevant aspects of abelian gauge theories and their
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asymptotic symmetries. In section 3, we discuss the asymptotic states, de-
rive the Ward identity of the asymptotic symmetries, and demonstrate its
equivalence to the soft photon theorem.

A key ingredient of our analysis is that, in physical applications, the elec-
tromagnetic field is genericallyﬂ not smooth near spatial infinity i°. Rather
it obeys a matching condition near i° which identifies its value at the future
of past null infinity (Z,") with its value at the antipodal point on the sphere
at the past of future null infinity (ZT). In the appendix, we show in detail
how this follows from the standard Lienard-Wiechert formulae.

After completion of this work, we received the eprint [35] by Campiglia
and Laddha who independently arrive at the same conclusions. They use an
elegant method involving a natural hyperbolic slicing of Minkowski space.

2. Abelian gauge theory with massive matter

We consider the theory of an abelian gauge field A, coupled to massive
matter fields ¥; with charges eQ);, where @); is an integer, in Minkowski
space. In retarded coordinates, the Minkowski metric reads

(2.1) ds® = —dt? + (dz*)? = —du® — 2dudr + 2r*v,zdzdz,

where w is retarded time and 7,z is the round metric on the unit radius
S? with covariant derivative D,. The S? coordinates (z,Z) are related to
standard Cartesian coordinates by

(2.2) r?=mzxt, u=t—r z'=ri'(z,2).
In retarded coordinates, future null infinity (Z) is the null hypersurface
(r =o00,u,z,2).

Near past null infinity (Z~), we work in advanced coordinates (v, r, z, Z)
with line element

(2.3) ds®> = —dv® + 2dvdr + 2r°~,zdzdz.
Advanced coordinates are given by

(2.4) =z, v=t+r, z'=-ri'(z%),

IFor instance when, as in electron-positron scattering, the dipole moment is not
constant in the far past or future.
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and Z~ corresponds to the null hypersurface (r = co,v, z,z). Note in par-
ticular that the angular coordinates on Z* are antipodally related to those
on Z~ so that a light ray passing through the interior of Minkowski space
reaches the same value of 2,z at both Z+ and Z—. We denote the future
(past) boundary of ZT by Z} (Z7), and the future (past) boundary of Z~
by I, (Z2).

We consider theories with a U(1) gauge field strength F' = d A subject to
the Maxwell equation

(2.5) V= e*Jy,

where J, is the matter charge current. This is invariant under the gauge
transformations

(2.6) Ay(x) = Ay(z) + 0ue(z),  Vi(z) — eiQiE(w)\I/i(a:),

where € ~ € + 27 and ¥; is a wavefunction or field. Gauge transformations
that vanish at infinity correspond to redundant descriptions of the same
physical state and can be eliminated by a choice of gauge. However, as in
the massless case [11], we are interested in certain angle-dependent large
gauge transformations which act non-trivially on physical states.

2.1. Asymptotics

We now analyze the behavior of the theory near Z in retarded radial gauge
(2.7) A, =0, Aylz+ =0.

This gauge choice leaves unfixed a class of residual large gauge transfor-
mations parameterized by an arbitrary function e (2, z) on S2. These gauge
transformations change boundary data at Z+ and are to be regarded as phys-
ical symmetries of the theory. Near ZT, we assume the asymptotic expansion

,,an

> A&n) U, 2,2 > AQ") U, 2,2
(2.8) Au:z(rn)’ Azzz(i)‘
n=1

n=0

A similar asymptotic expansion holds for fields near Z~.

We are interested in scattering processes for which the initial and final
states consist of non-interacting massive charges moving at constant veloci-
ties. Hence, we require that the only contribution to the electric and magnetic
fields at future/past timelike infinity (i*,# — +00) are those fields sourced
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by the constant velocity massive charges, and that the magnetic fields vanish
at spatial infinity:

In retarded coordinates, Maxwell’s equations read

(2.10) 1720, (r* Fry) — OyFpy + 17 2(D?Fyy + D*F3,) = €2,
(2.11) T_QGT(T‘ZFW) + r_Q(DZFzr + D*F,) = e J,,
(2.12) Or(Fry — Fuy) — OuFry + 172D Fs, = €2,

Massive particles with finite energy cannot reach Z, so the matter current
vanishes at this surface:

(2.13) Julz = 0.

The leading order equation for the evolution of the gauge field along Z7 is
then given by

(2.14) O +0,(D*AD + D7AY) = 0.

The free data at this order includes the boundary data FT(Z)|ﬁ along with

the radiative mode A (u, z, 2).
In advanced coordinates, we can perform the analogous large-r expansion
near Z~ and obtain the leading order equation

(2.15) 0,F 2 — 0,(D* AV + D74y = 0.
The free data at this boundary includes the field strength boundary data

JolS |Z; along with the radiative mode AV (v, 2, Z). The residual large gauge
symmetry is parameterized by an arbitrary function ¢~ (z, z) on S2.

2.2. Matching near spatial infinity

The above discussion treats the asymptotic dynamics at Z* and Z~ sepa-
rately. However, to study the semiclassical scattering problem, we must first
specify how to relate free data and symmetry transformations at Z" to their
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counterparts at Z~. Generic solutions to the sourced Maxwell equations sat-

isny|
), 5 — @, 5
(216) Fru (Zaz)|zj - Frv (Z72)|I;

Recalling that, according to and , the points labelled by the same
(z,Z) in retarded and advanced coordinates are antipodally related, this
equates the boundary values of past and future fields at antipodal points
near spatial infinity i°. As discussed in [IT} 31], a CPT and Lorentz-invariant
matching condition for the gauge field is given by

(2.17) Ax(z,2)| A (2,2

1+ = 4:(2,2)| 1

Requiring that the large gauge transformations preserve this matching con-
dition gives:

(2.18) et (2,2) = e (2, ).

This matching condition singles out a canonical diagonal subgroup of the
large gauge transformations at Z* and Z~. The corresponding gauge pa-
rameters are constant along the null generators of Z and generate nontrivial
physical symmetries of the S-matrix.

2.3. Mode expansions

The standard mode expansion for the gauge field in the plane wave basis
takes the form

d3q 1

(2:19) Ay (u,r,2,2) = i (@aa(@)e™ + 2 (@an(@) e,

The free data is contained in the O(r?) term in this expansion, which we
may isolate using the saddle point approximation:

O (2.5 = - 9.2
(2.20) A}V (u,z,2) 2(27r)28z95

z
X Z/ dwgler®an(wed)e ™ — e%a, (wyd) e

i

2See appendix for an expanded discussion of this matching condition.
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To extract the contribution from the zero modes, we define the following
operator:

(2.21)  F%(z,%2) = / du €9, AV (u, z, 7)

—0Q0

e ~i * *Q -
= _Eé?zm za:/o dwq wq [Ei o (we®)d(w — wg)
+ e aa(wed) 6(w +w,)|.

We can separate this operator into its positive and negative frequency com-
ponents

(2.22)

with w > 0 in both expressions. The zero mode is then given by
(2.23) E) (2,2) = §lim (F2, + F, )
w—0

€ N N N

= _gale ul)lg%) [wsjaaa(waz) + wef‘aa(wx)f] ,
e

and creates/annihilates soft photons. An analogous construction holds at Z~

with the incoming soft photon operator given by

€ . A A
(2.24)  F%(z,%) = 0= 3}1%%: [waﬂaa(—wm) + wef‘aa(—wx)q.

2.4. Lienard-Wiechert fields

In the analysis that follows, we will need expressions for the electric field
due to moving point charges, commonly known as Lienard-Wiechert fields.
The radial electric field due to a single particle of charge e@, moving with
constant velocity 5 and passing through the origin at ¢t = 0 is given by

-,

Q62 V(r —ti(z,2) - B)
AT |02t — r#(z,2) - B2 — 2 + r2[3/2

(2.25) E.(t,r,z,z) =

Here i(z,Z) is a unit vector specifying a point on the sphere and v~ 2 =

1 -2
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The Lienard-Wiechert field near Z due to a set of particles, each with
charge eQ);, and moving with constant velocity Ek is derived by taking a
superposition of the single-particle fields , writing them in retarded
coordinates, and taking the large-r limit with u = ¢ — r held fixed

Qre” 1
(2.26) Z ATYEr2 1 — 4(z,2) - Bi)?

Likewise, the field near Z~ is derived by taking the large-r limit of the field
(2.25) in advanced coordinates with fixed v

Qre? 1
(2.27) Z A2 [1+ 2(2,2) - Bi)?

Importantly, the Lienard-Wiechert formula implies that the value
of E, near spatial infinity i® depends on how it is approached. In particular,
Ef and E at a fixed angle from the origin are not in general equal near °:
rather they obey the antipodal matching condition E|

For unaccelerated charges, the asymptotic electric field and the asymp-
totic magnetic field B =23 x E are time-independent. Since the “hard” radia-
tive photons involved in the scattering process exit/enter Z* at finite values
of retarded/advanced time, the electromagnetic fields at Ijr' and Z~ arise
solely from the collection of charged particles long after/before the scatter-

ing process occurs and thus are of the form given above.

3. Symmetries of the S-matrix
In this section we determine the phase associated to a large gauge transfor-
mation on an asymptotic massive charged particle state, find the S-matrix
Ward identity and finally demonstrate its equivalence to the soft photon
theorem.

3.1. Gauge transformations of asymptotic states

Outgoing massless particles of charge e() and momentum p, as considered
in [I1], pierce Z* at a definite point (z(p),z(p)). The associated out-state

3The constant-velocity trajectory considered in this section gives rise to a
Lienard-Wiechert field that is insensitive to the choice of Green’s function. In the
appendix, we consider slightly more complicated trajectories to demonstrate that
this matching condition holds for a generic Green’s function.
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therefore acquires a phase
(3.1) D) out — eiQa(Z(p),Z(p))‘p%ut

under a large gauge transformation. Here we are interested in massive parti-
cles that never reach ZT, so determining the associated phase is more subtle.
There is no canonical point on the S? associated to a massive particle in
the plane wave basisﬁ Indeed a massive particle with zero three-momentum
is rotationally invariant. In this subsection, we use the Lienard-Wiechert
formula to determine the analog of the phase .

The asymptotic states associated to the QED S-matrix are typically
taken to be free photons and “bare” non-interacting charged particles. How-
ever, the “bare” electron states are not strictly speaking bare (nor are they
non-interacting) in the sense that they source non-vanishing electromagnetic
fields. These long-range fields accompanying the scattering states are re-
sponsible for the infrared divergences in the loop-level matrix elements: even
widely separated electrons experience a non-zero acceleration, causing them
to bremsstrahlung radiate infinite numbers of low-energy photons. Physi-
cally, it is impossible to separate a charged particle from its electromagnetic
field. Mathematically, the ability to do so would violate Gauss’s law, which
is a constraint in the quantum theory in physical gauges:

(3.2) [V - E(z,t) — e%p(z, t)] |phys) = 0.

This sourced electromagnetic field can be treated as a classical background,
while the transverse photons describe excitations of the quantized, unsourced
electromagnetic field. Since outgoing charged particle states with momentum
p* =ym|1, 5] source Lienard-Wiechert fields, the action of the electric field
at Ii is non-trivial and given by

2
33 Bl = Lf;ﬂ e 5]2] Phou.

4Since plane waves of massless particles localize to points on the conformal sphere
at null infinity, they are related to local operator insertions on that sphere. Likewise,
massive particles in boost eigenstates are also associated to local points on the
sphere.
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Then, since gauge transformations are generated by the electric charge op-
erator, under a large gauge transformation, such a state acquires a phase

1
(34) ’p)out — eXp [162/ d z 7zz5 |p>out
A

=exp |t 2 eyzet ! ¢
= eXp [ /I*d Vzz€ (47_[_’7 [ (Z z) —»]2>] |p>out-

+

Similarly, in-states transform as

(3.5) |p)in — €xp [z /: d%zvy.z6~ <47372 T .%(32) 6—]2)] p)in

For an n-particle state, the phase will be a sum of n such terms. This phase
replaces the much simpler expression for massless particles but never-
theless, as will be seen shortly, precisely reproduces the soft factor for massive
particles.

2. Ward identity

We are now in a position to discuss the symmetries of the S-matrix. The
symmetry transformations (2.6]) for massless matter fields have already been
analyzed in [I1], where it was demonstrated that the charge

(3.6) or - L / Poryaet (2, 2) FD (2, 2)
zt

e2

generates the correct Z+ symmetry transformation on the gauge field and
matter fields. The form of this charge is essentially fixed by the transforma-
tion law for the gauge field. We can use the leading order Maxwell equation
to turn this expression into an integral over Z*. As discussed in section
2:4] the existence of massive particles generates charge flux through future
timelike infinity, so the local charge operator takes the form

1
Q: == /+ "}’ngudQZ 5+8u(DzAg ) + DA 0 / d’z 7zz5+F7§5)
v
1 - 1
(3.7) =— | =d’z eN(D°FL, + D°FL.) + — / d*z v, F2),
e S2 e Ii—

The first piece of the charge is written in terms of the soft photon operator
and will be referred to as the soft charge QJSF. If we consider the fixed-angle
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charge by choosing £(z,%) = 62(z — w), then the second term is simply the
radial electric field in the direction (w, w) resulting from the charged particles
in the final state at i*. We label this term the hard charge QE. It differs
from the expression for the hard charge in the massless case which involves
an integral over ZT.

An analogous computation can be performed at Z—, where the hard
charge encodes the radial electric field of the charged particles in the initial
state at ¢~. The charge is given by

_ 1 . 1 _
(3.8) Q- = = / v.3d*z € (D*FY, + D*FY) + 62/_ d*z ;e  F2)
=Qg +Qpy.
The statement that the transformations are symmetrieb of the §-

matrix is equivalent to the statement that the charges ) and . com-
mute with the S-matrix:

(3.9) (out] (@S — SQ=) |in) = 0.

In order to facilitate comparison with the soft theorem, we separate the hard
and soft contributions and rearrange the Ward identity:

(3.10) (out] (QES — SQyg) |in) = —(out| (@S — SQp) |in).
3.3. Soft theorem — Ward identity

The soft photon theorem for the emission of an outgoing photon in a scat-
tering process with m incoming hard particles and (n —m) outgoing hard
particles reads

(3.11) lin%)w(perl,...]aa(q)8|p1,...)
pk 3 pk’ £
Z Q - ZQ < <pm+1a- |5|p1,>
k=m+1 Pr - q -q

A null momentum vector is uniquely specified by an energy and a point z on
the asymptotic sphere, and so we parameterize the photon’s momentum as

(3.12) " =wll,2(z,2)] = wi'(z, 2),

where & : §2 — R3? is an embedding of the sphere into flat three-dimensional
space.
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We parameterize a massive particle’s momentum as

-

where m is the rest mass of the particle, 3 is the particle’s velocity and - is
the relativistic factor y~2 = 1 — 82,

We can relate the left-hand side of equation to the zero mode oper-
ator defined in equation by taking a weighted sum over polarizations.
If we perform the analogous operation on the right-hand side and use the
identity

Pk - €Ea
3.14 9.7" (2,2 gf———=20lo
(3.14) E or a2 7) g(pk - 4),

the soft theorem can be written

(315) <pm+17 . ‘ 08’p1,...>

[ > Qr 9-log(pr - 4) ZQk 9: log(pr - Q)]

k=m+1 k=1
X <pm+17|8‘p17>

The soft photon theorem for an incoming soft photon reads

(3.16) lim w<pm_|_1, . |Saa(@)TIp1, ...
Pk - &q Ep p
[Z Qv ZQ a ] (Pmtts - |SIp1, - ).
k=m+1 k=1
An identical calculation yields
(3.17) (pmH, . |SE? |p1,...)
[ > Qk 0:log(pr - §) ZQk 0 log(pr - Q)]
k=m+1 k=1

X (Pmsts - |SIp1, -,

where ¢’ = [1, —2%(z, z)]. Taking the divergence of each equation, using global
charge conservation, and integrating against the respective gauge parameter,
we find
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(3.18) (Pmst,---| (/ d?2vy,ze T (D*F2, + D5F32)> Slp1,...)
S2
_ ! BPomvocetr2(1ET. . — (BT S
~ 9 ZYzz€ T [ r]out [ r]m <pm+1v"‘| ‘pl’--->
S2
and
(3.19) (Pms,---|S (/ d*2y,z6 (D*FY, + DEFB§)> p1,...)
S2
1 _ _ _
=5 [ dPe 7“2([Er Jout — [ ]m) D1, - |S|pr,. ...
S2

Taking the difference and using the matching conditions (2.16)—(2.18]), we
obtain

(3:20)  (pmsrr. - [Q5S — SQ5lp1,- )
1 _
= —? . d2z’yzgr2<g+E,r‘Ii — € Erb—:)(pm—l-la-'-’S‘pla--->

= —(Pm+1,---1QFS = SQplpr, - . -).

This precisely reproduces the Ward identity .

In conclusion, while the details are more intricate than the massless
case, the soft photon theorem is the Ward identity of an infinite-dimensional
asymptotic symmetry group for abelian gauge theories with massive par-
ticles. We expect similar conclusions apply to other contexts such as non-
abelian gauge theory and gravity.
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Appendix A. Gauge field strength near °

In this section, we consider an idealized semiclassical scattering process in
which m incoming massive particles with constant velocities {/1,...,Bm}
scatter to (n —m) outgoing massive particles with constant velocities
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{5m+1, e En} For scattering occurring at the origin at ¢ = 0, the semiclas-
sical electromagnetic current is given by

(A1) ZQk/dTUk (=7)6W (& — U*7)

+ Z Qk/dTUk )(:U—UkT),

k=m+1

where U/’j = 1, Bk] is the 4-velocity of the k" particle. Ignoring the ra-
diative contributions arising from the infinite acceleration of particles at the
origin, the field strength sourced by this current takes the form

2 mMm

A2 Foz) = & 9(x; Br) Quyk(r — i - B)
(A2) t() 47r;m%[t_m 5k] — 12 + 72|3/2

n e zn: h(@; Br) Quyn(r — ti - Br)
Ty Rl — 7 - Bi]? — 2+ 1232

=m-+1

where the functional form of g and h depends on the choice of Green’s
function.
For the retarded solution, the asymptotic behavior of g and h is given by

(A.3) g(r = 00,u, &; Bi) = O(—u), h(r = oo, u, ; By) = O(u),
A4) g(r =o00,v,&; Br) = 1, h(r = oo, v, &; Ek) =0.

The electric field at Z* is obtained by working in retarded coordinates and
taking the limit r — oo, followed by the limit u — —oo. This electric field
will be of the form , but only receives contributions from the incoming
particles. On the other hand, the electric field at Z7 is obtained by working
in advanced coordinates and taking the limit » — oo, followed by the limit
v — +00. The electric field measured at Z” will be of the form , but will
also only receive contributions from the incoming particles, thereby satisfying
the matching condition .

Likewise, for the advanced solution, the asymptotic behavior of g and h
is given by

(A.5) g(r = oo,u,i“;gk) =0, h(r =

o0
AB)  g(r=o00,v,%0k) = O(-v),  h(r=o0,0,3;



1782 D. Kapec, M. Pate, and A. Strominger

Hence, the advanced solution also obeys the matching condition near
i?, but in contrast to the retarded solution, only receives contributions from
the outgoing particles. Moreover, linear combinations of the advanced and
retarded solutions evaluated near i’ will obey the matching condition and
receive contributions from both outgoing and incoming particles.

Of course, one could always add a homogeneous solution to the free
Maxwell equations which does not obey the matching condition. However,
we do not know of any physical application in which it is natural to do so:
finite energy wave packets die off at i. Hence, we conclude that the antipodal
matching condition holds in generic physical applications.
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