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The Einstein-Friedrich-nonlinear scalar

field system and the stability of
scalar field cosmologies

ARTUR ALHO, FILIPE C. MENA, AND JUAN A. VALIENTE KROON

A frame representation is used to derive a first order quasi-linear
symmetric hyperbolic system for a scalar field minimally coupled
to gravity. This procedure is inspired by similar evolution equations
introduced by Friedrich to study the Einstein-Euler system. The
resulting evolution system is used to show that small nonlinear
perturbations of expanding Friedman-Lemaitre-Robertson-Walker
backgrounds, with scalar field potentials satisfying certain future
asymptotic conditions, decay exponentially to zero, in synchronous
time.
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An important problem of classical mathematical cosmology concerns the
asymptotic stability of spatially homogeneous and isotropic spacetimes.
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Within this class of spacetimes, those having nonlinear scalar field sources
have been extensively used to model early and late times cosmological sce-
narios. In particular, scalar field cosmologies can produce accelerated expan-
sion and thus constitute possible alternatives to models with a cosmological
constant [31].

Some general results about the stability and asymptotics of scalar field
cosmologies have recently been proved. Ringstréom [33, 34] has proved that
small perturbations of the initial data of scalar field cosmological solutions to
the Finstein Field Equations (EFE) with accelerated expansion have maxi-
mal globally hyperbolic developments that are future causally geodesically
complete. In particular, in [33], stability was shown for potentials V(¢),
satisfying V(0) > 0, V'(0) = 0 and V”(0) > 0. In turn, these are potentials
with a positive lower bound studied in [29], for non-perturbed spatially ho-
mogeneous cosmological solutions. In fact, Rendall has shown, under mild
conditions, that as ¢ — 400, the scalar field converges to a critical point
of the potential V(¢oo) = Voo > 0, V' (¢so) = 0 (with ¢ finite or infinite),
and the Hubble function H converges exponentially to \/Vao /3, where Voo
is interpreted as an effective positive cosmological constant [29]. In subse-
quent works [30], Rendall considered positive potentials for which V(¢) — 0,
when ¢ — +o0, and thus H — 0 as t — +00. These are, for instance, so-
lutions with exponential potentials and accelerated expansion of power-law
type [8, 16], as well as other potentials which produce quasi-exponential
accelerated expansion [4]. Stability for power law inflation was proved by
Ringstrom in [34] and has also been discussed by Heinzle and Rendall [17]
using Kaluza-Klein reductions and the methods of Anderson [3]. The latter,
in turn, is inspired by Friedrich’s analysis of the stability of the de Sitter
spacetime [12].

Main result. A natural way to analyse the stability of spacetimes is to ask
whether small perturbations, of a given solution to the EFE, asymptotically
decay to the background solution. Most approaches to this question have
been limited to the use of linear or higher-order truncated perturbation
theory, and thus, they never take fully into account the nonlinearity of the
EFE, see e.g. [6, 7, 35] and [2]. This type of analysis has been hampered by
the lack of a suitable formulation of the EFE for which the theory of systems
of first order hyperbolic partial differential equations can be applied. In this
article we show how to deal with this difficulty. Our main result shows
that for an ever-expanding FLRW-nonlinear scalar field background with
spatial topology T2, i.e. (T3 x [0,00), gpLrw, @), and scalar field potentials
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V satisfying the future asymptotic conditions

V! Voo "
Voo>07 _(dqﬁ/dt>m> ?, Voo>07

nonlinear perturbations exist and exponentially decay to zero, asymptoti-
cally, in synchronous time ¢. Our result is proved in an equivalent norm to
the Sobolev norm H* (']I‘3) for k > 5.

Strategy of the analysis. In [13], Friedrich has introduced a frame repre-
sentation of the vacuum EFE, see also [11] for a similar construction. The
evolution equations implied by this alternative representation of the equa-
tions of General Relativity constitute a first-order quasi-linear symmetric
hyperbolic system (FOSH). In general, these systems are of the form

(1) A’(w)9u — A/ (u)dju = B(u)u

where u = u(x, t) is a smooth vector-valued function of dimension s with do-
main in ¥ x [0, 7] where ¥ is a spacelike 3-dimensional manifold. Moreover,
A% AJ j=1,2 3, and B denote smooth s x s matrix valued-functions,
such that A® and A7 are symmetric and A positive definite. The operators
O and 9; stand, respectively, for the partial derivatives with respect to the
coordinates t € [0,T] and (27) € 3.

The construction for vacuum spacetimes given in [13], has been extended
in [14, 15] to the case of a perfect fluid using a Lagrangian description of the
fluid flow (see also [9, 10]). In both the vacuum and the perfect fluid cases,
the introduction of a frame formalism gives rise to extra gauge freedom. This
freedom is associated to the evolution of the spatial frame coefficients along
the flow of the time-like frame. If one fixes conveniently this gauge (using,
for example, the Fermi gauge), one obtains a hyperbolic reduction for the
evolution equations. As a consequence, given smooth initial data satisfying
the constraints, local existence in time and uniqueness of a solution to the
EFE can be established (see e.g. [15, 27] and also [9, 10] for details).

A natural way of performing a stability analysis is to consider a se-
quence of smooth initial data sets uf for the EFE satisfying the constraints
equations on a Cauchy hypersurface Y. The sequence is assumed to depend
continuously on the parameter € in such a way that the limit ¢ — 0 renders
the data of the reference solution ug. In particular, one can write the full
solution to the EFE as the ansatz

(2) u‘ =u+ eu,
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where 1 is a (nonlinear) perturbation whose size is controlled by the param-
eter e. Using the ansatz in equation (1), and writing

B(i +
AP+

)
)

eu) = B(a) + eB(u, ,¢),
ea) = A¥(u) + eAH(u,u,¢), p=0,1,2,3

(3)

we are led to consider an initial value problem for the nonlinear perturba-
tions of the form:

(AO n eAfJ) it — (AJ’ n eAﬂ') 0,11 = (1% n dé) i,
(4) u(z,0) = tg(x).

Here, the coefficients B = B(11) and A# = A%(1) in the splitting (3) are
defined uniquely by the condition € = 0. Also

AF = AF(a, i, e)
and
Bit = B(0, i, )i + B(, 0, €)it + AJ9;u — A8,
where it has been assumed that
A9t — AJ9;n = Bu.

A particular approach to the existence and stability of solutions to the
Cauchy problem (4), for the case where the coefficients of the linearized
system (e = 0) are constant matrices, has been discussed in [18-21, 25].
In this approach, the asymptotic future stability of solutions follows from
the existence of eigenvalues for the non-principal part of the linearised sys-
tem having a negative real part (strictly dissipative systems). In the case
where the system is only strongly hyperbolic, the inner product in L? has
to be replaced by the so-called H-inner product — see [21]. A procedure to
analyse stability in the case of systems where B has vanishing eigenvalues
(dissipative systems) has been given in [21] — see also [22, 25].

In this paper, we will show how these methods can be generalized to sys-
tems of the type considered here, where the matrices ]§, AH are not constant
but depend smoothly on time. A similar analysis has been adopted by Reula
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in [28], using the Einstein-perfect fluid system of [14] with a positive cos-
mological constant A > 0, to prove the exponential decay of nonlinear per-
turbations for a wide class of homentropic fluids in flat Friedman-Lemaitre-
Robertson- Walker (FLRW) backgrounds'. An advantage of this approach is
that it avoids the problem of gauge-dependence in perturbation theory and,
therefore, gauge-invariant conclusions, such as geodesic completeness, can
be inferred.

We analyse the nonlinear stability of FLRW spacetimes with a nonlinear
scalar field. To this end, we first construct a first order symmetric hyperbolic
system for the EFE with a scalar field as the matter source. This construc-
tion is performed by splitting the wave equation for the scalar field into two
first order equations. In our analysis, the scalar field is used to construct
an adapted orthogonal frame, for which the energy-momentum tensor is di-
agonal, independently of further gauge choices. Similar splittings are often
used in the analysis of linear perturbations [1, 6, 24, 36].

Structure of the article. The article is organized as follows: in Section 2,
we recall Friedrich’s frame formulation of the EFE. In Section 3, we discuss
some relevant properties of scalar fields satisfying a nonlinear wave equation.
In Section 4, we discuss the conditions under which the Einstein-Friedrich-
nonlinear scalar field system is well-posed — in the sense that it forms a
symmetric hyperbolic system, see Theorem 1. Finally, in Section 5, we give
the conditions for which there is an asymptotic exponential decay of small
nonlinear perturbations on a FLRW-nonlinear scalar field background. This
is the main result of the paper and we summarise it in Theorem 4. We use
units such that 87G = ¢ = 1.

2. Friedrich’s frame formulation of the Einstein Field
Equations

In this section, we provide a brief introduction to Friedrich’s frame for-
mulation of the Einstein field equations. The basic equation of Friedrich’s
construction is the contracted Bianchi identity. From the latter, it is possible
to deduce hyperbolic propagation equations for the conformal Weyl tensor
for a wide class of gauge choices.

'The presence of a cosmological constant is crucial for global existence and expo-
nential decay, since the minimum of the Hubble function must be strictly positive,
namely H,,in, = v/A/3.
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2.1. Basic definitions and notation

In order to implement the frame formulation of the Einstein field equations,
one defines locally an orthonormal moving frame or tetrad with respect to
the metric g in an open neighbourhood & C M. The frame is a set {e,} of
linearly independent vector fields in the tangent space T}, (M) at each point
p € U such that

(5) g (ea7 eb) = nab? a’ b = 07 ]" 2’ 3’

where 7., = diag (—1,1,1,1) and latin letters (except for the 4, j) are used
for frame indices. The norm of a vector field, v € T}, (M), in an orthonormal
frame is defined as

v]* = g (v,v) = vV’
and, in terms of a coordinate basis set {0,}, we have e, = el Oy Condi-
tion (5) gives
Nab = €d'€y G

wherein pu,v = 0,1,2,3. The frame commutator is written as
(6) eq; ep] = ypec,

where c©, are the structure coefficients. The dual basis or coframe is the
set of linear forms {°} belonging to the dual space T (M) at each point
p € U defined by the pairing (8°, e,) = 6,°. In terms of the dual basis, we
can write condition (5) as

3

g=— (00)2 + Z (0%)2.

a=1
The spacetime (Levi-Civita) connection, in an orthonormal basis, is defined
by
Vaey =7 e,

where 9, are the connections coefficients and the covariant derivative of a
tensor, in M, can be written as

P1Dr P1Dr D1 fopr oo
Vg, = €q (Vg-q. )+ aVara, +

pif _ A f PipPr .
Y Q1avf"'QS

PiPr

Y a0,

=Y ety g



The Einstein-Friedrich-nonlinear scalar field system 863

The torsion free and metric compatibility conditions imply, respectively,
that

Ccab = Pycba - ’Vcab? 7€ba77ec + Vecaneb =0,
while the equations for the frame coefficients {e4'} are given by equation (6)

in terms of the connection coefficients. In turn, equations for the connection
coeflicients are obtained from the Ricci identity

(1) Rea = €e (1) = €a (30) + 7 5e7ha = 1Yavhe = Vs (Ve = 7o)

The Riemann tensor can be decomposed in terms of the conformal Weyl
tensor C' and the Schouten tensor S as

(8) R%eq = C%ed + 6"1cSqp — Me[eSa”
For future use, we introduce the Friedrich tensor F' via
9) Fabed = Cabed — Na[eSapps

and its dual with respect to the last pair of indices
10) *F, *Coabed + ! P
( abed — abed ispb6 acds

where €4pcq 18 the usual Levi-Civita totally antisymmetric symbol with
€0123 = 1. In terms of the Friedrich tensor, one finds that the contracted
Bianchi identities read

(11) VoF%.0=0, VF%.,=0.
2.2. Orthonormal decomposition of the field equations

The equations of Friedrich’s frame formulation of the Einstein field equations
are given by (6), (7) and (11), together with the decomposition (8). The
independent variables of the system are therefore

(€a", Y bes C%ed She) -

In what follows, we shall decompose the equations and relevant tensors in
terms of their parallel and orthogonal components with respect to the time-
like frame. We write IN = ey and set

N = N%,, N®=§"
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where N, = —6,%, in our signature. In terms of these objects, tensor fields
which are orthogonal to the timelike frame-vector are defined by

Toyoapa, N =0, p=1,2,...,q.
Defining the projector onto the orthogonal 3-subspaces
hab = Nab + NaNp,
where h,® = n*hg, the spatial covariant derivative is then given by
DoTy g = ha"hg,P* - hg, PNy Ty,
In particular, one has
Dohpg =0,  Daéped = 0,

where €p.q is the spatial Levi-Civita symbol and the indices run from 1 to
3. In order to further proceed with the geometric decomposition one defines
the acceleration vector by

a = Voey =1"00ey, p=1,2,3.

It follows then that a? = ¥, or equivalently, a,, = 70;)0- We will also consider
the so-called Weingarten map given by

X(ea) = Vaeo = '7p0aep7 a,p = 17 27 3>

with xo” = 7P04. The tensor x, can be written in terms of its irreducible
parts as

1
Xab = 7 ba = (XST)ab + gxhab + (XA)ab,

where (X" )ab, X, (X*)ab denote, respectively, its symmetric trace-free, trace
and antisymmetric parts. If the flow of eg is hypersurface orthogonal, then
one has that (x)q = 0 and that

ST) A)

1 1
(12) 3 ENhab = X(ab) = (X ab + 3 Xhav,

where £ denotes the Lie derivative along N and V,NP = —N,aP + x,P.
Finally, the 4-dimensional Levi-Civita symbol is also decomposed using

€abed = 2€ab[cNd} - 2JV[(zeb]cd'
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Now, defining Fyed = Vo F %ed, 1t follows that the first contracted Bianchi
identity can be written as

(13)  Fyea = Ny | FooNa — FoaoNe| + 2Fy0( Ny — NyFoeq + Fyea = 0,

where contractions with IN are denoted by the index 0, and the bar ~ indi-
cates that the remaining indices are spatial. For example,

Froq = MIN"ha' Fyrs.

Given the vector IV, the Weyl tensor is uniquely determined through its
electric and magnetic parts defined, respectively, by

Eap = ha"hy' NP N Cpged,  Bpa = P ha! N* N Cpeq-
In terms of the latter, the Weyl tensor and its dual can be written as

(14)  Cabed = 2 [laeEgpp — bjeBaja] — 2 [NieBap€ ab + Nia Byjp€’ca)
(15)  *Cuapea = 2N Eyjpe’ cq — 4o 1Ny — 4N 1o Byj(e Na) — Bpge? ape?ca,

where ., = hgp + NoNp.
3. Nonlinear scalar fields in the frame formalism

In this section, we introduce a description of nonlinear scalar fields which is
particularly well adapted to the present analysis.

3.1. Basic equations

In general, the energy-momentum tensor for a smooth nonlinear scalar field
has the form

1
T—vyau- (5P + V0
where we have defined the 1-form
P = do.

Accordingly, we define

(16) Yo =9 (ea) = (w, ¢a)7
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where we have written

(17) Y =1vo=L£No
and
(18) "Ea = hab¢b = Da¢'

The components of the energy-momentum tensor T', with respect to the
tetrad {e,}, are then given by

(19) Tab = %1/11; - <;‘¢|2 + V(¢)> Nab,

while its trace is
T = —[y|* —4V(¢).

The Einstein field equations, imply for the components of the Ricci tensor,
that

Rap = Yathy + V() Nap,

while the Ricci scalar is given by
R=-T=|y|* +4V(¢).

From these expressions, it follows that the components of the Schouten
tensor with respect to the frame {e,} are given by

1/1
S = bt~ 3 (G108 = V(@) )
3.2. Gauge considerations

In order to construct an adapted frame to our particular problem, we let
P = aegp. It follows that

(20) P = adg,

so that
a=—1Y and D% =0.

Accordingly,

(21> ‘¢|2 =8 ('l,b,’(b) = Oé27’]00 = —062, a == _|¢|2
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If the vector ¥ is taken to be future oriented, then one must choose a to be
positive. In terms of a coordinate basis, the latter implies

(22) P = aeg! = —eg”, et = Vi
Vv =lpl?

and

(23) Doy =0, e,'V,9=0.

With this choice, we have

¢a = _wNaa
and therefore
(24 T = (50 V() ) N+ (502 = V() )
@) Sw=y (5000 NVt g (5604 V0))

Remark 1. By fixing 9 = aep, we assume that v is timelike. If this is
not the case, then our gauge breaks and the evolution stops. We are thus
considering a subset of solutions to the EFEs for which this choice is valid.
We note that this is a common choice in cosmology, see e.g. [6].

Using equations (16) and (21), the expression for the conservation of the

energy-momentum tensor takes the form

2
= 20Ny N* (Va1h) + ¥* (Ny (VaN®) + N* (ValVy))

+9 (502 -v(0))

(26) VaTab =V <w2NaNb + <1¢2 - V(¢)> 77ab>

= <2¢£N¢ + %X + 7#3;) Ny + ¢Pap + Vi) = 0.

From the latter, projecting with respect to the timelike frame, one obtains

ay

(27) N (V*Tw) =0, Lt +xb+ 2 =
(28) hl (V9Ty) = 0, D) + a. = 0.

0,
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Moreover, using the fact that D,¢ = 0 in the orthogonal subspaces to e,
one obtains from equation (6)

[ea: ) ¢ =2 (x*),,, ¥ =0,
which implies
(29) (x*Y),, =0.
Remark 2. Following Friedrich in [15], one could as well have defined
(30) VT = q + qNo,  Jab = Viady)-

Then, instead of using the condition on the vanishing of the divergence of
the energy-momentum tensor, one could include the equations ¢ =0 and
g» = 0 as a part of the equations determining the Einstein-nonlinear scalar
field system in the frame representation. Once the gauge is fixed, the first
equation in (30) appears in the reduced system of evolution equations while
the second part is regarded as a zero quantity, see equation (4.44) in [15]. It
can be shown that the zero quantities satisfy a system of subsidiary evolution
equations. For this, it can be shown that the zero quantities vanish if they are
zero on the initial hypersurface. For the quantity ¢, the relevant subsidiary
equation is given in equation (4.70) of [15]. We also notice that the evolution
for the acceleration can be computed from the tensor Jg,.

4. The Einstein-Friedrich-nonlinear scalar field system

In this section, we derive a first order symmetric hyperbolic system for the
EFE coupled to a nonlinear scalar field. Making use of the Bianchi iden-
tity and the energy-momentum tensor given by equation (19), we derive
the propagation equations for the electric and magnetic parts of the confor-
mal Weyl tensor. After fixing the gauge, we complete the reduced system
of evolution equations by deriving equations for the frame and the connec-
tion coefficients. In the last part of this section, we make some remarks
concerning the hyperbolicity of the system.
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4.1. Basic expressions

We start by computing the various components for the Friedrich tensor F'.
Using equations (14) and (25), one finds

Fooco = 0 = —Foooe;  Fooca = 0 = —Foodc,

1/5 _
Fo0a = —Egaq + 5 (21/12 - V(¢)) haa = —Faodo,

Fovod = Bap€’ap = —Fapao = —Fraod,
(31) Foved = Bype’ ca = —Fopde = —Frocd,

_ 1/1 _
Forog = Epa + 5 (21/12 + V(¢)) hva = —Fopdo,
Fabcd = -2 (hb[cEd]a - ha[cEd]b)

— é (;wQ + V((b)) (hach'db - hadth) )

with the non-vanishing traces
ac 1, 1 3
h* Faoco = 5 (21/]2 - V<¢)> )

_ 1/1 _
h Fopoq = 3 (21/12 + V(<Z5)> = —h" Fopao,

_ 1/1 _
hbdFabcd = Eac - g <2¢2 + V(¢>) hac - Fbaba

_ 1
hhbUE g = —5w2 —V(¢).

Using expression (10), with equations (15) and (25), we get the following
components of the dual *F"

*Fooeo = =" Foooe =0,  *Fooed = —* Fooge = 0,
*FQOCO = _*FCLOOC = Bam
_ 1/1 _
*Fabco = _2Ep[b€a}pc - 6 <2¢2 + V(¢)) €bac = _*FabOCa
(33) . 1/(5
*Fa()cd = Eapepcd - 8 §¢2 - V(¢) €acd

_ 1/1
*Foved = —Epp€l cq — 6 <21/J2 + V(qb)) €beds

* T * T
Fovoa = Boa,  "Faped = —Bpg€’ ap€?ed-
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4.2. The Bianchi equations

If one substitutes the expressions for the Friedrich tensor derived in the pre-
vious section into the first Bianchi identities (13), one obtains the following
relations for the components of the zero quantity Fype:

Foeo = —£xFo0e0 + DI F 4000 + X Fooso — X Fooeo
—x? (Fapeo + Fyoen) + a’ (Foveo + Fooes + Froco) »
Foea = —£8Foocd + DI Fgocq + a° Fopea + a®Fyoe
— X Fypea — XFooea — X1 Fy00d — Xy Fyoc0
) + X¢”* Foosd + Xg* Fooes + acFoood + aaFooco,
(34) Fyoa = _£N}?Ob0d + DaFabOd - XFQbOd — X"y Fa00d = X" Fabed
+ Xp” Fosod + avFoood + X4 Fovos
+ a9 Fypoq + a°Fobed,
Fyed = — £ x5 Foved + D Faped + a"Fypeq
+ (abFOOCd + acFopoa + adFObCO) — XFoved
+ Xy 1 Foged + X Fobgd + X g Fobeq
— X"y Faoed — X" Fapoa — X" 4 Fgbeo,

where we have used the fact that F' is anti-symmetric in the last two indices,
see e.g. [14]. Similar relations hold for the dual *F.

Remark 3. In [15] — cfr. equation (4.47) — suitable zero quantities are
defined by using the decomposition in terms of irreducible components of F'.

4.2.1. The evolution equation for the electric part of the Weyl
tensor. An evolution equation for the electric part of the Weyl tensor can
be obtained using the third equation of (34) together with the expressions
(31)—(33), and then symmetrising with respect to the indices (bd), giving

= 1/1 1 1
Flopojay = —£nEpa — 5 <21/12 + V(¢)> £nhpa — ghbdogN <2¢2 + V(<Z5)>
+ DaBp(dﬁb)pa + 2aaBp(b€d)pa —2xEpg + 2Xa(bEd)q

1
+ 33X Ea)qg — havX* Eac — 3 (V% = V() X(va)-
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Similarly, using equation (12), we get

Fapoja) = —£€nEba + DaBpaen)™ + 2aaByppeq)”™ — 2xEba
+2X* 0 Eayq + 3x0  Eayg — havx" Eac

3V X@a) — ghoatn <21/1 +V(¢)> :
The trace of the previous expression is given by

h" F(T\0| = —*1/) X — *£N <;¢2 +V(¢)> )

which is the evolution equation for the scalar field, i.e. the equation ex-
pressing the conservation of energy. From this, it follows that F,; remains
trace free during the evolution if the data is given accordingly. Thus, taking
the difference of the last two equations, and taking into account (29), the
evolution equation for the components of the tensor E,, can be written as

(35) 2£NEbd — 2DaBp(d6b)pa
= daq Bypea)™ — 4xEba + 10X, Eayg — 2hapX " Eac

—y? < X (bd) _il))thd)

4.2.2. The evolution equation for the magnetic part of the Weyl
tensor. An evolution equation for the magnetic part of the Weyl tensor
can also be derived from the analogue of the third equation of (34) for the
Hodge dual, using the expressions (31)-(33) to give

= 1
*Fyoq = —£nBpa + D" <2E pea’a + = < P* + V(¢)> Ebad>

— XBed + X"bBad + 2X (" Baya

-+ 2anpb6qu + aququbd + ququfpabéqu.
Now, since By is a symmetric tensor, all the inforrrlation about its evolution
is contained in the symmetrised expression of *F;gq). Consequently, by

symmetrising the previous equation with respect to the spatial indices (bd),
and using (29), we get

(36) 2L nBpg — QDQEp(bed)ap = —4aaEp(bed)pa + 6X(baBd)a
— 2XBpa + 2XacBpee™ vea) ™
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Ignoring the information about the trace, the principal part of the equations
(35) and (36) is a symmetric matrix for the variables E.q, B4, ¢ < d, reading

260 0 0 0 0 0 0 —D1 DQ D3 —D3 0 E12
0 260 0 0 0 0 D1 0 —D3 —D2 0 Dz E13

0 0 280 0 0 0 7D2 D3 0 0 D1 7D1 E23

0 0 0 € 0 0 —D3 D2 0 0 0 0 E11

0 0 0 0 €( 0 D3 0 *Dl 0 0 0 E22
0 0 0 0 0 e 0 —Dy Dy 0 0 0 Ess
0 D1 —Dz —D3 D3 0 260 0 0 0 0 0 Blz
7D1 0 D3 DZ 0 7D2 0 260 0 0 0 0 B13
D2 —D3 0 0 —D1 D1 0 0 260 0 0 0 ng
D3 _D2 0 0 0 0 0 0 0 € 0 0 B11
*Dg 0 D1 0 0 0 0 0 0 0 €0 0 BQQ
0 DQ —D1 0 0 0 0 0 0 0 0 € B33

Remark 4. The trace-freeness of the tensors E,;, and B, can be recovered
by assuming it initially. Then, using the evolution equations, it can be shown
that Ey, and By, are trace-free at later times (see e.g. the discussion in [14]
for the perfect fluid case).

4.3. The Lagrangian description and Fermi transport

In order to deduce the remaining evolution equations, we will adopt a La-
grangian description. This point of view amounts to requiring the timelike
vector of the orthonormal frame to follow the matter flow lines. Accordingly,
we introduce coordinates (x,t) such that

(37) ey = 8t, 6()‘u = (55
This particular choice is equivalent to setting 0 = Hbjdscj while, at the same

time, fixing the lapse function to one?. With this choice (since £y = 9;), we
have from equations (17), (27), and (23) that

(38) 81 = p = N, = —a < 0,
d

(39) Brp = —px — d‘;

(40) el = —eJV;6.

2See also [9], where a symmetric hyperbolic system was obtained for the Einstein-
Euler system. This construction holds for an arbitrary Eulerian frame.
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Now, the timelike coframe is given in terms of the natural cobasis through
the relation

0° = dt + B;da’,
while the spatial frame vectors are found to be
(41) €y, = (eaj)_l (aj - ﬁjat)a éao = (eaj)_lﬁja éaj = (eaj)_l'
It then follows, from equations (40) and (41), that
L
Y

Thus, since [3; is nonzero, the surfaces of constant time are not necessarily
spacelike for the characteristic cone and this could be a problem for the
hyperbolicity of the system, see [9, 10]. Finally, the remaining frame com-
ponents are chosen to be Fermi propagated along eg. That is, we require

(42) Bj = i ®.

Voeq, — (g (eq, Voeo) eg — g (eq, €0) Voeg) =0,

which implies

"0 = 0.
4.4. Evolution equation for the frame coefficients

As already mentioned, the evolution equations for the components of the
frame are obtained from the relation (6) which yields

[eo, €] = apeo — Y ovec,

where 4% = 0 (Fermi gauge) has been used. Therefore, the evolution equa-
tions for the remaining frame coefficients read
Oey’ = —xp°ec’,
(43) o,& 0 __ c- 0
t€p = ap — Xb €c
which, together with equation (41), imply propagation equations for the

components of the metric in the local coordinate system. In particular, one
has

615/8] = H_bja'ba
with 8, given by equation (42), see also equation (6.2) in [9] for an arbitrary
lapse U.
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4.5. Evolution equations for the connection coefficients

The equations for the connection coefficients are obtained from the splitting
of the Riemann tensor with respect to the frame {e,}. In general, we have

R4 = €0 (Y%a) — Day"s0 — aay"so
= (YPa0 — xd") ¥bp — avXxa” + a“Xa,
(44) R4 = €0 (Xab) — Daap — apaa + XppXd” — Xap V700 — Xpp P dos
R%eq = Dexa® — Daxe® — a® (Xed — Xde) »
Rpeqg = *R%eq + Xc"Xab — Xa“Xeb — Vb0 (Xed — Xde) »

where 3R%,, denotes the Riemann tensor constructed only with the spatial
connection coefficients 4¢,;. The first two identities give evolution equations
once the Lagrangian gauge is introduced. The remaining two equations are
the quasi-constraints for the connection coefficients (see [9, 10]). No equa-
tions for the connection coefficient associated to the acceleration can be
deduced from these identities. In the sequel, it will be shown how evolution
equations for the acceleration can be obtained for our particular problem.

From equations (44), we can also deduce two important equations relat-
ing the Ricci tensor to the connection:

Roo = —eo (x) + Dpa®? — x,"x? + apa?

(45) i
Roq = Dexa® — Dax — 2a° (x*) ;-

The first identity in (44), together with the conditions for the Lagrangian
and Fermi gauge provide the equation

(46) at'}’abd = _’Yaprdp + Qhapxd[p(lb] + deepab,

describing the evolution of the spatial connection coefficients 7¢,,. To obtain
the last equation we have used R%oq = C%oq = B gpePty,.

The evolution equation for the part of the connection described by x3q
is obtained from the second identity in (44). In order to do so, first, we will
derive the evolution and the quasi-constraint equations for the acceleration.
The evolution equation for the acceleration can be obtained from

leo, &) 1 = Cocen(V) + Pocep(th)
=1%0(0) + (70 — Y 0c) (Dprb)
= ac (On)) — xc’ (Dp¢) )
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where the properties of the Lagrangian and Fermi gauge have been em-
ployed. Now, expanding the left hand side and making use of the evolution
and the quasi-constraint equation for the energy-momentum tensor of the
scalar field, one has

2dy
Ora. — Doy = —x P —— | ae
La, X Xcap+<x+wd¢>a

so that, using the second equation in (45), we arrive at

a’ — xla +(X—|—2dv)a
c Qp 1/Jd¢ c:

In the case of the quasi-constraint, a computation yields

(47) Oac — Dchp = -2 (XA)pC

1dV\ , .4
Dcap — Dpac = 2 <X+¢d¢> (") -

Thus, making use of this equation in the second identity of (44) and recalling
the properties of the Fermi gauge, one finds

1
(48) OrXay — Dyaqg = —Eqp + 3 (V(¢) — ¥*) hay — X" Xpb
1dV A
=2 (55 ) O+ s

The principal part of the combined system of equations (47) and (48) is
given by

ec —Di —Dy —Ds aq

D1 e 0 0 Xd'

-Dy 0 e 0 Xd?

—D3 0 0 e xd®

which is symmetric. Finally, since for our particular problem one has

(xM)ap = 0, equation (47) takes the form

2 dy
(49) Orac — Dpx P = <¢d¢ + X> ac — xlap,
and, after symmetrising (48), we obtain

(50) 206X (ba) — 2Dpaay = 7 (V(9) = ¥*) hoa — 2x" yxp)p + 20400 — 2Bpq.

Wl N
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Also, from the first equation in (45), it follows that

(51) Bix — Dpa? = V(¢) = % — X“Ixea + @,
where a? = a.a®. Then, the principal part of the sytem reads
€ 0 0 —DQ —D3 0 —D1 0 0 al
0 € 0 —D1 0 —D3 0 —D2 0 as
0 0 () 0 —D1 —Dg 0 0 —D3 as
*DQ *Dl 0 260 0 0 0 0 0 X12
—D3 0 —D1 0 260 0 0 0 0 X13
0 —D3 —Dy 0 0 2eq 0 0 0 X23
—D1 0 0 0 0 0 € 0 0 X11
0 —D2 0 0 0 0 0 € 0 X22
0 0 —D3 0 0 0 0 0 € X33

which is clearly symmetric.
4.6. Hyperbolicity considerations

The system consisting of equations (35), (36), (38), (39), (43), (46), (49)
and (50) can be written matricially as

(52) A9pu — APe,(u) = B(u)u.

As discussed in [9], these systems are not hyperbolic in the usual sense as,
in general, the time lines are not hypersurface orthogonal and the “spatial”
frame vectors e, have components in the time direction - cfr. equation (41).
Since the surfaces of constant time ¢ are not necessarily spacelike, this type
of system is referred to as a quasi-FOSH system [9]. In terms of the partial
derivatives, equation (52) reads

(53) A’(u)du — A¥(u)d;u = B(u)u
with
(54) A%(u) = A" — AP0, AJ(u) = APe, .

In order to have a well posed initial value problem, the matrix A°(u) must
be positive definite. This is the case, as long the quadratic form

(55) Z 00" — BiB;

b=1,2,3
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is positive definite, see Proposition 9 in [9]. In the next section, we will
consider a reference solution admitting a foliation by homogeneous spacelike
hypersurfaces. As a consequence, the linearisation of the system (4) is well
posed without the need to control the smallness of 5;. The smallness of these
terms will be taken care by the perturbation fields, see also [28].

Written in terms of partial derivatives, our system of evolution equations
reads

%o =1,
o = —vx - 0.
20eX (bay — 2 é(bo(?tad) -2 é(bjajad)
= ; (V(@) =) hya — 25 Xoyp + 2504 — 2Epg

= (Vba + 7" ) ap,
Oac — époatch - ép] ancp
2dy
= ( + X) Qe — chap - 'chqup + ’quchqy
20y Epg — 25pa(b|éa08th|d) — 2€pa(b|éajaij‘d)
1
= —¢° (X(bd) - 3thd> — 4xEpq + 10Xq(bEd)q
- 2hbququp + 4aaBp(bed)pa — 2’7qpan(d€b)pa
- 26pa(d7qb)aBp(17
20¢Bpq — 26ap(d|éa08tE‘b)p — 2€ap(dé|a]8j‘Eb)p
= —2xBua + 6x", Bayg + 2XacBpe€™ (v€a)*
— daaEppea)’™ — 29 paEgpeay™

(56)

- 2€ap(b7qd)aqua
07 ba = Bape” v — X"V bp + 20X qjpay),
ey’ = —xplec,
e’ = —xp’e + ap.

This system has the form given by equation (53). If one writes

(57) uT = ((Z)v ¢> ZT> WTa XT7 yT)a
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where

= (X11, X22, X33, X12, X13, X23, @1, a2, G3),

wl = (Fa, E13, E23, Eh1, Eao, Ess, Bia, Bis, B23, Bi1, Baa, Bss),

T _ 1 2 3 1 2 3 2 3
X 1 62 ) 63 y €1, 61 ) 61 y €27, €27, €2, 63 y €37, €3 ) )
T _ 1

= (e1”
y (7 22, 7 335 7 235 7 115 33, 7 31, 7 11, 7 22, 7 12),

then the matrices given in (53) and (54) have the explicit form

Inxo O 0 0
5 A O
AO(u) — 0 A9><9 _ OO 0 ,
0 0 Afsxio 0
0 0 0 Io1x21
(58) )
O2x2 0 0 0
j
0 0 Algo 0 7
0 0 0 02121
with
1 0 0 0 0 0 —¢ 0 0
0 1 0 0 0 0 0 —e 0
0 0 1 0 0 0 0 0 —eg
) 0 0 0 2 0 0 —e’ —e% 0
A o= o 0 0 0 2 0 —e” 0 —ef
0 0 0 0 0 2 0 —eg’ —ef
- 0 0 —e —e 0 1 0 0
0 - 0 —¢ 0 —ey 0 1 0
0 0 —e' 0 —e? —e 0 0 1
2 0 0 0 0 0 0 -0 e e —ey! 0
0 2 0 0 0 0 e’ 0 —ef —e’ 0 ey)
0 0 2 0 0 0 —e ey 0 0 e —¢f
0 0 0 1 0 0 €3 [ 0 0 0 0
0 0 0 0 1 0 e 0 - 0 0 0
A0 0 0 0 0 0 1 0 -’ & 0 0 0
12x12 = 0 el —el —e e 0 2 0 0 0 0 0
—% 0 e e 0 —e 0 2 0 0 0 0
% —eg 0 0 —e" e 0 0 2 0 0 0
e —e) 0 0 0 0 0 0 0 1 0 0
- 0 ¢ 0 0 0 0 0 0 0 1 0
0 e’ —¢° 0 0 0 0 0 0 0 0 1
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0O 0 0 0 0 0 ¢’ 0 0

0O 0 0 0O 0 0 0 e’ 0

0O 0 0 0O 0 0 0 0 e

0O 0 0 0 0 0 e’ ¢’ 0

Al o=10 0 0 0 0 0 e 0 elj' )
0O 0 0 0O 0 0 0 e e
e/ 0 0 e e’ 0 0 0 0
J J
0 e 0 e 0 e 0 0 0
0 0 e 0 ¢’ ¢ 0 0 0
and
0 0 0 0 0 0 0 el —ef —e e 0
0 0 0 0 0 0 —e’ 0 ey ey’ 0 —e
0 0 0 0 0 0 e/ —ef 0 0 —e e
0 0 0 0 0 0 ey’ _ —ey’ 0 0 0 0
0 0 0 0 0 0 —e 0 e 0 0 0
; 0 0 0 0 0 0 0 e —¢f 0 0 0
Alguiz = 0 J J

—e) ey e —ef 00 0 0 0 0 0
e’ 0 —e —e 0 ey’ ‘ 0 0 0 0 0 0
—ey ey 0 0 e —e 0 0 0 0 0 0
—eg €y 0 0 0 0 0 0 0 0 0 0
ey’ 0 —elj 0 0 0 0 0 0 0 0 0
0 —e ¢’ 0 0 0 0 0 0 0 0 0

It can, therefore, be verified that A%(u), AJ(u) are symmetric and, further-
more, that A°(u) is positive definite as long as (55) is positive definite.

Using the standard theory of symmetric hyperbolic systems, one can
then conclude the local existence in time and uniqueness of smooth solutions
for the evolution equations implied by the Kinstein-scalar field system. In
order to conclude the existence of solutions to the full Einstein-scalar field
system, we note that, it follows from general arguments, that the constraint
equations are satisfied during the evolution, if they hold initially, see e.g.
[15, 27].

Remark 5. As part of the procedure to express the system (56) in an
explicit symmetric hyperbolic form, one has to divide by 1?2 the evolution
equation (49) for the acceleration. This could imply that the system is not
well behaved when 1 — 0. An inspection shows that the potentially trou-
blesome term is the one containing the first derivative of the potential,
which, by virtue of equations (38)-(39) must be zero in this limit (possibly
at t — 400). Thus, we must require the coefficient V'/1 to be finite.



880 A. Alho, et al.
We summarise the results of this section as follows:

Theorem 1. The FEinstein-Friedrich-nonlinear scalar field (EFsf) system
consisting of the equations in (56) forms a quasi-linear first-order symmetric
hyperbolic (FOSH) system for the scalar field, its momentum-density, the
frame coefficients, the connection coefficients and the electric and magnetic
parts of the Weyl tensor, relative to the slices of constant time t, as long as
the quadratic form

0;¢ 0;¢
>0 - ==
a=1,2,3 1/} w

18 positive definite. Then, the local existence in time and uniqueness of
smooth solutions is guaranteed.

5. Stability Analysis

In this section, we use the symmetric hyperbolic system derived in last sec-
tion to show that, for some classes of potentials, the evolution of sufficiently
small nonlinear perturbations of a FLRW-nonlinear scalar field background,
prescribed on a Cauchy hypersurface with the topology of a 3-torus T3, have
an asymptotic exponential decay.

5.1. New variables

In order to simplify the analysis, we shall introduce new variables which will
allow us to decouple the tracefree part of the second fundamental form as
an independent variable. First, we introduce

X
59 H==
(59) 3

where H is usually called the Hubble function. Then, since for our particular
problem (x*),q = 0, we write

(60) X(bd) = (XST)bd + Hhypa,

where the evolution equation for H is given by (51) and reads now

30:H — Dypa? = — 3H +V(¢) — &* — (x°7),, (x*")™ + apa?,
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while the evolution equation for (x°7),q is obtained using (60) in (50) and
then subtracting its trace (51), giving

h
Qat (XST)db -2 <D(bad) — ngpap)
= —4d (XST)db -2 (XST)pb

+ ; [2 (x5T)? - aﬂ hod — 2Epa.

(X147 + 2apaq)

In turn, equation (47) reads

8tac o Dp (XST)cp B DCH - _HG’C - (XST)cp <3H + ijZ) Qe

The block of the principal part of the system, where the above decomposition
is applied reads now

€ep 0 0 —Dy —Dsg 0 0 Dy Dy —-D; a1
0 € 0 —D1 0 —D3 D2 0 D2 —D2 a
0 0 €o 0 —D1 —Dy D3 Dj 0 —Ds as
-Dy -D; 0 29 0 O 0 0 0 0 (1),
-Dy 0 -D; 0 2 0 0 0 0 0 (xT) 4
0 -D3 —-Dy 0 0 2 0 0 0 0 ()05 |
—2Dy Dy D 0 0 0 3¢ 0 0 0 (),
Dy 2Dy Dj 0 0 0 0 3 0 0 (7).,
Dy Dy —2D3 0 0 0 0 0 3e 0 (X°T) 4
-Dy Dy D3 0 0 0 0 0 0 3e H

which is non-symmetric. In order to recover the symmetry of the block, we
define six new variables x4, Ey and By via (see e.g. [15, 37| for a similar
context)

1 1
(61a) xr =506 a3 ), x- =5 (8 ),
3 1
(61b) E+ = 5 (E22 + Egg) s FE_= 5 (E22 — E33)
3 1
(610) By = 5 (BQQ -+ 333) s B_ = 5 (BQQ — 333)

and use the tracefree condition. It follows that

(62) X =-2x4. X3 =x++3x— X3 =x+ —3x-,
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2 1 1

(63) En = —§E+> Eyy = §E+ +E_, Ess3 = §E+ - E_,
2 1 1

(64) By = _§B+7 Bao = §B+ + B, Bss = §B+ -B_.

In terms of the above new variables, the matrices of the principal part of
the system take the form

260 0 0 0 7D1 DQ 0 0 7D3 D3 E12
0 280 0 D1 0 —D3 0 0 D2 _D2 E13
0 0 260 —D2 D3 0 0 0 0 2D1 E23
0 D1 7D2 260 0 0 D3 D3 0 0 Blg
—D1 0 D3 0 260 0 —DQ D2 0 0 Blg
DQ —D3 0 0 0 260 0 —2D1 0 0 B23
0 0 0 D3 —DQ 0 €\ 0 0 0 E+
0 0 0 D3 Dy 2D, 0 € 0 0 B
*Dg D2 0 0 0 0 0 0 € 0 B+
D3 —Dy 2D, 0 0 0 0 0 0 ey B_
and
€ 0 0 —DQ —D3 0 2D1 0 —D1 al
0 € 0 —D1 0 —D3 —D2 —3D2 —Dg a
0 0 € 0 —D1 —DQ —D3 3D3 —D3 as
-Dy -D; 0 2 0 0 0 0 0 (1),
Dy 0 -Di 0 2 0 0 0o o [[(T),],
0 —-D3 —Dy 0 0 2 0 0 0 (XT) 5
2Dy —Ds —Ds 0 0 0 6eq 0 0 X+
0 —3Dy 3Dj3 0 0 0 0 18eq 0 X—
-Dy —Dy —Ds 0 0 0 0 0 3eg H

which are symmetric.
5.2. The background solution
As is well known, the metric of a FLRW spacetime can be written as
grLrw = —dt’ + <0LS)>2 djdada’,
where a(t) is the scale factor and

E
w=1+ Zéijx’:z:], Oiw = ~xy,
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with the constant £k = —1,0, 1 being the curvature of the spatial hypersur-
faces. Since the metric is conformally flat, it follows that

Eyq = Byg = 0.
Now, the gauge conditions for the frame are satisfied if one sets
. i w
€t = 60“1 ey = <7>5buv b=1,2,3
a
so that the spatial connection coefficients are given by

hdb$c - hdcxb) s b, C, d= 1, 2, 3

B k
Y = @(

with z# = (w/a)é*.z¢. The remaining non-vanishing connection coefficients
are

P%a = Xab = Hhpa, 300 = Xd" = Hhe", b,d=1,2,3
and, using (59) and (60), we write

)Q( = 3.[01, )o([bd] = ap = O, and i(bd) =0 for b 7£ d,

o 1
where, in this case, H(t) = fd—j. The Einstein-scalar field system thus re-
duces to the evolution equations
dp
dito - wa ]
dy oo dV
65 —~ = _3Hy — —
(65) 3=
dH R T
S H?2 4
= S0P+ 3V,

subject to the Friedman-scalar field constraint equation

1
3

k

(66) =33 +v0) - &

5.3. Linearised evolution equations
In this subsection we derive the linearised system associated to the nonlinear

equations of Theorem 1, for the case of a FLRW background with a self-
interacting scalar field. In order to perform the linearisation procedure we
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compute

du‘
de

e=0

and drop all (nonlinear) terms of coupled perturbations. In this way, we
obtain the following linearised system for b < d

y d?y .
ol = (d¢2> & — 3HY — 30,
30,1 — (g) 5,70,aP = dgcﬁ — 9) — 6HH — a—]zxpap,
20, (¥°T),, — ( ) 5 Dyitgy +2 ( ) hod s i, a
n
— —4H (x° ) — 2Epq + J?(bad) ?;xpdp»
Dyl — (g) 5,00, (¢T),7 = (£) s, Ja-H

v’ dHVO 3k osr

M o o w o
atec“ = —Hec'u — (g) 5c'uH — (E) 6bﬂ ( ) + 6 Naca
v w Ly
2atEbd —2 (E) e”“(b|5a38ij|d)
o U oo /L k 9 v
= —2HEyq — 4* (X)), + 22 (xPBa(bed;;m T Ep?bxd)BPa) 7
v w .y
2atBbd —2 (E) e“p(b|5a]8jEp|d)
o v k o v
= —2HBpg + o) (SL‘pEa(bed;lp + €a€ €T )E ) )
v o k ) k v 9
0Y%a = —HY%a — 242 (havz® — dgae) H — 22 [5’36 (XST)db — % (XST)dC] ’
—H (hdb — (5dab) -+ epcbédp.

For a flat (k = 0) background, using the variables (61), the linearised system
has the form

(67) A28 — a7 (t) A9y = B(t)u
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where A%0;1 — a~1(t)AJ0;11 is given by
20, 0 0 0 —a 9y a0y 0 0 —a~10y —a~l0y\ (L2
0 20, 0 ato, 0 —a~'0; 0 0 a9y —a"'da | | Ers
0 0 20,  —a”'0y a7'0s 0 0 0 0 20710, | | Eas
0 a”to;  —a7lo, 20 0 0 a'9s  a7'os 0 0 By
—a 1o, 0 a3 0 20, 0 —a 10, a 10y 0 0 B3
a 'y —a"'0s 0 0 0 20, 0 —2a7 'y 0 0 Bas |7
0 0 0 a'os  —a”'0y 0 20, 0 0 0 B,
0 0 0 a'os  a7l9y  —2a7'0y 0 20, 0 0 I8
—a 193 aloy 0 0 0 0 0 0 20, 0 B
—a7'93 —a7'dy 2070, 0 0 0 0 0 0 20, B
and
30, 0 0 0 —a'9 —a'9y —a7'9; 0 0 H
0 20, 0 0  —a'9y —a'o 0 0 0 (XT) 1
0 0 20, 0 —a™'0; 0 —a'9; 0 0 (7)1
0 0 0 20, 0 —a'95 —a'9y 0 0 (X5T) 4
—a"'0, —a"'0y —al0s 0 0 0 0 20, 0 a
70,7182 *&7101 0 *&7103 0 Oy 0 —0Jy —309 as
—a_la;; 0 —a‘181 —a_lag 0 0 Oy —03 303 as
0 0 0 0 2(17101 *(17102 —03 60y 0 X+
0 0 0 0 0 —3a719, 3a7'0; 0 180 X—
If
2T [Y % 5 /oST L L %y w05 5 B v e
W = (60 H (g Boa Xt By X B e 60 Boa By B 0 ¥4
then the matrix B(¢) is explicitly given by
B, 0 0 0 0 0 0 0 0 0 0 0 0 0
0 —4FIISX3 —2I543 0 0 0 0 0 0 0 0 0 0 0
0 —?Lgus —2HTs5 0O 0 0 0 0 0 0 0 0 0 0
0 0 0 712°1L“I 725 0 0 0 0 0 0 0 0 0
0 0 0 —¢* —2H 0 0 0 0 0 0 0 0 0
0 0 0 0 0 736!1 —6 0 0 0 0 0 0 0
0 0 0 0 0 —3? —207 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2(¥4M)hu W 0 0o 0 0 0
0 0 0 0 0 0 0 Isxs —I:II;;Xg 0 0 0 0 0
0 0 0 0 0 0 0 0 0 —2HIgs O 0 0 0
0 0 0 0 0 0 0 0 0 0 —fH 0 0 0
0 0 0 0 0 0 0 0 0 0 0 —2H 0 0
B, BY), 0 B{Y, o B{, o0 0 0 0 0 0 —Hlzys O
0 0 0 0 0 0o 0 —HBY), 0 B{, By, By, 0 —HIyy
where
0 1 0 0 0 —a 'y
(1) _ 511 ’ 7 (2 _ —15J
B3><3 - _OV 3];{ _317? ) B3><3 =10 0 a 52 s
V' -2 —6H 0 0 —a'o
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—a_lég —a_15§ 0
(3) _ —157 —15J
B3z = | —a6 0  —a 703,
0 —a 6] —a718)
2a716] 0
4 1 5 1)
O e R el
—a~ 18] 3a~18]
1 0 O 0 0 1
1 0 O 0 0o -1
0 0 O 0 0 0
0 1 0 0O -1 0
BY. =10 1 0|, B",=[0o 1 o],
0 0 0 0 0 0
0 0 1 1 0 0
0 0 1 -1 0 0
0 0 O 0 0 0
0 0
0 0
-1 %
(8) v (9) !
B9><1: 01, B9><1: 0
0 _2
3
0 0
0 0
1
1 3

5.4. Asymptotic exponential decay of nonlinear perturbations

In this section, we show how well-known results from the theory of nonlinear
symmetric hyperbolic systems can be generalised and applied to the analysis
of the asymptotic exponential decay of nonlinear perturbations of the flat
FLRW reference solution to the Einstein-nonlinear scalar field system. From
the analysis carried out in the previous sections, we consider the initial-value
problem for the nonlinear perturbations of the form

(68) (AO — A, 1, e)) Oyt — (Aj(ﬁ) +eAd (0, 1, e)) o;it

(ﬁ(ﬁ) +eB(a, 1, e)> a, iz, 0) = (),
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where u = u(t). The matrix A0 is symmetric with positive entries, and A°,
AJ and Aj, 7 =1,2,3, are symmetric.

The nonlinear stability of the solutions to the Cauchy problem (68),
when the coefficients of the linearized system (e = 0) are constant matrices,
has been studied extensively in [18-21, 25]. The key ingredient in the anal-
ysis is the requirement that the eigenvalues of the matrix B have a negative
real part. It is the purpose of the next subsection to show how this stabil-
ity eigenvalue condition can be generalised under certain assumptions for
problems where the matrices of the linearised system have entries which are
smooth functions of time t. This will be the key result of next section and is
given in Lemma 1. This lemma allows us to write a stability theorem, given
by Theorem 2, whose proof follows closely the methods of [20, 21] which, in
turn, are based on [18, 19]. We shall then omit details in some parts of the
proof but shall give references where the missing steps can be found. The
last subsection contains our main theorem, where the stability Theorem 2
is applied to the present case. The results are summarised in Theorem 4.

5.4.1. A stability theorem. In what follows, we denote by (-,-) the
inner product in L? (T™)

(f.g) = / fTgdz,
where f, g : T" — R®, and the corresponding norm
HfH%z(qrn) = (f,1).
We use the notation

olelf
0oF = ,
x a(xl)al . a(xn)an

where a = (a1,...,qy) is a multi-index with respect to =z = (z1,...,2,),
for non-negative integers o;. Let H* (T";R®) be the space of all summable
functions f such that, for each multi-index |a| < k, 0¢f exists in the weak
sense and belongs to L? (T"). The norm in H” (T";R®) is

k
6l = Y [ @007dz,

|af=0
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We note that even when f € C°°(T" x I) for some time interval I, it should
be understood that 0¢f means differentiation with respect to the spatial
variables only.

We shall now recall usual assumptions for short time existence theorems
in this context (see e.g. [25]):

Assumption 1. If
la(t)| <c
a(x, t)| < c

for some ¢ > 0, then for every k = 0,1,2, ..., there are constants pao i, PAk,
ppx and K(c, k) such that®

C

A%(a
|

Ol <paoplu(a, )], [AI(a,0,6) < paglu(z,t)],
ﬁ ,6)| < ppili(e, 1)), [0707A° < K(c, k),
3

|090°AT| < K(c, k),  |0%0°B| < K(c, k),

B2

<.
Il
—

for all multi-indices o and B with |o| + |3| = k. For the initial data g, the
corresponding estimates hold.

Now, let 6 : T" x I — R® be the unknown of (68). The subsequent ar-
gument makes frequent use of the usual Sobolev inequalities (see e.g. [18])

. . . n
(69) Hu”L’x(’H‘") < Ck,TLHuHH’“(’]I‘") if k> 5
and
(70) 1028 o (rny < Crnll@ll ey i k> |af + [n/2] + 1

where [n/2] denotes the largest integer not greater than n/2 and Cj,, are
some positive constants. Under Assumption 1, and using the above Sobolev
inequalities, one has the following estimates based on the chain rule

(71) 105 A7[| ez < C K (e, k) (1 + m* )[4 e )

where m = max, {020y« (1) : k> |a] +[%] 41} and the constant C' is
independent of A7 and 1, see [18].

1] C .
3Here )’ = W denote multi-indices with respect to u.
uy . Oul
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In what follows we introduce an extra assumption, followed by a gen-
eralisation of the stability eigenvalue condition [20], for the system (68), in
which the linearised matrices are not constant but depend on time. These
will then be used to derive Lemma 1 which, in turn, is crucial for the con-
struction of our energy estimates. The lemma, which generalises techniques
of the proofs of Lemma 2.1 and Theorem 2.2 of [20], states that, under cer-
tain conditions, the eigenvalues can be estimated by their values at infinity.

Assumption 2. The coefficients AJ ((t)) and B (a(t)) are bounded and
converge to a finite limit AL, and Bo, as t — +00.

Assumption 3. There exists a constant 6o, > 0 such that all the eigenval-
ues Aoo 0f Boo satisfy

(72) Re (Aso) < —0co-

Lemma 1. If Assumption 2 and Assumption 3 hold, then there exists a
time T'> 0 and a constant 6; > 0 such that, for allt € [T, c0),

(73) SecB(t) + BT ()80 < —201S,
with Sao being a positive definite Hermitian matriz with constant entries.

Proof. If Assumption 2 holds, then there is a function §(¢) such that d =
limy_,o 6(t). Futhermore, if Assumption 3 holds, then there exists a time
T > 0 and a constant 6 > 0 such that for all ¢t € [T, c0)

(74) Re (A1) = Re (oo + A(t)) < —0se + Re (A(t)) < 4,

where A(t) = A(t) — A Thus, if the data is given at ty = T', the eigenvalues

o

can be estimated by their values at infinity. If B(¢) is diagonal, then this
condition can be directly translated into the following crucial inequality for
the energy estimates (see also Lemma 2.1 of [20])

B(t) + BT (t) < 2Re (A(t)) Iq < —2614.
Otherwise, there exists a positive definite Hermitian matrix
1 1\ -1
S = QLQx = ((ULD) ') (UD)
where U, is an unitary matrix which puts B in its Schur’s form:

UsoBoo U = Ao + Ry
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with A being a diagonal matrix whose entries are the eigenvalues Ao, and
R is an upper triangular matrix. In turn, the matrix D is a diagonal
matrix with arbitrary positive constant entries such that

QuBoQy' = D 'UBLULD = A, + D" 'R.,D.
Then, we have

SeoB(t) + BT (£)S4
= QLQB()Qx' Qx + (Qx'Qx) B (NQLQx
-al [a.Bred + (eeBwa)'| -
— Qi [Aoo + A% + D 'RoD + (D 'RoD) + A1) + AT(1)] Qu,
where A(t) = Quo(B(t) — Boo)Q! and the star denotes the complex con-
jugate. Now, given that the eigenvalues Ao, have negative real part, then

the constants on the diagonal of D and the matrix A(¢) can be chosen

to be small enough so that there exists a §; > ¢ > 0, such that (see also
Theorem 2.2 of [20])

SeoB(t) + BT (£)Soe < —261Sw0,
for all ¢ > T', which proves the lemma. (]
Since S is positive definite, we can use this matrix to define a new norm
i3 o) = (6, Socit),

which is equivalent to the usual L?(T") norm, in the sense that
L2 12 S A
(75) EHHHLQ(T”) < lalls_ gy < Cllallze@sy » C=1

Theorem 2. Consider the initial-value problem (68), where A°, A0, AJ
and A are symmetric matrices and A0 s positive definite. If Assumptions
1-3 hold, then there exists T > 0, and eg > 0 such that for 0 < e < ¢y, and
all t > T, a unique solution of the nonlinear perturbations exists and decay
exponentially to zero, in an norm equivalent to the H¥(T™) norm, if k >
n+ 2.
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Proof. The proof is based on Lemma 1 and standard estimates for nonlinear
symmetric hyperbolic systems following the general strategy of Section 6.4.1
n [18]. Accordingly, one begins by applying the matrix S, to (68) and
differentiating the resulting equation, with respect to the spatial variables,
to obtain

(76) (0%, [Z’\O + efw} 9,001) = (94, [(fl(t)fv' + J\J} 0,0%1)

+ (%0, B(1)9%a) + (0%, R%),
where
R = — [a;“ (K%m) - Koatagﬁ] + [a;; (Kﬂ‘ajﬁ) - Kfajagﬁ} + o (f%ﬁ)

denote lower order terms, i.e. terms involving derivatives of A/, B and u,
up to order ||, and where a bar denotes the matrix transformation

M = (SeM + M7S),

for any real matrix M.

Now, note that, for sufficiently small € and, in view of Assumption 1
and Assumption 2, i.&.o + GAO} is positive and bounded, so that (68) can
be used to replace 0;u in the previous equation for R*. In addition, one

can, as done in (75), define a new norm from [AO + 65&0:| which, up to a

constant C, > 1, is equivalent to the H¥(T™) Sobolev norm.

Making use of the observations of the previous paragraph one can mimic
the arguments of Lemma 6.4.1 and Corollary 6.4.2 in [18] and find that for
fixed k > n + 2 and € > 0, there is a time T, > 0 depending on HﬁOH%R(Tn)?
but not on higher derivatives of g, such that

(77) sup || 3 pny < 20|00[F oy
T<t<T.

This basic estimate ensures the local existence of the Cauchy problem (68)
with data prescribed at tg = 7" with T sufficiently large.

To show global existence one chooses T, as large as possible so that
there are two possibilites: either T, = co or T, < co. We shall now give a
small sketch of the proof that, for sufficiently small €, one has T, = co. The
argument relies on the estimates for local existence of solutions to quasilinear
symmetric hyperbolic systems (for full details we refer to [18-21]).
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First, note that if Ad is symmetric then so is A Integration by parts
in (76) then yields

(024, A19,001) = —%@gﬁ, [ajfv’ v (aufv')@ﬁ)} aow),

which, in view of Assumption 1, and using (69)—(71), can be estimated as
(see also [21])

k _ k n=3
> lo0u, Alg;opa)| < C*K (e, 1) Y | 14+ Y 1951l (o) | 105072 (pm
a=0 a=0 j=1

< Oy i B> 14 /2] + 5,

with My = K (¢, 1)(1 + Cy [0 g (7)) More generally, let M,, denote poly-
nomials in ||| g (rny of degree |a| depending only on the constants K (c, k)
of Assumption 1. Using the Sobolev inequalities and estimates based on the
chain rule, it can be shown that the lower order terms satisfy [21]

(00, R*)| < Mol 7. pn)-

Making use of these estimates in equation (76), one then obtains
a
dt

where M = max, M,. Exploiting the fact that the estimate (77) holds for

t € [T,T.), and using it to estimate M, it follows that we can choose €
sufficiently small such that [21]

Hﬁ”%k(w) < — (201 —eM) C’f||ﬁ|]%k(w) for k>n+2,

sup ||‘v1||%{k(1rn) < ||‘v10||%1k(1rn),
T<t<T.

€

which improves (77). Whence, a simple continuation and contradiction ar-
gument gives the desired global existence with exponential decay rate. [J

In the next section, we will see how this result can be used to show the
asymptotic exponential decay in time of nonlinear perturbations of FLRW
spacetimes containing a nonlinear scalar field.

5.4.2. Main theorem. In this section, we show how Assumptions 1-3

are satisfied for our particular problem, so that Theorem 2 applies.
Assumption 1 follows by direct inspection of the perturbation matrices

A# and B. Another way to see this is to notice that since A# and B arise
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from the evolution system (56) through the linearisation procedure, and
since the matrix-valued functions A* and the vector-valued function B of
(56) have smooth dependence on the solution, it follows that the matrices
A# and B also have smooth dependence of the background and perturbation
variables, and thus, Assumption 1 is satisfied.

Since A7 and B have a smooth dependence on 1, it follows that Assump-
tion 2 is satisfied if the background solution u(¢) is bounded and converges
to a finite limit Gy, as t — +o00. It is then crucial to first understand the
global behavior of the background solutions. The system (65)—(66) has been
studied by Rendall in a series of works [29, 30, 32], see also [5]. For com-
pleteness, we state an important theorem which will be used in the sequel
and refer to [29] for details.

Assumption 4. The scalar field potential V(¢) satisfies the conditions:
1) V(¢) > Vo > 0, with Vo a constant.
2) V'(§) is bounded on any interval on which V(¢) is bounded;

3) V/(¢) tends to a limit, finite or infinite as ¢ tends to —co or +oo.
Making use of this assumption one has the following:

Theorem 3 (Rendall). Consider a smooth spatially flat homogeneous and
isotropic solution of the Einstein equations with a nonlinear scalar field with
a positive potential V((;S) satisfying Assumption 4. If the solution is initially
ezpanding and exists globally to the future, then ast — F00, it follows that
11) — 0, and V(gb) converges to some positive constant Vag. Moreover V’(d)) —
0, and

o

o Voo
H— 3

As remarked in [29], conditions 2 and 3 of Assumption 4 are satisfied
by a general class of potentials, while condition 1 is more restrictive, as it
imposes that the potential has a strictly positive lower bound. If a back-
ground solution is as in Theorem 3, then as t — +o0, gi) converges to a
(isolated) critical point of the potential (possibly at infinity), with Voo >0,
which is interpreted as an effective positive cosmological constant. In that
case, the deceleration parameter ¢ = —1 — % / H? tends to —1 and the scale
factor grows at an exponential (accelerated) rate. In turn, the metric locally
asymptotically approaches the de Sitter metric. Thus, Theorem 3 consti-
tutes a generalisation of the well-known theorem by Wald [23, 38].
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In subsequent work [30], Rendall considered positive potentials for which
V($) — 0 as ¢ — oo. In that case, H — 0 and the rate of decay and conver-
gence of the above quantities is no longer exponential (in sychronous time
t). These results, show that there is a fairly general class of potentials for
which Assumption 2 is satisfied. There are, however, classes of potentials
for which this is not the case, as shown in [32].

Let us now consider the characteristic polynomial of the matrix B(¢) in
the system (67),

/
A+ 9FA? + <V” +18H2 — 64) ) At (6HV”+3¢2 (Z))]

X :)\2 6N+ (8}?2 — 2122)} ’

[ 38 . o o . . .
x A2+ SHA+ 8H? — 21/)2} X [v + 38H\ + 7T2H? — 18@[}2}

o) o))

X:)\—FQI;T] [A+§H} X[A+ }

In order to obtain conditions from the characteristic polynomial, we will
make use of the Liénard-Chipart theorem. The latter gives necessary and
sufficient conditions for a polynomial with real coefficients to have roots
with negative real part, see e.g. [26]. The conditions for the negativity of
the real part of the eigenvalues are found to be

dt

Y
2HV +2H? ¢ dH _ (oY sy >0,
(0 dt (0

5/
V' 412 <v — 21{2) >0, 6HV" + 3¢22 >0,

5/
3H [f/’ +36 (f/ - §H2>} — 342 (Z) > 0.

The first condition implies that the background solution is ever expanding
and, in particular, since H is monotonically decreasing it must converge
to a strictly positive value Hy > 0, as t — +00. Let us, therefore, assume

. . dH /
H >0, V- H?=2H?>+ "= >0, <2Z+H>>O,



The Einstein-Friedrich-nonlinear scalar field system 895

that the scalar field potential V(¢) satisfies Assumption 4, so that Theorem 3
applies. Further assuming that v / 1/1 converges to a constant (see Remark 5),
it follows that A7 (¢) — 0 and B(t) — Ba, as t — +00. Moreover, conditions
(78) at infinity reduce to

., ;
(79) Voo >0, —(Z) > %‘O Vo> 0.

If these conditions are satisfied, then there exists a do, > 0 such that the
cigenvalues oo of B, satisfy Re(Ao) < —6s0. Thus, Assumptions 2 and 3
are satisfied and Lemma 1 follows. We summarise our results in the following
theorem:

Theorem 4. Consider an initially expanding spatially flat homogeneous
and isotropic solution of the Finstein-nonlinear scalar field system, exist-
ing globally to the future and satisfying (79). Then, this solution is future
asymptotically stable in the sense that there is a time T > 0 and an ey > 0
such that, foreg > € >0, and allt > T, the solutions to the evolution system
(68) satisfy
Jim [[a] gs(ps) = 0
with an exponentially decay rate.

Our formulation of the Einstein evolution equations as a first order sys-
tem and our gauge choice led to the additional condition

_(f//lz)oo > 1Q}oo/?)

which is not present in the well know work of Ringstrom [33], where the
harmonic gauge has been used. In principle, it is possible to use our approach
to analyse the FLRW open (k = —1) case and the ever-expanding Bianchi
models. This can be done at the expense of further lower order terms in
(76). Finally, through a suitable change of time variable, it is also possible
to prove the nonlinear stability of power-law inflation as in [34].
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