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and modular forms

AMIN GHOLAMPOUR, YUNFENG JIANG, AND MARTIJN KoOL

We give an explicit description of toric sheaves on the weighted
projective plane P(a, b, ¢) viewed as a toric Deligne-Mumford stack.
The integers (a, b, ¢) are not necessarily chosen coprime or mutually
coprime allowing for gerbe and root stack structures.

As an application, we describe the fixed point locus of the mod-
uli scheme of stable rank 1 and 2 torsion free sheaves on P(a, b, c)
with fixed K-group class. Summing over all K-group classes, we
obtain explicit formulae for generating functions of the topological
Euler characteristics.

In the case of stable rank 2 locally free sheaves on P(a, b, ¢) with
a,b,c < 2 the generating functions can be expressed in terms of
Hurwitz class numbers and give rise to modular forms of weight
3/2. This generalizes Klyachko’s computation on P? and is consis-
tent with S-duality predictions from physics.
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1. Introduction

A toric sheaf on a smooth toric variety X is a coherent sheaf together with a
lift of the action of the torus T on X. Toric sheaves on smooth toric varieties
have been well-studied, e.g. in the work of A. A. Klyachko and M. Perling
[Kly1], [Perl] among others. The idea is to cover X by affine open T-invariant
subsets U, = C¢, corresponding to the cones o of dimension d in the fan ¥
of X and restrict F to each of these open subsets. Over these open subsets,
the toric sheaf is given by a module with an X (T)-grading, where X (T)
is the character group of T. This local data becomes particularly explicit
in the case F is in addition locally free, reflexive, torsion free or just pure.
Supplementing this local data with gluing conditions gives a very explicit
description of F. This can be used to compute Chern classes of F and
describe moduli of toric sheaves [Kly2| [Per2, [Pay|, [Kool]. This in turn can
be used to compute the topological Euler characteristic of the entire moduli
space of stable sheaves on X using localization [Kly2, Koo2].

Our goal is to generalize the above to toric Deligne-Mumford stack&ﬂ X
introduced by L. A. Borisov, L. Chen and G. G. Smith [BCS]. Such stacks are
described by a stacky fan ¥ [BCS, [FMN]. Again, one can consider the cones
o of dimension d in 3, which gives a cover by open T-invariant substacks
i, 2 [C?/N ()] [BCS, Prop. 4.1]. Here N(o) is a finite abelian group acting
on C?. We can then restrict a toric sheaf (F, ®) on X to each of these open
substacks. Viewing these open substacks as groupoids, we get similar data
as before, but with two new phenomena:

i) The action of the torus T on C? can be non-primitive. On a smooth
toric variety, one can always choose coordinates on U, such that the
action becomes

(AL, Ad) - (@150 a) = (M1, -+ 05 AaTg)-

However in the current setup higher powers of A; can occur.

ii) The sheaf F|y, is described by a module carrying a grading by X (T)
and each weight space carries a further fine grading by the character
group X (N(o)) of N(o).

This local data becomes particularly explicit when F is in addition locally
free, reflexive, torsion free etc.

'We only consider the case in which the stack X is smooth as in [BCS].
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To obtain a global description, one has to impose gluing conditions on
the local data. In order to avoid overly cumbersome notation and because
our primary objective is to compute generating functions of topological Euler
characteristics of moduli spaces of stable sheaves, we restrict attention to an
example: stacky weighted projective planes P(a, b, ¢) for any positive integers
a,b, c. The integers (a, b, c) are not necessarily chosen coprime or mutually
coprime allowing for gerbe and root stack structures.

In the case of smooth toric varieties, the gluing proceeds by intersect-
ing any two open affine invariant subsets U,, U, and matching the local
data. This involves pulling back the local data along open immersions.
This times, we have to “intersect” any two open substacks i, = [C?/N(o)],
i = [C?/N(7)] and pull-back the local data to the stack theoretic inter-
section. At the level of groupoids, this turns out to correspond to pulling
back the local data along certain étale morphisms. In this way, we obtain an
explicit description of toric sheaves on P(a, b, c). This can be used to study
toric locally free and toric torsion free sheaves on P(a, b, ¢) and describe their
moduli.

As an application, we consider the moduli spaces of stable rank 1 and
2 torsion free sheaves on P(a, b, ¢). These moduli spaceﬂ7 which are in fact
schemes, have been introduced by F. Nironi [Nir] for any rank and any
(not necessarily toric) projective DM stack. We briefly recall the relevant
parts of Nironi’s construction at the beginning of Section 7. The action of
the torus T on P(a,b,c) lifts to the moduli space and we use the explicit
description of toric sheaves on P(a,b,c) to compute its fixed point locus
and its Euler characteristic. The rank 1 case leads to counting of coloured
partitions (e.g. as in [DS]).

In the rank 2 case, generating functions of Euler characteristics of moduli
spaces of stable locally free sheaf on P? were first computed by Klyachko
in his beautiful papers [Kly2), [Kly3]. He expresses his answer in terms of
Hurwitz class numbers H(A) and the sum of divisors function og(n). For
any A > 0, H(A) is the number of (equivalence classes of) positive definite
integer binary quadratic forms AX? + BXY + CY? with discriminant B? —
4AC = —A and weighted by the size of its automorphisms groupﬂ

2As opposed to Nironi, we consider u-stability instead of Gieseker stability and
we fix the K-group class of the sheaf instead of the modified Hilbert polynomial.
Here p is the linear term of the modified Hilbert polynomial divided by its quadratic
term. This means p depends on a choice of polarization and generating sheaf.

3This means forms equivalent to A(X? 4+ Y?) and \(X? + XY + Y?2) are counted
with weights 1/2 and 1/3 respectively.
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Theorem 1.1 (Klyachko). Let Np2(2,c1,x) be the moduli space of rank 2
stable locally free sheaves on P? with first Chern class ¢; € Z and holomor-
phic Fuler characteristic x. Let

HZP(C]) = Z e(N]P2(2a C1, X))qx7
X

wlhere e(-) denotes topological Euler characteristic. Then H"(q) equals

qiitaat2 fimes

oo

> 3H(4n —1)gi "
n=1

when ¢1 1s odd and

> 1
>3 (#ean) ~ oulm) ) o
n=1

when c1 1s even.

In the physics literature, C. Vafa and E. Witten [VW] observed that in
the case ¢; is odd Klyachko’s expression and work of D. Zagier [Zag] (see
also [HZ]) imply HY’(¢) (¢ = €*™#, Im(z) > 0) is the holomorphic part of
a modular form of weight 3/2 for T'g(4) (up to replacing ¢ by ¢—! and up
to an overall power of ¢ in front). In the case ¢; is even one only obtains
modularity after correctly adding strictly semistable sheaves to the moduli
space. Their contribution turns out to cancel the sum of divisors termf]
Modularity of these generating functions is predicted by a conjecture from
physics called the S-duality conjecture [VW].

We compute the analog of the generating functiorﬂ H‘C’}) y(q) for any
weighted projective plane P(a, b, c) (Corollary . Moreovef, in the case
of a,b,c < 2 we show H‘C’R/\(q) can again be expressed in terms of H(A) and

oo(n).

4This follows from a computation of K. Yoshioka as mentioned in [VW].

SFor the precise definition, see Section 7.2. In our case we fix ¢; € Z and \ €
{0,...,d — 1}, where d = gcd(a, b, c). Here X is, roughly speaking, the eigenvalue
with respect to the overall stabilizer p,.



Weighted projective planes and modular forms 1459

Theorem 1.2. For P(1,1,2) the generating function HZRO(Q) equals

qs iTatt gimes

o0
Z (8n —1)q i—2n

when c1 is odd and

[e.o]

Z(H(4n)+2H( )_%UO ) Zao _—

n=1

when c1 1s even.
For P(1,2,2) the generating function Hgﬁo(q) equals qs

Z H(8n —1)q
n=1

s3+3e+4

STt T times

when c1 is odd and g3 times

qz ZSH 4n —1)q> 72" + Z < — ;Uo(n)> g "

n=1
when ¢; = 0 mod 4 and qsC et fimes
o0 o0 1
Z3H(4n —1)g2 " 4 ¢> Z 3 <H(4n) - 200(71)> g
n=1 n=1

when c1 = 2 mod 4.
For P(2,2,2) the generating function H '\(q) is zero unless c1 is even,
so assume this is the case. For \ even, H ( ) is equal to the generating

function H¥ (q) of Theorem . For \ odd, H‘C’bA( ) is equal to the generating
function H }H( ) of Theorem |1

In each of these cases, when the expression for HZRA(Q) does not in-
volve the sum of divisors function there are no strictly semistable locally free
sheaves in the moduli spaces and H'P, (q) (q = €™, Im(z) > 0) is the holo-
morphzc part of a modular form of wezght 5 (up to replacing q by q 1 or

q s and up to an overall power of q in front).

We conjecture that in the absence of strictly semistable locally free
sheaves in the moduli space, the generating function HZRA(Q) computed in
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Corollary always has modular properties. In Section 7.2 we also give
a general expression for the generating function of Euler characteristics of
moduli spaces of stable locally free sheaves on any P(a, b, ¢) which sums over
K-group classes instead of holomorphic Euler characteristic (Theorem.
These generating functions depend on more than one variable and are refine-
ments of H‘C’E 1(@). It would be interesting to study their modular properties.

Convention. Throughout this paper we fix P := P(a, b, ¢) with a, b, ¢ arbi-
trary positive integers.

Acknowledgments. We thank Paul Johnson and Benjamin Young for use-
ful discussions on counting of coloured partitions. We also thank Jan Man-
schot and Richard Thomas for helpful discussions.

A. G. was partially supported by NSF grant DMS-1406788. M. K. was
supported by EPSRC grant EP/G06170X/1, “Applied derived categories”.

2. G-equivariant sheaves on DM stacks with G-action

Let X be a DM stackﬁ A (quasi-)coherent sheaf F on X is determined
by specifying a (quasi-)coherent sheaf Fi; over each atlas U — X together
with compatibility isomorphisms between the Fyy [Vis, Def. 7.18]. We are
interested in the case X carries the action of an affine algebraic group G and
F has a G-equivariant structure. Note that the affine algebraic group G is
taken to be a variety so is non-stacky.

Definition 2.1. [Roml Def. 1.3, 4.3] Let X be a DM stack and G an affine
algebraic group with multiplication i : G X G — G, inverse map ¢ : G — G
and identity e : Spec C — G. A G-action on X is amorphismo : G x X = X
together with 2-isomorphisms « and a

GxGx x99 g x Spec C x X 2M2 ¢y x
G x X x ES

o )

where the 2-isomorphisms «, a satisfy some natural compatibility conditions
(see [Roml Def. 1.3]).

Next, let F be a quasi-coherent sheaf on X. Denote by p, : G x X — X
and py3 : G X G x X — G x X projection on the second and last two factors.

6All our stacks and schemes are defined over C.
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A G-equivariant structure on F is an isomorphism ® : o*F — p3F satisfying
the cocycle identity

Pis® o (idg x o) ® = (i x idy)* .

When @ is a G-equivariant structure on F, we refer to the pair (F, ®) as a G-
equivariant sheaf. A G-equivariant morphism between G-equivariant sheaves
(F,®), (G, V) is a morphism 6 : F — G satisfying p30 o ® = U o o*0.

We leave various straight-forward notions such as “G-equivariant mor-
phisms between DM stacks with G-action”, “G-invariant open substacks”
and “pull-back of G-equivariant sheaves along G-equivariant morphisms” to
the reader.

Let X be a DM stack with G-action and {;} a cover by G-invariant
open substacks. We want to think of G-equivariant quasi-coherent sheaves
on X as G-equivariant quasi-coherent sheaves on the i; together with gluing
conditions. The idea is that in applications, G-equivariant quasi-coherent
sheaves on the 4; are much easier to describe, e.g. when the $l; are quotient
stacks. We use the notation |;, |;;, [ijz for restriction |g,, |5, |s,,,, Where
i = xx Yy and Y = Uy X x U; xx Uy Using the definition of a quasi-
coherent sheaf on a DM stack [Vis, Def. 7.18] and [Har, Exc. I1I.1.22] on
atlases, gives:

Proposition 2.2. Let X be a DM stack with G-action and let {4;} be
a cover by G-invariant open substacks. Let {(Fi, ®;)} be a collection of
G-equivariant quasi-coherent sheaves on the U; and assume there are G-
equivariant isomorphisms ¢;; .7-"1|2] — fj]ij satisfying ¢y = id and the cocy-
cle identity ¢ik|ijk = Pjklijk o Pijliji- Then there exists a unique G-equivariant
quasi-coherent sheaf (F,®) on X together with G-equivariant isomorphisms
¢i : Fli — Fi satisfying ¢jli; = ¢ij o dilij-

Let H be an affine algebraic group acting on a scheme X and assume
the stabilizers of the C-points are reduced and finite. Then X = [X/H] is a
DM stack [Vis, Ex. 7.17] and we refer to such stacks as quotient DM stacks.
For later use, it is more convenient to work with the groupoid presentation
[Vis, Sect. 7] of a quotient stack [X/H]|

P2
HxX—/FX,

where ps (the source map of the groupoid) is projection to the first factor
and 7 (the target map of the groupoid) is the given action of H on X. We



1462 A. Gholampour, Y. Jiang, and M. Kool

suppress notation of the other three structure morphisms: composition, unit,
inverse (see [Vis, Sect. 7] and reference therein).

Proposition 2.3. [Vis, Ex. 7.21] The category of quasi-coherent sheaves
on a quotient DM stack [X/H] is equivalent to the category of H -equivariant
quasi-coherent sheaves on X.

It is easy to generalise this to the G-equivariant setting. We start with
the following lemma.

Lemma 2.4. Let X = [X/H] be a quotient DM stacks. Any G-action on X
commuting with H induces a canonical G-action on X.

Proof. Let 0 : G x X — X be the G-action on X. The stack G x X admits
a groupoid presentation

idg Xp2
GxHxX—GxX,
idg X7

which is induced from the natural groupoid presentation of X. The other
structure maps are the obvious maps. Let o¢ := ¢ and

o1 =pax(cop3): Gx Hx X — H x X.

The commutativity of the actions of H and G on X implies that (o1, 09) is
a morphism of groupoids

idg xp2

GxHxX—=GxX

idg Xt
Ull iao
P2

HxX X,

T

which gives rise to the morphism between the associated stacks. It is straight-
forward to check that this morphism indeed defines a G-action on X as in
Definition 2.1] with & and a both taken to be the identity. O

Given a scheme X with commuting G- and H-actions and a quasi-
coherent sheaf F on X, we can consider commuting G- and H-equivariant
structures ® and ¥ on F. Denoting the actions by ¢ : G x X — X, 7:
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H x X — X and projections by p13: G x Hx X = G x X and pog : G X
H x X — H x X, this means

(1) pis®o (idy x o)V = p3;¥ o (idg x 7)"P.

Triples (F,®,¥) with & and ¥ commuting can be made into a category
by considering morphisms which intertwine both the G- and H-equivariant
structure.

Proposition 2.5. Let X = [X/H] be a quotient DM stack with G-action
coming from a G-action on X commuting with H. Then the category of
G-equivariant quasi-coherent sheaves on X is equivalent to the category of
quasi-coherent sheaves on X with commuting G- and H -equivariant struc-
tures.

Proof. The proof is a straightforward application of the equivalence of cat-
egories in Proposition We denote the G-action on X by ¢ and the
H-action on X by 7 and use p;, p;; for the various projections as before.

Let o,p: G x X — X be the G-action and projection. These two mor-
phisms of stacks are obtained from the corresponding morphisms (p1,pg) =
(P23, p2) and

(01,00) = (p2 x (0 0 p13),0)

of the groupoid presentations. I.e.

’

S
GxHxX—=GxX

b e

HxX X,

where s = po, t = 7, 8’ =idg x p2 and t' = idg x 7. By Proposition [2.3] giv-
ing a G-equivariant quasi-coherent sheaf F on X is equivalent to giving a
quasi-coherent sheaf Fx on X together with four isomorphisms

U:t*Fx = s*Fx, A:t"olFx — s*05Fx,
B: t/*pSfX — S/*péfX, D . US.FX —>p(>§.7:_){,
such that:

i) ¥ satisfies the cocycle identity,
ii) A=o07V, B=pjV¥,
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iii) s*®o A= Bot*®,
iv) ® satisfies the cocycle identity.

The isomorphism ¥ (with cocycle condition) defines an H-equivariant struc-
ture on Fx and hence a quasi-coherent sheaf 7 on X. The sheaves ojFx
and pjFx together with the isomorphisms A and B (satisfying condition ii))
correspond to the quasi-coherent sheaves o*F and p*F on G x X. The iso-
morphism ® with condition iii) corresponds to an isomorphism o*F = p*F
on G x X. It satisfies the cocycle identity if and only if iv) holds. This defines
a G-equivariant structure on Fx. The proof follows by noting that condition
iii) is equivalent to equation (|1]). O

Consider the setup of the previous proposition. If in addition X = Spec R
is affine, G and H are diagonalizable with character groups X (G) and X (H),
then we get a further equivalence with the category of R-modules with
X (G) x X(H)-grading as follows. The global section functor H°(X,-) gives
an equivalence between the category of quasi-coherent sheaves on X and
the category R-modules. If a quasi-coherent sheaf F has in addition a G-
and H-equivariant structure, then this can be used to define a linear G
and H-action on HY(X,F) in the following way. Let i, : X < G x X be
defined by inclusion of an element g into G and set @, := 7 ®. Then for any
s € HY(X,F), define

g-si= (I)gfl((gil)*s) € HO(X, .F),

where (g71)*s € H*(X, (g~ 1)*F) is the canonical lift (and similarly for H).
Note that ® and ¥ commute, so the G- and H-action on HY(X,F) com-
mute. Since G is diagonalizable, the module H°(X, F) decomposes into G-
eigenspaces
HY(X,F)= @ HX,F),
XEX(G)

Each HY(X,F),, has an induced H-action. Since H is diagonalizable, we
get a further decomposition into eigenspaces

€B€B

XEX(G) peX(H

For H trivial, T. Kaneyama [Kan] proves H’(X,-) gives an equivalence
between the category of G-equivariant quasi-coherent sheaves on X and
the category of X(G)-graded R-modules (see also [Perd, Prop. 2.31]). It
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is not hard to show that in our current setting, H"(X,-) gives an equiva-
lence between the category of quasi-coherent sheaves on X with commuting
G- and H-equivariant structures and the category of X (G) x X (H)-graded
R-modules. We find it convenient in our applications to refer to the X (H)-
grading as the fine grading. Summarizing:

Corollary 2.6. Let X = [(Spec R)/H] be a quotient DM stack with G-
action coming from a G-action on Spec R commuting with H. Assume G
and H are diagonalizable. Then the category of quasi-coherent sheaves on X
with commuting G- and H -equivariant structures is equivalent to the cate-
gory of R-modules with an X (G)-grading and X (H)-fine grading.

This corollary is useful because in applications moduli of finitely gener-
ated R-modules with X (G)-grading and X (H)-fine grading can be explicitly
described.

3. Toric sheaves on affine toric DM stacks

Let C? be affine space with linear T = C*?-action. Let H be a finite abelian
group. Suppose C? also has an H-action and the T and H actions com-
mute. In this section, we describe toric sheaves, i.e. T-equivariant coherent
sheaves, on quotient DM stacks X = [C?/H]. This boils down to applying
Corollary and repackaging the grading data somewhat. We also discuss
what torsion free and reflexive sheaves look like in this picture.

Throughout this paper, we make the following notational conventions.
Let D be any diagonalizable group. Then

DgC*dX/’I’aIX"'X”aS’

where p,,. is the group of a;-th roots of unity and the a;’s are prime powers.
The numbers d, a; are unique with this property. The group operation of the
latter group (and its factors) is written multiplicatively and we denote its
elements by A = (\1,...,Ag, pt1,- .., is). We denote the character group of
D by X (D). We get an isomorphism

XD) 22D Ly, @ - & L,

The group operation of the group on the RHS (and its factors) is written
additively and its elements are denoted by m = (¢1,...,4q,l1,...,ls). The
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isomorphism maps m = (¢1,...,4q,11,...,ls) to the character

X(m) D — C*, (A, oy Ay iy -y fhs) i—))\il “')‘Zdulll 'u,f;
We often switch between additive notation m,m/’, ..., + and multiplicative
notation y(m), x(m'), ..., - for X(D). With this notation

x(m) - x(m) = x(m +m').
3.1. Non-degenerate torus actions.

We start with some elementary remarks on the action of T on CZ.

Definition 3.1. Let T act linearl on C?. Then there exist coordinates
x1,...,xq and characters x(my),...,x(mgq) such that \-x; = x(m;)(\)z;
foralli=1,...,d and A € T. If the m;’s are dependent, then the action is
said to be degenerate. If the action is non-degenerate and the m; generate
the lattice X (T'), then the action is said to be primitive. These notions do
not depend on the choice of coordinates.

In the case of smooth toric varieties, the opens in the cover {U,} corre-
sponding to the cones o of maximal dimension have primitive linear torus ac-
tions. In the case of smooth toric stacks, the opens in the cover {{C?/N (c)]}
corresponding to cones o of maximal dimension can have a torus action in-
duced by a non-degenerate but possible non-primitive linear torus action on
C?. We are interested in such actions.

Definition 3.2. Let T act linearly and non-degenerately on C%. Suppose
the action is written as

(2) Az = x(m)(N)z;.

Note that this choice of coordinates is unique{ﬂ up to scaling and reordering
the z;. The bozr associated to the action is the subset By C X(T) of all
elements of the form ), ¢;m; € X(T) with 0 < ¢1,...,¢q < 1 rational. Note

It is conjectured that any T-action on C? is linear after a suitable change of
coordinates (linearization conjecture). This has been proved for d < 3 [Gutl [KRI]
KR2].

8In the case of toric varieties, such a choice does not have to be made since
T  C?% and the action of T on C? restricts to the canonical action T x T — T.
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that Br = 0 if and only if the T-action is primitive. We also denote an
element Y, gim; € Bt by (q1,...,q4) € Q%

For C¢ with non-degenerate linear T-action, the weight spaces
HO(CY%, Oca)m are 0 or 1-dimensional. The collection of m € X (T) for which

HO(C*, O¢a)m # 0

forms a semigroup S C X (T). If the action is given as (2)), then S is the
cone spanned by m1,...,mg € X(T). The category of T-equivariant quasi-
coherent sheaves on C? is equivalent to the category of X (T)-graded modules
(Corollary . We repackage this data neatly in the same way Perling does
in the case of toric varieties [Perl].

Given a T-equivariant quasi-coherent sheaf F on C¢, let

H@CLF) = @ F(m)
meX(T)

be the corresponding X (T)-graded module. This gives us a collection of
vector spaces {F(m)}mex (). Multiplication by z; gives linear maps

(3) xi(m) : F(m) — F(m +m;),
for all m € X(T). These maps satisfy

(4) Xj(m +m;) o xi(m) = xi(m +my) o x;(m),

for any m € X(T) and 4,j = 1,...,d. Abstractly, we refer to a collection of
vector spaces {F(m)}nex(r) and linear maps {X;(m) },nex(T),i=1,...d Satis-

fying as an S-family F:

Definition 3.3. Let X(T) be the character group of an algebraic torus T
of dimension d. Suppose we are given Z-independent elements myq, ..., mq €
X(T). An S-family F' consists of the following data: a collection of vector
spaces {F'(m) } e x (1) and linear maps {x;(m) };mex(1),i=1,...q Satisfying .
(The letter S stands for the semigroup given by the cone generated by
mi,...,mq € X(T).) A morphism of S-families F, G is a family ¢ of linear
maps

{o(m) : F(m) — G(m)}mex(m)

commuting with the x;(m)’s.
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The S-family F associated to a T-equivariant quasi-coherent sheaf F
contains all the data of the graded module HY(F). It is easy to see that the
category of T-equivariant quasi-coherent sheaves on C? is equivalent to the
category of S-families. The following is also obvious.

Proposition 3.4. Let T act non-degenerately on C®. Then each T-
equivariant quasi-coherent sheaf F on C¢ with corresponding S-family F'
decomposes equivariantly according to the box elements

Fe@.F F=F

beBT beBT

Proof. Tt suffices to show the statement for S-families. Take an element
b € Br then define ,F' to be the S-subfamily consisting of all vector spaces
F(m + b) where m =), £;m; for any ¢; € Z. O

Summary. A T-equivariant quasi-coherent sheaf on affine space C¢ with
non-degenerate linear T-action is just a family of vector spaces indexed by
the lattice points of X (T) and (compatible linear) maps between them en-
coding the module structure. When the action is non-primitive, the sheaf
decomposes according to the box elements b € Br.

We end this section by mentioning what the S-family of a coherent,
torsion free and reflexive sheaf looks like. Let F be a T-equivariant quasi-
coherent sheaf on C% with S-family F. Any m € X(T) can be uniquely

written as
d
b + Z Eimi,
i=1

where b € By, the ¢; are integers and the m; are defined in . We often
write

b EF (01, ... 0g) :=pF(m).

Moreover, the element b € Bt can be uniquely written as ), g;m; for ratio-
nal numbers 0 < ¢; < 1 and we also often write

(Q17-~~,qd)F(€17 e 7€d) = bF(gla [P 7€d)-
Similarly, the maps x;(b+ m) (see (3)) are denoted by

in(£1, s 7€d)7 (ql,..,,qd)Xi(glv o 7£d)7

or simply x; when we suppress the domain.
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The sheaf F is coherent if and only if the corresponding module is
finitely generated. In terms of F' this means the following [Perll Def. 5.10,
Prop. 5.11]:

i) all vector spaces ,F(£) are finite dimensional,
ii) for each b € By and {,..., ¢, sufficiently negative bF(F) =0,
iii) for each b € By, there are only finitely many L € 7% for which

—

F(E) # span@{xflfél .- Ld —lag | s € yF'(¢) and L; — ¢; > 0 not all zero}.

We refer to T-equivariant coherent sheaves as toric sheaves.

The sheaf F is torsion free if and only if it is coherent and all maps
x; are injective. This is proved in [Perll Prop. 5.13] (or [Kooll, Prop. 2.8],
which also discusses pure sheaves of lower dimension) Up to an equivalence
of categories, this means we can take all z;’s to be inclusion. Decomposing
Fe Dies, »F', we conclude that a toric torsion free sheaf on C? is specified
by the following data:

i) finite-dimensional vector spaces denoted by ,F'(c0) for all b € B,

ii) for each b € Br: a multifiltration {bF(Z)}Zezd of , F/(0) such that
pF(£) = pF ()

for sufficiently large (e 74
The rank of such a torsion free sheaf is
> dime(F(0)).
beBr

How do we characterize the reflexive sheaves among the torsion free
sheaves? The following describe the S-families corresponding to toric reflex-
ive sheaves. Suppose for each b € By we are given a finite-dimensional vector
space V (00) (not all zero) and a filtration

CHV(=1) CcyV) cyV(l+1)C---

such that V' (¢) = 0 for ¢ sufficiently small and ,V (¢) =,V (c0) for ¢ suffi-
ciently large. Set

(5) bF(€1,---,€d) = bV(gl) N --~ﬂbV(£d) C bV(OO)



1470 A. Gholampour, Y. Jiang, and M. Kool

Multi-filtrations obtained in this way exactly correspond to the S-families
of toric reflexive sheaves [Perll Thm. 5.19].

3.2. Toric sheaves on [C?/H].

We now describe toric sheaves on the DM stack [C?/H], where T = C*¢ and
H is a finite abelian group, both acting on C%. We assume T acts linearly and
non-degenerately (Definition and the actions of T and H commute. By
Corollary the category of T-equivariant sheaves on [C?/H] is equivalent
to the category of H(C?, Oca)-modules with X (T)-grading and X (H )-fine-
grading.

Next, we choose coordinates z; on C? such that the T-action is given by
2

Az = x(mi)(N)x;.

As mentioned before, this choice of coordinates is unique up to scaling and re-
ordering the x;. A T-equivariant quasi-coherent sheaf F on [C?/H] gives rise
to the H?(CY, O¢a)-module H(C?, F) with X (T)-grading and X (H)-fine-
grading. In turn, this provides us with an S-family F as described in Section
3.1. For each m € X(T), the vector space F'(m) has an X (H)-grading

Fm)= € F(m)n.

neX(H)

Since the actions of T and H commute, H acts by
h-x; = x(n;)(h)z;,

for a unique n; € X (H). Each multiplication map ;(m) maps F(X), to
F(m 4 mj)n+tn,. In other words, we have the following data:

i) a collection of vector spaces {F'(m)n }mex (1) nex(H);
ii) a collection of linear maps
{xi(m) : F(m) — F(m +m;)}ic1,. dmex(T)
satisfying
xi(m) : F(m), — F(m 4+ m;)nin,,
Xj(m +mi) o xi(m) = xi(m +mj) o x;(m),

foralli,j=1,...,d,me X(T) and n € X(H).
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We refer to this data F' as a stacky S-family. There is an obvious notion
of morphism between stacky S-families: a morphism of S-families respect-
ing the fine-grading. This repackaging can be summarized in the following
proposition.

Proposition 3.5. Let T = C*% and H be a finite abelian group acting on
Ce. Assume T acts linearly and non-degenerately and the actions of T and
H commute. Then the category of T-equivariant quasi-coherent sheaves on
[C?/H] is equivalent to the category of stacky S-families.

Note that a stacky S-family decomposes according to the elements of the
box Bt as in Section 3.1. Coherent, torsion free and reflexive T-equivariant
quasi-coherent sheaves on [C?/H] correspond to stacky S-families with un-
derlying S-family satisfying the properties described in Section 3.1. We give
two examples.

Example 1. Let T = C*? act by (k,\) - (z,y) = (k%x, \y) and H = p, by
—1-(x,y) = (—x,—y). The box in this example is By = {(0,0),(1,0)}. A
rank 1 toric torsion free sheaf F on [C2/u,] corresponds to the following
data. Firstly, F = (0,0)F or F = (1,9)F, because the rank is 1. In either case,
»F is described by specifying a double filtration of C on Z? corresponding to
the S-family , F'(¢1,¢2). The “stackiness” comes in by picking any (L1, L2) €
7.2 such that ,F (L1, Ly) = C and giving this vector space weight 0 or 1 with
respect to X (H) = Zs. Since all maps are the identity (or zero), this fixes
all the X (H)-weights. A typical o looks like:

where the origin (¢1,¢2) = (0,0) can be located anywhere. Here the vector
spaces associated to the lattice points on or above the solid line are C and
zero otherwise. Moreover, 0,1 refers to the po-weight of the vector space
associated to the lattice point in the left-bottom corner of the box.
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Example 2. Let [C%/u,] be as in the previous example. Let F be a rank 2
toric torsion free sheaf on [C%/u,]. Decompose

f == (0’0)]:@ (()J)f.

There are three possibilities:

(D)

(IT)

(111)

The sheaves (g o) F and (g 1)F are both non-zero: then each is a rank 1
toric torsion free sheaf as in example 1.

Only one F is non-zero, then
»F(L1, Ly) = ,F(c0,00) = C?

for sufficiently large (L1, L2) € Z? and this space decomposes as a (non-
trivial) sum of a weight 0 and 1 space

v (L1, Ly) = pF (L1, L2)o ® pF' (L1, La)1.

The 1-dimensional spaces ,F'(L1, L2), both have a double filtration as
in example 1 and 5 F decomposes as a sum of two rank 1 toric torsion
free sheaves.

Only one F is non-zero, then
bF(L1, L) = F(00,00) = C*

for sufficiently large (L1, Lo) € Z? and this space has weight 0 or 1.
This time ,F (1, f2) is a double filtration of C? on Z? and the X (H)-
weight of each ,F'({1, /) is fully determined by the X (H)-weight of
bF (L1, Ly).

For a fixed choice of dimensions of the X (T)-weight spaces, there are only
a finite number of sheaves of type I and II, but the sheaves of type III have
continuous moduli corresponding to different choices of inclusions C C C2.
A typical sheaf of type III looks like:

OoOiRiOoiRIO
—OoiR Ok

-
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where the vector spaces below the single line are 0-dimensional, on and
above but below the double line 1-dimensional and on or above the double
line C2. The 0’s and 1’s in the diagram denote the X (H)-weights. The con-
tinuous moduli in this example are (P*)3, because there are three connected
components between the single and double line.

4. Weighted projective planes

The weighted projective plane P := P(a,b,c) is by definition the quotient
stack [C3\{0}/C*], where C* acts on C3 by

A (X,Y,Z) = (\2X, N, \°2).

This is a smooth complete toric DM stack in the sense of [BCS, [FMN]. Let
d := ged(a, b, ¢), dig := ged(a,b), dig := ged(a, ¢) and dog := ged(b, ¢). The
coarse moduli scheme of P, denoted by P = P(a, b, ¢), is the weighted projec-
tive plane in the classical sense [Ful, Sect. 2.2]. The toric variety P(a, b, ¢) (in
general singular) is isomorphic to P(a/d,b/d,c/d). If dia = dag = d13 =1,
then the structure map P — P is an isomorphism away from those points
among (1:0:0),(0:1:0),(0:0:1) € P which are singularitief’] In the
case d =1, P(a, b, c) is an orbifold meaning that the structure map P — P
is an isomorphism away from the lines

0:Y:2),(X:0:2),(X:Y:0)CP.
In general, P is a Bug-gerbe over the orbifold P(a/d,b/d, c/d).

4.1. Open cover and torus action

P can be covered by the standard open substacks i, s, 43 corresponding
to the open sets

{X #0},{Y #0},{Z # 0} C C*\{0}.
Define a map of sets
“:{1,2,3} = Zo

sending 1+ a, 2+— b and 3 — c¢. By [BCS], we have an isomorphism of
stacks

8l = [C?/ ],

In this case P(a, b, c) is called a canonical DM stack (see [FMN]).
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where p € p; acts on (z,y) € C? by

(Wb, poy) if i =1,
(e, pcy) if i=2,
(uez, pby) if @ =3.
The open immersion ; < P is induced by the natural inclusion p; — C*

as the group of i-th roots of unity and the map C? — C3\{0} sending (z,y)
to

(Lx,y) if i=1,
(r,1,y) if i =2,
(xz,y,1) if i=3.

We compute the double stack theoretic intersections of the Ll;’s by taking
the fiber product over P via the maps defined above. The outcome is

Llij :Lll X]puj = [C* X (C/[,Li X I’l’j]

The action of (u,v) € p; x p; on (v,2) € C* x C is given by

(vp 'y, 1 2),

where k € {1,2,3}\{4, j}. The open immersions ,;; — &; and ;; — 4; are
induced respectively from the projections

By X ps — gy oand pg X ps — ps,

and the maps C* x C — C x C that send (7, z) to respectively

('Yibwz) if (Z7]) = (172)7 (,Ya,z,yc) if (273) = (172)a
(Zafyic) if (%]) - (273)7 and (27a7’7b) if (27]) = (273)a
(2,779 if (4,5) = (1,3), (v, 29" it (4,5) = (1,3).

Similarly, one can show
ﬂ123 = ﬂl X]pﬂg Xpﬂ:’) = [(C* X (C*/p,a X My X pl,c],
where the action of (u,v,§) € py X py X p, on (k, ) € C* x C* is given by

(vp 'k, Ev7N).
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The open immersion 123 < 4l;; is given by the corresponding projection

Ha X By X He = 17 X 15

and the map C* x C* — C* x C taking (k, ) to

(k,k=A7¢) if (i,7) = (1,2),
(A, 5% if (i,7) = (2,3),
(kA k7% i (i,5) = (1,3).

The stack P is equipped with a natural action of a 2-dimensional torus
obtained by rigidifying its open dense substack jo3 = [C*3/C*] defined
above (see [FMN]). Denote this torus{icl by T = C* x C*. One can easily
define an action of T on the stacks {l; and &l;; such that all the open im-
mersions defined above are T-equivariant. In the table below we summarize
the result by showing the corresponding weights of the T-action on C x C
for each 4; and on C* x C for each $4;; (cf. Lemma [2.4)):

T-weights on C x C T-weights on C* x C
i/[1 (b7 0)7 (O> C) L[12 (_17 0)7 (07 C)
Uy (—a,0),(—c,c) o3 (1,-1),(—a,0)
U3 (07 _a)v (b7 _b) 3 (07 _1)7 (bv 0)

Table 1: T-action on each i; and ;.

The T-action on P has three fixed points Py, Py, P3 which correspond to the
origins of the open substacks 3, 4o, Us.

4.2. K-groups of weighted projective planes

Denote by Ky(PP) be the Grothendieck group of coherent sheaves on P and
let Ko(P)Q = Ky(P) ®z Q. By [BHJ

Ko(P)o = Qlg, g~ '/(1 = g*)(1 — ¢")(1 — ¢°).

Here g := [Op(—1)] is a generator of Pic(P) = Z [EMN,, Ex. 7.27]. The classes
of the structure sheaves of the fixed points of the T-action are

Op] = (1 - ¢)(1-g")1—-g9)/(1-g").

0Tn fact Ugpe = T x Bpy.
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We prove this in Proposition as an easy corollary of the general de-
scription of toric sheaves on P developed in Section 5. We get the following
identities in Ko(P)qg

0] = [Op]g, i=1,2,3.

The elements [Op,]g? for i =1,2,3 and j =0,...,7 — 1 generate the sub-
group of Ky(P)g of 0-dimensional coherent sheaves. It is not hard to prove
the following relations among these elements:

a/d—1 b/d—1 c/d—1
(6) > [0p]g = > [0plg = > [0p)g™,
i=0 =0 k=0
a/d—1 b/d—1 c/d—1
> 0r]gtt = Y (0] = D [0p)g"
i=0 =0 k=0
a/d—1 b/d—1 c/d—1
Z [Opl]gzd—l-d—l — Z [OPZ]ng+d—1 — Z [(ng]gkcl—&-d—l7
i=0 =0 k=0
a/d12—1 b/d12_1
Y. [Orlghr= > [Op]¢",. ..
i=0 =0
b/d23—1 C/d23_1
Z I:OPQ:Ing23 = Z [OPS]gkd237 A
j=0 k=0
a/d13—1 C/d13_1
Op,]g"" = [Op,)g" ", ...
=0 k=0

For example, the first equality in the first row follows from the following
identity in Ko(P)g

(I4+gt++g N1 -g"N1-g) =1 —-g)1+g"+- -+ g1 - g

The first equality in the second row is obtained by multiplying both sides
of this equation by g etc.

Let IP be the inertia stack of P and 7 : /P — P the natural map. We
index the connected components of IIP by the set F' and its elements by
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f € F. For any coherent sheaf F on P, define

ch: Ko(P)g = A*(IP),_, ch(F):= )Y wy;-ch(Fy),
feF i

where Fy is the restriction of 7*F to the component corresponding to f,
Fi =P, Fy, is its decomposition into eigenvectors and wy; € p,, are the
corresponding eigenvalue For any f € F, we denote by ch(F); the re-

striction of ch(F) to the component Z of IP corresponding to f.
Define

td : Pic(P) — A*(IP),_

as follows. Let L € Pic(IP) and let f € F'. Denoting ¢1(Ls) = 27 and denoting
the corresponding eigenvalue of L by wy, the component td(L)¢ is given

by

81
Ty
1 —wre s

With these definitions one can compute the holomorphic Euler characteristic
of F using Toén-Riemann-Roch (TRR) [Toe]

X(F) = [ () (0x(a) - W(Os(8) - (O (c).
Define m := lem(a, b, ¢). For any coherent sheaf F on P and ¢ € Z~(, define
P(F,t) := x(F ® Op(mt))
to be the Hilbert polynomial of F' with respect tﬂ Op(m).

Proposition 4.1. For any r € Z:
i) if dtr then P(Op(r),t) =0,

HHere ., is the group of roots of unity. We will only be concerned with the
case F = L is a line bundle, in which case each L is an eigensheaf.

2Here 41, is the Kronecker delta. This expression reduces to the usual Todd
class of a line bundle when wy = 1.

130p(m) is the pull back of Op(1) from the coarse moduli space P. Recall that
Op(1) was introduced at the beginning of this section.
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ii) if d | v then P(Op(r),t) modulo the t-constant term is given by

dm? , 2r+a+b+c er
— 1?4 m( o Z - > i)
1<i<5<3 -1} -~ Wi

| —

b >

hed{l,...,d;;

TJVl
where w;; = e2™V=1/di gnd ke {1,2,3}\ {4, j}.

Proof. We use the TRR. formula above to compute the coefficients of #? and

t in x(Op(r + mt)). Only 2 and 1-dimensional components of IP contribute
to these terms. Let

The 2-dimensional components of IP are isomorphic to IP and they are in bi-
jection with the elements of D. The eigenvalue of Op(1) on Py /4 is e2mV/=1i/d,
For (i,7) = (1,2),(1,3) or (2,3), let

Dij = {l/dij}1—o,....d;—1 \ D.

The 1-dimensional components of IP are all isomorphic to one of P(a,b),
P(a, ¢) or P(b, ¢). The components isomorphic to P(i, j) are in bijection with
the elements of D;;. The eigenvalue of Op(1) on P(f,j)l/d” is e2mV—1/di; e
find the contribution of each component separately.

Contribution of P;/q: The integrand in the TRR formula over IP; 4 is

627r\/—1l(r+mt)/d . e(r—i—mt)x . ax . bx . cx
l—e @ ]—ebr 1_—ec’

where x is the first Chern class of the pull back of Op(1) to IP and restricted
to /4. The integral over P;;; modulo the ¢-constant term is

e2mV/—1lr/d

abe

((m?/2)* + (r +a/2 + b/2 + ¢/2)mt) .

Contribution of P(i, i)l/dij : The integrand in the TRR formula over P(, j’)l/dij
is equal to

e27r\/—1l(r+mt)/d,-j . e(r-i—mt)z . (& . Jx . 1
1— 67%1 1— efjx 1— e2ﬂ'\/7lli{:/di]‘ . e—fgm’

where z is the first Chern class of the pull back of Op(1) to P(z, ), /d;, and
ke {1,2,3}\ {4,j}. The integral over P(%,j)l/d“ modulo the ¢-constant term
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is equal to
me27‘(’\/ —llr/d,J

= = t.
Zj(l _ eQW\/?llk/dj,j)

The proposition follows by adding the contributions of all the components
above. O

Remark 4.2. Since Op(m) is the pull back of Op(1) from the coarse moduli
space, P(F,t) is equal to the Hilbert polynomial of the push-forward of F
to P with respect to Op(1). If d 1 r then the push forward of Op(r) to P is
zero, which gives another proof of the first part of Proposition [f.1].

Definition 4.3. In the proof of Proposition we defined the sets
D :={l/d}—o.,....a-1, Dij := {l/dij}1=o.,....d,;—1 \ D,
for all ¢+ < j. For convenience we define Dj; := D;;. In addition, we define
Di = {l/g}lzo,.u,iq \ (DU Dij U D),

for all {7,7,k} = {1,2,3}. The 2-dimensional components of IP are all iso-
morphic to P and they are indexed by D. The 1-dimensional components of
IP are isomorphic to IP)(%, j) and are index by D;;. Finally, the 0-dimensional
components of [P are isomorphic to P(i) and are indexed by D;. The sets D,
D;’s and D;;’s give a partition of the set of connected components F' of IP.
The eigenvalue of Op(1) pulled back to IP and restricted to the component
corresponding to f € F' is 2V 1S

Corollary 4.4. Let £ =" 1Op(n) and assume dij | E for all 1 <i<

j < 3. Then for any r € Z, the Hilbert polynomial P(Op(r) ® &E,t) modulo

t-constant term is given by

Em? 5, GK2r+2n;+a+btc
t

2abc + Z 2abc

P(Op(r) ® £,t) = mat,

1=

wherefﬂnl,...,ne are those n € {0, ..., E — 1} for which d | r + n.

14Tn particular, if d = 1 then e = E = rank £.
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5. Toric sheaves on weighted projective planes

The toric DM stack P := P(a, b, ¢) has an action of an algebraic torus T =
C*? as described in Section 4.1. In this section, we describe toric sheaves on
P. The approach is as follows. We cover P by the T-invariant open substacks
; = [C?/p;] The action of T and p; on C? are described explicitly in Sec-
tion 4.1. A toric sheaf F on P restricts to a toric sheaf F; on 4; which is (up
to equivariant isomorphism) determined by its stacky S-family F, (Propo-
sition . Conversely, given toric sheaves F; on il;, we want to find gluing
conditions on the stacky S-families Ey allowing us to glue the F; to a toric
sheaf F on P.

Our approach is as follows. Let F;|;; be the pull-back of F; along the
inclusion ;; = ; xp 4; — &;. In Section 4.1, we described these inclusions
explicitly at the groupoid level and we noted ;; = [C* x C/pu; x Nj]- This

and Fj,ij for all 7, j allows us to glue sheaves (Proposition

will allows us to compute the stacky S-family FHJ of ]-'i|l--Matching F”]
2.2)

5.1. Graded tensor products

Given a morphism of affine schemes
f :Spec S — Spec R

and a quasi-coherent sheaf F corresponding to an R-module HY(F) on
Spec R, the pull-back f*F corresponds to the S-module [Har, Prop. 5.2]

(7) H°(f*F) = H%(F) @ S.

Suppose the affine schemes have an action of an algebraic torus T, f is
T-equivariant and F is a toric sheaf. Then f*F is a toric sheaf. The T-
equivariant structures of F and f*F correspond to X (T)-gradings on HY(F)
and HY(f*F). How can the latter grading be described in terms of the
gradings of H(F), R and S? We follow Perling’s discussion [Perl], Sect. 3].

Suppose we are given, in general, an abelian group A, an A-graded ring R
and A-graded R-modules M and N. Then M ®gr N has a natural A-grading
as follows [Perll Sect. 3]. The degree a part (M &g N), is the abelian sub-
group generated by all elements

m®n, withm € M, and n € N, such that ¢’ +a” =
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Next, suppose we are given an A-graded ring R and a B-graded ring S.
A morphism of graded rings is a pair (¢,v) with ¢ : R — S a ring homo-
morphism and ¢ : A — B a group homomorphism satisfying ¢(Ra) C Sy(a)-
Given such a morphism of graded rings, R can be given a B-grading by

@R

acy—?!

Likewise, any A-graded R-module M can be a seen as a B-graded R-module.
Back to the geometric setting. The T-equivariant morphism f induces
a morphism of graded rings

(¢, x) : (R, X(T)) — (5, X(T)).

Using x one can change the X(T)-grading on the R-modules H°(F) and
R as described above. Then S becomes an X (T)-graded R-module as well
and HY(f*F) inherits a natural X (T)-grading by (7). Comment: in our
applications we are always in the easier situation where y is the identity
map.

5.2. Gluing conditions

We are now ready to describe toric sheaves on P. A toric sheaf F; on
;= [C?/ ;] is determined up to equivariant isomorphism) by its stacky
S family E; (Proposition . We want to compute the stacky S-family
Z .ij of the toric sheaf F; |U on ;= [C* x C/p; x ps] for all 4, j. Matching
F;;; and Fj ij for all ¢, 7 allows us to glue the F; to a global toric sheaf F
by Proposition
The torus T has character group X (T) = Z2. This torus acts on each
4; and ;. We denote the elements of T = C*? by (k,)) € T. For each
4; = [C?/ ], there are coordinates (z,y) on C? such that

(5, A) - (z,9) = (x(m1) (K, Nz, x(m2) (K, A)y),

for independent my,my € X(T). The characters mj, my are unique up to
order and we choose the following orderﬂ (see Table in Section 4.1)

15Compared to Table in Section 4.1, we have changed the order for i =2
because of symmetry reasons.
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These vectors span the box Bt of the action of T on &l;. Likewise, for each
Uij = [C* x C/p; x ps] there are coordinates (7, z) on C* x C such that

(H7 )‘) ’ ('77 Z) = (X(ml)(ﬁﬂ /\)77 X(mQ)(/iv /\)2)7

for independent my, my € X(T).
We compute F1 12 in terms of F1 Recall that we denote the various
vector spaces corresponding to F] by (see Section 3)

(i/b.j /) F1 (01, €2)1-

Here the box By = [0,b — 1] x [0,¢ — 1] C X(T) and its elements are written
by (i/b,j/c) € Br. The inclusion

$hy 2 [C* X C/pg % ) = th = [C/pu,]
corresponds to the étale morphism (Section 4.1)
(8) C'xC—C, (v,2) = (v7"2) = (2,9),

which intertwines the p, X p,- and p,-actions and the T-actions. These
actions are given by

(k, A) - (7, 2) = (K71, X%),

(,v) - (7, 2) = (W vy, 12),

(k. A) - (2,y) = (k'@ X%),
o (z,y) = (Wb, 1)

We denote a-th roots of unity by p € p,, b-th roots of unite by v € p;, and
c-th roots of unity by £ € ..

We first restrict F; to C* x C C C2. For a fixed ¢, the vector spaces
(i/b,j/e)F1({1, €2) stabilize for £1 > 0. This means they are all isomorphic for
£1 > 0. Up to isomorphism of Fl, we can take all the isomorphisms between
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these limiting spaces to be the identity map (though these maps in general
do swap the fine-grading!). We denote the limit by

(i/b,j/e) F1(00, £2).

The sheaf Fi|c-xc has an S-family G1 which is easily computed using the
description of grading on a tensor product of Section 5.1

(i/bj)e) G101, 02) = (i/b,5/e)F1(00, £2).

The maps between these vector spaces are the identity in the ¢i-direction
and the induced maps in the f5-direction. This is because multiplication by x
is an isomorphism. The fine-grading does depend on ¢ albeit in a trivial way.
This means that for ¢; > 0 such that (i/b,j/c)F1(£17£2> = (i/ij/C)Fl(OO,gz),
we have

(i/b.5)e) G110, 02)1 = (i /b g ey F1 (L1, £2)1-

The fine-grading on (;/p j/)G1(¢1,¢2) for any fixed ¢; determines the the
fine-grading on (; 4 /¢)G1(¢1, £2) for all £

(/65700 G1(01, 02)1 = (i/.5/e)G1(0,£2)1— 0,6 @ p"P.

Here — ® ! stands for tensoring by the 1-dimensional representation of g,
of weight [ € Z,.

Next we define the fine-grading on the limit vector space (;p;/c) F1(00, £2)
by

9) (i/b,j/e)F1(00,€2)1 = (i /b)) G1(0, La)s.
The S-family Fl,lg at the point
(i/b+ £1)ma + (j/c+ La)ma € X(T)

is equal to
D pijeFiloo,b).
0<i'<b—1

The maps between these vector spaces are the identity in the ¢i-direction
and the induced maps in the fo-direction. This expression can be derived as
follows. Using the description of grading on a tensor product of Section 5.1
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and the explicit formula for the map , we see that an element of F1,12 at
(i/b+ £1)my + (j/c+ la)ma € X(T)

can be uniquely written in the form

D weor

0<i'<b—-1

where
Vi € (i'/b,j/c)Gl (ela e2)'

Here the notation — ® v comes from the following. The module F} = HO(F;)
is a finitely generated C[Ly}—module. First, it gets restricted to C* x C,
which makes it into a C[zT, y]-module Gj. Then it gets pulled- back along
the étale morphism (8)), Wthh glves a C[y*, z]-module G; ® C[y*, 2]. The
homogeneous elements vy ® " ¢ are elements of this module.

Next we determine the fine-grading. Assuming v; is homogenous of
welght [ +1i —i € Z, with respect to the action of pu,, the weight of vy ®

7%~ with respect to the action of p, x y, is

(1,i" — i) € Zo ® Zy.
Therefore, the fine-grading on the weight space of Fmg at the point
(Z/b + fl)m1 + (]/C + €2)m2 S X(T)

is equal to

@ (b)) G1l1, )i @ '~ @V,
0<i'<b—1
12,

or, using the definition of the fine-grading @D,

i—i'+0,b s
@ (i’/bJ/C)Fl(OO:@)lHui Qut T o =1
0<7'<b—-1
€7,

Here — ® ! stands for tensoring with the one-dimensional representation of
p, of weight | € Z, and — ® v stands for tensoring with the one-dimensional
representation of p, of weight | € Zj.
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Theorem 5.1 (Gluing conditions). The category of toric sheaves on P
is equivalent to the category of triples {Fj}i—123 of stacky finite S-families
on L = [C?/ ;] satisfying the following gluing conditions:

@ (/b Fi(co, ) @ u~" @ v
0<i<b—1
€7,

= B jeijaFallico) @y I g pitITe,

0<i<a—1
1EZy

B /cijayFaloc,)i@v i@
0<i<c—1
IEZy

- @ (ijaism) Fs(l,00) @ £t g yititta,
0<i<b—1
1€7,

B G/aimFsloo i@ @
0<i<a-—1
€L

- @ (/bife) F1(€,00); @ P Y arad
0<i<c—1
1€Z.,

for all £ € Z and similar gluing conditions between the linear maps.

Proof. The category of toric sheaves on P is equivalent to the category of
triples {F;}i=1.23 of toric sheaves on il; & [C?/ ;] satisfying the gluing con-
ditions of Proposition In turn, a toric sheaf F; is described (up to equiv-
ariant isomorphism) by its stacky S-family E; (Proposition. Given toric
sheaves {F;}i=123 on ; = [(CQ/;L;], consider the toric sheaves F;|;; on

Ui; = [C* x C/p; x ,u,j.]

and compute the stacky S-family F“J corresponding to Fjl;j.
The case Fy 12 was worked out above. At a point (0, j + cf) € X(T) = Z?
we found its stacky S-family is given by

B ipioFilcc,i@p @
0<i<b—1
€7,
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Similarly, the stacky S-family of Fy1o at (—j — fe,j + £c) € X(T) = 72 is
given by

@ (j/c,i/a)FQ(ano)l v’ ®'uz'

0<i<a—1

LEZy,
We cannot directly “equate” these two answers. This is because the first
vector spaces live on the line (0, j + ¢f) and the second vector spaces live on
the line (—j — fc,j + fc) € X(T) = Z2. Translating the last vector spaces to
the line (0, j + fc) € X(T) = Z? gives the first equation. The other equations
go similar.

A priori the equalities in the theorem should be isomorphisms of graded
vector spaces satisfying the cocycle identity. However, up to isomorphism
(and hence up to equivalence of categories), we can choose them to be iden-
tities. g

6. Examples of toric sheaves on weighted projective planes
In this section, we give some examples of toric sheaves on P := P(a, b, c) as
described by Theorem The focus will be on rank 1 and 2 toric torsion

free and locally free sheaves.

Example 1. Let F be a rank 1 toric torsion free sheaf on P2. In each chart
i; = C?, F is described by its S-family F; (Section 3)

(u1,uz) (u3,uq) (us, ue)

where on and above the solid line all weight spaces are C and all maps are
the identity and below the solid line all weight spaces and maps are 0. The
solid dot indicates an element (u;,ux) € Z? and determines the position of
the partition. According to Theorem this data to a toric sheaf if and
only if

U = ug, Uq4 = U5, Ug — U1.

Example 2. Let F be a rank 1 toric torsion free sheaf on P(1,1,2). The
charts ; and s have a box of size 2, whereas 43 has a trivial box. Since the
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rank is 1, for each ¢ = 1,2, 3 there is only one b; € Br for which the stacky
S-family 4, F; is non-zero (Section 3). A priori this gives 2 - 2 = 4 choices of
b;’s. The gluing conditions of Theorem reduce this to two choices

b = (O,i/2), by = (i/?,O), by = (0,0), 1€ {0, 1}.

Fix one of these two choices. On each chart il;, the S-family bq-Fi is given
by the same data as in the previous example. Here we temporarily ig-
nore the fact that the weight spaces in i3 carry a po-action which we ad-
dress in a moment. This local data is described by three partitions and
six integers uq,...,ug € Z. The gluing conditions of Theorem impose
U = Uz, U4 = U5, Ug = uq as in the previous example. On the chart Us,
each weight space carries a pqy-action. Fixing the weight of one non-zero
weight space determines the weights of all other weight spaces. Since p,
acts by (—1,—1), the weights alternate as in Example 1 of Section 3. For
fixed partitions and integers u; as above, this a priori gives two choices of
po-actions. However, the gluing conditions of Theorem allow precisely
one choice!

Example 3. Let F be a rank 1 toric torsion free sheaf on P(2,2,2). This
time, each chart &; has a box of size 2 - 2 = 4. As before, for each i = 1,2,3
there is only one b; € By for which 4, F} is non-zero (Section 3). A priori
this gives 4 - 4 - 4 = 64 choices of b;’s. The gluing conditions of Theorem [5.1
reduce this to eight choices

b12(2/273/2)’ b2:(]/2)k/2)7 b3:(k/2’2/2)’ ’L,j,kE{O,l}

Fix any of these eight choices. On each chart {l;, the S-family , F is given
by the same data as in the previous two examples (again, first ignoring the
po-actions). This local data is described by three partitions and six integers
Uy, . ..,ug € Z. The gluing conditions of Theorem impose ug = usz, uqg =
us, ug = u1 as before. On each chart il;, the weight spaces carry a py-action.
Since the finite groups p, act trivially, all weight spaces on a fixed chart 4l;
have the same character. For fixed partitions and integers wu;, this a priori
gives 2-2-2 =8 choices of py-actions. However, the gluing conditions of
Theorem again allow precisely one choice!

From Examples 1,2 and 3 the general picture of rank 1 toric torsion
free sheaves on any P is easily obtained. We start by describing toric line
bundles. A toric line bundle L is locally described by three stacky S-families
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L; and for each i = 1,2,3 there is only one b; € By for which bif/i is non-
zero. A priori this gives bc + ac + ba choices, but the gluing conditions of
Theorem reduce this to one of the following abc choices

blz(i/baj/c)v bQZ(j/C,k/CL), b3:(k3/a,2/b),
0<i<b—1, 0<j<c—1, 0<k<a-—1.

Fix any such choice i, j, k. On each chart i;, the S-family bif)i is fully de-
termined by the weight of its unique homogeneous generator, i.e. by two
integers. Here we ignore the p;-actions for the moment. A priori this gives
six integers to choose, but the gluing conditions of Theorem [5.1] reduce this
to three. In particular, there are unique integerﬂ 1, J, K such that the
homogeneous generators have torus weight

(i/b+ I)my + (j/c+ J)ma € X(T), where (mq, ms) := ((b,0),(0,¢))
(j/e+J)m1 + (k/a+ K)my € X(T), where (m1,m2) := ((—c,c), (—a,0))
(k/a+ K)mi+ (i/b+ I)ms € X(T), where (mq,ms) := ((0,—a), (b, —b)).

Recall that in each chart {; we use the “basis” (mj, msg) indicated above
(Section 5.2). Defining

(10) up =1+1b, wy=j+Jc, uz=*k+ Ka,

we see that the data so far is uniquely determined by the specification of
three integers w1, us, ug. In other words, specifying w1, us, us € Z determines
the positions of the homogeneous generators in the charts U, s, 43 accord-
ing to the above recipe. So far we have ignored the p;-actions. For fixed
u1, Uz, U3 € Z, there are unique finite group weights of the homogeneous
generators for which the data glues to a toric line bundle according to The-
orem [5.1] namely

ut + u2 +uz € Z, on Uy,
uy +ug +uz € Zy on Us,
u1 + ug + ug € Z. on is.

We denote the toric line bundle corresponding to (uy,us,us) € Z> by
Ly, usuq) and its stacky S-families by Ly, y, u,),i- From the description of

16Tn Examples 1-3 of this section I, J, K are respectively denoted by w1, us, us.



Weighted projective planes and modular forms 1489

the grading on a tensor product (Section 5.1), it is easy to see that
Ly s yus) @ Lt uhuy) = Liuy st us+ul) -
Proposition 6.1. Let PicT(IP’) be the equivariant Picard group of P. Then
(w1, ug,u3) € Z3 — Ly, uzus) € PicT(P)
s a group isomorphism.

Recall that the (non-equivariant) Picard group of Pis Z [FMN| Ex. 7.27].
A rank 1 toric torsion free sheaf on P is described by the same data as a
toric line bundle on P except that on each chart il; a partition is cut out in
the corner as in Examples 1,2 and 3. We now turn to rank 2.

Example 4. Let F be a rank 2 toric torsion free sheaf on P? (see also [Kly2]
or [Koo2]). In each chart {; & C2?, F is described by a double filtration of

C? (Section 3):
e

2 Ey Fy Ps
V2 : i
ps |vs
L ]
(u1,u2) (u3,u4) (us, up)
Here uy,...,us € Z fix the position of the filtrations and v1,...,v6 € Z>g

are the widths of the indicated regions. Furthermore, p1,...,ps, q1, g2 C C?
are 1-dimensional linear subspaces. In each region, the vector spaces on the
associated lattice points are as indicated and all maps are inclusions. Also,
the lattice points below the single solid line have 0 as their associated vector
space. According to Theorem this glues to a toric sheaf if and only if

U2 = u3, Ug=1Us, Us= U1, V2 =713, Vg4=7V5, Vg =71,

pr=p3 CC? py=ps CC? pg=p CC.

Note that the vector spaces qi1, g2 are not involved in the gluing conditions.
A general rank 2 toric torsion free sheaf can have many more (or none)
q;’s sitting in the corners. Also, the widths v; are allowed to be 0 in which
case the corresponding p;’s do not appear in the gluing conditions. Rank



1490 A. Gholampour, Y. Jiang, and M. Kool

2 toric locally free sheaves are fully determined by integers ui, us,us € 7Z,
v1,v2,v3 € Z>o and a point (p1,pa,p3) € (P1)3 (Section 3, Equation )
Abbreviating p;; :=p; Np; C C?, a typical rank 2 toric locally free sheaf
looks like:

V1 (%) U3
P1 €2 P2 2 Ps3 c2
3 2 D23 ps vy I3
12 P2 V2 : :
ps [ |w
[ 2
(u1,uz) (u2,us) (u3,u1)

Here the regions labelled by p;; either have associated vector space 0 (if
pi # pj) or p; =pj C C? on the lattice points. (So the wiggly line is either
not present or a single solid line.) Moreover, the widths v; are allowed to be
0, in which case the corresponding p;’s do not appear.

Example 5. Let F be a rank 2 toric torsion free sheaf on P(1,1,2). We
focus on the case F is locally free. The description of rank 2 toric torsion
free sheaves can be deduced by the reader. The stacky S-families decompose
according to the box elements

= (O,O)FI S5 (0,1/2)F1, = (0,0)F2 S5 (1/2,0)F27 Py = (o,o)Fg-

Since the rank is 2, either each summand is a rank 1 toric line bundle or
one summand is zero and the other is a rank 2 toric locally free sheaf. We
distinguish the following cases:

(I) One box summand of F; is zero for both i = 1,2. Let 5 F} # 0 then
b1 = (0,i/2), b2 =(i/2,0), bs=(0,0), i€ {0,1},

so there are two choices. Fix the b;’s. Disregarding the py-actions for
the moment, the S-families F; are exactly as in the case of toric lo-
cally free sheaves in the previous example, i.e. determined by integers
uy, ug, uz € Z, v1,v,v3 € Zxo and a point (p1,p2,p3) € (P')?. Again,
the widths v; are allowed to be 0, in which case the corresponding
pi’s do not appear. For any such fixed choice, there is a unique choice
of py-actions on the weight spaces of F3 making this into a stacky
S-family satisfying the gluing conditions of Theorem For this
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choice, the limiting vector spaces C? do not decompose as the sum
of 1-dimensional spaces with different weights.

None of the AbiFA‘i is zero. Start by ignoring the po-actions. The S-
families (g,0)F1 and (g,0)F2 look like

P P
(O,O)FI (O,O)FQ
(ul, UQ) (U2a US)

where p is a 1-dimensional vector space and wuj,us,us € Z. Here we
have already glued (g o) Fy and (070)}3’2 along ;9. A similar picture holds
for (071/2)13‘1 and (1/270)}?’2 replacing p, u; by p’, u.. It is easy to work out
what the rest of the gluing conditions for this locally free sheaf are. We
do one case. Assume u; < u}, ug > uf and uz > uj. In order to satisfy
the gluing conditions (still ignoring the py-actions), the vector spaces
p, p’ must be distinct linear subspaces of C? (so C2 = p @ p') and the
S-family F3 must look as follows:

ug — uf
4 C2
Fy
; p ‘ Ull — Ul
(Ué, ul)

From Theorem one can see that there is a unique choice of piq-
actions on the weight spaces which makes this into a rank 2 toric
locally free sheaf on P(1,1,2). Such toric locally free sheaves are al-
ways equivariantly decomposable as a sum of two toric line bundles.
Even when ignoring the py-actions, there is no analog to this kind of
toric locally free sheaf on P2. All other type II cases go similar and

are also equivariantly decomposable as a direct sum of two toric line
bundles.



1492 A. Gholampour, Y. Jiang, and M. Kool

Example 6. Let F be a rank 2 toric torsion free sheaf on P(2,2,2). Again,
we focus on the case F is locally free and leave the torsion free case to the
reader. Let F; be the stacky S-families. There are three cases:

(I) Exactly one box summand of Fj is non-zero for each i =1,2,3. A
priori there are 4-4 -4 = 64 choices of b;’s, but only 4-2-1=8 of
them satisfy the gluing conditions of Theorem The rest of this
case is exactly as in Example 5.I. In particular, the limiting vector
spaces C? do not decompose into 1-dimensional spaces with different
Ho-weights.

(II) There is only one i = 1,2,3 for which only one box summand of F;
is non-zero. Say without loss of generality 7 = 3. A priori there are
6-6-4 =144 choices of b;’s, but only four of them satisfy the gluing
conditions of Theorem The rest is as in Example 5.11. In particular,
F is globally the direct sum of two toric line bundles.

(ITT) For each i = 1,2, 3 two box summands of F}, are non-zero. Again, F is
globally the direct sum of two toric line bundles.

Remark 6.2. FEzample 6 readily generalizes to a classification of rank 2
toric locally free sheaves on any P. In particular, we can always distinguish
types I, II, III. Types II and III are always equivariantly decomposable as
a direct sum of two toric line bundles whereas type I could be equivariantly
indecomposable. Rank 2 toric torsion free sheaves are obtained from this
description by putting 1-dimensional vector spaces q; “in the corners” much
like in Example 4.

The reader might have noticed that for all rank 1 and 2 toric torsion
free sheaves on P, we first glued sheaves according to Theorem whilst
completely ignoring the finite group actions. This is much simpler. Then
we noted there exist unique finite group actions on the weight spaces which
glue this into a toric sheaf. We expect this to be true for toric torsion free
sheaves of any rank r > 0. However, this is not true for general toric coherent
sheaves. For example, take P(1,1,2) and take the zero sheaf on charts iUy, o
and put a single C on an arbitrary lattice point of X(T) associated to s
and zeros elsewhere. In this case there are no gluing conditions and we can
endow C with either weight 0 or 1 with respect to the po-action.



Weighted projective planes and modular forms 1493

7. Rank 1 and 2 torsion free sheaves on weighted projective
planes

Let X be a smooth proper DM stack. Let 7 : X — X be the map to the coarse
moduli scheme and assume X is projective. Fix a polarization Ox (1) on X
and a generating sheaf £ on X. A generating sheaf on X is a w-very ample
locally free sheaf on X. This notion was introduced by M. Olsson and J. Starr
[OS] (see also [Nir, Sect. 2] for a discussion). In [Nir], Nironi constructs the
moduli space M of Gieseker stable (w.r.t. Ox(1) and &) sheaves on X with
fixed modified Hilbert polynomial. Here the modified Hilbert polynomial of
a coherent sheaf F on X is the polynomial

Po,1)&(F,t) = X(X, 7 Ox(t) © £ @ F).

The modified Hilbert polynomial is used to define Gieseker stability in the
usual way. The reason £ is used is because otherwise

X(X, 7 0x(t) ® F) = x(X, Ox(t) @ m.F)

only “sees” the coarse moduli scheme X. The moduli space M is in fact
constructed using GIT and it is a quasi-projective C-scheme [Nir, Sect. 6].
In the case there are no strictly Gieseker semistable sheaves M is projective.

Let P :=P(a, b, c) as before, let Op(1) be any polarization on the coarse
moduli scheme P and let £ be any generating sheaf on P. For any class
c € Ko(P)g of a torsion free sheaf on P, define Mg(c) to be the moduli
scheme of p-stable sheaves on P with class c¢. Note that there are two differ-
ences with Nironi [Nir]. Firstly, we fix K-group class (Section instead
of modified Hilbert polynomial. This is a more refined topological invari-
ant (see also the discussion in the introduction of [Nir]). Secondly, we use
u- instead of Gieseker stability. Here we mean p-stability defined using the
modified Hilbert polynomial, i.e. the linear term of the modified Hilbert
polynomial divided by the quadratic term of the modified Hilbert polyno-
mial. The moduli scheme Mg¢(c) does not depend on the choice of Op(1)
but does (in general) depend on the choice of generating sheaf £. (For po-
larizations on P and a general survey on weighted projective spaces viewed
as toric varieties, see [RT].)

Note that we consider moduli spaces of u-stable sheaves only and we do
not consider strictly p-semistable sheaves. For K-group classes ¢ for which
the associated modified Hilbert polynomial satisfies certain numerical con-
straints on the coefficients, one can ensure there are no strictly u-semistables
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around. E.g. see examples 1-4 at the end of Section 7.2.

Convention. Throughout this section, we fix the standard polarization
Op(1) on P and we choose a generating sheaf £ := EBE;& Op(—n), where
FE is any positive integer such that the least common multiple m of a,b,c
divides E. Note that this £ admits equivariant structures. This is not the
most general choice of generating sheaf on P, but we are getting the nicest
formulae in this case. Most of the time, we suppress the dependence on
Op(l) and £.

7.1. Rank 1

In this section, ¢ denotes the class of a rank 1 torsion free sheaf on P and we
denote the corresponding moduli space by M (c). In the rank 1 case M (c) is
independent of the choice of polarization as well as generating sheaf because
p-stability is automatic. We are interested in computing the topological
Euler characteristics e(M(c)), where we let ¢ € K¢(PP)g run over all classes
of rank 1 torsion free sheaves on P with fixed first Chern class 3 € A!(P)

Here ¢ is a formal variable keeping track of the class ¢ and A*(P) denotes
the Chow ring of P as defined by A. Vistoli [Vis].

In practice, ¢ stands for the following variables. We introduce the for-
mal variables pg,...,Pa—1, Q0,---,qp—1 and 7g,...,r.—1 respectively keeping
tracks of the classes

[Opl]’ SO [Opl]ga_la [OP2]’ cees [Opz]gb_l and [OP3]7 SRR [OP3]QC_1

in Ko(P)g defined in Section Referring to @, we impose the following
relations among these variables:

(11) PoPd " *Pa—d = 904d " * Qb—d = T0Td " * * Te—d;

P1Pd+1 " Pa—d+1 = 419d+1 " Gb—d+1 = T'1Td4+1 " * Te—d+1,
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Pd—1P2d—1 " Pa—1 = 4d—-192d—1 """ qb—1 = Td—172d—1 """ Te—1,
PoPdy; ** *Pa—dis = 909d,5 ** " Qb—dyas - - -
PoPd,s * " Pa—dizs = T0Tdy3 """ Te—dyzr - - -
Q09dss ** " Qb—das = T0Tdas " " Te—dagy + +

As a toric sheaf, Op, is described by stacky S-families Fy, Fy, Fy, where

Fy = 3 = 0 and F} consists of a single vector space C with trivial p,-action

at (0,0) € X(T) = Z? and zeros everywhere else. The toric sheaves Op,, Op,

have similar descriptions replacing 1 by 2 and 1 by 3 respectively. Denote

by

[Op, @ ], [Op, @ V], [Op, @]

the generators of the Grothendieck groups of the residue gerbes at the points

Py, Py and P3, i.e. K(Bu;) = Rep(y;) for i = 1,2,3. We use the same nota-
tion for the push-forwards of these classes to Ko(P)g.

Proposition 7.1. In Ky(P)g we have equalities

[Op, @ p'] = (1-¢")(1 - g,
[Op, @] = (1—g")(1— g9,
[Op, ® "] = (1—g")(1 - g")g",

where g := [Op(—1)].

Proof. We compute [Op, ® 1i'] and leave the other cases to the reader. Re-
call the characterization of toric line bundles Ly, u,u,)s U1, u2,u3 € Z of
Section 6. Note that L1 00), L(0,1,0» L(0,0,1) generate the equivariant Pi-
card group (Proposition and their K-group classes are g = [Op(—1)].
Using the description of toric line bundles and Op, ® p’ in terms of stacky
S-families (Section 6), one readily constructs a T-equivariant short exact
sequence

0 — Lpc0) — Lv,0,0) ® L0,c0) — L(0,0,0) — Opr, — 0,

where the first map is v — (v,v) and the second map is (v,w) — v — w.
Since Op, @ ' =2 Op, @ Lo, (Section 6), we obtain

[Op, @ p'] = L0,0,) = Lv,0,i) — L(0,c,i) + L(beyi)

— gl — ghti ety ghtei,



1496 A. Gholampour, Y. Jiang, and M. Kool

Slightly more general than Proposition [7.1] one can consider a stacky
S-family with F, = F3 = 0 and Fj of the following form: put a single vector
space C with representation p® on the lattice point

(t/b+I)my + (j/c+ J)me € X(T),

where we recall that on chart $f; we use “basis” (my,ma) = ((b,0), (0,c))
(Section 5.2). The corresponding toric sheaf is easily seen to be

Op, @ L(iy1vj+Je,a—i—Tb—j—Jc)s

so its K-group class is (1 — g*)(1 — g¢)g®. Similarly on the other charts s,
Us.

Let F be any rank 1 toric torsion free sheaf on P. The reflexive hull of
F is a toric line bundle Ly, 4, 4,)- This is clear from the toric picture of
Section 6. The cokernel

0— F — L(ul,um) — Q0 —0

is a O-dimensional toric sheaf which can be described by three coloured (2-
dimensional) partitions as follows. In each chart i;, the stacky S-family of
Q has only one non-zero component (); in its box decomposition. The set

{(tr,£2) € Z7 | Qi(l1, £2) # 0}
defines a partition. Suppose we are on i; and write uniquely
up=1t+1b, wp=j+Jc, us=k+ Ka

as in equations . The partition associated to Q|y, is nonempty if and
only if @1(I,J) # 0 in which case Q1(1, J) has p,-weight

Uy + ug + uz mod a.

Since any non-zero element of Q1(I,J) generates the whole module Q|y,,
we know the p,-representation of any non-zero Q1 (¢1,¢2), i.e.

w1 + ug + ug + £1b + fo¢ mod a.

This describes a Z,-coloured partition Aj(F). Similarly, coloured partitions
A2(F), A\3(F) arise from the charts Ly, 3. For i = 1,2, 3, we denote by

H(u1 JU2,U3) (’L)
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the collection of all partitions with Zj;-colouring arising from some A;(F),
where F is a rank 1 toric torsion free sheaf on P with reflexive hull Ly, v, ,)-

Depending on the choice of a, b, ¢, not all 7 colours might appear.

Example 1. Suppose (a,b,c) = (1,1,2) and let u, uz, us € Z. The charts 1
and 4y give rise to the collections Tl (y, v, uy)(1); Ty, up,us)(2) of (uncoloured)
partitions. Moreover, chart 3 gives Iy, v, 4,)(3), i.e. the collection of Zs-
coloured partitions where the first block is 0 if u; + ue 4+ ug is even and 1 if
w1 + ug + ug is odd:

(a,b,c) =(1,1,2) (a,b,c) =(1,1,2)

u1 + ug + uz even u1 + ug + usz odd

Example 2. Suppose (a,b,c) = (2,2,2) and let uy,uz,u3 € Z. Then

H(Ul,uz,u;s)(l)’ H(Ul,uzfus)(Q)? H(ul,u27u3)(3)

are collections of Zs-coloured partitions, but only one colour actually ap-
pears. This colour is 0 when uy + us + ug is even and 1 when u; + uo + us
is odd

(a,b,c) =(2,2,2) (a,b,c) =(2,2,2)

u1 + u2 + u3 even u1 + ug + usz odd

Back to the general situation. For i = 1,2, 3, the partitions of IT(,, y, u,)(?)
are coloured by Z;, though not all colours actually have to appear (e.g. Ex-
ample 2). For any [ € Z; and A € Il 4 p (i), we denote by #;\ the number
of boxes of A with colour [. The previous discussion together with Proposi-

tions [6.1] [7.1] gives:

Proposition 7.2. Let F be a rank 1 toric torsion free sheaf on P. Let
L, uyus) be the reflexive hull of F and let Q be the cokernel of the inclusion
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F C Lu,usus)- Then Q is described by three coloured partitions \i(F) €
oy us,us) (1), @ = 1,2,3 and the K-group class of F is

: N 4
(l =22 #NF) g (1= g1 = g") (1 - g7)/(1 - g’>>9“1+“2+“3,

where g := [Op(—1)].

Suppose F is a rank 1 toric torsion free sheaf on P with reflexive hull
Ly, uzug)- When counting T-fixed points of moduli spaces M(c) below, we
are only interested in the coherent sheaf F and not its equivariant structure.
A toric line bundle Ly 4 ;) has trivial underlying line bundle if and only
if

uy + ub + uf = 0.
By tensoring F with any Ly, _u, u,4u,), We change its equivariant struc-
ture, but not the underlying coherent sheaf. Therefore, it suffices to only
consider rank 1 toric torsion free sheaves F on P with reflexive hulls of the
form Lg ¢ ,,)- In this case ¢1(F) = —u. For any 8 € A'(P) = Zand i = 1,2,3,
we define

(i) := I g,0,—p) (%)

Theorem 7.3. For any 3 € A'(P), we have

Ga=| > lel > qul Z

AETI4(1) 1=0 AETT4(2 AEIT4(3)

where the variable py, qi, ) satisfy relations .

Proof. Fix a class ¢ € Ko(P)g with ¢;(c) = 5. The moduli scheme M (c) has
a torus action, which at the level of closed points is given byﬂ

t-[F]=[t"F], teT, Fe M.

By localization e(M(c)) = e(M(c)T). The closed points of M (c)T are exactly
the isomorphism classes of rank 1 torsion free sheaves with class c satisfying
t*F = F for all t € T. Since any such F is simple, it admits a T-equivariant

17To construct the action of T on M (c) as a morphism, one extends the argument
of [Kooll, Prop. 4.2] to Nironi’s setting [Nix].
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structure [Kooll Prop. 4.4] and this T-equivariant structure is unique up
to tensoring by a character of T [Kooll Prop. 4.5]. Consequently, M(c)T
is equal to the se@ of equivariant isomorphism classes of rank 1 toric tor-
sion free sheaves with class ¢, where two such classes [F], [F'] are identified
whenever F and F' differ by a character, i.e. whenever F = F' ® Ly s us)
for some u; + us + uz = 0.

Hence any element of M (c)T is uniquely represented by stacky S-families
{Fi}izl,g,g of a rank 1 toric torsion free sheaf with reflexive hull L _g).
By Proposition the elements of M(c)T are in bijective correspondence
with triples of partitions (A1, A2, A3) € II5(1) x IIg(2) x IIg(3) satisfying

i—1

"< 2
(“ZZ#» g ><1—gb><1—gC>/<1—gl>>g6:c.

1=1 1=0

O

By Theorem|[7.3] the problem of computing Euler characteristics of mod-
uli spaces of the rank 1 torsion free sheaves on P is reduced to count-
ing coloured partitions. Counting coloured partitions is a delicate topic.
To the authors knowledge, no closed formula exists for the general case.
When the action of the cyclic group p;, on C? is balanced, i.e. is of the form
p- (z,y) = (ux, " ~1y), there is an elegant formula appearing in the physics
literature [DS]. The formula in this case i

1A
(12) 3 @ty

coloured partitions A
_ 1
Hj>0(1 — (g0 'Qk—l)j)k

D S | (s

Ni,...,Nx_1E€L =

One can count coloured partitions keeping track of the number of boxes
with colour 0 only by setting ¢ = ¢ and ¢ = -+ = gqx_1 = 1. Then formula

8Note that this only describes a bijection of finite sets. We are actually dealing
with an isomorphism between two finite collections of reduced points by [Kooll
Thm. 4.9] (extended to this setting).

19 Assuming all coloured partitions have colour 0 at the origin.
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is related to the character formula of the affine Lie algebra su(k) (Equa-
tion (4.5) in [DS])

(13) > g =

coloured partitions A

k/24
¢
X (0,

n(q
where 7(q) is the Dedekind eta function.

Example 1. When (a,b,c) = (1,1,1), (1,1,2), and (1, 2, 3) (or permutations
thereof), we only have balanced actions on all three charts of P. From Theo-
rem and formulae , , we get closed expressions for the generating
functions.

i) Let (a,b,c) = (1,1,1). In this case pg = gy = ¢ by and
1
Hk>0(1 - 7']5)3‘
ii) Let (a,b,c) = (1,1,2). In this case we have py = qg = 1971 by and
k2 k2+k
Hk>0(l — (ror1)k)* Z

keZ

Go =

Go =

Putting 1 = 1 and g = ¢ in Gg, we get

where 63(q) is a Jacobi theta function. Geometrically, the power of ¢
keeps track of the Euler characteristic x(F**/F) of our rank 1 torsion
free sheaves F, where F** is the reflexive hull of F. This can be seen
by noting that

X(Op, @ p') = 601, X(Op, @) = by5,  x(Op, ® ") = dop.,
where ¢;; is the Kronecker delta.
iii) Let (a,b,c) = (1,2,3). In this case py = qoq1 = ror172 by and

1
N6
[T1s0(1 = (rorire)k)
2 1.2 _ 2 12,5 2
« Z (rorira)** Z R R LR K KL

keZ k,leZ

Gy =
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Setting g1 =11 =79 =1 and pg = qo = 19 = q in Gy as in the previous
case, one gets
1/4 1/4

su su 4q
T OO 0) =

: (QF 05(9)(05(q)05(¢*) + 02(q)02(q°)),

where 02(q), 03(q) are Jacobi theta functions.

Example 2. Let (a,b,c) = (1,¢,¢) with ¢ > 2. In this case there is also a
nice formula. Relations give po = qo - - - ¢c—1 and ¢; = r;. The following
formula can be proved easily

1 1
B ch>0(1 — (7o -~ 'Tc—l)k) (Hk>0 Hf;g(l —ro---1i(ro - - .Tc_l)k—l))f
Example 3. For P(1,1,3), we encounter a non-balanced ps-action in the

chart 3. We do not know a closed formula for Gy in this example. Relations
(11) give po = qo = rorire. The first few terms of the expansion are

Go

(1470 + 2ror1 + 2rorire + rors + 2rdrire + 3rorirs + O(5))
[T0(1 = (rorir2)*)? '

7.2. Rank 2

Gy =

In this section, ¢ € Ky(P)g denotes the class of a rank 2 torsion free sheaf
on P:=1P(a,b,c). We fix Op(1) and & := @f;ol Op(—n) as in the beginning
of this section. The moduli scheme of u-stable sheaves on P with class ¢ is
denoted by Mg(c) as before. Unlike the rank 1 case, not all rank 2 torsion
free sheaves on P are p-stable. We denote by

Ng (C) C Mg(c)

the open subset of the u-stable locally free sheaves.

Let IP be the inertia stack. Using our explicit calculations of Section [4.2
together with the results of [BCS, [BH], one can see that the Chern character
map

ch : Ko(P)g — A*(IP),,_
is a ring isomorphism. Therefore, fixing a class in ¢ € Ko(P)q is equivalent
to fixing an element ch € A*(/P),,_. Recall that the set

F=Du[[D;u]]D:
ij i
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indexes the components of the inertia stack IP (Section 4.2). For a fixed
f € I corresponding to component Z, let chy denote the part of ch taking
values in A*(Z),_. For notational convenience, we define

(chy)* := (chy)dimz—r € AM™7M(Z),,
to be its dimension k part. In this context, we refer to k as the codegree.
The reason for this strange notational convention is that we are dealing with
Chern characters of sheaves on components of different dimension of the
inertia stack IP so it is more natural to keep track of dimension than codi-
mension. Fix a € A°(IP),,_ and 8 € A'(IP),_ to be (parts of) the Chern
character of a rank 2 torsion free sheaf on P. Define the generating functions

Hos(a) = D e(Me(e)d, Hip(a):= Y e(Ne(o))d".

So in terms of &1, these generating functions sum over all O-dimensional
(i.e. codegree 0) parts (chy)?. Here vb stands for vector bundle.

Our goal is to determine the generating function for the Euler character-
istics Mg(c). By the following lemma, this can be achieved by determining
the generating functions for the Euler characteristics of Ng(c) and of the
moduli spaces of rank 1 torsion free sheaves on i, s, 3. The latter gen-
erating functions, which we denote by Gy (q), are known by the result of
Section 7.1. The lemma is a small variation on a result by L. G6ttsche and
K. Yoshioka |Got, Prop. 3.1].

Lemma 7.4. The following holds: Hy 5(q) = Hz%(q) T2, Gu. ()%

Proof. Embedding into the reflexive hull of a rank 2 torsion free sheaf F on
P gives the short exact sequence

(14) 0—F —>F*—Q—0,

where Q is a 0-dimensional sheaf on P. Since P is a smooth DM stack of
dimension two F** is a rank 2 locally free sheaf.

We denote by Quotp(V, ¢) the projective scheme of quotients of a locally
free sheaf V on P with class ¢ € Ko(P)g. See JOS] for the construction of
these Quot schemes.
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Let ¢ € Ko(P)g be the class of a rank 2 torsion free sheaf on P. By short
exact sequence Me¢(c) can be stratified (at the level of closed points) by

Quotp(V,c'), [V] € Ng(d") with ¢’ — ' =c.

Hence at the level of closed points, M¢(c) is in bijective correspondence with

the disjoint union.
H H Quotp(V,c).
¢’ —c'=c [V]€Ne (<)

Let V be a rank 2 T-equivariant locally free sheaf on P. In order to
determine e(Quotp(V,c’)) for any 0-dimensional ¢/, we count T-fixed points
using the T-action on P. This T-action lifts to Quotp(V,c’) (see proof of
[Kooll, Prop. 4.1]). Since Q is O0-dimensional with support at Py, Py, Py € P,
giving a T-fixed quotient

V— 090 —0

is equivalent to giving quotients

o;‘i? — 0

111_>07

for all i = 1,2,3. Therefore at the level of closed points, Quotd (V,c) is in
bijective correspondence with the disjoint union

3
H H Quoty;. ((932, Ci)-

c1+catcz=c’ i=1

We are reduced to determine e(Quotui(Off?,ci)). For this we use the
C*2-action on Quoty, ((’)32, ci), which scales the factors of (’)ff?. At the level
of closed points, the C*2-fixed locus of Quotui(O@iz, c;) is in bijective corre-
spondence with the disjoint union

H Quoty (Oy,, ¢;) x Quoty (O, cf).

’ Y —
c;+c;'=c;

But Quoty (O, c}) is isomorphic to the moduli space of rank 1 torsion free
sheaves on {; with class —c/. This proves

3 e(Quoty, (OF2,¢)a" = Gy, (0%,

C;

which finishes the proof of the lemma. Il
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The rest of the paper is devoted to the study of rank 2 toric locally free

sheaves on [P and the generating function H;bﬂ(q). In Section 6, we classified

three types of toric locally free sheaves on P: type I, II and III. Since types
IT and IIT are always decomposable, they are never u-stable. Hence we only
need to consider type I rank 2 toric locally free sheaves F on P.

Definition 7.5. The stacky S-families of a type I locally free sheaf F
on P are entirely determined by integers wi,us,us and vi,vs,v3 > 0, and
an element (p1,pe2,p3) € (P1)3 (see Section 6). Recall that if v; = 0 then
the corresponding p; does not occur. Our formulae can be more succinctly
expressed if we use

wy = buy, wo:=cvy, w3 := avs.

We want to express the K-group class of [F] in terms of (uq,uz,us),
(w17w2)w3)7 (p17p2)p3) Only'

Proposition 7.6. Let F be a type I rank 2 toric vector locally free sheaf on
IP. Let its stacky S-families be described by ui,uz,us € Z, wi,we, w3 € Z>g
satisfying b | wi, ¢ | wa, a|ws and (p1,p2,p3) € (PY)3. Then the K-group
class of F is

(L4 g — (1= )1 = ) (1 = Bpp)
(1= )= ") (1~ Gy
- (1 - gw3)<1 - gwl)(l - 5psp1)>glL1+UZ+ug7

where g := [Op(—1)] and the Kronecker delta 6,q is 1 if p=q and 0if p # q.

Proof. We make use of the following observation. Let G be another toric
torsion free sheaf with stacky S-families G1, G2, G3. Assume

(15) dim(pG; (41, £2)1) = dim(pF; (41, €2)s1),
foralli =1,2,3,b € B, {1,{2 € Z and | € Z;. Then Lemmal(7.7below shows
[7] = [9] € Ko(P)g-

Assume without lost of generality u; = us = ug = 0. The general case follows
from tensoring by the line bundle L, 4, ) introduced in Section 6. We
construct a simpler toric sheaf G satisfying Equation . We take G to be
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an equivariant subsheaf of L9 0,0) @ L(w, w,,w,)- 10 €ach chart, such a sheaf
only has a non-zero box summand over (0,0). For each i = 1,2, 3, deﬁnﬂ

0,0Gi(1,02) := (0,0)L0,0,0),i (€1, £2) D (0,0)L(wy s ,u5),i (€1, £2),
in the following regions

{(1,62) | &1 > v; or by > viy1},
{(51,62) | 51 < v; and 52 < Ui+1}, if Di = Di+1

and (90)Gi(f1,¢2) = 0 for all remaining (¢1,f2). From this description one
can show that Equation ([15)) is satisfied and see that [G] is equal to

wi/b—1ws/c—1
14 goitwetes (15, E Z (Op, @ plot7e]
=0  J=0

ws/c—1 wz/a—1
-(1- 5}’21’3) Z Z [Opz ® VJC+Ka]
J=0 K=0

wsz/a—1w;/b—1

- (1 - 5]931)1) Z Z [OPB ® gKa+Ib]'
K=0 I=0

The sums can be computed using Proposition [7.1] O

Lemma 7.7. Let F, G be toric torsion free sheaves on P and assume their
stacky S-families only possibly differ in the maps between their fine-graded
weight spaces. Then [F] = [G] € Ko(P)q.

Proof. We give the argument for toric torsion free sheaves on C? with stan-
dard T-action. The reader can easily generalize the argument to P. Take
(1,0), (0,1) as a basis for the character group M = X(T). Let F, G be toric
torsion free sheaves on C? and denote their S-families by a , G. Assume F ,
G only possibly differ in the maps between their weight spaces. We apply
equivariant dévissage. Since both sheaves are finitely generated, there are
integers A, B such that all homogeneous generators of H(F) and H°(G) lie
in (—oo,u1) x (—o0,uz). In particular, for all 1 > uy and ¢5 > uy we have
Fy(01,02) = G1(¢1,£3) = C? and the maps between the weight spaces are the

20Here vg 1= vy, wyq ;= wy and ps = py.
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identity. Define the S-family

Sl(fl,fg) = F(fl,fg), for El > (5% and 52 > usg,
S1(£1,42) := 0, otherwise.

At the level of S-families, S; C F' and we denote the quotient by Q1. This
corresponds to a toric subsheaf &; C F with quotient sheaf Q; and we get

[F] = [S1] + [@1]-
Repeating the same argument for G, we obtain
[G] = [S1] + [Q1] = [S1] + [Q1],

since §; = 8. (Aside: S§; = (9(%9;, where 7 is the rank.)
We shift focus to Q1, Q1. Define the S-family

Sz(fl,fg) = F(fl,fg), for 61 = Uuy — 1 and 52 > ug,
Sa(l1,¢3) := 0, otherwise.

This gives a toric sheaf So C Q1 with quotient Qs and
[Q1] = [Sa] + [Qa]-
Repeating the same argument for 9., we obtain
[Q1] = [S2] + [Q2] = [S2] + [Q2],
since Sy = Sy. (Aside: Sy = Og” for some s.) Repeating the argument a finite

number of times, we “peel oiif” the region where £1 > uj or fo > us. What
is left are toric sheaves Q,,, Q,, defined by the S-families

Qunllr,02) := F(l1,l2), Qn(f1,02) := G(l1, ),
fOI“El gul—landfggw—l,

Qn(l1,02) =0, Qn(f1,¢3) := 0, otherwise.

It suffices to show [Q,] = [Dn].
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For this, define the S-family

Sny1(ly,l2) := F(Ly,02), for (f1,02) = (ur — 1,up — 1),

1
Sn+1(l1,£2) := 0, otherwise.

This gives a toric sheaf S,11 C Q, with quotient Q1 and
[Qn] = [Sn+1] + [Qna]-

Repeating the same argument for Qn+1, we obtain

[Qn] - [Sn—f—l} + [Qn-{-l] - [Sn-I—l] + [Qn—i—l]:

since 3n+1 = Spt1. (Aside: Sp 11 & Ogﬁ for some t.) Repeating the final part
a finite number of times, the lemma is proved. O

We can now classify all rank 2 p-stable toric locally free sheaves on P.
Let Pg(-,t) be the modified Hilbert polynomial with respect to Op(1) and
€ as introduced at the beginning of this section. Note that Op (1) pulls back
to Op(m) on P. (Recall the definition of the common divisors d, d;; and the
common multiple m from Section 4.2.) The modified slope p of any torsion
free sheaf on P is defined to be the ratio of the linear and quadratic terms
of its modified Hilbert polynomial.

Proposition 7.8. Let F be a type I rank 2 toric locally free sheaf on P
and let its stacky S-families be described by u1,u2,us € Z, w1, wa, w3 € Zx
satisfying b | wy, ¢ | wa, a | w3 and (p1, p2,p3) € (PY)3. Then F is u-stable if
and only if wi, wa, w3 > 0, p1,p2, p3 are mutually distinct and

wyp < wg +wg, wy <wi+ws, wz<wy-+ ws.

Proof. We start by observing that F is p-semistable if and only if p(G) <
w(F) for any toric subsheaf G with 0 < rk(G) < rk(F). This is immediate
by noting that the Harder-Narasimhan filtration of F is T-equivariant. It is
also true that F is p-stable if and only if u(G) < u(F) for any toric subsheaf
G with 0 < rk(G) < rk(F). This statement is more subtle and is proved in
the case of smooth toric varieties in [Kooll Prop. 4.13]. The proof extends
to our current setting.

Note that F can only be indecomposable if w1, ws, w3 > 0 and p1, p2, p3
are mutually distinct so we assume this from now on. From the toric de-
scription of F in terms of stacky S-families, it is clear that F has three toric
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line bundles L1, Lo, L3 generated by p1, p2, p3 as a subsheaf. Moreover, any
rank 1 toric subsheaf is contained in one of them. Their stacky S-families
and K-group classes are easily computed

[51] — gw2+wsgul+w+u3’ [[’2] — gw1+wsgul+uQ+Us’ [53] — gw1+w29“1+“2+"3.

The K-group class of F was computed in Proposition Since all these K-
group classes are expressed as sums of elements g”, we can use Corollary [£.4]
to compute the top two coefficients of the modified Hilbert polynomials and
hence the modified slopes

1 2 <
— —(a+bte— _9 Tl N
pr = —(at+bte— (i +wz + ws) (U1+U2+U3))+emi§:1nu
2 e
= —(a+bte—2uw; =3 n,
wr, m(a +b+c—2(w; +wg +ur +ur +ug)) + o LT

=1

for any {i,7,k} = {1,2,3}. Since any other rank 1 toric subsheaf is contained
in some £; and has modified slope < p,, it suffices to test u-stability for
L1, Lo, L3 and the proposition follows. O

From Proposition [7.6] it is easy to compute the Chern character of any
type I rank 2 toric locally free sheaf on P. Since we are only interested in in-
decomposable locally free sheaves, we assume all w; > 0 and p; are mutually
distinct. Moreover, since we are only interested in T-equivariant structures
up to tensoring by a character, we suppose u; = uz = 0. See Section 4.2 for
a discussion of the Chern character map ch : Ko(P)g — A*(I/P),_ and the
indexing sets D, D;, D;; (Definition [4.3]).

Lemma 7.9. Let F be a type I rank 2 toric locally free sheaf on P. Let
its stacky S-families be described by w1, u2,us € Z, wi, w2, w3 € Zx>o satisfy-
ing b|wi, ¢l ws, alws and (p1,pe2,ps3) € (P1)3. Assume all w; >0, p; are
mutually distinct and u; = ug = 0, u := us. Then ch(F) is given by

e_QW‘/?lfu{2 — (2u + w1 + w2 + w3)x

1
+ (u® + (w1 + wa + ws)u + §(w% + w3 +w§))1‘2},
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for any f € Dy

eZﬂﬁfu{<1 + 6727r\/jlfwj)

—((1+ e_Q’Tﬁf“”)u + w; + e_QW\Efijj + wk)x},

for any (i,7) = (1,2),(2,3),(3,1), f € Di; and k € {1,2,3} \ {4, j};

6727r\/jlfu {efQﬂ\/jlfwi + efQﬂ\/jlwal} 7

foranyi=1,2,3, f € D; (and wy :=w1). Here x always denotes the first
Chern class of Op(1) pulled-back along 7 : IP — P and restricted to the rel-
evant component of IP.

Proof. By direct computation from Proposition O

Fix a € A°(IP),_ and 8 € AY(IP),_ (parts of) the Chern character of
a rank 2 locally free sheaf on IP. Let

ch(u, wy, wy, w3) € A*(IP),,_

be the formula for the Chern character as appearing in the previous lemma.
Consider the following system of equations in variables u € Z, wy, ws, w3 €
Lo

~2 ~1
ch (U, wl,’u)Q,U}g) = Q, ch (U,wl,wg,wg) — ﬁ

Note that &12 only has components in D and therefore the &12 equation does

not depend on wy, ws, ws. The &12 equation is automatically satisfied in the

case of a trivial gerbe structure, i.e. when d = 1. In the case of a general

gerbe structure the ch equation becomes

(16) :{Zd ifuz(} mod d
0  otherwise.

S0 1mposes a divisorial condition on u. Next, look at the f =0 € D part of
the ch equation and let By be the f =0 € D part of 5. This equation has
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a solution if and only if
2 | Bo+ w1 + w2 + ws,

in which case

1
(»30+w1+w2+w3).

U=—=
2

What remains are the &11 equations for f € D\ 0, which we analyze further
in examples.

For each f € D we introduce a formal variable py. Likewise, for each
f € D;; we introduce a formal variable g;; . Finally, for each f € D; we
introduce a formal variable r; ;. Note that by working with Chern character
instead of K-group class, we know these variables are independent. We can
now explicitly compute the generating function Hé‘f’ﬂ.

Theorem 7.10. For any o € A°(IP),_ and B € AY(IP),_ (part of) the
Chern character of a rank 2 locally free sheaf on P, the generating function
H;’fﬁ s given by

Z H pchho(u,wl,wQ,wg)f

(uyw1,w2,w3)EC,, 5 fED

CNhO(Uzwlvwmws)f CNho(u,wuwz,ws)f
< 11 B,y 11 Ti ,
F€D;;

where

Cop = {(u,wl,wg,wg) € Z x Zio 2 b | wi, | wa, alws,
~2
ch (u, w1, w2, w3) = a,

&ll(uawlaw27w3) :ﬁ7
w; < wj + wg v{i, j,k} = {1,2,3}}.

~k

Here ch (u, w1, we,ws) is the explicit formula for the codegree k part of the
~k

Chern character appearing in Lemma and ch™ (u,wi, w2, ws)s, f € F are

1ts various components.

Proof. We start as in the rank 1 case. Fix a Chern character ch € A*(IP),,
of a rank 2 locally free sheaf on P. The moduli scheme N(ch) of p-stable
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locally free sheaves on P with Chern character ch has a torus action, which
at the level of closed points is given by

t-[F]:=[t*F], teT, FeN(ch).

By localization, e(N(ch)) = e(N(ch)T). As a set, N(ch)T is the collection
of isomorphism classes of rank 2 p-stable locally free sheaves F on P with
Chern character ch satisfying t*F = F for all t € T. Since any such F is
simple, it admits a T-equivariant structure [Kooll Prop. 4.4] and this T-
equivariant structure is unique up to tensoring by a character of T [Kooll,
Prop. 4.5]. Consequently, as a set, N(ch)T is the collection of equivariant
isomorphism classes of u-stable rank 2 toric locally free sheaves on P with
class ch, where two such classes [F],[F'] are identified whenever F and F’
differ by a character, i.e. whenever F = F/' ® L(uy uyuq) for some uy + ug +
us = 0. "

Therefore, any element of N(ch)T can be uniquely represented by stacky
S-families {Fi}izl,lg of a u-stable rank 2 toric locally free sheaf as in Propo-
sition [7.6] satisfying

ch(F)=ch, ug=us=0, pr=(1:0), po=(0:1), p3=(1:1),
O<w <ws+wsg, 0<w<w+ws, 0<wy<w;—+ ws.

Here we have used Proposition [7.8| to characterise p-stability. Defining u :=
us, the result follows by summing over all (u, wy, wy, w3) subject to the above
constraints. O

The generating function of the previous theorem is the most refined
version possible. Easier formulae can be obtained by specializing. One such
specialization is by grouping together moduli spaces with the same value of
the “modified holomorphic Euler characteristic” xe(-) = Po,(1),(+,0) € Z.
In this context, it is more natural to fix

a=cd’(@€) e AIP),_, B=c (©E) e A (IP),_

as our topological invariants. In other words, we are interested in the Euler
characteNrizstic of the modgl} space of u-stable rank 2 locally free sheaves F on
Pwithch (F® &) =a,ch (F®E) = and fixed xe(F) € Z. We denote by
g the formal variable corresponding to x¢(F) and denote the corresponding
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generating function by
b
Hes()-

Let F be a p-stable rank 2 toric locally free sheaf on P described, as
above, by the data w1 = ue = 0, v := u3 € Z, w1, wo, ws € Z~q satisfying

blwi, c|lwse, alws.
Define the function

op(t) =t +22 + 363+ + (E - 1)tF 1

Then
“(Fo&)y=2E
Q(Fo&), =0, erD\o
ch' (F @ E)o = —(2u+ w1 +wy +ws — (B — 1)) E,
NF®E)s = 20p(2™V e 27V v e D\ o,
W (F®E); =0, Vf € Dy, D1, Das.

Here the vanishing in the second and last line are due to the presence of
the generating sheaf £. From these equations, we see that the classes «,
must satisfy corresponding vanishing and divisorial properties in order for
H;’}?ﬁ(q) to be non-trivial. In particular Sy has to be divisible by E. Suppose
this is the case and define

Bo

¢ = E—(E_l)E'

Then the above equations are equivalent to

—2u — w1 — Wy — W3 = Cq,
2¢E(€27r\/?1f)€_27r\/jlfu = By forall f € D\ 0.

These equations should be thought of as fixing “the first Chern class”. The
second set of equations only depend on the value of v modulo d and can be
thought of as fixing the p -eigenvalue of the rank 2 locally free sheaves we
are considering. Therefore instead of fixing «, 8 and imposing the equations
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above, we fix ¢; € Z, A € {0,...,d — 1} and impose the equations

(17) —2u —w; — Wwo — W3 = Cq,
u=A modd,
and refer to the resulting generating function as HZF, 1 ().
We now compute yg(F). First some necessary notation. For any integers
m and n > 0, we denote by [m], the unique value k € {0,...,n — 1} for
which m = k mod n. Also, for integers my, mo, ms and n > 0 define

n—1 2my/=Tkmg

1+e n 2my/=Tkm 27/~ Tk
ve(mmymyn) = ), e e )
— €

J(k

gcd(? v11,m)

Lemma [7.9] together with the expression for the Todd classes in Section 4.2
gives the following formula for the modified holomorphic Euler characteristic

xe(F)

Ef1, 1< 1 S Iy
XS(]:):% Z Zg Z wiwj+201;Z+6;’L

1§i<j§3
1 3
it 2 2
t3 g zy—l—[u]d—i-(cl—l—E—d—l—E z)[u]d
1<i<5<3 i=1
3
1 A 1 1 1
—(E—d | + - E? -~ —Ed+ ~d?

where 7 was defined in Section 4.1 and wg := ws. Substituting

1 3
U = —5 <01 +;wi>
1=

in the above expression gives a function which only depends on w1, ws, ws
(for fixed P, E, ¢1). We denote this function by

QE,c, (w1, w2, w3).

From Theorem we deduce the following corollary.
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Corollary 7.11. For anyci € Z and A € {0,...,d — 1}

Hvb ( ): Z qQE,cl(w17'LU2,’LU3)’

Cl7

(w17w27w3)€0c1,/\

where
3
Ceyp = {(w17w2,w3) €Zso :b|wi, clwy, alws, 2|c1+ Zwi,
i—1
1 3
-3 <01 —|—z;wi> = A mod d,
1=

w; < wj + Wg v{i, j, k} = {1,2,3}}

and Qp.c, (w1, wa, w3) was defined above.

We end by computing rank 2 generating functions in several explicit ex-
amples. In examples 1-3, it is easy to see that if ged(2,¢1) = 1, then there
are no strictly p-semistables around. In example 4, a more complicated nu-
merical criterion for the absence of strictly p-semistables is given.

Example 1. Let P = P2, then IP = P. We take £ := Op. Fixing o = 2 and
B=c = (ch )o, the generating function HV is given by

Z chl (101,11)2,103)7

(w1,w2,w3)€C,,

where
3
Ce, = {(w1,w2,w3) €Zs0 ¢ 2|ci+ Y w
w; < wj + W V{i,j, k} = {1,2,3}},

ch<wlaw27w3 = 761 + - § w -3 § w;ws.

1<z<]<3

Replacing p by ¢, this is also equal to the generating function HZRO(Q) (up to
an additional constant %cl + 2 in the power of ¢ making it integer-valued).
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This generating function was first computed (also by torus localization) by
Klyachko [Kly2]. He expressed his answer in terms of Hurwitz class numbers
as explained at the end of this section in the proof of Theorem

Example 2. Let P =P(1,1,2), then IP=PUP(2). We take & := Op @
Op(1). The codegree 0 Chern character over the twisted sector P(2) is

(Lemma [7.9)
~0
()12 = (~)"((=1)" + (—1)").
Recall that 2 | wy. This part of the Chern character can only take values

—2,0,2. We denote the variable keeping track of (c~hO)0 by p and the variable

~0
keeping track of (ch )/ by r. For any subset X C 73, we denote by 1x the
characteristic functlon taking value 1 on X and 0 elsewhere. Fixing oo = 2
and 8 = ¢ = (Ch )o, the generating function H'P o i

Z Xcl (T)chl (wl7w2aw3)’
(w1,w2,w3)€C,,
where
3
Ccl = {(wl,wg,wg) €EZ~gy : 2 | C1 +Zwi,2 | wa,

=1

w; < wj + wy V{Z,j,k} - {1a273}}7

ch(w17w2aw3 *C1 + - E U) -3 E w;wsy,

1<z<j<3

-2
( der+327, wi +1 der+307_ wi >7"
2‘11)1,2‘11}3 21"11}1,2ng

H{Q\wl 2w} T :[1{21'11]1 2|w3})

2
+ (ﬂ et w | T fare 450w, )7“ :
2|U]1,2‘UJ3 2‘|'11)1,21”LU3

Note that X, (1) = 1. The specialised generating function HY",(q) is ob-
tained by settlng r = 1 in the above expression (up to an addltlon constant
gcl + 6 in the power of ¢). This is the same generating function as in exam-
ple 1 (up to a constant ¢; + 4 in the power of ¢q) except for the additional
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divisorial condition 2 | wo in the definition of C., !

Example 3. Let P =1P(1,2,2), then IP =PUP(2,2). We take £ := Op ®
Op(1). This time, the part of A*(IP),_ coming from the twisted sector

P(2,2) has a codegree 1 and 0 part. As before, we fix « = 2, fy = ¢; = (&11)0,
~1
but this time we also fix 3/, = (ch )1 /2. The formula for 3, is

Bz = (1)1 + (=1)"),

so it can take values —2,0, 2. Recall that 2 | w; and 2 | wy. Each of the pos-
sible values of 31/, gives a different generating function. We denote the Varl—

able keeping track of (ch )o by p and the variable keeping track of (ch )1/2
by gq.

Case (1): Fix 13 = —2. This is equivalent to 2 | w3 and 4 { 1 + E?:l w;.
In this case

so the generating function H‘(;bﬁ is given by

Z plel) (w1,wg,wg)ng)(wl,wg,wg)

)

(w1,w2 ,WS)ECS)

where

3 3
Cc(il) = {(w1;w27w3)62>0 . 2|Cl+zw“ 4+Cl+zwz,
i—1 —

2| wy, 2| we, 2| ws,

w; < Wj +w/€ V{l,],k‘} = {15273}}’

3

1 1
QL) (wi, ws, ws) = 10% t1 > i Z Wity

i=1 1<z<]<3

Rg) (wl, w9, w3) = —C.
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Case (2): Fix 1/ = 0. This is equivalent to 2 { w3. In this case, the formula
~0
for (ch)y/p is

(&10)1/2 = —(=D"((1+ (=1)"*)u + w1 4+ wa + (—1)"*w3)
— (_1)%(01+E?:1wi)(_w1 — wa + wy).

The generating function H'P 0.5 1s given by

E pQg) (’wl,wmws)ng) (w1,w2,w3)

I

(w1,w2 ,wg,)GCéf)

where

3
0(2) = {(wl,wg,wg) € Zo : 2‘01+Zwi7 2‘11]1, 2‘1112, 2J(w3,

C1
=1

w; < wy + wg V{Zajak} = {17233}}7

QP (wy, wy, w3) == C%+ Zw -5 Z wiwy,

1<Z<]<3
R,(:?) (wl, w2, wg) = (—1)5(Cl+zi:1 wi)(—wl — Wy + ’LU3).

Case (3): Fix 31/, = 2. Similar to case I, we obtain

§ pr{) (wl7w27w3)qR§i) (w1,w2,w3)

I

(w1,w2 ,wS)ECc(?)

where

3
C(S) = {(wl,wg,wg) € Zo : 4‘614—2101', 2"LU1, 2[w2, 2|w3,

' i=1
w; < Wy +wk V{Z,],k‘} = {17233}}7

1 3

1
le))) (w17w27w3) = ZC% + Z Z Z 'U}le,

=1 1<Z<j<3

Rg)) (wl, wa, wg) =C].
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The specialized generating function HZEO(q) is given by

Z chl (w1,w27w3)?

(w1 ,ws ;ws)E€Ce,

where
3
Ce, 1= {(w1,w2,w3) €Zs0 ¢ 2| ci+ > wi, 2| wi, 2] wy,
i=1
1, 3 17 1
Qc, (w1, we, ws) := §61+201+Z+8 w? — = Z wiw;
=1 1<Z<j<3
1 1
— gEDRETEL I (L (m1y),

Example 4. Let P = P(2,2,2), then IP = PUP. We take £ := Op @ Op(1).
This time, we fix (c~hQ)f and (c~hl)f for f e D=4{0,1/2}. We take ag =
2. Fixing a9 = (ch )1/2 = £2 is equivalent to fixing the parity of u. The
generating function is zero unless

~1 ~1

Bo=rc1=(ch )o=(=1)"(ch )i/ = (=1)"By/2,

SO weoassume this is the case. We u(s)e the formal variable pg to keep track
of (ch )o and p; to keep track of (ch ).

Case (1): Fix a3 = —2. Then H‘(;bﬁ is

ST (popy ) e ),

(wl,w2,w3)€CS>

3 3
Céll) = {(w17w2,w3) € Zso : 2|01+sz, 4*01_1_21%

2|w172|w272|w37

w; < wj + W v{i,j,k} = {1,2,3}},
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le (w1, w2, w3) : —cl—l— Zw -z Z Wiwj.

1<z<]<3

Case (2): Fix a5 = 2. Then H‘(;bﬂ is

Z (popl)Qgi)(wth,w_g),

(w1 ,ws ,wg)eCéi))

where
3
0512) = {(wl,wg,wg) €Z~o : 4 | 1 +Zwi, 2 ‘ wy, 2 ’ wa, 2 | w3,
=1
w; < Wy + wg V{l,],k} = {17233}}7
1, 1g 1
Qg)(wl,wQ,wg) = ZC% + ZZU}? 5 2. wiw;.
i=1 1<i<5<3

For the specialized generating function Hzlb 1(q), we fix ¢; € Z and a po-
eigenvalue A € {0,1}. Note that the generating function is zero unless ¢; is
even, so assume this is the case. We get the following expression for HZ}’ 1 (@)

Z chl (wl,wz,ws),

(w1,w2,w3)€C,

where
1 3
Ce, = {(wl,wg,wg) € Z~o : —5 (cl —&—;wi) = )\ mod 2,
1=
2| wy, 2| ws,?2 | ws,
w; < wj +wy V{4, j,k} = {1,2,3}},
1 7 23 1
ch(wlaw27w3) 16 %‘Fg 1+§—§(—1)>\(61+7)

3

1
162@0 — = Z wWiw;.

i=1 1<z<]<3



1520 A. Gholampour, Y. Jiang, and M. Kool

For X even, this equals the generating function HY? (¢) of P2. For A odd, this

2.0
equals the generating function H¥P 410 (q) of P2, Ifc is not hard to see that for
the choices (3c¢1,A) = (odd, 0), (eifen, 1), there are no strictly p-semistables.
From these examples, we can prove Theorem of the introduction,
which expresses the generating function H‘C’ﬁ/\(q) of P(a, b, c) with a,b,c <2
in terms of Hurwitz class numbers H(A) and the sum of divisors function
oo(n), and discusses modularity.

Proof of Theorem[1.3. Most of the proof is a variation on the reasoning in
Klyachko’s paper [Kly3|. For fixed ¢; € Z and A € Z consider the system of
equalities and inequalities

(w1, we,ws) € Z?;O such that

wy < we + wz, we < wi + w3, w3 < wy + we and

(18) 3

- A= Zw? — QZwiwj, —A = ¢? mod 4.
=1

1<j

Klyachko shows the number of solutions to this system is 3H(A) when
A=-1mod 4 and 3(H(A) — 10¢(A/4)) when A =0 mod 4. Note that
the equations imply that A is congruent —1 or 0 mod 4. Also note that the
equations imply@ A > 0. The way this is proved is as follows. Split up 13
disjoint cases

w; <Wj; < Wk, Wy = Wj < Wk, W < Wj =W, W = W2 = W3,

for each choice of {i, 5, k} = {1,2,3} and solve in each of these 13 cases.
In each case define A :=w;, B :=w; +w; —wy and C := wy. For exam-
ple, the case w; < wy < w3 is equivalent to counting integer forms AX? +
BXY + CY? of discriminant B? — 4AC = —A satisfying B >0, C > A,
—A < B < A. Adding all 13 cases gives: 3 times the number of integer
forms AX? + BXY + CY? of discriminant —A satisfying B # 0, C > A,
—A < B < A or satisfying B#0, C=A, 0< B < A and counted by the
size of the automorphism group (see footnote 3). We call this number H(A).
In the case c; is odd, it is easy to see that B # 0 is automatically satisfied.
Therefore H(A) = H(A) because every equivalence class of binary integer
positive definite quadratic forms has a unique representative of this form

21This gives a short toric proof of the Bogomolov inequality for toric rank 2
u-stable locally free sheaves on P2.
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(i.e. its Gauss reduced form [BY)]). For ¢; even H(A) and H(A) differ by the
number of (Gauss reduced) integer forms with B = 0, i.e.

—%UU(A/ZL).

We now discuss how the formulae for P(1,1,2) are obtained. The case
of P(1,2,2) is similar and the case of P(2,2,2) follows directly from the
discussion in Example 4. By Example 2 of this section, the system which
needs to be solved is again together with the additional requirement
2 | wa. Moreover Qg ¢, (w1, w2, ws) and A are related as follows

1 1
QE,c, (w1, w2, w3) = _ZA + EC%'

Going through all 13 cases gives the following answer to the system

){Gauss red. forms AX? + BXY + CY?
with B # 0, disc. — A and 2 | A}’
+ ‘{Gauss red. forms AX? + BXY + CY?
with B # 0, disc. — A and 2 | A—B+C}‘
+ ‘{Gauss red. forms AX? + BXY + CY?

I

with B # 0, disc. — A and 2 | C'}

where |- | is the number of elements counted by the size of the automor-
phism group. In the case ¢; is odd, B is odd so A = —1 mod 4. This im-
plies A = —1 mod 8 or —5 mod 8. In the former case the above reduces

to 2H(A) and in the latter case the above is 0. In the case ¢; is even,
the above reduces to H(A) + 2H(A/4). Here H(A) = H(A) — 2o9(A/4) as
in Klyachko’s case. Moreover, H(A/4) = H(A/4) — $00(A/16) when A =
0 mod 16 and H(A/4) = H(A/4) otherwise.

For the last part of the theorem it suffices to show Y H(8n — 1)g"~'/8
(g = ¥ Im(z) > 0) is the holomorphic part of a modular form of weight
3/2. Let
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By work of Zagier [Zag] (see also [HZ]), this is the holomorphic part of a
modular form of weight 3/2. Our generating function can be written aEFE]

7
ZH(SH — 1)~/ = ;;e%zr/g%ﬂ(z;—r)

n>0

and is therefore the holomorphic part of a modular form of weight 3/2. O
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