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Local mirror symmetry and the sunset

Feynman integral

SPENCER BLOCH, MATT KERR, AND PIERRE VANHOVE

We study the sunset Feynman integral defined as the scalar two-
point self-energy at two-loop order in a two dimensional space-time.

We firstly compute the Feynman integral, for arbitrary internal
masses, in terms of the regulator of a class in the motivic coho-
mology of a 1-parameter family of open elliptic curves. Using an
Hodge theoretic (B-model) approach, we show that the integral is
given by a sum of elliptic dilogarithms evaluated at the divisors
determined by the punctures.

Secondly we associate to the sunset elliptic curve a local non-
compact Calabi-Yau 3-fold, obtained as a limit of elliptically fibered
compact Calabi-Yau 3-folds. By considering the limiting mixed
Hodge structure of the Batyrev dual A-model, we arrive at an
expression for the sunset Feynman integral in terms of the local
Gromov-Witten prepotential of the del Pezzo surface of degree 6.
This expression is obtained by proving a strong form of local mir-
ror symmetry which identifies this prepotential with the second
regulator period of the motivic cohomology class.
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Part I. Introduction

1. Overview and discussion

This work concerns the Feynman integral in two dimensional space-time
associated to the sunset graph in the above figure, given by

B dxdy
(L.1) To(s) = S/Z;g s(€r + &y + &)y +ar+y) —ay

Here & = m;/u (i = 1,2, 3) are positive non vanishing real numbers, given by
the ratios of the internal masses by the arbitrary infrared scale p, and s is the
inverse of the norm of the external momentum K? = u?/s. (See Val
for a derivation of from the usual Feynman representation.)

This integral is a multivalued function of s on C\[(&1 + & + £3) 72, +o00].
In general, the multivalueness of the Feynman integral plays an important
role in physics, as this is imposed by unitarity of quantum field theory [EH].
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A large class of Feynman integrals can be easily determined from their dif-
ferential equations [AM| [RT), [Hennal [, Hennb, [T], and more generally are
associated to motivic period integrals [B1l, B2].

The geometry of the graph hypersurface is a family of elliptic curves

Eo = {ayz — s(Eax + Ey + 22) (xy + x2 + y2)|(2, 9, 2) € P?}.

The structure of the motive associated to , discussed in Sections
and differs from the one given in the single masses case in [BV], be-
cause we now have a family of open elliptic curves, no longer modular, and
the motive has a Kummer extension quotient.

We show that the sunset Feynman integral is given by (see Section E|
(1.2)

o= (5 (20) 5 (202) 5 (203)) s

where Fs(z) is the elliptic dilogarithm

(1.3) Es(z) =) (Liz (¢"z) - Liz (—¢"x))

n>0

= > (Liz (¢" /) — Liz (—¢"/)).

n>1

In , F is evaluated at the ratios of the images of the points P, :=[1:0:
0], P,:=[0:1:0] and P3:=[0:0:1] in C*/¢%, where log(q)/(2ni) is the
complex structure given by the period ratio of the elliptic curve; and w, is
the elliptic curve period which is real on the line s > (& + & + £3)72.

The elliptic dilogarithm s (z) is not invariant under z — zq (see equa-
tion ), reflecting the multivalued nature of the Feynman integral. This
was already the case for elliptic polylogarithm expansions of the Feynman
integrals for the two-loop sunset [BV| and three-loop banana [BKV]| with
equal masses. The result in generalizes the expression for the all equal
masses case {1 = & = {3 = 1 given in terms of elliptic dilogarithm in [BV].

The motivic approach in Section [4] shows how the theory of motives can
yield information about Feynman integrals. In general, the motive associated
to a Feynman integral will depend on a family of hypersurfaces X,, , C P"
depending on masses m and external momenta g. The motive at (m, q) is as-
sociated to the cohomology group H"(P" — X, 4, A) where A is the simplex

Tt would be interesting to relate this expression to the one using multiple poly-
logarithm presented in [ABW2, [ABW3, [ABW4, [ABW5].
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defined by the vanishing of the product of the homogeneous coordinates. A
general motivic analysis would begin by a study of X, , N A. In simple cases
like the sunset, this intersection is manageable and we are able to prove a
duality

H"(P" — Xppg, A) & H'(P" — A, X ) (n)Y.

The motive on the right is related to the Milnor symbol {zi,...,z,} on
Xm,q NG}, where the x; are the Laurent coordinates on P*" — A = GJ},. In
the sunset case, this approach identifies the amplitude with an elliptic dilog-
arithm. A similar attack may be possible for more general graphs, though the
above duality will no longer be perfect. The challenge will be to understand
the role played by the structure at infinity X, , N A.

In Part we revisit the approach of [CKYZ] to local mirror symmetry,
by semi-stably degenerating a family of elliptically-fibered Calabi-Yau 3-
folds X, . (defined by (5.1)) to a singular compactification X, of the local
Hori-Vafa 3-fold

Y, = {1-s(Ex+&y+ (1 +2 +y Y +uw =0} c (C? xC?,

and using the work of Iritani [Ir] to compare the asymptotic Hodge theory of
this B-model to that of the mirror (elliptically fibered) A-model Calabi-Yau
Xe.

The bulk of Section [5]is concerned with the proof of the isomorphism

Hl?')im(XZo,é) 2 ker(TO - I) = H3(Y£)(_3)

of mixed Hodge structures (Theorem , and the explicit construction of
bases for H3(X., ,) resp. H3(Y2). This allows us to invoke (in Section
results 01E| IDKJ §5] to compute, in the zp — 0 limit, the invariant periods of
X in terms of “regulator periods” R(()Z), Ry associated to a family of algebraic
Ko-classes on the sunset elliptic curve family E..

In 6] we compute Iritani’s quantum Z-variation of Hodge structure on
the even cohomology of the Batyrev mirror X° of X, writing the periods
in terms of its Gromov-Witten invariants (Section and the monodromy
transformations in terms of its intersection theory (Section [6.3)). (The mon-
odromies T; are computed in greater detail than we need, as they will be
used to provide geometric realizations of certain monodromy cones in the
forthcoming work [KPR].) Like X, X is elliptically fibered, over a toric Fano

2The numbers of section, conjecture, theorem and equations refer to the pub-
lished version of [DK].
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surface Pa., which (for the sunset case) is just the del Pezzo of degree 6. Un-

der the mirror map z + g(z) = €2™2(2) (computed in Section , we have

the isomorphism of A- and B-model Z-variation of Hodge structure
H?(X,2) = HN(XG, ),

and taking (the invariant part of) limiting mixed Hodge structure on both
sides yields the relation

3
oriRy = RYVRY + RPRY + RVRY — S (N0 []QF
01 4Lo+E3=E>0 i=1
(£1,£2,£3)€N3\(0,0,0)

between regulator periods and local Gromov-Witten numbers of Pao (Corol-
lary 7 The expression is done with respect to the local Kéhler moduli
Q; = R — £ Q for i =1,2,3 with Q = exp(Rp) and where Ry is the log-
arithmic Mahler measure
(1.4)

Fo=in— [ logs™ —(r+Gy+ D +y T+ 1))

dlogxdlogy
jal=ly|=1 (2ri)?

That is, we prove that R; is the local Gromov-Witten prepotential of Pao,
which is Conjecture 5.12 of [DK]; this puts the observations on asymptotics
of the local Gromov-Witten invariants there (Corollary 5.3 of [DK]) on a
firm foundation at last.

All of what has just been described is carried out, in Sections [6H5] in a
greater level of generality so that the results described apply to other toric
families of elliptic curves in addition to the sunset family.

The connection of all this to the Feynman integral is given in Sec-
tion : writing w, for a family of holomorphic 1-forms on E., and R|g, for
the family of 1-currents associated to the family of algebraic Ks-classes, we

have the equality
Zo(s) = —s / R
E

z

E, N\ Wwy.

Proposition [7.2]shows this leads to the inhomogeneous Picard-Fuchs equation
for Zo derived explicitly in Section

Remarkably we show that the sunset Feynman integral is given by the
Legendre transform of the regulator period R =R; (see and )

. (0Ry 5 -
1.5 To(8) ~ —s2mim —Ry— Ry |,
(1.5) o(s) 0(8R0 0 1)
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which implies the expansion of the Feynman integral in terms of Gromov-
Witten numbers (see Sections and
(1.6)
OR ’
0 s A N
Zo(s) = _SQE 3Rg + Z (1 — Llog Q)Nghgz’gg H Qz
L1 +Lo+L3=L>0 i=1
(£1,£2,£3)€N3\(0,0,0)
The local Gromov-Witten numbers Ny, 4, ¢, can be expressed in terms of the
virtual integer number of degree ¢ rational curves by

1
NZ1,€2,E3 = Z Enel £y €3 .

ddd

These numbers are tabulated in Sections and In the particular case
of the all equal masses case & = & = &3 =1, the mirror map gives (see

Section [7.4)
0 Q=g [TJa-erms o=t ().

n>1

where (%3) =0,1,—1 for n=0,1,2 mod 3. The modularity of the family
of sunset elliptic curves allows us to relates the sum of elliptic dilogarithms
in ¢ of [BV] to the Gromov-Witten expansion in @, and implies the Leg-
endre transform relation (L5)). Stienstra has already noticed in [St1l [St2]
the similarity between the mirror symmetry transformation in and the
ones between A-models of local Calabi-Yau and dimer models [ORV] for
the topological vertex description of the B-model [AKMV] [ADKMYV]. The-
orem 3.5 of [KOS| shows that the partition function of the dimer model is
the Mahler measure of the Laurent polynomial defining the local Calabi-Yau
model. In [St2] Stienstra constructed a dimer model associated to the all
equal masses sunset elliptic curve £ = & = £3 = 1. In the case of unequal
masses there is no modularity, and it is surprising that an analytic contin-
uation of a sum of elliptic dilogarithms displays such relation to the local
Gromov-Witten prepotential.

Special type of Feynman integrals for topological strings have been used
to compute the local Gromov-Witten prepotential [Hor]. But our analysis
leads to a different kind of result, firstly because the sunset Feynman inte-
gral is the Legendre transform of the local Gromov-Witten prepotential,
secondly because this Feynman graph is not obviously associated to world-
sheet graphs of a topological string. Our results extend to the three-loop
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banana graph and the four-loop banana graph, leading to 4-fold and 5-folds
Calabi-Yau respectively (cf. Section 5 of [DK]). The strong similarity of our
analysis with the dimer models suggests that one could expect more con-
nection between Gromov-Witten prepotential and (massive) quantum field
theory Feynman integrals. We expect that this approach to Feynman inte-
grals can shed some new light on the relation to string theory along the lines
of the results of [ABBF].

2. Plan of the paper

The plan of the paper is the following. In Part [[I, we analyse the sunset
Feynman integral . In Sectionwe describe the geometry of the sunset
family of elliptic curve and in Section derive the Picard-Fuchs equation
following Griffiths’s approach in |Gri| for deriving the Picard-Fuchs equation
from the cohomology of smooth projective hyperspace defined by rational
form in P2. In Sectionwe derive the expression of the sunset integral
in terms of elliptic dilogarithm. In Section [3:3.1] we show how to reproduce
the all equal masses result of [BV] and Section contains numerical
verification of the three different masses case. We give a proof of these results
using a motivic approach in Section [4

Part [IT]] of the paper deals with the mirror symmetry construction. In
Section [5| we describe the degeneration from a compact Calabi-Yau 3-fold X
to the local Hori-Vafa model Y, and show in Theorem [5.3| that the third ho-
mology of Y matches the invariant part of the limiting mixed Hodge structure
of H3(X). In Section |§| we describe the variation of Hodge structure arising
on the A-model obtained by considering the Batyrev mirror of X. By com-
paring the limiting mixed Hodge structures of the A-model and B-model,
we prove in Theorem a strong form of local mirror symmetry — equality
of variations of QQ-mixed Hodge structure. The particular case of the sunset
integral is discussed in Section [7]

In the appendix[A]we recall the main properties of Jacobi theta functions,
and in the appendix[B|we give the detailed coefficients entering the derivation
of the Picard-Fuchs equation in Section |3.2]
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Part II. The elliptic dilogarithm
3. The sunset Feynman integral

The sunset Feynman integral is

(3.1) Io(s) = —s /A Qo(s).

where the domain of integration is

(3.2) A= {(z,y,2) € P’|lz,y,2 > 0},
and
dy ANd dz Nd dr Nd
(3.3) Q@(S)::xy zZ+ydz A\ dx + zdx y
zyz (1 — s¢o)
where we have set
(3.4) do = (Er+Gy+G2) @ +y " +271).

Where & = m;/u for i = 1,2, 3 are non-vanishing positive real numbers given
by the ratio of the internal masses parameters m; and an infrared scale
. In this work we assume that none of the masses vanish. As function of
1/s:= K?/u? the integral is a multivalued function on the complex plane
minus a line C\[(&1 + & + &3)?%, +oa].

In this first part of the paper we show that this integral is an elliptic
dilogarithm. We give to derivations on by a direct computation and second
one based a motivic analysis.

3.1. The sunset open elliptic curve

For generic values of the parameters the polar part of 5 (s) defines an open
with marked points elliptic curve

(3.5) &= {zyz — s(Ex 4 3y + E2)(xy + x2 + yz) = 0|(2,y, 2) € IP’Z} )
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The discriminant is
4
(3.6) A=165"5M; H(l — su?),
i=1
and the J-invariant is

(H?:l(l — sp?) + 1653 H?:1 £)°
ST (= s12)

(3.7) J=—

with

w1 = =& + & + &3, p2 = &1 — &2 + &3,
(3.8) p3 =& + & — &3, pa =& + & + &3,

and

(3.9)  My:=& + &+, My:= &6 + &5 + 6363, Mg == £163¢5.

For generic values of the masses &1 # & # &3 there are six singular fibers:
at s =0 of type I, at s = 0o of type Iy and for 1 <i <4 at s~ = y; of
type I.

We recall that for the all equal masses case & = & = &3 = 1 there are
only four singular fibers of type Is for s = 0o, I3 for s =1, Iy for s =1/9
and I for s =0 [BV].

If we introduce the Hauptmodul «

(3.10) U= (1 - sMy)* — 45" M,

\/1683 Mg

the J-invariant takes the form

(3 —w?)®

3.11 J := 256
(3.11) 4 — 2

We introduce ¢ = exp(27ir) with 7 = w,./w, the ratio of the complex
period w, and period @, is the real period on the real axis s > ({5 + & +
¢3)72. We assume that w, has a positive imaginary part so that |¢| < 1 and
7 is in the upper half-plane.

From the usual parametrization of the J-invariant in terms of theta-
functions (see Appendix we deduce that the Hauptmodul u is given by
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the three roots

03 + 03 65465 403—93}

= Up g = i—5s
6294

(312) Ua’b I~ {’U/374 = %Tz, ’LL273 = W’

The action of SL(2,Z) leaves invariant the J-invariant but rotates the three
roots. The subgroup I' of SL(2,Z) generated by 7 — 7+ 2 and 7 — 7/(1 —
27) (see |Chand])

(3.13) I'= {(‘c‘ Z) € SL(2,7)| (Z Z) = (é ?) mod 2} ,

leaves invariant the square of each individual roots ui , for given a, b.

For each pair (a, b) labelling the Hauptmodul in (3.12)) the real period w,
is then given in terms of the theta constants (see Appendix |A|for definitions
and conventions)

0 0y

(3.14) = m—nt
(S_l]wﬁ)Z

3.1.1. The points. The intersection of the elliptic curve and the domain
of integration A are the three points

(3.15) OANEy ={P, =11,0,0], P, =10,1,0], Ps=10,0,1]}.
We will consider as well the other three points

(3.16) Q1 =1[0,-€3,€3], Qa=[-€%0,¢}], Qs=[-€3,¢&,0],

arising from the intersection of the sunset elliptic curve and the lines defining
the domain of integration A.

In order to map these points to &g ~ C* /¢% where C* is the multiplica-
tive group of non-zero complex numbers, we use the following Weierstrass
model for the sunset elliptic curve

(3.17) Cn=o (s "Men* +u/s~1 Mgon + o).

For any choice of (a,b,c) = (3,4,2),(2,3,4),(2,4,3), a point on the el-
liptic curve with coordinates P = [0, (,n] and 1 # 0 is parametrized byE|

3We would like to thank Don Zagier for explaining how to perform this reduc-
tion, and for providing the key identities.
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:wm:)\q

(3.18)

571 Mg (Aa(2))?

= (57 Mp) Aa(2) My po(2),

1383

where z € C*/¢” and A,(x) and M,p.(z) are expressed in terms of the
Jacobi theta functions defined in Appendix [A]

Ao(2) == Zig;
2
(3.19) J%MV*Ziﬁié5§”

that satisfy the relation

(3.20)

The differences of P;; := P; — P; are mapped to

(3.21) &m:&@,ﬁéa—& g1
_ _% 2

(3.22) Py = @@, (&)
_ 5%5% B 2

(3.23) Py 3= 5153, (t—Ei+6 -1

that implies that for (i, j, k) a permutation of (1,2,3) and ¢ =2,3,4

> 2 —1

@20 () = e

The differences Q;; := Q; — P; are mapped to
(3.25) Qs = a 51(—L+ﬁ—5§—£x1
(3.26) Qus = |2t 52 (s —g+G -1
(3.27) @stgg( —Eogae

(Ma,b,C(x))Q = (AC(*T))4 + Uap (AC(x))Q +1

which is consequence of the Jacobi relations in (A.5)) and in (A.6).

9
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We then deduce that for (i, j, k) a permutation of (1,2,3) and ¢ = 2, 3,4

<91($(Qij))>2 _ &G
Oc(2(Qi)) Vs lg,

Using that 6;(—z) = 02(z) and 03(—x) = 04(x), we find that z(Q;;) =
—x(P;;) for i = 1,2,3. Implying that for i = 1,2,3 we have x(F;)/z(Q;) =
—1 € C*/q*, which shows that the divisors Q; — P; are of torsion two. This
will play an important role when evaluating the elliptic dilogarithm in sec-
tion

(3.28)

3.2. Derivation of the Picard-Fuchs equation

For completeness we give a short and explicit derivation of the differential
equation satisfied by the sunset integral

1
(329) L@ <_SIO(S)> = S@(S)
where Lg is the Picard-Fuchs operator (with 5 := sd/ds)
(3.30) Lo =02 4 q1(s) 0s + qo(s)

and Sg(s) is the inhomogeneous term composed by the sum of the Yukawa
coupling Vg (s) and logarithmic contributions in the masses

3

(3.31) So(s) =Vols) + Y ci(s)log(&?) .

=1

The logarithms terms arises from the Kummer quotient extension of the
motive described in section [4 and in proposition

This differential equation has already been derived in |[RT, MSWZ|. We
follow Griffiths’ approach in |Gri| for deriving the Picard-Fuchs equation
from the cohomology of smooth projective hyperspace defined by rational
form in P2.

The action of the Picard-Fuchs operator on Qg (s) is

(3.32) Lo Qo(s) = (2(%2)2 _B- qé(g))wyz 1= ql(;)); QO(S)> 0

with Q = 2zdy Adz 4+ ydz A dx + zdx A dy and where we have set &g =
zyz(1 — s¢g).
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For C,, Cy, C, homogeneous polynomials of degree 4 in (z,y, z) the one-
form
yC, — 20, Y sz —zC, dy + xCy — yCy

dz
o2 o) o)

(3.33) By =

satisfiedd]

o (Cada + Cyy + C20.)%0 () 0:Cs + 9,0y +0:C

<I>3 <I>2 2.

(3.36) dp, = —

By choosing the polynomials C;, Cy and C, such that

(3.37) (2y2)* = —(CpOx + Cy0, + C.0,)®
then

2(zyz)? 0,Cy + 0,Cy + 0.C,
(3.38) %%)Q: o7 Q+dp .

The expressions of the polynomials Cy, Cy, C, are given in Appendix @ We
choose the coefficient g;(s) so that
(3.39) ) 3

(0:Cy 4 8,Cy + 0.C.) + (3 — q1(s))xyz = (Cr0y + C,0, + C.,0,) Bg

where Cy, C'y, C. are at homogeneous polynomial of degree one in (z,v, z),
which detailed expressions are given in Appendix [Bl We find that ¢;(s) is
given by

28M2 —6
(3.40) —2+§: — 7 .
2s 1 s ILiq s —2sM> + 3

4In general if deg(C;) = 3k — 2 with ¢ = x,y, 2 the one-form

yC, — 20y 2Cy — zC, xCy —yCy
.34 7d 4+ ——2d —2 7 7q
(3.34) B = oF oE y TE 2
satisfies
(3.35) b = — (08 + Cy,0, +08)<I>@Q 0,Cy + 0,Cy +8C

(I)k—i-l (I)k
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The one-form

_ yC, — zC’y d 20y — 2C, J xé’y —yCy

(3.41) 5o o T+ o Y+ o dz,
satisfies
(3.42) By = 0.0 +0yCy + 8ZC;z + (3 —qi(s))zyz ~
5
+@@+@@+@@Q
dq '
Finally choosing go(s) such that
(3.43) q(s) = =1+ qi(s) + 0,0y + 8,0, + 0,C,
leads to
(3.44) Lo Qo(s) =d(B1 + B2) .

The expression for go(s) is (see (3.9)) for the definitions of My, My and
M)

70
qo(s) — —
(s? H?:1 i — 25Ms + 3) H?zl(,u?s —1)
(3.45) no = — 3 s pigs°

+ 55ul,ugugu4 (—3M§’ + 12Mo My + 12M6)

+ 5% (—18My + 108MF My — 120M>Mg — 144 M7)
+ 5% (26M3 — 96 Mo My + 324Mg)

+ 5% (24My — 15M3) + 3Mas.

Acting with the Picard-Fuchs operator on the sunset integral gives
(3.46) So(s) = / Lo Qo = / s,
A A

with 3 = B + B2 = Bzdx + Bydy + B.dz.

For evaluating this integral we consider the blow-up A of the domain of
integration A = {[x :y: 2] € P?|x,y,2 > 0}, by putting a sphere of radius
€ > 0 around each of the points [1:0:0],[0:1:0] and [0:0: 1].
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Integration by part gives the boundary contributions

(3.47) So(s) =1lim [ (Bydy + B-dz)
e—0 OA|o—o

+ lim (Bzdx + .dz)
e—0 aA|y:U

+ lim (Bdz + Bydy) .
e—0 85|z:0

Where GA|33:0 denote the boundary of the blown-up domain A restricted to
the plane x = 0. Setting ( = y/z in the first integral, setting ¢ = z/z in the
second integral and ¢ = x/y in the last integral we obtain

€

(3.48) Sols) =lim [ (28, + 8. +yB.) dC.

e—0

With 28, = (a1 + b1)/(C (€3 +¢5¢)) and yBy = —(by + b20) /(C(E3 + £1C))
and 283, = (—=&3by/2 + b3 — €2a1/2¢?)/(C(&2 + €3¢)?) where ay, by, be, b3 are
polynomials in s reading
a1 = 4(67 - )¢3s (3 - 35 (37 + 363 - 7€)
+ 5% (961 — 106763 — 146763 + 963 — 146363 + 563)
— 35°uapapspa (6 + &5 — &3) ) :

and b; is obtained from a; by exchanging & and &3, the coeflicient by is
obtained from a; by exchanging £; and &3, and finally

by = 6€2¢2 (9 — 5 (1362 + 1062 + 13¢2)
+ 5% (& + 276765 + 66765 — 8¢y + 276565 + &3)
+ 5260 + 46165 — €165 — 15676, — 2467633
— £765 + 1065 — 156563 + 46565 + £5)
+ st (261 - €363 - 4633 - ¢ - 6+ 2¢d) ).

The integral has a finite limit when ¢ — 0 given by

(e 25 320 1 log(€2) ci(s)
(3.49) So(s) = Vo(s) T, (sp2 — 1)(s2 TTiy s + 25 My — 3)
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where the Yukawa coupling is given byﬂ

L5 T, i — 2sMy + 3
- 2 ,
Hizl(ﬂgs - 1)

The coefficients satisfy ¢1(s) + ca(u) + ¢3(s) = 0 and are given by

(3.50) Yo(s)

(3.51)  ei(s) = -2 + & + &
+ s (66F — 76765 — 385 — TETES + 14€565 — 3£3)
+ 8% (— 660 + 11€1¢5 — 8¢ wis + 365 + 11613
— 36565 — 8€765 — 3E3¢3 + 385)
— S papspa (261 — 65 — & — 165 + 288 — &3)

and ca(s) is obtained from c;(s) by exchanging &; and &

(352)  cals) =& -2+
+ 5 (685 — TE7E5 — BEL — TE5E5 + 146765 — 383)
+ 57— 665 + 116,67 — 8¢5t + 367 + 116,63
— 36165 — 8¢3¢3 — 3673 + 365)
— P papspa (28 — 565 — & — & + 268 - &3).

Remark 3.1. In the all equal masses case £ = &2 = €3 = 1 we immediately
have that y3, = 0 and yB, = 0 and

36

(3.53) Py = Do = DA T o2

leading to So(s) = 6/((9s — 1)(s — 1)) which is the Yukawa coupling Vg (s).
The Picard-Fuchs operator reads (with d5 := sd/ds)

25(9s — 5)
(s—1)(9s—1)

3s(3s—1)
(s—1)(9s—1)"

(3.54) Lo =62+ 8s +

The sunset integral satisfies the differential equation

1 6
. Lo | ——Z, =
(3 55) © < 5 O(S)> (98 — 1)(8 — 1) )

® By construction the Wronskian of the Picard-Fuchs operator is Wy (s) =
-1
S ye.
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which is equivalent to

d2I@ (S)
ds?

dZs(s) N 1—3s

(3.56) s(9s —1)(s—1) ds s

+ (9s% — 1) Zo(s) =—6.

This differential equation has been presented in the following matrix form
in [Hennbl, eq. (4.13)]

i > Ao Ay Ag

(3.57) ds (S):?+s—1 9s —1°

The poles are located at the singular fibers of the sunset elliptic curves family.
The residues are the monodromy matrices Ay, A1 and Ag which are indepen-
dent of s. These squared matrices have size three which equal the (generic)
rank of the all equal masses sunset motive [BV]. This first order equation
arises from the flat Gaufs-Manin connection for the coherent analytic sheaf
for which the section & leads to sunset Feynman integral according as
proven in lemma 6.21 of [BV] for the all equal masses case.

3.3. The elliptic dilogarithm

For s €](&1 + & + &3) 72, +00[ we provide an expression of the sunset integral
Zo(s) in in term of the elliptic dilogarithms. A derivation via motives
will given in section

We start by considering the ratio of the coordinates on the sunset cubic
curve as functions on C* /¢”

X ) 0(a/2(Qu)0 (a/a(Py)
e ot
Y _(91561‘@2 91$CCP3
(3.58) 7% = 5, fx(2))r (w/2(Qs)

where z(P) is the representation of the point P in & ~ C* /¢” using the
map of section and 60 (x) is the Jacobi theta function
212 _ p—1/2

(3.59) b1(z) = g5 ——

[Ta-¢=g"2)(1-q"/x).

n>1

We evaluate the integral

(3.60) F(x)=— /a: log <)Z((y)> dlogy
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where g is an arbitrary origin that will cancel in the final answer. We find

(3.61) F(x) = F(zo) + Ea(x/x(P1)) + Ez(2/2(Q3))
— Ex(x/x(P3)) — Ea(z/x(Q1))

where Fs(z) is the elliptic dilogarithm

(3.62)  Es( Zng (¢"x) Zng q"/x) + (log( ))? — irlog(x)

n>0 n>1

Using the 2-torsion relations z(Q;) = —z(P;) for i = 1,2,3 we can rewrite
F(z) as
369) Flo) = Balo/o(P)) - Ealo/o(P) + 5 tog (209) + Flao),
where
(3.64) Ey(x) = (Liz (¢"x) — Liz (—¢"x))

n>0

— Y (Liz (¢" /) — Liz (=¢"/x)) -

n>1

With this we can evaluate on the zero or poles of Y/Z

365 2] g b= F(P) + Fa(@2) - Fla(P) - Fla(@y).

The origin of the integral F'(zg) has cancelled in the expression. Using the

expression for F(z) in one gets
s eZz) =5 () -2 (Cwg) 2 ()

= () o () -2 i)
+ Ey(—1) — Ex(1).

Noticing the following properties of the function Es(x)
(3.67)  Ey(—x) = —Fs(x)
~ ~ 1 1
E5(1/xz) = —Es(x) 4 Lig (x) — Lig (—x) + Lig (l‘) — Lis ()

xT



Local mirror symmetry and the sunset Feynman integral 1391

together with the dilogarithm functional equation

2
(3.68) Lip (2) + Lip (1/2) = = %log(—x)z

we can reduce the expression for £2{X/Z,Y/Z} to

o (gt =2m () 20 () 2o (Gr)

+ 7;2 —irlog (igg;) .

The elliptic dilogarithm - (z) is not invariant under g-translation and trans-
forms according
~ ~ 7'(2
(3.70) FEs(qx) = Es(x) — 5 + imlog(z)
2
. . ™,
(3.71) Ey(2/q) = B2(2) + - — imlog(z/q).

This is because the Feynman integral we are studying is a multivalued func-
tion. Shifting the representative z(P) of the point P in C*/¢% changes
the expression for Lo {%, %} modulo irlogq, imlog(x(Py)), imlog(x(P))
or imlog(xz(P3)).

In order to fix this ambiguity we symmetrize the computation by sum-
ming other all the other choices to get

S iy
6k, (Elﬁ;) T 6, <E§§) 6k, (Eﬁ;) L

3.3.1. The all equal masses case . It was shown in [BV] that the all
equal masses case £ = £ = 3 = 1 sunset integral is given by

w

(3.73) Io(se(q) = f (i® (1 - 27) + Eo(a))

where ¢ = exp(2wir) with 7 = w,/w, the period ratio and sg is the Haupt-
modul

1 n(a®) (n(a®))’
(3.74) so(q) "t =94 172 (@) ( n(q) )
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and Eg(q) is the elliptic dilogarithm evaluated that the sixth root of unity
(g=e%

(3.75) Eo(q) = Qi > " (Liz (¢"Ce) + Liz (¢"¢5) — Lia(q"¢4) — Liz (¢"¢))
n>1

+ 45 (Lia (Go) + Lia(c3) — i (68) — L ()
Noticing that
(3.76) 2iEs(q) = Ea(¢3) +¢(2)

and since when all the masses are equal the image in C* /¢Z of the points
x(P;) = ¢4 with i =1,2,3, we have

XY . 1172

Showing that the all equal masses sunset integral is equal to the regula-
tor (3.77]) modulo periods of the elliptic curves

Wy XY .
(378) I@ = %EQ {Z, Z} mod perlOdS .

3.3.2. Three masses case. In the three masses case the sunset integral

in (3.1 is given by
(3.79)

iw, [~ (x(P1) o x(Py) ~ [ x(P3) .
Z = E E E d d
o(s) - < 2 <a:(P2)> + Lo <x(P3) + Eo 2(Py) mod periods
An expression in terms of multiple polylogarithms has been presented in

[ABW2, [ABW3, [ABW4, [ABW5]. It would be interesting to relate these
results.

A proof is given in section [ using a motivic approach. In this section we
present numerical verification of this expression for the sunset integral.

According the elliptic dilogarithm Fs (z) is not invariant under the
change z(P;) — qx(P;) therefore the expression in shifts by imlog q.
Therefore by changing the representative of P, P, and P3 in C* /¢” one can
change the coefficients of the periods of the elliptic curve freely.

3.3.3. Numerical checks. We have made some numerical checks (see
table (1| on page [1393)) of this relation using PARI/GP [Pari|. For given values
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of the masses and s we have searched for an integer linear dependence of the
vector

XY
(3.80) v=1|Zo(s) — {7 Lok =, = ¢, inw,, irw,
m Z Z
using the 1indep command of PARI/GP. The vector is composed of the sunset

integral evaluated using the Bessel integral representation |[GKPal, BBDG,
GKPb, [Val

~ 3
(3.81) Io(s) = /0 1l (Vs 1) T Kolgia) dar,
=1

the regulator evaluated as

(3.82) Lo {)Z(, }Zf} = Fy (3312) + Ey (x23) + Ey (xgl)
where x;; = z(P;)/z(P;) in C*/¢%. Since we can easily follow the change of
the expression under a g-translation of the points, we have made some choices
such that the relation between the sunset integral and the regulator is modulo
periods of the elliptic curves with simple rational coefficients, keeping the
relation 12293231 = 1. For instance in table [1| for the case (&1, &9,£3,571) =
(1,2,3,3), we show how the g-translations (z12,231) — (qx12,x31/q) affect
the result modulo periods of the elliptic curve.

£1,6,83,57 1 Z21 32 q lindep(v) | prec
1,2,8,2 —0.00931124 + 0.0160094i 4.87147 — 5.50124i 0.136089 [4,3,-8] |2 1036
1,2,8,6 —0.00640431 + 0.00671999i 6.17736 — 8.34052i 0.0963482 [4,3,-8] 210736
1,2,3,2 0.0733690 — 0.1085971 0.797236 — 0.6036681 —0.131059 [4,1,0] 61037
1,2,3,2 —0.00961565 + 0.0142326i —6.08304 + 4.60608i —0.131059 [4,-5,8] 610737
1,2,3,3 —0.723282 — 0.690553i1 —0.145143 — 0.107284i —0.180489 [4,3,-8] |5 10737
1,5,7,3 —0.481821 + 0.876270i —0.0416592 + 0.0163910i | —0.0447678 | [4,—5,8] 10737
1,5,7,7 —0.766655 + 0.6420591 —7.08429 + 2.586101 —0.132599 [4,-5,8 |7 10738
3,5,7,3 0.199999 + 0.9797961 —6.29720 + 3.35123i —0.140185 4,-5,8] |7 10738
3,5,7,7 —0.199528 + 0.979892i —5.76891 + 4.082601 —0.141495 [4, -5, 8] 510738

Table 1: Results of linear dependence of vector v defined in (3.80|) using the
PARI/GP command lindep(v). The last column gives the absolute value for
the numerical evaluation linear relations.
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4. Approach via Motives

The purpose of this section is to prove formula for the sunset Feyn-
man integral in two dimensions with arbitrary masses. This is a beautiful
illustration how the theory of motives can yield information about Feynman
integrals. With an eye toward future applications, we will permit ourselves
to say a bit more than what is strictly necessary for the sunset case.

We fix masses and external momenta and just write E for the resulting
elliptic curve, which is an element in the family . We have E — P?
with homogeneous coordinates X, Y, Z, and F meets the coordinate triangle
XYZ =0 in a set S of 6 points, S := {P}, P, P3,Q1,Q2,Q3}. Let E?:=
E — S. Following [BV], §6], let p : P — P? be the blowup of the vertices of
the coordinate triangle, and let h C P be the resulting hexagon. We can lift
E < P and write B = h — ENh.

Let 0 C P?(R) be the positive real simplex which is the chain of integra-
tion for the Feynman integral. for general values of external momenta, o will
not meet F, and we can lift to  C P — E. We have 95 C §, so

(4.1) 7 € Hy(P - E.§°;Q) = H*(P - E,1%Q)".

The form Qg (3.3), represents a class in F2H?(P — E,§%; C), and the Feyn-
man integral

(4.2) To = (Q0,5).

The idea is to interpret Z5 as a quantity intrinsic to the Hodge structure
H?(P — E,p% Q) together with the choice of Q. That way, whenever we
see the Hodge structure (and we will see it in two other guises below) we can
be sure that the sunset Feynman integral Zg is involved.

To begin, we can invoke [BKV], lemma 6.1.4 to get

(4.3)  Hy(P-E,5%Q) = H*(P - E,5"Q)" = H*(G},, E%; Q(2)).
Here we identify

(4.4) G2

m

=P? - {XYZ=0}=P—h
We consider the long-exact sequence of Hodge structures

(4.5) H'(G;,,Q(2)) = H'(E°,Q(2)) = H*(G},, E*;Q(2))
— H*(G2,,Q(2)) — 0.
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The image of « above is spanned by the logarithmic classes
dlog(X/Z),dlog(Y/Z).

We can avoid these by replacing G2, by the relative space (G, {1})%. One
has

0 1#n

(4.6) H'((Gm, {11)", Q) = {@(—n) i=n

We now build a diagram

0— HY(E®Q(2) —H((Gm {1})%E%Q(2)) -Q(0) -0

@ 1 ! |

0 = HY(E®,Q2)/Im(a) -  H*G},E%Q(2))  —Q(0) =0

where the bottom line comes from truncating .

We are interested in the extensions of Hodge structures associated to
these sequences. Since the sequence on the bottom comes by pushout, it
will suffice to consider the top line. We consider splittings sqg €
H2((G, {11)%, E%Q(2)) and sp € FOH?((Gy, {1})2, EY;C(2)) lifting 1 €
Q(0). The obstruction to splitting the sequence of Hodge structures is

(4.8) sg — sp € H'(E°,C(2)/H' (E”,Q(2))

We can choose sqg so its image in H?(G2,, E°; Q(2)) coincides with & under
the identification (4.3). Indeed, the boundary 9 = 1 € H;(h%) = Q(0). Also,
in (4.7) the dual to the map labeled a induces an isomorphism on F?2. (This

is because Im(a)¥ = Q(—1)? and F2C(—1) = (0).) In particular, Qg lifts
canonically to an element

Qe F?H*((G,,, {1})%, E%; C(2))".

Note that this element is orthogonal to F~1H?((G,,,{1})?, E;C(2)) so in
particular it kills sp € FO ¢ F~1. We conclude

(4.9) To = (Q0,5) = (Q, sg — s5).
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Our objective now is to reinterpret I in terms of elliptic dilogarithms.
Let O := P! — {1} and write 00 = {0, c0}. Poincaré¢ duality yields an iden-
tification

Z(0) *x=n

(4.10) H*((3,00)") = H* *((G, 1)) (n) Y = {O else.

Let I'° ¢ E° x G2, be the graph of the embedding E° < G2,. Note that
I' is actually closed in E° x (P')? and we may intersect to get a closed
codimension 2 cycle which we also call I'® on X x (P! — {1})2. This cycle
doesn’t meet the loci where coordinates € {0, c0}. The Gysin sequence yields

0 — H*(E° x (0,00)%)(2) — H*(E® x (0,00)* - T°)(2) —Z(0) =0
(4.11) |
H'(E®)(2)

Lemma 4.1. The sequence (4.11)) and the top row of (4.7)) agree as exten-

stons of Hodge structure.
Proof. Note that we can generalize the top row of (4.7) to an extension
(4.12) 0— H" N (X)(n) = H"((Gp, {1})", X)(n) = Q(0) = 0

for any f: X — GJ,. (To avoid technicalities, we assume in the sequel that
X is smooth). We will construct a commutative diagram

(4.13) |= | H
0 = H>" (X x (5,00)")(n) — H>" (X x (0,00)" = s)(n) —Z(0) =0

We consider the universal case X = Gy, f =1id. Let = C G, x 1" be
the corresponding graph. Note = = (G,, — {1})". We want to understand
H*((Gp, {1})™ x (O,00)™ — Z). Consider the projection

(4.14) p: (G, {1D)" x (O0,00)" — 2 — G},
The cohomology on the left is calculated by the sheaf S which is the constant

sheaf with fibre Q on (G, — {1})" x (O — 90)™ extended by 0 to G, x ("
and then restricted to the complement of Z. For z = (z1,...,2,) € G, we
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have

Qon_y;y moz =1
(4.15) Slp-i(z) = { 15

(0) some z; = 1
The cohomology along the fibres of p is thus

(0) * #n,2n — 1; or some z; = 1
(4.16) H*(S|p-1(z)) = { Z(0) x=n; no z; = 1
Z(—n) *=2n—1; no z = 1.

Using again that H*((Gy,,{1})"™) = (0) for * # n, we conclude that in the
Leray spectral sequence associated to p, (4.14)), one has

(4.17) E$® = HP((G,,, {11)" x (0,00)" — 5)
and E$® = (0) unless a = n and b = n,2n — 1. In particular,

H*" (G, {1})" x (0,00)" — ) = (0).
The Gysin sequence yields

(4.18) 0 — HYE)(—n) 22 H2 (G, {11)™ x (O,00)")
T 2 (G, {11) x (O,00)" — =).

Both domain and target of the map labeled gysin are Q(—n). Since this map
is injective, it is an isomorphism, so the map labeled restrict is zero.
We now have a diagram (to shorten we write B = (J,00)")

(4.19)
0= H™'(XxB) = H"((Gm{1)"X)xB) = H"((Gm{1})"xB)

| ‘| o|
0 = H™" Y X xB-Ty) = H™((Gm, {1})", X) x B—Z) = H*((Gm,{1})™ x B — E).
As a consequence of the above calculations, the map on the lower left is
injective and the vertical map on the right is zero. It follows that the vertical

map labeled a lifts to a fitting into a diagram

(4.20)
0 - H> (X xB) - H"((Cm,{1})",X)xB) = H*((Gm,{1}))" xB) =0

H g |

0 »H> (X xB) - H™YXxB-Ty) Ioiduwe Q(—n) -0
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After twisting by Z(n) we find (4.20) coincides with (4.13]), proving the
lemma. O

We can now compute Zg using (4.11)). We have, again by lemma 6.1.4 in
[BKV] (writing S := E — EY)

(4.21) H3(E° x (0,00)?)(2)V = H3((E, S) x (G, {1})?)(1).

We fix coordinates x,y on G2, and a holomorphic 1-form de on E. The role
of Qin (4.9) will be played by

(4.22) n:=deNdz/z Ndy/y € F*(H3((E,S) x (G, {1})?)(1)).

Let S:= FE — EY. A homological interpretation of the top row of is
rather tricky. We need to define the group H3((E,S) x (G,,,{1})%,T;Q)
where I' 2 F is the complete curve. To justify this, let

(4.23) Gm— {1} 5 Gp 5P EOLE

be the open immersions. Let f : E < E x P! x P! extend the graph E? —
E° x G2,. The point is that the natural map over E° extends to

(4.24) F(1Qpe Mkl Qg,, 1y ¥kl Qg,, —1}) — Q.

This is because the points on E x P! x P! where T' meets ({0,000} x P') U
(P! x {0,00}) are contained in S x P! x P! so the stalks of the sheaf jQgo X
kol Qg,, — 1y Wkl Qg,, (1) are zero.

We will integrate 7 over a relative homology 3-chain C' on E x P?2. An

argument (left to the reader) similar to the above will show that C represents
aclass in H3((E,S) x (G, {1})%,T;Q) and that C = T'. Define (cf. [KLM])

(4.25) C:={(e,(1 —v)+vz(e),yle) |ec E, 0 <v <1}

Cut E and C along the locus T}, := {e | y(e) < 0}. On the cut chain we can
write dy(e)/y(e) = d(logy(e)) and apply Stokes theorem. (More precisely, T},
is an infinitely thin strip with two sides. The value of log y differs by 2xi at
corresponding points on the two sides of Ty, so we find

(4.26) /C 0 = 2 A log(x)de

where 7 is a 1-chain with 9y = (y), the divisor of y = Y/Z on E. Using (4.9)
and lemma 4.1} we deduce
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Proposition 4.2. The sunset Feynman integral
(4.27) Is = H/log(x) -1
¥
where kn = Q under the identification
(4.28)  F3H3((E,S) x (G, {1})2,C) = F2H3(E x (G, {1})2,C(1)).

Remark 4.3. Note that the 2-chain & defines (after reinterpretation
in terms of cohomology as explained above) a splitting of the bottom row
of . This chain does not lift to yield a splitting of the top row. This is
because the chain o meets the lines X = Z and Y = Z in P? and so does
not represent a class in Hy(P? — E — {X = Z} — {Y = Z}). The effect of
this is to introduce some elementary log terms corresponding to periods of

d(X/2)/(X/Z) in (BY).

Consider one last time the top sequence from (4.7). Writing M for the
middle group in this sequence, we see that the weight-graded pieces are

H'Y(E,Q(2)) i=-3
(4.29) WiMg = { @, Q(1) i=-2
Q(0) i=0.

M should be viewed as a representation of a sort of generalized graded Lie
algebra with graded pieces the above pure Hodge structures (or pure mo-
tives). The Feynman integral is a period associated to the lower lefthand
corner of the representation matrix. In trying to generalize to more com-
plicated Feynman diagrams, two problems arise. Firstly, the pieces one sees
combinatorially by shrinking edges on the graph have Hodge structures which
are themselves mixed rather than pure. And secondly, it is not possible in
general to make the intersection between the polar locus X and the simplex
at infinity transverse by simply blowing up faces of the simplex. Presumably,
therefore, the analog of the duality used above

(4.30) H*(P — E, )Y = H*(G?,, E°)(2)

is not valid in general, which means that the link between the Feynman
integral and polylogarithms is more tenuous.

Remark 4.4. In section m formula (4.27])) is rederived in terms of regulator
currents, as a byproduct of the K-theoretic approach to the inhomogeneous
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Picard-Fuchs equation. The relationship between these currents and C' (in
(4.25)) is explained in [KLM].

Part III. The local mirror symmetry

In this part we revisit the approach of [CKYZ] to local mirror symmetry, by
semi-stably degenerating a family of elliptically-fibered Calabi-Yau 3-folds
X,z (defined by (5.1)) to a singular compactification of the local Hori-Vafa
3-fold

V,i={l-s(z+&y+&)1+a " +y ) +uw =0} C (C)*xC

5. B-model

In this section we describe the degeneration from a compact Calabi-Yau 3-
fold X to the local Hori-Vafa model Y (which is a noncompact Calabi-Yau
3-fold) [HV]. The main point is that the third homology of Y matches the
invariant part of the limiting mixed Hodge structure of H3(X) (Theorem 5.3)).
Comparing with the limiting mixed Hodge structure of the A-model in the
next section will allow us to deduce a strong form of local mirror symmetry
— equality of variations of Q-mixed Hodge structure — which implies the
conjecture 5.1E| from [DK], see Theorem .

5.1. Laurent polynomial

Choose a reflexive polytope A C R?, with polar polytope A°, and write
r=|0ANZY, r° = |0A° N Z?|, and v (< r,7°) for the common number of
edges and vertices of both A and A°. The toric surface associated to A is
constructed from the fan on (the vertices of) A° and has canonical desin-
gularization Pa — Pa arising from the fan on all integer points of HA°.
Writing OA N Z2 = {m(j )}’]7:1, the general Laurent polynomial with Newton
polytope A is
T
fg(l',y) = ag + Zajl‘m(lj)ymg])
j=1

(with a; € C*). The compactification of {f,(z,y) =0} C G2, in Pa yields
(for general {a;}) a smooth elliptic curve E,.

6The numbers of section, conjecture, theorem and equations refer to the pub-
lished version of [DK].
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Jumping up two dimensions, in coordinates (x1,x2,z3,24) = (z,y,u,v)
on G} | we set

(5.1) F:=a+bu*v ' +cuto+u v fu(z,y)

(with a, b, c € C*). Its Newton polytope

~

A= A(F) = hull {(0,0,2,—1), (0,0,—1,1), A x (=1, —1)}

is reflexive since its polar

A~

A° = hull {(0,0,1,0), (0,0,0,1), 6A° x (—2,—3)}

is integral. Let ]IVJ’A be the toric 4-fold associated to A (i.e. to the fan on A°),
and Py — P4 a maximal projective crepant partial (MPCP) desingulariza-
tion (arising from the fan on a maximal triangulation tr(A°)). For general
a, b, c,a, the compactification

XF::{FZO}C]P)A

is a smooth Calabi-Yau 3-fold.

To describe the coordinates about the large complex structure limit in the
simplified polynomial moduli space, consider the cone £ of Zx>¢-relations on
the {m)}. If it is simplicial and smooth with basis {ﬁ(i)}f;f, the coordinates
are

agb?c? .o

0 y .

(5.2) 20 1= ——¢ and z; == (i=1,...,7r—2).
a %Zj[j

Otherwise, there are more z;’s (with relations), though 2o remains the same;
we will explain how to deal with this complication for the sunset case at the
end of the section.

What follows is a study of the degeneration of X as zg — 0.

5.2. Maximal projective crepant partial desingularization

P4 is not unique, and for an arbitrary choice of triangulation tr(@Ao) may
have isolated terminal singularities. We shall now describe (and fix) a trian-
gulation which results in a smooth Py .
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The integral points on A° are

(0,0,1,0), (0,0,0,1), (6A°%)z x (—=2,-3), (4A°%)z x (—1,-2),
(3A%)z x (=1,-1), (2A°)z x (0,—1), A7 x (0,0).

It has v facets of the form
hull{6e; x (—2,-3), (0,0,1,0), (0,0,0,1)} =:f3
where {e7}”_; are edges of A°, and two of the form

hull{6A° x (—2,-3), (0,0,1,0)} =: 2
hull{6A° x (—2, —3), (0,0,0,1)} =: 2.

The decomposition of these facets into elementary tetrahedra proceeds in
four steps:

Step 1:. For each Z-point w € (0A°)z, draw the half-space
H,, == 0.0 x C2,
through it. This subdivides the facets.

Step 2:. Up to unimodular transformation, the resulting “slices” of fg resp.
fo are

0,0,1,0
hull{(0,0,~2, ~3), (6,0,~2,-3), (0,6,2,-3), OO0 1y

To triangulate the first one (second is similar): first decompose it into

fo = hull{ (3,0,-1,-1), (0,3,—-1,-1), (0,0,—1,—-1),(0,0,0,1) }
Tl = P

and

fs = hull{py, (6,0,—2,-3), (0,6,—2,-3), (0,0,—2,-3) };
hull =: py

on py and ps, draw all the integral horizontal, vertical, and anti-diagonal
(x +y = k) lines; then for fy, complete the resulting triangles to tetrahedra
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with vertex at (0,0,0,1); for fos, further subdivide into the 4 tetrahedra

hull{ (0, 1,—1), (0,0,—2,-3), (3,—,—2,-3), (0,3,—2,-3)}
hull{( 1,-1), (0,3,-2,-3), (3,3,-2,-3), (0,6, -2, —3)}
hull{(3,0,—1,—1), (3,0, -2, —3), (6,0, -2, —3), (3,3, -2, —3)}
hull{(0,0,—1,-1), (3,0,—1,—1), (0,3,—1,—1), (3,3, -2, —3)}

(treating these as with fo) and the 2 “skew” tetrahedra

hull{(0,0,-1,-1), (0,3,—1,-1), (0,3,-2,-3), (3,3,—2,—-3)}
hull{(0,0,-1,-1), (3,0,—1,-1), (3,0,—2,-3), (3,3,—2,—-3)}
(which get subdivided into elementary tetrahedra of the form
hull{(a,0,-1,-1), (a +1,0,—-1,-1), (3,b,—2,-3), (3,b+1,—-2,-3)}).
Step 3:. For the f, ;, it will not matter which triangulation we choose. Two
of the 2-faces of f; ; already receive a triangulation from Step 2. The other

2 may be star-triangulated with centers of the form v x (0,0), v € Aj. Any
3-triangulation completing this will do.

Step 4:. One checks that all of the tetrahedra in this triangulation are
regular, i.e. the determinants of their vertices are +1. This is not always
possible for a general 4-dimensional reflexive polytope, and shows that Py
s smooth.

5.3. Elliptic fibration

Write XA (resp. X4 ) for the fan on JA7 (resp. on the triangulation tr(OA°)).
By Step 1 in we have a map of fans Y3 — YA hence a diagram

IP’A«—IP’A (z,y,u,v)
iP I(generically)
Pa (:C, y)

with P a morphism. The components of Dy := Pz \G;, not lying over a
component of Dy = PA\G?2,, are the ones dual to Z-points of A° with first
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two coordinates 0 (except the origin). These are (0,0)Xx
(1’ 0)7 (07 1)7 (_27 _3)7 (_17 _2)7 (_17 _1)7 (07 _1)7

the fan on which produces the toric surface Py, which is a desingulariza-
tion of WIPP(1,2,3). So the “generic” fiber of P is Py, the “correct” toric
surface in which to compactify the (generalized) Weierstrass elliptic curve
F(zo,y0,u,v) =0 (where zg,yo € C*).

We now describe the induced elliptic fibration

XF — PA.
Write
(5.3) By = {fa(z,y) =0} NG,

with compactification £, C Pa; and

(5:4) D; ., = {fa(z.y) = 785} NGy,

with compactification D, ., C Pa. We have E, N Dy .y = Eqg NDA = Dg .y N
Da =:Ba,, (which consists of r points) for the base locus of the pencil
fa(x,y) = X, X € PY(C). The 1-dimensional fibers of p are:

over G2,\{D} ., U E}}, a smooth elliptic curve “£7;

a,zo

over E;, type I1 (nodal rational curve) with node at (u,v) = (0,0);

2

e over D, ., type I1 with node at (u,v) = <%, &); and

over Da\{sing(Da) UBA}, type I1* (Eg configuration).

Indeed, the local system on G2 \{ E; U D;; _ } is the pullback (by A = fu(z,y) -
2 - 6%b2c3/a’%) of the fibered wise first homology group Hj of the family

Aab

W—l—auv—l—bug—{—CUQ:O

in Py, with singular fibers at 0 of type I1, 1 of type I1, oo of type IT*. On
C\{(—00,0] U [1,00)}, we have a basis {«, 5} of 1-cycles (for the local sys-
tem) with monodromies ( g 1 ) [resp. ( %, ), (] 7' )] about O [resp.
1, oo|; accordingly, we shall write « resp. 8 for the vanishing cycles of the
pullback local system at E resp. D}

a,zo"
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Over Ba 4 and Sa := sing(Da), the fibers of p have dimension 2. The
components are obtained by taking preimages of solutions to edge- and 2-
face-polynomials of I under the blowups used to produce P from P A- These
preimages are hypersurfaces in components of D5 corresponding to integer
points of A° (not in its interior or that of its facets) lying in one of the open
half-spaces H,, (for Ba 4) or in between two of them (for Sa).

For BAa 4, the sole contribution comes from the points of the form v x
(0,0) where v is a vertex of A° (dual to an edge e, of A). These belong
to the interior of a 2-face hull{6v x (-2, -3), (0,0, 1,0), (0,0,0,1)} which is
dual to the edge e, x (—1,—1) of A. When the corresponding 1-dimensional
subspace of P A is blown up to a 3-dimensional one in P4, the equation is
inherited from the edge polynomial of F', which cuts out a point (or points)
of Ba 4. Since this blowup arises from the star subdivision of Step 3 from
§5.2, we conclude that the fiber over said point is a copy of Pyy.

For Sa, there are contributions from all the points of the form

(20A°)7\20A3 x (0,—1),  (20A°)2\39A% x (~1, 1),
(20A°)\40A3 x (—1,-2),  (6A°)Z\6A% x (=2, —3).

Unimodular transformation maps any edge of tr(90A°) to [(0,1), (1,0)], hence
for a given point p € Sa (dual to that edge), one easily sees that p~!(p)
consists of 21 rational surfaces.

Remark 5.1. The fibration p has an obvious section, given by the intersec-
tion of Xy with the component of D4 indexed by the point (0,0, -2, =3) €
A7. In a generic fiber this is the usual “point at 00” in the Weierstrass elliptic
curve.

5.4. Middle homology of Xp

We shall work henceforth under the assumption that a;~o and zg are suffi-
ciently small. Write £(6) resp. £*(0) for the number of integral points in a
polytope 6 resp. its interior. We have

RPO(Xp) =0 (A) =1

since A is reflexive, with the (unique up to scale) holomorphic 3-form given
by

1 dx/x ANdy/y A dufu A dv/v 3
Qp = (QWi)BReSXF ( i e (XF)
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We have also the Batyrev formula [Bat]

P Xp)=0A) = Y o)+ D> o)) -

afa(iet 92-f§ce
of A of A
= {{(A)+6}—1+24+0-5
={(A) -
=r—1

Now we shall use the structure of the elliptic fibration to exhibit a basis of
H3(Xp,Q). (In what follows we often drop subscripts a, zg, F', etc.; moreover,
some steps are only sketched).

The basic observation is that

Kp = ker{H,(E*) — Hy(G2,)} = ker{H;(E*) — H;(G2\D*)}
and
Kp = ker{H;(D*) — Hy(G2,)} = ker{H,(D*) — H1(G2\E*)}

are (r — 1)-dimensional spaces. (For instance, to see the second equality for
K g, take zg small enough that D lies inside an e-neighborhood U of Da, and
replace E* by E\{E NU}.) Moreover, we have two obvious 3-cycles T, and
T3 consisting of parallel translates of a resp. 5 over T := {|z| = |y| = 1}. We
will show that, together with these, certain cycles built from g and Kp
yield 2r independent 3-cycles on Xp.

To construct these cycles, let {¢} = {{(,0(()7’) ;:12,@1} C Kg be a basis
(with {cpg)} all being homologous to one ¢y on E). Choose for each ¢ a
2-chain 'y, C G2\ D* with 9T, = ; and let M, (p) be a continuous family
of 1-cycles of class [a] over I'y, collapsing to a point over p. We take &g C
H3(71(G2,\D*)) to be the span of the {[Mq(y)]}, and similarly ®p =

span{[Ma(0)]}pex, C Hs(p™ (G, \EY)).
We may compute HY := H3(p~1(G2,\D*)) via the relative homology
sequence

(5.5) o Hy(p 'E*) Y8 HP — Hy (p7}(G2,\ D), n 1 EY)
@ HQ(p_lE*) o,
in which

im(¢p) & im { Hy(E*) — H(G2,\D*)} ® [€] = H:(G},).

n.c.
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The second isomorphism is not canonical. Writing #H; for (R'p,Q)Y, the
Leray spectral sequence yields

(5.6) 0 — H(G? \ D*,E*) ® [£]
s ker(0p) — Ha(G2,\ D*, E*:H1) 58 H{(E*, H,1 /()

so that ([5.5) becomes
(5.7) 0 — Hi(G2,\ D*)® [£] = HY — ker(0);) — 0.
Using the exact sequences

0 — Hy(G,,\D*) — H2(G2\D*, E*) = Kg — 0
0 — Hy(D*)"2°H,(G2)\D*) — Hy(G2) — 0,

and writing T := Q([7a], [75]) € HY and Vp := Tube(H;(D*)) ® [3], one
can then show (with some work) that T & Up @ ® 5 maps isomorphically to
ker(0’;). Repeat this whole argument with D and E (and a and ) swapped
to compute Hf .

Next, one explicitly checks that Ha(p~'(G2,\{D* U E*})) = HPF in-
jects into HY @ H¥ | so that

HP & HF

(5.8) H3(p~'G?) = m{HDF]

m

The Leray spectral sequence for p yields

(5.9) 0 — Hy (G2 \ {D*UE*}) ® €]

— HPE — Hy(G2,\ {D*UE*};H1) — 0,
which (comparing with (5.7])) breaks the computation of the quotient (/5.8])
into two pieces: for the “left-hand” piece, we have

H\(G},\D*) & H\(G},\E*)

im{H1(G2,\{D* U E*})} ® €] = Hi(G},) ® [€].

For the “right-hand” piece, the quotient of ker(#%;) by the right-hand term
of (5.9), which is an extension

0= Up®Vg — Hy(G2\{D*UE*};H,) = T =0,

is evidently isomorphic to @ & Pp S T.
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Finally, we consider the cohomology of the normal crossing divisor
p DA = UR;; here the R; are rational surfaces (meeting along P'’s) in-
dexed by Z-points of A° with (z,y) # (0,0) and not in the interior of a facet.
By studying the part of the 2-skeleton of tr(@Ao) meeting these points, we
compute the spectral sequence converging to H*(p~!Da), with E; page

©HY(R;)
0

®H*(Ri) = @©H*(Ry)
0 0

The cohomology ranks of the bottom row are just the Betti numbers 1,1, 0 of
the 2-skeleton, so that H'(D) — H!(p~'D) Tube Hy(X\p~!'Da) are isomor-
phisms (all of rank 1, with Tube hitting T ® [£]). One also deduces from
this that ker{&H2(R;;) — ®@H4(R;)}, hence coker(e) and H3(p~'Da), have
rank 1; it follows that H3(p~'Da) e Hy(X\p~'DA) is injective, with Tube

hitting T ® [pt.]. Moreover, we have

rank(@H*(R;)) = 30r° + v
rank(®©H?(R;)) = 120r° + 5v
rank(H?*(R;;)) = 90r° + 4v

and so conclude that h2(7~'Da) = 1207° + 5v — (90r° + 4v) + 1 = 30r° +
v+ 1. Now by Batyrev [Batl

P(X) =R (X) =A%) = Y 0%+ Y 0°)(0) -5

o° facet 0° 2-face
of A° of A°
=@Br°+7)—-(°—v+3)-5

=30r° +v— 1.
By the exact sequence
0— Hy(X) = H2(p'Da) B° Hy(X\p 'Da) — H3(X) = 0

we now have rank(Tube) = h?(p~'Da) — h*(X) = 2. Since H;(G2,) ® [€] is
evidently in the image of Tube, this is im(Tube) and thus

(5.10) Hy(X)=0padpaT.
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5.5. Degeneration as z9g — 0

We shall need to replace zy by t, which amounts to pullback by ¢+ 5.
Set b=c=t a=1in (5.1). Write Xo; (or just X;) for the corresponding
Calabi-Yau 3-fold; fix an g and disk  about 0, such that X, —  (with fibers
Xg,t) is smooth away from {0}. For the singular fibers write

Xa,0 = Ui>oWs,

where

Wo=Y :={fa(z,y) +uv =0} C P4

and W;so are the components of D corresponding to integer points of A°
contained in the interiors of the 2-face 6A° x (-2, —3) and of the facets fg
and fo. Write Iao for the index (sub)set corresponding just to the interior
points of 6A° x (=2, —3).

The singular locus of the total space is contained in Xg; more pre-
cisely, it consists of the intersections W; N W; N Xg 120 = P! with 4,5 € Iae.

Let P/A il P4 denote the blow-up along the smooth rational surfaces {W; N
Xa,t£0 YicIno in any order, and X" — X the proper transform under B x id .
Note that & is smooth, with fibers over * unchanged, and X, ; = UW/ hav-
ing no additional irreducible components. Indeed, the only change is that
some irreducible components of Xg have been blown up along some P's.
Write ]D)/A’ ?/, etc. for proper transforms.

Furthermore, Xy and X{; are smooth normal crossing divisors in P A and
IP”A respectively, and X, is a reduced strict normal crossing divisors in X’
—i.e. X' — is a semistable degeneration. Because this is a “partial” toric
degeneration (i.e. Xo # Dy ), these facts are not automatic. The normal cross-
ing divisors property is checked by computations in local coordinate systems
associated to the individual tetrahedra in tr(fg) and tr(f2); it holds for the
triangulation described in §5.2] but not for another triangulation we consid-
ered. Also visible in these local coordinates is the fact that the equation of X’
takes the form t = sz\i1 fi(X) (M < 4) where the V f;(X) are independent
along intersections of the respective components. (Since these computations
are both lengthy and straightforward, we omit them.)

We describe the degenerated elliptic fibration X LN Pa, noting that
as t —0 (20 = 0), Dgzy — Dgo=Da. Over Pa, there are 5 components
(including Y), forming an I5 over G2 \E* and an I over E*. Over each
P! ¢ Da, Xp has 11 components; while over each point in Sa, there are 14.
Y itself is generically a P!-bundle, whose fiber breaks into 2 P’s (joined at
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(u,v) = (0,0)) over E* and 8 PY’s over DA\{Sa UBa}, while p~1(BA)NY
is a configuration of 5 rational surfaces (in addtion to the 11 which lie over
every point of Da\Sa). This description does not change for X§,.

5.6. Middle cohomology of Xg

By Clemens-Schmid [C] [Sc] we have an exact sequence of mixed Hodge struc-
ture

H5(X))(—4) = H3 (X)) = Hpp(Xe) 5 H, (Xe) (1)

since X’ —  is a semistable degeneration. Using the combinatorics of tr(A°)
one shows that @ H+(W/) — @H4(VVZ’]), and clearly ®@H°(W/) = H(Y') =
Hl(Y )(=3) which we shall show is zero (see below). So H?(X{), hence
Hs5(X}), is zero; writing H3, (X:) for the mixed Hodge structure ker(T —

mu

I) =ker(N) C H} (X;), we have

H3(X) =2 H?,(Xy).

muv

Remark 5.2. The only possible discrepancy between H3(X{) and H?(Xp)
is in GrY/, for which we have the diagram

SHX(W;) —2> @ H>(Wij) —2> 0 H2 (W)

-
SH? (W) —= &HA (W) — = &H(Wj,).
Any topological cycle Z with [Z] € ker(§) C @H?(W;;) can be moved to
avoid the blowup points. As a consequence, if B~1(Z) = 63 then Z = §(B(3)),

showing H3(Xg) < H3(X{).
Recalling that Y, = W, set
Yo i=Yan (G2 x A% =Y, N (G2, x A%) c Y \{V, N (@1W))},

the solution set of f,(x,y) + uv = 0 with 2,y € C* and u,v € C. It is a Gy~
bundle over G2\ E, which degenerates to two affine lines meeting at (u,v) =
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0over E,. Asin [DK| §5.1| we have exact sequences of mixed Hodge structure
* (1.,0) 2 2
(5.11) Hia(Bg)(1) "= Hi1(Gyp, ) (1) © Hi(Gy)
— Hi(Y,) = Hi—2(E2) (1) = Hy—2(G2,)(1).

Settlng k=1 gives HI(Y) H1(G?2,)) ® [pt.], which evidently maps to 0 in
Hl(Y) so that H1( ) = {0}.
For k = 3, (5.11) becomes

(5.12) 0 = H2(G2)(1) “B Hy(v,) & Ks(1) = 0.

The cycles {Mqa(9)}pek, and T, evidently limit (with ¢ — 0) to cycles
{M(¢)}pek, and T on Yy, with the S on the G,,-fibers replacing a. Clearly
[T] = im(®[S!]), and span{[M(¢)]} maps isomorphically to Kg(1) (cf. the
construction of the right—inversem “M” to & in|DK| §5.1] So as a Q-vector
space, H3(Y,) = ®g @& (T); as a mixed Hodge structure, H3(Y,)(—3) is an ex-
tension of Kg(—2) (which has type (2,1) + (1,2) + (1,1)) by a Q(0) (spanned
by T).

Now consider the composite morphism
O : Hy(Yy)(-3) = HY(Y,Y'\Y) — H¥(Wj,uWg,)
= H*(Xp, Uiz W) — H(Xp)

of mixed Hodge structure (one defines © similarly). On the level of closed
chains, ©’ is induced by

&+ Z(Y) = ker { 27 (V) — @i 2 (W)}
— ker {(5 ©D; top(vvi)# — @l] top(W/ )}
— ker {]D): EBIZS’OPI ‘(W}) — EBJZt |J|(WJ)}

where # denotes intersection conditions and ID is the total differential for
the complex computing H*(X{)). The main point here is that the Clemens
retraction map v: H3(X}) — H3(X,) is given (on ker(§), hence im(©')) by
simple preimage under v : X; — X{. Since this obviously sends 7 — 7 and

“as morphism of Q-vector spaces, not mixed Hodge structure
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M(p) = My(p), the composite MHS morphism

o B >
Hy(Ya)(=3) = H?(Xo)—= H*(X) — H,, (Xy)—= H};,, (X1)

o’ *

sends [T] — [Ta] and [M(g)] — [Mq(p)]. Since these classes remain inde-
pendent in H 3(Xt)E| © and ©’ are injective. Consequently Hj (X;) has
190 2 190(H3(Y)(-3)) of rank at least 1, I O N+ (1%9) @ T (H3(Y)(-3))
of rank at least 1+ (r —3) =r — 2, and I>! = 12 5 [M2(H3(Y)(-3)) of
rank at least 1. The only possible limiting mixed Hodge structure type,

given that Hl%m(Xt) has Gr}; ranks 1, r—1,r—1, 1, is

q
N
T [ ]
1 o ./N 1 =1k(1%%) = rk(I%!) = tk(1H?) = rk(13?)

/\, r—2=r1k(Ib) = rk(1*?)
- e e (all others zero)
N

e 1 1 1 >

This implies at once that (the image of) H3(Yy)(—3) is all of ker(N) =
H3 (X;), and so ©, ©', and B* are all isomorphisms:

mu

Theorem 5.3. We have isomorphisms of Q-variation of mixed Hodge struc-
ture

H3(Y,)(—3) = H*(Xq0) = H*(Xg0) = Hypy (Xayt).

5.7. Monodromy and asymptotics of periods

We begin by addressing the nature of the limiting periods (i.e., by Theo-
rem 5.3} periods on Y,). Set

1 Res dx/x ANdy/y A du A dv
la*= (2mi)3 e fa(z,y) + uv

1 dx dy du 3
:Wz/\?/\? GQ (Yg)
Yo

8either by the computation of the basis in or by the Remark below
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Write

(5.13) R{z,y} = log(ac)czy — 27ilog(y)dr,

for the 1-current on G2, where log(x) is the (discontinuous) branch with
argument in (—,7), and T,, = x~!(R_) (with R_ oriented from —oo to 0).

For any invariant 3-cycle x,
hm/ a,t — /na

which for k = T is 1 and for k = M(y) is (according to [DK], §5.1])

1 dzx dy 1 1
( ) (27Ti)2 /Fw € Yy (271'1)2 /<,0 {JJ, y}’Ei ori go(@)

These regulator periods” were computed in [DK| §5.2] for a specific choweﬂ
of v—2 {gpo } and with only those {a;} attached to vertices nonzero If
A has v =r (no interior integral points on edges), then these {<p0 } are
“enough” (we need r — 2) and no a; are set equal to 0.

In that case, and with that choice of basis — to both of which we shall
restrict for the moment — we get an alternate proof of the independence of
the r invariant cycles {/\/l (p1), {Malp )) i 12,7'a} in H(lzm) (X¢), which is
simpler than constructing the full basis of H3(X;). Namely, observe (cf. [DK|
§5.2]) that

R o (a) ~log(z) (i=1,...,r—2)

O Ra@) ~ @ o). logler)) (S )
are independent functions as a varies; therefore, so are the f Mo() Q¢+ and
fm 24+, and independence of the cycle classes follows.

From we also obtain information on the asymptotics of periods of
H3(Xr) which will be key for defining the mirror map in Writing T}
for the monodromy about z; = 0 (and N; = log(7})), Ta is the cycle whose
“Tube” (for all |z;| < €) is N[_7{|zi| = €}, hence is invariant by all Tj. (In

_ 9¢f. p. 487 of [DK| §5.2|, where these “distinguished vanishing cycles” are denoted
90[01}. Also see [BKV], §4.1-2] for a brief introduction to regulator currents in the
context of Feynman integrals.
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particular, we have lim; . fT Qp = 1.) Putting

~ QF
Qp =
F f,ra QF7

we define normalized B-model periods by

15 (z) := / O (v € H3(Xp, Z)).
v

Obviously H% is identically 1 whilst (using (5.14)) and (5.15))

1 .
(5.16) HME(LpE,i)) ~ % log(zi) (Z > O).

Now when we take all {a;};>0, hence all {z;};~0, to zero, the equation
for X becomes

bu? + co? + auv +ap = 0.

That is, we are left with an isotrivial family of elliptic curves =: £, over G2,
(as p~'E and p~!'D have both collapsed to p~!D), with p~'ID consisting of
all 3-fold components of Dz associated to points of A% dual to an edge or
vertex of A x (=1, —1). Clearly 7, and 7z remain in the cohomology of this
singular 3-fold, so 75 is invariant under all {7} };~¢. Taking @, € Q'(&,,) to
be normalized so that [ w., = 1, the limiting period

1 dr dy
B = | “NYnw, = [ @,
'7—3(2079) (27Ti)2 /72i T y Wz /[3w 0

is asymptotic to % logt (since &,, limits to an I at ¢ = 0); therefore

1
1 e ~ -1 .
(5.17) T ™ o 0g(20)

Remark that by (5.16), the {./\/la(tpg))}i#j are invariant under 7Tj for
j > 0; equivalently, the membrane in G2,\D* bounding on each go(()z) C E*
(i # j) behaves well in the z; — 0 limit (under which £ and D become
nodal rational curves in the same linear system). Symmetrically, there are
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Qp(()z) C D* with the same properties. So for j7 > 0,

ker(Tj — I) = ker(N;) = (Ta, T, {Ma (800 )bijs {Ma(’ 900 )}z7éj>

while as previously remarked ker(Ny) = (T4, {Ma(¢ )) =2 Ma(p1)). Com-
bining this with the fact that Mg(y1) is the only Cycle in our basis pair-
ing nontrivially with 7, (e.g., consider the above zi,...,z,_9 — 0 limit),
we can compute a basis for W0 := W (Np)e. Writing {¢;}/_7 for a basis of
ker{Kr — Hi(E)}, so that Kg = <{wi},cpél)), we have

WE = (To), WE =W+ ({Ma(¥)}Z3, To),
WY = W8 + (Ma(eh), Mali1)),
WP =W+ ({Ma(eHZD),  We =W+ (Ms()).
For the (Hodge-Tate) limit at z=0, we have (for Wo=W (Ng+- - -4+ N;_2)a)

Wo = (Ta), Wa=Wo+ (T, {Ma ( ):12>

Wi = Wa + ({Ma(' V22 Malo1))s Wo = Wi+ (Mg('e1)).

The other W(N;)s’s are more difficult and will be computed via the A-model
in

We will say more about the specialization to the sunset case, where

fa = a0+ a1z + ay + azr 'y +agr™ +asy! + agry !,
in the next section, but some preliminary remarks are in order. Writing
A(Z) for the vanishing cycle in Hy(E}) for a; — 0, we have (with indices
modulo 6) ¢ (]) = 90(() 7) + <p(() 2 + (p[()j+1), which all map to the same cycle
wo € Hi(E, ) and
PR i N S T3
a;ag

The apparent obstacle here is that although r=r°=vr=6, the 4-dimensional
cone spanned by the vectors £U) of [DK]| (K(J -1, E( )1 = 4-21 1, E((ﬁler =
0) is not simplicial. Hence z; thru z4 do not sufﬁce to parametrize the re-

sulting singular local parameter 4-space, and ¢, {(po }4 1 span Kg ratio-

nally but not integrally. (We need all 6 {z;} and all 6 {cpoj )} and the re-
lations on the {z;} produce the singularity.) Writing R(m) C Z° for the set
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of “relations vectors” (f1,...,0s) with 3. ¢; = m € N, 3" ¢;m9) = 0, we have
(j=1,...,6)
lim 27i - H o = Rso(”( a) =log(z;) + H(a)

Zo—)o
al---af
= log(;) + Z Z (_a())m

m>1 LeR(m

for the limiting periods (cf. [DKl eqn (5.4)]).
Upon specializing to the “Feynman locus” where

(5.18)  fa=1-s¢o, ¢o:=(-r—EGy+&)A-a -y,
a small miracle occurs. The resulting substitutions a = (&1, €2, &3, s) yield

&s £f's &3s
(5.19) ==z, n=-2 =2z, 3=-20=z,

where ag =1 — s &2, and R(J) =R, (a) =

(5.20) log(z;) + Z Z

m>1 feR

K—i— |
DT bt atte Lkl
2 3 ’

which will be considered as a function of (z1, 22, z3). In particular, we have
(5.21) RY =R, RY =R, RY =R

in effect, the specialization has replaced a singular 4-fold local parameter
space by a smooth 3-dimensional slice. From the standpoint of periods (of
R{z,y} on E* or nonY), the class

(5.22) —05) + o) =7 — ol = + ol

in Kp is now “trivial”, and the quotient Kg of K by (5.22) is integrally

spanned by go(() ), go((JQ), goé ) Recalling that ker(Ng) C H}

hm(X) is an extension

Q(O) — ker(No) — ICE(—Q),

the immediate consequence is that the Q(—1) C Kg(—2) spanned by
lifts to a Q(—1) C ker(Np). It is the quotient ker(Np) by this constant sub-
variation of mixed Hodge structure which we will be interested in when
comparing with the A-model.
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It will be useful in the sequel to denote by Vg the Z-variation of Hodge
structure H3(Xf) considered over a product of punctured disks with param-
eters zg, ..., 2r—2.

6. A-model

We now turn to the (integral) variation of Hodge structure arising from the
quantum product on H*"(X°), where X° C P4, is the Batyrev mirror of X.
Its equivalence to the B-model variation of Hodge structure H?3(X) allows us
to compute all monodromies of the latter (about the hyperplanes {z; = 0})
and relate its zg — 0 limiting mixed Hodge structure to local Gromov-Witten
data for Pao. In order to make use of the computations in [DKJ §5|, we shall
work under the assumption that v = r (so that (0A)z consists of vertices).

6.1. Elliptic fibration and even cohomology

As in the B-model case, triangulating AA produces a resolution of singular-

ities PR, — P Ao+ The desired triangulation is achieved by:

e inserting the J-planes H, (w € (9A)z) as in Step 1 of which
subdivides the 2-face A x (=1, —1) and each of the facets

f1 = hull{A x (—1,-1), (0,0,—1,1)},
f2 = huu{A X (_17 _1)7 (070727 _1)}

into r pieces; and

e further subdividing the facet-pieces by inserting 2-planes through the
edges of A x (—1,—1) and (0,0,1,—1), (0,0,0,—1), resp. (0,0, —1,0).

The first step guarantees a morphism Pz, 7j» Pao, with generic fiber Pyy.
Its restriction to an anticanonical (Calabi-Yau) hypersurface X° CP A cut
out by a generic Laurent polynomial (with Newton polytope AO), produces
a Weierstrass elliptic fibration p° : X° — Pa.. The discriminant locus of p°
(over which the fiber is I7) is a higher-genus curve meeting Da. properly;
in particular, (p°)~! of components of Do (and of their intersections) are
smooth.

Let Dy = Pa- denote the (zero-)section of p° given by intersecting X°
with the component of D4, dual to (0,0,—-1,-1) € (8A)z. Writing Dae =
Ur_,C; (with the counterclockwise ordering), the divisors D; := (p°)~(C;)
are the intersections with X° of components dual to the {v; x (—1,—-1)}
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(where {v;} are the vertices of A).

(In the sequel, C; will mean Do N D; C X°.) There are five more components
of D4, those dual to (0,0,1,-1), (0,0,0,—1), and (0,0, —1,0) do not meet
X°; and we denote by D’, D" the intersections with X° of those dual to
(0,0,2,—1) resp. (0,0,—1,1).

The divisors of the toric coordinates {X;}? ;| restricted to X° are then
given by

(61) (Xl) = Z;:l ’Uzgl)Di? (X2) = Z =1 1)7,(2 7"
(X3)=2D' — D" -1 D;, (X4)=D"—D —3"_, D

so that in CHY(X°) & H?(X°,Z) we have D' =23 _  D;, D" =3%""_, D,
and D,_1,D, € span({Di};":_12>. Now D' N Dy and D" N Dy are empty (as
the corresponding faces of A° meet in vertices), and so in CH?(X®) (hence

HY(X°,Z)[)

T T
(62) Do-DoE—ZD()'Di:—ZCiE—EO
=1 1=1

where E° is a general anticanonical (elliptic) curve in Dy = Pa.. Writing d;
for £(i*® edge of OA®), so that 7° = > !_, d;, we therefore have

6.3)  (Do-C;) = (Do Dy-Dy) = —(E° D)= —(E°-Cy)p, = —d;

fore=1,...,r.
From the first line of (|6 ., we also have C._1, C, € span({C; :;f) so that

c;V - spanH2 Dy), and [(C; - Cj)p 2 = [(C;- Dj)x-]"72, is nondegen-
oli,j=1 J i,j=1

erate Slnce a general fiber Cy of p° satisfies (Cy - Dg) = 1 and (Cy - D;) =0

10We shall use - and often nothing as cup product on Heve",
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(t>0), [(C;- Dj)xo];;io is in fact nondegenerate. Using that H(X°) =
h?Y(X) = r — 1, it follows that a basis for

V= HE’UEH(X07 C) _ @%:OHk,k(XO)

is given by {X°; Dy, ..., Dy_2;Cy,...,Cr_9;p} where p € X° is a point. Write
r—2
(6.4) Jj=>Y oD, (af€Q; j=0,...,r—2)

for the basis of HQ(XO Q) Poincaré-dual to the {C Hiz 2 c HY(X°,Q).
Clearly all the a =0 for ¢ > 0, so using we find that

(65) J():Do—l-(ﬂo)*lEO:Do—i-Dl—l- +D —Do—l—ZZ 1a0D
' Do = Jo— Y1=1 diJ;

hence (by (6.2))
r—2 '
(6.6) Jg=1°Co+Ci+-+Cr=1"Co+ Y _apCi.

=1

For the triple-products, we evidently have Jg = r° (dropping the class of the
point“p”), and J;J;Jy = 0 if 4,5,k > 0. For j > 0 we find (by

r—2
(6.7) Jodj =Y ap(Ci- Jj) = af,
=1
while for 4,57 > 0
r—2
(6.8)  JoJiJj = afJoJiDy = Za DoJ;Dy, = Za (Ji - Ck) = o
k=1

In particular, [Oé]]:] 2 1

inverse of [(C;- Cj)p,]: .
IDKL §5]).

1s symmetric, which reflects the fact that it is the

il 2. (which can be computed from the ¢-vectors of
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From (/6.7]) and we also have

r—2
(6.9) JiJj = Oé;-C() and J()Jj = Zasz

i=0
Since Dy - Jy = —E°+ E° =0 by (6.2) and ., using and . to
evaluate (0 =) Dy - Jy - J; yields the 1ntr1gu1ng relations

(6.10) {0‘6 =Y ldiot (j=1,...,r—2)

. r—=2 3 g
r° = """ dioy.

For the sequel we set a = JoJ;Jj, which allows us to rewrite as oz?
SR, ajfor j=0,...,r—2.

6.2. The quantum Z-variation of Hodge structure

Following [CK], §8] and [Ir, §5|, we now introduce a weight 3 variation of
Hodge structure on Vo = V ® O((A*)"1), where the A* are punctured disks
with coordinates ¢; = e j=0,...,r—2. (Write s : H7~1 — (A*)""! for
the obvious map sending 7 + ¢.) The Hodge filtration is straightforward,
given by B

FpVO .= @aZpH?)_a’S_a(XO)(’),

so that Ixo = [X°](®1) generates F3. The polarization is just (A,B):=
(—1)zdee® [ A-B.

Let N denote the genus-zero Gromov-Witten invariant for the class
CE = Zz;g koCy € Hy(X°,Z), for any k = (ko, k) € Zg]l. Using the Gromov-
Witten prepotential

3
. r—2
(6.11) g . 2 Sondi| +> Nyt
. =% . 34 k4

=0 kA0

we define the quantum product “x” on Vp to be cup product on the last
subsection’s basis (®1) except for

Ji *

ii0Ce = Ji - Jj + h.o.t.(q).

"

where h.o.t.(q) denote hlgher order term in the ¢ expansion. Here @i, =

0;0;0,®, where 0; := 6q
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The (C-)local system V¢ C V is then given by the kernel of

r—2
Vi=idy @d+ ) (Jix) @ dr,
i=0
with monodromy logarithms
(6.12) N; =log(T;) = —2miResq,—o(V) = —=J; - ()

about the coordinate axes. A basis of V-flat sections is given by the map
o: B=T(H 1 k")
sending
.
p—=p
Cirm Ci— sz
1
(613) Ji= Ji — (2r 1)S E (I)” C + (2ni)® (I>/
XOHXO—Z 7'@ i (27” Z ((I) Zjqu);/j) Cl
ok (2@ - TJ@;) p.

To define Iritani’s integral local system Vz C V¢, we will need his “square
root of the Todd class”

2¢(3)
(27i)3

['(X°) := exp <—214ch2(X°) — chg(Xo)> e Ko(X°).

In general, for a toric variety Pyx; defined by a simplicial fan X,

E): Z ZT

TEXM)

where X() denotes the i-dimensional cones of ¥ and Z; is the (codimension-
i) intersection of the divisors of Py; dual to the generators of 7. Applying
this to P4 and pulling back to X°,

.
e(Py) =1+ <D’ + D"+ ZDZ)

1=0

=1

+ <(11r° +7)Co + 12 Z C’Z-) +6(r+7°)p
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while
T T
e(O(X°) ) =1-6> D;i+36 (rOCO +) CZ-> — 216r°p.
=0 =1

(Remark that >/, C; =>"""] aOC by (6.6).) This yields

o(X7) = "e(By) - o(O(X) T = 1+ (<11r° P12 oz») ~ 60r°p,

i=1
hence
ch(X°) =3— (12377, Ci+ (11r° + r)Cp) — 30r°p

(614) tAd(XO) =1+ (Z;Zl C; + T12<11TO + T)C())
PX) =14 (5 Ty i+ 55 (107° 4 7)C) + (gt 7.

The Z-local system (or rather its x*-pullback) is then defined by the
image of
i Kpm(X)
£

Fgfjril, H*Vc)
o(I'(X?) - ch(€))-

The role of the T-class is tied to the Mukai pairing (, ): KZ%"(X°) x
Kyv™(X°) — Z, defined (on the level of vector bundles) by

(6.15) :

(6.16) €.€)i= [ i€’ 0 ) 1ax),
X
Iritani’s result that

(6.17) (7(€):7(8N) = (£, €)

implies the integrality of (, ) on Vz, and the integrality of monodromy
follows from

(6.18) T(v(€)) = 1(O(=)) @ &).
The “period” of the (3,0)-section [X°] ® 1 against the integral class v(§) is

(6.19) H?(g) = (1x0,7(€)) = coefficient of [p] in v(&).
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To compute « or the Mukai pairing, we first find the Chern characters
of various skyscraper sheaves by resolving them by vector bundles, e.g.

0y, =0—-0(-J;), Oc,=0—0(-D;) — O(=Dy) + O(—(Do + Ds)),

and using ch(O(D)) = e for any divisor D. Writing €§- = (Cy-Dy) (1,7 =
0,..., T)B this gives

(Op) =p, ch(Ox:) =X,
(OCO) = CO, Ch(OC ) = C + l(d _Eg)]%

ch(0y,) = Jo — 3(r°Co + B, Ci) + p, ch(0y,) = J; — 3a%Co,
(Op,) = Do+ 357_1Ci +p, ch(Op,) = Dj + 1C.

In particular, we find that a Mukai-symplecitic basis {¢}3", of KF*™(X%)q
(hence, applying v, a symplectic basis of Vg), wit

O 1
(6.20) (s E) = ( w0 ) ’

is given by

&1 = Oxe
f2=0y,+ 125 (0‘0_0‘)0() ‘ .
(13T+T+ Si-i(e) —a))(d; ~ 6)) O,

(6.21) Eo4j = Oy, + 1o —a})Oc, — a0,  (j=1,...,7—2)
&1 = —0c¢, .
S = —0c, + 3(d; =)0, (j=1,...,r=2)
\§2r - Op-

However, the basis given by the skyscraper sheaves themselves is adequate
for purposes of analyzing monodromy. We shall also have use for the partial

Hnote £ = d;
12in the matrix, i and j run from 0 to r — 2
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basis

éDU Op, +3 Z =1 O‘oc + < 15T +T +1 ZT fa%(@: + dj)) Op
&=0p

later on. It satisfies
ch(ép,)-T'=Do. ch(éc,) T'=~Cj, ch(&)-T =p,
which implies

(6.23) v(Ep,) = o(Do), (c,) = —a(C)), V(&) =)

In particular, we have

A A —
(6.24) ch =17; and ng_l.

In the sequel the Z-variation of Hodge structure (Vz, Vo, F'®*) constructed
above will be denoted Va.

6.3. Monodromy types

We shall compute monodromy directly on the level of KJ""(X°)q, by ap-
plying O(—J;)® to the basis

Oxo; O0gps---,075, 53 Ocys- -, 0c,_,; Op.

727

Writing ¢ resp. k for the rows resp. columns of the various blocks, this gives

1 0 0 0
—5! sk 0 0

Ty = ;
0 —JiJjJ, doF 0
0 0 -6k 1

where we note that J;J;Jj, is
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if j=0resp. 1,...,7r—2. So

Ny = (T = D)= §(Ty = P+ §(1; =

0 0 0 0
—57 0 0 0
| =320 -3 000

and the ensuing monodromy weight filtrations W (N;), are rather different
in these two casesH which we denote type “I” resp. “II”.

For Wy = W (Np)e (type I), we determine the following generators for
the GTZV:

Wo = <Op>

Wy = Wo + ({23 (el — o af) O, izt 7°0c, + 5135 Oc,)
Wy = Wa + (Op,, £522,dicOc,)

Wy =Ws + {af 0y, — 404, }i=7, Os)

We = Wy + (Oxo).

The Tp-invariants ker(7y — 1) = ker(Np) are spanned by
(6.25) Op, {Oc, Y23, and Op,.

A key point here is that because the “¢(3)” in T'(X°) only appears in 7(Oxs),
it does not appear in any Tp-invariant A-model periods.
For Wo = W(NNj)e ( j > 0), the situation bifurcates according to whether
o’ -+ # 0 (type Ila) or a =0 (type IIb). If ozj # 0 then we have Wy = {0},

Wi = (0y, Oc,),
W3 = Wi + (S5_2a]Oc,, 04, {Oc, }izio, {0l 0 — &l Oy 117D,
W5 = Ws 4+ (0y,, Oxo).

In particular, N; sends O, — — Zai(’)gk — oz;Op and Oxo — =0y
oz? Oc,- A basis for the Tj-invariants in this case (type Ila) i

(6.26) Op, {0 Yizj, and {ad,,05, — 1O, }iz

¥We remind the reader that if j > 0, J3J; = 0/60 and J? = 0, while if j =0
then J3J; = oy and J3 = r°
14{0O¢, }iz; includes OCO
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If a;: =0, let j' # 7,0 be such that 04?, # 0; this exists because {(X?}Z,—Zil is
nondegenerate. The type IIb weight filtration is then W7 = {0},

Wy = (0,, Oc,, 2i_2al0¢,, O.)
W3 =W + ({Oc, }izojj» {00, — 3,0, izo i)
Wy =Ws3+ <OX°7 OJoa OJJ/’ OC’_7'>7

with T}j-invariants
(6.27) Op, {00, }izg, Oy, {04, — 00,05, }iso -

The three types of limiting mixed Hodge structure v, Va (arising along
the hyperplanes {¢g; = 0}) can be displayed pictorially by placing a bullet in
the (p, q) spot if (1)q,Va)?? # {0} (and indicating its rank). Arrows denote
the action of N;, with ranks of these maps indicated:

D (Ia) (IIb)

1

o! o/. | : {2/. °o! 1 o/r;l 2
+ or;;/o rliz . 1/. {j + 20 %; !
v / e

> f L f

Note that the space ofinvariants (i.e. ker(N)) has rank r for type I but
rank 2r — 4 for both types Ila and IIb. Bases forthese invariant spaces may
obviously be obtained by applying v to 7, and changing basis
where convenient. For type I, we find immediately that is a basis for
(k* of) ker(Np) C Vg. For both types II, one deduces that

a(p), {o(Ci)}izj (incl. o(Co)), and
2

r — 3 Q-linear combinations of the {o(J;)};_;

span ker(NV;).
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6.4. Mirror map

Let 0 C R be a reflexive polytope, § = > rs" bix v a general [l-regular
Laurent polynomial (with v(*) = 0), and assume none of the {v()}"4" = 0O n
Z™ lie on the relative interior of a facet of L. If V denotes the Q-vector space
formally generated by the {v()}74" let R := ker{V — Q"} be the relations

subspace, with Q-basis {l) = >>74" rl(-j)y(") }7y, and set (for j =1,...,m)

brgj) _ b rgﬂ')
[Ie =11 (z
7 A

Write X C P for the zero locus of § and X° C P. for a general anti-
canonical hypersurface. We have the exact sequence

T 2T
wj = bO

0—(Q")Y -V =R =0

where RY 2 H?(X°,Q). A basis of V¥ is given by the divisors D; C X° dual
to the v(¥). Choose {8F} € QM(™*") such that > 7" BF (]) = 5] (0, =
1,...,m), and put

m—+n

=3 BEDY € HA(A°),

k=1
This gives a basis dual to {r()}, since

Zﬁer e () =Y s = Bixy) = .
ik k

Now the mirror map sends the complex structure parameter b of X to a
Kihler parameter in H2(X°,C), of the form 7(w) =

m—+n

=Y = g s () P +0 ({1})

1=

where 7;(b) are (B-model) periods. We compute

L (Z (k) ) > oxios () 220
- ng) log (b—) = log(wj),

&

which shows 7;(w) ~ 5 log(w;).
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Applying this to our situation (n =4, m =r — 1), with «, 5,7, {a;} re-
placing the {b;}, with D', D" Dy, ..., D, replacing the {D;}, and with 2o, ...,
zr—go replacing wy, . .., w,,, we recover and (| ., and find that the co-
efficients {7;(z)} of the {J;} in 7(z) are asyrnptotlc to 5 log(z;). By
(especially 7), the mirror map is therefore exactly

r—2

(6.28) T(2) =Y 7(2)]; =5 (2)Jo + Z Iy o)

J=0

Writing Q(zo, ..., 2r—2) := (qo(2),...,¢—2(z)), we note that the B-model
coordinate axes z; = 0 map to the A-model axes ¢; = 0.

Now [ Thm. 5.9] provides an isomorphism © : Q*Vj S Vg of Z-
variation of Hodge structure sending 1x. + [©2]. Since ([6.24]) and (6.28]) iden-
tify the periods

M (2) =12 (Q(2) and I, ) (2) =12 (Q(2)

modulo Z, and obviously H% (z2)=1= H? (Q(z)), we deduce that (up to
changing 73 and /\/la(<péj )) by integer multiples of 7))

O(a(p)) = Tar O(~0(Co)) =Tz, O(~0(Cy)) = Mal§)).

By considering W (Ng)e on ker(Ng) on the A and B sides (cf. §5.6/and §6.3),
we find in addition that (after modifying 1 by Z({gpo)}) and M, (gol) by
Z(T4) if necessary)

(6.29) O(a(Do)) = ©(1(én,)) = Mali1).

(More precisely, if we look at W (Ng)3 Nker(Ty — I) in H3(X,Z) (C Vg) resp.
Vz (C Va), thisis generated by Ma (1) mod Z{Ta, {Ma(p ('))}> resp. v(€p,)
mod Z{~(&,), {(c, )}/=2).) Heuristically, we obviously have some matching
as well between the {Mg(goé )} and {v(Oy,)}, and between Mp(p1) and

v(Ox-); but we will not dissect this further, as shall now yield the
local mirror symmetry identity we seek.

Recalling that k= (ko, k), write NE for N,; when kg = 0; and referring
to write Ry := R, (z) resp. R(()Z) =R (z), where z = (21,...,2r_2)
omits zp. Accordingly, we shall change notation for (zo, .. Z,«_Q) to 2z =
(20, 2). Define local Kihler parameters Q; := el R (fori=1,...,7r—2).
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Theorem 6.1. On the universal cover of (A*)" =2 we have

r—2
1 ~
(6.30) (27i) Ry = 5 >~ aiRYRY — N (51 2diki) Ny Q-
ij=1 k40

Remark 6.2. This is Conjecture 5.1 in [DK]; also see [CKYZ, Hos|.

Proof. Taking periods of (6.29) on both sides (with respect to Q resp. 1xo)
yields

Iy, (o () =112 (Q(2)) = (1x=,0(Do))(Q(2)).

§pg
By (6.5)),
r—2
o(Do) = o(Jo) = Y _dio ()
i=1
which by (6.13)
1 " " 1 / /

Writing dp, := dp — > di0;, the A-model period is then

1 r—2 3 1 o =k
(Ixe,0(Dy)) = WGDO‘I’ = Jp, <Zj=07j=]j) + Waf’o Z A%

For the first term, dp, of

r—2 r—2
3 1, J 1 i
ETO +§T0 g OéOTj-i-iTo g O TiTj
j=1 ij=1

[\

r—

4 . 1 =2 1 .
— Xd; ao) e+ 7 ( o) — Zidia;) Tj + 3 Z aGTiT; = 3 Za}TiTj
j=1 ij=1 i,j

N |
/\

by (6.10); for the second we have ¢ 1)2 Zk;ﬁo(ko S dik;)N q Pulling back
by Q therefore gives (as multlvalued functions of %)

(6.31) '
_ iTrB B S ok
(p1) — §ZajHMa(@g“)HM (o) T (2mi)? Z — Xdiki) Npa(2)%
i\j k£0
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. 2mi[[® 0 . oriTTB
where ¢j(2) =e M0 and qo(2) = e M7, 20.

Now we pass to the limit zg — 0, where essentially becomes an
equality of extension classes of A- and B-model limiting mixed Hodge struc-
ture. (In particular, the limit on both sides is finite since these are periods
of Th-invariant cycles; this is also clear from the absence of 7y = H in any

term.) Since lim,, 0 go(2) = 0, the > _; becomes a ), , while by

1 1 ;
: B _ : B — (4)
zlolglo H./\/la(gol)(zoag) - Qﬂ_iRl(g) ) zlolgﬂ HMa(@gi))(Z()aé) - 27TiRO (g) )

hence lim,, 0 ¢;(20, 2) = Qi(2). So (27i)? - (6.31])|.,—0 indeed yields our main
result (6.30)). O

The Gromov-Witten invariants NE “counting’ genus-0 curves of class
Z::_f k;[C;] on X°, may also be interpreted as local Gromov-Witten invari-
ants of Dy = Pa., or equivalently as (usual) Gromov-Witten invariants of the
3-fold P(O @ Kp,.). With this interpretation, the right-hand-side of
(perhaps replacing R(()Z) by (27i)7;) is the local Gromov-Witten prepotential
(I)loc of PAO .

6.5. The sunset case

Specializing to the diagram

% 42 A ‘PA(’ =Dy Cs
~__ “ c,
4 9 19
C c,
9% % C,
coefficients of Laurent polynomial curves on the Fano surface

5These are rational and possibly negative numbers, so only “count” anything in
the sense of excess intersection number.
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we have r =1r° =v =6, d; = 1, and

-1, i=j
=491, 1=j5=%1
(6)
0, otherwise.

.

From this we deduce that

J1=—D1+D3—|—D4(:D6), Jo =D3+ Dy,
J3=D1+ Dy, Jy=Di+ Dy— Dy(=Ds),

and (using (6.10))) that

S

Il
= NN~

=)
== O OoOIN
(==
= L

In (6.14) and (6.22)) we have for example

- 1 360 (3)
T = — 1 e\
(X°) 1+2§ Ci +3Cy + (%i)gp,
éDo = OD(, —|— %Ocl + 002 + 003 + %004 - 40}07

750]‘ = OCJ’ —Op = OCj(il) )

notice that f D, 1s not quite integral. One easily reads off the N; from o?é-:

type invariants
No| 1 Op, {Oc¢, }i0, Ob,
Ni | Ia | Op, {Oc¢, }kr1, O, + Oy, Og, + Oy, Oy,
No | IIb Op, {OCk}k;éZa OJ17 0J2? OJS - OJ4
N3 IIb Op, {OCk}k;éSa OJl - Osz OJ37 OJ4
Ny | Ila Op, {Ock}k;ézl, OJI + OJ47 OJQ + OJ47 OJS

where k£ runs from 0 to 4.

This is in some sense incomplete, as the nonsimplicial nature of the
Mori cone R>o(Ch,...,Cs) C Ha(Pao,R) (and the dual “Kéhler” cone in
H?(Pao,R)) forces us to use all 6 {z} to parametrize the singular 4-
dimensional domain of the B-model VHS, as described in §5.6] But this
will not matter as we presently restrict to the Feynman locus, where z; =
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zivs (1=1,2,3) and R(() = 1 9-(5-18)), so that the mirror map
zends z — R( )(Jl + Jy) + R Jg + R 3. This specialization therefore re-
places Kéihler by the 3- dlmenswnal smlph(:lal “slice” Rx>o(J1 + Ju, Jo, J3) =
R>o(D2 + D3, D3 + D4, D1 + Ds), and Mori by the 3-dimensional simpli-
cial quotient R>o(C1, Ca, C3) in Hy := Ho(Pa-)/(Cy — Cy4). (Note that C; =
Cy = (o =Cj5 and C3 = C§; and that working modulo this equivalence,

v(€p,) becomes integral.) It also replaces Ny and Ny in the table by their
sum Ni + Ny, which we compute to be (like Ny and N3) of type IIb, with
invariants

Op7 OC()? 001 - OC47 0027 0037 OJ17 OJQ - OJS? OJ4'

7We s@l alsoihave > to define local Gromov-Witten invariants for classes
1C1 + £5Cs + £3C5 € Ho, writing

(632) Nﬁ = Z Nkhfz,e&m €Q.

ki+ks=0,

Now the statement of Theorem for the sunset reads (27i)R; =
1
= (r§"+ rY) (RS + R") =5 (Rg”) — (RO ) Z k| N

where |k| := Z 1 ki. The Feynman specialization glves R() R(()) and
Q1 = @4, and so ertmg QZ Qfl 2Q% and |¢| = ZZ 1 4i, we have the

Corollary 6.3. On the Feynman locus (= (A*)3) parametrizing the general-
mass sunset family, we have

(6.33) @ri)Ry = RVRY + RPRY + RIVRY — 37 10N,Q~
LEN3\0

A computation of the local Gromov- Witten invariant is given in section[7.3,
7. The multiparameter sunset integral

In this section we use regulators (see to derive the inhomogeneous
Picard-Fuchs equation (Prop. for the sunset integral, and also to relate
it to the elliptic dilogarithm (Remark . This analysis complements the
derivation of the Picard-Fuchs equation given in section and the evalu-
ation of the sunset integral in section [3.3] Using Corollary we are able
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to derive an expression for the integral in terms of the local Gromov-Witten
numbers, and to compute these numbers (Prop. [7.6fF).

7.1. Degeneration of the Yukawa coupling

Let B denote the symplectic basis for the B-model Q-local system given by

applying © oy to (6.21)). According to §§6.2/6.4| (esp. (6.13])) we find

o/ @/
7.1 Ul = (1,70, -, 7r9y oo + O(1),. ., =2 + O
( ) [ ]B ( » 705 > Tr—2; (27Ti)3 + (7-)7 ) (27I'i)3 + (I)a
1 r—2
/
/=0
There are two ways to define Yukawa coupling: while (with ¢, := 29,)
(7.2) Viji = / QOAVE 55, D,
X K3 J k
makes sense “globally” (in zq , .. ., 2 ), we consider instead (referring to (6.28))
for 7(z))
(73) }/Uk = / Q AN V%T_aT‘aTkQ,
X o

which is defined “locally” about the large complex structure limit (in go, . .

qx)- Since [Q]p is given by (6.20)), (7.3)) is easily computed to be

*

3
(7.4) = "15[Ql5[)5 = L2,
Motivated by the fact that the unique combination of first derivatives of

® remaining finite in the gy — 0 (2o — 0) limit is ®f) — S27-2 d;®} (see the
proof of Theorem [6.1]), we look at

r—2
}/jll(c)c = qloig() (ijk — Z dzEgk)

i=1

] ~ r—2
=aj — ZNE (Z dmi) KjkEQ™

K#0 i=1

1 "

1 92
— (2ni)2 Tlocgk T ﬁaR(()ﬂRék)RL
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To relate these to a Yukawa coupling on the elliptic curve family {E,}, write

(ct. (6-1).(-3))

dzx dy
(7.5) — LR ERARTI PFNTIOR
. Wq = omi €SE, fg(fc,y) a)s

and mo = [ w, m = f w. Now pass to the “diagonal slice” subfamily of
IDKI §5.4], spec1ahzlng fa to 1 — s¢o where ¢g(x,y) is a spec1ﬁc tempered
A-regular Laurent polynomial; by [DK| §5.4] we have z;(s)/s% a root of 1
(Vi) and Rél)/dl =...= R(()T_z)/dr_g =: Rop mod Q(1). Moreover, one has
dsR; = m; (i =1,2), and an easy computation reveals that

E
2mi > didYp%|a = Op Ry = 3;—3
; 0

where

yE(s) = / ws A Vs ws = mpdsm — 15T
Es
is the Yukawa coupling for {Es} := {Ey(s)}-

Remark 7.1. In general, if X is replaced by a family of elliptically-fibered
Calabi-Yau (n + 1)-folds, and E by a family of (n — 1)-dimensional Calabi-
Yaus W with rank n Picard-Fuchs equation along A, a heuristic Hodge-
theoretic argument shows that a (zg — 0) limit of Yukawa couplings for X
yields YW /70t along A.

For the rest of this section, we specialize to the sunset case. However, to
treat the three-mass situation, we shall need to consider “arbitrary slices” of
the Feynman locus, given by (the vanishing of)

fg(s;é)(xay) = fS®(x7y) =1- S¢@($,y),
do(w,y) = (1 -2~ —y )& — &z - &y).

(Note that ¢ is no longer tempered.) We write &85 P! for the family with
fibers

S = {f(z,y) = 0} C Pa,
and w; = wy(s;€) (cf. (7.5)) for the section of ,wg/pr = O(1) with a simple

zero at s = o0. Note that this family is semistable.
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The Yukawa coupling (with d5 := s0s)

(7.6) Yo(s) = 27Ti/® ws A Vs,ws € C(PH)* =2 C(s)*
ES

can be determined up to scale by the properties:

e Y5 has a double zero at oo;

e Y5(0) € C*;
e at other singular fibers, Y5 (s) has a simple pole;
e Yo (s) has a zero of order m — 1 at branch points of order m for the

J-invariant J(s); and
e Y5(0) =6, by ([7.25) below.

This yields the function

_ 2p1piopispias® — A(EF 4+ &3 + £3)s + 6
H?:l(l - H?S)

where 1 ==& +8§+&, pp=86 —&+8&, ns3=& +& — &, =58+
& + &3. This of course reproduces the expression for the Yukawa coupling
in (3.50) derived in section

We shall use this below to compute the local Gromov-Witten invariants
Ny, for simplicity of notation suppressing most “©” subscripts in what fol-
lows.

(7.7) Yo(s)

)

7.2. Inhomogeneous equation for the sunset integral

Continuing an analysis of the l-parameter family &g 5P, we write as
usual {{Lp((f) 5 ,p1} CKp (cf. , and recall that on the Feynman lo-
cus, {{gp(()i) 3 1,1} furnish a basis for Kg (cf. . For the holomorphic
period (about s = 0), the usual residue computation yields

(7.8) 7r0:/ w:/ w (1=1,2,3)
@0 o)

_ Y Zgb(jjf =3 5B,

m>0 |b|=m m>0
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where (Tl'f) n ,bQ,b 7 and the coefficients 3, are generalized Apéry numbers.

Writing R = 55 R{z,y} = 55 log(z ) —log(y)dr, for the regulator current
on E?, (5.20) gives for i =1,2,3

I B
(7.9) R —/SOgi)R—log(l_szgg) T H(s),

where H is holomorphic (about s =0) and vanishes at s = 0. Write £; :=

Interpreted as a 1-current on £\ Fy, R has coboundary

(7.10)  d[R] = g% AW — (2mi)op, o, — Zlog( )5q P\ {0}
=1

where q1,92, 93, p1, p2, p3 constitute the base locus of {E}:

So locally over any small disk U C P! avoiding the discriminant locus of ¢,
writing P¥ — U for the 3-chain with boundary q; x U —q; x U (and fibers
PY), we may construct the 1-current

(711) R =R — {£15p23 + Lodpiz + £3(57)31} — (27Ti)53—1(szTy),

which has d[R] = (2ri)~'dz/x A dy/y. Notice that its restriction to fibers Eq
is closed 1]

For &; all 1 (equal masses) and s ¢ [0, ], we have T, N Ty N Es = (J; mov-
ing the &; in a small neighborhood of 1, the “bad set” [0, %} thickens slightly.

16The resulting family of classes in H!(E,,C) are lifts of regulator classes in
HY(E,,C/Z(2)) for an element of C H?(E,,2) precisely when the ratios &;/¢;_; are
roots of unity, but we will not need this.
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Taking U in the complement, we may ignore the last term of (7.11)) for pur-
poses of integrating over cpg). Recall from [DK] that if ) are the cycles that
(at s = 0) get pinched to v;,

08 0

then

o)) = —gh + ot + gL
Together with (7.11)), the resulting intersection number cpél) . p2 = (p((]Q) .
Pz = goég) - P31 =1 (all others zero) yield

(7.12) / R=RY - £, = R,
o

which according to (7.9) (or the closedness of R|p.) is independent of i. As
suggested by the picture, we can also choose the P¥ to avoid ¢1, and so

(7.13) Rl 2:/ R:Rl.
P1

Next consider the interior product of d [IA%] with a lift of sdis: working over
U,

L d[R]sd = dze A dy od
2mi - d[R]us g = F N P as g

= —Resg (d“’ A %y A dlog(s™! — ¢@))_|8%

T

"Here we are pairing H'(E*) = H,(E, {pi,q:};_,) and Hi(E*).
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restricts on fibers to

— dr \ dy
d —ds/s? .
~Resg, (%ﬁ A Ey A s*ls—/;@ JS%) = Resg, <1I_b¢yo> = (27i)ws.

It follows that
(7.14) Vs [Rlg,) = [ws],
which along with (7.12)) implies that

(7.15) R~ Li(= Ro) = log(—s) + > 5B

m>0

up to an additive constant. This constant is obviously zero by ((7.9).

Now recall that the Feynman integral is given by Zg(s) := —sVg(s)
dz p dy
(7.16) Vi (s) :/ =y :;/ .
T.n1, 1 — 500 T,
Writing o : E; < Pa, and R = 55 R{z,y} as above, we note that d[@s] =
(27i)%13ws as a current, and that (on Pa)
d[5=R] = (2711)2 e\ % — d1,n1, + {residue terms supported on DA }.

Using integration by parts (for currents), we get that ((7.16]) becomes

(7.17) = [ RAdws) = 27ri/

1
IPA PA

RAws = 27ri/ Rlg, AN ws.
E,

(Note that (7.17)) is not a truncated higher normal function in the sense of

[DK], and neither is (R|g,,ws) in (7-18) below.) Since 9~ (T, N T,) in (7-11)
avoids e 1(U) (and s € U), we conclude thaﬁ

3
(7.18) Vo(s) = (Rl @) + Y L7y (s;€),

i=1

where @, := (27i)ws, and

ds d2 q:
(7.19) w0 = / G, 7D 1= / B, 7 = / .
q2 q1 ¢k}

180f course (R,w) means I R A w; we write it this way to emphasize that fact
that two cohomology classes are being paired.
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Note that the {q;} depend on ¢, and that Z] L7 U) = = (= 27im).
Let 0 = 62 + q1(s)ds + qo(s) be the Picard-Fuchs operator associated to

{ws}, so that V2 + f(s)Vs. + g(s) kills [ws]. Using (7.14)) and (7.6)), we find
83(R,w) = (R, V5.w) and 62(R,w) = (2r1) Yo (s) + (R, V2% w), which leads
at once to the inhomogeneous Picard-Fuchs equation:

Proposition 7.2. We have
1 3
120 0o =0 (1To() = Yol + 2 os(€ri(o)
j=1

where
(7.21) vi(s) == 0 (ﬂi)(s;g))

satisfy Z?:1 v; = 0.

Remark 7.3. (i) The functions in belong to Q(s)*, since the partial
elliptic integrals in are the normal functions associated to globally well-
defined algebraic O-cycles [q;+1] — [q;] on the family {E}, and the section
{@s} of the relative canonical bundle is defined over Q.

(ii) The right-hand-side of (7.20)) only depends on s and the mass ratios,
since this is true for v; and Y@, and we have Z L Lvi = log(m3/m3)v +

log(m /m3)1/2

Remark 7.4. The coefficients g1 (s) and go(s) are respectively given in ((3.40))
and - An exphc1t expressmn for the 1/1( ) in some coordinate system
is given in section . In particular T[T, (sp? — 1)(s2 [Ty pi — 25(€7 +

£+ €2) + 3)ui(s )— 123 cz( ) with ¢1(s) given in (3.51) and cao(s) given
in (352).

Remark 7.5. One can also relate (7.17)) directly to the elliptic dilogarithm.
Noting that up to coboundary (27r1) = log(y) % — (27i) log(x)d7,, we
get

(7.22) Io(s) = S/T or )log(:c)d)s

Recalling that 9T, = (y), this connects at once to the expression for the

sunset integral in (4.27)) hence (3.79).
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7.3. On the local Gromov-Witten numbers

Turning to the numbers Ny = Ny, 4, ¢, (cf. (6.32)), note first that symmetries
of Pa immediately imply that for any o € S3,

Nﬁ = Na(ﬁ)-

We also know that
Nioo + No1o + Noo1 = 6,

as this is the number of “anticanonical-degree-one” rational curves on Pa
(the six toric boundary components).

The symmetries also force the prepotential ®;,. = (27i)R; to be sym-
metric in the 7; = (27ri)R[()l) (1 =1,2,3). Indeed, this is already recorded in
(6.33), which combined with (7.12) and (7.13) becomes

(7.23) (2mi) Ry = 3R2 + 2 (Z 51») Ro— > INQ",

>0
A J— F}O
where Q = e, and

(7.24) Np:= > Ng*.

|¢|=¢

But since V. [R] = [w], we have immediately §,R, = 71 and dsRo = m, s0
that
82R1 o m E

7.25 27 = (27i = .
(7.25) (2r) g = (2n0) 0 = 2

Putting together the expressions of the Yukawa couphng , the perlod
770 and the coefficients 3, in . for Ro in , the expansmn of R1

and - now yields the

Proposition 7.6. In a neighborhood of s = 0 (Q = 0), we have

6-3 NGO = 6 —4(6f + & + f:?)i + fuluzusmsz’
>0 (14 X s0 Bms™) " [lia (1 — pifs)

where Q = —sexp {Zm>0 ﬁ";rfm }
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We may use Proposition to recover the Ny, as well as the local “in-
stanton numbers” ny defined by the Aspinwall-Morrison formula [AM] Vo]

~

3 -
’d

1
N€17é21£3 = Z ﬁn%f%
d[y,2,03

As far as we computed, the latter are integers:

¢ || (100) (11258) (110) | (210) | (111) | (310) | (220) | (211) | (221)
N[ 2 [2/3] -2 0 6 0 | -1/4| —4 10
ne || 2 0 —2 0 6 0 0 —4 | 10

[ £ ][ (410) [ (320) [ (311) [ (510) [ (420) [ (411) [ (330) [ (321) [ (222) |
N, 0 0 0 0 0 0 —2/27 [ —1 [ —189/4
e 0 0 0 0 0 0 0 -1 —48

Finally, we note that the Gromov-Witten invariants appear directly in the
Feynman integral, as follows. Write —s~'Z5 = —s7 17, + 25’21 Eﬁrgl), and

apply 8}%0 to to have
m 3 . 287 Y
(zm);o = 6Ry + 2;@ - ;e NG’
The contribution f@ to the Feynman integral read
(7.26) —s71 7o (s) = 2mi(R, w) = 2mi(m Ry — moRy)

= 7o <27ri7r1}%() — 27TiR1> ,

0

which using 1 /7 = 5s By / 8sRo = OBy /ORy leads to the expression as a Leg-
endre transform of R

. . [0Ry . -
(7.27) Zo(s) = —s2mimg (8]%’,0&) - R1> .

This expression has the expansion

(7.28) To(s) = —smg {SR(% + Zg(l - UA%O)NZQE} )

>0
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The occurrence of the Gromov-Witten numbers in this Feynman integral
seems to be novel.

7.4. The local Gromov-Witten numbers in the
all equal masses case

In this subsection we compute the local Gromov-Witten invariants for the
all equal masses case. The family of elliptic curves &g := {zyz — s(x +y +
2)(wy + x2 +yz) = 0|(x,y, 2) € P2} defines a pencil of elliptic curves in P2
corresponding to a modular family of elliptic curves f: Eg — X;1(6) = {7 €
C|Sm(r) > 0}/T'1(6) (see [BV]).

7.4.1. The local Gromov-Witten numbers. In this case Proposition[7.6]
applied to the case £ = & = &3 = 1 implies that

7.29 6— NQ = 6 ,
(7.29) ; «@ (9s — 1)(s — 1) 73

where the holomorphic period (about s = 0) of (7.8) reads
' o\
>0 p1+p2+ps=~ LP2ers:
and Q = exp(Ro) where Ry in (7.12) satisfies sdRy/ds = mp and reads
st ?! 2
7.31 Ry = im +log s + — e
keSS ()
p1+p2+ps=~

Taking for s the Hauptmodul used in [BV]

g @) (@)Y
(7.32) se(q) " =9472 D) < n(q) >
we have
3
(7.33) mo(g) = i iQ((q?)
and

T30 ol =in+logg (-1 () nkin (4.

n>1
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where (%3) =0,1,-1forn=0,1,2 mod 3.

From ([7.29) we compute the local Gromov-Witten numbers Ny

(7.35)

Ny J6 =1 _Z @ _@ % _E 14407 _69767 339013 _827191
¢ =5 87277 647125 547 343 ° 512 7 729 500
8096474 _367837 195328680 _137447647 4746482528

1331 16 2197 392 ’ 3375 ’
| 23447146631 115962310342 574107546859 2844914597656
4006 4913 5832 6859
_ 1410921149451 10003681368433
800 ’ 1323 T

or introducing ny the virtual number of degree ¢ rational curves using the
Aspinwall-Morrison multiple cover formula [AM] Vol

1
(7.36) Ne=> il
dle

we have

(7.37) my/6=1,—1,1,-2,5,—14,42, —136, 465, —1655, 6083, —229838,
88907, —350637, 1406365, —5724384, 23603157, —98440995,
414771045, —1763651230, 7561361577, —32661478080,
142046490441, —621629198960, 2736004885450,
— 12105740577346, 53824690388016, . . .

7.4.2. Comparing the two expansions. We will show how to relate the
q and @ expansions using a I'1(6) modular transformation. In the all equal
masses case the sunset integral was given by [BV]

(7.38) To(s) = 2" Eo(q) mod period

™
with Eg(q) given in (3.75)). The expression is modulo periods of the elliptic
curve, and @, is the real period on the real axis s > (& + & + £3) 72 given

in (3.14).
The all equal masses case the sunset integral is equal to Zg in ([7.28))

(7.39) Io(s) = —s <7TOR1 — 7r1f20) mod period
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where g is the holomorphic periodAaround s=0 andATrl is the other non-
holomorphic period in (7.19), and R; is such that sdR;/ds = m; of (7.23)).
The modular transformations 7 — —1/(67) maps the periods as

w,p(—1/(67)) = —6so(7)(2inT) 7 (7);
(7.40) 3r—1

m1(—1/67) = 3@(7')_1 w, (7).

The same modular transformation applied to the sunset integral leads to the
relation between the elliptic dilogarithm Fg(gq) and the regulator period

(7.41)  36ir Eo(—1/(67)) = n% + 3irlog(—q) + 3 (RI(T) - glle R0> .
0

This shows that Eg(q) is the Legendre transform of R;(g) as expected from
the general different masses case in ((7.27)). Using the g-expansion given above
and using that 0R;/0Ry = log(—¢q) we have

T42) Rufe) = S0 R = — loa(—o)
dp (3 o (o™
+ X (St () e
n>1 dln

Part IV. Appendices
Appendix A. Theta functions

In this appendix we recall standard results on Jacobi theta functions that
are used in the text. We use the notation g = €2™7 with 7 the period ratio
chosen to lie in the upper-half-plane, and = € C* /¢*

(A1) B =T (2% 073 [T =M - ¢"0) (1~ g"/a).
and

(A.2) 02 (x) == ¢+ (x% + x‘§> [TO-a)0+q"2)(1+q"/2),
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and
(A3) O3(x) = 10_0[1(1 —q") (L +q" )1+ ¢ ),
and finally

(A4) Oa(x) = f[l(l —q")(1 = ¢ (1 - ¢" ).

We will use the shorthand notation 6, := 6,(1) for a = 2,3, 4, or 6,(¢q) when
needed. A particular case of the Jacobi identity is

(A.5) 03 ()03 (w) + 01 (v)01 (v) = 03(v)03(u) + 05(v)05(u) .

Applying this identity for v = exp(im(a + b)) with a,b € {0, 1} one obtains
the following quadratic relations satisfied by the theta functions

0 03 —03 07\ (0%
02 0 62 —62| 62
02 62 0 -2 |62
02 02 —02 0 ) \6u

u

>

(A.6)

o O O O

)
=
)
)

Appendix B. The coefficients of the Picard-Fuchs equation

In this appendix we give the explicit expressions for the coefficients of the
homogeneous polynomials used when deriving the sunset Picard-Fuchs equa-
tion.

B.1. The coefficients C,, Cy and C,

The coefficients C,, C;, and C, are homogeneous polynomials of degree 4 in
(z,y, z) of the form

C, = :UszC;’Q’l + 3322203’0’2 + :E2yzC£’1’1 + 1:3,202’0’1 ,
2,1,1,2 21,21 222,02 2 2,1,1
(B.1) Cy =zyz"Cp” + ay“2C)"" + %2 C'y’o’ +z7yzCp,

3,11,0,3 2,1,1,2 2 121 2.2~202 2 ~211
C,=22°C7° +oyz"Cyo" +ay 207" + 272°Co0 " + o7yzCo 0 .
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Their detailed expressions are given by for C,

4
6 [ [(su7 = 1)Ci
=1

= szz (miz(9z + 20y) + 3m3y(6x + y) + 2m3z(10y — 32))
+ stz (m‘l1 —2mi (m3 +m3) + (m3 — m§)2>
x (miz(z +y) +mi (m3 (527 + 8zy + 3y*) — miz(5z + 2(y + 2)))
+ (m3 —m3) (3m3y(z +y) — miz(y — 22)))
— 5?2z (m‘fa:(l?m + 18y)
+m? (m% (13:62 + 462y + 3y2) + 3miz(—3z + 4y + 22))
+ 3may(4z + y) + mim3 (10zy — 1oz + 9y?) + 2m32(9y — 52))
+ 3z (m?az(?x + 4y)
+m] (m% (18$2 + 222y — 3y2) — 2m3z(5x 4 2y — 7z))
—m3 (mél (x2 — 24xy — 30y2)
+2mam3 (—72% — 223y + 222 + 3y°)
+ miz (137 + 4y + 282))
— (m3 —m3) (may(2z + 3y) + mim3 (2z(y + 52) + 9y°)
+ 2m3z(2y — 2))) — Tayz,

= —2szyz (m% 3z + 2y) + 3miy + m3(2y + 32))

— 25tz <mi1 — 2m1 m2 + m3) + (m% — m%)Q)

x (miy(z +y) —mi (m3y(z +y) + mj (5zy + 6z + 2y° + 5y2))
+ m3y (m3 —m3) (y + 2))

+ 28222 (5m‘1la:y +m? (m%y(?w +y) — 3m3(Tey + 622 + Tyz))
+ y (3m3y + m3m3(y + 7z) + 5m3z))

— 25%zz (mfy(z — 2y) + mi (m3y(y — 62) + m3(22(y — 62) + y(2y — 192)))
+m3 (5mizy — 2m3m3(v(5y + 62) + 5y(y + 2))

+m3(2y(y + 2) — x(19y + 122)))

+y (mgy + 5maymaz + mami(y — 62) + mS(z — 2y))) + 2292,
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and for C,

4
6 H(SMZ - 1)Cz
=1

= swz (—2mi(6zy + 922 — y2) — 3m3y(y — 2z) + m3z(2y + 32))
+ staz <— (ml 2m3 (m3 +m3) + (m3 — m§)2>)
X (m‘llz(Qx )
+ m% (m% (12xy + 102z + 3y + 10yz) + m%z(2:): + 2y + 52))
+ (m3 —m3) (y + 2) (3m3y +m3z))
+ sz (m‘lla;(24y +34z)
+mi (m3 (12zy + 2622 + 3y® + 32y2) + 3m3 (8zy + 622 + 727))
+ 3may(y — 42) + mim3 (9y2 —dyz — 722) - 5m§22)
— sz (2m$(6zy + Tz + y2)
+mj (m3 (48zy + 362z — 3y + 26y2)
+ mj(4x(z — 6y) + 2(192 — 2y)))
—2m} (mz( (6y +2) = 15y(y + 2))
— m2m3 (24:L‘y + 262z — 3y% + 2z + 522)
+m3(z(z — 6y) + 2(y + 2)))
— (m3 — m3) (m3y(3y + 102) +m3m3 (9y® + 4yz + 52%)
+m3z(2y — 2))) — zy2?.

B.2. The coefficients C~’m, C’y and C,

The coefficients Cy, C’y and C, are homogeneous polynomials of degree one
n (z,y, z) with the detailed expressions glven below.
Setting N = 3(s? Hl | i — 2sMy + 3) HZ (u?s — 1) we have for C,,

INC, = —sz (55m% +43m3 + 49m§)
+2s% (21mix + mi (m3(52x + 6y) + 6m3(6z + 2)) +miz
+ 2m2m3(35x — 3(y + 2)) + 9m§x)
+ 8° (— (m‘f—2m% (m%—i—m%) —|— ))
(Smlx +m; (m2(5x +12y) + 3m3 x4 4z))
— m} (m3(Tx + 12y) + 22m3m3z + 3m3(z + 4z))
— (m3 —m3) (mgx + 2m3mj(z — 6y + 6z) — 3m37))
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—25% (3miz + mi (m3(23z + 18y) + m3(13z + 182))
+mi (Tmy(5z — 6y) + 70m3m3x + m3(23z — 422)) — 21mizx
+ 3mam3(17z + 14y — 62) +m3m3 (492 — 18y + 422) — 15mSx)
+ s (m?x — 4m$ (m%(élx —9y) — 9m§z) + 2m] (m%(llaz — 28y)
+ 2mim3(5z — 19(y + 2)) — m3(5x + 28z)) + 4m7 (m$(4x + 5y)
+ m3m3 (322 + 192) + m3m3(20x + 19y) + m(8x + 52))
- (m% - m%) (23mgx + mam3(11z 4 20y + 362)
— m3mi(11z + 36y + 20z) — 23miz)) + 21z,

for C~'y
Né'y = Tsy (m% +m3 + mg)
+ 8% (=6miy + 2m7 (m3(3z — Ty) — 3mj(z + 2y + 2))
— 2 (may + m3m3(Ty — 32) + 3m3y))
+ 5° (mi‘ — 2m% (m% + mg) + (m% — m%)Q)
X (3m?y + mf (m%(Gx —y) —3mi(2z 4y — 22))
—mi (m3(6x +y) — 2m3miy + 3m3(—2z +y + 22))
- (m% - mg) (mgy +2m3m3(y + 32) + 3m§y))
+ 8% (6miy + 6m (Tm3x — m3(Tz +y — 32))
— 2m? (m%(Q:U — 4y) — 28mam3y + 3m3(—3z +y + 72))
— 6mSy + 2mam3(4y — 92) + 42mImiz + Gmgy)
+ s* (=Tm¥y + 2m§ (m3 (52 + Ty) + m3(=5z + 10y — 9z))
—2m{ (m3(14z + 5y) + msm3(Ty — 19z)
+m3(—14z + 13y — 14z))
+ 2m? (mg(9x —y) — mam3(19z + 10y + 192)
+mym3(192 — Ty) + m§(—9z + 10y — 5z))
+ (m3 — m3) (5mSy + 3maym3(y + 62) — m3m3(7y + 10z)
+Tm$y)) — 3y,

and for C’Z

2NC, = —sz (m] + 13m3 + Tmj3)
— 252 (Qm%z + 2m? (m%(?)x + 3y — 52) — 3m3(z + 4z))
—Tm3z + 2m3m3(4z — 3y) — 3m32)
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+ 8° (m‘l1 —2m3 (m% + m%) + (m% - m§)2)
X (Sm?z + mi (m%(—lZw + 12y + 2) + 3m3(4x + z))
+mi (m3(12z — 12y — 112) + 10m3m3z — 3m3(4x + z))
+ (m% - m%) (7m§z + 2mim3(6y + 2) + 3m§z))
+25% (15mfz + m$ (m3(—42z + 18y — 19z) + m3 (422 — 23z))
+m3 (3m3(6z — 14y — 52) + 14m3m3z — m3(18z + 13z2))
+3mSz + m3m3(42y + 2) + m3m3(7z — 18y) — 3m§z)
+ st (—=17mz — 4m§ (m3(5z 4+ 9y — 92) — m3(5z + 2z))
+m{ (m3(56z + 56y — 38z) + 4m3m3(19y + 142) + 2m3(13z — 28x))
— 4m3i (mS(9z + 5y — 92) + mam3(10z — 19z)
+m3m3(19z + 19y + 2) + 3m$§(2z — 3x))
— (m3 —m3) (17mSz — m3m3(20y + 232)
+3mam3(12y + 52) + 7mgz)) +3z.
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