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BPS/CFT correspondence II:
Instantons at crossroads, Moduli and
Compactness Theorem

NiIKITA NEKRASOV

Gieseker-Nakajima moduli spaces My (n) parametrize the charge k
noncommutative U(n) instantons on R* and framed rank n tor-
sion free sheaves £ on CP? with chy(€) = k. They also serve as
local models of the moduli spaces of instantons on general four-
manifolds. We study the generalization of gauge theory in which
the four dimensional spacetime is a stratified space X immersed
into a Calabi-Yau fourfold Z. The local model 9 (77) of the cor-
responding instanton moduli space is the moduli space of charge
k (noncommutative) instantons on origami spacetimes. There, X
is modelled on a union of (up to six) coordinate complex planes
C? intersecting in Z modelled on C*. The instantons are shared by
the collection of four dimensional gauge theories sewn along two di-
mensional defect surfaces and defect points. We also define several
quiver versions M (d) of M (77), motivated by the considerations
of sewn gauge theories on orbifolds C*/T".

The geometry of the spaces 9] (i), more specifically the com-
pactness of the set of torus-fixed points, for various tori, underlies
the non-perturbative Dyson-Schwinger identities recently found to
be satisfied by the correlation functions of gg-characters viewed as
local gauge invariant operators in the N' = 2 quiver gauge theories.

The cohomological and K-theoretic operations defined using
My (1) and their quiver versions as correspondences provide the
geometric counterpart of the gg-characters, line and surface de-
fects.

1. Introduction

Recently we introduced a set of observables in quiver N’ = 2 supersymmetric
gauge theories which are useful in organizing the non-perturbative Dyson-
Schwinger equations, relating contributions of different instanton sectors to
the expectation values of gauge invariant chiral ring observables. In this paper
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504 Nikita Nekrasov

we shall provide the natural geometric setting for these observables. We also
explain the gauge and string theory motivations for these considerations.

Notations. We are going to explore the moduli spaces, which parametrize,
roughly speaking, the sheaves £ supported on a union of coordinate complex
two-planes ~ C? inside C*. The C* with a set of C?’s inside is a local model
(Zl¢, X1o¢) of a pair (Z,X) consisting of a Calabi-Yau fourfold Z which
contains a possibly singular complex surface X C Z:

(1) zloe = 4, Xloe — U C3, supp(€) = U na C%
Ac6 Ac6

We denote by 4 the set of complex coordinates in C*:

(2) 4=1{1,2,3,4, a€4 & zeC

(3) 6 = (;) = { {1,2},{1,3},{1,4},{2,3},{2,4},{3,4} }

the set of two-element subsets of 4, i.e. the set of coordinate two-planes in
c*.

We shall sometimes denote the elements of 6 by the pairs ab = ba <
{a,b} € 6. We also define, for A € 6, A =4\ A, and

(4) €(A) = eaped, A={a,b}, A={c,d}, a<b c<d

SO that, c.g. ﬁ = 34, 6(23) = €92314 — 1, 6(24) = £€92413 — —1.

The two-plane (CIQ4 C (94 corresponding to A € 6 is defined by the equa-
tions: zz = 0, for all a € A.

We denote by 3 the quotient 6/Zs where Zs acts by the involution A —
A. The elements a € 3 are the unordered pairs (A, A).

We can visualize the sets 3, 4, 6, using the tetrahedron:
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4

Figure 1: Tetrahedron with the sets 4 and 6 of vertices and edges, and the
set 3 = {red, green, orange} of crossed edges.

Our story will involve four complex parameters ¢, € C*, a € 4, obeying

(5) H o =1

ac4

We shall also use the additive variables ¢, € C, a € 4, obeying

(6) > =0

Define the lattice

(7) Ze =Zey + Zeg + Zez C C

which is the image of the projection:

(8) Z* = C, (i, 7, k,1) > e1i + eaj + e3k + eyl
We shall use the following functions on 6:

pA:H(l_qa)7

acA
(9) qaA = H qa
a€EA
¢4 = Z Cg = —€4.
acA

In what follows we denote by [n], for n € Z~g, the set {1,2,3,...,n} C Z>o.
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Let S be a finite set, and (Vj)ses a collection of vector spaces. We use
the notation

(10) > VL

seS

for the vector space which consists of all linear combinations

(11) Dove, W€V,

sES

1.1. Organization of the paper

We review the gauge and string theory motivation in the Section 2. The
moduli space M (7)) of spiked instantons is introduced in the Section 3.
The symmetries of spiked instantons are studied in the Section 4. The mod-
uli space of ordinary U(n) instantons on (noncommutative) R* is reviewed
in Section 5. The Section 6 discusses in more detail two particular cases
of spiked instantons, the crossed instantons and the folded instantons. The
crossed instantons live on two four-dimensional manifolds transversely inter-
secting in the eight-dimensional ambient manifold (a Calabi-Yau fourfold),
the folded ones live on two four-dimensional manifolds intersecting trans-
versely in the six dimensional ambient manifold. The Section 7 constructs
the spiked instantons out of the ordinary ones, and studies the toric spiked
instantons in some detail. The Section 8 is the main result of this paper:
the compactness theorem. In Section 9 we enter the theory of integration
over the spiked and crossed instantons, and relate the analyticity of the par-
tition functions to the compactness theorem. The Section 10 discusses the
AD E-quiver generalizations of crossed instantons. The Section 11 describes
the spiked instantons on cyclic orbifolds, and the associated compactness
theorem. The Section 12 is devoted to future directions and open questions.
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Figure 2: The origami wolrdvolume X =[] Xy .
A
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2. Gauge and string theory motivations
2.1. Generalized gauge theory

We study the moduli spaces My ¢ of what might be called supersymmetric
gauge fields in the generalized gauge theories, whose space-time X contains
several, possibly intersecting, components: see Fig. 2. We call such X the
origami worldvolume. The gauge groups G|x,= G 4 on different components
may be different. The intersections X4 U Xp lead to the bi-fundamental
matter fields charged under G4 x G p. The arrangement is motivated by the
string theory considerations, where the open string Hilbert space, in the
presence of several D-branes, splits into sectors labelled by the boundary
conditions. It is well-known [10, 34| that some features of the open string
theory are captured by the noncommutative gauge theory. In fact, the theo-
ries we shall study descend from the maximally supersymmetric Yang-Mills
theory, which is twisted and deformed. One can view the fields of this theory
as describing the deformations of the four dimensional stratified manifolds
X = (Xa,n4), i.e. singular, in general, spaces, which can be represented as
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unions X = U X4 of manifolds with certain conditions on closures and in-
tersections, endowed with multiplicities, i.e. the strata X 4 are allowed to
have different multiplicity n4. The local gauge group G4 is simply U(na).
The particular twist of the super-Yang-Mills theory we study corresponds to
X < Z x E, where E is a two torus T2, a cylinder R! x S!, or a plane R?,
while Z is a special holonomy eight dimensional manifold, e.g. the Calabi-
Yau fourfold.

2.2. Gauge origami

Now suppose Z has non-trivial isometries (it ought to be non-compact).
It is natural, in this case, to deform the problem to take into account the
symmetries of Z. The partition function of the theory of stratified multiple
X’s localizes onto the set of fixed points, which are the configurations X =
(Xa,n4) where X4’s are invariant under the isometries of Z. For example,
when Z is toric, with the three dimensional torus T acting by isometries,
preserving the holomorphic top form, then at each vertex z € ZT pass at
most six strata X4, A € 6.

We are interested in integrals over the moduli spaces Mx . We shall view
Mx ¢ as the “space, defined by some equations modulo symmetry”. More for-
mally, Mx ¢ is the quotient of a set of zeroes of some Gg-equivariant section
s : M — V of Gg-equivariant vector bundle V' — M over some smooth space
(vector space in our case) with Gg-action, with some Lie group Gg. If M is
compact the integral over Mx ¢ of a closed differential form can be repre-
sented by the Gg-equivariant integral over M of the pull-back of the corre-
sponding form times the Euler class of V. In the non-compact case one uses
equivariant cohomology (mass deformation, in the physics language) with
respect to both Gg and some global symmetry group H, and Mathai-Quillen
representatives of the Euler class.

The resulting partition functions

Hequiv

1 (GeXH) quiv
12 ZX,G f N/ 1~ / / Euler(V
12) © Mx o Vol(Gg) Jrie(G,) /M W)

are functions on the Lie algebra of He, £ € Lie(Hc). The analytic properties
of Zx (&) reflect some of the geometric and topological features of Mx .
They are the main focus of this paper.

The equivariant localization expresses Zx ¢ as the sum over the fixed
points of H-action, which are typically labelled by multiple partitions, i.e.
collections of Young diagrams. The resulting statistical mechanical model is
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called the gauge origami and is studied in detail in the companion paper
[29].

2.3. Symmetries, twisting, equivariance

The partition functions Zx ¢(§) are analytic functions of { € Lie(Hc), with
possible singularities. Given £ € Lie(Hc), the closure of the subgroup exp ¢,
t € C defines a torus T¢. The partition function Zx ¢(§) can be computed,
by Atiyah-Bott fixed point formula, as a sum over the T¢-fixed points. Even
though the moduli space Mx ¢ may be noncompact (it is noncompact for
noncompact X), the fixed point set, for suitable £, may still be compact, so
that the integrals over Mx g of the equivariant differential forms converge.
The set sm}fG of T¢-fixed points may have several connected components:

(13) m = U (M),
f

The contributions Zy of <93?;§G>f are rational functions on Lie(Hc), they

have poles. In the nice situations the component (fm;&G)f has a normal

bundle in Mx ¢ (or in the ambient smooth variety, as in the case of the
obstructed theory), N, which inherits an action of T¢, and decomposes into
the sum of complex line bundles (real rank two bundles) Ly ,,, with w going
through the set of T¢-weights. The fixed point formula states

B Eulerg (Obsy)
(14) Zp= /<m:<§,c)f 1} (w(&) +c1(Lfw))

The poles in Zf occur when the Lie algebra element £ crosses the hyperplane
w(&) = 0 for some w occuring in the decomposition of Ny. Geometrically this
means that the £ belongs to a subalgebra of LieT C Lie(H¢) which fixes not
only (93?};%) , but also (at least infinitesimally, at the linearized order) a
two—dimensionfal surface passing through f, in the direction of Ly ,,.

We shall be interested in the analytic properties of Zx ¢ and one of the
questions we shall be concerned with is whether the poles in Z¢ are cancelled
by the poles in the contribution of some other component (%TI({G> / of

the fixed point set. More precisely, once £ — . where &. belongs to the
hyperplane w(€£) = 0 defined relative to the weight decomposition of Ny, the
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component of the fixed point set may enhance,
(15) (zm}gG>f c (i) o

reaching out to the other component (EDTI(&G)JC

(16) (sm}fe)f/ N (mt}fc@)f” £0

If the enhanced component (S)ﬁ;ffc)f is compact, then the pole at & = &,

in Z; will be cancelled by the pole in Zy.

So the issue in question is the compactness of the fixed point set for the
torus generated by the non-generic infinitesimal symmetries &..

In our case we shall choose a class of subgroups ) C H. We shall show that
the set of $)-fixed points is compact. It means that for generic choice of £ €
Lie(Hc) the partition function Zx (& + x) as a function of x € Lie($c)* C
Lie(H) has no singularities.

The procedure of restricting the symmetry group of the physical system
to a subgroup is well-known to physicists under the name of twisting [38]. It
is used in the context of topological field theories, which are obtained from
the supersymmetric field theories having an R-symmetry group Hp such that
the group of rotations G,., of flat spacetime can be embedded nontrivially
into the direct product

(17) Grot — Grot X HR .

We shall encounter a lot of instances of the procedure analogous to (17) in
what follows.

2.4. Gauge theories on stacks of D-branes

The maximally supersymmetric Yang-Mills theory in p + 1-dimensions mod-
els [39] the low energy behavior of a stack of parallel Dp-branes. This descrip-
tion can be made p-blind by turning on a background constant B-field. In
the strong B-field the “non-abelian Born-Infeld/Yang-Mills” theory descrip-
tion of the low energy physics of the open strings connecting the Dp-branes
crosses over to the noncommutative Yang-Mills description [34]. In this pa-
per we shall use the noncommutative Yang-Mills to study the dynamics of
intersecting stacks of Dp-branes.
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2.4.1. The Matrix models. Recall the dimensional reductions of the
maximally supersymmetric Yang-Mills theory down to 0+ 0,0+ 1and 1+ 1
dimensions [4], [18], [9]. We take the gauge group to be Gg = U(N) for some
large IN. Following 23] we shall view the model of [18§]

1 m a 1 m ni2
(18) VolG, / DX™D# exp< 4ZTr[X X"

R10116®LieG, m<n

]' m (0% m
-5 > I Tre(X ,eﬁ]>

with the adjoint bosons X" and the adjoint fermions 6% transforming in
the representations 10 and 16 of Spin(10), respectively, as the cohomolog-
ical field theory in 0 dimensions, while [4] and [9] are obtained by the lift
procedure of [5].

The approach to the noncommutative gauge theory in which the gauge
field A,, is traded for the (infinite) matrix X™ is used in the background-
independent (p-uniform) formalism of [33].

2.4.2. (0,1)-formalism, Spin(7)-instantons. Let us start in the 1 4 1-
dimensional case. Let ¥ be the worldsheet of our theory, with the local
complex coordinates z,z. The theory has a gauge field A = A,dz + Asdz, 8
Hermitian adjoint scalars X, and 16 adjoint fermions, which split into 8
right 9%, and 8 left x® ones. Here m, a and a are the indices of the 8,, 8
and 8, representations of the global symmetry group Spin(8), respectively.
The formalism that we shall adopt singles out a particular spinor among 8..
The isotropy subgroup Spin(7) of that spinor has the following significance.
The representation 8., under Spin(7), decomposes as 7 @ 1, the 1 being the
invariant subspace. Accordingly, we split (X‘i)d s, — (XZ_)I Y The
representations 8, and 8, become the spinor 8 of Spin(7). We shall also
need the auxiliary fields k¢, which are the worldsheet scalars, transform in
the adjoint of the gauge group, and in the representation 7 of Spin(7). The
theory, in this formalism, has one supercharge 0., which squares to the chiral
translation on the worldsheet

(19) 63_ = D++ = 55 + Az
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(the conjugate derivative D__ = 0, + A,) which acts on the fields of the
model as follows:
e X =, S =D X =0: XM+ [A, X
(20) Sx_=h',  6ih'=Dyix" =0:x" +[Az X"
0+A: =n-, 04— =Fz

The Lagrangian
(21) L=46y / Tr (Y7 Do X" + X (iphn X X" — ') + n_F.z)
%

becomes that of the standard N = 8 supersymmetric Yang-Mills once the
auxiliary fields h’ are eliminated by their equations of motion. Here @f . is
the matrix of the projection g7 : A%8, = LieSpin(8) — 7 onto the orthog-
onal complement to LieSpin(7) C LieSpin(8) = LieSpin(7) & 7.

Upon the dimensional reduction to 0 dimensions, the gauge field A be-
comes a complex scalar 0 = Az and its conjugate ¢ = A,.

2.4.3. (0,2)-formalism, SU(4)-instantons. In this formalism we have
two supercharges @, Q. , obeying

(22) QF =Q1=0, QiQ++Q4Qr=Dyy

so that 6, = Q. + Q.. We split 8 Hermitian adjoint scalars X™ into 4
complex adjoint scalars Z, a € 4, and their conjugates Z% and the same
for the fermions 7" — ¢%,¢%. The 7 x"’s split as 6 ® 1: (x-)ier —

(XA,— = 5145257—),466 @ x_. This splitting breaks the symmetr; group
Spin(8) x Spin(2) C Spin(10) of (18) down to SU(4).
The Lagrangian (21), in this formalism, reads as follows:

(23) L = (5+ ‘I’ 5
U= / Tr (W3 D__Z°+ 45 D__Z%+n_F.z)
b

1 _ _ =
+i/ Tr (Xab,— ([Z“,Zb] + QEade[ZC,Zd]) +X—/~L>
b

- /E Tr (X_h—l-Xab,_h“b)

where

(24) w="S1z", 27

ac4
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The supersymmetric (for flat 3) solutions of (23) are the covariantly holo-
morphic matrices, solving the equations

(25) D:Z* =0, D;Z% =0, ac4, p=0
and

1 -
(26) (z2, 2 + 5&:&”“1[22 zl =0, {a,b}c6

For finite dimensional CN these equations imply that all matrices commute
and can be simultaneously diagonalized.

2.4.4. Noncommutative gauge theory. We now wish to consider a gen-
eralization of the model [18] in which the finite dimensional vector space CN
is replaced by a Hilbert space H. In order to keep the action (21) finite the
combination

(27) O [ X, X
could be deformed to
(28) O [X™ XM — i 1y

for some constants 9. One possibility to have a finite action configuration
(after h'’s are integrated out) is to have the operators X™ obey the Heisen-
berg algebra:

(29) (X X" =19™" - 1y
with the c-number valued matrix 9" = —9™" obeying
30 0= 3 ™

m<n

Since there are too many choices of 9" given ¥, the modification (28) is
not what we need. A more sensible modification is to define the action (with
the auxiliary fields eliminated) to have the bosonic potential:

(31) D Ty (X7 X7 — 0™ 1y )?

whose absolute minimuma are given by the representation of the Heisenberg
algebra (29) in H. These are classified, for the non-degenerate 9", modulo
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the gauge group Gg = U(H), by the Stone-von Neumann theorem. Fix a
non-negative integer N, and a standard oscillator representation H of the
Heisenberg algebra [Am,’\”] i9m" . 1. Then H = L?(R*), H =CN @ H.
For example, let us choose a block diagonal basis for ¥ in which

(32) =zt i, 2= i3, ae4
obey
(33) 2" =0, (2" =0, {ab}es

Ex Ebf] g g

i

The supersymmetric solution of the matrix model, the O-dimensional reduc-
tion of (21) is given by the operators

m —m

(34) X —.1N®:c ) m=1,...8
o = diag(o1,...,o0n) @1y
This solution, for 6, # 0 for all a € 4 describes a stack of N D7 branes
whose worldvolume extends in the 1,...,8 directions. They are localized
in the remaining two dimensions, parametrized by the eigenvalues of the
complex matrix o.

Now let us assume all 6, equal to ¢ > 0. Take H = L?(IR?) to be the Fock
space representation of the algebra

35) e1, 2] = [e], el] =0
Ci, ijs i, =1,
i ] = ¢ 1,2
Define:
1N12 ® Cl + 1N13 ® Cl + 1N14 ® 1
1N12 ® C2 + 1N23 ® Cl + 1N24 c
(36)

1N14 ® C2 + 1N24 ® 02 + 1N34 ® =)

&\ H&\ H&\ HE\H

( D
( )
(v @b+ 1, @ + 1y, @ c])
( })
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These operators obey:

27,2 = [z*1,2"1] = 0
(37) %21 = ~Clyen
ac4
where
(38) N =P Na
Acé

The solution (37) describes six stacks of D3-branes spanning the coordinate
two-planes C? C C*, with ny = dimN4 branes spanning the two-plane C124.
This is a generalization of the “piercing string” and “fluxon” solutions of
[13, 14].

We can easﬂy produce more general solutions of the BPS equations. Take
six solutions C'} A 2 %4 of non-commutative instanton equations in R4, viewed
as operators in Ny ® H, obeying:

(39) (Ch,Cal =0, [ChCY1+[C4, O3] =¢
Define operators in H = € Na ® H:

Ac6
(40) @ cha

Aaa

where hy,p1(a) =1 for a < b, and hy,py(a) =2 for @ > b. These operators
satisfy the higher dimensional analogues of the noncommutative instanton
equations (26), (25), [28]:

1 St pety _
+§Z€abcd[z 7Z ]_07 a7b7c7d€é

(41) ol o
2%, 2 = —Clnen

ac4

The aim of the next section is to produce the (almost) finite-dimensional
model of the moduli space of finite action solutions to (41). Some of these
solutions are of the form (40).
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Recently the field theory description of two stacks of intersecting D3
branes in IIB string theory sharing a common 1 + 1-dimensional worldvol-
ume was explored in [6, 22]. The theories exibit unusual holographic and
renormalization properties.

The string theory of two stacks of transversely intersecting D3 branes
in IIB theory has been recently studied in [35, 36|, albeit in the { = 0 case.
None of the beauty (to the trained eye) of the picture presented below seem
to survive in this limit.

3. Spiked instantons

We are going to work with the collections of vector spaces and linear maps
between them. The vector spaces will be labelled by the coordinate complex
two-planes in the four dimensional complex vector space C2.

3.1. Generalized ADHM equations

We start by fixing seven Hermitian vector spaces: K and N, A € 6. Let
k = dimc(K), na = dimc(N4). Consider the vector space Ag(7) of linear
maps (B,1,J)

B = (Bu)aca, Ba:K — K,
(42) I:(IA)AGQ; IA:NA—>K,
J:(JA)AGQ, JA:K—>NA.

Figure 3: Seven vector spaces and maps between them.
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The vector spaces and the maps are conveniently summarized by the
tetrahedron diagram on Fig. 3. The choice of the matrices can be motivated
by the string theory considerations. Namely, consider k& D(—1)-branes in the
vicinity of the six stacks of D3-branes (some of these stacks could be D3-
branes) spanning the coordinate two-planes C4 C C*. The number of branes

spanning C? is n4.

Figure 4: Open string sectors: fields B, I, J.

Then the open strings stretched between the D(—1) and D(—1)’s pro-
duce, upon quantization, the matrices By, Bl, together with their superpart-
ners, and some auxiliary fields, which enter the effective Lagrangian in such

a way so as to impose the following

3.1.1. KK equations. Define, for A = {a,b}, a < b,

(43) pa = [Ba, By) + 1aJ 4,
and

(44) sa=pate(Auy + KK,
obeying

(45) sl =e(A)sz
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Define the real moment map

(46) =3 1Ba Bl + > (Lalh = T}Ja)

ac4d Acb

The symmetry (45) allows to view the collection §= (s4)ace ® it as the
U(K)-equivariant map

(47) 5: Ap(fl) — LieU(K)* @ R,

as a sort of an octonionic version of the hyperkihler moment map [15].

Likewise, the open strings stretched between the D(—1) and D3’s pro-
duce, upon quantization, the matrices 14, J4, IL, JL, together with their su-
perpartners, and some auxiliary fields,

Figure 5: Open string sectors: mutiplets of the equations oz, $4.

which enter the effective Lagrangian in such a way so as to impose the
following

3.1.2. KN equations. For each pair (@, A), where A € 6, and @ € A, de-
fine

(48) 0an = Bala +eguBiJ} « Na— K

where b € A, and b # a.
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3.1.3. NN equations. Now, for each A € 6 define

(49) Ta=Jxla—e(A)ILTY © Na— Ny
which obey
(50) Th=—-7;.

Because of the symmetry (50) the collection of the maps (Y 4)ace takes
values in the real vector space of dimension

(51) ZnAnA

Acb

The equations (50) result from integrating out the open strings connecting
the two stacks of D3-branes which intersect only at a point, the origin in C*.

For each pair A, A” € 6, such that A’ N A” = {a}, and ¢ > 1, define
(52) Yarami=Ja B Ty

These equations result (conjecturally) from integrating out the 3 — 3 strings
connecting the neighbouring stacks (C?A, and (Czw, intersecting along a real
two-dimensional plane C!.

Finally, for each A = {d’,a"} € 6, e.g. @’ <d”, and i,j > 1, define

(53) Yau;=JaBi B I,
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3.1.4. A very useful identity. Let us compute

(54) ZTrsAsTA—i— Z TrUaAagA—i—ZTrTATi1
Ac6 Ac6,ac A Ac6

:2§:Wuu&+§:dﬂ<ﬂuum+Twh&>
Ac6 Ac6
+ Y T (BiBuUh + BBl ) +2 3 Trdi
A€B,acA A€b

—2 Y e(A)Tr ([Ba, Byllada + c.c.)

Ae6,A={a,b}
=) e(A)Tr (Iadalzds+ cc.)
A€6
=23 (lpalP+1741al?) + D IBalal*+]JaBa?
Ac6 A€6,acA
where
(55) 4 =J0 s, T =140

3.2. Holomorphic equations

Using the identity (54) it is easy to show that the equations

sa=0, T4=0, A€cé6
(56) oga =0, dEA,

which are not holomorphic in the variables B, I, J, imply stronger holomor-
phic equations: for each A € 6,

=0, Jzla=0
(57) HA AlA o
B&IAZO, JAB@ZO, CLEA,
3.3. The moduli spaces I (77)

Define 9. (77) to be the U (k)-quotient of the space of solutions to (56) (which
imply, by the above argument, (57)), the additional equations

(58) Yaam; =0, 1<j<i
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for all A/, A” € 6 with #A’ N A” =1, and the “moment map” equation
(59) p=C-1g
The group U (k) acts by:
(60) (B, J) = (¢7'Bg, g 'L Jg), geU(k)
It is clear that, as a set
(61) M (7) C -+ C M () € M (@) € -+ € ME(A) € MY(7A)

and that the sequence stabilizes at ¢ > k (use the fact that a k x k matrix
obeys the degree k polynomial equation).

3.4. Stability

Imposing (59) with ¢ > 0 and dividing by U(k) is equivalent to imposing
the stability condition and dividing by the action (60) with g € GL(k) =
GL(k,C). Note that we deal with the equations (57) when talking about the
GL(k) symmetry. The stability condition reads:

Any subspace K’ C K , such that
I4(Nga) C K', forallAc6
and
Bu(K') C K', foralla€4
coincides with all of K, K' = K

in other words, > C[By, By, By, By [4(Ny) = K
Acb

(62)

The proof is standard. In one direction, let us prove (62) holds given that
the G L(k)-orbit of the tuple (B,I,J) of matrices crosses the locus u = (1.
Indeed, assume there is K’ which is B-invariant, and contains the image of
I4’s. Let K" be the orthogonal complement K” = (K')*. Let P’, P be the
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orthogonal projections onto K’, K", respectively:

1K — PI + P//, PIP// — P/IP/ — 0,

(63) (P/)Q _ (PI)T _ P/7 (P//)Q _ (P//)T _p

Since the images of I’s are in K’/, we have:

(64) P'I, =0, Aecé6
Since B preserve K', we have:

(65) P'B,P' =0, ac4d
Define

b, = P"B,P", bl =P'BIP"  ac4,

66
( ) JA — JAP,/, P”JI{ — ]j{, A c ﬁ

Thus:

(67)  CP"=P'uP" = [by,b}] = > P"BIP'BP" = jlija
ac4 ac4 Acb

Now, taking the trace of both sides of (67) we arrive at the conclusion K" =
0:

(68) 0<¢dimK” ==Y ||P'B,P"|*= ) [jal’< 0 = dimK” =0
ac4 Acb

Conversely, assume (62) holds. Let

(69) F= 5T (n - C1x)?

Consider the gradient flow, generated by f with respect to the flat Kéhler
metric

(70) ds® = ||dB|*+|dL|[*+[|dJ|?

The function f decreases along the gradient trajectory. Moreover, the trajec-
tory belongs to the GL(k)-orbit. Eventually, the trajectory stops at a critical
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point of f. Either it is the absolute minimum, i.e. the solution to (59), or
the higher critical point, where

The one-parametric subgroup (expt§),.c C GL(K), preserves (B,I,J),

B, & =0, ac4,
Ela =0, Ja&=0, A€b

Define K’ = ker¢. The Eq. (72) implies K’ is B-invariant, and contains the

image of I. Therefore, by (62), K/ = K, { =0, i.e. (59) is satisfied.

Notation. We denote by [B,I,J] the GL(k)-orbit
(97'Bag. g7 14, Jag)
g a9,9 A, JAG ac4,A€6,9cGL(k) "

4. The symmetries of spiked instantons

The moduli spaces 9} (7)) are acted on by a group H = Hy of symmetries,
defined below. The symmetry of 9ty (77) will be used in several ways. First,
we shall be studying H-equivariant integration theory of the spiked instanton
moduli, in cohomology and equivariant K-theory. Second, the shall define
new moduli spaces by studying the I'-fixed loci (Dﬁ}g(ﬁ))r in 9 (7), for
subgroups I' C H. These moduli spaces have the commutant Cr(H) as the
symmetry group. Finally, the connected components 907 (1) C (Dﬁ};(ﬁ))r
can be defined using only the quiver of I', not the group I'. The definition
can be then generalized to define more general quiver spiked instantons.
Their symmetry H, generalizes the commutant Cr(H).

4.1. Framing and spatial rotations

First of all, we can act by a collection h = (hs)ace of unitary matrices
ha € U(nga), defined up to an overall U(1) multiple:

(73) h-[By, Ia, Ja] = [Ba, Inha, hy'Ja]

We call the symmetry (73) the framing rotation.
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Secondly, we can multiply the matrices B, by the phases B, — ¢, Bq, as
long as their product is equal to 1:

(74) H ¢o =1

ac4

and we supplement this transformation with the transformation J4 — gaJa:

(75) q-[Bas Ia, Ja] = [qaBa, 14, qaa]

We can view q as the diagonal matrix

(76) q = diag (g1, g2, 43, 91) € U(1)% C SU(4)

which belongs to the maximal torus U(1)? of the group SU(4) of rotations

14
of C% preserving some supersymmetry. We call (75) the spatial rotations.

The group
(77) H=P| [[UMma) | xU@)}
A

is the symmetry of the moduli space of spiked instantons for generic ¢ and 7.
The complexification Hc preserves the holomorphic equations (57) and the
stability condition (62).

The center Zy of H is the eight dimensional torus

(78) Zn=U1)2 xU(1)}

The maximal torus Ty of H is the torus

(79 1= ((aees) [U0) <00

where

(80) Ty CU(na)

is the group of diagonal m4 X n4 unitary matrices, the maximal torus of

U(na), Ta = U(1)". In the Eq. (79) we divide by the U(1) embedded di-
agonally into the product of all )~ ,na U(1)’s.
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4.1.1. Coulomb parameters. Let (a,¢) € Lie(Ty) ® C,

22(91722733794), QGE(C, Zea:(]’
(81) ac4

a=(aa)ace, as =diag(aa,...,04,,) € Lie(Th) @ C

The eigenvalues a4 o, € C are defined modulo the overall shift a4 — a4, +
x,xe€C.
The integrals (12) which we define below are meromorphic functions of

(e, 0).

4.1.2. Symmetry enhancements. Sometimes the symmetry of the spiked
ADHM equations enhances. First of all, if all I =J = 0 (for N4 = 0, for all
A), then the g-transformations can be generalized to the action of the full

SU(4) = Spin(6):

(82) B, — Z JacBe , gng =1, det(g) =1
cc4

In the case of less punitive restrictions on N4’s, e.g. in the crossed instanton
case, the symmetry enhances to SU(2) x U(1) x SU(2), and, if ( =0, to
SU(2)3. Let us assume, for definiteness, that only Nis and N34 are non-zero.
Then the transformations:

(Bla BQa B37 B47 1127 J127 I347 J34)
— (uaBl + ubBo, —uBBl 4+ uaBs, ucBs 4+ udBy,
— wdBs + ueBy, uli2, uJy2, ulsy, utsg)

(83) <_al—) b) € SU(2)12, (_CJ d) € SU(2)34,

c

<g 2) € U(1)a C SU2)a

preserve the crossed instanton equations (56). When ¢ = 0 the U(1)a sym-
metry enhances to the full SU(2)a, acting by:
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(B1, B, B3, By), (112, J12, 134, J34)
— (u31 — vB), vB] + uB,, uBs — vB), 5B} + aB4) ,
(84) (uhe = vl who + oIy, ks — vI,, Wz + @1§4) ,

(u Z)ESU@)A, utt + v =1

—v

The equation Y19 = J341190 — I;[4J£r2, the equations s13 = —5£4, S14 = 323, the
equations 03 12, 04 12 as well as the equations oy 34, 02 34 are SU(2) a-invariant,
while the equations si2, i1, s34 = 3];2 form a doublet.

4.2. Subtori

In what follows we shall encounter the arrangement of hyperplanes $); in
Lie(Ty) ® C defined by the system of linear equations:

(85) Li(g, E) = Z Z WisA,a0A,q T Zni;aea =0

A€6 aElna] ac4

with @44 € {—1,0,+1}, nsq € Z and the matrix w4 o of maximal rank.
Such equations (85) can be interpreted as defining a subtorus $ = Ty, C Ty:
simply solve (85) for the subset of a,,’s for which the matrix ;.44 is
invertible. We shall not worry about the integrality of the inverse matrix in
this paper, by using the covering tori, if necessary.

One of the reasons we need to look at the subtori 77, is the following
construction.

4.3. Orbifolds, quivers, defects

In this section the global symmetry group H is equal to

H=P [ J[U(ra) | x G
Acb

where
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if there are at least two A’ # A” € 6 with non-empty intersection with
nanar # 0, and to

2)
Groe =SU(2)a x U(1)a x SU(2) 4

otherwise, i.e. there is at most one pair A, A with nan g # 0.
In all cases

G, C SU4),

so that to every v € I' one associates a unitary 4 x 4 matrix q = ||¢2(7)||a.pca
with unit determinant. In the first case this matrix is diagonal, in the second
case it is a 2 x 2 block-diagonal matrix with unitary 2 x 2 blocks of inverse
determinants.

The symmetry of 9t} (7) can be used to define new moduli spaces. Sup-
pose I' C H is a discrete subgroup. Let HI' € H be the maximal subgroup
commuting with I', the centralizer of I". Let I'V be the set of irreducible uni-
tary representations (R,,),cpv of I', and ke ZI;B. The representations N4,
A € 6 of H decompose as representations of I'

(86> NA: @ NA,w®Rw

welv

Let 1 now denote the collection (n4)Acewerv of dimensions
(87> NAw = dimNA,w
of multiplicity spaces. The vector k = (k,,)werv defines a representation of I':

(88) yelmg,eUK), K= K.®Ry,  k=dimK,

welv

We call the components k,, of the vector k fractional instanton charges. The
moduli space of I'-folded spiked instantons of charge k is the component
SDII*{’F(ﬁ) set of I'-fixed points (sm;;(ﬁ))F The representation (88) enters the
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realization of the I'-fixed locus in the space of matrices (B, I,J):

(89) v-(B,1J) = (9:Bg; ", 9, LIg") ., gy € U(K)
where
©0) 7 BLI) = (6B Laha() ™ aa(Dha() T ) |

v €T = (ha() ace * 45(1)llapea € H

is the defining representation of I', with g4 () given by (9) in the case (1), and
by the projection to U(1)a in the case (2). The equations (89) are invariant
under the subgroup

(91) I v(k.) c UK)

welYv

of unitary transformations of K commuting with I". The holomorphic equa-
tions (57) restricted onto the locus of I'-equivariant i.e. obeying (89) matri-
ces B, I,J become the holomorphic equations defining M. (). The stability
condition (62) can be further refined, analogously to the refinement of the
real moment map equation p = > v Cwlk, ® 1g,. We shall work in the
chamber where all (,, > 0.

The moduli spaces M (A) in the case (1) parametrize the spiked instan-
tons in the presence of U(1)3-invariant surface operators, while in the case
(2) they parametrize the instantons in supersymmetric quiver gauge theories
on the ALE spaces, with additional defect.

The commutant H' acts on SJJIE(ﬁ), so that the partition functions we
study are meromorphic functions on Lie (HF) ® C.

Note that if I" has trivial projection to G, then the moduli space of
I'-folded instantons is simply the product of the moduli spaces of spiked
instantons for NV,’s. In what follows we assume the projection to G,., to be
non-trivial.

4.3.1. Subtori for I'-folds. Let us now describe the maximal torus Tyr
of the I'-commutant as T7,. In other words, the choice of a discrete subgroup
I' C H defines the hyperplanes L;(a,¢) = 0 in Lie(Ty).

In the case (1) the G,,-part of I' is abelian, i.e. it is a product of cyclic
groups (if I is finite) or it is a torus itself. In either case there is no restric-
tion on the e-parameters. The framing part of I' reduces P (xsU(n4)) to
P (xawU(na.)) which means that some of the eigenvalues a4 o, viewed as
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the generators of LieU(n4), must coincide, more precisely to be of multiplic-
ity dimR,,. The minimal case, when I' is abelian, imposes no restrictions on
(Cl, E), so that THF = TH~

In the case (2) the G,,-part of I" need not be abelian. Let us assume,
for definiteness, that A = 12, A = 34. If the image of ' in SU(2)12 is non-
abelian, then ¢; = eg. Likewise if the image of I" in SU(2)34 is non-abelian
then e3 = ¢4. The non-abelian discrete subgroups of SU(2) have irreducible
representations of dimensions 2 and higher, up to 6. Thus the corresponding
a4 eigenvalues will have the multiplicity up to 6.

4.3.2. Subtori for sewing. Let us specify the integral data for the subtori,
i.e. the explicit solutions to the constraints (85). Let e = (eq)aca, €a € Zo,
be a 4-tuple of non-zero integers, with no common divisors except for +1,
which sum up to zero:

(92) > ea=0.

ac4d

Such a collection e defines a split 6 = 6" 11 6, where 6+ being the set of
A = {a, b} such that teyep > 0.

For A = {a,b} € 67, 1.e. eqep < 0, let pa = ged(|eq], |es]) > 0. Let us also
fix for such A € 6~ a partition v4 = (v4,) of size ny, whose parts do not
exceed eg: 1 <wvgq, <pa. Let £4 = {(v4) be its length.

Given v4 we partition the set [n 4] as the union of nonintersecting subsets

(93) nal = (Jnal.,  #nalo=va.

L
[naly N[naly =0 for / # " Fix a map ca, : [na], — Z obeying, for any
a,a” € [nal, d #ad"

(94) ca(a) —ca,(a”) #0(modpy)

When py = 1 the condition (94) is empty.
For A= {a,b} € 6%, let us fix a map cy : [n4] — Z, obeying, for any
a',ad” € [nyl,

(95) ca(d) —ca(a”) ¢ Zwoeq + Z=oep

Note that (95) does not forbid the situation where c4(a’) = ca(a”) for some
a’,a” € [ny]. To make the notation uniform we assign to such A, v4 = (na),
fa=1.
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The final piece of data is the choice 14 € [¢4] for each A € 67. Define
the set Ag = [€a]\{ta}, of cardinality £4 — 1.
Now, we associate to the data

(96) £=(v,A\ce),

the torus

(97) H=Te=| U] x UQ)
Acb

Note that only A € 6~ contribute to the product in (97). This torus is em-
bedded into Ty as follows: the element

98 eié, ell) = (ei@“) x el eT
o = T (), xerer
is mapped to

(99) [ H diag, x H diagj] x diag (eie‘”t)a64

Ac6~ Aec6t

eP [ [JUma) | xSUM)
Aeb

where diagi € U(ny) are the diagonal matrices with the eigenvalues

(100) Eigen (diag}) = { eleanal@t | o e [nA]LA}
U{ e€acteail@t) | e Xy a € [nal, }

(101) Eigen (diag};) = { (@] o € [ny] }
Thus, the torus Te corresponds to the solution of the Eqgs. (85) with

ey = €ql, a € 4,
aaa =cala)u, Ac6T, aen
(102> Aa A( ) = B [ A]
e = Cay,(@)u, A€6™, a0 € [n4l,,

A = gA,L + CA,L(a)ua Ae §_> (ORS [nA]La L€ )\A
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In other words, the (2-background parameters are maximally rationally de-
pendent (the worst way to insult the rotational parameters), the framing of
the spaces N4, A € 6% is completely locked with space rotations (spin-color
locking), while the framing of the spaces N4, A € 6 is locked partially.

4.4. Our goal: compactness theorem

Our goal is to establish the compactness of the fixed point sets 9 (77)7*
and (SJTE(Q))THF. Before we attack this problem we shall discuss a little
bit the ordinary instantons, then look at a few examples of the particular
types of spiked instantons: the crossed and the folded instantons, and then
proceed with the analysis of the general case. The reader interested only in
the compactness theorem can skip the next two sections at the first reading.

5. Ordinary instantons

In this section we discuss the relations between the ordinary four dimensional
U(n) instantons and the spiked instantons.

5.1. ADHM construction and its fine print

In the simplest case only one of six vector spaces is non-zero, e.g.
(103) Ny =0, A#{1,2}.

Let n =mn12. We shall now show that, set theoretically, the moduli space
of spiked instantons in this case is My (n), the ADHM moduli space (more
precisely, its Gieseker-Nakajima generalization).

Recall the ADHM construction of the U(n) framed instantons of charge
k on (noncommutative) R* [3, 24, 27]. It starts by fixing Hermitian vector
spaces IN and K of dimensions n and k, respectively. Consider the space of
quadruples (B, B, I, J),

(104) I':N—-K, J:K—-N, B, K—-K, a=1,2
obeying

- C . C
(105) fi12 = ( 20y, 1S+ s i (u% — MJ) ) =(¢,0,0) - 1f
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where

(106)  pfy = [Br, Bo)+ 1], iy = By, B + [Bo, BJ| + II" = J1J
Note that the number of equations (105) plus the number of symmetries
is less then the number of variables. The moduli space M(n) of solutions
to (105) modulo the U(k) action

(107) (31732717 J) = (gilBlgagilBZ.gagil-L Jg)a g E U(k)

has the positive dimension

108 dimpMy(n) = 4k(n + k) — 3k* — k? = 4nk
(108)

Again, the pfy-equation, with ¢ > 0, can be replaced by the stability condi-
tion, and the GL(k)-symmetry:

Any subspace K’ C K, such that I(N) C K’
and Bo(K')c K', foralla=1,2
coincides with all of K, K' = K

in other words, C[B, By [(N) = K

(109)
Notation. We denote by [By, By, I, J] the GL(k)-orbit

(97 Brg, 97" B29,971,79) yecip ) -

5.2. Ordinary instantons from spiked instantons

Now, to show that the spiked instantons reduce to the ordinary instantons
when (103) is obeyed, we need to show that B3 = B4 = 0 on the solutions
of our equations (57). This is easy:
(110) Bsf(By, By)I = f(By, By)BsI = 0
where we used [By, B3] = 13 = 0, [B2, B3] = pa3 = 0, and B3I = 0. There-

fore B3 acts by zero on all of K. The same argument proves the vanishing
of B4.
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5.3. One-instanton example

Let k = 1. We can solve the equations (106) explicitly. The matrices By, Bo
are just complex numbers, e.g. by,by € C. The pair I,J obeys IJ =0,
I1]|2=|I7]|>= ¢. Assuming ¢ > 0 define the vectors w; = J(K) € N, wy =

C+1||J||"’ I'T(K) € N. They obey (wa,w;) = 0, (wa,wz) = 1. Dividing by the

U(1l) = U(K) symmetry we arrive at the conclusion:

(111) Mi(n) = C? x T*CP* !

The first factor parametrizes (b1, bz), the base CP"~! of the second factor is
the space of wy’s obeying |lwsz||?= 1 modulo U(1) symmetry.

5.4. U versus PU

In describing the action of His in (73) specified to the case of ordinary
instantons we use an element h of the group U (n) yet it is the group PU(n) =
U(n)/U(1) = SU(n)/Zy which acts faithfully on My(n). Indeed, multiplying

h by a scalar matrix
(112) h — ha, ueU(l)

does not change the effect of the transformation (73) since it can be undone
by the U (k)-transformation (107) with g = @ '1x € U(k).

5.5. Tangent space

Let m € My (n). Let (By, Ba, I, J) be the representative of m = [By, Ba, I, J].
Consider the nearby quadruple

(113) (By + 6By, By + 0By, I +61,.J +6.J)

Assuming it solves the ADHM equations to the linear order, the variations
6B1,0B9,01,6J are subject to the linearized ,u% equation:

(114) d2 (5B1,5BQ,5I, 5J) = [Bl,(SBQ] + [5Bl,B1} + (5I)J+ I(5J) =0
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and we identify the variations which differ by an infinitesimal GL(K)-
transformation of (B, Ba, I, J):

(115) (5B1, 0Bs, 61, 5J) ~ (531, 0By, 01, 6J) + dq (50‘),
dy (00) := ([B1,00], [Be,d0|, =60 -1, J-00)

Since dg o d; = 0, the tangent space is the degree 1 cohomology, T, My(n) =
kerds /imd; = H'7,,My(n), of the complex

(116) TmMp(n) = [0 — End(K)
4, End(K) ® C3, @ Hom(N, K) ® Hom(K, N)
Ly End(K) ® A2C2y — 0]
5.6. Fixed locus
In applications we will be interested in the fixed point set My (n)12 with
Tio C Hi2 a commutative subgroup. The maximal torus Tio C Hyo is the

product of the maximal torus T, C PU(n) and the two dimensional torus
U(1)12 X U(l)/12 C SU(2)12 X U(l),m. Let

(117) a =idiag(ai,...,a,), a, €R

be the generic element of Lie (T,,). It means that the numbers a,, are defined
up to the simultaneous shift

(118) Ao ~ 0o + a, acR

and we assume a, # ag, for a # . Let

(119) el ==(e1 —e2, e1+e2)

(NN

be the generic element of Lie (U(1)12 x U(1)]5). The pair (a,e¢;5) generates
an infinitesimal transformation (73), (75) of the quadruple (B1, B, I, J):

(120) 5a7£12(Bl,Bg,I, J) = (elBl, ¢oBs, Ia, (61 +¢o — Cl) J)

For the U(k)-equivalence class f = [Bi, B, I, J] to be fixed under the in-
finitesimal transformation generated by the generic pair (a,¢) there must
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exist an infinitesimal U (k)-transformation (107)
(121) 60(317327[7J):([Bl70]a [327a]a —ol, JU)

undoing it: 0, (B, B2, I, J) 4 bae,, (B1, Ba, I, J) = 0. In other words, there
must exist the operators da, d1, dy € End(K), such that:

o = Z aac/l\a + 2181 + 6282 s

a€(n]
122 ~
(122) Sy
a€ln]
obeys:
(123) ¢q By = [0,By], a € {1,2}

Ia=o0l, —(e1+e)J+alJ=Jo,
or, in the group form:

(124) @uBa = gtBag; ', qigehy ' = Jg7t, Ihy = gl

where ¢, = e'®s, g; = €9, hy = e!®. Here t is an arbitrary complex number,

the map t — g; defines the representation T2 — GL(k). The Eqs. (124)
imply:

(125) g (BIBIT) =gt (BB )
The Eqgs. (123) for generic (a,¢) imply:

(126) K= @ K., da‘Kﬂ: (50475

a€ln]

The eigenspace K, is generated by I, = I(N,), where N, C N is the eigen-
line of a with the eigenvalue a,:

(127) Ko=) B 'BI I

4,521
The subspace I, C K (it is one-dimensional for generic a) obeys:

(128) dgly = 60, dily = dal, = 0
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On K, the operators 81,82 have non-negative spectrum:

(129) o <B§‘1B§_1Ia> = (g +e1(i — 1) +ea(j — 1)) (B;’—lBg‘lIa)
Therefore, as long as ag — ao ¢ ¢1Z~0 + ¢2Z>0,

(130) J (Bi‘lBg‘lla) ~0,

as follows from the last Eq. in (123).
Thus, we have shown that

(131) J =0, [B1,B2] =0
Define an ideal Z(®) ¢ Clz, y] in the ring of polynomials in two variables by:
(132) P(z,y) € I'Y) < P(By,By)I, =0

Define the partition A@ = (A > A > . > A" ) by

Ale)
(133) A = min{j| BB, =0}

Thus, K, = C[z1, 22]/Z\« . Here we denote by Z, C C|x,y] the ideal gener-
ated by the monomials z'~ 'y, i =1,2,..., 0.

Conversely, given the monomial ideal Zyw) define the vector I, C K,
to be the image of the polynomial 1 in the quotient C[z,y|/Zy« . The op-
erators Bi, By act by multiplication by the coordinates x, y, respectively.
Furthermore,

O i
(134) Ko=E P Ko
i=1 j=1
where
(135) dilg,.,=i—1, dol.,,=j—1

The map (a,¢;5) — o € End(K) makes the space K a Tis-representation.
Its character is easy to compute:

NG AL

(136) Ky=Trgge = > > ¢y ¢!
a€ln] =1 j=1
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The set of eigenvalues of ¢ is a union of n collections of centers of boxes of
Young diagrams AP, ... (")

afl X‘ﬁ..
a,+E+E,
)
a,+4¢g,
% o ®
2 -
a3y o ©
A/El [ ]
°
a ° ®
2 N
o * !
e °®
°
o]
HHQ,- L]
4 ® [ ] > [e)
™
® =)
[ ] ‘\g-\_/_\
a,+ &, +2¢g

Figure 6: Figenvalues of o.

The space N is a Tis-representation by definition:

(137) Ny=Tryh = > e

a€ln]
We also define:
(138) Ki=Trgg " Ni=Trnh!
5.7. Tangent space at the fixed point
Finally, the tangent space TrMj(n) to the moduli space at the fixed point f is
also a Ta-representation. Let us compute its character. Let f = [By, Ba, I, J].

The quadruple (B, Ba,I,J) is fixed by the composition of the Tio trans-
formation (e'®, e't12) € TY, and the GL(k)-transformation e/ € GL(k), for



538 Nikita Nekrasov

any complex number ¢, cf. (123). Now take the nearby quadruple
(Bi=Bi+0B1, By = By + B2, [ = I +01,J = J +67)
and act on it by the combination of the T, transformation (e!®, e'¢:2):
(1§1,1§2j7 j) = (Q1B17 @Bs, I, Q1QQj>

and the GL(k)-transformation g;:

(Bl, BZ7 IN? j) — (g;lélgtv g;IBQQta g;lja jgt) )

defining the Tis-action on (§By,0B2,d1,0.J):

(139) et [6By,0By,01,6.]]
= [q19; '0B1gt . a29; '0Bags, g; "61hs, qraohy 16T gy]

So the space 7}le(71) of variations (0By,0B2,01,0J) is a T2 representa-
tion, with the character:

(14()) Tr T My (n) (ha Q) = (Q1 + Q2) KXK; + NXK;: + N;qu1q2

The first two terms on the right hand side account for § B, §Bs, the third
term corresponds to the §1 variations, and the last term accounts for the §.J
variations.

Now, the tangent space TfMg(n) is the degree 1 cohomology H'T;Mj(n)
of the complex (116), which has no H% or H? cohomology (for ¢ > 0). The
character of TyMy(n) can be therefore computed by taking the alternating
sum of the characters of 7}0Mk(n), 7}1Mk(n) and 7'J?Mk(n), giving:

(141) Tr v, (n) (e @) = Ny K + qiaNY Ky — pra K Ky
Thus,
(142) Trrae m(hg) = Y €l T (A A9
a,B€(n]
where
AL 1 bl
(143) Ty (s A) = AL A S N R

(,5)€EX (i,5)€n
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We see that, as long as there is no rational relation between ¢; and eo,
and a, —ag ¢ ¢1Z + eo7Z the weights which appear in the character of the
tangent space are non-zero. In other words, the tangent space TyMy(n) does
not contain trivial representations of To, i.e. f is an isolated fixed point.

5.8. Smaller tori

Let (T, d) be a pair consisting of a finite or a countable set 'V (the meaning
of the notation will become clear later), and a function d : I'V — N, which
we shall call the dimension. We assign to each w € I'V a vector space

(144) R, = CI)

of the corresponding dimension.
Let n be a d-partition of n,

(145) n= Z ned(w), Ny > 0

welYv

with only a finite number of n,, > 0. Let
(146) by =#{w|ny, >0}

We associate to n a decomposition of N into the direct sum of tensor prod-
ucts:

(147) N=& N,oR.,

welv
with ng,-dimensional complex vector spaces N,,.
Define, for the d-partition n and a pair (e, e2) of non-zero integers, the
sub-torus
(148) The ~ Tn x U(l)e C PU(N) x Spin(4)i2 .
Here U(1)e is embedded into U(1)12 x U(1)}5 C U(2)12 C Spin(4)12 by
(149) Ull)e : € s (exlenten? eilamer) |

in other words, it acts on C2, by:

(150) (21,22) — <ei€1ﬁz1,eie""9z2) .
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The torus Ty, C T, is defined to be a quotient of the product of the maximal
tori of U(ny,) by the overall center U(1):

(151) h=@D h,®lg, € UN),

welv

(h1 : ---:hgﬂ) = (hlu:---:hgﬂu) €Ty,
where hyhl, = 1, weTlY, h, =diag (uy1,...,Uyn,), and |u|’= 1.
5.9. Fixed points of smaller tori

Let us start with n = 1, so that T2 = Te. The Te-fixed points on My (1) =
Hilb[k}((CQ) are isolated for ejes < 0 and non-isolated for ejes > 0, as we see
from the T\ (A, A\) character (143). Indeed, as soon as the partition A has
a box OO = (i,7) whose arm plus one-to-leg, or leg plus one-to-arm ratio is
equal to e : es,

er(i— X)) +ea(Ni+1—7) =0,

152
(152) or 61()\§+1—i)+eg(j—)\i):0

then Th\Mp(1) contains trivial Te-representations, i.e. A is not an isolated
fixed point. Geometrically, the fixed points of the Te-action for ejes > 0 are
the (e1, e2)-graded ideals Z in Clz, y], i.e. the ideals which are invariant under
the C*-action:

(153) (z,y) — (72, t%y)

For such an ideal Z the quotient K = Clz, y|/Z is also a graded vector space:

dx
(154) K =K.
5=0

For general I'V and the general partition n the Ty e-fixed point set is a finite
union of finite product

(155) Mp(n)Tee = U IT I M. (dw)®

ka,w=k weI'Y ag€[n,]
wel'Y ,a€ny]

of the Te-fixed point sets on the moduli spaces My (n’). This is easy to show
using the same methods as we employed so far. It suffices then to analyze
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the structure of My (n)Te where the torus Te &~ U(1) acts on the matrices
(Bl, BQ, I, .]) via:

(156) ¢ By, By, 1, J] = [0 By, €1 By, 1, et |
As usual, the GL(K)-equivalence class of the quadruple [By, B, I, J] is Te-
invariant if for every e € C* there is an operator g; € GL(K) which un-

does (156), i.e.

eieltgt_lBlgt = By, €ie2t975_1329t = By
(157) g T =1, eteltyg, — g

The correspondence e! — g; splits K as the sum of irreducible representations
of Te

(158) K= K:®Rs
>0

with K being the multiplicity space of the charge s representation Rg: !
ts
e, Let

(159) ks = dimK; .

We have:

(160) > ke=k

The grade 0 component is 1-dimensional:

(161) Ky=1I(N).

The operators By, Be raise the grading by e; and es, respectively:
(162) By:Ks = Kope,, a=1,2

The complex Sy and its cohomology Pli2 are also graded:

(163) P = @ P,
5
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The dimensions k; are constant throughout the connected component of the
set of (e1, ez)-homogeneous ideals. In fact, for e; = ey the component is a
smooth projective variety, [17]. See also [16], [20].

5.10. Compactness of the fixed point set

The topology of the fixed point set My (n)T2 depends on the choice of the
torus T12. In other words, it depends on how non-generic the choice of (a, ¢)
is.

If there is no rational relation between a and ey, ¢s, more precisely, if for
any a, 8 € [n] and p,q € Z
(164) aq —ag +e1p+e2qg =0 = a=p, p=qg=0

then the fixed points f are isolated, f < ()\(O‘))ae[n]. Their total number, for
fixed k is finite, therefore the set of fixed points is compact.

What if there is a rational relation between a, — ag and eq, e2? That is
for some non-trivial «, 8 € [n] and p,q € Z,

(165) o —ag +e1p+e2qg=0.

We shall assume all the rest of the parameters a,, e1, e generic. In particular
we assume both eq, es non-zero. There are three cases to consider:

1) a# fand pg >0 ;
2) a = and pqg > 0;
3) pq < 0 and no restriction on «, j3 ;

In the case (1) the fixed locus is non-compact. It is parametrized by the value
of the invariant

(166) JsBY'BITL,
We therefore must make sure, in what follows, that the eigenvalues (aq)aefn
of the infinitesimal framing rotations and the parameters (e, ¢2) of the spa-
tial rotation do not land on the hyperplanes:

(167) aq — ag + e1p + eaq # 0,

for all o # 3, and integer p,q > 1.
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In the case (2) the fixed points corresponding to the monomial ideals are
isolated, since the weights in (143) have the form e1p’ + e2q’ with p’q’ < 0.
We shall show below that

the U(1)-fixed points in the case pg > 0 correspond to the monomial ideals.
In other words they are U(1) x U(1)-invariant

For fixed k the sizes of the Young diagrams A(®) are bounded above, since
(168) >IN =k
a=1

Since the number of collections of Young diagrams which obey (168) is finite,
the set of points fixed by the action of the maximal torus T is compact. This
set, as we just showed, is in one-to-one correspondence with the collections

(169) fo (W))

a€ln]

obeying (168).

In the case (3) the fixed points are not isolated, but the fixed point set
is compact. Let us show the Ty.e-fixed point set is compact. There are two
cases:

1) ejea > 0. In this case the minimal torus corresponds to I'V = {0},
d(0)=n, ng=1, ie for Ty =1, The=Te. The corresponding
Coulomb parameter vanishes, a = 0.

We are going to demonstrate that for all Ty.e-fixed points on My (n)
the L?-norm of (By, Ba,I,.J) is bounded above by a constant which
depends only on n, k, and (. We use the real moment map equation
(46):

k¢ =Tri () = [1IIP=]1J]?

(170)
(Trxo = Tri (op) = e1|| By *+e2|| B2|[*+(e1 + e2) || J||?

where we used the Egs. (123) with the specialization ¢; = e1, e2 = ea:

eaBa = [07 Ba] I eaBl = [le-’o'] ) a = 1a 27

(171)
O=0cl, 0=IT0, (e1+e)J=—Jo, Ji(ej+ey)=—0J,
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The Egs. (171) imply, by the same arguments as before, that the spec-
trum of ¢ has the form:

(172) s=e(i—1)+e(j—1), (i,j)exs

for a finite set ¥ of pairs (7, ) of positive integers, and that J maps
the eigenvectors of ¢ in K to zero, unless the eigenvalue is equal to
—ej — ez. Now, the eigenvalues of o are of the form (172), which are

never equal to —ej; — eg. Thus, J|x= 0, therefore B; and By commute
on K.

Now, o|;n= 0, i.e. mg = dim (im/) < n. Now, the vector spaces
(173) Kij=C-B ‘B ' I(N)

if non-zero, contribute dimkKj;; < n to ks with s =e1(i — 1) + e2(j —
1). It is clear that

(174) ke = dim 3 C (B{_lBg_ll(N)>
e1(t—1)+ex(j—1)=s
< 3 dimC (BB (V)
e1(i—1)+ex(j—1)=s
(1 — ther)(1 — thes)
=) (1= )

< nCoeffys

since both ¢ and j cannot be greater then k. The trace Tr xo can be
estimated by

(1 _ tkel)(l _ tkez)

(175)  Trgo= ske<nY s Coeff Ry Yy

sEXN 5=0
d _ kel _ k?62

_d| A=ty ke

de| (T—te)(1 =)

1
= ikz(k — 1)n(e; + e2)

Thus, J =0, the norms ||By||> of the operators Bj s are bounded
above, while the norm of the operator [ is fixed:

e1 €2 2 ¢po
Bl < 2k%(k—1
62” 2” = ( )n

2__
(a76)  IIP= k., :

1B1]+
el + e €1
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(177)

(178)

(179)
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erez < 0. In this case we take I'V = [n], d(w) =1 for all w € [n]. The
Coulomb parameters are the generic n complex numbers a, € C, o €
[n], defined up to an overall shift. Below we further restrict the pa-
rameters a, to be real, so that they belong to the Lie algebra of the
compact torus Tp.e. The equations (171) generalize to:

eqaBy = [U, Ba], 6aBl = {Bl,O'], a= 1,2,
Ia=0cl, al'=I'c, (e1+e—a)J=—Jo,
JT(el + e2 —Cl) = —O'JT,

The fixed point set My (n)T=e splits:

Mp()™= = |J ] M.(m™

kit+-+k,=k a€n]

The fixed points are isolated, these are our friends (A(a))ae[n}, the n-
tuples of partitions with the total size equal to k. Since it is a finite
set, it is compact.

Note that we couldn’t restrict the torus Thy.e any further in this case.
Indeed, the crucial ingredient in arriving at (178) is vanishing of the J
matrix for the Ty.e-invariant solutions of the ADHM equations. The
argument below the Eq. (172) we used before would not work for ejes <
0, since a, — (e1 + €2) may be equal to ag +ej(i — 1) +ea(j — 1) for
some «a, B € [n], 7,7 > 1. In this case J may have a non-trivial matrix
element, giving rise to a non-compact fixed locus. Now, insisting on
the Tye-invariance with T, = U(1)"~! means a,’s in (177) are com-
pletely generic, in particular, for a # 3, ao — ag ¢ Z. This still leaves
the case a = 3 as a potential source of noncompactness. But this is the
case of the Te-action on My (1) = Hilb*/(C?2). In this case J vanishes
not because of the toric symmetry, but rather because of the stability
condition [25]:

JI =TrIJ =Tr[By, B] =0,
J(xBy +yB2)'I = Tr (2B + yBs)![Bs, Bi]
= Tr (2B + yB2)'[xB1 + yBa, a' By +y' Bs] = 0,

for any z,y,2',y, st. 2’y —axy =1,
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J f(B1, B2) B1 Bag(B1, B2) 1
= Jf(B1, Ba) B2 B1g(B1, Ba2) Il

+ (Jf(B1,B2)I) (Jg(B1,B2)I) =0, by induction
— JC[BL,Bo) =0 —> J =0, by stability

The compactness of My (n)T=e is thus established.
5.11. Ordinary instantons as the fixed set

Let us now consider the particular Ty = U(1)® symmetry of the spiked in-
stanton equations,

(180) (La, Ja) — (La, 700,

where 0 = (91,09, 93,94, 05, 96) ~ (91 + 0,99 + 0,03 + 9,94 + 0,05 + 1,
¥ + 1) for any 9. The Ty-invariant configuration [B, I, J] defines a homo-
morphism of the covering torus Ty ~ (1)® — U(k), via the compensating
U (k)-transformation g(1}) obeying:

(181) €Iy =g(0)Ia, e Jx = Jag(@)", g(0)Bag(¥)"' = B,

The space K splits as the orthogonal direct sum

K=@ Ka,  g0)lx,= ",
(182) Ac6

KA = (C[Ba,Bb]IA(NA) y for A = {a, b}

This decomposition is preserved by the matrices B,I,J. Thus the solution
is the direct sum of the solutions of ADHM equations:

(183) = J ][ Me(na)

S acq ka=k A€

6. Crossed and folded instantons

Distorted shadows fell
Upon the lighted ceiling:
Shadows of crossed arms, of crossed legs-

Of crossed destinyﬁ

¥ Winter night, from “Dr. Zhivago”, B. Pasternak, English translation by Bernard
G. Guerney.
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The next special case is where only two e.g. Na and N~ out of six
vector spaces N4 are non-zero. There are two basic cases.

6.1. Crossed instantons
Suppose AU A" =), e.g. A’ = {1,2} and A” = {3,4}. In this case we define
(184) M (n,w) = MY (n12 = n,0,0,0,0,n31 = w)

We call the space 9 (n,w) the space of (n,w)-crossed instantons.
The virtual dimension of the space mz(n, w) is independent of k, it is
equal to —2nw. As a set, 9, (n, w) is stratified

(185) M (n,w) = U Qﬁ;’k,,;k(n,w).
k'+k">k

The stratum
(186) m;:, k,,;k(n, w) = {[B,I,J] ’ dimK12 = ]{;/’ dimK34 = k//}

parametrizes the crossed instantons, whose ordinary instanton components
have the charges k' and k", respectively: the crossed instanton [B, I, J] defines
two ordinary instantons, [By, Ba, I12, Ji2] on C3, and [Bs, By, I34, J34] on C3,,
of the charges

(187) k:/ = dimKlg s k// = dimK34

6.2. One-instanton crossed example

When k£ = 1 the matrices B, are just complex numbers b, € C, a € 4. The
equations by I3y = bolsy = 0 and bgl1o = byl12 = 0 imply that if (b1, b)) # 0,
then I3y = 0, I12 # 0, (b3, bs) = (0,0), K = Kj9 and the rest of the matrices
define the ordinary charge 1 U(n) instanton, parametrized by the space (111).
Likewise, if (bg, b4) 75 0, then 112 = 0, 134 75 O, (bl, bg) = (0, 0), K= K34 and
the rest of the matrices define the ordinary charge 1 U(w) instanton. Fi-
nally, if (by,b9,b3,b4) = 0, then both I12, I34 need not vanish. If, indeed,
both Iys,I34 do not vanish, then Ji2 and J34 vanish, by the v-equaitons,
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whﬂe 112, 134 obey
(188) [ a1+ 34]*= ¢,

which, modulo U(1) = U(K) symmetry, define a subset in CP"™*~1 the
complement to the pair of “linked” projective spaces, CP"~! and CP¥~1,
corresponding to the vanishing of I3y and I, respectively. The result is,
then

(189) M (n,w) = CZx T*CP"' U CP"tv~! U C* x T*CP¥ !,

the first and second components intersect along (0,0) x CP*~! the second
and the third components intersect along (0,0) x CP"!, where CP"~!U
CP*~! ¢ CP""™~! are non-intersecting CP"~! N CP¥~! = ) projective sub-
spaces.

I

It
& ®
>
s

Figure 7: Charge one crossed instanton moduli space: the planes represent the
complex plane factors C%, and (C§4, the girl represents the T*CP*~! factor,
the man represents the T*CP"~! factor, the orange ball is the CP*Fv~!
component, the blue and green dots are the CP"~! and CP¥~! loci of the
intersections of components.

6.3. Folded instantons

In this case A’N A" = {a}, eg. A" ={1,2}, A ={1,3},a = 1.
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We define:
(190) ME (n, w) = ME (n12 = n, 13 = w,0,0,0,0)

We call the space im,'; (n,w) the space of (n,w)-folded instantons.

There exists an analogue of the stratification (185) for the folded in-
stantons. Again, the folded instanton data [Bi, B, Bs, By, 112, I13, J12, J13]
defines two ordinary noncommutative instantons on R*, one on C%Q, [B1, Ba,
L9, J12], another on (C%?), [B1, Bs, I3, J13]. The stability implies that By
vanishes. The spaces K12 = C[Bl, B2]Il2(N12) and K13 = (C[Bl, Bg][lg(ng)
generate all of K,

(191) K =K+ Kis.

6.4. One-instanton folded example

When k =1, as before, the matrices B, are the complex numbers b,, a € 4,
except that by vanishes. Now, the equation byli3 = 0 implies that if by #£ 0
then Ij3 = 0, and we have the charge one ordinary U(n) instanton on C%,.
Likewise the equation b3lio = 0 implies that if b3 # 0 then [15 = 0 and we
have the charge one ordinary U(w) instaton on C?%,. Finally, when both
by = b3 = 0, the remaining equations Jisl13 = Ji3l10 = Ji2l120 = J13l13 = 0,
and || I1a||?+ || I13]|?—||J12]|?— | J13]|>= ¢, define the variety which is a product
of a copy of C! (parametrized by b1) and our friend the union of three pieces:
cprtw—t (this is the locus where J1 = Ji3 = 0), T*CP" ! (the locus where
I3 = Ji3 = 0) and T*CP¥~ ! (the locus where I;5 = Jy3 = 0):

(192) ML (n,w) = C2 x T*CP*~! U C! x CP""*~! U C? x T*CP* !,
the first and second components intersect along C' x CP¥~! the second and

the third components intersect along C! x CP"~!, where CP"~1 UCP¥~! C
CP"**~! are non-intersecting CP"~! N CP¥~! = () projective subspaces.

6.5. Fixed point sets: butterflies and zippers

Let us now discuss the fixed point sets of toric symmetries of the crossed and
folded instantons. The torus T, ., x U(1)? acts on 9, (n, w) and iml% (n,w):

(193) (Ba,1a,Ja) = (€ By, Lye™ " e4e4 ] )
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Here ay = diag (aa,1,...,a4,n,) where the complex numbers a4 q, @ € [n4]
are defined up to the overall shift

(194) A ~ 0A 0 T Y,

with y € C. Let ¢ = (eq, e2, ¢3,¢4),

(195) D ea=0

We assume ¢, # 0 for each a € 4.

6.5.1. Toric crossed instantons. The fixed point set M, (n, w)T=» <UD
is easy to describe. The infinitesimal transformation generated by (a,e¢)
is compensated by the infinitesimal G'L(k) transformation, generated by
o € End(K). As in the previous section this makes K a representation of
TywxU (1)3. The space K contains two subspaces, K12 and Ks4, whose
intersection K12 34 = K12 N K34 belongs to both Py and Psy:

(196) K234 C Pia N Psy

Figure 8: The butterfly.
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The eigenvalues of o on K12 have the form:
(197)

E@HWMm):{ama+q@—ly+Q@—l)M}GML@J)GﬂHM}

The eigenvalues of o on K34 have the form:

(198)
E@“@M@):{Qﬁﬁ+%@—1%+mﬁ—l)MﬁgmL@J)QMM@}

These two sets do not overlap when all the parameters a4 o, ¢, are generic.
Therefore K12 L K34 and the T, ., x U (1)2-fixed points are isolated. These
fixed points are, therefore, in one-to-one correspondence with the pairs

(199) (A2 A3
consisting of n- and w-tuples

A2 — <>\(12,1)’ o 7)\(12,11)) : 234 — <>\(34,1)’ L /\(34,w)) 7

of partitions, obeying
(200) >

Their number is finite, therefore the set 9 (n)TrwxUM? of fixed points is
compact.

Now let us try to choose a sub-torus T/ C Ty, ., x U(1)2, restricted only
by the condition that Ji2 = J34 = 0 for the T'-invariant solutions of (57).
We wish to prove that the set of T'-fixed points is compact in this case as
well. In the next sections we shall describe such tori in more detail.

We start by the observation that if K234 # 0 then the two sets (197
and (198) of o-eigenvalues must overlap. Therefore, for some (a, 8) € [n] x
[w], and for some (i, j') € N12) (57 ;") € \BLP)

(201) al?,a -+ el(il — 1) + e?(j, _ 1) — a34’ﬁ + e?)(i// . 1) + 24(j// _ 1)
Note that (201) is invariant under the shifts (194). Moreover, if (cf. (7))

12,00 — 012,07 & Ze o #a
e —asapr € Ze, B #B"

and 0 ¢ Z,, then the condition (201) determines («,3) and ;" and i"5"
uniquely, up to the shifts (¢, 5,i",5") — (i’ + k,j + k,i" — k,j" — k), k €

(202)
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Z. The relation (201) defines the codimension 1 subtorus T/ C Ty, ., x U(1)3.
Let us describe its fixed locus.

&

Eza
®

A

& &
Figure 9:H = K12734, a =012, V= 0343, A= )\(12@)7 = )\(34,ﬂ).

The component of £
the fixed point set

£
\|, corresponding to (201)
z=0 5 a copy of the complex
projective line: P (Hio & H3y)

It parametrizes rank one
linear relations
between Hio and Hsy

M

Figure 10: The component P (Hio & Hsy).

If the condition (201) on a, ¢ is obeyed, it does not imply that K9 34 # 0.
However, if in addition to (201) also the condition (202) is obeyed, then the
intersection K12 34 is not more then one-dimensional. Let Hig = P2, C
Pyo, H3y = P3y.5.» C P34 be the one-dimensional eigenspaces of o corre-
sponding to the eigenvalue (201). If an eigenbasis of Niy for ajo and the
eigenbasis of N34 for agy are chosen, then His and Hsyq are endowed with the
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basis vectors as well (act on the eigenvector of aj2 corresponding to aj2 4 by
BillengIlg to get the basis vector of Hig).

Let z be the coordinate on P (Ho @ Hs4) such that z = oo corresponds
to the line Hio while z = 0 corresponds to the line Hzy. For z # 0,00 the
linear spaces Hio and Hsyq coincide, z being the isomorphism. When z — 0
the image (p1(z =0),pa(z =0)) is the pair (A2, \3%), the image (p1(z =
00),p2(z = 00)) is the pair (A2, X\3*). Here A\'? is the n-tuple of partitions
which differs from A'2 in that the Young diagram of \(12:®) (5\ on the Fig. 10)
is obtained by removing the (7', j') square from the Young diagram of A(12.0)
Similarly, the w-tuple A** (i on the Fig. 10) is obtained by modifying A(3*5)
by removing the box (i”, j").

In the next chapters we shall relax the condition (202). In other words,
we shall consider a subtorus in T, ,, x U(1)3.

6.5.2. Toric folded instantons. Now let us explore the folded instantons
invariant under the action of the maximal torus T, x U(1)2. It is easy to
see that these are again the pairs (A2, A13), with \12 = (A1) \(2n)),
AB = ()\(13’1), .. .,)\(13’“’)). The spaces Kio and K3 do not intersect, K =
K12 ® Ki3. In other words, the only T, ., x U(1)3-invariant folded instan-
tons are the superpositions of the ordinary instantons on C3, and C35, of the
charges k1o and ki3, respectively, with k = k1o + k3.

Now let us consider the non-generic case, such that Kis 13 # 0. We call
the corresponding fixed point “the zipper”, see the Fig. 11. The codimension
one subtorus for which this is possible corresponds to the relation az, —
a13,8 ¢ Z. between the parameters of the infinitesimal torus transformation.

Figure 11: The zipper.
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The non-empty overlap K12 N K13 implies the sets of eigenvalues of ¢ on
K15 and K3 overlap, leading to

(203) dio0 +e1(t — 1) +ea(f = 1) =azp+e1(’ — 1) +e3(j” — 1)

for some a € [n], B € [w],,j',i",j”. Unlike the Eq. (201) the Eq. (203) the
integers ¢’,i"” are not uniquely determined. Since the left hand side of (203) is
the eigenvalue of o|r, ,, while the right hand side is the eigenvalue of o|r, ,,
we conclude:

(7', 5 € NIZ@) (i 57y e A13B)

204
(204) (i, +1) ¢ A2 (7 57 4 1) ¢ \13P)

Le. j' = /\E}Q’Q)t, 7" = A" The change (¢',4") — (i’ £1,¢" + 1) maps the

,i//
solution of (203) to another solution of (203). Let [ > 0 be the maximal

integer such that j' = /\E}E’la), "= )\1(/1/?2,16’)’ and let [ > m > 0 be the maximal

integer such that j' = )\Z(»,lz;f;), i’ = )\Z(,l,:igz), and ejg = Bi/_m_lB%/_l oo €

K213, e13 = Bi”_m_lBg”_l Iz 3 € Ki2,13. In other words the vectors eja
and ej3 are linearly dependent, ejo = zej3. Consequenly, the arm-lengths

Qir—mjr = j,2’a)t —i' 4 m, ap_pm = )\j/, Bt _ -+ m must be equal:
(205) AP i = ap g = AP pm

The component of
the fixed point set o

3= corresponding to (203) al
is a copy of the complex F
\ projective line: P (Cejo @ Cey3) -
ol It parametrizes rank one "
F linear relations F
between eq9 and eq3

Let z be the coordinate on P (Cejo @ Cey3) such that z = oo corresponds
to the line Cej2 while 2 =0 corresponds to the line Ce13. Then the im-
age (p1(z =0),p2(2 =0)) is the pair (A12:0) A(13:6)) " the image (p1(z =
00), pa(z = 00)) is the pair (A2 X138 Here we defined A2 to be
the partition whose Young diagram is obtained by removing the block of
. . (12,a)t 12,a)
squares (i' —m, j') -+ (A}, :
ilarly, the Young diagram of A13#) is obtained by removing the block of
11 11 (13,8)t
squares (i —m, j") -+ (A},

,7') from the Young diagram of Al . Sim-

.4 from the Young diagram of \(13:#).
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Note that the pair

of Young diagrams

* )\(12’0‘), A\(34.5) gives rise *
to several components of

the fixed point set,

isomorphic to CP?,

" e.g. the ones corresponding "
to the blocks of horizontal
boxes of different length,

see the pictures above on the left and on the right. But they actually belong
to moduli spaces of folded instantons of different charges (in computing the
charge k we subtract the length of the block from the sum of the sizes of
Young diagrams). So despite the similarity in graphic design, these are pieces
of different architectures.

7. Reconstructing spiked instantons
In this section we describe the sewing procedure, which produces a spiked
instanton out of six ordinary noncommutative instantons. We then use the

stitching to describe the spiked instantons invariant under the toric symme-
try, i.e. the Te-fixed locus.

7.1. The local K-spaces
For A = {a,b} € 6 we define:
(206) K4 =C[Bgy, By]im(I4) C K
By definition, this is the minimal B,, By-invariant subspace of K, containing
the image im(/4) = [4(N4) of Na.
The equations (57), (58) for ¢ > k imply that

and

(208) By(KA) =0, b¢A
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7.2. Toric spiked instantons

Now let us describe the spiked instantons, invariant under the torus action.
The tori in question are the subgroups of H, the global symmetry group. We
consider first the maximal torus Ty (cf. (79)) and then its subtori T¢ for
various choices of the £ data.

7.2.1. Maximal torus. First of all, let us consider the Ty-fixed points.
Let a = (aa)ace be the collection of diagonal matrices ay = diag(aa,...,
aan,) € LieU(na). The spiked instanton [B,I,J] is Ty-invariant iff for any
a and e there exists an operator o € End(K), such that:

¢aBo = [0, By] , ac4
(209) (ea—an)Ja =—Jao,
Tpapa=o0ly, Ac6

Let Naq, o € [n4], be the eigenspace of as with the eigenvalue a, . Let
Iao =1IA(Naq). We have (for A = {a,b}, a <b):

(210)  Ka= 3> Ki,. Ki,=B7'B] aa

)

a€nal,i,j>1
The eigenvalue of o on Kiij ., is equal to
(211) O-|Ki;ja: a4q + ea(i—1)+e(j—1)
On the other hand, Eq. (209) implies that the vector
(212) = Ja(KY,) € Na
is an eigen-vector of a4 with the eigen-value:
(213) a4t = (04,0 + eal + ¢p))0
The Th-invariance means we are free to choose the parameters a4 4, ¢, in an
arbitrary fashion. It means, that a4 o + ¢ai +epj # aap for i,j > 1, a,8 €
[n4]. Therefore J4 vanishes on all K} subspaces, and therefore on all of K 4.
Therefore, all B,’s commute with each other. Also, the eigenvalues (211) are

different for different (A, «;4, 7). Therefore, the spaces Ki{j ., are orthogonal
to each other.
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Define, for A € 6,a € [n4] the partition \(4®) | by:

(214) A —sup {5152 1, K, #0}
We have:
(215) ka= Y [\

a€nal

The Th-fixed points are, therefore, in one-to-one correspondence with the
collections

(216) A= (A(A7a))AE§,OZE[nA}

of

(217) n=> ny

Ac6

Young diagrams. In the companion paper [29] we shall be studying the sta-
tistical mechanical model, where the random variables are the collections A,
while the complexified Boltzman weights are the contributions of A to the
gauge partition function, defined below.

7.2.2. Subtori. Now fix the data £ and consider the Te-invariant spiked
instantons [B,I,J]. As usual, these come with the homomorphism Te —
U(K) which associates the compensating U (K )-transformation g, ¢ for every
(¢i€, i) € Te. Since K decomposes into the direct sum of weight subspaces

(218) K= K"
w,n

where

(219) gt,é‘Kw,n: el<w7€>+l7’l/t

where n € Z, while w belongs to the weight lattice of [] 4cq- U(1)fa—L,
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The relations:

"By = g1eBag ¢ »

(220) IA(NAu)eiCA(a)t = gt@IA(NA@) , A€ §+ , o€ [nA]
IA(NA,L,Oc)eiCA’L(a)t = gt,ﬁlA(NA,L,Oc) ’ Ac 6 ,a€ [nA]L
imply:
IA(NA@) € KOcal@) , € [nA}, Ae §+,
(221) IA(NAvbA:a) € KO7CA’LA (@) ; Q€ [nA]LA7 A€ 6" )

IA(NA7L,O¢) € K@) , € [nA]L, LE g, AE6™
By(K®™) Cc K" e ac4

where w4, is the fundamental weight, (w4 ,,&) = &a,.
Finally, the T¢e-invariance translates to

(222) Ja(K“™) € Napq, Ac6t acng ©n=cala)—es ,w=0,
JA(K“™) € Ngyya, A€, € nyal,, ©n=ca,,(a)—es ,w=0,
JA(K"") € Nayo, A6 ,a€ng), ©n=ca,la)—es ,w=wa,.

which imply, with our choice of T¢, that J4 = 0. This is shown using the
same arguments as we used around the Eq. (213).

7.2.3. K-spaces for toric instantons. Let A € 6. The local space K 4
is g ¢-invariant, and decomposes as

(223) Ka=Ep K}

n
with integer n, via
(224) Grelin=e"
where n>cy =inf [, ,jca(a), when e4,e,>0 and n< ch =SUPqefn,] ca(@)
when eq, e, < 0. For ey, e, > 0 both operators B,, a € A raise the grad-
ing. For eq, e, < 0 both operators B, a € A lower the grading. Let k4, =

dimK';. Since K4 is finite dimensional, k4, vanish for |n|> Cy4 for some
some constant C'y < k.
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Let A € 67. The local space K4 is g; ¢-invariant, and decomposes as

(225) Ka=PKie P ki,

LEXAN
with

(226) Grelry = e
for i € A4, and

(227) grelry=e™

Since the eigenvalues of g;¢ on K, for « € A4 differ from each other and
from those on Kg for all B € 6, n’ € Z, the spaces KZL are orthogonal to
Kg,/ and to each other:

KX:L, L KZ:IL,,, A

(228) / b
K%, 1 K%

The action of B, I-operators respects the orthogonal decomposition (228).

We now prove that the spaces K and K7 ; have an additional U (1)-
action. Indeed, let f,, fy be the two positive mutually prime integers, such
that

(229) eafa+enfo =0,
so that e, = papfo, € = —Papfa (assuming e, > 0 > ¢;). Then the operator
(230) ¢ = BlBJ"

commutes with g ¢, thanks to (220). Since all the eigenvalues of B, and B
vanish (again, thanks to (220)), the operators B,, By, and € are nilpotent.
By Jacobson-Morozov theorem, € can be included into the slo-triple, i.e. for
each K}, K7, there are operators H, €Y, such that

(231) [E,&Y] =X, [H, & =2¢&, [H,&Y]=—28&Y
so that

(22) Ki=@Ky" KR, =KL
h h
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with h standing for the eigenvalue of H. Now, it is not difficult to prove that
the (n, h)-grading is equivalent to the (7, j)-grading, with ¢,j > 1:

i =1+ (h = hy()) fa,
J =3+ (h=hx(a)fo,
(233) n=ca(a) +palfo(i' = 1) = fu(j' = 1)),
,j' > 1,4 < fo and/or j' < f
h'y() = inf Spec(H| k)

and « is uniquely determined by nmod ps = ca(a) modpy. Thus,

(3 Kam @KV Ka - DY,
1,7>1 1,521

with

(235) Bo(K%) c K, By(K%) c K41

Now we are ready for the final push:

8. The compactness theorem

We now prove the compactness theorem which establishes the analyticity of
the partition function defined in the next chapter. To this end we estimate
the norm of (B, I,J) whose U (k)-orbit is invariant with respect to the action
of any minimal torus Te.

Since J4’s vanish, the real moment map equation reads as follows:

(236) > [Ba, Bil+ > Ially = C1x

ac4d Acb

The trace of this equation gives the norm of I4’s:

(237) > |Hal?= ¢k

Acé6
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But we need to estimate the norms || B||? which drop out of trace. However,
it is not too difficult to chase them down. We have:

(238) S UBallP+ Y IHal? = TrBaBi+ > TrIal)y

a€d Ac6 a€d A€6
< ST (DB Y der)
Ac6 acd Ceé
=Y | Cka+Tri, Y BiBa
Acé acd
=(Y ka+ > Trg,BiB,
Acb A€6,acA

where we used the moment map equation (59), projected onto K4, and the
Eq. (208). Define:

1
Oan = T iy S BBl + > IaTl,
ac4 A’eb

(239) )
54 = ETrKA SNTBBI+ > Iall | =Y dan

a€d A'€b

Now for A € 67 use the decomposition (223), and (208) to show, that for
eq 7 €p:

1
(240) (5,47,1 =kan+ Z E Tr Kntea (BaBl> <kan+ E 5A,n+€a
acA a€A

where we very conservatively estimated:
(241) Tricy (BaBL) < 0an.

for any a € 4. This very conservative inequality can be used to show the
boundeness of 04 .

From now on let us assume e, > e, > 0. The case of negative e, e is
treated analogously. First of all, let introduce the sequence of generalized
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Fibonacci numbers F}?, n € Z, for positive integeres p > ¢ > 0, by:

FTI;#]:O’ 1_p§n§0
(242) FPi=1,
FPa = Ff;fp + Ff;ﬁ]q, n>0
It is easy to write the formula for Fj;*? in terms of the roots A\, w = 0,...,p —

1, of the characteristic equation
(243) AP =\ 41,
(244) FPT=" fuAl
w
where the coefficients f,, are to be found from the linear equations F}? =

571,17 1_p§n§ 1.
Now, we can estimate 04 , by induction in n:

(245) San <D kawFit,

n’'>n
This leads to the following, also very conservative, bound on ¢ 4:
(246) 04 < kAFl:Z’eb

When e, = e, = e4/2 > 1 we can make a better estimate:

1
247)  Gan =hkant 5 2 T (BaBl) < ban + Oasen
acA

which, by iteration, implies:
(248) 614’” é kA,n—i—kA,n-‘reA/Q_‘_kA,n—l-eA +
which in turns implies the upper bound on

1
(249) o4 < —kalka+1)
€A

It remains to estimate 4 for A € 6. This is easy to do using the (i,7)-
grading (234). Define:

(250) San = 2 S Trgw | Do BaBI+ > Iall,

i+j=n+2 ac4 A’€6
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Then, using (59), projected onto K%’, and (235), we derive the estimate:

(251) Oan < 0ani+ Y, dimKY
i+j=n+2

from which we get the estimate:

1
(252) 0a < ikA(kA +1)

9. Integration over the spiked instantons

The moduli spaces SﬁZ(ﬁ) are not your favorite smooth varieties. They can
be stratified by smooth varieties of various dimensions. Over these smooth
components the obstruction bundles keep track of the non-genericity of the
equations we used to define the spaces 9 (7).

In applications we need to compute the integrals over the spaces 9°(77),
as well as to define and compute the equivariant indices of various twisted
Dirac operators (for five dimensional theories compactified on a circle).

Mathematically one can take the so-called virtual approach [12]|, where
the fundamental cycle [9017°(77)] is replaced by the virtual fundamental cycle
[912°(77)]V", which is defined as the Euler class of the bundle of equations
over the smooth variety of the original variables (B,I,J). There are two
difficulties with this definition: ) the space of (B, I,J), being a vector space,
is non-compact; i7) the bundle of equations is infinite dimensional, unless we
are in the situation with only the crossed or ordinary instantons.

The problem ) is solved by passing to the equivariant cohomology. The
problem i) is cured by working with 9 (77) for large but finite i, and then
regularize the limit ¢ — oo by using the I'-functions.

Physically, the problem is solved by the considerations of the matrix
integral (matrix quantum mechanics) of the system of k D(—1)-branes (k
DO0-branes whose worldlines wrap S') in the vicinity of six stacks of D3
branes (D4 branes) wrapping coordinate two-planes C% (times a circle S!)
in the 1B (ITA) background R? x C* (R! x S! x C*).

One can also define the elliptic genus by the study of the two-dimensional
gauge theory corresponding to the stack of k Dl-strings wrapping a T2
shared by six stacks of D5 branes in IIB string theory, wrapping T? x C124.
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9.1. Cohomological field theory

Let us briefly recall the physical approach. For every variable, i.e. for ev-

ery matrix element of the matrices B, 4, .Ja, we introduce the fermionic

variables \I!aB, Ul ,\Il‘lx with the same H x U(K) transformation properties.
For every equation s4, i, 054, T 4, T o p;; we introduce a pair of fermion-

boson variables valued in the dual space: (x4, ha), (x, &), (Xaa, haa),

(war,arsis Yar,Avsi)-

(Ea,7a),

Finally, we need a triplet of variables (o, 7, 1) (two bosons and a fermion),

valued in the Lie algebra of U(K).
Our model has the fermionic symmetry acting by:

6B, =B §UB =[5, B,] +¢.B,
(253) 6Ip =Y, oWl = oIy + I4as
6Ja =0, 06U = —asJa+ Jao +eada

(cf. (209)) and

oxa=ha, 0ha=—[o,xa]+eaxa,

dx="h, oh=—|o,x],

OXaa = haa, Ohaa = —aaXaa + XaA0 — eaXaA,
(254) 0fa=ra, Ora=az6a—E&aaa+eaéa,

OTIA Ay = YA, Ay s

SYar Amyi = —Qa @A Aryi + WA ariGar + (1 — 1)eamar amy,

whenever A'nA" ={a}

and
(255) do =mn, on=lo,al, 0o =0

Now we can define the partition function

; Do
256) Zi(7; = [e S ———_DBDB'DUBDUB!... DxDh
256) Z(iis.) = [ s X

i—1
x [ [ Pxa.s,jDha ;DX Dha s
j=1
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where
S; =0Z;,
i—1
=2 +E +2F 4> =N+ > > =N an
A AL A HANAY=1 j=1
== TVKU[Uv U] )
= =Trg Z(\IIB( 7, BT]—l—eaBT) —i—cc)
a
+ Tr g Z ((—(_TIA + 1404) \I/zf + C.C.)
A
(257)

+Trg Z (\I/‘lf (JaG — dada +Eada) + c.c.) ,
i(p—Cli)+h)

(=
+) (XA (—isa +ha) + Z Xba (=i0aa + ha)
A

@l

(5 (—=iYA+74) +Cc>
:%71‘\”& =Trn, <w:r4’,A”;j (—iYar, a7 + yar,amj) + C'C-)

Here &,, a4 are auxiliary elements of the Lie algebra of H, which can be
chosen arbitrary, as long as the integral (256) converges.

9.2. Localization and analyticity

The usual manipulations with the integral (256), for generic (¢, a), express
it as a sum over the fixed points, which we enumerated in the Eq. (216).
Each fixed point contributes a homogeneous (degree zero) rational function
of aga’s, 1 <a<ny and e¢,, times the product

na NAa

(258) II IITI(eaa—asis+ea)
A€, 4cA a=1p=1
na np 1—1

< T TITITI@ae—ass+ei—1)

A,Be6, ANB={c} a=1#=1;j=1

The compactness theorem of the previous chapter implies, among other
things, that the partition functions Z;(7; ¢, a), for i > k, have no singularities
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in

1 &
259 XA = — aa

with fixed e,’s and a4, = a4, — x4. In other words, they are polynomials
of xp.

10. Quiver crossed instantons
10.1. Crossed quivers

For oriented graph « let V. denote the set of its vertices, and E, the set
of edges, with s,t:E, — V, the source and the target maps. Sometimes
we write v = (V,,E,, s,t). The crossed quiver is the data X = (y*,77,p),
where v+ are two oriented graphs, and p € Z>( is a non-negative integer.
Let =, = Z/pZ be the additive group with p elements, for p > 0 and Z for
p = 0. Define UVx = V,+ x V- x E,. The group =, acts on Ux by transla-
tions of the third factor. The generator of =, acts by w = (vF,v7,n) — w +
1= (vt,v=,n+1), with v* € V,Yi. We also define ¢y = Ey: X Vyx X &)
and the natural maps s,t: T€x — Vx, e.g. s(e,u,n) = (s(e),u,n) for e €
Evr,ue V-, tle,v,n) = (v,t(e),n) for e € E,~,v € Vs etc. The group Z,
also acts on €y, so we shall write: n = (e,u,n) — n+ 1= (e,u,n £ 1). The
source and target maps are Z,-equivariant, i.e. s(n£1) = s(n) £ 1.

10.1.1. Paths and integrals. We shall use the notion of a path. Define
the path pjw,, of length ¢ to be a sequence of pairs:

(260) pf,w,, = (771, orl), (772, Org), ceey (77€> Ol’g)

with n; € T€x,0r; € {—1,+1}, (we call or; the orientation of the edge 7;
relative to pf,w,,) such that for any j =1,...,¢ — 1 either

s(mj41) = t(n£l),  orj =orji =1,
or t(n; , or; = —orj41 =1,
(261) (j+1) = t(n;) J J+1
or 8(77J+1) s(n )’ —orj=orj1 =1,
or t(nj1) = s(;F1),  —orj=—orji =1,

and also either s(n) =« (or; =1) or t(m £1) =w’ (ory = —1) and also
either s(n;) = w” (org = —1) or t(n£1) =" (or, =1).
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For a function b: *€x — R (a 1-chain) and a path pf,,w,, define the
integral

V4
(262) / L b= Yol
w’ w!! =

The function b :* x — R is a coboundary, b = d¢, of a O-chain ¢ : Uy — R,
iff b(n) = c(t(n£l)) — c(s(n)). The integral of a coboundary obeys Stokes
formula:

¢
(263) /i de ="y orj (c(t(n; £ 1)) — e(s(ny))) = e(w”) = e()
Por j=1

10.1.2. Representations of crossed quivers. Fix four dimension vec-
tors k,nT,n",m: Uy — Z>¢. Let (Kw>Nu:;tyMw)wE‘BI be a collection of
complex vector spaces whose dimensions are given by the components of
the corresponding dimension vectors, e.g. dimK,, = k,, = k(w). We view the
spaces N, M, as fixed, e.g. with some fixed basis, while the spaces K, are
varying, i.e. defined up to the automorphisms. We also fix a decomposition
M, = M/, & M/ as an additional refinement of our structure.

10.1.3. Weight assignment for crossed quivers. For the crossed quiver
v and its representation let us fix the integral data: (nf,m/,m/).ev.,
t = (t(w)) ey, and e=(e(n)),ce, With integers t(w),e(n) € Z, obeying

n*

t(w+1) = t(w), e(n + 1) = e(n), and the integral vectors nt = (n3 )"~ €

w,o) =1
7" etc. The data (n*,e,m’, m") is defined up to the action of the lattice
ZV~: a function f : V., — Z shifts the data (289) by:

(264) nt o nt, —flw), e—e+df

10.1.4. Crossed quiver instantons. Consider the vector superspace
AJ(n*, m) of linear maps (B,1,J,©)

bosons : B = (Bi,égt)nei@x , I=(I1 1) )wewy
J = (I3, IS Jwew »
BE: Ky = Kypyar» BE: Ky = Kygpar, 1 € T€x
IZ:NE = Kyur, JE K, — N5, weDBx
fermions : © = (©/,,0) e ,
O/, € MHom(K,, M), ©" c IHom(M/"_,, K,)

w—1>

(265)
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Let gg, gﬁ” be the groups:

(266) g =[] v G = [[ GL(k..C),

weY 5 weW x
which act on A} (n*, m) via:
(267) (gu).on, - (B.LI,O) =
(91 B gy 9 B gyl g I, JEas"s ©Lgs",0.00)

We impose the following analogues of the Eqs. (56):

ILLOJZCLU]-KW 5 ME%};, Cw >0
Sete—n =0, 6i€E’Yi’n€Ep
Sete—n =0, eiGEWi,neEp
sw =0, w e’y
(268) “ *
277 =0 , n e @x,
277 =0 , ne @x,
T, =0, w € Vx,
where
Y. =0 40/,
S =6 -5,
13 24\ T
(269) s M14 (M23)T
Soo=plt4+ (022,
T
s..=p2+ (13H',

with the linear maps

O'n.N:%)_)Kt(r])a for ne :Féx
(270) N( ) — Ks(n) for ne :':Qfx
Ve 1 NF = NE,

and
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KlS
KSS
wi K, — K,
2K, = Koo,
34 Ky, — Ko 5
(271) /-‘Li?’ e - Ks(e*),s(e*),n - Kt(e*),t(e*),n )
Hetemin  Kigery e yn = Kser)steym »
Hetemin * Kaer)ate)m = Kiger) steym -
:ui?r,e*;n : Kt(e*),s(e*),n — Ks(e*),t(e*),n .
The maps (270), for n € TEx, are given by:
_ + ~ _ H+
272 on = B 1] ) oy = Jiﬁ)ian ,
+ = _ +
oy = Bnﬂf t(n) On = Jj(n)ilBﬁ )
and
(273) Vi1 = T 13

The crossed quiver analogues (271) of real and complex moment maps are
given by: for w € V,,,
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(274)  pw = I:—l (I;—l)T + I;+1 (IL:H)T - (J:)T J:Jr - (J_ TJ_

-y - Y (B
()

nes—H(w)Nte€x neEt—H(w)N+Ex

- Y BB - X

nEs—H(w)N~Ex neEt-H(w)N~ Ex

~ ~ T - - T
+ — —
™ Z Bn—l (B;—1> - Z B77+1 (Bn+1>
nes~(w)Nte&x nes~(w)N-Ex
T _ RN
+ Z Bntl (B;il) + Z By (BnH) ’

nes—(w)NteEx nes—(w)N-Ex

and

73) 42 = AN T AN

N g5+ > BLBf- > BN.Bf
neteExnNt—1(w) neteExNs—1(w)

276) 12— AN T AN

LaJs + > BaB- ) BLB
ne - ExNt—H(w) ne - ExNs Hw)

+ =
for e € B+, n € &),

Qi) B, = 2N T N

+ —
e*,t(e*),nlee* ,s(et),n

- B

- +
e t(et)n+1 BeJr ,s(e7),m
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(278) 42, = N T TN

BT, B~

B +
et s(e”)n—1"e tlet)n Be* ,s(e*),nJrlBeJr,t(e*),n

(079) W= X T AN

) )

Bf .. B ~- B B,

ett(e”),n—1"e tlet),n e ,s(et)n+1"et s(e”),n
+ = - .
(280) :u‘;i,e*;n - //\ /\—
+ B P +
Be*,s(e*),n—lBe*,s(eﬂ,n B Be*,t(e*),n—i—lBeﬂt(e*),n

The moduli space of quiver crossed instantons Sm;(gi, m) is the space of
solutions to (268) modulo the action (266) of G,
The identity B

(281) > Tkt (040) = Tty (5un)
nek,
+ Z Tr s (0l qvgi) + Trey (13 20d))
weV,

14 23
+ Z Tr Koty ee=)om ('ueﬂe‘mueﬂe‘;n)

eiEEWi,neEp

13 24
—Tr Kty (e )in ('ueﬂe*;n:uete* ;n)

=0

can be used to demonstrate, by the argument identical to that in (54), that
the equations (268) imply the holomorphic equations

0-77:()7 5}]:0, 6'\77:0, /0':77:07

p =0, pi=0, “}ﬁa',e‘;n =0,
=0 =0 i, =0,
Uf =0

(282)
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Thus, M) (n*, m) is the space of stable solutions of (282) modulo the ac-

tion (266) of QEV. Here, the stability condition is formulated as follows:

Any collection (K,) e, of subspaces K, C K,,, such that
I5(NG) C Ky
and
B;—L( ';(77)) C Ké(n)il , forallne *e€x
Bff( é(n)) C K.;(n)il , forallne ¢y
coincides with all of K, K/ = K, .
in other words,
K,=K!+K_

w

(283)

where KX C K, is the subspace, generated by acting with arbitrary (non-
commutative) polynomials in Bff, Bff’s with 7 € *¢x on the image
e IH(NE):

WEVx "w

os1)  KE= Y <<c (B2, 5]

Ij;(Nj)) N K,
w'eVx

ne Ty
The space iml(gi, m) is acted upon by the group
(285) HY = (H’gF X Hgdg) JHL, X U(1)u ,

where

Hy = [] UWND) x UNG) x UML) x U(MY),
weV,

Hng = H U(l)? Hzer = H U(l)

neE, + LE weV,

(236)

and the embedding of Hler into HZ x Hng is given by:

(287) (uw)wevw — (uw Ayt U Ly Uy - Tagr g - 1Ml/)wev

-1
X (us(n):tlut(n)) neE*Ex

~
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The group (285) acts on M} (n*, m) in the following fashion:

(288) <(h:57 h;am;amg)wevw X (u’ﬂ)neEﬂ/ x U’> ’ [B717J7 @)]

— +1 + 1 +1, —1 pt —1
- |:'LL ungt(n):l:an 95(77) ; WUy gs(r]):l:an gt(n) |77€E«,

+1 + -1 5+ + 1,41 /o 7 my—1
U g1l (hw) ) hwile G U, mw@w’ @w (mw) |w€Vw:| )

where we indicated the compensating gg—transformations. It is obvious from
the Eq. (288) that the Hg x HJ, -transformations which are in the image of
Hyer can be undone by a gz—transformation.

10.1.5. Compactness theorem in the crossed q1T1iver case. Let us
demonstrate the compactness of the set (93?& (n*, m)) " of T,-fixed points

in 9 (n*, m), where T, C H? is a subtorus of the global symmetry group.
The choice of T, is restricted by the following requirement: it must contain
a U(1)-subgroup, to be denoted by U(1),, such that 1) the composition
poi, where ¢:U(1), < H? is the embedding, and p: HY — U(1), is the
projection, is a non-trivial homomorphism, v + v*, k # 0, 2) the embedding
into H7 is parametrized by the collection

"

(289) veU(l), — <vgt,v5;,vmiv,vmw) x & x of
weV,

The symmetry (264) reflects the quotient by Hyer in (285).
We shall impose an additional requirement on the data (g\j/t , m{,y,m@w,
e, k): for any w',w” € V., and any o € [n], o/ € [nk,]

(290) Ner o — Mg g £ R(C+ 1) + / e#0

path?,

for any path pf,w,,. Note (290) is invariant under (264). The requirement (290)
can be slighlty weakened, namely one can allow (290) to fail for a single pair
(W', a) = (w”, ). In what follows we insist on (290), though.

The proof goes as follows: Define the function § on the Grassmanian of
subspaces V' C @, K,:
(291)

- - N\T
sv=Tev | 30 BE() 4By (Br) a1 4k ()]
neE, + w,*



574 Nikita Nekrasov

The function ¢ is monotone: dy < dy» for V' C V. We have:

(292) IB,LI|’= Y ok,
wev,

Now, the T,-invariance implies, by the usual arguments, that the spaces
Kf, K, for each w € V,, are T,-representations,

(293) K= K, @Ry

weTy

where R, are the irreps of T,.
First, we need to prove that JE =0 for the T,-invariant (B,I,J). The
equations (282) imply that JX(KT) = 0. Let us restrict (293) onto U(1),:

(294) K= K&, @R
WEZ

where R,, are the irreps of U(1)y: v — v*. We have:

nZ
(295) IT(NF) = @ Nip @Ry
a=1
and
+ + + Ht + +
(296) By (K () ) © iyt awrirem) Br Eigyaw) © oy twtk—em)

Thus the weights s which occur in the decomposition (294) have the form:

+
Porw

(297) ey o £ Kl + / e
for some w' € V, and some length ¢ path pjw.

Now the U(1), equivariance implies that J= (K, ® Ry) belongs to the
eigenspace of v € U(1), in Njﬂ with the eigenvalue v ¥*. Since the eigen-
values of v € U(1), on Njﬂ are given by: yMtre the non-vanishing J*
means that for some w’, @’ the eigenvalue (297) coincides with Nw+1,a F K,
which contradicts (290). Thus, J = 0.



BPS/CFT, Instantons at crossroads, Gauge origami 575

Now, use the real moment map equation to deduce:

(298) Opx = Codim(KE,)++ Y Try B (BF)'

+
t(n)+1,wt+k+e(n) n
nes H(wN+Ex
- N\t
Tr o+ B (Bi)
+ Z Ks(q)il,erk*e(Tl) n N
net~tH(w)N+eEx
. +

< Gdim(KZ,)+ Y O

nEs~H(w)N+Ex

+ E Oyt
Ks(n)il.w#»kfe(n)

net-t(w)N*eEx

+
t(n)E£1, wtk+e(n)

Y

Now repeat the same estimate by pushing the arguments w’ of the g, ,’s
in the right hand side of (298) outside the domain where the corresponding
K, spaces are non-trivial (this is possible because the total dimension of
the K space is finite). In this way we get an upper bound on df_, ,’s and
the norms of B’s, I's and J’s, as promised.

10.2. Orbifolds and defects: ADE x U(1) x ADE

The construction above can be motivated by the following examples.
Recall that the moduli space MZ(n,w) of crossed instantons has an
SU(2) x U(1) x SU(2) symmetry.

10.2.1. Space action. Let I' be a discrete subgroup of SU(2)12 x U(1)a X
SU(2)34,
(299) t: ' — Grot = SU(2)12 X U(l)A X SU(2)34,

10.2.2. Framing action. Now let us endow the spaces N2 and N34 with
the structure of I'-module:

Nip= P No® R,

werv
(300) <
Nyy= P Wo @ Ro,

welv

in other words let us fix the homomorphisms
(301) PA : I' — U(TZA)

Let us denote by n,w the vectors of dimensions (dimNi2y)werv,
(dimN34 ) werv, respectively.
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The data (300), (299) defines the embedding of the group I' into H, the
symmetry group of Mg(n, w).

10.2.3. New moduli spaces. The set of I'-fixed points in M:(n, w) splits
into components

(302) M (n,w)' = ML (m, w)
k

This is a particular case of the space sm;(g, w, 0). Indeed, let V, = T'V, while
EWi are defined by decomposing

(303) Ro@Ch= P Ry B Ry

3 ecs—1(w)NE,* ect—1(w)NE,*
The requirement that I' preserves the U(k)-orbit of (B,I,J) translates to
the fact that I' is unitary represented in K, so that
(304) v-(B,1J) = (9,Bg; ", 9,1.Jg;"), v gy € UK)
Thus, we can decompose K into the irreps of I':
(305) K= Ko @R,

wel™v

The operators B,I,J then become linear maps between the spaces K.,
N4, which can be easily classified by unraveling the equivariance condi-
tions (304).

The components M;“VF (n,w) can then be deformed by modifying the
real moment map equation to

(306) =Y Gk,

welYv

In the particular case I' C SU(2)34 the orbifold produces the moduli spaces
of supersymmetric gauge configurations in the

(307) Gg = [] U(n)

welYv

gauge theory in the presence of a point-like defect, the gg-character

(308) Xw,)oerw (T V08)

The gauge theory in question is the affine ADE quiver gauge theory.
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10.2.4. Odd dimensions and finite quivers. We can also obtain the
moduli space of supersymmetric gauge field configurations in the quiver
gauge theories built on finite quivers. The natural way to do that is to start
with an affine quiver and send some of the gauge couplings to zero, i.e. by
making some of dimensions k,, vanishing.

Remarkably, this procedure produces the superspace, the odd variables
originating in the multiplet of the cohomological field theory. Let us explain
this in more detail. Let us consider, for simplicity, the group I' C SU(2)34,
so that EAYJr has one element.

The linear algebra data

(Bl,w ) B2,w ) Il2,w ) JlZ,w ) I34,w ) J34,w ’ Be ) Be) € Al(g’ w, 0)
is parametrized by the

(309) 23 ki (ko 1w+ we) 2 Eyekis(e)
welv eElR

complex dimensional space. The Egs. (268) plus the GL, (k)-invariance re-
move

(310) > (Muwi + 2k (b +ww)) + > 2kge)Fi(e) + Fseynae) + Ki(eyTis(e)
welv eckE

dimensions (this is half the number of equations (282)). The result is k-linear,

(311) virtual dimMg’V(g, w) = Z (kumy — nyw,)
welv
where
(312) my = 2nw - Z nt(e) - Z ns(e)
e€s—1(w) ect—1(w)

Now, if for all w € T'V the deficits m,, are non-negative, and at least for one
vertex the deficit is positive then the quiver is, in fact, a finite ADE Dynkin
diagram. In this case we can add the odd variables taking values in the spaces
Hom(K,, M,,) with the complex vector space M, of dimension m,,, and de-
fine the moduli space to be the supermanifold which is the total space of the
odd vector bundle ITHom(K,,, M,,) over the previously defined bosonic mod-
uli space. In practice this means that the integration over the “true” moduli
space is the integral over the coarse moduli space of the equivariant Fuler
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class of the vector bundle Hom (K, M,,). This is what the cohomological field
theory applied to the affine quiver case with the subsequent setting k. = 0
for some w’ € I'V would amount to. With the “compensator” vector bundle
in place the virtual dimension of the moduli space becomes k-independent.
This is the topological counterpart of the asymptotic conformal invariance
of the gauge theory.

11. Spiked instantons on orbifolds and defects

Now let us go back to the general case of spiked instantons. Choose a
discrete subgroup T' of U(1)2, e.g. T~ =) x Zp, X Zp,, TV =T, Let t,:

27

I' > U(1), a € 4 be the homomorphisms corresponding to the embedding
U(1)? c SU(4). We have:

(313) [Tty =1

ac4d

Let R, €I'V,a € 4 be the corresponding one-dimensional representations
of I', e.g R1 = R1,00, R4 = R—-1,—1,—1. We shall use the additive notation,
Rae =Rz, so that Ry ® Ry = Rgtz,. Fix the framing homomorphisms:
par — U(na):

(314) Ny = @ NA,Q-,'@RQ

The set of I'-fixed points in 9y (77) splits into components

(315) (i) = 0y (&)
k

It describes the moduli spaces of spiked instantons in the presence of addi-
tional surface and point-like conical defects. The compactness theorem holds
in this case. The proof is a simple extension of the proof of Section 8 with
the spaces K4 replaced by K4 g, where & = (w1, w2, ws3), w; € Zp,:

(316) Kag= Y Y f(BaBy)Ia(Nag)

W'erY feCla,y]

where the sum is over polynomials obeying:

(317) Fta(V)z t(V)y) = XRys_or (V)
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for all v € I'. As before B, g (K4 5) =0 whenever ¢ ¢ A. The vector k en-
codes the dimensions of the spaces

(318) Kz=) Kag
Acb

the operators B, have the block form:
(319) Bu(K3) C Kgiz,

The norms ||B,||? are estimated with the help of the quantities

(320) Sagm=Tri, ., (Z BB+ M;)
a C

12. Conclusions and future directions

In this paper we introduced several moduli spaces: I+, ML, M* of matri-
ces solving quadratic equations modulo symmetries. These moduli spaces
generalize the Gieseker-Nakajima partial compactification M of the ADHM
moduli space of U(n) instantons on R*. We gave some motivations for these
constructions and proved the compactness theorem which we shall use in
the next papers to establish useful identities on the correlation functions of
supersymmetric gauge theories in four dimensions.

In this concluding section we would like to make a few remarks.

First of all, one can motivate the crossed instanton construction by start-
ing the with the ordinary ADHM construction and adding the co-fields |7, 8]
which mirror the embedding of the A' = 2 super-Yang-Mills vector multiplet
into the N' = 4 super-Yang-Mills vector multiplet [37].

Secondly, we would like to find the crossed instanton analogue of the
stable envelopes of [21].

Third, it would be nice to generalize the spiked instanton construction
to allow more general orbifold groups I' C SU(4), and more general (La-
grangian?) subvarieties in C*/T.

Now, to the serious drawbacks of our constructions. The purpose of the
ADHM construction, after all, is the construction of the solutions to the
instanton equations

Fi=0
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We didn’t find the analogue of the ADHM construction for the spiked in-
stantons. Conjecturally, the matrices [B,I,J] solving the Eqs. (56) are in
one-to-one correspondence with the finite action solutions to Eqgs. (41).

Finally, we have proposed a definition of quiver crossed instantons, which
are defined for quivers more general then the products of ADE Dynkin dia-
grams. It would be interesting to find the precise restrictions on these quivers
compatible with the compactness theorem.

In the forthcoming papers the compactness theorem will be used to derive
the main statements of the theory of gg-characters [30]. While this paper was
in preparation, the algebraic counterpart of our compactness theorem was
studied in [19]. Various consequences of the compactness theorem will be
studied in [29]. Some of them have already been observed in |1, 2, 11, 26, 31,
32|.
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