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Super Riemann surfaces, metrics
and gravitinos

JURGEN JosT, ENNO KESSLER, AND JURGEN TOLKSDORF

The underlying even manifold of a super Riemann surface is a Rie-
mann surface with a spinor valued differential form called gravitino.
Consequently infinitesimal deformations of super Riemann surfaces
are certain infinitesimal deformations of the Riemann surface and
the gravitino. Furthermore the action functional of non-linear super
symmetric sigma models, the action functional underlying string
theory, can be obtained from a geometric action functional on super
Riemann surfaces. All invariances of the super symmetric action
functional are explained in super geometric terms and the action
functional is a functional on the moduli space of super Riemann
surfaces.

Introduction

Let | M| be a compact closed two dimensional manifold. In super string theory
and super gravity one studies a super symmetric extension of the harmonic
action functional where both the field ¢: |[M| — R and the Riemannian met-
ric g on |M| get a super partner. See for example [I} [6]. Let S be a spinor
bundle on |M| with respect to a chosen spin structure and SV its dual bun-
dle. Let v be a section of SV and  a spinor valued differential form, i.e. a
section of TV|M| ®@g S. The super symmetric action functional is

() Alp,t,g,%) = /|M (H doll? + (1, D)

1
+2(7"Y"Xa, ) O p + §<Xa7 Yoy xp) (1), ¢>> dvoly.

This action is invariant under

e Conformal transformations: A(p, v, A\%g,x) = A(v,%,9,X)

e Super Weyl transformations: A(p, 1, g, x +vs) = A(e, ¥, 9, X)
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e Super symmetry, assuming that the fields 1) and x are odd:

5 = (g,9) 5 = (Opr 0 — (1, xk)) V"4
0fa = _2<’7anX(fa)>fb 0Xa = Viq

Here f, is a g-orthonormal frame and V* a particular spin connection
with torsion.

The aim of this paper is to clarify the relation of the action functional
to super Riemann surfaces. The invariances of the action functional arise
from geometric properties of super Riemann surfaces. Super Riemann sur-
faces are an analogue of Riemann surfaces in super geometry. This mathe-
matical theory was developed already in the seventies for the treatment of
super symmetric theories in high energy physics (see e.g. [16] [18] 19]). The
concept of a super Riemann surface appeared only a little later and their
moduli space was studied, see for example [4] 8, [0, 17, 21]. But the precise
connection between the super Riemann surfaces and the metric field g and
the gravitino y remained unclear even though many conjectured a super
Teichmiiller theory that would study the moduli space of super Riemann
surfaces (or a covering of it) in terms of the metric and the gravitino field.
The action functional was claimed to arise from a particular Berezin in-
tegral on a super Riemann surface (e.g. [7]). However, no explicit proof of
this claim seems to exist.

In this article we argue that the key ingredient to a geometric under-
standing of the relation between the action functional and super Riemann
surfaces is the underlying even manifold of a family of super manifolds. The
underlying even manifold is an intermediate concept between the concept of
super manifold and its reduced space. More specifically, for a family of super
manifolds M — B of (relative) dimension m|n the underlying even manifold
is a family |M| — B of (relative) dimension m|0 together with a topologically
trivial embedding i: | M| — M over B. In contrast to the reduced space M,..q
the underlying even manifold |M| allows to define odd fields, such as x and
¢ and different embeddings i: |M| — M.

The concept of underlying even manifolds for families of super manifold
will be introduced in the first section of this article. It will be shown that
such an underlying even manifold |M| exists for all super manifolds M. Any
Berezin integral on M can then be reduced to an integral on |M].

In the second section we will study the geometric structures induced on
manifolds underlying super Riemann surfaces. We will show that the ge-
ometry is completely determined by a metric g and a gravitino x on an
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underlying even manifold |M|. This opens the possibility for a super differ-
ential geometric approach to the moduli of super Riemann surfaces, i.e. a
super Teichmiiller theory in therms of metrics and gravitinos. As a first step
we study the tangent space to the moduli space of super Riemann surfaces,
using metrics and gravitinos.

The aim of the third section is to demonstrate how the action func-
tional arises from a Berezin integral on a super Riemann surface. The
formulation in terms of the Berezin integral leads to a very clear geomet-
rical interpretation of the symmetries of . Consequently the action func-
tional is a functional on the moduli space of super Riemann surfaces. We
give an interpretation of its energy momentum tensor and super current in
terms of cotangent vectors to the moduli space.

In this paper, we present the main results of the second author’s the-
sis [15]. Some of the results in the last two sections rely on long and compli-
cated computations. In order not to overly burden the presentation we have
omitted those and refer instead to [15].

1. Super geometry

We use the ringed space approach to super geometry (see, for example, [18]).

Definition 1.1. A (smooth) super manifold is a locally ringed space
(|[M]|, Ons) that is locally isomorphic to R™™ = (R™, C®(R™,R) @ Ay,).
Here A, is a real Grassmann algebra generated by n elements. A map of
super manifolds f: M — N is a map of locally ringed spaces. That is, a
pair (|| f||, f#) consisting of a continuous map || f||: ||M|| — || N|| and a sheaf
homomorphisms f#: On — Oyy. It follows that the sheaf of rings Oy is a
super commutative Zo-graded sheaf of rings. The elements of Oy will be
called functions.

Let % a =1,...,m be the standard coordinate functions on R™ and n%,
a=1,...,n be generators for A,. Their lift to Ogmi» will be called coordi-
nates for R™". We write X4 = (2%,1%), using the convention that small
Latin letters refer to even objects, small Greek letters to odd ones and cap-
ital Latin indices refer to odd and even objects together. Any function on
R™"™ can be expanded as

F=> n*fal@),
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where «a is a Zp-multiindex and the f, are smooth functions that can be
expressed in the coordinates z%. According to [I8, Theorem 2.17] any mor-
phism between super domains U C R™" and V' C RPI? can be given in terms
of coordinates.

Example 1.2. Let X4 = (2% 1%) be coordinates on R, Any map ¢ :
R?2 — R is determined by the pullback of the coordinate r on R:

o' = fo(z) +n’n' far(z).

Here fo(z) and fa1(x) are smooth functions depending only on z*. Note that
there is no term proportional to n® because the ring homomorphisms ¢#
preserve automatically the Zs-parity of the super functions.

For the applications we have in mind the full Taylor expansion is required.
Therefore we need to work with families of super manifolds.

Definition 1.3 (JI8]). A submersion py;: M — B of super manifolds is
also called a family of super manifolds over B. A morphism f of families of
super manifolds from py;: M — B topy: N — Bisamorphism f: M — N
such that py o f = pas. Any super manifold is a family over R%9. Any family
is locally a projection R"" x B — B. We call m|n the dimension of the
family.

Example 1.4. Consider the trivial families of super manifolds given by
R22 x B and R x B. A map ¢: R?? x B — R x B of families over B is now
again given by the pullback of the coordinate function r» on R, the map on
the B-factor is determined by the properties of maps of families over B. But
this time all coefficients in the coordinate expansion can appear (using the
Einstein summation convention):

o1 = fo(z) + 0t fu(x) + n*n' far (x).

Here fo(z), fu(x) and for(x) are functions on R%° x B. For all open U the
ring homomorphisms @#‘U must be even. This implies that fy and fo; are
even functions, whereas the functions f, must be odd, but in contrast to
Example not necessarily zero.

Lemma 1.5 (Existence of base change, e.g. [5, Remark 2.6.(v)]).
Let b: B' — B a morphism of super manifolds and pyr: M — B a family of
super manifolds over B. Then there exists a unique family of super manifolds
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puyr s M — B’ and a morphism p: M’ — M over b such that ppyop="bo
par- We will also write M' = M x g B" and say that M' — B’ arises from
M — B by base change.

According to Lemma [I.7] it is not necessary to fix B. However B is
always supposed to be “big enough”, see Example [I.4] Henceforth, all super
manifolds and maps of super manifolds are implicitly to be understood as
families of super manifolds and morphisms of families of super manifolds. In
particular, also R™" is to be understood as the trivial family R™" x B.

Many geometric concepts known from smooth manifolds carry over to
families of super manifolds and are functorial under base change. Examples
such as tangent bundles, vector bundles, differential forms and Lie groups can
be found in [5]. A construction that has no analogue in differential geometry
is that of the underlying even manifold.

Definition 1.6. Let M = (||M]||,Op) be a family of super manifolds of
dimension m|n over B. A family of super manifolds [M| = (||[M]|, Oppy) of
dimension m|0 together with an embedding of families of super manifolds
i: |M| — M that is the identity on the underlying topological space is called
an underlying even manifold.

Example 1.7. Let M = (|M|,Ox) be a super manifold over B = RO
of dimension m|n and Z,; C O be the ideal sheaf of nilpotent elements.
Then the underlying even manifold is given by the reduced space M,eq =
(| M|, ~M 7 il), a manifold of dimension m. Indeed, the canonical projection
i Oy — M/Inil yields an embedding ¢: M,.q — M which is the identity
on the underlying topological space ||[M||. Any map from a reduced space
to M has to factor over ; hence the map 4 is unique as embedding of the
underlying even manifold.

Though the concept of reduced space was widely used for super man-
ifolds, it was to our knowledge never extended to families of super mani-
folds in a functorial way. Here by functorial we understand that for a su-
per manifold M — B with embedded underlying even manifold i: |M| — M
and b: B" — B, the manifold |M| xp B’ is the underlying even manifold for
M xp B"and i xgidp : |M| xp B' — M xp B’ is an embedding. However
in the case of families the uniqueness of the underlying manifold is lost, as
is already seen in the following example:

Example 1.8 (Underlying even manifolds for R™"). Consider an em-
bedding i: R™° x B — R™" x B such that ||i|| is the identity. Denote the
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standard coordinates on R™ by y® and the standard coordinates on R™"
by (2°,77). Then i can be expressed in coordinates:

2t =gb(y), i’ =4 (y).

If one chooses coordinates L = (I°, A7) on B one can expand the even func-
tion ¢°(y) further

i#2b = g"(y) ="+ > N9, ().
v#0

Here the zero order term is given by the fact that ||i|| should be the identity.
However, the functions g,%(y,1) and ¢®(y) = ¢®(y,1,\) are arbitrary (with
the sole exception of prescribed parity). Consequently, underlying even man-
ifolds of the trivial family R™" x B are not at all unique if B % Bjed, in
contrast to the reduced space.

It is always possible to find coordinates (Z°,7”) on R™™ and coordi-
nates % on R™9 such that

(1.9) itE=g0,  ifpf =o.
Indeed, using the coordinate transformation

J =+ Mg (D)
v#0

on R™° x B and the coordinate change

=1 =g )+
on R”I" x B assures the Equations . Put differently, there are diffeomor-
phisms ¢ € Diff 5(R™° x B) and Z € Diff g(R™™ x B) such that Z 0 o & co-
incides with the standard underlying even manifold of R™"™ x B given by
Equation (|1.9)).

There are automorphisms = of R”™ x B such that i o = = 7. Those can
best be expressed in the coordinates %, 7° as

Bt =2+, n), =P =il (@)

The functions ff are arbitrary functions on R™" x B with appropriate par-
ity.
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Theorem 1.10 (Existence of underlying even manifolds). Let M =
(|M||, Onrr) be a family of super manifolds over B. Also, let |[Ur| C || M]| be
a subset (which might also be empty) such that there is an underlying even
manifold |Uy| with given embedding iy : |Uy| — Uy and ||Us|| C ||U1]| an open
subset such that its closure is contained in Uy. There exists an underlying
manifold |M| and an embedding i: |M| — M such that |Uy| coincides with
|M| and i with iy over ||Us]|.

Proof. Let Vi, be an open cover of the family by;: M — B by adapted coor-
dinate charts Vi. As M is paracompact, we may assume that Vj is a count-
able cover, hence k = 1,.... Let us write Vi, = Fy, x by (Vi) with coordinates
X ,f = (xf,ng) on Fj. We will denote the coordinate changes as follows:

FEXE = fi (X0) =D i ok () -

Here the sum runs over all Zo-multi-indices v including zero. The mani-
fold |M| that we are going to construct is covered by the same open sets
Vil = || Fill < [[bar(Vk)|| and have adapted coordinates yi such that
(Y2) eq = (2}),.q- Notice that the coordinate changes hﬁyl“ = h$;(yr) need
to be constructed in the proof.

We construct a family bjyz: [M| — B of relative dimension m|0 and a
map i: |M| — M over B inductively. To start the induction we may assume

without loss of generality that Uj is covered by the first j open sets, that is

J
U = J V.
k=1
Furthermore, we assume that

UgﬁUVk:(b-

k>j

If Uy = 0 choose an arbitrary embedding |y, : [Vi| — Vi over by (V1) as in
Example
Suppose now that we have the structure of an underlying even manifold
together with the embedding ¢ for UZL;OI Vi. We assume that ¢ is given in
the coordinates X ,;4 and yi by
i#

i#a a

g =y + gk (Uk), e = 9k (Uk),
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where gi are even nilpotent functions and g;¥ odd nilpotent functions. We
will show that we can extend the underlying even manifold structure and the
embedding ¢ to (J;-, V. In order to extend the manifold structure we have
to give the coordinate changes hy,,. For g4 to describe an extension of the
given ¢ we need that the following compatibility conditions hold on Vi NV,
for all £ < m:

(1.11) FE XA = pf XA

By what has been discussed in Example we may assume that 91? =0 for
all k& < m. Hence the compatibility conditions ([1.11]) read

P fE at =k el = b (e + 9% (ym))
S =i i = b g% (ym).

For g2 = 0 the first equation can be read as a definition of hg,,, whereas the
second equation specifies g, on V,,, N Vj. However, the function g;, may not
extend to the whole of V,,, because it may be unbounded. Let {o,7} be a
partition of unity subordinate to {{J;"- Vi, Vin}, see [3 Proposition 4.2.7].
The function ¢, = og%, defined on the set Vi, NJ;, ' Vi, can be extended
to Vi, by zero. We will now construct hj; and an embeddlng j that coincide
with Ay and 4 respectively on [ J;; Ly, \ Vi such that

(1.12) FPa =y, GG =t

Hence the manifold structure and the embedding j extend to ;- Vi
Let 7 be in the coordinates X ,f be given by

i

jTxy = yg, I = gk (k)

The coordinate changes hy; are then determined by the compatibility condi-
tions (|1.11):

N G ) o) = 7 flat = W Fat = Ifye
v

Notice that hy; differs from hg only by a nilpotent term dependent on gy
Furthermore, the functions hy; satisfy the cocycle conditions because fi;
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satisfy them:

TH#T # _
h’klhlpyp hkl]#flp p #fkl flp P J#fkp P hk;pyp

It remains to see that Equation - 1.12)) determines g for & < m uniquely. We
have to expand h# (j#n% —t2) with respect to coordinates Lil = (12, AY)
of the base:

ﬂl@OZﬁﬁJf%%—ﬁﬁ:Rﬁﬁi%fJﬁJ%: TS o — it
v

= 3N (i) + @)l — O i) + R
Kk#0

= SN () oo + () + )
£#0

Here the additional bracket and indices around fg;.,.,, gr and o indicate the \-
dependence. The term R, * contains all terms containing g_,* of order lower
than . The matrix ( fyo‘k;)O is invertible because the coordinate change fin,
is invertible. Hence the Equation is solvable by recursion. The support
of gi is contained in the support of 7. Consequently j and Ry coincide with i
and hy; outside of V. O

Remark 1.14. Let N and N’ be families of super manifolds with odd
dimension zero. It is shown in [I5 Proposition 3.3.11] that any diffeomor-
phism N,.q — N’,cq can be extended to a diffeomorphism N — N’. Conse-
quently, for two embeddings of underlying even manifolds i, : |M|; — M and
io: |M|y — M we have that |M|, and |M]|, are diffeomorphic. Furthermore,
for any diffeomorphism =Z: M — M and i: |[M| — M there exists a diffeo-
morphism &: |M| — | M| and an embedding of the underlying even manifold
j: |M| — M such that

Soi=joC.

The theory of integration for families of super manifolds is sketched in [5]
§3.10], building upon the framework of [I8]. For fiberwise compact, oriented
families of super manifolds integration is an Op-linear functional

/ : BerTVM — Op
M

from the Berezinian of the cotangent bundle to the functions on B. The
Berezinian is the generalization of the determinant bundle to super geometry.
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Integration is given in local coordinates (z%,n®) by
/ g(a,n)lda’ - da™dn' - - dn"] = / Grop(x) dz' - - - dz™
RmIn RmI0

where gt is the B-dependent coefficient of 7™ ---n' of in the coordinate
expansion of g(x,n). The integral on the right-hand side is defined by Op-
linearity and the classical integral over the fibers of R™ x B — B. The local
expressions are then shown to be coordinate invariant and glued to a global
expression on a super manifold with the help of a partition of unity.

An alternative definition of the Berezin integral for B = {pt} is given
in [11} 20]. There the Berezin integral is reduced to an integral over M4
via the unique embedding i: M,.q — M of Example as follows: De-
note by P = Q"™(M) @ Derg(Oy) the R-linear differential operators of or-
der at most n with values in m-forms on M. Here M is of dimension m|n
and Derg (Oyy) is considered as a right module over Oy;. For any function
f € Opr and any @ € P we denote by Q|f] the differential form obtained by
applying the differential operator to f. Define an R-linear functional on P
by

L(Q) = /M QML)

Here i* (Q[1]) denotes the top-form on M obtained from Q[1] by pullback
along the embedding 3.

Let K C P be the Op-right module containing all @ € P such that
i*Q[f] is exact for all f € Ops. Obviously K C ker L. In |11, Theorem 2.2] it
has been shown that

(1.15) Ber TVM =L /4.

According to [I11 20], for any pre-image @ € P of b € Ber TV M it holds that

(1.16) L(Q) = /M b.

In the statements (|1.15) and (|1.16)) the R-linearity can be replaced by
Op-linearity for general B. Therefore, M,.q4 can be replaced by |M| which
proves the following statement:

Proposition 1.17. Leti: |[M| — M be the embedding of an underlying even
manifold for a family M of fiberwise compact, orientable super manifolds
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over B. For any section b of Ber TV M there exists a top form |b| on |M]|

such that
/b:/ ).
M | M|

Here the integrand |b| coincides with i*Q[1] up to a global exact term and
depends on the embedding i: |[M| — M.

2. Super Riemann surfaces

Definition 2.1 (see [I7]). A super Riemann surface is a 1|1-dimensional
complex super manifold M with a 0|l-dimensional distribution D C T'M
such that the commutator of vector fields induces an isomorphism

1
§L¢D®@D%TMQ}

Example 2.2. Let (2,6) be the standard coordinates on C'' and define
DcTCH by D= (09 + 60.). The isomorphism D ® D ~ TM/D is explic-
itly given by

[0p + 60,09 + 60.] = 20,.

This example is generic since any super Riemann surface is locally of this
form, see [17, Lemma 1.2].

Theorem 2.3 ([9]). A super Riemann surface is a 2|2-dimensional real
super manifold with a reduction of the structure group to

A? B
G = {( 0 A) ‘ A Be¢e C} C GL(C(].|1) C GLR(Q‘Q)
together with the following integrability conditions. Remember that C is to
be understood as the trivial family C x B. Denote the G-frames by F, and
Fy. Their decomposition in real and imaginary part yields frames Fy, F, for
a=1,2,a=3,4 as follows:

F,==(F —iF), Fy == (Fs—iFy),

, Fo— T

o
t’:q‘l\')\v—\
N =
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Let us denote the structure coefficients by th :
[FA, FB] = thFc.

Then the integrability conditions in terms of the complex frames are given by
the following G-invariant equations:

(2.4) =t =t =t =t1_=t,=0,

i, =2.
The vanishing of the first four structure coefficients guarantees an integrable
holomorphic structure and the vanishing of the last two that D is a holomor-

phic distribution. Furthermore, t% , = 2 gives the complete non-integrability
of D.

Theorem [2.3] leads to two observations. First, since the orthonormal
group O(2]2) is not contained in G it is not possible to describe the ge-
ometry of super Riemann surfaces in terms of super Riemannian metrics
on M. Second, a further reduction to U(1) is always possible via

ul) -G
U2 o0
U < 0 U) .
Consider now such a U(1)-structure on M. It induces a non-degenerate,
super symmetric bilinear form m on T'M, given in the U(1)-frames by

m(Fa, Fb) = 5ab> m(Fa, Fﬂ) = 0, m(Fa, Fg) = 6a5.
The projector on D gives a splitting of the following short exact sequence:

PN

2.5
(2:5) 0—D—TM=DaD — TMH o

The pullback of the short exact sequence ([2.5)) along an embedding i: |[M| —
M

1/]?5\

0—S—*TM — T|M| — 0
e
1

possesses a second splitting given by ds.



Super Riemann surfaces, metrics and gravitinos 1173

Definition 2.6 (Metric g, spinor bundle S and gravitino x). By the
identification T|M| = i*D*, the tangent bundle of |M| gets equipped with
a metric g.

The bundle S = i*D is a spinor bundle of the metric g because i*D Q¢
i*D =1i* (TM/D> = T'|M|. The identification S = ¢*D induces a non degen-
erate bilinear form gg on S that is given in the frames s, = i*F, by

gS(Sou 35) = €apB-

The difference of the splittings p and di is a section of TV|M| ® S which
we call gravitino x:

(2.7) x(v) =ps (p— di) v

Here pg: ¢*T'M — S is the projector given by the splitting of the short exact
sequence by p.

Keep in mind that the vector bundle S is of real rank 0|2 and the
frames s, are odd. Consequently, the coefficients of x(f,) = X} sa are odd
functions on |M]. Also notice that in general the embedding i: |M| — M is
not holomorphic with respect to the complex structure on |M| induced by g
(cf. the construction in the proof of the Theorem .

Different choices of U(1)-structure lead to metrics and gravitinos which
differ from ¢g and x only by a conformal and super Weyl transformation.
Every matrix of G can be decomposed as

o DG DE N6
' 0 A 0 U 0 R/)\O 1

where U € U(1), R € Rt and T € C. The first matrix preserves the U(1)-
structure on M. Consequently the bilinear forms m, g and gg are preserved.
The second matrix in the decomposition rescales the frames F4 and
changes the U(1) structure. As a result the bilinear form g is rescaled by i# R?
and gg is rescaled by i R. The third matrix in the decomposition (2.8))
changes the splitting TM =D @& D+. It is easy to see that the induced
change on Y is indeed a super Weyl transformation. However only the func-
tions 7 U, i" R and i#T effect the metric g and the gravitino. The higher
order terms of R and T leave g and x invariant.

Having constructed a metric and gravitino on a 2-dimensional surface | M |
from a super Riemann surface M, we now consider the opposite question.
Given a 2|0-dimensional manifold |M| and a metric g and a gravitino y, is



1174 J. Jost, E. Kefsler, and J. Tolksdorf

there a unique super Riemann surface M with an embedding i: |[M| — M
such that the above construction gives the same metric and gravitino back?
In order to affirmatively answer the question, one has to take into account all
geometrical degrees of freedom on M that are not fixed by the metric g and
the gravitino x on |M|. An example for such geometrical degree of freedom
is given by the higher order terms in the decomposition .

Definition 2.9 (Wess—Zumino frames). A G-frame Fj is called Wess—
Zumino frame if the following commutator relations hold in addition to the
integrability conditions ([2.4):

(2.10) =0, FFT_ =0, tI, =0.

Lemma 2.11. Let Fy be a U(1)-frame. There is a unique Wess—Zumino
frame F4 in the same G-class such that i*Fq = i*Fjy.

Proof. Apply a transformation h € G to F4 such that i*h = id. The condi-
tions ([2.10) fix the higher order terms of U, R and T in ({2.8]). O

Definition 2.12 (Wess—Zumino coordinates). The coordinates X4 =
(%, n®) are called Wess-Zumino coordinates of the frame Fj if i#n® =0
and the coordinate expression of the frame Fy, is given by

(2.13) Fyo = <77MF;w¢b(x) + 772771 : ) O + <5£ + nuF/wcﬂ +772771 : ) 877ﬁ‘

Here the degree one coefficients are symmetric with respect to the lower
indices, i.e.

o C _
e F,," =0.

Lemma 2.14. Given a G-frame Fy and coordinates X* = (%, 7*) there

are unique Wess—Zumino coordinates X = (x%,n%) for Fa such that i#*i® =
A a
il

The notions of “Wess—Zumino frames” and “Wess—Zumino coordinates”’ are
derived from the notion of “Wess—Zumino gauge” used in [7]. They have at
least two purposes. The first one is that they reduce the freedom in the
local description of super Riemann surfaces. Instead of all super coordinate
systems and all G-frames, we now only need to consider the Wess—Zumino
frames and Wess—Zumino coordinates. As was shown in Lemma 2.11] and
Lemma they are unique up to a choice of i#2® and i*F,. Second they
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relate the odd coordinates on M to spinors on |M]|, as the frames s, =
i*F, = 1*0y~ are frames for S.

Let now F4 be a U(1)-frame on U C M. Consider the coordinate expan-
sion in Wess-Zumino coordinates X4 = (2%,1®) for F.

Fo = (FOab + nuFuab + 772771F21ab) 6xb
- (Fou” + 0 F® 4 0 P, ”) Oy
Fo = (U“Fuab + 772771F21ab> Oz

+ (55 + nuF;w/B + 772771F21aﬂ> 877ﬁ

(2.15)

The frames s, = i*F, are U(1)-frames for S. Furthermore the frame Fj, can
be expanded

*Fy = Fo, "0 + Fy,"s5

Then by formula (2.7) we know that f, = Foab('?yb is a g-orthonormal frame
and the gravitino is given by

X(fa) = Foo 55

To complete the local description of super Riemann surfaces in terms of
metrics and gravitinos we still need the following lemma, which has been
mentioned first in [12] under stronger assumptions:

Lemma 2.16. Let Fy be a Wess—Zumino frame and X4 = (2%, n) Wess—
Zumino coordinates for Fy. All higher order coefficients in (2.15) can be
expressed in terms of FOab and FOaﬂ and thus in terms of f, and x.

Proof. The Equations ([2.4), (2.13)) and (2.10) are solvable for the unknown

coeflicient functions. O

Theorem 2.17. Given a super manifold |M| over B together with a met-
ric g, a spinor bundle S and a gravitino field x. Then there is a unique super
Riemann surface M over B together with an inclusion i: |M|— M such
that the above procedure gives back the gravitino and metric up to conformal
transformation of g and super Weyl transformation of the gravitino x.

Proof. Cover |M| by open coordinate sets (V,y?). Choose a local U(1)-
frame s, of S and f, of T'|M]| such that s; ®c¢ s+ +— f,. Construct over the



1176 J. Jost, E. Kefsler, and J. Tolksdorf

topological space V' the super manifold (V, Oy ) by setting Oy = A(T'y(SY))
with coordinates 2% = y® and n® = s, where s is the canonical dual basis
to sq. Denote by F4 the Wess—Zumino frame constructed from the coeffi-
cients of the frame f, and the gravitino x according to Lemma [2.16] This
gives an integrable G-reduction of the structure group of TV. The map i is
locally constructed via its action on the coordinates (z¢,7n%), i.e. i"z® = y°
and i#n® = 0.

It remains to glue different local constructions in order to obtain a
well defined super Riemann surface over the same topological space || M]].
The Wess—Zumino frames over different trivializing covers may differ by a
G-transformation that reduces to U(1)-transformation on |M|. The Wess—
Zumino coordinates of Wess—Zumino frames that differ by such a transforma-
tion are completely fixed by the U(1)-transformation. Details may be found
in [15]. O

We have shown a one-to-one correspondence
{i: |M| — M, M super Riemann surface} <— {1M], S, g, X}/Weyl, SWeyl

An advantage of this description is that on the right-hand side there are
no integrability conditions to be fulfilled. On the left hand side the integra-
bility conditions have to be fulfilled. The presence of the integrability
conditions complicates the study of deformations as one needs to assure the
integrability of the deformations.

To obtain a description of the moduli space of super Riemann surfaces in
terms of metrics and gravitinos one may look for a one to one correspondence
(see e.g. [I3] and references therein)

(2.18) {M super Riemann surface}/SDiﬁ ()

M7S7 b
e UM 59X A0 Sweyl, Diff (0], SUSY

The super symmetry transformations SUSY on the right hand side can con-
jecturally be identified with the change of embedding i, that is, a particular
subgroup of SDiff (M). A precise definition of SUSY and the study of the full
quotient must be left for further research. Here, we treat the infinitesimal
case. As a preparation we first study the infinitesimal change of embedding.

Proposition 2.19. The normal bundle to the embedding i: |M| — M is
gwen by i*D = S. Let iy: |M|, — M be a smooth family of embeddings such
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that the infinitesimal deformation is

q:

. -k

% o (TS F\M\O(ZOD)

The derivatives of the corresponding families of local frames f(t), and grav-
itinos x(t), are given by

a

d
| F(1)e = =200"a, x(fa)) fi
(2.20) p =0
| x(), = Via=Vila+ " xar' e
t=0

Here, the symbol ~ denotes equality up to local U(1)-, conformal and super
Weyl transformations. VFC is the Levi-Civita connection lifted to S.

This proposition also justifies that the field y defined above was called
gravitino, because the transformations are the expected super sym-
metries. Compare [I}, [7, 13]. The interpretation of super symmetry given
in Proposition [2.19] as a normal variation of the underlying even manifold
resembles the one given in [2]. There, super symmetry of four-dimensional
super gravity is interpreted as a deformation of a local splitting of the body
projection.

Lemma 2.21. The gravitino can be gauged to zero locally. More precisely for
every point m € ||M]|| there exists an open neighbourhood U C M such that
there is a U(1)-structure and an embedding i: |M| — M such that x|, =
0. The gravitino can be gauged to zero globally, if M is a trivial family of
super Riemann surfaces.

Proof. Choose around m complex coordinates (z,6) such that D = (g +
00.) (see example 2.2). Let the U(1)-structure be given by the frames F, =
9, and F = 9y + 09, and the embedding by i## = 0. Then the gravitino
vanishes on U. O

Theorem 2.22. Let the metric g, the spinor bundle S and the gravitino
X =0 on |M| determine the super Riemann surface M and the embedding
i: |M| — M. The infinitesimal deformations of M are given by

HOTY M| e TV|M|) @ H(SY @c ¥ @c SY).

Here H° denotes holomorphic sections.
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Proof. Any infinitesimal deformation of M is given by an infinitesimal de-
formation of metric and gravitino, denoted by h and p respectively. However
not every infinitesimal deformation of metric and gravitino give rise to an
infinitesimal deformation of the super Riemann surface. The infinitesimal
deformations of the metric and gravitino induced by Weyl and super Weyl,
diffeomorphisms and super symmetry do lead to equivalent super Riemann
surfaces. We will thus need to decompose the infinitesimal deformation h of
the metric as

(2.23) h=MXg+ Lxg+susy(q) + D

for some infinitesimal Weyl transformation with parameter A, a Lie deriva-
tive along the vector field X and infinitesimal super symmetry transforma-
tion susy(q) given by the spinor ¢ as in (2.20). The parameters A, X and
q need to be determined. The remaining part D is a true even infinitesimal
deformations of the super Riemann surface. Analogously, the infinitesimal
deformation p of the gravitino needs to be decomposed in

(2.24) p=7t+Lxx+Vi¢+D

for some spinor ¢, that rests to be determined. The remaining part © is a
true odd infinitesimal deformation of the super Riemann surface.

We will work in local holomorphic coordinates z = z! + iz? defined in
some open neighbourhood U. We consider only the special case g;; = d;;
and y = 0. The case of isothermal coordinates works analogously. Let X =

X*9,x. The Equation (2.23)) simplifies to
hij = )‘5ij + (&v‘Xk) 5kj + (aank> (Sk:z + Dij-
Letting
L, sis K
A= Shigd" — (0, XF)

it is possible to assume D;; is symmetric and trace free. As a consequence,
the bilinear form D can be identified with a section of TV|M| ®@c TV |M|:

a b .
(b —a) — (a—ib)dz ® dz

It is possible to choose the vector field X such that D is a holomorphic
quadratic differential. The holomorphicity condition for D is equivalent to
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the following Laplace equations for X*:

1
0= 0pa+ 0p2b= §5x1 (h11 — hog) + Op2hig — 0L X' — 02X
_ _ 1 o o 2 2 2 2
0= —0pb+ 0p2a = 28952 (hll hgg) Oprhia + a$1X + 812X

We have decomposed every infinitesimal deformation h of the metric g into
an infinitesimal Weyl transformation, a Lie derivative and a holomorphic
quadratic differential. The holomorphic quadratic differentials represent the
true even deformations of M.

In an analogous manner we proceed with the deformation p of the grav-
itino. It will be convenient to consider p as a section of TV|M|® SV. We
choose a complex basis s for S such that sy ® sy = 9, and let s = s3 — isy.
The corresponding dual basis will be denoted s™ and s respectively. The
vector bundle TV|M| ® S can be decomposed in SV & SY @¢ SY @c SV. In
the basis we use here, the spinor part of an arbitrary section p is given by
safyag pas- The Equation is given in our local coordinates by

PaB = 5awbgauut” — 8 (0raq") +Dyp.
It is possible to fix the spinor ¢ such that ® is in SV ®¢c SY ®c SV, i.e.
0 =" (Pap + €810z q") — 2eut”.
Consequently the coefficients of ® fulfil
D13+ D24 =0, Doz — D14 = 0.
The cospinor valued differential form ® can be identified with
(D13 +iD14)dz @ 5™

The condition, for ® to be a holomorphic section of SV ®¢ SY ®¢ SV is given
again by the Cauchy—Riemann equations

0=01D13 — 0,214 = = (g1 (p13 — p2a) + Op2 (P14 + p23)) + 02 ¢* + 0%q?,

| =

0=0.:2D13 + 01 D14 = = (02 (p13 — p24) — O (P14 + p23)) — 021 ¢° — 0%q>.

| =
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We can thus decompose the infinitesimal deformations of the gravitino in
an infinitesimal super Weyl transformation, an infinitesimal super symmetry
and a holomorphic section of S¥ ®@c SY @c SV. O

Similar statements for trivial families can be found in [4, 17, 21]. However
the version given here is more general, as it allows for certain non-trivial
families. Furthermore the proof given here shows directly which deformations
of metric and gravitino correspond to infinitesimal deformations of the given
super Riemann surface.

The complex dimension of the infinitesimal deformation space can be
calculated by the theorem of Riemann-Roch in the case of B = R0, The
dimension was found to be 3p — 3|2p — 2 for genus p > 2.

3. The action functional

We now turn to the action functional . In this section we assume that M
is a fiberwise compact family of super Riemann surfaces with a compatible
super metric m. Let N be an arbitrary (super) manifold with Riemannian
metric n and Levi-Civita covariant derivative VIV, For details on Levi-
Civita covariant derivatives on super manifolds see [10]. Consider a morphism
®: M — N. The action

1
(3.1 AM.®) = 5 [ 14905 12,1 oepldvol]

might be seen as a generalization of the harmonic action functional to super
Riemann surfaces. Remark that in contrast to the harmonic action functional
the tangent map d® is restricted to the subbundle D in TM. Given U(1)-
frames F'4 the action can be written as

1
(3.2) AM, @) = 5 /M P (F @, Fg®)g-p[FF2F3F1).

The action can be found in different forms in the literature, see in
particular [7, ©]. In [9] one can find an explicit proof for the G-invariance
of . Thus the action functional does not depend on the metric m, but
rather only on the super Riemann surface structure, i.e. the G-structure.

Proposition 3.3. The Euler—Lagrange equation of (3.1)) for ® is

(3.4) 0=AP® = *PVy Fd + £%F (div F,,) F3®.
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We will call the differential operator AP, defined here, the D-Laplace opera-
tor.

Proof. Let ®&;: M x R — N be a perturbation of &3 = ®. One can expand
®; in ¢ around 0 and obtains

P, = Py + t&atﬁtlt:o + O(tz).

Let us denote 0,P;|;—p = E € I'(P*T'N) and expand A in ¢ around 0:

d
% o A(@t, FA)

— 1 i / 5a6<Faq)t,F5q)t>[FlF2F3F4]
2 dt 1—0 J M

1
=3 / O (Fo®y, F®y)[F F2F3 FY]
M

t=0

P (VG TN Fyy, Fa@y)[FLF2F3 Y

t=0

P (Ve TN 0@, Fp®y) [FLF2FPFY

t=0

[
SoS—s

e (VETNE, Fg®)[F' FPF3 Y
- / e (2, VRN Fs®)[F'F?F3F*) — (2, F3®) Ly, [F' F?F*F*))
M

With the definition of divergence
(div F,) [FYF?F3F*) = Lp [F'F2F3F4,

the result follows. Of course the Euler-Lagrange Equation (3.4) is G-invariant
like the action (3.1]). The D-Laplace, however, is only U(1)-invariant. O

We now turn to the question how the action (3.1)) can be represented on
an underlying even manifold i: |M| — M.

Definition 3.5. Let ®: M — N be a morphism and i: |[M| — M be an
underlying even manifold. We call the fields

o: |M|— N Vi |M|— SY®@p*TN  F:|M|— ¢*TN
1
p==boi Y =5 Qi*Fo® ini*ADd)
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component fields of ®. Recall that s® is the dual basis to the basis s, = i*F,
of the spinor bundle S = ¢*D on |M]|.

Remark 3.6. Suppose that X4 = (2% n®) are Wess Zumino coordinates
for the Wess—Zumino frame F4. Let furthermore Y2 be local coordinates
on N. The map ®: M — N is then given by the functions

*YE = 7+t 7+ 0Pt £

It holds that fOB = ¢#Y B because i#nt = 0. By the properties of Wess—
Zumino coordinates we have that i*F,, = i*0,~ and thus ff = dJNYB. Here v,
is the coefficient of 1 in the basis s# and consequently a derivation on Oy
with values in Ops. If the target manifold N = RP is Euclidean space one
can show that *AP = 2i* 0,1 0y2. Consequently the map ® can be written
schematically as

® = o+ P, +1°n'F.

Theorem 3.7. Let M be a fiberwise compact family of super Riemann
surfaces and i: |[M| — M an underlying even manifold. We denote by g,
X and gs respectively the metric, gravitino and spinor metric on |M| con-
structed in Section @ for a given U(1)-structure on M. Let ®: M — N be
a morphism to a Riemannian super manifold (N,n) and ¢, ¥ and F its
component fields, as introduced in Definition[3.. It holds

(38) A(M,®) = A(p, g,%, x, F
_ /M| <|dsougv®@ ot (62 D) gtmrn — () Fpon
+ 207" V0, ¥) gY@

1
+ 5 <Xa7 ’Vb'anb>gs <77ZJ> w>g§®§0*n

1 o "
+65 65W6<R@ TN(¢a77!}'y)¢6awﬁ>so*n> dUOlg

The idea for the proof of Theorem is Proposition One uses
crucially that integration in the odd directions is locally a derivation. In
Wess—Zumino coordinates (z%,n®) for F4 a local expression for the action is
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given by

1
A(M, @) = 5 /M P (F\®, Fg®)gp(Ber F)dzt da? dn* dn?]

1
= 3 /M i*anlanz <5a’8<Fa(I>,Fg‘I>>¢*n(Ber F)—l) det da?

1
_ 1 / *e" F,F, (50‘6 (Fo®, F®)g-p(Ber F)’l) da! dz?.
]

The expansion of the last expression is given in terms of component fields
of ® (compare Definition and commutators of Fy, and derivatives of
Ber F'. By Lemma [2.16] the coordinate expansion of Fy,, its commutators and
the Berezinian are determined by ¢ and x. The full calculation can be found
in [15].

It is now clear how the different symmetries of the action functional
arise. Different U(1)-reductions of the given G-structure on M induce met-
rics and gravitinos on |M| that differ only by Weyl and super Weyl trans-
formations. The action functional is G-invariant and thus in turn the
action functional is conformally and super Weyl invariant. The action
functional is formulated without any reference to an embedding of an
underlying even manifold, but Theorem is. The independence of of
the embedding ¢ translates into super symmetry of .

Proposition 3.9. The Fuler—Lagrange equations of the action functional
(3.8)) are given by the components of the Euler—Lagrange equation of (3.1):

(3.10) 0=i"AP® 0=s5"@i'VyAP®  0=i"APAPD

Sketch of proof. Schematically the infinitesimal variation = of ® can be de-
composed

E = 6¢ + 05ty + n*n'oF.
The infinitesimal variation of the action is then given by

§A = — / (2, AP®)[dvol,,).
M

Integration over the odd variables selects the coefficients of highest degree
in 7, so that

§A = — / %(5% *APAPD) + (54,5 @ "V, ®) + (§F, i AP®) dvol,.
|M]
O
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By Theorem [2.3] different super Riemann surfaces are given by different
G-structures. The functional is G-invariant but different G-structures
lead to different values of the functional. Consequently the action func-
tional is a functional on the moduli space of super Riemann surfaces
for fixed ®: M — N. The conjectured correspondence shows that,
in principle, the component action should be defined on the moduli
space of super Riemann surfaces. As explained earlier the difficulty lies in
the correct definition of the right-hand side of . However, infinitesimal
properties of the moduli space of super Riemann surfaces can be studied

from (3.8) already.

Proposition 3.11. Let M be a super Riemann surface and i: |M| — M
an underlying even manifold. By the construction in Section[3, the geometry
of M is determined by a metric g and a gravitino x on |M|. Define the
energy-momentum tensor T of A(p,g,v,x, F) by

(3.12) dgA(p, 9,0, x, F) = dg - T dvoly,
|M]

and the super current J by

(3.13) 0A(p, 9,0, x, F) = ox - J dvoly.
|M|

Geometrically, the integrals (3.12) and can be viewed as cotangent
vectors of the moduli space of super Riemann surfaces at M.

Let now ¢, v and F' fulfil the Euler—Lagrange Equations (3.10) and x = 0.
The energy-momentum tensor T is traceless by the conformal symmetry and
the Noether current associated to the diffeomorphism invariance. The super
current J is a section of S¥ ®@c SV @c SV by the super Weyl symmetry and
the Noether current to super symmetry.

Furthermore, as the Noether currents are conserved quantities, they are
divergence free. Consequently, the energy-momentum tensor T is a holomor-

phic quadratic differential and the super current J is a holomorphic section
of SY Rc SV Kc SV.

For a similar argument in the case of purely commuting variables see [14].

Similar to the case of Riemann surfaces and the harmonic action func-
tional we hope that the action functional may be helpful to derive
further results about the moduli space of super Riemann surfaces.
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Summary

We have established the relation between the super symmetric action func-
tional and super Riemann surfaces. That is, we have shown that for a
particular underlying even manifold | M| of the super Riemann surface M the
integral A(M, ®) reduces to the action functional A(p,g,%, x, F') on |M].

The first step was to define the underlying family of even manifolds
|M| — B of a family of super manifolds M — B. The underlying even man-
ifolds is in between the super manifold M and the completely reduced space
of M, as it still involves odd functions from the base B.

With the help of the underlying even manifold | M| we were able to show
that the structure of a super Riemann surface M is completely determined by
an underlying even manifold | M| together with a metric g, a spinor bundle S
and a spinor valued differential form y, called gravitino. The redundancy in
the choice of g, S and x could be shown to coincide with the conformal,
super Weyl and super symmetry invariance of the action A(yp, g, 9, x, F).
Infinitesimal deformations of the super Riemann surface can be expressed
via infinitesimal deformations of g and Yy, reproducing the classical result
that even infinitesimal deformations of M are given by holomorphic sec-
tions of TVM ® TV M, whereas odd infinitesimal deformations are given by
holomorphic sections of (S¥)®?.

As an outlook, the similarities of A(M,®) with the functional of har-
monic maps on Riemann surfaces, together with the results presented in
this paper, give rise to the hope that the action functional A(M,®) and
its critical points may be useful to study the moduli space of super Rie-
mann surfaces. On one hand, the definition of super Riemann surfaces and
their moduli involve the integrability conditions . On the other hand,
however, the characterization of super Riemann surfaces in terms of metrics
and gravitinos is not obstructed. Due to Theorem [3.7] the action functional
A(p, 9,17, x, F) in terms of metric and gravitino is well defined on the moduli
space of super Riemann surfaces.
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