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Bogoliubov correction to the mean-field

dynamics of interacting bosons

PuaN THANH NAM AND MARCIN NAPIORKOWSKI

We consider the dynamics of a large quantum system of N identi-
cal bosons in 3D interacting via a two-body potential of the form
N38=Lyy(NP(z —y)). For fixed 0 < 8 < 1/3 and large N, we ob-
tain a norm approximation to the many-body evolution in the N-
particle Hilbert space. The leading order behaviour of the dynamics
is determined by Hartree theory while the second order is given by
Bogoliubov theory.
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We consider a large system of N identical bosons living in R? described by
the Hamiltonian

1

N
(1) Hy = Z _Azj + ﬁ Z ’lUN(SL’j — ﬂj‘k),
j=1

1<j<k<N
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which acts on the symmetric space $V = ®i\£,m L?(R3). Here x; € R3 stands
for the coordinate of the j-th particle. We assume that the interaction po-

tential has the explicit form
(2) wy(z —y) = NPw(N(z - y))

where 5 > 0 is a fixed parameter and w a given nice function. For simplicity,
we will assume that w € C3(R3) is non-negative, spherically symmetric and
decreasing.

Since the Hamiltonian Hpy is bounded from below, and hence it can be
defined as a self-adjoint operator on $ by Friedrichs’ method [51]. The
coupling constant 1/(N — 1) in front of the interaction is to ensure that the
kinetic energy and interaction energy are of the same order. We could choose
1/N instead of 1/(IN — 1), but the latter will simplify some expressions.

Note that when g > 0, then wy converges to the Dirac-delta interac-
tion. In general, the larger the parameter (3, the harder the analysis. In this
paper we will focus on the mean-field regime 0 < 5 < 1/3. In this case, the
range of the interaction potential is much larger than the average distance
between the particles and there are many but weak collisions. Therefore, to
the leading order, the interaction potential experienced by each particle can
be approximated by the mean-field potential p * wy where p is the density of
the system. If § > 1/3, then the analysis is expected to be more complicated
due to strong correlations between particles.

In the present paper, we are interested in the large N asymptotic be-
havior of the Schrédinger evolution

(3) Uy (t) = e Uy (0)

generated by a special class of initial states ¥ (0) € V. We are motivated
by the physical picture that Wy (0) is a ground state (or an approximated
ground state) of a trapped system described by the Hamiltonian

N

@) Y =3 (A V) g S wnle - w)

j=1 1<j<k<N
with an external potential V € L2 (R3, R) satisfying V(z) — oo as |z| — oo,
and the time evolution Wy (t) in (3) is observed when the trapping potential
V(z) is turned off. This leads to certain properties of ¥y (0) which will be
described below.
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1.1. Ground state properties

Bose-Einstein condensation. It is widely expected that ground states of
trapped systems exhibit the (complete) Bose-Einstein condensation, namely
U ~ u®N in an appropriate sense. In fact, when 0 < 8 < 1 we have

: : (U, H\U) v >
bl lim inf ——————F— inf &jnu))=0
®) N=ro0 (I\Ifllﬁzv=1 N [[ull 5 =1 ()
where
1 1
(6) Exn(u) = (™, Hyu®Y) = /R (Vul® + VIl + 5 |uP(wy * ).

Moreover, if the Hartree energy functional 5}\1/ N (u) has a unique minimizer
uyg, then the ground state \IIX, of H% condensates on uy in the sense that

1

N—oo

where vy : $ — § is the one-body density matrix of ¥ € H with kernel

(8) 7\11(3773/) :N/\IJ(x,xg,,xN)\If(y,xg,,xN)dxzde

The rigorous justifications for (5) and (7) in various specific cases has
been given in [6, 20, 38, 42, 47, 50, 53, 54]. Recently, in a series of works
[33-35], Lewin, Rougerie and the first author of the present paper provided
proofs in a very general setting. Note that when 8 = 1 (the Gross-Pitaevskii
regime), the Hartree functional has to be modified to capture the strong
correlation between particles. This has been first done by Lieb, Seiringer
and Yngvason in [39-41] (see also [44]).

Fluctuations around the condensation. The next order correction to
the lower eigenvalues and eigenfunctions of H}\? is predicted by Bogoliubov’s
approximation [9]. This has been first derived rigorously by Seiringer in [53],
and then extended in various directions in [15, 24, 37, 45].

Bogoliubov’s theory is formulated in the Fock space

Fo) =@Pos"=Conen’o--,
n=0

where the excited particles are effectively described by a quadratic Hamil-
tonian H" acting on the subspace F({ug}*). In fact, H" is the second
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quantization of (half) the Hessian of the Hartree functional &} (u) at its
minimizer uy.

It was proved in [37, Theorem 2.2] by Lewin, Serfaty, Solovej and the
first author of the present paper that if 5 = 0 and if the Hartree minimizer
uy is non-degenerate (in the sense that the Hessian of & (u) at uy is bigger
than a positive constant), then the ground state \I/X, of HJ‘G admits the norm
approximation

=0
y:’)N

N
\IJXf - Z Ug(an) ®s ¢n

n=0

9)

lim
N—oo

where ® = (¢,,)%%, € F({u}") is the (unique) ground state of H". The
same is expected to be true for > 0 small.

Note that the norm convergence (9) is much more precise than the con-
vergence of density matrices in (7). In fact, if w # 0, then ®" is not the
vacuum 2 : =104 0---, and hence \IJK is never close to u%N in norm.

Quasi-free states. The ground state ®" of the quadratic Hamiltonian
H" is a quasi-free state (see [37, Theorem A.1]). Recall that a state ¥ in
Fock space F(9) is called a quasi-free state if it has finite particle number
expectation and satisfies Wick’s Theorem:

(10) (W, 0% (f1)a® (f2) -~ a¥ (fan-1)¥) =0,
(11) (W, a® (f1)a” (f2) - a® (fon)¥)
= Z H<\I}’a#(fa(Qj—l))a#(fU@j))\IJ)
oelPs, j=1
for all n and for all fi,..., f, € 9, where a is either the creation or anni-

hilation operator (see Section 2) and P, is the set of pairings,
Py, ={0c€S52n)|o(2j—1) <min{o(2j),0(2j + 1)} for all j}.

It is clear that if ¥ is a quasi-free, then the projection |¥)(¥| is deter-
mined completely by its density matrices. Recall that for every state ¥ in
F($), we define the density matrices yg : $ — 9 and ay : H — H by

(12) (firwg) = (¥, a"(9)a(f)¥), (f,wg) = (¥,a(g)a(f)V)

for all f,g € $. If ¥ € §, then vy coincides with the density matrix defined
in (8). In general, Tr(~y) is the particle number expectation of W.
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1.2. Time evolution

Let us recall the physical picture we have in mind. Let U (0) be a ground
state of HY (cf. (4)). When the external potential V is turned off, ¥ (0)
is no longer a ground state of the Hamiltonian Hy (cf. (1)) and the time
evolution Wy (t) = e~ "H~ W (0) is observed. The analysis of the behavior of
Uy (t) when N — oo is the main goal of our paper.

Leading order. It is a fundamental fact that the Bose-Einstein conden-
sation is stable under the Schrodinger flow in the mean-field limit. To be
precise, if ¥ x(0) condensates on a (one-body) state «(0), in the sense of (7),
then the time evolution Wy () = e~ W (0) condensates on the state u(t)
determined by the Hartree equation

(13) i0pu(t) = (= A+ wy * fu(t)? — px(0))u(t)

and the initial datum «(0).

Here pun(t) € R is a phase parameter which is free to choose. For the
leading order, this phase plays no role as it does not alter the projection
|u(t))(u(t)|. However, to simplify the second order expression discussed be-
low, we will choose

1
1)@=y [[ o - plup)P dedy
R3xR3
which ensures the compatibility of the energies:

(u(t)®N, Hy (u(t)®N)) = (O (t), Hv O n (1))
= (Un (1), 10,V N () ~ (u(t)®N,idy (u(t)®N)) .

Note that when > 0, wy — apd weakly with ap = [‘w and the solu-
tion to the Hartree equation (13) converges to that of the cubic nonlinear
Schrodinger equation (NLS)

(15) i0(®) = (- A+ aololt) ~ u(®)o(t), ()= [ lolt.2)/'da,

with the same initial datum.

The rigorous derivation for the dynamics of the Bose-Einstein conden-
sation has been the subject of a vast literature. For 8 = 0, the problem
was studied by Hepp [29], Ginibre and Velo [22, 23] and Spohn [56]; see
[1,2,4, 11, 19, 21, 31, 48, 52] for further results. For 0 < § < 1, the problem
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was solved by Erdés, Schlein and Yau [16-18] (see also [5, 12, 30, 49] for
later developments for = 1). Note that when § = 1, the strong correlation
between particles yield a leading order correction to the effective dynam-
ics and the NLS equation (15) has to be replaced by the Gross-Pitaevskii
equation, i.e. ag has to be replaced by the scattering length of w.

Second order correction. In this paper, we are interested in the norm
approximation for the time evolution Wy (t) = e =~ 5 (0).

For the norm approximation, a natural approach is to study the time
evolution initiated by a coherent state in Fock space F($)). Recall that a
coherent state is obtained by applying Weyl’s unitary operator W (f) =
exp (a*(f) — a(f)) to the vacuum:

W(Ho=e P2y L \ﬁ

n>0

The N-body Hamiltonian Hy can be extended to the Fock space as

(16) HN:/ a;(—A)amdx—i— 0 // Y)aya,a.ay dedy
R3 - ]R3><R~‘

where a’ and a, are the operator-valued distributions (see Section 2). In the
mean-field regime, the time evolution of a coherent state satisfies the norm
approximation

a7 lim Hexp itHN)W (\/Nu(())) O-w (\/Nu(t)) E(t)HF —0
where u(t) is the Hartree evolution (13) and Z(t) is governed by a quadratic
Hamiltonian on F($)). The scale factor V/'N appears naturally as the particle
number expectation of the coherent state W (f)Q is || f||2.

The convergence (17) has been justified rigorously by Hepp [29] and
Ginibre and Velo [22, 23] for =0, and then by Grillakis and Machedon
[25] for 0 < 3 < 1/3, based on their previous works with Margetis [27, 28].

Note that by projecting the Fock-space approximation (17) onto the N-
particle sector $V, it is possible to derive a norm approximation for the
time evolution initiated by a Hartree state u(0)®" (see [36, Sec. 3]). This
technique was first introduced by Rodnianski and Schlein in [52] to obtain
the error estimate for the Hartree dynamics (see also [5, 11]). The coherent
state approach, however, has two obvious drawbacks.

e First, projecting from Fock space to $V makes certain estimates
weaker. For example, it was shown in [25] that the coherent state
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approximation (17) is valid for all 0 < 8 < 1/3, but this only gives a
meaningful approximation on $” for 0 < 3 < 1/6.

e Second, and more seriously, the initial state u(0)®" is not really the

physically relevant one. Recall that the ground state of HX, admits the
approximation (9) and it is never close to a Hartree state u(0)®" in
norm (except when w = 0).

Recently, a direct approach for N-particle initial states has been pro-
posed in [36] by Lewin, Schlein and the first author of the present paper,
based on ideas introduced in [37]. They considered the N-particle initial
states of the form

N

(18) Un(0) =D u(0)*N ™ @, 9, (0)

n=0

where (¢,,(0))2%, € F({u(0)}+). This form is motivated by the ground state
property (9) of trapped systems. It was proved in [36] that when § = 0, the
time evolution Wy (t) = e "H¥ W 5 (0) satisfies the norm approximation

N

\I’N(t) - Z u(t)®(N7n) Qs wn(t)

n=0

(19) lim

N—oo

=0
f)N

where u(t) is the Hartree evolution (13) and ®(¢) = (¥(¢))5%, € F({u(t)}*)
is generated by a quadratic Bogoliubov Hamiltonian (which is different from
the effective Hamiltonian governing the evolution of Z(¢) in (17)).

In the present paper, we prove that the norm convergence (19) holds true
for all 0 < g < 1/3. This result can not be obtained by a straightforward
modification of the proof in [36]. The main new ingredient is a different
way to control the number of the particles outside of the condensate when
B > 0. More precisely, we will show that the one-particle density matrices
of the Bogoliubov dynamics ®(¢) satisfy a pair of Schrédinger-type linear
equations, which then allow us to obtain the desired bound on the number
of particles in the state ®(¢) by PDE techniques. Our approach is inspired
by [25] where similar equations were used. However, our derivation of the
equations is different and much simpler than that of [25].

The condition 0 < 8 < 1/3 is typical for the mean-field regime. If 8 >
1/3, then the analysis becomes more complicated due to the strong correla-
tion between particles. Very recently, independently to our work, new results
for the Fock space norm approximation with 5 > 1/3 have been obtained by



690 P. T. Nam and M. Napiérkowski

Boccato, Cenatiempo and Schlein [8], Grillakis and Machedon [26] and Kuz
[32]. In [32], the author extends the result in [25] for 8 < 1/2. In [26], the
authors prove a result similar to (17) for 5 < 2/3, but now the mean-field
dynamics u(t) and the quadratic generator have to be modified. In [8], the
authors consider initial data of the form W (v/Nu(0))®(0) with a special
quasi-free state ®(0) and their result holds for 5 < 1.

Note that in our paper, we do not put any special assumptions on the
initial states except the known properties of ground states of trapped sys-
tems. Therefore, the requirement 0 < 5 < 1/3 seems to be reasonable for
this large class of initial data. We expect that by using ideas from [8, 26|, we
can improve our result for larger 8 (and for more specified initial data), al-
though the analysis in N-particle Hilbert space should be more complicated
than that in Fock space. We hope to come back to this issue in the future.

In the most interesting case, § = 1, the norm approximation to the quan-
tum dynamics is an open problem.

Finally, let us remark that our method is quite general and it can be
applied to many different situations. For example, our result can be extended
to d =1 or d = 2 dimensions with attractive interaction potential (i.e. w <
0), with or without external potential, provided that 8 < 1/d (cf. Remarks 3
and 4).

The precise statement of our main result will be given in the next section.

2. Main result

In this section we present our overall strategy and state our main theorem.

2.1. Fock space formalism

Let us quickly recall the Fock space formalism which is used throughout the
paper. On the Fock space

FO) =Po=Conon’a-
n=0

we can define the creation operator a*(f) and the annihilation operator a( f)
for every f € $ by
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1 n+1

(@*(/)¥)(x1,..., Tng1) = \/—Zf U(L1, .y T, Ty s - Tg1)

(a(f)O)(x1,. ., Tpo1) = \/ﬁ/f(mn)\lf(xl, ooy gy,

for all ¥ € $H" and for all n. These operators satisfy the canonical commu-
tation relations (CCR)

(20) [a(f), al9)] = [a”(f),a™(9)] = 0, [a(f),a"(9)] = (/. 9)

for all f,g € §. The creation and annihilation operators are widely used
to represent many other operators on Fock space. The following result is
well-known; see e.g. [7] or [55, Lemmas 7.8 and 7.12].

Lemma 1 (Second quantization). Let H be a symmetric operator on )
and let { fn}n>1 C D(h) be an orthonormal basis for 3. Then

o N
(21) @ E Z fmaan>a*(fm)a(fn)
N=1 j=1 m,n>1

Let W be a symmetric operator on $ @ $ and let { fr}n>1 be an orthonormal
basis for $) such that f,, @ f, € D(W) and

<fm ®mefp ®fq> = <fn ®fmanp®fQ>

for allm,n,p,q > 1. Then

(22) O@O@é > Wy

N=21<i<j<N
1
=5 2 (m@MWHE fos a (fm)a(fa)alfy)alfy).

m,n,p,q>1

If one does not want to work on a specific orthonormal basis, it is possible
to use the operator-valued distributions a* and a,, with € R3, defined by

a(f)= | fl@azdz and  a(f)= [ f(z)a,de
R3 R3
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for all f € . The canonical commutation relations (20) then imply that

(23) lay, ay] = [az,ay] =0 and laz, ay] = 6(z —y).

The second quantization formulas (21) and (22) can be rewritten as

(24) dF(H)—/ H(z,y)a,a, dzdy,

(25) O@OEBé Z Wi;

N=21<i<j<N

1
=5 /// W(zx,y; x’,y/)a;a?’;axzay/ dzdyda’dy’

where H(z,y) and W (x,y;2’,y’) are the kernels of H and W, respectively.
For example, the particle number operator can be written as

=dI'(1 @ nlgn / ayay dz

and the N-body Hamiltonian Hy can be extended to an operator on Fock
space F () as

(26) Hy =dI'(-A) + // — Y)aya,azay; dzdy.
- 1 JR3><R3
2.2. Fluctuations around Hartree states

As discussed in the introduction, the starting point of our analysis is the
Bose-Einstein condensation described by the Hartree equation. The follow-
ing well-posedness of Hartree equation is taken from [25, Proposition 3.3].

Lemma 2 (Hartree evolution). For every initial datum u(0,-) € H*(R?),
s > 1, the Hartree equation (13) has a unique global solution u(t,x) and

lut, )| -y < C < o0

for a constant C' depending only on |[u(0, )| s (independent of N and
B). Moreover, if u(0) € W5 (R3) with € sufficiently large, then

Cy

Hu(t)HLOO(RS) < m
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for a constant C1 depending only on |[u(0)|lye1 (ws)-

A similar result for the cubic NLS has been proved in [10]. In the follow-
ing, we will always denote by u(t) = u(t,.) the solution to the Hartree equa-
tion (13) with an initial datum «(0) € H?(R?). In particular, by Sobolev’s
embedding H?(R*) C C(R?) we have the uniform bound [Ju(t)]| sy < C
for a constant C' depending only on |[u(0)]| 2 (rs)-

To describe the particles outside of the condensate, we introduce

Qt) =1~ lu(®){u(®)l, H+() = Q)% = {u(t)}*
and the excited Fock space F4(t) C F($):
Fi(t) = F($:(1) =P o+ ()" = PR 9+ (1)
n=0 n=0 sym

The corresponding particle number operator is
No(t) = dD(Q) = @ty oy = N — @ (u(t)) a(u(t)).
n=0

As in [37, Sec. 2.3], we can decompose any function ¥ € H7 as

N

N a*(u N—n
v = nz_%u(t)@)(N_n) Qs Pn = nz_:o : ((]Eft)_))n)' n

with ¥, € $H4(¢)", and this gives rises the unitary operator

N
Un(t): 5V = 72V (1) = P o )"

n=0

Ui g @Y1 - @ Yn.

(27)

In our analysis, the unitary operator Uy (¢) plays the same role as Weyl’s
unitary operator W (v/Nu(t)), which has been used in [22, 23, 25, 27-29] to
investigate the fluctuations around coherent states. However, the operator
Un(t) is more suitable to play with on N-particle sector $%.



694 P. T. Nam and M. Napiérkowski

2.3. Bogoliubov’s approximation

Following [36], we will consider
(28) Py (t) == Un()¥nN().
The vector ®x(t) belongs to F_%N(t) and it satisfies the equation
(29) {i@t@v(t) = i (B UN () U (t) + Un(t) HNU% (1) | @ n (1),

Oy (0) = Un(0)¥nN(0).
The first key ingredient in our approach is the following approximation
(30) i (0:Un (1)) Un(t) + Un(t) HN Uy (t) ~ H(2),
where H(¢) is derived from Bogoliubov’s theory:

(31) Hi(t) := dT'( — A+ |u(t)]? xwy — () + Ki(t))
//RJ y K2 t,x,y)a"(r)a *(y)+ma(x)a(y)>dxdy.

Here K1(t) = Q1)K (t)Q(t) where K (t) is the operator on £ with kernel
Kl(ta €, yl:u(tv .%')’IUN(J} - y)“'(tv y): and K2(t7 ) ) :Q(t) ® Q(t)KQ(ta R ) S
92 with Ko(t, =, y) = u(t, x)w(z — y)u(t,y).

When § = 0, the approximation (30) in the meaning of quadratic forms
has been justified in [36], inspired by ideas in [37]. To deal with the case
0 < 8 < 1/3, we will need the following operator bound.

Proposition 3 (Bogoliubov’s approximation). Let >0 and N € N
arbitrary. Let u(t) be the Hartree evolution with initial datum u(0) € H?(R3).
Denote

R(t) = 1pev [z (O UNE) Ul (t) + Un(t) Hy U (£) — H(t)} (S
Then R(t) = R*(t) and
(32) R2(t) < C(N 2N (1) + NN (1) + N972)

on F(9), for a constant C depending only on ||u(0)]| g2 (rs) -
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A bound similar to (32) has been used in [45, Theorem 1] to study the
collective excitation spectrum and stationary states of mean-field Bose gases.
For the reader’s convenience, we will provide a full proof of Proposition 3 in
Section 3.

Recall that we are interested in the evolution of the N-particle initial
states of the form (18):

N

\I’N(O) = Z u(0)®(N—n) ®s 1/1n(0)

n=0

where ®(0) := (¢,(0))22, € F4(0). Under this choice,
B (0) = Un¥n(0) = (¥a(0))n 0

converges in norm to ®(0). Combining with Bogoliubov’s approximation
(30), we may expect that the evolution ®x(¢) in (29) is close (in norm) to
the solution of the effective Bogoliubov equation

10, P(t) = H(t)P(¢
- 0,8(t) = H(D)2(1),
o(t =0) = 2(0).

The existence and uniqueness of the solution of (33) in the quadratic
form domain of H(¢) have been proved in [36, Theorem 7]. Moreover, the
proof in [36] also gives a bound on (®(¢), N®(t)) which, in particular, de-
pends on || Ka(t, -, -)|| L2(rs xrs)- Indeed, a natural way to bound (®(t), N ®(t))
is to compute the derivative

d .
(2 NO()) = —( (1), iV, H]®(2))
and then use Gronwall’s inequality. This requires a bound on the commuta-
tor [NV, H] in terms of N. To our knowledge, the best known bound of this
type is

iV H] < CllK(t, )| 2o xrs) (N +1)

(see e.g. [36, Lemma 9]). Unfortunately, when 8 > 0,
||K2(t) ) ')H%Q(Ri"xR?’) ~ / |u(t7 x)‘2|wN($ - y)‘2|u(ta y)|2 dZCdy ~ N3ﬁ’

and the Gronwall argument gives a bound on (®(t), N®(t)) of the order
exp(N3P/2), which is too big for our purposes.
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The main new ingredient in our paper is a uniform bound on
(®(t), NP®(t)), for any S > 0. More precisely, we have the following

Proposition 4 (Bogoliubov equation). Let 5> 0 and N € N arbitrary.
Let u(t) be the Hartree evolution with initial datum u(0) € H?(R3). Then
for every initial state ®(0) € F4(0) satisfying (P(0), N®(0)) < oo, the equa-
tion (33) has a unique global solution ®(t). Moreover, ®(t) € F,(t) for all
t > 0 and the following statements hold true.

(i) The pair of density matrices (y(t), a(t)) = (Yo(r), @a)) is the unique
solution to the following system of one-body linear equations
10y = hy — vh + Koo — o K3,
(34) i0;o0 = ha + ah’ + Ky + Koyt 4+ yKo,
Yt =0) =730, at=0)=asq)-
Here h(t) = —A + |[u(t)|?> x wy — pn(t) + Ki(t); Ko(t) : $ — § is the

operator with kernel Ko(t,xz,y); and ¥ : § — § is the operator with
kernel FVT(ta €L, y) = ’Y(tv Y, .Z')

(ii) We have
(35) la(®)Ilfis + Iy () Ifis < e (1 + a(0) s + 17 (0)lfrs).

(iii) If ®(0) is a quasi-free state, then ®(t) is a quasi-free state for allt and
(36) (@(1), NB(1)) < (14 (2(0), N2(0)))

for a constant C" depending only on ||u(0)|| gr2(rs). Moreover, if u(0) €
WELR?) with ¢ sufficiently large, then

(87) (@), N(1)) < C1 (log(1+1) + 1+ (@(0),]\/@(0»)2
for a constant Cy depending only on ||u(0)|lyer (rs)-

Proposition 4 is a consequence of an abstract result proved in Section 4
on the evolution generated by a general quadratic Hamiltonian on Fock
space.

The N-independent estimate (36) plays an essential role in our analysis
and it can be derived directly from the equations (34).
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Our derivation of (34) and (36) is inspired from the analysis in [25]. In
fact, the bound (36) is similar to the paring estimate in [25, Theorem 4.1]
and the equations (34) is analogous to the paring equations (17b)-(17¢) in
[25] (see also [27, 28] for earlier results). To be more precise, let us consider
the case when ®(t) is a quasi-free state. In this case, ®(t) = T'(¢)Q2 for a
unique Bogoliubov transformation on F($)), and the equation (33) becomes

(38) [T*(t)(iatT(w) - T*(t)H(t)T(t)} Q=0

In [25], the explicit form

T(t) = exp (z’XN(t) + / / [kt 2. y)asay — (t, 2, y)a}a] dxdy)

has been taken, where xn(t) € R is a phase factor, and the pairing equations
for k(t,x,y) [25, Egs. (17b)-(17¢)] have been derived such that

()0, T(t)) — T (OH)T () = dI'(€)

for some operator £ : ) — §), which ensures that (38) holds true.

Our derivation of the linear equations (34) is different from and much
shorter than the representation in [25, 27, 28]. In fact, (34) follows quickly
from (33) by analyzing the dynamics of the two-point correlation functions
(Un (), azay V(1)) and (U (t),aza;WN(t)).

The first statement in (iii) is a general fact that the set of quasi-free
states is stable under the evolution generated by a time-dependent quadratic
Hamiltonian. This interesting statement should be well-known but we could
not localize a precise reference. As pointed out to us by Jan Dereziriski
(private communication), this statement follows from a similar statement
for the evolution generated by a time-independent quadratic Hamiltonian
and the closedness of the metaplectic group in Fock space. In the present
paper, we will show that this statement is a direct consequence of the linear
equations (34).

The last ingredient in our approach is the following

Lemma 5 (Fluctuations of quasi-free states). For all ¢ > 1, there ex-
ists a constant Cy > 0 such that for all quasi-free states VU in F($)) :

(U, NOT) < Cp(1 + (U, ND))*,
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This result is well-known and a proof is provided in Section 5 for com-
pleteness. In our application, the case ¢ = 4 is sufficient to control the error
in Proposition 3.

2.4. Main result

Now we are able to state our main result.

Theorem 6 (Bogoliubov correction to mean-field dynamics). Let
u(t) be the Hartree evolution in (13) with an initial state u(0) € H?(R3). Let
D(t) = (Pn(t)), € F4(t) be the Bogoliubov evolution in (33) with an initial
quasi-free state ®(0) = (1, (0))22, € F4(0). Then the Schrédinger evolution
Uy (t) = e N W (0) with the initial state

N

(39) Uy (0) = 3 u(0)*N ) @, 14, (0)

n=0

satisfies the following norm approximation:

N
(40) Un(t) = > ul®)® N @, (1) < Co(t) NEID/2,
n=0 HN
where

Co(t) < (1 + (2(0), N (0)))

for a constant C depending only on |u(0)||f2gsy. Moreover, if u(0) €
WELR?) with ¢ sufficiently large, then

4
Co(t) < C1(1+1) (1 Flog(l+1) + <<1>(0),/\/<1>(0)>>
for a constant C1 depending only on |[u(0) |y« (rs)-

The proof of Theorem 6 will be provided in Section 5. Let us give some
remarks on the result.

Remark 1. Since e "H~ is a unitary operator on $V, the convergence
N

(41) Jim (W (t) > u®)®N T @ ()| =0
n=0 HN
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still holds when (39) is replaced by the weaker assumption

N
: Q(N—n _
Jim || (0) - §Ou<0> V=) @y 9 (0)]  =0.
n= j’JN

Strictly speaking, the initial vector ®x(0) chosen in (39) is not normalized,
but its norm converges to 1 and the renormalization is trivial.

We also note that the initial data «(0) and ®(0) in Theorem 6 can be
chosen to be N-dependent, provided that the N-dependences of [|u(0)|| - (rs)
and (®(0), N®(0)) can be compensated by N3/~1.

Remark 2. In many physical applications, one is often interested in the
projection |¥)(¥| of a wave function instead of the wave function U itself.
From (41) we obtain

(42)  Jim Trgw [[Un(0)(@x(0)] - Uk [2(0) (@(1)| Un(t)] = 0.

When ®(¢) is a quasi-free state, the projection |®(t)) (®(t)| is determined
uniquely by its density matrices. Thus |V (¢)) (¥ x ()| can be well approxi-
mated in trace norm using (u(t),~(t), «(t)) which, in principle, can be com-
puted as accurate as we want using the one-body equations (33) and (34).

Moreover, since the one-particle density matrices can be obtained by
taking the partial trace, namely

N g0 = Trosn [Un () (TN (1)),

the convergence (42) implies immediately the Bose-Einstein condensation
(43) Jim T [N g ) = [u(®)(u®)]] = 0.
—00

Note that, when g > 0, the Hartree dynamics u(t) converges to the NLS
dynamics v(¢) in (15) as N — oco. Therefore (43) is equivalent to

Jim T [N, ) — @) o()]| = 0.

— 00

Remark 3. Our result is stated and proved in three dimensions, but it can
be extended straightforwardly to one and two dimensions. More precisely,
in d < 3 dimensions, we can consider the two-body interaction potential of
the form wy (z — y) = N%w(NP(x — 1)), and the result in Theorem (6) still
holds true (on the right side of (40) the error now becomes Cp(t)N(@F=1)/2),
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Remark 4. Note that Lemma 2 is the only place where we need the as-
sumption w > 0. The rest of our proof does not require the sign assumption
on w (cf. Remark 5). In particular, our result can be extended to one or
two dimensions with attractive interaction potential (i.e. w < 0), provided
the well-posedness of the corresponding Hartree equation, as in Lemma 2,
still holds. In particular, our method covers the derivation of the 1D and
2D focusing dynamics with a harmonic trap (see [13, 14] for results on the
leading order).

3. Bogoliubov’s approximation

In this section we justify Bogoliubov’s approximation (3

0).
Proof of Proposition 3. Let us denote ]l— =lpengy = 1(N4(t) < N) for
-(4

t)
short. Recall that from the calculations in [36, Eqs 40)-(41)], we have

(44)  R(t) =15V [z (OUNE) Ul (£) + Un(t) Hy U (£) — H(t)} 15V
5
= 1@ + Ry
j=1

where

Ry = R} = dD(Q(t)[wn * |u(t)* + K — #N(t)]Q(t))W,
NJr(t) N —NJr(t)a(Q(t)[wN ” |u(t)|2]u(t)),

N -1
Ry = / Ks(t, z,y)aza,drdy <\/(N — ./\/'+(t])\;(i\71— No(t) — 1) — 1) ,

Ri= R = g [[[[ @0 ewune @ @) y)

ayalag a, dedyda’dy’,

Ry =2

zy
Ry = W ][] avuvan o wevs'y)
X u(t, x)a,aqay dedydaz'dy’.

By the Cauchy-Schwarz inequality we have that

(45) ) < 100211 (RLTVR; + RISV R)1TY
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Now we estimate all terms on the right side of (45). We will always denote
by C' a constant depending only on [[u(0)]|g: (rs)-

j=1. Using ||lwn||z: = ||lw]|z: we get

(46) HwN  |u(t) 2

Pl ooy < wllze a7~ < C.

Similarly,
an el = 5| [ o Puxte - plute il s
]R3><R"
< §Hu<t)|’L2(R3)Hu(t)HLOO(]RS)”wN”Ll(R3) <C.
Moreover,

[ Fatt)| = | [ Tutt.aponta — vyt iTatw) ds
< e ([ @RI - eay)

< ([[1atPhunt - >\dxdy) v

< Ol 7o sy 1 1| 2 @) 9] 2 s
for all f,g € L*(R3). Therefore,
48) K1)l = IRQOEK ()Q)| < IEr(®)]| < Cllu()l|F sy < C-
Thus, in summary,
£dD(Q(8)[wn * [u(t)* + K1 — u(1)]Q(t)) < CAT(Q(t)) = CNL(L).

Since dT(Q(#)[wy * |u(t)|? + K1 — p(t)]Q(t)) commutes with N (¢), we find
that

R = dD(Q(®)[wy + [u(®)? + K1 — p(e)Qe)2 O =1

(N —1)?
12 4
A e
Consequently,
NE(®)

(49) Ri1ZVR < R}<C ]+V2
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j = 2. Note that v := Q(t)[wn * |u(t)|?Ju(t) satisfies

lollzeqesy < e  [u(®)Pu(t) | e ey
< o # [u(t) 2 o ey a8 oy < C-

Using a(v)a*(v) = [|o]2 + a* (v)a(v) < o] (1) + 1), we get

Ni(t) /N _N+(t)a(v)]15Na*(v)N+(t) N - NL ()
N -1 * N -1
Ne(@) VN = Ne(t) <o cpng <Nt N+ (VN = N (2)
+ " + ]l—N 10,(1))0, (U)]l-N 1/V+ T +

< CN+(75)\/N—N+(t)]l§N71(N++1)1§N71N+(t) N — NL (1)

RyITVRy =4

=4

- N -1 N -1
N

< (C—-.

<C N

Similarly, using

Ni ()N = NL ()

* — 72 *

R, a*(v) N1

LW = DYN N T L
N —1 a (v

we find that

(M4 () — l)N J_Vl— Ni(t) + 1a*(v)ﬂ§Na(U)
(Ni(t) —1)y/N =N (t) +1
N -1
_ NE® = DVN =N B T v
N —1
« 1SN+1 (Ny(t) = 1)/ N =Ny (1) +1
N —1
< C(N+(t) —DVN =N () + 1]1§N+1
N N —1
v Wa () = DV/N = NG () + 1
N -1

RISV Ry =4

X

(v)a(v)

(N (1) +1)

NE()
< CT.
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Thus

(50) R3SV Ry + RISV Ry < CN‘jFV(t).
j = 3. We can write R3 = K¢,g(N,(t)) where

(51) Ker := / Ks(t,z,y)aza, dz dy

and

VIV =N () (N =N (1) — 1)

-1
N -1

gWNL (1)) :=

Let us show that

(52) KoK, + K& Ker < 2[| Kot -, )72 (Vo (1) +1)? < ONF(NL(8) + 1)

Here we have used

(53)  |Ka2(t, )7 = 1Q1) ® Q) Ka(t, -, )72 < [1Ka(t, -, )7

— [[ e Plus (@ - ) Plutt. )P dedy

< NN gy 10 1 2 ey () |72 ey < CNPP.
In fact, (52) is well-known (see e.g. [45, eq. (23) and (26)]), but we offer
an alternative proof below because the proof strategy will be used later

to control Rjy. First, using the Cauchy-Schwarz inequality XY + Y*X* <
XX*4+Y"Y we get

o Kaer = Ky(t,2,9)Ka(t, @',y ) asa) az ay dodyda’dy
Ccr >4y, y
1 _—
B 5 //// <K2(t’ z, y)KZ(t’ a’, y/)a;azax’ay’ + hC) dSUdydx,dy/

1 k%
<5 [[[] (Kt ) Pazaona,

+ | Ko (t, z,y) |2a:}/a;/azray1) dzdydz’dy’
= HKQ(ta E ')H%Q(R3><R3)N+(t)('/v’+(t) - 1)
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Here we have denoted X + h.c. = X + X* for short (h.c. stands for Hermi-
tian conjugate). Moreover,

KL Ko = /// Ko(t,z,y)Ka(t, o',y Jazayay ay, dedyda’dy’
/// Ky(t,z,y) Ko (t, 2,y )aka o Ay dadyda’dy’
/// Ka(t, 2, y)Ko(t, o',y )azay, a ayay ] dedyda’dy’.

The first term of the right side of nothing but K¢, K?. which has been already
estimated. For the second term, using Ko (t,z,y) = Ka(t,y,x) and

azay, ayay] = 0(x' — y)ay az + 6(x — 2')ayay + 6(y — v )as ax
+0(x —yalay + 0" —y)d(x —y) + d(z — 2)o(y — ¢/)

we find that

/// Ko(t,x,y) Ka(t, 2,y )[azay, a3 a;,] drdyda’dy’

—4// Ky(t,z,y)Ka(t, y, 9 )a /axdxdydy’+2//|K2(t7$,y)l2d$dy
= 4dD' (K2 (1) K3 (1)) + 2[| K22, 7')”L2 (R3xR3)>

and hence
(55) K Ker = KoK, + 4dT (Ko (8) K5 (1)) + 2[ Ka(t, -, ) | 72 s wps)-

Here we have denoted by K»(t) : $ — $ the operator with kernel Ky(t, z,y).
Putting differently, K»(t) = Q(t)Ko(t)Q(t) with Ky(t) : $ — §) the operator
with kernel u(z)wy(z — y)u(y). Similarly to (48) we have

(56) K20 = Q) K2()QD)] < [Ka(®)l| < Cllu(®)|F(ge) < C.

Therefore, dT'(K2(t) K3 (t)) < CNL(t). Thus (52) follows (55) and (54).
Now from R = K,g(Ni(t)), using (52), (53) and the simple estimates

2
15V 2N 1) + 154220 () — 2) < 32 WO F I g
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we conclude that

(57)  Ri1IV Ry + RISV R
= gNG (1)) Ker 1E Kerg(Wo () + Kerg (Ve (6)) 15 gV (8))K?
= 92(N+(t)) SN72Kcr*Kcr + 92(N+( t) — 2)1§N+2KchZr

< (PWONFT + PN () = 2157?) (Ko Kor + KaK? )
< ON3PZNL(t) + D)%

Here we have also used the fact that K"K, and K.,K. commute with
Ni(1).
j = 4. By (25), for every two-body operator W > 0 one has

1
(58) 5 / / / W(z,y;2',y)azaya.ay dedyda’dy’ > 0

where W (z,y;2’,y') is the kernel of . Consequently,

LRy = / / / / Dy Q) @ Q1)) (z,y:2',y)

yaxlay dzdyda’'dy/,
w oo 3
H NHL (B?) //// (z,y; 2",y )ayayaqm ay dedyda’dy’
< CN35 1/\/2

Here we have used the simple bound |wy /|| rs) = N3ﬁ\|wHLm(Rs) in the
last estimate. Since R4 commutes with Ny we find that

(59) RASVRy < R? < CNSP2NL(1).
j = 5. This is the most complicated case. Recall that

N — Ny (1)

B =N 71

Rg
with
Rg := ////(1 ® Q(HwyQ(t) @ Qb)) (z, y; ',y Yu(t, ¥)ay, az ay drdyda’dy’.

‘We will show that

(60) Ri{R6 + ReRy < CN3PN3(¢).
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Remark 5. Note that in the following we use w > 0, but the proof can be
adapted easily to cover any w without the sign assumption by decomposing
w = w4y —w_ and treating each term wy separately.

We will write @ = Q(¢t) and u = u(t) for short. We denote

Q(x,y) = o(x — y) — u(z)u(y),

the kernel of @), and introduce the operators

(61) by :—/ Q(z,y)aydy, By := / wy (z — y)b,bydy > 0.
RS RS

The advantage of these notations is that using

(1®QuNQ ® Q)(x,y;2',y) = /Q(y, y)wn (z —y1)Q(z, 2 )Q(y1,y') dyr

we can rewrite

02 ko= [[[[[ Qs -mw

x Q(z,2")Q(y1, ¥ u(x)a;ap a, dedyda’dy’
— [[a@n (e = b, bybo dedys = [ W@ Bob

Let us list some basic properties of b, and B, defined in (61). From the
CCR (23) it is straightforward to see that

(63)  [basby) =0=1[b7,b;], [bs,b)] = Q(z,y) = d(z — y) — u(@)u(y).
Moreover,

(64) / bib, dz — / / / Qz,2)Q(z, y)atay dedydz
~ [[ Qzata, dyd = dr@) = N (o)
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and consequently,

(65) B < flux i~ [ Bjbdy < CNVN: (1),
(66) /Bxdac = / (/ wn(z — y)dx) bybydy < CNL(t),
(67) / B2dz < CN* N (t) / Bydz < ON¥NZ(1).

In the last estimate we have used the fact that B, commutes with N, (t).
Now using (62) we can write

(68) ReR: = / / y)Byby b By dady

// y) By b, B, dxdy
// By [bs, by By dxdy.

The second term of (68) can be estimated easily using (63) and (67):

(69) / / Ba[bs, ] Bydady
:/\u(a;)PBgdm— </ ]u(m)ZBxdx>2

<l o [ B2s < ONPAZ 1),

To estimate the first term of (68), we employ the Cauchy-Schwarz inequality
XY +YV*X* < XX*+Y*"Y and obtain

(70) / / y)Bobby B, dady
- //(u()()Bb*bB +hc)d:vdy
<3 // 2)[* Bzbjiby By + [u(y) | Byblbs By) dady

<l oo sy / / Babiby By dedy < CNPNE(2).
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Here the last estimate follows from (64), (67) and the fact that B, commutes
with My. Thus, in summary, from (68)-(69)-(70) we get

(71) ReRi < ON*N3(1).

Now we estimate

(72) RiRg = / / u(y)b: B, Byb, dzdy

// b*B B,b, dzdy
// u(y)b% Bz, Bylb, dady.

The first term of (72) can be bounded similarly to the first term of (68).
Indeed, by the Cauchy-Schwarz inequality XY + Y*X* < X X* 4+ Y*Y and
(64), (67), we have

(73) / / u(y)b% By Byb, dady
// u(y)b B, Byb, +hc)da:dy
<5 // |u(x)[*b} Byba + [u(y)|*b} Bab >d:ndy
< ||u”L°°(R3) // bZBbedﬂfdy
< CON3° / VENG (t)byda
= C’N35/b;bx(/\/'+(t) +1)2%dx
< CON3PNE ().

To estimate the second term of (72), we use

[0 byr b by | = 05 [y b 10y — by, b b
= Q' y" )by by — Q' 2" )by by

= —u(")u(y )by +uly')u(a’)by by
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and write

// u(y)b: Bz, Bylb,dzdy
— [[ wteruto: [ [t = b [ty - yb,a0 | by drdy
— [ wwyatiunte — oty - il bbby, dodys'ay
=~ [ et @ - ayonty - yule g by bydadyea'dy

+ [ wttsunte — o unly -y yula @iy bty dadyas'ay

The term with the minus sign is negative because

////u(x)u(y)w]v(x — 2wy (y — v )u(@)u(y)bibk by b, dedyda’dy’

= <// u(z)wy(z — x’)u(x')b;;b;,dxdw’) X
< ([ wioxt - vyutin by

=AA* >0

with
A= // w(z)wy (x — 2’ )u(x)bibk deda’.

Thus

< / / / / w(z)u(y)wy (x — 2" wn (y — v uly )u(@ )by by bydrdyda’dy’.

Next, we use
b;bz,bxzby = b;bxzbz,by —Q(z',y")bkby.

For the term involving bb,by, b, we have

][ st~ st - yuty @bty bdsdyda'dy’ = 57

where
= //u(m)wN(a: — 2" u(2")biby dzda’.
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By the Cauchy-Schwarz inequality and (64), we can estimate
1
£5< 5 [ [ owte = ) [lu@[b, + ula)Po b |dods’
< Cllu(t) 7N
Moreover, since B commutes with N, we thus obtain
B? < Cllu(t)||z-NE().

It remains to bound the term involving Q(a’, y')bkb,:

][] w@ia@ionte - st - vty 0l o by dadydaay

//// u(y)wn(z =y )wn(y — y)|uly)?bsbydzdydy’
-1/ / w(@)u(g)wn(z — Yoy — v uly) Plu(a’) Phbydedyda’dy

Now, by the Cauchy-Schwarz inequality and (64) again we have

/ / / / w)wn (@ — Yo (y — o) |uly)) 265, dedydy
= / i //u z)u(y)wy(z —y )wy (y — y')bibydxdy) u(y")|*dy’
= / ; (/ (1) Pl (y = o') 2650 + u(y) Pl (2 — )] bybydady) lu(y) Py

< ()| F llwn | 72N (t)
< ONP|Ju(t)[|7=N e (1)

/ [ wtrtsiunte -ty = )l P b sy ay
- // (£ //“ )uly)un(z — Yoy - o bydedy ) [u(e) Plu(y)Fda'dy

/ / (] o= wnty = o) [ju@)Poib + fuo) P50, dody)
() Pluly) Pda'dy/
< HwNHLlw BN ().
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In summary, we have proved that
(74) // u(y)bi By, Bylbydady < CN¥NZ(1).
From (72)-(73)-(74) we find that
(75) RiRs < CN¥N3(t).
From (71) and (75), it follows that

(76)  Rs13VR:+ R:1TVRs

NN, en NN L (N N ()Y
= o R R R
SR R e A

Conclusion. Substituting (49), (50), (57), (59) and (76) into (45) we get
the desired bound

RA(t) < C(NSP2NH () + NI (1) + N992).

4. Evolution generated by quadratic Hamiltonians
4.1. A general result

We have the following general result on the evolution generated by a quad-
ratic Hamiltonian.

Proposition 7 (Evolution generated by quadratic Hamiltonians).
Let {H(t)}, t € [0,1], be a family of quadratic Hamiltonians on F($)) of the
form

H(t) := //( t,x,y)aha) + k(t T y)azay> dady

where h(t) = hi + ha(t) : 9 — H, with hy > 0 time-independent and ha(t)
bounded, and with k(t):$ — $ Hilbert-Schmidt with symmetric kernel
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k(t,xz,y) = k(t,y,z). Assume that

sup (1)l + 8o + 5L, e + [95k(E -, )12 ) < oo.
te(0,1]

Then for every normalized vector ®(0) € F($) satisfying (P(0), N®(0)) <

oo, the equation

o {ia@(t) = H(t)®(t),

O(t = 0) = B(0)

has a unique solution ®(t) with t € [0,1] and the following statements hold
true.

(i) The pair of density matrices (y(t),a(t)) = (You), Qo)) satisfies
10y = hy — yh + ka™ — ak®,

(78) i0iae = ha 4+ ah™ + k + kyT + 4k,
v(t =0) =7(0), a(t=0)=a0).

Moreover, (Yo, Qo)) s the unique solution to (78) under the con-
straints

(79) y=7% a=al, sup (Tr(oz(t)oz*(t)) + Tr(ny(t))) < 00.
te(0,1]

(ii) For every decomposition k = ki + ko, we have

at)|? 2 tex t r)dr )€(s)O(s)ds
80 la@lis + h@ls < 06+ [ exn( [ etar)eeia
for all t € [0, 1], where

&) = 6 (k)] + 1R2(0)])
O(t) = 2/|a(0) s + 2017(0) 1A

2 <H‘C’_1k1(t’ ) '>HL2 + Hﬁ_lkl(o7 ) ')HL2
2

t
+/ (Ilka(s, 5 )= + ||£—lask1<s,-,->up)d8> :
0
L:=h®1+1®h.
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0) is a quasi-free state, then ®(t) is a quasi-free state for all

|. In this case,

(iii) If CIE

H\/

(
0
(81)  (B(t),ND(1)) < O1(¢) /exp (/g dr) O1(s)ds

where

2
O1(t) := O(t) — 2 (0) s — 2 (0)lIEs +4(1+ (@(0), N@(0)) )

Before proving Proposition 7, let us recall some well-known properties
of density matrices.

Lemma 8 (Density matrices). Let U be a normalized vector in F($)
with (W, N'U) < 0o and let (yy, ay) be its density matrices. Then

(82) 04" > 07 Tl"(”Y\I/) = <®7N¢'>7 o= Oér\Il;a Y > O‘\Il(l +’Y‘l/) 106*\1/
Moreover, W is a quasi-free if and only if
(83) ya=ovT,  agal = (14 ).

Proof. The first three properties of (82) are obvious. The last inequality
of (82) is often formulated as

Y ay
I':= >0
<0f&u 1+’Y\1T:)_

on $ @ $H, which can be seen immediately from the inequality

(W, (a(f) +a”(9))"(a(f) + a™(9))¥) > 0

for all f,g € $ and the CCR (20). The equivalence between I' > 0 and the
last inequality in (82) is straightforward, see e.g. [46, Lemma 1.1, p. 93] for a
proof. It is also well-known, see e.g. [55, Theorem 10.4], that W is a quasi-free

if and only if
1 0
I‘< 0 —1 >I‘——F.

A direct calculation shows that the latter equality is equivalent to (83). [

Remark 6. In fact, the first condition yo = ay" of (83) is a consequence
of the second condition ayay, = yw(1 + yw), see [3, Proposition 4.5].
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Now we are able to give

Proof of Proposition 7. The proof is divided into several steps.

Step 1 (Existence and uniqueness of solution to (77)). Note that from the
estimate (52) and the operator monotonicity of the square root, we get

4 (// (k(t. 2, )aza, + h.c.)dxdy) < V()| 2 (N + 1),

Recall that we have denoted X + h.c. = X + X* for short. Therefore, from
the conditions on h(t) and k(t) we get

H(H(t) — dT(h1)) = <dP (hat / / (t, 2, y)a%a, +h.c.)dxdy>

< Co(N +1),
+0,H(t) = dT'(O¢ha(t // &g (t,z,y a*a,;; —|—h.c.>dxdy>
< Co(N +1),
+4[H( // (t,z,y)a, +h.c.,N]dxdy

—j:// —ik(t,z,y)ara —I—h.c.)d:cdy
< CQ N+ 1

with

(84) Cy = sup (Iha(®)] + V2IIk(E, - )22 ) < oo.

t€(0,1]

Thus by [36, Theorem 8|, we know that for every ®(0) in the quadratic form
domain of dI'(h; + 1), the equation (77) has a unique solution ®(t).
Note that for every time-independent operator O on Fock space,

(85) 0@ (1), O0(1)) = —(i0:2(t), OV(1)) + (2(t), 010, (1)
= (®(1), [0, H(1)]2(1)).

In particular, choosing O = 1 we get ||®(t)|| = ||®(0)||. Therefore, the prop-
agator Z (t) : F () — F($) defined by % (t)®(0) = ®(¢) is a (partial) uni-
tary, and hence it can be extended from the quadratic form domain of
dI'(hy + 1) to the whole Fock space. In the following, we are interested in
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the case when (®(0), N®(0)) < oo. In this case, by (85) we have

i( (), W+ 1)(1)) = (2(1), i[H(t), N]&(¢)) < Co(@(t), (N +1)@(2)),

and by Gronwall’s inequality,

(86) (@(1), (N +1)D(t)) < e“H(2(0), (N +1)2(0)).

Thus, in summary, for every ®(0) with (®(0), N®(0)) < oo, the equa-
tion (77) has a unique solution ®(¢) satisfying || ®(¢)|| = ||®(0)|| and (86).

Step 2 (Derivation of linear equations (78)). We will use (85) to compute
the time-derivatives of the kernels

Tow) (2, y) = (1), ayas®(t)),  ao)(e,y) = (B(1), aza,®(1)).

Let us use (85) with O = a;,a,. From the CCR (23) it follows that

0%z, H //[ g, Wt 7, y)%a,

+ 2k(t T,Y)aya, + k (t,x y)amay} dzdy
= // h(t,z,y) <5($’ —x)aya, —0(y — y)a;am/)>dxdy
+ E k(t, )(5(96' —z)ajal +6(z' —y)al a*)dxd
9 y Uy Y y' Yy Y y' Y Y
1
~ 5 [ F ) (5 - e + 800’ - 2)ay0,) dudy.
Therefore,

10 e(t) )— 10D (1), ayaz (1)) = (D(1), [ay az, H(t)]2(t))
// (t,z y 02" = 2)v00) Gy, y') — (Y —y)vcp(t)(x’,x))dwdy

45 [[ Mt (56 = 2)ai 0.) + 8 - yan(/, o)) dody
1 *
=5 [ F e (50 ~ asw (o) + 867 ~ )l v.a") sy

= (h(t)’%b(t) = Yawh(t) + k(t)agq) — acb(t)/f*(t)> (', y).
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Here we have used k(t,x,y) = k(t,y,z) and agy(z,y) = ag@)(y, v). Simi-
larly, using (85) with O = a,ra, and the identity

vy 50) = [ [ [avay bit.r)ize,

1 1
+ §k(t, T,y)aya, + §k*(t, T, y)axay] dzdy
= // h(t,z,y) ((5(3/ —z)agay + 6(z' — x)ayay/)dzzdy

]' ! ! ! *
43 [[ Mt (36 - 056 ) + 86 - D)ajar
+0(z' —x)0(y' —y) + (2" — x)a;

+6(y — y)atay +0(2" — y)aiay )dxdy,

oy

we find that

idhca( (') = i0:((1), alaly @(1)) = (D(1), [a}afy, H(E)D(1))
- / / h(t.z.v) (a<y' — 2)aaae (' ) + 8(a’ — D) (6, ,1/) ) dedy
+3 [[ Mo (36 - 256 =) + 8 - D' v
+ (2" —2)o(y’ —y) + (2" — 2)va) (v, v)
+ 00 = ¥)r0 (@ 7) + 6’ — Y (¥ 2) ) dedy,
= <04q>(t)hT(t) + h(t)age) + k() + vomk(t) + k(t)’Yg(t))(x/ay/)-

Thus (Ya(s), @a(r)) satisfies the couple of linear equations (78):

10y = hy — yh + ko™ — ak™,
i0ia = ha + ahT + k + kyT + 4k,

with initial data v(0) = vy(0), @(0) = aa(g)-

Step 3 (Uniqueness of solution to (78)). By the derivation in the previ-
ous step, we have proved that (y(), @) is a solution to (78). Moreover,
from (86) and (82) we can see that if (®(0), N®(0)) < oo, then Tr(vp ()
and Tr(ozq>(t)a$(t)) are bounded uniformly in ¢ € [0, 1].
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Now we show that for every given initial condition (y(0), «(0)), the sys-
tem (78) has at most one solution satisfying (79):

v=~" a=aT, sup (Tr(a(t)a*(t)) + Tr(y2(t))) < .
te(0,1]

More precisely, we will show that if (v;(t),;(t))j=1,2 are two solutions
to (78) with the same initial condition and they satisfy (79), then

X(t) = m(t) =2(t) and Y() := au(t) — aa(t)
are 0 for all ¢ € [0, 1]. It is clear that X, Y satisfy

i X =hX — Xh+kY* - YE*,
(87) i0Y = hY +YhT + kX" + Xk,
X(0)=0, Y(0)=0

and

88) X=X* Y=YT, sup (Tr(Y(t)Y*(t)) + Tr(XQ(t))) < .
te(0,1]

Note that the second equation of (87) is different from that of (78) because
the inhomogeneous term k has been canceled.
From the first equation of (87) we have

(89) 9, X% = (i0: X)X + X (i0; X)
= (hX — Xh+kY* = YE*)X + X(hX — Xh + kY* — YE*)
=hX? - X°h+ (KY* = YE)X + X(kY* - YEY).

We want to take the trace of (89) and use the cancellation Tr(hX? — X2h) =
0 but it is a bit formal because hX? and X2h might be not trace class. To
make the argument rigorous, let us introduce the time-independent projec-
tion 154 = 1(hy; < A) with 0 < A < oo and deduce from (89) that

(90) 0 (1A X2158) = 158 (X% — X2h + Er)1=A

where

Er:= (kY* — YE)X + X (kY* — YE*).
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Now we can take the trace of both sides of (90) and then integrate over .
We will use the cyclicity of the trace

Tr(X1Xs) = Tr(XeX,)
with X; bounded and X, trace class. In particular,

Tr(154(h1 X2 — X2hy)158)
— TI'(]ISAhl . ]]_SAXQ]]_SA) _ TI'(]ISAXz]lSA . ]]_gAhl) —0.

Therefore, (90) gives us
t

(91) Tr(ASAXZ(15Y) = / Tr [HSA (h2X2 X2y + Er)]lSA} (s)ds.
0

Next, we pass A — +0o and use the convergence

lim Tr(1SAX15Y) = Tr(X)

A—o0

which holds for every trace class operator X. Note that

Tr|ho X2 — X?ho| < ||h2| - || X ||Ig, Tr|Er

< 4[E[| - 1 X s - 1Y Nlms
and ||h2 ()], @), IX ()]s, Y ()]s are bounded uniformly in ¢ € [0, 1].

Therefore, we can use Lebesgue’s Dominated Convergence Theorem and
deduce from (91) that

t
1X (1) |2 = —i/ [Tr (X2h2 — heX2 4 Er>] (s)ds.
0
Using again the cyclicity of the trace, Tr(hoX?) = Tr(X?hso), we get
, t t
(92) I X(®)llfs = —i/o Er(s)ds < 4/0 [ECs)I - 12X (s)llms - 1Y (s)[lrs ds.

Similarly, from the second equation of (87) we have

i (YY*) = (id,Y)Y* =Y (id,Y)*
=Y + YW + kXY + XEk)Y* — Y (RY + YRY + EXT + XE)*
=RYY* —YY*h+ (kX" + XE)Y* — Y (kX" + XEk)*,
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and hence
t
93) Y% = —i/ [(kXT FXE)Y* — Y (kXT 4+ Xk)*| (s)ds
0

<4 /0 1) - 12X (5)lls - 1Y ()]s s

Summing (92) and (93) we find that
1
X (&)l + 1Y (D)lfis < 8/0 [E(s)IF - 12X (s) s - 1Y (s)llms ds

t
<4 ( sup ||k‘(7“)||> / (X ()lis + 1Y (5)[fxs)
r€[0,1] 0
for all t € [0, 1]. Consequently, X (¢) = 0 and Y (¢) = 0 by Gronwall’s inequal-
ity. This finishes the proof of the uniqueness.
Thus (v(t), a(t)) = (Yo, @a () is the unique solution to the system (78)
under conditions (79).

Step 4 (Improved bound on |la|gs) Recall that from (86) and (82) we
already have upper bounds on Tr(vy(t)) and ||a|/gs. However, the constant
C defined in (84) depends on || k(t)|lus = ||k(t, -, )| L2 which is large in our
application. In the following we will derive another bound on ||«|/gg which
depends on the operator norm |/k(¢)|| instead of the Hilbert-Schmidt norm.

Inspired by [25, Proof of Theorem 4.1], we will decompose «(t) = Yi(t) +
Yo (t) where Yi(t), Ya(t) : § — $ satisfy

0, Y1 = Y1 + YiRT + K
(94) {Ztl 1Y1+ Yihy + K,

Yi(t=0)=0,

i0py = by —yh + k(Y1 +Y2)" — (Y1 4 Y2)k",
(95) i0;Yo = hYa + YohT + hoY1 + V1R + ko't + 4k,
Ya(t =0) = a(0), ~(t=0)=~(0).
Here (95) is derived from (94) and the system (78).

Estimation of ||Y;||us. Note that the kernel of the operator h1Yi : § — $
is the two-body function

/hl(x7 Z)Yl(tv Z7y)d2 = (hl X 1)Yl(t7 K )] (.’L’,y)
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The latter equality follows from a straightforward calculation:

/ [ F@a@) | © DYt )] ) dody

(rog <h1® DYi(t-,)) = ((n © V(@ ). Yilt-,))
- / [ G T @gwi e, ) dedya:

/ / b (2, 2) F2) g (@) Vi (4 3, y)dadyd

/ / b (2, 2) T g@IYa (1 2 y)dadydz

2

for all f,g € $. Here we have used the fact that h; is self-adjoint, which
implies that hi(z,y) = h1(y,x). Similarly, the kernel of YlhT (lel) is

[(1 ® h1)Y1(t, -, )} (x,y). Therefore, the operator equation (94) can be rewrit-
ten as an equation of two-body functions:

(96) i Y1(t, x,y) = (LY1)(t, 2, y) + k(t, x,y),
Y1(0,z,y) =0.

where
L=h1®14+1®h; >0.

By Duhamel’s formula and integration by parts, we can write

t .
Yl(t,ac,y):/ e’(s_t)ﬁk(s,x,y)ds
0

t ¢
:/ ey (s, 2, y)ds — z/ O5(eCTELT Yy (s, 2, y)ds
0 0

= —iL ey (t, z,y) +ie L (0,2, y)
t
et
0

—itL

Since e is a unitary operator on $?, by the triangle inequality we get

97)  [Vi(@®)llas = [Ya (¢, )z
< ||£_1k1(t7 * ')HL2 + H£_1k1 (07 " ')||L2

t
b [ (bt e + 1€ 0k, s
0



Bogoliubov dynamics 721

Estimation of ||v|lus and ||Y2|lus from (95). We use again the argument
of deriving (92) in Step 3. From the first equation of (95) we have

i0y® = (i0yy)y + v(i0y7)
=Ow—7h+MMﬂJ@*—@E+EMﬂ7
+ ’y(h’y —vh+ k(Y1 +Ye)" — (Y1 + Y2)k*>

= hy* — Vh+ k(Y1 + Ya2)*y — (Y1 + Yo)k*y
+ k(Y1 +Y2)" — (Y1 + Yo)k,

and hence

(98) Iy ()i — 17(0) s
= _i/o Tr (k(Yl +Y2)"y — (Y1 + Y2)k™y

k(Y + Y2)* = (Y1 + Vo) ) (s)ds

t
= 4/0 (”kH AvllaslYallus + (&[] - ||V||HS||Y2||HS)(3)d5_

From the second equation of (95) we have

i0,(Y2Yy) = (i0,Ya) Yy — Ya(i0,Ya)*
= (hYs + Yoh" + hoYy + Yihg + ky" + vk)Y5
— Ya(hYa + Yah" + hoV1 + Yihg + ky" +vk)*
= hYaYs — YaV5h+ (haYi + Yihg + ky" + 7k) Y5
— Yy (hoY1 + Yihy + kyT + ’Yk?)* ;

and hence
(99) 1Y2(t) |Ifrs — lle(0)|Ifis
t
— —i/ Tr ( (hoY1 + Yihy + ky' + vk) Yy
0
+ Y5 (hoVi + VihT + kT 4 4k)” ) (s)ds

t
<4 [ (Irell- IValms Yol + 8] - [l V2l ) ()
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Conclusion. Summing (97), (98) and (99), we get
(100)  Vi@)lfis + 120 Bs + 170 s
1 t
<5000+ 4 [ (1] Iyl ¥i s
0
201k - [y ls Yl + 1hall - Vi llms [ Vallas ) (s)ds
t
< / 611k ()| + 1h2() 1) (Y2 () s + 1Y2(8) s + (1) i) ds
where

O(t) = 2|7(0) s + 2/|x(0) g

+2 <H£_1k1 (tv ) ')HL2 + ||£_1l€1(0a * ')||L2
. 2
+/ (Ilk2(s, -, e + L7 Oska (s, -, ')|!L2)d8> :
0
Note that if f,g,¢ : Ry — R satisfy
t
£0) < 9(t)+ [ €reas
for all ¢, then we have the Gronwall-type inequality
t t
s <90+ [ ([ ) e
0 s
Therefore, we can deduce from (100) that

(101)  fa®)llEs + v (®)llEs < 2<HY1(t)H12{s +[1¥2(t)lIfis) + H’Y(ﬂ”%s)
< O(t) +/0 exp </S f(r)dr) £(s)O(s)ds.
where

&) = 6 (k@I + Ih20)1).

Step 5 (Quasi-free states). In this final step we prove that if ®(0) is a quasi-
free state, then ®(t) is a quasi-free for all ¢ € [0, 1]. By Lemma 8, it suffices
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to show that the density matrices (y(t), a(t)) of ®(t) satisfy
(102) ya=ay", aa*=(1+7).
Indeed, using the equations (78), we can compute

i0i(y + 9% — aa®) = (i0y7)(1 + ) + 7(idpy) — (i0sa)a™ + aidpr)*
= (hy —vh + ka* — ak™)(1 + ) + v(hy — vh + ko™ — ak™)

— (ha+ ah™ + k+ky" +9k)a* + a(ha + ah +k + kyT 4+ k)"
=h(y+7° —aa’) = (y +9° —aa")h +k(a*y —7"a’) = (ya — ay )k’

and

i0p(ya — ayT) = (i0py)a + y(idra) — (idpa)yT — a(idyy)T
= (hy — yh + ka* — ak*)a + y(ha + ah™ + k + kyT + k)
— (ha+ ahT + k + kyT +vk)yT — alhy — vh + ka* — ak*)T
= h(va —ay') + (va — aryHh — k(v +7° = aa”)" + (v +7° — aa’)k.

The latter two equations can be rewritten in the compact form

i0;Y3 = hY3 — Y3h + kY; — Yik*,
(103) 10 Yy = hYy + Yah't — kY3E + ik,
Y3(0) =0, Y3(0) =0,

where
Ys =742 —aa*, Y;:=~ya—ayl.

Here the initial conditions Y3(0) =0 and Y4(0) = 0 follow from Lemma 8
and the assumption that ®(0) is a quasi-free state.

The system (103) is similar to (87) we have considered in Step 3, and
by the same argument in the previous step we can show that Y3(¢) = 0 and
Ya(t) =0 for all ¢ € [0,1]. Thus ®(¢) is a quasi-free state for all ¢ € [0, 1].
Finally, since aa* = (1 + ) we obtain (®(¢), N®(t)) = Tr(y(t)) < |-
Therefore, (81) follows immediately from (101) and the simple estimate

la(0) Iy + [17(0)[[frs = Tr(v(0) +27%(0))
< 2(1 + Tr(7(0)))2 = 2(1 + (®(0), NB(0)))2.
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4.2. Proof of Proposition 4

Now we apply Proposition 7 to the Bogoliubov Hamiltonian H(¢) defined
by (31), which corresponds to

h(t) = —A + [u(t) > « wy — pn () + K1(t),  k(t) = Ka(t).
Recall that

o Ki(t) = Q(H)K:
kernel K (t,z,y

o Ky(t) = Q(t) Ky
with kernel K2

Ka(t, ) = Q(t)
(¢

We will decompose h(t

£)Q(

f)

)

t) : § — § where K (t) is the operator on §) with
(t, 2)wn (x = y)u(t, y);
)

u
Q(t) : H — $H where IN(Q( t): H — $ is the operator
r,y) = u(t,z)w(r — y)u(t,y). Putting differently,
Q) Ka(t, ) € H%.

=hy + hg( ) and Ko = k1 + ko with

/\\—//—\

hii=—A, ho(t) := |u(t)]? xwy — pn(t) + K1 (1)

and
k1 := Ko, ko :=Ky— Ko.

The conditions in Proposition 7 are verified in the following

Lemma 9. The following bounds hold true for all 3 >0, N € N andt > 0:

(104)  [ha(D)l| + [ Kall < Cllu(t)]|7 (gs);

(105)  [|Bsha(t)]| + 1 Ka(t, -, )|z + 10:Ka(t, -, )| 2 < ONP,
(106)  [[Ka(t, ) = Ka(t, )|z < Cllu(t)|] sy,

(107)  (—As — AT Ks(t, -, )| 1o

(=20 — Ay) 0Kt ) 2 < Cllu(®)[ 2 o

Here the constant C' depends only on [[u(0)| g2 (rs)-

Proof. The bound (104) follows from (46)-(47)-(48) and (56). Next, we con-
sider (105). Recall that we have proved || K2(t, -, -)||rz < CN3% in (53). More-
over,

(108) O Fs(t,-,-) = (9Q(t) ® Q(t) Ka(t, )
+ Q) ® (9Q(t) Kalt, -, )
+ Q(t) & Q(t)<atK2<t7 ) ))
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Note that 0,Q(t) = —|0u(t))(u(t)] — |u(t))(du(t)| is a rank-two operator
and [|0;Q(t)|lus < C because

(109)  [0u(t)z2 = [R@u®) 22 < |Au@)]z2 + [Ra(u(®)]zz < C.
Consequently,
110 [l@ew ®Q(t)f?2 t.+)],, + le® ® @Qw)Ratt, )|
= |@emKmQ@)|  + |t Rt @)
< 2||(91:Q(75)||HSIIK2( ) - 1R < 1Kt < Cllult M7 e (g3)-

On the other hand,

L2

(111) 1Q(t) ® Q) (DKt )Tz < 10 Ka(t, -, -)II7:
<2 [ [ at.0)Plox (e - ) Plutt.y) Pdody
< 2[18eu(t) [ 22 ey lwn |72 oy [ u ()1 o ey < ONP.
By the triangle inequality we deduce from (108), (110) and (111) that

00 K2 (t, -, -)|| L2 < CN38. Similarly, we also have ||0; K1 (t)|lus < CN32. Com-
bining the latter inequality with

|0 (|u(t )2 % wy)( z)| = IQ?R/(@tu)(t, Y)u(t, y)wy(z —y)dy

< 2[|0pu(t) || 2 o) 1w (t) || 22 o) lwn || oo (r3y < CNPP

we find that ||0ho(t)|] < CN38. Thus (105) holds true.
The bound (106) can be proved using similarly as (110). More precisely,
because 1 — Q = |u(t))(u(t)|, we have

1Kot -, -) = Kat,-,)l|ze = [Q(8) K2 ()Q() — Ka(t)|ms
< (@) = DE()Q(1)[lus + [ Ka(t)(Q(E) — 1)l|s
< Q) = Lns|IKa(t)| Q)

¢ QM + IK2(6)Il - [Q() — s
< ClE ()] < Cllul®) 7~ go)-

The bound (107) is essentially [25, Lemma 4.3], but there is a technical
modification that we will clarify below. It suffices to consider the most com-
plicated term f(¢,x,y) := u(t, z)wyn(z — y)(O¢u)(t,y) which is derived from



726 P. T. Nam and M. Napiérkowski

atf(g(t, x,y). Following [25], we compute the Fourier transform :

Fit.p.q) = / / ult, 2)wy (z — ) (Bru) (t, y)e TV dady
— [[ uttey + (@@ g 0 D dzay

= [ + e s

where u,(t,y) := u(t,y + z). Using the Cauchy-Schwarz inequality

Pt < ol [ lun)]- @B+ o Pds
and Plancherel’s Theorem, we can estimate

||( A _A 1f(7 ’ )||L2
2
(27) / (Ip|* + 1q/*)~ ‘(t p,q)( dpdq

<c / [ + 1Py o) (@Dt p + 0)Pdpgd:
= [[[ o= 4P+ 1) 2w ()] (B p) Ppdad
< [[[ 0 + 1Py 2un ()] (@00 0. )Papaad:
= [ hon)l- ol z00) ¢ p)Pap
By the Hardy-Littlewood-Sobolev inequality we get
/ 1ol (w0) (£, p) Pdp < Ol (£) () |22
< Juz @72 O 0wl 32 < Cllu®)] 72
and this gives the desired bound
(=20 — AT F(E )13 < Cllu()][ 2.
Clarification. In [25, Lemma 4.3], the authors used ||u.(t)0pu(t)| s> <

lu(t)]| 2 ]|O¢ul| Lz, which we have avoided because we want to consider the
case u(0) € H?(R3) for which d;u(t) may be not in L3. O
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Now we are able to give

Proof of Proposition 4. Recall that we will apply Proposition 7 to h(t) =
hi + hg(t) and k = K9 = k1 + k9 with

hi=—A, ho(t) := [u(t)]? xwy — pn(t) + K1 (t)

and
kl = [?2, kg = KQ—R/—Q.

General results with u(0) € H%(R?). Recall that if u(0) € H%(R3), then
we have the uniform bound

[w(®)l| L ®s) < Csobolev ||u(t) | g2 @sy < C

for a constant C' depending only on ||u(0)| g>(gs). Therefore, all relevant
conditions in Proposition 7 have been verified by Lemma 9. Thus by Propo-
sition 7, the Bogoliubov equation (33) has a unique global solution ®(¢) and
the pair of density matrices (7(t), a(t)) = (Vo(t), @) is the unique solution
to (34). The constraint ®(¢) € F4(t) follows from the Hartree equation, see
[36, Proof of Theorem 7] for an explanation.

Now we consider the bound (80). Since

£(t) = 6([lh2 ()| + [[K2()[)) = C
and
O(t) == 2[|(0) |51 + 2[7(0)lIfis

+ 2(II(—Am = Ay) T () e+ I(=Ae = Ay) T E2(0,, )22

t ~ B 2
+/(wm—Ka@ywp+mﬂ%—AN*@&@ﬁwme
0

< 2[|e(0) s + 2[l7(0) s + C(1 +¢7)

we deduce from (80) that

Jo(®lfs + h(0ls < 00+ [ e ([ erar)eolas
< P+ (O] + IOl s)

for a constant C' depending only on [|u(0)|| 2 (gs)-
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Moreover, by Proposition 7, if ®(0) is a quasi-free state, then ®(t) is a
quasi-free state for all ¢ > 0, and from (81) we obtain

(1), N (1)) < (14 <<I>(0),N<I>(0)))2.

Improved bound with «(0) smooth. Now we consider the case when the
initial Hartree state is smooth, namely u(0) € W5!(R?) with ¢ sufficiently
large. Recall that in this case

Cq

Hu(t)HLOO(R3) < m

for a constant C1 depending only on |[u(0)]|ye1(rs). By Proposition 7, we
have

Ch
(1+41)3

£(t) = 6([lh2(O)| + [IK2(B)]]) <

and

O(t) = 2[a(0)lfis + 2[17(0) g
+ 2<H(—Ax = Ay) T () e+ 1(=Ae = Ay) TN E2(0, )| 12e

2
# [ 010 = Rl + - c= AR ) ) |

1 oo 1 i
< 2] (0)lfis + 2[l7(0) s + C1 (1 Tt +/0 ((1 N ER +t>d5)

< 2[|a(0) s + 2II7(0)|[Es + Crlog(1 +1).

Since (1 +¢)~2 in integrable, the estimate (80) in Proposition 7 gives us

la()IFrs + Iy (D)l < Ot / exp / &(r d?“ )O(s)ds

< Cy(log?(1+ 1) + [la(0 )||Hs+ 17(0) 1)
Moreover, if ®(0) is a quasi-free state, then from (81) we obtain
(®(1), N0(1)) < Cr (log(1+1) + 1+ (B(0) N®(0)) )

for a constant C7 depending only on [[u(0)|lye1 (rs)- O
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5. Proof of Main Theorem

Assuming Lemma 5 at the moment, we are ready to provide

Proof of Theorem 6. We will compare @y (t) = Un(t)¥ () with the Bogoli-
ubov evolution ®(t). Using the equations (29) and (33), we can compute

(112) o llon(t) — ()]
- 2Im<i6t(I>N(t), B(t)) — 21m<(I>N(t), i8t<1>(t)>
- 21m<(]1§NH(t)11§N + R(£)Dn(t), <I>(t)> - 2Im<<I>N(t),]HI<I>(t)>
- 21m<R(t)<I>N(t), <I>(t)> - 21m<<I>N(t) 15VE(1 - <N)<I>(t)>

where ]L%N = ]IFEN(t) and

R(t) =15V [ (O UN ) Uk (t) + Un () Hy U3 (¢) —H(t)}nfv.

Using the Cauchy-Schwarz inequality and Proposition 3, we can estimate

—

m(R(t)®n(t), (1))
= Im(@p (1) — (1), R(1)®(t))
IR@)S@)] - [P (t) — ()]

ONEID2 a(t), W+ 1) o) - o).

IN

IN

Moreover, by the Cauchy-Schwarz inequality again and (52) we get

1m<c1>N(t) 15VH(1 - 1 <N)c1>(t)>
< [1FVH@ - 15Y)2()|
= 1KLL - 13V)2 ()|

< <<I>(t), Ker K (1 — REN)@(t)>1/2

< CN35/2<<1>(t), Ny +1)%(1 - ]1§N)<1>(t)>1/2

1/2

< CN3/3/2*1<cI>(t), Ny + 1)4<I>(t)>
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Thus from (112) it follows that

oo () - 22 < N2 0, (W + D)

x (lon() - e()] + N712),
Consequently, the function f(t) := ||®n(t) — ®(t)||* + N~} satisfies

0.1(t) < ONGIV/2(a(e), W + 1)) VD),

and hence

A/ f(t) < CN(35*1)/2<<1>(t), (N + 1)4<I>(t)>1/ g

Taking the integral over ¢, we obtain

(113) (1w - ot + v
< (low() - o) + 81"

1/2
+ tCNGF=D/2 gup <<I>(s), Ny + 1)4<I>(s)> .
s€0,t]

Now we make a further estimate for every term in (113). First, since Uy (¢) :
oY — ]-"EN(t) is a unitary operator, we have

(114) [ @n(t) — D) = [Un ()N () — 13V e@) |12 + [|(1 - 15V)e ()
> |y () — Un(0)15V (1)

On the other hand, the choice ®x(0) = ]l_%Nq)(O) implies that

(115) [ x(0) ~ 2(0)] = (2(0), (1~ 15%)2(0)) < < (#(0) N, 2(0)).

Moreover, recall that ®(t) is a quasi-free state for all ¢ due to Proposition 4
and the assumption that ®(0) is a quasi-free state. Therefore, by Lemma 5,

(116) (2(), W + D' () < C{@(0), W + 1)<I>(t)>4.
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Inserting (114)-(115)-(116) into (113) we find that
(117) |2 () = Un (15 ()]

1/2
(@(0), (N +1)2(0))]

1
< —
~ VN

f 2
+tCNGF=D/2 gup <@(3),(N+ 1)<I>(s)> :
s€[0,¢]

Finally, we derive (40) from (117) and the the upper bounds on (®(t), N ®(t))
in Proposition 4. To be precise, if we only know u(0) € H2(R3), then from
(117) and (36) we obtain

(118) [ ux(t) - Un (1 0] < N2 (14 (@(0), Na(0)))'

for a constant C' depending only on [[u(0)]|g2gs). If we know that u(0) €
WHL(R3) with ¢ sufficiently large, then from (117) and (37) we get the
improved bound

(119) 12w () — Un ()15 0(2))|
< NGF=D20y (1 + t)(log(l +1)+1+ <¢(0),Nc1>(0)>)4

for a constant C; depending only on [|u(0)||yye1(gs)- O
For the completeness, let us provide

Proof of Lemma 5. Since the density matrices vy, g of U satisfy the re-
lations (83), we can diagonalize them simultaneously. More precisely (see
also [43, Lemma 8]), we can find an orthonormal basis {u,}>2, for $ and
non-negative numbers {\, }>°; such that

Y = Z )\n|un><un|> AylUn =/ An + /\%(W)a Vn € N.
n=1

Let us denote a,, = a(uy,) for short. By the definition of g and g, we have

(120) (¥,a,,an V) = dmnrn, (V,aman¥) = 0mnv/ A+ A2, VneN.

Moreover,

Z)\n = Tr(')/@) = <\II’N\IJ>
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Now we compute

(NN = 1N = 2)(N =3)(N —£+1)T)
_ Z (W, an --ay, an, - an, V)

n1,M2,...,ne>1

= Z <\I[7 (azl)ml (anl)ml T (azs)ms (ans)mS\P>v
1<s<l 1<n1<na <<y
(ma,...,ms)EP(s,0)

where P(s,{) is the set of partitions:
P(s,0) = {(my,...,ms) CN [ my+ - +my={}.

For all 1 <my <ng <---<ngand my,...,ms > 1, by using Wick’s Theo-
rem and (120) we find that

(W, (ay, )™ (an, )™ - (a5, )™ (an, )™ €) = TT(@, (a},)™ (an,)™ ¥)

and
(W, (a5, )™ (an,)™ @) < [P(2m;)|An, (14 An,) ™

Here recall that
Py, ={0€S52n)|o(2j—1) <min{o(2j),0(2j + 1)} for all j}.

is the set of paring and we have denoted by |P(2n)| the number of elements
of Py,. Thus

> (W, (ag,)™ (an,)"™ - - (ay, )" (an,)™ )
1<n <ne<---<ng
(M1 yeeyms ) EP(8,0)

< > [T 1P@m) A, 1+ A)™ !
1<ni<ne<-<n, j=1
(ma,....,ms)EP(s,0)

< X PO+ [T A
1<n;<ng<--<ng p 7j=1
(ma,....,ms)EP(s,0)
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l—s S
< |P(s,0)| - |P(20)] (1 sup Ap) S I

1STL1<TLQ<"'<TLS ]:1

l—s §
< |P(s,0)|- |P(20)| - <1 +sup Ap> (Z Ap)
)4
< |P(s, O] - [P(20)] - (1 + Z%)

= |P(s,0)| - [P(20)] - (1 + (¥, N'T))

Here in the second estimate we have used [[_; |P(2m;)| < |P(2¢)], which
follows obviously from the definition of P(2n) and the fact Y 77_, m; = L.
Summing the latter estimate over s = 1,2,...,¢ we obtain

(U, NN — )N —2)(N = 3)(N — £+ 1))
= > > (O, (an, )™ (an,)"™ -+ (ap, )™ (an,)™ ¥)

1<s<l 1<n;<ns<-—-<ng
(o) EP(5,0)

l
< (Z IP(8,€)|> [P(26)] - (14 (T, N D))",
s=1

The desired result follows from a straightforward induction argument. [J
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