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Mixed trTLEP-structures and mixed

Frobenius structures

Yota Shamoto

We introduce the notion of mixed trTLEP-structures and prove
that a mixed trTLEP-structure with some conditions naturally
induces a mixed Frobenius manifold. This is a generalization of
the reconstruction theorem of Hertling and Manin. As a special
case, we also show that a graded polarizable variation of mixed
Hodge structure with H2-generation condition gives rise to a fam-
ily of mixed Frobenius manifolds. It implies that there exist mixed
Frobenius manifolds associated to local B-models.
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1. Introduction

1.1. Frobenius manifolds and their comparison

A Frobenius manifold is a complex manifold whose tangent bundle is
equipped with a commutative product, a metric and a global section sat-
isfying a kind of integrability condition. The notion of Frobenius manifold
was introduced by Dubrovin [9] for the investigation of 2D topological field
theories. (The equivalent structure, called flat structure, was introduced by
K. Saito [27].) It has been shown that Frobenius manifolds naturally arise
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in many theories: the invariant theory of Weyl groups [28]; singularity the-
ory [7, 8, 26, 28]; Gromov-Witten theory [21]; the deformation theory of
A∞-structures [1], etc.

In some cases, we have an interesting isomorphism of Frobenius mani-
folds in two different theories. For instance, one of the goals in mirror sym-
metry is to prove that a Frobenius manifold constructed in a A-model is
isomorphic to the one constructed in the corresponding B-model.

However, in general, it is difficult to compare Frobenius manifolds F (0)

and F (1). A useful strategy is to split the problem into two steps as follows.

Step 1.: Show that each F (i) is constructed from more restricted set of
data T (i) (i = 0, 1).

Step 2.: Show that T (0) � T (1).

The fact in Step 1 is called (re-)construction theorem. It depends on the
problem which data we choose. Following [14], let us consider the case of
trTLEP-structure.

Let M be a complex manifold and jλ : P1
λ ×M → P1

λ ×M a map defined
by jλ(λ, t) := (−λ, t) where λ is non-homogeneous coordinate on P1

λ and t is a
point in M . For an integer k, trTLEP(k)-structure on M is a tuple (H,∇, P )
with following properties (Definition 2.13).H is a holomorphic vector bundle
on P1

λ ×M trivial along P1
λ, ∇ is a meromorphic flat connection on H;

(1.1) ∇ : H → H⊗ Ω1
P1
λ×M

(
log({0,∞}×M)

)
⊗OP1

λ×M ({0} ×M).

P is ∇-flat non-degenerate (−1)k-symmetric pairing

(1.2) P : H⊗ j∗λH → OP1
λ×M (−k{0} ×M + k{∞} ×M).

Hertling and Manin [14] showed the construction theorem for trTLEP-
structure. In other words, they proved that a trTLEP-structure with some
condition uniquely induces a Frobenius manifold. Then, they applied the
construction theorem to compare the Frobenius manifolds constructed from
isolated singularities, Frobenius manifolds associated to variation of polar-
ized Hodge structure of some family of hypersurfaces, and super Frobenius
manifolds in the deformation theory of A∞-structures.

Reichelt [23] defined the notion of logarithmic trTLEP-structure as a
generalization of trTLEP-structure and proved the construction theorem
for logarithmic Frobenius manifolds. Reichelt and Sevenheck [24] used the
construction theorem to refine the mirror symmetry theorem [11] for weak
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Fano toric manifolds. Here, we note that in [24], the result of Givental [11]
plays an important role at Step 2 of the strategy above.

1.2. Construction theorem for mixed Frobenius manifolds

The first main theorem of this paper is the construction theorem for mixed
Frobenius manifolds. We introduce the notion of mixed trTLEP-structure
and show that a mixed trTLEP-structure with some condition naturally in-
duces a mixed Frobenius manifold. The notion of mixed Frobenius manifolds
was introduced by Konishi and Minabe [19] to understand the local mirror
symmetry. Here we shall explain the notions of mixed trTLEP-structures and
mixed Frobenius structures, and the statement of the construction theorem.
The applications of the construction theorem to the local mirror symmetry
will be discussed in §1.4 and §1.5.

1.2.1. Mixed Frobenius structures and mixed trTLEP-structures.
Let M be a complex manifold equipped with holomorphic vector fields e
and E. Suppose that the tangent bundle ΘM has an associative commutative
product ◦, a torsion free flat connection ∇, and a ∇-flat increasing filtration
I = (Ik | k ∈ Z). If the tuple (◦,∇, e, E, I) and sequence of metrics g = (gk |
k ∈ Z) on GrIΘM =

⊕
k∈ZGrIkΘM satisfies some conditions, we call the

tuple F := (◦,∇, e, E, I, g) a mixed Frobenius structure (MFS) on M . A
complex manifold equipped with a MFS is called mixed Frobenius manifold
(Definition 2.16).

Similarly, a mixed trTLEP-structure is a trTLEP-structure with a fil-
tration. Let H be a holomorphic vector bundle on P1

λ ×M trivial along P1
λ

and ∇ a meromorphic flat connection on H as in (1.1). If we are given an in-
creasing filtration W = (Wk | k ∈ Z) of ∇-flat subbundle on H and pairings
P = (Pk | k ∈ Z) on GrWH such that (GrWk (H),∇, Pk) is a trTLEP(−k)-
structure for any k, then we call the tuple T := (H,∇,W, P ) mixed trTLEP-
structure on M (Definition 2.14). As we will see in Proposition 2.19, a mixed
Frobenius structure F on M naturally induces a mixed trTLEP-structure
T (F ) on M .

Let f : M0 →M1 be a holomorphic map between complex manifolds.
A mixed trTLEP-structure T on M1 naturally induces mixed trTLEP-
structure f∗T on M0. In particular, if we are given MFS F on a com-
plex manifold M and closed embedding ι : M ↪→ M̃ then we have the mixed
trTLEP-structure T = ι∗T (F ). This plays the role of the “restricted set of
data” in Step 1 in the strategy.
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1.2.2. Unfolding of mixed trTLEP-structure and the construction
theorem. Let (M, 0) be a germ of a complex manifold and T be a mixed

trTLEP-structure on (M, 0). An unfolding of T is a tuple
(
(M̃, 0), T̃ , ι, i

)
where ι : (M, 0) ↪→ (M̃, 0) is a closed embedding , T̃ is a mixed trTLEP-

structure on (M̃, 0), and i : T ∼−→ ι∗T̃ is an isomorphism of mixed trTLEP-
structures. We can define the notion of morphisms of unfoldings of T . Hence
we get the category of unfoldings of T denoted by UnfT (Definition 2.21).

If there exists a terminal object in UnfT , we call it universal unfolding of
T . We show that there is a universal unfolding

(
(M̃, 0), T̃ , ι, i

)
of T under

some conditions (Theorem 2.27). Moreover, we show that T̃ is isomorphic

to T (F ) for a MFS F on (M̃, 0) (Corollary 2.28). Hence we get the first
main theorem of this paper as follows.

Theorem 1.1 (Theorem 2.27, Corollary 2.28). Let T be a mixed
trTLEP-structure on a germ of complex manifold (M, 0). Assume that T
satisfies “some conditions”. Then there exists (uniquely up to isomorphisms)

a mixed Frobenius structure F on a germ of a complex manifold (M̃, 0) such
that the induced mixed trTLEP-structure T (F ) gives a universal unfolding
of T .

This is a generalization of Theorem 4.5 in Hertling-Manin [14]. “Some
conditions” in this theorem is explained in Definition 2.8 and Definition 2.23.
We also give the definition of the equivalent condition for a special case in
§1.3.

1.3. Mixed Frobenius manifolds and variations of mixed Hodge
structure

Consider a graded polarizable variation of mixed Hodge structure (VMHS)
H := (VQ, F,W ) on a germ of a complex manifold (M, 0). Here, VQ is a local
system of Q-vector space, F = (F � | � ∈ Z) is a Hodge filtration on K :=
VQ ⊗OM,0, and W = (Wk | k ∈ Z) is a weight filtration on VQ. If we fix a
graded polarization S = (Sk | k ∈ Z) on GrWVQ and an opposite filtration
U = (U� | � ∈ Z) (see Definition 3.1 for the definition of opposite filtrations),
then we have a mixed trTLEP-structure T (H , S, U) by Rees construction
(Lemma 3.3).

For the mixed trTLEP-structure T = T (H , U, S), “some conditions” in
Theorem 1.1 can be reformulated as a condition for H . The condition is
called H2-generation condition([14]), motivated by quantum cohomology.
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Let ∇ be the flat connection on K induced by H . By Griffiths transver-
sality, we have a Higgs field θ := GrF (∇) : GrFK → GrFK ⊗ Ω1

M,0. Put

w := max{� ∈ Z | Gr�FK 	= 0}. Note that GrwFK = Fw. The H2-generation
condition for H is the following.

(i) The rank of Fw is 1, and the rank of Grw−1
F K is equal to the dimension

of (M, 0),

(ii) The map Sym ΘM,0 ⊗ Fw → GrFK induced by θ is surjective.

Let ζ0 be a non-zero vector in Fw|0. Then the condition (ii) is equivalent to
the condition that GrFK|0 is generated by ζ0 over Sym ΘM,0|0 and condi-
tions (i) and (ii) imply ΘM,0 � Grw−1

F K.
The following theorem is an application of Theorem 1.1 in the case of

T = T (H , U, S).

Theorem 1.2 (Corollary 3.6). Let H = (VQ, F,W ) be a VMHS on a
germ of a complex manifold (M, 0) with the H2-generation condition. Take
an integer w as above and a non-zero vector ζ0 ∈ Fw |0. Fix a graded polar-
ization S and an opposite filtration U on GrWVQ. Then there exists (uniquely

up to isomorphisms) a tuple
(
(M̃, 0),F , ι, i

)
with the following conditions.

1. F =(◦,∇, e, E, I, g) is a MFS on a germ of a complex manifold (M̃, 0).

2. ι : (M, 0) ↪→ (M̃, 0) is a closed embedding.

3. i : T (H , U, S)
∼−→ T (F ) is an isomorphism of mixed trTLEP-structure

with i|(0,0)(ζ0) = e|0.

1.4. Mixed Frobenius manifolds in local B models

We shall explain some applications of construction theorem to the local mir-
ror symmetry. Konishi and Minabe introduced the notion of mixed Frobe-
nius manifolds in [19, 20] to understand the local mirror symmetry. In [19],
they constructed mixed Frobenius manifolds for weak Fano toric surface. It
remains to construct mixed Frobenius manifolds for local B-models.

Mixed Frobenius manifolds for local B-models are expected to be con-
structed from variations of mixed Hodge structure ([18]). Using the results of
Batyrev [2] and Stienstra [31], Konishi and Minabe [18] gave a combinatorial
description for the VMHS in the local B-models.

Let Δ ⊂ Z2 be a two dimensional reflexive polyhedron. We have the mod-
uli space M(Δ) of affine hypersurfaces in (C∗)2 (Definition 3.17). Let Vf ⊂
(C∗)2 be a hypersurface corresponds to [f ] ∈M(Δ). Fix a stable smooth
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point [f0] in M(Δ). Then the mixed Hodge structure on the relative co-
homology H2((C∗)2, Vf ), (f ∈M(Δ)) defines a VMHS HΔ on the germ of
complex manifold (M(Δ), [f0]). Using the results of [18] and [2], we give a
sufficient condition for HΔ to satisfy the H2-generation condition in terms
of the toric data. As a consequence, we have the following theorem.

Theorem 1.3 (Corollary 3.26). Fix a graded polarization S and an op-
posite filtration U for HΔ, and take a non-zero vector ζ0 ∈ F 2([f0]). Then,

there exists a tuple ((M̃, 0),F , ι, i) with the following conditions uniquely up
to isomorphisms.

1. F = (θ,∇, e, E,W, g) is a mixed Frobenius structure on (M̃, 0).

2. ι : (M(Δ), [f0]) ↪→ (M̃, 0) is an embedding.

3. i : T (HΔ, U, S)
∼−→ ι∗T (F ) is an isomorphism of trTLEP-structure

with i|(0,[f0])(ζ0) = e|0.

This theorem gives the mixed Frobenius manifolds associated to local
B-models.

1.5. Limit mixed trTLEP-structure and local A-models

We shall give a method to construct mixed trTLEP-structures from log-
arithmic trTLEP-structures. Let (M, 0) be a germ of complex manifold
and (Z, 0) ⊂ (M, 0) a co-dimension 1 submanifold. If we are given a logZ-
trTLEP(0)-structure T (the definition of logZ-trTLEP-structure is given
in Definition 4.2 or [23, Definition 1.8]) satisfies some conditions, we have
a mixed trTLEP-structure TZ,0 on (Z, 0), which is called a limit mixed
trTLEP-structure (See Definition 4.7).

LetX be a weak Fano toric manifold. Let r be the dimension ofH2(X,C).
For an apporopiate open embedding of H2(X,C)/2π

√
−1H2(X,Z) to Cr,

we have the logarithmic trTLEP-structure T small
X on a neighborhood V of

0 ∈ Cr, which is called the small quantum D-module ([24]).
Let S be a weak Fano toric surface and X be the projective compact-

ification of the canonical bundle of S. There is a divisor Z of V which
is canonically identified with a locally closed subset of the quotient space
H2(S,C)/2π

√
−1H2(S,Z). For each z ∈ Z, the logarithmic trTLEP-

structure T small
X on (V, z) induces a limit mixed trTLEP-structure (T )Z,z

on (Z, z). Moreover, if z is close to 0 ∈ Cr enough, then (T )Z,z induces the
mixed Frobenius manifold constructed by Konishi-Minabe [19].
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2. Construction theorem for mixed Frobenius manifolds

The aim of this chapter is to prove the construction theorem for mixed
Frobenius manifolds (Corollary 2.28), which is a generalization of [14, The-
orem 4.5].

The symbol P1
λ denotes a projective line with non-homogeneous param-

eter λ. We identify a holomorphic vector bundle with the associated locally
free sheaf. For a holomorphic vector bundle K, we write s ∈ K to mean
that s is a local section of K. We denote the dual vector bundle of K by
K∨. When we consider filtrations, we always assume that the filtrations are
exhaustive. Hence we always omit “exhaustive”.

2.1. Mixed trTLEP-structures and mixed Frobenius manifolds

We define the notion of mixed trTLEP-structures and mixed Frobenius man-
ifolds. We show that a mixed Frobenius manifold always induces a mixed
trTLEP-structures. We also show that a mixed trTLEP-structure induces a
mixed Frobenius manifold under certain conditions.

2.1.1. trTLE-structures and Saito structures. Recall the definition
of trTLE-structures. Let M be a complex manifold and pλ : P1

λ ×M →M
a natural projection.

Definition 2.1 ([13, 14]). A pair (H,∇) is called a trTLE-structure on
M if the following properties are satisfied:

1. H is a holomorphic vector bundle on P1
λ ×M such that the adjoint

morphism p∗λpλ∗H → H is an isomorphism,

2. ∇ is a meromorphic flat connection on H with pole order 1 along
{0} ×M and logarithmic pole along ({∞} ×M) :

∇ : H → H⊗ Ω1
P1
λ×M

(
log({0,∞}×M)

)
⊗OP1

λ×M ({0} ×M).

A morphism of trTLE-structures is a flat morphism of holomorphic vector
bundles.

Remark 2.2. For a trTLE-structure (H,∇) and a complex number c, the
pair (H,∇+ c · idH λ−1dλ) is also a trTLE-structure.
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We recall the definition of Saito structure (without a metric) in [25].
Let M be a complex manifold and pλ : P1

λ ×M →M a natural projection.
Suppose that its tangent bundle ΘM is equipped with a symmetric Higgs
field θ, a torsion free flat connection ∇, and two global sections e and E.
We have endomorphisms ∇•E and θE defined by a �→∇aE and a �→ θE(a)
for a ∈ ΘM .

Definition 2.3 ([25, Definition VII. 1.1]). The tuple S := (θ,∇, e, E) is
called a Saito structure on M if the following conditions are satisfied.

1. The vector field e is ∇-flat and θea = −a for all a ∈ ΘM .

2. The following meromorphic connection ∇̂ on p∗λΘM is flat:

(2.1) ∇̂ := p∗λ∇+
1

λ
p∗λθ −

(
1

λ
p∗λθE + p∗λ∇•E

)
dλ

λ
.

The vector field e is called the unit vector field and E is called the Euler
vector field.

Remark 2.4. 1. The tangent bundle ΘM has the structure of a com-
mutative associative OM -algebra defined by a ◦ b := −θab (a, b ∈ ΘM ).
The unit vector field e is the global unit section of this algebra.

2. The flatness of ∇̂ is equivalent to the condition that the equations
∇(◦) = 0, ∇(∇•E) = 0, and LieE(◦) = ◦ hold.

By definition, a Saito structure always induces a trTLE-structure.

Lemma 2.5. Let S := (θ,∇, e, E) be a Saito Structure on a complex man-
ifold M . Then the pair (p∗λΘM , ∇̂) is a trTLE-structure on M . �

We recall the definition of Frobenius type structure.

Definition 2.6 ([13, Definition 5.6]). Let K be a holomorphic vector
bundle over a complex manifold M . A Frobenius type structure on K
consists of a flat connection ∇r on K, a Higgs field C on K, and endomor-
phisms U ,V ∈ End(K) such that

∇r(C) = ∇r(V) = [C,U ] = 0,(2.2)

∇r(U)− [C,V] + C = 0.(2.3)
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We remark that this definition of Frobenius type structure lacks the pair-
ing comparing with [13, Definition 5.6]. There is a correspondence between
a trTLE-structure and a Frobenius type structure as follows.

Lemma 2.7 ([13, Theorem 5.7]). Let (H,∇) be a trTLE-structure on a
complex manifold M . There exists a unique Frobenius type structure (∇r, C,
U ,V) on H|λ=0 such that

∇ = p∗λ∇r +
1

λ
p∗λC +

(
1

λ
p∗λU − p∗λV

)
dλ

λ
(2.4)

via the natural isomorphism H � p∗λ(H|λ=0). We call it the Frobenius type
structure associated to (H,∇).

Proof. Let a be a local section of ΘM . Extend the section a constantly along
P1
λ and denote it by ã. Similarly, take a local section s of H|λ=0 and extend

it to the local section s̃ of H. Define Cas as the restriction of λ∇ãs̃ to λ = 0.
Define Us as the restriction of λ∇λ∂λ

s̃ to {λ = 0}. Since the flat section ∇ is
pole order 1 along {λ = 0}, the morphism (a, s) �→ Cas defines a Higgs field
on H|λ=0 and s �→ Us defines an endomorphism on H|λ=0.

Since ∇ is regular singular along {λ =∞}, we have the residual connec-
tion ∇res and the residue endomorphism Resλ=∞∇ on H|λ=∞. By the con-
dition 1 in Definition 2.1, we have a natural isomorphism H|λ=∞ � H|λ=0.
Using the isomorphism, regard ∇res as the connection on H|λ=0 and denote
it by ∇r. Similarly, regard Resλ=∞∇ as a endomorphism on H|λ=0 and de-
note it by V. One can check the equation (2.4). The flatness of ∇ implies
(2.2) and (2.3). The uniqueness is trivial by construction. �

Definition 2.8 ([14]). Let (H,∇) be a trTLE-structure on M . Let (∇r, C,
U ,V) be the Frobenius type structure associated to (H,∇). Assume that
there is a ∇r-flat global section ζ of H|λ=0.

• The section ζ is said to satisfy the injectivity condition (resp. the
identity condition) when the induced morphism

(2.5) C•ζ : ΘM → H|λ=0

defined by a �→ Caζ (a ∈ ΘM ) is an injective morphism (resp. an iso-
morphism).



986 Yota Shamoto

• Take a complex number d. The section ζ is said to satisfy the eigenvalue
condition for d (with respect to (H,∇) ) if the following equation holds.

(2.6) Vζ =
d

2
ζ.

We denote by (IC), (IdC), and (EC)d the injectively condition, the identity
condition and the eigenvalue condition for d respectively.

Remark 2.9. Let (H,∇), (∇r, C,U ,V), and ζ be as in Definition 2.8.
Fix complex numbers c and d. The Frobenius type structure associated
to (H,∇− c · idHλ−1dλ) is (∇r, C,U ,V + c · id). If ζ satisfies (EC)d with
respect to (H,∇), then it satisfies (EC)d+2c with respect to (H,∇− c ·
idλ−1dλ).

Let S = (θ,∇, E, e) be a Saito structure on a complex manifold M .
By Lemma 2.5, we have the trTLE-structure (p∗λΘM , ∇̂). Comparing the
equations (2.1) and (2.4), we can check that the Frobenius type structure
associated to (p∗λΘM , ∇̂) is (∇, θ, θE ,∇•E).

Lemma 2.10. The unit vector field e satisfies (IC) and (EC)2.

Proof. The condition 1 in Definition 2.3 implies that the unit vector field e
satisfies (IC). Since ∇ is torsion free and e is ∇-flat, ∇eE = ∇Ee− [E, e] =
−[E, e]. By Remark 2.4,

[E, e ◦ e]− [E, e] ◦ e− e ◦ [E, e] = e ◦ e.

This implies −[E, e] = e. Hence e also satisfies (EC)2. �

Let (H,∇) be a trTLE-structure on M . Let (∇r, C,U ,V) be the Frobenius
type structure associated to (H,∇). Assume that we have a global ∇r-flat
section ζ of H|λ=0 with (IdC) and (EC)2. Put μ := −C•ζ : ΘM

∼−→ H|λ=0.
Using this isomorphism, regard∇ (resp. C) as a flat section (resp. Higgs field)
on ΘM and denote it by the same letter. Put e := μ−1(ζ) and E := μ−1(Uζ).
The following proposition is essentially proved in [14] and [23].

Proposition 2.11. • The tuple SH,ζ := (C,∇r, e, E) is a Saito struc-
ture on M .



Mixed trTLEP-structures & mixed Frobenius structures 987

• SH,ζ is the unique Saito structure on M such that μ(e) = ζ and the
morphism

p∗λ(μ) : p
∗
λΘM

∼−→ p∗λ(H|λ=0) � H
gives an isomorphism of trTLE-structures between (p∗λΘM , ∇̂) and
(H,∇). �

We conclude this subsection with the following corollary.

Corollary 2.12. Fix a complex number d. Put c := (2− d)/2. Let M be a
complex manifold and pλ : P1

λ ×M →M a natural projection.

1. If S is a Saito structure on M , then HS,d := (p∗λΘM , ∇̂+ c · idλ−1dλ)
is a trTLE-structure such that the unit vector field satisfies (IdC) and
(EC)d.

2. Let (H,∇) be a trTLE-structure and (∇r, C,U ,V) the associated Frobe-
nius type structure. Let ζ be a ∇r-flat global section of H|λ=0 satisfying
(IdC) and (EC)d. Then there is a unique Saito structure S on M such
that the unit vector e satisfies −Ceζ = ζ and the morphism

−p∗λ(C•ζ) : p∗λΘM
∼−→ p∗λ(H|λ=0) � H

gives an isomorphism of trTLE-structures between HS,d and (H,∇).

Proof. The first assertion is easily checked by using Lemma 2.10 and Re-
mark 2.9. Let (H,∇) and ζ be the same as in the second assertion. By Re-
mark 2.9, ζ satisfies (IdC) and (EC)2 with respect to (H,∇− c · idHλ−1dλ).
Hence by Proposition 2.11, there exists a unique Saito structure S such that
−Ceζ = ζ and −p∗λ(C•ζ) gives an isomorphism of trTLE-structures between

(p∗λΘM , ∇̂) and (H,∇− c · idHλ−1dλ). �

2.1.2. Weight filtrations, graded pairings, and Frobenius filtra-
tions. Let M be a complex manifold. Let jλ : P1

λ ×M → P1
λ ×M be the

morphism defined by jλ(λ, t) = (−λ, t) where λ is the non-homogeneous co-
ordinate on P1

λ and t is a point in M . For two holomorphic vector bundles E
and F , we denote by σ the natural isomorphism E ⊗ F → F ⊗ E given by

e⊗ f �→ f ⊗ e (e ∈ E , f ∈ F).

For an integer k, we denote the invertible sheaf OP1
λ×M (−k{0}×M+k{∞}×

M) by λkOP1
λ×M . Let H be a holomorphic vector bundle on P1

λ ×M . Let
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P : H⊗ j∗λH → λkOP1
λ×M be a morphism ofOP1

λ×M -modules. The morphism

P is called (−1)k-symmetric if j∗λP = (−1)kP ◦ σ, and it is called non-
degenerate if the morphism H → (j∗λH)∨ induced by λ−kP is an isomor-
phism.

Recall the definition of trTLEP(k)-structures.

Definition 2.13 ([13]). Let (H,∇) be a trTLE-structure on M and fix an
integer k. If a morphism of OP1

λ×M -modules P : H⊗ j∗λH → λkOP1
λ×M is ∇-

flat, (−1)k-symmetric, and non-degenerate, then we call the triple (H,∇, P )
a trTLEP(k)-structure. We also call the morphism P a pairing of the
trTLEP(k)-structure.

We introduce the notions of filtered trTLEP-structures and mixed
trTLEP-structures.

Definition 2.14. Let (H,∇) be a trTLE-structure on M .

1. An increasing filtration W = (Wk | k ∈ Z) of ∇-flat subbundles in H
is called a weight filtration of (H,∇) if the subquotient GrWk H :=
Wk/Wk−1 is a trTLE-structure for every integer k. We call the triple
Tfilt := (H,∇,W ) a filtered trTLE-structure if (H,∇) is a trTLE-
structure and W is a weight filtration of it.

2. Let W be a weight filtration of (H,∇). A sequence of morphisms

P := (Pk : GrWk H⊗ j∗λGrWk H → λ−kOP1
λ×M | k ∈ Z)

is called a graded pairing on the filtered trTLE-structure Tfilt =
(H,∇,W ) if the triple (GrWk (H),∇, Pk) is a trTLEP(−k)-structure
for every integer k. We call the pair T := (Tfilt, P ) a mixed trTLEP-
structure if Tfilt is a filtered trTLE-structure and P is a graded pairing
on it.

Isomorphisms of these structures are the isomorphisms of underlying trTLE-
structures which preserves the weight filtrations and graded Pairings.

Remark 2.15.

• We can define pull-backs for mixed trTLEP-structures. Let f : M0 →
M1 be a holomorphic map and T = (H, (Wk)k, (Pk)k) a mixed trTLEP-
structure on M1. Then f∗T :=

(
(idP1

λ
× f)∗H, {(idP1

λ
× f)∗Wk}k,

{(idP1
λ
× f)∗Pk}k

)
is mixed trTLEP-structure on M0.
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• Let T = (H,∇,W, P ) a mixed trTLEP-structure and � a half-integer.
Then if we put W (�)k := Wk+2� and P (�)k := λ2�Pk+2�, the tuple(
H,∇− �idHλ−1dλ,W (�), P (�)

)
is a mixed trTLEP structure. We de-

note it by T (�) and call it the Tate twist of T by �.

• A trTLEP(k)-structure T can be regarded as a mixed trTLEP-
structure by the canonical way. The Tate twist T (�) gives a trTLEP(k +
2�)-structure for every half-integer �.

We recall the definition of mixed Frobenius structure introduced in
[19, 20]. Let S = (θ,∇, e, E) be a Saito structure on a complex manifold
M . A subbundle J ⊂ ΘM is called θ-invariant (resp.∇-flat) if θxy ∈ J
(resp.∇xy ∈ J ) for all x ∈ ΘM , y ∈ J . A subbundle J ⊂ ΘM is called E-
closed if LieE(y) = [E, y] ∈ J for all y ∈ J . If J is ∇-flat, the E-closedness
of J is equivalent to the condition that ∇yE ∈ J for all y ∈ J .

Definition 2.16 ([19, Definition 6.2],[20, Definition 4.5]). Fix a com-
plex number d. Let I = (Ik ⊂ ΘM | k ∈ Z) be an increasing filtration of θ-
invariant, ∇-flat, and E-closed subbundles on ΘM . Let g = (gk : GrIkΘM ⊗
GrIkΘM → OM | k ∈ Z) be a sequence of ∇-flat symmetric morphisms. The
pair (I, g) is called a Frobenius filtration on the Saito structure S of
charge d if they satisfy the following equations for all integer k:

gk(θxy, z) = gk(y, θxz) (x ∈ ΘM , y, z ∈ GrIkΘM )(2.7)

LieE(gk) = (2− d+ k)gk.(2.8)

A triple F := (S, I, g) is called a mixed Frobenius structure (MFS) on
a complex manifoldM if S is a Saito structure onM and (I, g) is a Frobenius
filtration on S. A complex manifold equipped with a MFS is called mixed
Frobenius manifold.

Remark 2.17. • This definition of Frobenius filtrations (and MFS) is
slightly different from the one in [19, 20]. A MFS (S, I, g) gives a
Frobenius structure if I−1 = 0 and I0 = ΘM .

• Let F = (S, I, g) be a MFS of charge d and � a half-integer. If we
put I(�)k := Ik+2� and g(�)k := gk+2�, then F (�) := (S, I(�), g(�)) is
a MFS of charge d− 2�.

Let F = (S, I, g) be a MFS on a complex manifold M of charge d.
The underlying Saito structure S induces a trTLE-structure HS,d (Corol-
lary 2.12). Put WI,k := p∗λIk and WI := (WI,k | k ∈ Z).
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Lemma 2.18. WI is a weight filtration on HS,d.

Proof. Recall that HS,d = (p∗λΘM , ∇̂+ cλ−1dλ) where ∇̂ is given in (2.1)
and c = (2− d)/2. Since each Ik is θ-invariant, ∇-flat, and E-closed, WI,k =

p∗λIk is (∇̂+c · idp∗λΘM
λ−1dλ)-flat. The natural isomorphism GrWI

k (p∗λΘM )�
p∗λGrIkΘM shows that WI is a weight filtration. �

We denote GrWI
k (p∗λΘM ) by GrWI

k (HS,d). For each integer k, let Pg,k be a
morphism given by the following composition:

GrWI
k (HS,d)⊗ j∗λGrWI

k (HS,d)
id⊗j∗−−−→ GrWI

k (HS,d)⊗GrWI
k (HS,d)

λ−kp∗λ(gk)−−−−−−→ λ−kOP1
λ×M .

Proposition 2.19. Put Pg :=(Pg,k | k∈Z). Then T (F ) :=((HS,d,WI), Pg)
is a mixed trTLEP-structure.

Proof. We need to show that (GrWI
k (HS,d), Pg,k) is a trTLEP(−k)-structure

for each integer k. Since gk is symmetric and non-degenerate (and by con-
struction), Pg,k is (−1)−k-symmetric and non-degenerate. Hence it remains

to show that Pg,k is (∇̂+ c · idp∗λΘM
λ−1dλ)-flat. This follows from the equa-

tions (2.7) and (2.8), the fact that gk is ∇-flat, and some easy calcula-
tions. �

The following proposition describes a correspondence between mixed Frobe-
nius structures and mixed trTLEP-structures.

Proposition 2.20. Let T = (H,∇,W, P ) be a mixed trTLEP-structure on
a complex manifold M . Let (∇r, C,U ,V) be the Frobenius type structure as-
sociated to the underlying trTLE-structure (H,∇). Assume that there is a
∇r-flat global section ζ of H|λ=0 satisfying (IdC) and (EC)d for a complex
number d. Then there exists a unique MFS F on M of charge d such that
the unit vector field e satisfies −Ceζ = ζ and the morphism

−p∗λ(C•ζ) : p∗λΘM
∼−→ p∗λ(H|λ=0) � H(2.9)

gives an isomorphism of mixed trTLEP-structures between T (F ) and T .

Proof. By Corollary (2.12), we have a unique Saito structure S such that
(2.9) gives an isomorphism between HS,d and (H,∇). Put μ := −C•ζ and
IW,k := μ−1(Wk|λ=0). Since Wk is ∇-flat, Wk|λ=0 is ∇r-flat, C-invariant, and
closed under U and V. Recall that the flat connection and Higgs field of S
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are identified with ∇r and C via μ. If E is the Euler vector field of S and
c = (2− d)/2, the endomorphism ∇r

•E is identified with V + c · idΘM
via

μ. Hence IW,k is E-closed. Let gP,k be the restriction of λkP to {λ = 0}
and put gP := (gP,k | k ∈ Z). Then via (2.9) and the natural isomorphism
(p∗λΘM )|λ=0 � ΘM , gP,k gives a symmetric, ∇r-flat, non-degenerate pairing
on GrIkΘM satisfying (2.7) and (2.8), which we denote by the same letter.
As a conclusion, the pair (IW , gP ) is a Frobenius filtration on S and hence
F := (S, IW , gP ) is a MFS on M . It is easy to check that (2.9) gives the
isomorphism T (F ) � T . The uniqueness of such F is trivial by construc-
tion. �

2.2. Unfoldings and the construction theorem

For a complex manifold M and a point 0 ∈M , we denote by (M, 0) the
germ of manifold around 0. Let (H,∇) be a trTLE-structure on (M, 0), and
(∇r, C,U ,V) the associated Frobenius type structure on H|λ=0(Lemma 2.7).
Let ζ be a ∇r-flat section of H|λ=0. Then ζ satisfies (IC) (resp. (IdC)) if and
only if the map (2.5) is injective (resp. isomorphism) at 0 ∈ (M, 0).

Let ζ0 be a non-zero vector in H|(0,0) and take the ∇r-flat extension
ζ ∈ H|λ=0. The vector ζ0 is said to satisfy (IC) (resp. (IdC)) if ζ satisfies
(IC) (resp. (IdC)).

2.2.1. Statements of the unfolding theorem and the construction
theorem. We define the category of unfoldings of mixed trTLEP-structures.

Definition 2.21 (cf. [14, Definition 2.3]). Fix a mixed trTLEP-structure
T on (M, 0).

(a) An unfolding of T is a mixed trTLEP-structure T̃ on a germ (M̃, 0)
of complex manifold together with a closed embedding ι : (M, 0)→
(M̃, 0) and an isomorphism i : T � ι∗T̃ .

(b) Let
(
(M̃, 0), T̃ , ι, i

)
and

(
(M̃ ′, 0), T̃ ′, ι′, i′

)
be two unfoldings of T . A

morphism of unfoldings of T from
(
(M̃, 0), T̃ , ι, i

)
to
(
(M̃ ′, 0), T̃ ′,

ι′, i′
)
is a pair (ϕ, φ) such that

• ϕ : (M̃, 0)→ (M̃ ′, 0) is a holomorphic map with ϕ ◦ ι = ι′, and
• φ : T̃ ∼−→ ϕ∗T̃ ′ is an isomorphism of mixed trTLEP-structure with
i = ι′∗(φ) ◦ i′.

We denote the category of unfoldings by UnfT . A terminal object of UnfT is
called a universal unfolding of T if it exists.
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Remark 2.22. Let
(
(M̃, 0), T̃ , ι, i

)
be an unfolding such that (M̃, 0) =(

M × Cl, (0, 0)
)
and ι is the inclusion. Then we denote the unfolding by(

(M × Cl, 0), T̃ , i
)
. Every unfolding is isomorphic to such an unfolding.

Let (H,∇) be a trTLE-structure on (M, 0), and (∇r, C,U ,V) the asso-
ciated Frobenius type structure. Recall that C is a Higgs field and U is an
endomorphism on H|λ=0. Let A be the sub-algebra in End(H|λ=0) generated
by {Cx | x ∈ ΘM,0} and U . The relation (2.2) implies that A is a commuta-
tive algebra.

Definition 2.23. A ∇r-flat section ζ is said to satisfy the generation
condition ((GC) for short) if it generates H|λ=0 over A, i.e. Aζ = H|λ=0.

Remark 2.24. A ∇r-flat section ζ satisfies (GC) if and only if its re-
striction to (0, 0) ∈ P1

λ ×M generates H|(0,0) over A|(0,0). A non-zero vector
ζ0 ∈ H|(0,0) is said to satisfy (GC) if its ∇r-flat extension ζ ∈ H|λ=0 satisfies
(GC).

Lemma 2.25. If a ∇r-flat section ζ satisfies (GC), then the map A →
H|λ=0, a �→ a(ζ) is an isomorphism of OM,0-modules.

Proof. Let a, a′ be two endomorphisms in A such that a(ζ) = a′(ζ). For
any section s ∈ H|λ=0, we have b ∈ A with b(ζ) = s by (GC). Since A is a
commutative algebra, we have a(b(ζ)) = b(a(ζ)). This implies a(s) = a′(s)
and hence a = a′. �

Remark 2.26. Let
(
(M̃, 0), T̃ , ι, i

)
be an unfolding of a mixed trTLEP-

structure T on (M, 0). Let (H̃, ∇̃) (resp. (H,∇)) be the underlying trTLE-
structures of T̃ (resp. T ). The restriction of i to (0, 0) ∈ P1

λ × (M, 0) is an

isomorphism i|(0,0) : H|(0,0)
∼−→ H̃|(0,0) of vector spaces. If a non-zero vector

ζ0 ∈ H|(0,0) satisfies (GC) or (EC)d, then i|(0,0)(ζ0) satisfies the same con-
dition. On the other hand, even if ζ0 satisfies (IC) or (IdC), i|(0,0)(ζ0) does
not necessarily satisfy the same condition.

The following theorem is the first main theorem of this paper.

Theorem 2.27 (Unfolding theorem). Let T be a mixed trTLEP-
structure on a germ (M, 0) of complex manifold and (H,∇) the underly-
ing trTLE-structure. Let ζ0 be a non-zero vector in H|0,0 satisfying (IC) and
(GC). Then there exists a universal unfolding of T . Moreover, an unfolding(
(M̃, 0), T̃ , ι, i

)
is universal if and only if the vector i|(0,0)(ζ0) satisfies (IdC).
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This theorem will be proved in §2.2.2. Using this theorem, we have the
following.

Corollary 2.28 (Construction theorem). Let T , (H,∇), and ζ0 be the
same as in Theorem 2.27. Assume moreover that ζ0 satisfies (EC)d for a

complex number d. Then there exists a tuple
(
(M̃, 0),F , ι, i

)
with the fol-

lowing properties uniquely up to isomorphisms.

1. F is a MFS of charge d on a germ (M̃, 0) of a complex manifold.

2. ι : (M, 0) ↪→ (M̃, 0) is a closed embedding.

3. i : T ∼−→ ι∗T (F ) is an isomorphism of mixed trTLEP-structure such
that e(0) = i|(0,0)(ζ0).

Proof. By Theorem 2.27, we have a universal unfolding
(
(M̃, 0), T̃ , ι, i

)
of

T . Since i|(0,0)(ζ0) satisfies (IdC) and (EC)d (Remark 2.26), there is a

unique MFS F on (M̃, 0) such that the morphism (2.9) gives the isomor-
phism T (F ) � T̃ (Proposition 2.19). This gives the existence of the tuple(
(M̃, 0),F , ι, i

)
. The universality of the unfolding and the uniqueness of the

MFS in Proposition 2.19 imply the uniqueness of the tuple. �

This is a generalization of the Theorem 4.5 in [14].

2.2.2. A proof of the unfolding theorem. In this section, we give a
proof of Theorem 2.27. We define the category of unfoldings of a (filtered)
trTLE-structure as in the case of mixed trTLEP-structure.

Proposition 2.29. Let Tfilt be a filtered trTLE-structure on a germ of
complex manifold (M, 0) and (H,∇) the underlying trTLE-structure. Let ζ0
be a vector in H|(0,0) satisfying (GC) and (IC). Then, a universal unfolding
of Tfilt exists and is characterized by the same condition as in Theorem 2.27.

To prove this proposition, let us prepare some notions. Let (∇r,V, C,U)
be the Frobenius type structure on H|λ=0 associated to (H,∇). Let VH the
vector space of ∇r-flat sections ofH|λ=0. The dimension of VH is equal to the
rank of H. In fact, there is a canonical isomorphism (OM,0 ⊗ VH, d⊗ id)

∼−→
(H|λ=0,∇r) of flat bundles on the germ of manifold (M, 0). We also note
that for each unfolding H̃ of trTLE-structure, the restriction map V

˜H → VH
is an isomorphism.

Fix a∇r-flat section ζ ∈ H|λ=0. Since∇r(C•ζ) = 0 as a section ofH|λ=0 ⊗
Ω1
M,0, there is an unique section ψζ ∈ H|λ=0 such that ψζ(0) = 0 and ∇rψζ =
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C•ζ. If we consider ψ as a holomorphic function ψ : (M, 0)→ (VH, 0) via the
identification H|λ=0 � VH ⊗OM,0 , we have dψ = C•ζ.

When we are given an unfolding T̃filt of Tfilt, we have a unique ∇̃r-flat
section ζ̃ such that its restriction to (M, 0) equals to ζ. Then the restriction
of the holomorphic function ψ

˜ζ
to (M, 0) equals to ψζ .

Lemma 2.30. Let Tfilt = (H,∇,W ) be a filtered trTLE-structure on a germ
of complex manifold (M, 0). Let ζ ∈ VH be a ∇r-flat section with (GC). Let
ψ be the holomorphic function on (M × Cl, 0) such that ψ|(M×{0},0) = ψζ .

Then, there exists a unique unfolding
(
(M × Cl, 0), T̃filt, i

)
such that ψ = ψ

˜ζ
.

Remark 2.31. • We can regard VH as a vector space of global sec-
tion of H whose restriction to {λ = 0} is ∇r-flat. From this point of
view, we have a natural isomorphism of holomorphic vector bundles
OP1

λ×(M,0) ⊗ VH
∼−→ H.

• Let Tfilt = (H,∇,W ) be filtered trTLE-structure. Since (Wk(H),∇) is
also a trTLE-structure, we have a filtration Wk(VH) := VWk(H) on VH.
We have a canonical isomorphism of filtered vector bundles

(H,W ) �
(
VH ⊗OP1

λ×(M,0), {Wk(VH)⊗OP1
λ×(M,0)}k

)
.(2.10)

• Define an algebra PW
H of EndC(VH) by

PW
H := {a ∈ EndC(VH) | a(Wk) ⊂Wk for all k ∈ Z}.(2.11)

Then A can be regarded as a subalgebra of PW
H ⊗OM,0 via the natural

isomorphism H|λ=0 � VH ⊗OM,0.

Proof of Lemma 2.30. We may assume l = 1. Put (M̃, 0) :=(M×C, 0), H̃ :=

O
P1
λ×(˜M,0)

⊗ VH, and W̃k := O
P1
λ×(˜M,0)

⊗Wk(VH). We will prove the exis-

tence and uniqueness of a meromorphic differential form Ω with values in
End(H̃) such that ∇̃ := d+Ω defines the desired filtered trTLE-structure

T̃filt := (H̃, ∇̃, W̃ ).
Take a coordinate (t, y) := (t1, t2, . . . , tm, y) on (M × C, 0). Put P(n) :=

PW
H ⊗ (OM,0[y]/(y)

n+1) for every non-negative integer n. Let (∇r, C,U ,V) be
the Frobenius type structure associated to (H,∇), and put C

(0)
i := C∂/∂ti (i =

1, . . . ,m), U (0) := U , and V (0) := V. Identifying H|λ=0 and OM,0 ⊗ VH, we
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regard C
(0)
i , U (0), and V (0) as a element of P(0). The meromorphic differen-

tial form Ω(0) := ∇− d is written as

Ω(0) =
1

λ

m∑
i=1

C
(0)
i dti +

(
1

λ
U (0) − V (0)

)
dλ

λ
.(2.12)

Claim 2.32. For every non-negative integer n, there uniquely exist (C
(n)
i ,

U (n), V (n)) ⊂ P(n) and C
(n−1)
y ∈ P(n− 1) with the following properties.

Here, we put P(−1) := P(0).

• The equations

C(n−1)
y = 0, C

(n)
i = C

(0)
i , U (n) = U (0), V (n) = V (0)(2.13)

are satisfied in P(0).
• The equations

[C
(n)
i , C

(n)
j ] =

∂C
(n)
i

∂tj
−

∂C
(n)
j

∂ti
= [C

(n)
i , U (n)] =

∂V (n)

∂ti
= 0,(2.14)

∂U (n)

∂ti
= [V (n), C

(n)
i ]− C

(n)
i(2.15)

are satisfied in P(n).
• The equations

[C
(n)
i , C(n−1)

y ] =
∂C

(n)
i

∂y
− ∂C

(n−1)
y

∂ti
= [C(n−1)

y , U (n)] =
∂V (n)

∂y
= 0,(2.16)

∂U (n)

∂y
= [V (n−1), C(n−1)

y ]− C(n−1)
y(2.17)

are satisfied in P(n− 1). Here ∂/∂y : P(n)→ P(n− 1) is induced from
the differential.

• The equation

C(n−1)
y (ζ) = dψ

(
∂

∂y

)
(2.18)

is satisfied in VH ⊗ (OM,0[y]/(y)
n)
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Proof of Claim 2.32. We use an induction on n. In the case n = 0, the flat-

ness of ∇ and the equation (2.12) imply (2.14) and (2.15). Since C
(−1)
y ,

∂U (0)/∂y, ∂C
(0)
i /∂y, and ∂V (0)/∂y are zero, the equations (2.16), (2.17),

and (2.18) are trivial. The induction step from n to n+ 1 consists of the
following three steps:

Step 1.: Construction of C
(n)
y ∈ P(n) as a lift of C

(n−1)
y so that C

(n)
y

together with C
(n)
i , U (n) satisfies the part [C

(n)
i , C

(n)
y ] = [U (n), C

(n)
y ] =

0 of (2.16) in P(n), and (2.18) in VH ⊗ (OM,0[y]/(y)
n+1).

Step 2.: Construction of C
(n+1)
i , U (n+1), V (n+1) ∈ P(n+ 1) as a lift of

C
(n)
i , U (n), V (n) such that conditions (2.17) and the part ∂C

(n+1)
i /∂y −

∂C
(n+1)
y /∂ti = ∂V (n+1)/∂y = 0 of (2.16) are satisfied in P(n).

Step 3.: Check that C
(n+1)
i , U (n+1), V (n+1) satisfy the conditions (2.14)

and (2.15) in P(n+ 1).

Let A(n) be a commutative subalgebra of P(n) generated by C
(n)
i and U (n).

By (GC), the map A(n) → VH ⊗ (OM,0[y]/(y)
n+1) defined by a �→ a(ζ) is an

isomorphism. Take C
(n)
y as the inverse image of dψ(∂/∂y) of this isomor-

phism. This completes Step 1. Step 2 is obvious. To prove Step 3, we use the
derivation ∂/∂y, the equations (2.16), (2.17), and the induction hypothesis.
For example, in P(n), we have

∂

∂y

(
∂U (n+1)

∂ti
−
[
V (n+1), C

(n+1)
i

]
+ C

(n+1)
i

)
=

∂

∂ti

∂U (n+1)

∂y
−
[
V (n),

∂C
(n+1)
i

∂y

]
+

∂C
(n+1)
i

∂y

=
∂

∂ti

{[
V (n), C(n)

y ]− C(n)
y

}
−
{[

V (n),
∂C

(n)
y

∂ti

]
− ∂C

(n)
y

∂ti

}
= 0.

This implies that the equation (2.15) holds for n+ 1. The equation (2.14)
is proved similarly. �

The sequences
(
C

(n)
i

)
n
,
(
U (n)

)
n
,
(
V (n)

)
n
, and

(
C(n)y

)
n
give formal endomor-

phisms Ci, U, V , and Cy in PW
H ⊗OM,0[[y]]. We show that they are actually

convergent.

Claim 2.33. The endomorphisms Ci, U, V , and Cy are in PW
H ⊗O

˜M,0
.
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Proof of Claim 2.33. Let ek (1 ≤ k ≤ r = rank H) be a ∇r-flat frame of
H̃|λ=0. Regard the endomorphisms on H̃|λ=0 (or on its formal completion
H|λ ⊗OM,0[[y]]) as r × r matrices. Put N := r2(m+ 2) and let X(t, y) ∈
CN ⊗OM,0[[y]] be a N -dimensional vector valued (formal) function whose
entries are the entries of C1, . . . , Cm, U , and V . Similarly, let X(0) ∈ CN ⊗
OM,0 be a N -dimensional vector valued holomorphic function whose entries

are the entries of C
(0)
1 , . . . , C

(0)
m , U (0), and V (0). The order of entries are

chosen to satisfy X(t, 0) = X(0)(t).
Let A be a subalgebra of PW

H ⊗OM,0[[y]] generated by C1, . . . , Cm, and
U over OM,0[[y]]. By (GC), the map A → H|λ=0 ⊗OM,0[[y]] given by a �→
a(ζ̃) is an isomorphism. Therefore, A is freeOM,0[[y]]-module of rank r. Take
monomials G1, . . . , Gr in the endomorphisms C1, . . . , Cm, U which form an
OM,0[[y]]-basis of A . Then, there are formal functions gj ∈ OM,0[[y]] (1 ≤
j ≤ r) such that

Cy =

r∑
j=1

gjGj .(2.19)

By (2.18), we have

r∑
j=1

gjGj(ζ̃) = dψ

(
∂

∂y

)
.(2.20)

Since Gj are monomials in C1, . . . , Cm, and U , there exist r × r-matrix val-
ued functions Qj(t, x) such that the entries are in
C{t}[x1, x2, . . . , xN ] and Gj(t, y) = Qj

(
t,X(t, y)

)
. Therefore, by the equa-

tion (2.20) and the fact that {Gj(ζ̃) | 1 ≤ j ≤ r} form a frame of H|λ=0 ⊗
OM,0[[y]], there exist convergent power series qj(t, y, x) ∈ C{t, y, x} such
that gj(t, y) = qj

(
t, y,X(t, y)

)
. Put Q :=

∑
j qjQj . Then by (2.19), we have

Cy = Q(t, y,X).
By (2.16) and (2.17), we have the equations

∂Ci

∂y
=

∂Cy

∂ti
,

∂V

∂y
= 0,

∂U

∂y
= [V,Cy] + Cy.
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Using the expression Cy = Q(t, y,X) and these equations, we can regard
X(t, y) as a formal solution of the following partial differential equation

∂X

∂y
(t, y) =

m∑
i=1

Ai(t, y,X)
∂X

∂ti
(t, y) +B(t, y,X)

X(t, 0) = X(0)(t)

where Ai(t, y, x), (1 ≤ i ≤ m) are N ×N matrix whose entries are in
C{t, y, x} and Bi(t, y, x) is N -dimensional vector whose entries are also in
C{t, y, x}. The theorem of Cauchy-Kovalevski implies that X(t, y) actually
converges. Therefore, Ci, U, V are all homomorphic and hence Cy is also
holomorphic by (2.19). �

Put

Ω :=
1

λ

(
m∑
i=1

Cidti + Cydy

)
+

(
1

λ
U − V

)
dλ

λ
,(2.21)

and ∇̃ := d+Ω. Then the equations (2.13) imply that the restriction of ∇̃
to (M, 0) is ∇. The equations (2.14), (2.15), (2.16), and (2.17) imply that ∇̃
is flat. And the equation (2.18) implies ψ = ψ

˜ζ
. This proves the existence of

the unfolding. The uniqueness in Claim 2.32 implies the uniqueness of the
unfolding. �

Proof of Proposition 2.29. By (IC), ψζ : (M, 0)→ (VH, 0) is closed embed-
ding. Hence there exist a non-negative integer l and an isomorphism ψ :
(M × Cl, 0)

∼−→ (VH, 0) such that ψ|(M×{0},0) = ψζ . Applying the lemma 2.30

for this ψ, we have an unfolding ((M × Cl, 0), Tfilt, i) such that ψ
˜ζ
= ψ and

hence C̃•ζ̃ : Θ(M×Cl,0) → H̃|λ=0 is an isomorphism. It is easy to check that
this unfolding is the universal unfolding. �

The following proposition together with Proposition 2.29 proves Theo-
rem 2.27.

Proposition 2.34. Let T = (H,∇,W, P ) be a mixed trTLEP-structure.
Assume that there is a vector ζ0 ∈ H|(0,0) with (GC). Then, for any unfolding(
(M̃, 0), T̃filt, ι, i

)
of the underlying filtered trTLE-structure (H,∇,W ), there

exists a unique sequence of graded pairings P̃ on T̃filt such that
(
(M̃, 0),

(T̃filt, P̃ ), ι, i
)
is an unfolding of the mixed trTLEP-structure T .
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Proof. We may assume that (M̃, 0) := (M × C, 0). Let (H̃, ∇̃) be the un-

derlying trTLE-structure in T̃filt and W̃ the weight filtration. Fix an arbi-
trary integer k. The graded pairing Pk uniquely extends to a ∇̃-flat sec-

tion P̃k on Gr
˜W
k (H̃) over C∗

λ × (M × C, 0). We need to show that it takes

values on GrWk (H̃) in λ−kO
P1
λ×(˜M,0)

. As in Remark 2.31 and in the proof

of Lemma 2.30 we can normalize H̃ = O
P1
λ×(˜M,0)

⊗ VH, W̃k = O
P1
λ×(˜M,0)

⊗
Wk(VH). Put Ω = ∇̃ − d and coordinate (t, y) = (t1, . . . , tm, y) on (M × C, 0).
Then as in the proof of Lemma 2.30, we have equation (2.21) where Ci, Cy,
U, V are the elements of PW

H ⊗O
˜M,0

. Let Ci,[k], Cy,[k], U[k], V[k] be the image

of Ci, Cy, U, V via the morphism PW
H ⊗O

˜M,0
→ End

(
GrWk (VH)

)
⊗O

˜M,0
.

Define Ω[k] by the following equation:

Ω[k] :=
1

λ

(
m∑
i=1

Ci,[k]dti + Cy,[k]dy

)
+

(
1

λ
U[j] − V[k]

)
dλ

λ
.

Then d+Ω[k] is the flat connection on Gr
˜W
k

(
H̃
)
induced by ∇̃.

Giving P̃k is equivalent to give a morphism

φ
˜Pk

:
(
Gr

˜W
k H̃
)∣∣∣

C∗λ×(˜M,0)
→
(
Gr

j∗λ˜W
k j∗λH̃

)∨∣∣∣
C∗λ×(˜M,0)

by 〈φ
˜Pk
(u), v〉 = P̃k(u, v) where 〈•, •〉 is the natural pairing. Since H̃ =

O
P1
λ×(˜M,0)

⊗ VH, and W̃k = O
P1
λ×(˜M,0)

⊗Wk(VH), the morphism φ
˜Pk

can be

regarded as a global section of Ek ⊗OC∗λ×(˜M,0)
where

Ek := Hom
(
GrWk (VH), (Grj

∗W
k (Vj∗H)

)∨)
.

The flatness condition for P̃k is equivalent to

dφ
˜Pk

= Ω∨
[k] ◦ φ ˜Pk

+ φ
˜Pk
◦ j∗λΩ[k]

which means

∂

∂ti
φ

˜Pk
=

1

λ
(C∨

i,[k] ◦ φ ˜Pk
− φ

˜Pk
◦ j∗λCi,[k]),(2.22)

∂

∂y
φ

˜Pk
=

1

λ
(C∨

y,[k] ◦ φ ˜Pk
− φ

˜Pk
◦ j∗λCy,[k]),(2.23)

λ
∂

∂λ
φ

˜Pk
=

1

λ
(U∨

[k] ◦ φ ˜Pk
− φ

˜Pk
◦ j∗λU[k])− (V ∨

[k] ◦ φ ˜Pk
+ φ

˜Pk
◦ j∗λV[k]).(2.24)
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Let φ
(n)
˜Pk

be the equivalent class in Ek ⊗
(
OC∗λ×(M,0)[[y]]/(y)

n+1
)
represented

by φ
˜Pk
. Then φ

(0)
˜Pk

is a global section of Ek ⊗ λ−kOP1
λ×(M,0) since (H,W, P )

is a mixed trTLEP-structure.

Claim 2.35. The pairing φ
(n)
˜Pk

gives a global section of

Ek ⊗
(
λ−kOP1

λ×(M,0)[[y]]/(y)
n+1
)

for every non-negative integer n.

Proof of Claim 2.35. We use an induction on n. The case n = 0 is explained

above. Suppose that φ
(n−1)
˜Pk

is a global section of Ek⊗
(
λ−kOP1

λ×(M,0)[y]/(y)
n
)
.

Let C
(n)
i,[k] be the image of C[k] to End(GrWk VH)⊗

(
OP1

λ×(M,0)[[y]]/(y)
n+1
)
.

Define C
(n)
y,[k], U

(n)
[k] , V

(n)
[k] similarly.

By (2.22), and the induction hypothesis, C
(n−1)∗
i,[k] ◦ P (n−1)

k − P
(n−1)
k ◦

j∗λC
(n−1)
i,[k] gives a (global) section of Ek ⊗

(
λ−k+1OP1

λ×(M,0)[[y]]/(y)
n
)
. Simi-

larly, U
(n−1)∗
[k] ◦ P (n−1)

k − P
(n−1)
k ◦ j∗λU

(n−1)
[k] also gives a section of the same

module. By (GC), C
(n−1)
y,[k] is an element of the algebra generated by C

(n−1)
i,[k] and

U
(n−1)
[k] . Therefore, C

∨(n−1)
y,[k] ◦ P (n−1)

k − P
(n−1)
k ◦ j∗λC

(n−1)
y,[k] is a section of the

same module. By (2.23), this implies that φ
(n)
˜Pk

is a section of

Ek ⊗
(
λ−kOP1

λ×(M,0)[[y]]/(y)
n+1
)
.

�
This claim shows that φ

˜Pk
is a global section of Ek ⊗ λ−kOP1

λ×(M,0)[[y]].
Since we know that φ

˜Pk
is analytic along y-direction, we have proved that

φ
˜Pk

is a global section of Ek ⊗ λ−kO
P1
λ×(˜M,0)

. �

3. Application to local B-models

In this section, we give an application of the construction theorem (Corol-
lary 2.28) to local B-models.

First, in Section 3.1, we show that a germ of a variation of mixed Hodge
structure with H2-generation condition ([14, Definition 5.3]) defines a fam-
ily of mixed Frobenius manifolds. After that, following [18], we recall the
settings of local B-models. The VMHS’s for local B-models are given by the
relative cohomology group of the affine hypersurface in (C∗)d. By the work
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of Batyrev [2], Stienstra [31], and Konishi-Minabe [18], the Hodge filtrations
and the weight filtrations are described by a kind of toric data. We recall
their results in Section 3.2. Using these results, in Section 3.3, we give a suf-
ficient condition for H2-generation condition in terms of the toric data and
we show that the local B-model mirror to the canonical bundle of a weak
Fano toric surface gives rise to a mixed Frobenius manifold (Corollary 3.26).

3.1. Mixed Frobenius manifolds and variations of mixed Hodge
structure

We denote by H = (VQ, F,W ) a graded polarizable variation of mixed
Hodge structure (VMHS) on a germ of a complex manifold (M, 0). Here,
VQ is a Q-local system on (M, 0), W = (Wk | k ∈ Z) is a weight filtration on
VQ, and F = (F � | � ∈ Z) is a Hodge filtration on K := VQ ⊗OM,0. Recall
that if S = (Sk | k ∈ Z) is a graded polarization on H , then we have

Sk

(
GrWk (F �),GrWk (F k−�+1)

)
= 0(3.1)

for any integers k and �.

Definition 3.1. Fix a graded polarization S = (Sk | k ∈ Z) on a VMHS
H = (VQ, F,W ). Let ∇ := idVQ

⊗ d be the flat connection on K = VQ ⊗
OM,0. Then an increasing filtration U = (U� | � ∈ Z) onK is called opposite
filtration if the following conditions are satisfied :

(a) U� is ∇-flat subbundle of K for each �.

(b) For any integers k and �,

GrWk (F �)⊕GrWk (U�−1) = GrWk (K),(3.2)

Sk

(
GrWk (U�),GrWk (Uk−�+1)

)
= 0.(3.3)

Remark 3.2. We can always construct an opposite filtration using the
Deligne splitting.

Fix a VMHS H = (VQ, F,W ), a graded polarization S, and an opposite
filtration U . Then we get a mixed trTLEP-structure as follows. First, let
pλ : P1

λ × (M, 0)→ (M, 0) be the natural projection and take a lattice H of
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the meromorphic flat bundle
(
p∗λ(K)(∗{0,∞}×M), p∗λ∇

)
by

H|Cλ×(M,0) :=
∑
�∈Z

p∗λF
� ⊗OCλ×(M,0)(�{0} × (M, 0)),(3.4)

H|(P1
λ\{0})×(M,0) :=

∑
�∈Z

p∗λU� ⊗O(P1
λ\{0})×(M,0)(−�{0} × (M, 0)).(3.5)

Then, put Ŵk := p∗λWk ∩H for every integer k. Take a pairing Pk on GrŴk (H)
by the composition of the morphism

id⊗ j∗λ : GrŴk (H)⊗ j∗GrŴk (H)→ GrŴk (H)⊗GrŴk (H),(3.6)

the natural inclusion GrŴk (H)⊗2 ↪→ Gr
p∗λW
k p∗λK(∗{0,∞}× (M, 0))⊗2, and

the pull back p∗λSk. By (3.1) and (3.3), Pk gives a morphism

Pk : GrŴk (H)⊗ j∗λGrŴk (H)→ λ−kOP1
λ×(M,0).

This construction is known as Rees construction. We get the following.

Lemma 3.3. The tuple T (H , S, U) :=
(
(H, p∗λ∇), (Ŵk)k, (Pk)k

)
defined

above is a mixed trTLEP-structure on (M, 0).

Proof. By (3.2), the adjunction map pλ∗p∗λGrWk (H)→ GrWk (H) is an iso-
morphism for every k. Since any extension of two trivial bundles on P1 is
trivial, the adjunction map pλ∗p∗λH → H is also an isomorphism. Since U�

is flat, the connection p∗λ∇ is logarithmic along {∞} × (M, 0). The Griffith
transversality implies that p∗λ∇ is pole order 1 along {∞} × (M, 0). Since
Sk is (−1)k-symmetric and non-degenerate, Pk is (−1)k-symmetric and non-
degenerate. �
We recall the definition of H2-generation condition in [14].

Definition 3.4 ([14, Definition 5.3]). Let H := (VQ, F,W ) be a VMHS
on a germ (M, 0) of a complex manifold. Put K := VQ ⊗OM,0, ∇ := idVQ

⊗
d, and w := max{l ∈ Z | F l 	= 0}. Let θ := GrF (∇) : GrFK → GrFK ⊗ Ω1

M,0

be the induced Higgs field. The H2-generation condition for H is the
following.

(i) The rank of Fw is 1, and the rank of Grw−1
F (K) is equal to the dimen-

sion of (M, 0),

(ii) The map Sym ΘM,0 ⊗ Fw → GrFK induced by θ is surjective.
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Standard discussion on Rees construction shows the following.

Lemma 3.5. Let H = (VQ, F,W ) be a VMHS on a germ of complex man-
ifold (M, 0). Take the integer w as above and non-zero vector ζ0 ∈ Fw|0. Fix
a graded polarization S and an opposite filtration U .

(a) The vector ζ0 satisfies (EC)2w with respect to T (H , S, U).

(b) Assume moreover that the rank of Fw is 1. Then, the vector ζ0 satisfies
(GC), (IC) if and only if H satisfies H2-generation condition.

Proof. Let (H, p∗λ∇) be the underlying trTLE-structure in T (H , S, U) (de-
fined by (3.4) and (3.5)). Let (∇r, C,U ,V) be the associated Frobenius type
structure (Lemma 2.7). Then, using the decomposition K =

⊕
� F

� ∩ U�, we
have V = � · id on F � ∩ U�. Since ζ0 is in Fw ∩ Uw, this proves (a). The Higgs
field C corresponds to θ via the natural isomorphismH|λ=0 � GrFK. We also
remark that U = 0. Hence the condition (ii) in Definition 3.4 is equivalent
to (GC). If we assume the condition (ii), the morphism ΘM,0 → GrFw−1K
is surjective. Then the morphism is injective (this is equivalent to (IC))
if and only if the rank of GrFw−1K is equal to the dimension of M . This
proves (b). �

Hence, combining Corollary 2.28, we have the following.

Corollary 3.6. Let H = (VQ, F,W ) be a VMHS on a germ (M, 0) of a
complex manifold with H2-generation condition. Take the integer w as above
and non-zero vector ζ0 ∈ Fw|0. Fix a graded polarization S and an opposite
filtration U . Then there exists a tuple (F , ι, i) with following conditions up
to isomorphisms.

1. F is a MFS of charge 2w on a germ of a complex manifold (M̃, 0).

2. ι : (M, 0) ↪→ (M̃, 0) is a closed embedding.

3. i : T (H , U, S)
∼−→ T (F ) is an isomorphism of mixed trTLEP-structure

with i|(0,0)(ζ0) = e|0 where e is the unit vector field of F . �

We give an example of VMHS which satisfies H2-generation condition.

Definition 3.7. Let Y be a projective complex manifold and put d :=
dimY . Let Di (i = 0, 1) be hypersurfaces in Y such that D0 is smooth and
D := D0 ∪D1 is normal crossing. The triple (Y,D0, D1) is called an open
Calabi-Yau manifold with a divisor if Ωd

Y (D1) is trivial.
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Remark 3.8. Take an open Calabi-Yau manifold with divisor (Y,D0, D1).
Put d := dimY . Let F be the Hodge filtration on Hd(Y \D1, D0 \D1).

1. By the degeneration of Hodge-to-de Rham spectral sequence, we have
the following.

GrpFH
d(Y \D1, D0 \D1) � Hd−p

(
Y,Ωp(logD)(−D0)

)
.(3.7)

2. Since Ωd
Y (D1) is trivial, the dimension of GrdFH

d(X \D1, D0 \D1) �
H0(Y,Ωd(D1)) is 1.

Definition 3.9. We say that an open Calabi-Yau manifold with a divisor
(X,D0, D1) satisfies H

2-generation condition if the natural morphism
(3.8)

Sym
(
H1
(
Y,ΘY (logD)

))
⊗H0

(
Y,Ωd

Y (D1)
)
→ GrFH

d(Y \D1, D0 \D1)

is surjective.

Remark 3.10. If d = 1, then H1(Y,ΘY (−D)) is isomorphic to

H1(Y,O(−D0)) � Gr1F

and hence H2-generation condition is automatically satisfied.

We then consider a complete family of open Calabi-Yau manifold with
a divisor. That is, we consider a smooth projective morphism π : (Y, Y )→
(M, 0) and divisors (Di, Di) (i = 0, 1) with the following properties.

• D0 is smooth and D := D0 ∪ D1 is normal crossing in Y.
• Ωd

Y/M (D1) is isomorphic to OY where d = dimY − dimM .

• The Kodaira-Spencer morphism ρ : ΘM,0 → R1π∗ΘY/M (logD) is an
isomorphism.

Let j1 : Y \ D ↪→ Y \ D0 and j2 : Y \ D0 ↪→ Y\ be the inclusions. Then
Rdπ∗j2! j

1
∗QY \D gives a VMHS on (M, 0) which we denote by H .

Lemma 3.11. The VMHS H satisfies H2-generation condition in the
sense of Definition 3.4 if the open Calabi-Yau manifold with a divisor
(Y,D0, D1) satisfies H2-generation condition in the sense of Definition 3.9.
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Proof. By Remark 3.8 and since the Kodaira-Spencer map ρ is an isomor-
phism, the condition (i) in Definition 3.4 is satisfied. The natural pairing

ΘY/M(logD)⊗ Ωp
Y/M(logD1)(−D0)→ Ωp−1

Y/M(logD1)(−D0)

induces the morphism

R1π∗ΘY/M(logD)⊗Rqπ∗Ω
p
Y/M(logD1)(−D0)

→ Rq+1π∗Ω
p−1
Y/M(logD1)(−D0).

Using the Kodaira-Spencer morphism ρ and (3.7), this corresponds to

GrF (∇) : ΘM,0 ⊗ F d → GrdFH
d(Y \D1, D0)

at 0 ∈ (M, 0). Therefore the surjectivity of (3.8) implies the condition (ii) in
Definition 3.4. �

Example 3.12. Put Y :=P1, D1 :={0,∞}, and D0 :={1, z1, . . . zm} where
zi 	= 0, 1,∞ (i = 1, 2, . . .m) and zi 	= zj (i 	= j). Then (Y,D0, D1) is a open
Calabi-Yau manifold with a divisor. As mentioned in Remark 3.10, this satis-
fies theH2-generation condition and hence the complete family of (Y,D0, D1)
gives rise to a mixed Frobenius manifold.

3.2. Combinatorial description of VMHS for local B-models

3.2.1. Settings for local B-models. Let N be a finitely generated free
abelian group and d the rank of N . Let N∨ be the dual lattice of N and put
N∨ := N∨ ⊕ Z. Consider the group ring C[N∨] = C[t0, t

−1
0 ]⊗ C[N∨] as a

graded ring by deg(tk0t
m) := k (k ∈ Z,m ∈ N∨). For an integral polyhedron

Δ ⊂ N∨
R := N∨ ⊗ R, let σΔ be the cone in N∨

R generated by {1} ×Δ. This
defines a graded subring SΔ := C[σΔ ∩N∨] in C[N∨]. PΔ := Proj SΔ is a
toric variety which contains an algebraic torus TN := Spec C[N∨] as an open
dense subset. We also note that DΔ := PΔ \ TN is a hypersurface.

Recall that the Newton polygon of a Laurent polynomial f =∑
m∈N∨ amtm ∈ C[N∨] is the convex hull of the subset {m ∈ N∨ | am 	= 0}

inN∨
R . Put A := A(Δ) := Δ ∩N∨ and let L(Δ) be the set of functions whose

newton polygon is contained in Δ. Then L(Δ) is naturally identified with
CA.

Definition 3.13. Let Δ′ be a face of Δ. For f :=
∑

m∈A amtm ∈ L(Δ), we
define the function fΔ′ by fΔ′ :=

∑
m∈Δ′∩N∨ amtm.
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For a basis u1, u2, . . . , ud of N , let θ1, θ2, . . . , θd be the corresponding
vector field on TN . Each θi defines a differential operator on C[N∨] by
θi(t

m) = 〈ui,m〉tm.

Definition 3.14 ([18, Definition 3.1]). A Laurent polynomial f ∈ C[N∨]
is called Δ-regular if the following conditions are satisfied.

1. The Newton polygon of f is Δ.

2. For each face Δ′ of Δ, there is no point in TN such that

(3.9) fΔ′ = θ1(f
Δ′) = · · · = θd(f

Δ′) = 0.

Let Lreg := Lreg(Δ) be the set of Δ-regular Laurent polynomials.

3.2.2. Mixed Hodge structure. For f ∈ L(Δ), we define the differential
operators Li

f (0 ≤ i ≤ d) on SΔ by

(3.10) L0
f := t0∂t0 + t0f, Li

f := θi + t0θif, (i = 1, 2, . . . , d).

Definition 3.15. We define the vector space Rf by

(3.11) Rf := SΔ/

d∑
i=0

Li
fSΔ.

We define the decreasing filtration E on SΔ by E� :=⊕�≤k S
k
Δ. We de-

note the induced filtration on Rf by the same letter. Denote by σΔ(�)
the set of the co-dimension � faces of σΔ. Put |σΔ(�)| :=

⋃
τ∈σΔ(�) τ and

I(�) := (σΔ \ |σΔ(�)|) ∩N∨. Then an increasing filtration

(3.12) I� :=
⊕

(k,m)∈I(�)
Ctk0t

m

on SΔ is defined. We also denote the induced filtration on Rf by the same
letter.

For f ∈ Lreg(Δ), put Vf := f−1(0). In [18], Konishi and Minabe con-
structed an isomorphism

(3.13) ρ : Rf
∼−→ Hd(TN , Vf )

with the following properties.
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(a) If F = (F � | � ∈ Z) is the Hodge filtration on Hd(TN , Vf ), then
ρ(E i−d) = F i for 0 ≤ i ≤ d.

(b) If W = (Wk | k ∈ Z) is the weight filtration on Hd(TN , Vf ), then

ρ(Ii) = Wd−2+i, (0 < i ≤ d− 1),

ρ(Id+1) = W2d−2 = W2d−1, Hd(TN , Vf ) = W2d.

3.2.3. Gauss-Manin connection. Let OL(Δ) be the sheaf of algebraic
functions on L(Δ). Since L(Δ) = CA, we have

C[(am)m∈A] = H0(L(Δ),OL(Δ)).

For i = 0, . . . , d, let Li be the differential operator on SΔ ⊗OL(Δ) given by

(3.14)

L0 := t0∂0 + t0
∑
m∈A

amtm,

Li := θi +
∑
m∈A

am〈ui,m〉tm (1 ≤ i ≤ d).

Remark that Li = Li
f at f ∈ L(Δ). We define the OL(Δ)-module R by

(3.15) R := SΔ ⊗OL(Δ)

/ d∑
i=1

Li(SΔ ⊗OL(Δ)).

The restriction of R to Lreg(Δ) defines an algebraic vector bundle, which
we denote by the same letter. We note that the fiber of R at f ∈ Lreg(Δ) is
Rf .

We define differential operators Dam
(m ∈ A) on SΔ ⊗OL(Δ) by

(3.16) Dam
:=

∂

∂am
+ t0t

m.

Let ∇ be the connection on R defined by ∇∂am
:= Dam

.

Put X := PΔ × Lreg(Δ), M̃ := Lreg(Δ) and let π : X → M̃ be the pro-
jection. Define the divisors D0, D1 and D by D0 := {(p, f) ∈ X | p ∈ Vf},
D1 := DΔ×Lreg(Δ), and D := D0∪D1. Let j

1 : X \D0 ↪→ X , j2 : X \D ↪→
X \D0 be the inclusions. The stalk of the sheaf Rdπ∗j1! j

2
∗CX\D at f ∈ M̃ is

Hd(TN , Vf ).

Lemma 3.16 ([18, Lemma 4.1],[31, Section 6]). The isomorphism
(3.13) gives an isomorphism between the local system of flat section of the
analytic flat bundle (R,∇)an and Rdπ∗j1! j

2
∗CX\D. �
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3.2.4. The moduli space. We recall the definition of the moduli space
M(Δ) of the affine hypersurfaces of TN . Define the action of TN on L(Δ) by
(sf)(t) := f(st) where f ∈L(Δ) and s, t∈TN . We put C[am] := C[(am)m∈A].
We regard the invariant ring C[am]TN as a graded ring using the natural
grading on C[am].

Definition 3.17 ([2, Definition 10.4]). We define the moduli space of
affine hypersurface in TN by M(Δ) := Proj(C[am]TN ).

If we put P(A) := Proj(C[am]), M(Δ) is a GIT-quotient of P(A) by
the action of TN . The stability condition of this GIT-quotient is defined as
follows.

Definition 3.18. For a point x ∈ P(A), take a non-zero vector v ∈ CA

which represents x. The point x is stable if the orbit TN · v is closed and of
d-dimensions.

Put Ri
f := Gr−i

E Rf , Rf :=
⊕

iR
i
f . By the property (a) of the isomor-

phism (3.13), we have the isomorphism

(3.17) Ri
f � Grd−i

F Hd(TN , Vf ), (0 ≤ i ≤ d).

Let Jf be a homogeneous ideal of SΔ generated by t0f, t0θ1f, . . . , t0θdf .
Then we naturally have the isomorphism Rf � SΔ/Jf of graded rings.

Proposition 3.19 ([2, Proposition 11.2, Corollary 11.3]). Consider
the action of the torus TN on L(Δ)

(3.18) TN × L(Δ)→ L(Δ) : (t0, t)× f(s) �→ t0f(ts).

If we identify L(Δ) and S1
Δ by f �→ t0f , the tangent space to the orbit TNf

is isomorphic to the homogeneous component J1
f . Moreover, if we assume

that f ∈ Lreg(Δ), and the corresponding class [f ] ∈M(Δ) is a smooth stable
point. Then, the tangent space ΘM(Δ),[f ] is naturally isomorphic to R1

f =

S1
Δ/J

1
f . �

Proposition 3.20. Let f be a Δ-regular function in L(Δ) such that corre-
sponding class [f ] in M(Δ) is smooth stable point. Then under the isomor-
phism (3.17) and the isomorphism ΘM(Δ),[f ] � R1

f in Proposition 3.19, the
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Higgs field

GrF (∇)[f ] : ΘM(Δ),[f ] ⊗GrFH
d(TN , Vf )→ GrFH

d(TN , Vf )

corresponds to the multiplication

R1
f ⊗Rf → Rf .

Proof. By Lemma 3.16, the Gauss-Manin connection corresponds to the
connection

(3.19) ∇∂am
=

∂

∂am
+ t0tm (m ∈ A)

on R over L(Δ). Since the filtration E is determined by the degree of t0,
under the identifications L(Δ) � S1

Δ and (3.17), the Higgs field

GrF (∇) : ΘL(Δ),f ⊗GrFH
d(TN , Vf )→ GrFH

d(TN , Vf )

corresponds to the multiplication

S1
Δ ⊗Rf → Rf .

By Proposition 3.19, this implies the conclusion. �

3.3. H2-generation condition and MFS for local B-models

Let [f0] ∈M(Δ) be a smooth stable point and assume that f0 is Δ-regular.
And let HΔ be the variation of mixed Hodge structure on the germ of com-
plex manifold (M(Δ), [f0]) defined by Hd(TN , Vf ), (f ∈M(Δ)). By propo-
sition 3.20, HΔ satisfies the H2-generation condition if and only if Rf is
generated by R1

f . In this section, we consider the following condition: S1
Δ gen-

erates SΔ. If this condition is satisfied, then HΔ satisfies the H2-generation
condition and hence gives rise to a mixed Frobenius manifold.

Definition 3.21 ([2, Definition 12.3]). A polyhedron Δ ⊂ N∨
R is called

reflexive if it satisfies the following conditions.

1. Δ contains 0 ∈ N∨.

2. For any codimension 1 face Δ′, there exists a primitive element u ∈ N
such that

Δ′ = {m ∈ N∨
R | 〈m,u〉 = −1}.
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In the following, we assume that Δ is reflexive.

Remark 3.22. Reflexive polyhedron Δ has following properties ([2, The-
orem 12.2]).

1. Its dual polyhedron Δ∗ := {u ∈ NR | 〈Δ, u〉 ≥ −1} is also reflexive.

2. DΔ = PΔ \ TN is an anti-canonical divisor of PΔ.

3. PΔ is a Fano variety with Gorenstein singularities.

Lemma 3.23. Let Δ ⊂ N∨
R be a 2-dimensional reflexive polyhedron. Then,

SΔ is generated by S1
Δ.

Proof. Fix an isomorphism N∨ � Z2. Label the elements of Δ ∩N∨ \ {0}
anti-clockwise with {m1,m2, . . . ,ml}. For each i, let τi be the cone gener-
ated by mi and mi+1. (Here, we put m�+1 := m1). The cones {τi}i define a
complete fan, which we denote by Σ(Δ∗). It is known that the toric mani-
fold corresponding to Σ(Δ∗) is smooth and weak Fano. Therefore, the pair
{mi,mi+1} is a basis of N∨ for every i. Put

σi := Cone((1, 0), (1,mi), (1,mi+1)) ⊂ R×N∨
R

and Si := Spec(C[σi ∩ (Z×N∨)]). Since {mi,mi+1} is a basis of N∨, each
Si is generated by S1

i . The equation SΔ =
∑

i Si shows the lemma. �
For higher dimensional case, we consider following condition.

Definition 3.24 ([2, Definition 12.5, Remark 12.6]). Let Δ be a re-
flexive polyhedron and Δ∗ its dual. Then Δ is called Fano polyhedron if
PΔ is smooth Fano variety.

Lemma 3.25 ([2, Lemma 12.9]). If Δ is Fano polyhedron, then SΔ is
generated by S1

Δ. �

Now, we assume that Δ is 2-dimensional or Fano polyhedron. Fix a
Laurent polynomial f0 ∈ Lreg(Δ) such that corresponding [f0] ∈M(Δ) is
smooth stable point.

Corollary 3.26. Let HΔ be the variation of mixed Hodge structure on
(M(Δ), [f0]) defined by Hd(TN , Vf ), ([f ] ∈M(Δ)). Fix a graded polariza-
tion S and an opposite filtration U . Fix a generator ζ0 of GrdF (H

d(TN , Vf0)).

There exists the tuple
(
(M̃, 0)F , ι, i

)
with following properties uniquely up

to isomorphisms.
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• F = (∇, ◦, E, e, I, g) is a MFS of charge 2d on a germ (M̃, 0) of a
complex manifold.

• ι : (M(Δ), [f0]) ↪→ (M̃, 0) is a closed embedding.

• i : T (HΔ, S, U)→ ι∗T (F ) is an isomorphism of mixed trTLEP-
structure with i|(0,0)(ζ0) = e|0.

Proof. By Lemma 3.23 and Lemma 3.25, ζ0 generates GrFH
d(TN , Vf0) over

ΘM(Δ),[f0]. Hence, by Corollary 3.6, we have the conclusion. �

4. Application to local A-models

In this section, we give an application of the construction theorem (Corol-
lary 2.28) to local A-models.

4.1. Limit mixed trTLEP-structure

4.1.1. Mixed trTLEP-structure defined by a nilpotent endomor-
phism. Let (H,∇, P ) be a trTLEP(0)-structure on a complex manifoldM .
Let pλ : P1

λ ×M →M be the projection. Assume that there is a nilpotent
endomorphism N on H with the following conditions;

[∇,N] = N
dλ

λ
,(4.1)

N = p∗λ(N|λ=0),(4.2)

P (Na, b) = P (a,Nb).(4.3)

We obtain a mixed trTLEP-structure as follows. Let G be the cokernel of
N. By (4.2), G is a vector bundle over P1

λ ×M such that pλ∗p∗λG → G is an
isomorphism. Condition (4.1) implies that ∇ induces a flat connection ∇ on
G. Let W = (Wk | k ∈ Z) be a filtration on G defined by

(4.4) Wk :=

{
0 (k < 0)

Im
(
Ker(Nk+1)→ G

)
(k ≥ 0).

The graded pairing Q = (Qk : GrWk (G)⊗ j∗λGrWk (G)→ λ−kOP1
λ×M | k ∈ Z)

is given by

(4.5) Qk([a], [b]) :=

{
0 (k < 0)

P (λ−kNka, b) (k ≥ 0).
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Here, a is a local section of Ker(Nk+1) and [a] is the corresponding class
in GrWk (G). Similarly, b is a local section of j∗λKer(Nk+1) and [b] is the
corresponding class in j∗λGrWk (G). We get the following.

Lemma 4.1. The tuple TN := (G,∇,W,Q) is a mixed trTLEP-structure.

Proof. By (4.2), the adjunction pλ∗p∗λGrWk G → GrWk G is an isomorphism for
every k. By (4.1), we have [∇,Nk] = kNkdλ/λ. Therefore, for a ∈ Ker(Nk+1),
we have

Nk+1∇a = ∇Nk+1a+ (k + 1)Nk+1a
dλ

λ
= 0.

Hence ∇a ∈ KerNk+1. This implies that the subbundle Wk is ∇-flat.
Put Pk(a, b) := P (Nka, b). For a subbundle J of H, put J ⊥k := {a ∈

H | Pk(a, b) = 0 for all b ∈ j∗λJ }. Since P is non-degenerate, we have H⊥k =
KerNK and ImN⊥k = KerNk+1. Therefore, we have(

KerNk+1
)⊥k

= ImN+KerNk.(4.6)

For a∈Ker(Nk+1), and b∈j∗Ker(Nk+1), Let [a]∈GrWk (G), [b]∈j∗GrWk (G))
be the corresponding classes. The relation λkQk([a], [b]) = Pk(a, b) and (4.6)
shows that Qk is well defined and non-degenerate.

Let a, b and [a], [b] as above. We have

dQk([a], [b])−Qk(∇[a], [b])−Qk([a],∇[b])

=
1

λk

{
(−k)P (Nka, b)

dλ

λ
+ dP (Nka, b)− P (Nk∇a, b)− P (Nka,∇b)

}
=

1

λk

{(
(−k)P (Nka, b) + kP (Nka, b)

)dλ
λ

+ dP (Nka, b)− P (∇Nka, b)− P (Nka,∇b)
}

= 0.

This proves the flatness of Qk. �

4.1.2. Logarithmic trTLEP-structure and limit mixed trTLEP-
structure. Let Z be a normal crossing hypersurface of a complex manifold
M . Recall the definition of logarithmic trTLEP-structure.

Definition 4.2 ([23, Definition 1.8]). Let k be an integer. A trTLEP(k)-
structure on M logarithmic along Z is a tuple T = (H,∇, P ) with the
following properties.
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• H is a holomorphic vector bundle over P1 ×M such that the adjoint
morphism p∗p∗H → H is an isomorphism.

• ∇ is a meromorphic flat connection on H such that

∇ : H → H⊗ ΩP1
λ×M (logZ0)⊗OP1

λ×M ({0} ×M)(4.7)

where Z0 := ({0,∞}×M) ∪ (P1
λ × Z).

• P : H⊗ j∗H → λkOP1
λ×M is a (−1)k-symmetric, non-degenerate, ∇-

flat pairing.

We also call T a logarithmic trTLEP(k)-structure (or logZ-
trTLEP(k)-structure) for short.

We also recall the notion of logarithmic Frobenius type structure.

Definition 4.3 ([23, Definition 1.6]). Let K be a holomorphic flat bun-
dle on M . Let U and V be endomorphisms on K. A tuple (∇r, C,U ,V) is
called Frobenius type structure on K with logarithmic pole along Z if

• ∇r is a flat connection on K with logarithmic pole along Z,

• C is a Higgs field on K with logarithmic pole along Z,

and these data satisfy the relations (2.2) and (2.3). We also call the tuple
(∇r, C,U ,V) a logarithmic Frobenius type structure for short.

Remark 4.4. • This definition of logarithmic Frobenius type structure
lacks the pairing.

• If we assume that Z is smooth, we have the residue endomorphisms
ResZ∇r, and ResZC.

The following lemma is proved by the same way as Lemma 2.7.

Lemma 4.5 ([23, Proposition 1.10]). Let (H,∇, P ) be a logarithmic
trTLEP(0)-structure. Then there is a unique logarithmic Frobenius type
structure (∇r, C,U ,V) on H|λ=0 such that

∇ = p∗λ∇r +
1

λ
p∗λC +

(
1

λ
p∗λU − p∗λV

)
dλ

λ
.(4.8)

�
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In the following, we assume that Z is smooth. Let T = (H,∇, P ) be a
trTLEP(0)-structure on M logarithmic along Z such that

(4.9) ResP1
λ×Z(∇) |{∞}×Z= 0.

Fix a point z in Z and a defining function q of Z on a neighborhood of z.
Then the residual connection ∇q on H |P1

λ×(Z,z) is induced. It is easy to see
that the tuple T q := (H |P1

λ×(Z,z),∇q, P |(Z,z)) is a trTLEP(0)-structure on
the germ (Z, z) of a complex manifold.

Lemma 4.6. The endomorphism N := λResP1
λ×Z(∇) is nilpotent and satis-

fies the conditions (4.1)–(4.3) with respect to the trTLEP(0)-structure T q =
(H |(Z,z),∇q, P |(Z,z)).

Proof. First of all, we show that ResP1
λ×Z(∇) is nilpotent. Let (∇r, C,U ,V)

be the logarithmic Frobenius type structure on H|λ=0 such that

∇ = p∗λ∇r +
1

λ
p∗λC +

(
1

λ
p∗λU − p∗λV

)
dλ

λ
.(4.10)

The condition (4.9) is equivalent to ResZ,z(∇r) = 0. Then we have

ResP1
λ×(Z,z)(∇) = λ−1ResZ,zC.

Since the eigenvalues of ResP1
λ×(Z,z)(∇) and ResZ,zC are both constant along

P1
λ, they are all zero. Therefore, the endomorphism ResP1

λ×(Z,z)(∇) is nilpo-
tent.

The following shows (4.1):

[∇q,N] = λ[∇q,ResP1
λ×(Z,z)(∇)] + λResP1

λ×(Z,z)(∇)
dλ

λ

= N
dλ

λ
.

The condition (4.2) is clear by N = ResZ,zC. The flatness of P implies (4.3).
�

This lemma together with Lemma 4.1 defines mixed trTLEP-structure on
(Z, z).

Definition 4.7. We call the mixed trTLEP-structure TZ,z := T q
N a limit

mixed trTLEP structure.
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Remark 4.8. The mixed trTLEP-structure TZ,z does not depend on the
choice of the defining function q of Z around z.

4.2. Quantum D-modules on A-models

We recall the definition of quantum D-modules and their properties. Let X
be a smooth projective toric variety and ΛX ⊂ H2(X,C) a semi-subgroup
consists of effective classes. For each d ∈ ΛX and n ∈ Z≥0, let X0,n,d be
the moduli space of genus 0 stable maps to X of degree d. We denote the
i-th evaluation map by evi : X0,n,d → X. Fix a Hermitian metric ‖ ∗ ‖ on
H 
=2(X,C)

Theorem 4.9 ([16, Theorem 1.3], See also [24, Theorem 4.2]). The
Gromov-Witten potential

ΦX(τ) =
∑
d∈ΛX

∑
n≥0

1

n!

∫
[X0,n,d]vir

n∏
i=1

ev∗i (τ)(4.11)

=
∑
d∈ΛX

∑
n≥0

1

n!

∫
[X0,n,d]vir

ev∗i (τ
′)eδ(d).(4.12)

converges on a simply connected domain

(4.13) UX := {τ = τ ′ + δ ∈ H∗(X,C)| Re(δ(d)) < −C, ‖τ ′‖ < e−C}

for C � 0. Hence ΦX(τ) defines a holomorphic function on UX . �

Define g : H∗(X,C)⊗H∗(X,C)→ C by g(α, β) :=
∫
α ∪ β, and a quan-

tum cup product ◦ on H∗(X,C) by

(4.14) g(α ◦τ β, γ) = αβγΦX(τ) (α, β, γ ∈ H∗(X,C)).

Here, τ ∈ UX and we regard α, β, γ on the right hand side as differential
operators. Let E be a vector field on H∗(X,C) defined as a sum of first
Chern class c1(X) and fundamental vector field of the action of C∗ defined

by t · α = t
2−i

2 α (α ∈ H i(X,C)). Then it is well known that FX := (◦, E, g)
is a Frobenius structure on UX of charge dimX.

Definition 4.10 ([24, Definition-Lemma 4.3]). We call the trTLEP(0)-
structure T (FX) on UX a big quantum D-module. We also call its re-
striction to U ′

X := UX ∩H2(X,C) a small quantum D-module.
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Remark 4.11. This definition is equivalent to the definition in [24].
The trTLEP(dimX)-structure T (FX)(dimX/2) is considered there (see
Remark 2.15).

Denote by V 0
X (resp. V ′0

X ) the quotient space of UX (resp. U ′
X) by the

natural action of 2π
√
−1H2(X,Z). The following lemma is trivial by con-

struction.

Lemma 4.12. The big quantum D-module T (FX) induces a trTLEP(0)-
structure T big

X on V 0
X . The small quantum D-module also induces a

trTLEP(0)-structure T small
X on V

′0
X . �

Fix a nef basis T1, T2, . . . , Tr ofH
2(X,Z). Then the embedding of V ′

X into
Cr is naturally defined. Let q = (q1, q2, . . . , qr) be the canonical coordinate
on Cr and | ∗ | the canonical Hermitian metric. We define

VX := {(q, τ ′) ∈ Cr ×H 
=2(X,C)
∣∣|q| < e−C , ‖τ ′‖ < e−C}(4.15)

V ′
X := {q ∈ Cr

∣∣|q| < e−C}.(4.16)

Then we have the following.

Proposition 4.13 ([24, Corollary 4.5]). T big
X (resp. T small

X ) is extended
to a logarithmic trTLEP(0)-structure on VX (resp. V ′

X). �

4.3. MFS for local A-models

4.3.1. Construction of MFS for local A-models. Let S be a weak
Fano toric surface, γ0 = 1 ∈ H0(S,Z) a unit, and γr+1 its Poincare dual.
Fix a nef basis γ1, γ2, . . . , γr ∈ H2(S,Z). Then {γ0, γ1, . . . , γr+1} is a basis
of H∗(S,C). Denote by ΛS the semi-subgroup consists of effective classes in
H2(S,Z).

LetX be the projective compactification of the canonical bundleKS (i.e.
X := P(KS ⊕OS)). Let p : X → S be the natural projection and i : S → X
the embedding defined by the zero section ofKS . Put Γi := p∗γi (0 ≤ i ≤ r +
1) and Δ0 := c1(OX/S(1)) ∈ H2(X,Z). Put Δi := Δ0 ∪ Γi (0 ≤ i ≤ r + 1).
Then the classes Γi,Δj (0 ≤ i, j ≤ r + 1) form a basis of H∗(X,C). This
basis gives a coordinate

(t, s) = (t0, . . . , ti, . . . , tr+1, s0, . . . , sj , . . . , sr+1)

on H∗(X,C). Put q0 := es0 and qi := eti . Then, the quantum cup product
on H∗(X,C) is given as follows.
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Lemma 4.14 ([19, Lemma 8.9, 8.10]).

Δi ◦ ∗ = Δi ∪ ∗+O(q0),(4.17)

Γi ◦ Γj = Γi ∪ Γj +

r∑
k=1

∑
d∈i∗ΛS\{0}

(Γi(d)Γj(d)Γk(d)Ndq
d)Γ∨

k +O(q0).(4.18)

Here, qd :=
∏r

i=1 q
〈d,Γi〉 and Nd :=

∫
[X0,0,d]vir

1. The symbol O(q0) represents
the higher order term with respect to q0. �

By Proposition 4.13, we have logarithmic trTLEP(0)-structure T small
X

on V ′
X . (Note that q = (q0, q1, . . . , qr) ∈ Cr+1.) Put M := V ′

X \
⋃

i>0{qi = 0}
and denote the restriction of T small

X to M by the same latter. Let Z be a
divisor ofM defined by q0 = 0. For each point z in Z, the restriction of T small

X

to the germ (M, z) satisfies the condition (4.9) along (Z, z). Hence we get
the limit mixed trTLEP-structure (T small

X )Z,z. To compare with the results
of Konishi-Minabe [19] later, we consider the Tate twist (T small

X )Z,z(−1/2)
(See Remark 2.15).

Proposition 4.15. Let (T small
X )Z,z(−1/2)=(H,W, P ) be the mixed trTLEP-

structure on (Z, z) constructed above and (∇r, C,U ,V) the corresponding
Frobenius type structure. (See Lemma 2.7.) Put N :=Δ∪∗ : H∗(X)→H∗(X).
Then we get the following.

H|λ=0 = Cok(N)× (Z, z) �
(

r+1⊕
i=0

CΓi

)
× (Z, z),(4.19)

Wk|λ=0 =

{
0 (k ≤ 0)

Im(Ker(Nk)→ H|λ=0) (k > 0),
(4.20)

Cqi∂qi
(Γj) =

⎧⎪⎨⎪⎩
Γi, (j = 0)

Γi ∪ Γj+∑r
k=1

∑
d∈i∗ΛS\{0}(Γi(d)Γj(d)Γk(d)Ndq

d)Γ∨
k (j > 0),

(4.21)

U = 0,(4.22)

V = −deg

2
+ 2,(4.23)

where i = 1, 2, . . . , r, qd and Nd in the equation (4.21) are defined as in
Lemma 4.14, and the operator deg is defined by deg(Γj) := mΓj for Γj ∈
Hm(X).
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Proof. The Lemma 4.14 implies (4.19) and (4.21). In particular, we have
λResP1

λ×(Z,z)∇ = Δ ∪ ∗ for the connection ∇ underlying T small
X . The equa-

tion 4.4 twisted by (−1/2) gives (4.20). As is shown in [19], the Euler vector
field E of FX is given by

E = t0
∂

∂t0
+ 2

∂

∂s0
− tr+1 ∂

∂tr+1
−

r∑
i=1

si
∂

∂si
− 2sr+1 ∂

∂sr+1
.

Hence CE is 0 on Cok(N) over Z. Since the charge of FX is 3, considering
the twist, we have V = ∇E − (2− 3)/2 + 1/2 = − deg /2 + 2, where ∇E is
the endomorphism induced on Cok(N) over Z by ∇E. �
Using this proposition,we get the following.

Theorem 4.16. If z ∈ Z is in a sufficiently small neighborhood of 0 ∈ V ′
X ,

there exits a tuple
(
(M̃, 0),F loc

A , ι, i
)
with the following conditions uniquely

up to isomorphisms.

1. F loc
A is a MFS of charge 4 on a germ of complex manifold (M̃, 0).

2. ι : (Z, z) ↪→ (M̃, 0) is a closed embedding.

3. i : (T small
X )Z,z(−1/2) ∼−→ ι∗T (F ) is an isomorphism of mixed trTLEP-

structure such that the restriction i|(0,z) sends Γ0 to the unit vector
field of F .

Proof. By (4.20), (4.21), and (4.23), Γ0 satisfies (IC), (GC), and (EC)4 when
z is sufficiently small. Therefore, by Corollary 2.28, we have the conclusion.

�

4.3.2. Comparison with the result of Konishi and Minabe. The
mixed Frobenius manifold F loc

A constructed in Theorem 4.16 is isomorphic to
the mixed Frobenius manifold constructed in [19] as follows. Let FKM be the
mixed Frobenius structure on a open subset of H∗(S,C) defined in [19, The-
orem 8.7]. Regard Z as a subset of the quotient H2(S,C)/2π

√
−1H2(S,Z)

via the pull back p∗. It is easy to see that FKM induces MFS on H∗(S,C)/
2π
√
−1H∗(S,Z) , which we denote by the same notation. We restrict the

induced mixed trTLEP-structure T (FKM) to the germ (Z, z) and denote it
by T (FKM)|(Z,z). We have the following proposition.

Proposition 4.17. We have a natural isomorphism

T (FKM)|(Z,z) � (T small
X )Z,z(−1/2).
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Proof. The isomorphism is given by γi �→ Γi (0 ≤ i ≤ r + 1). Comparing the
proof of [19, Theorem 8.7] with (4.5) and Proposition 4.15, we can check
that this gives an isomorphism of mixed trTLEP-structure over (Z, z). �

This proposition together with the uniqueness in Theorem 4.16 shows the
following.

Corollary 4.18. We have an isomorphism of mixed Frobenius manifolds(
(M̃, 0),F loc

A

)
�
(
(H∗(S,C)/2π

√
−1H∗(S,Z), z),FKM

)
.

�

This shows that we have constructed the mixed Frobenius manifold FKM

by using the limit mixed trTLEP-structure and the unfolding theorem.
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