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Perversely categorified Lagrangian
correspondences

LiINO AMORIM AND OREN BEN-BASSAT

In this article, we construct a 2-category of Lagrangians in a fixed
shifted symplectic derived stack S. The objects and morphisms are
all given by Lagrangians living on various fiber products. A special
case of this gives a 2-category of n-shifted symplectic derived stacks
Symp”. This is a 2-category version of Weinstein’s symplectic cat-
egory in the setting of derived symplectic geometry. We introduce
another 2-category Symp®” of O-shifted symplectic derived stacks
where the objects and morphisms in Symp® are enhanced with ori-
entation data. Using this, we define a partially linearized 2-category
LSymp. Joyce and his collaborators defined a certain perverse sheaf
on any oriented (—1)-shifted symplectic derived stack. In LSymp,
the 2-morphisms in Symp®" are replaced by the hypercohomology of
the perverse sheaf assigned to the (—1)-shifted symplectic derived
Lagrangian intersections. To define the compositions in LSymp we
use a conjecture by Joyce, that Lagrangians in (—1)-shifted sym-
plectic stacks define canonical elements in the hypercohomology
of the perverse sheaf over the Lagrangian. We refine and expand
his conjecture and use it to construct LSymp and a 2-functor from
Symp®" to LSymp. We prove Joyce’s conjecture in the most general
local model. Finally, we define a 2-category of d-oriented derived
stacks and fillings. Taking mapping stacks into a n-shifted sym-

plectic stack defines a 2-functor from this category to Symp™ <.
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1. Introduction

Since the early stages of the development of Symplectic Geometry it was
clear the important role played by Lagrangian correspondences as natural
generalizations of symplectomorphisms. Weinstein [33] considered a sym-
plectic “category” where the set of morphisms between two symplectic man-
ifolds My and M is the set of Lagrangian correspondences, that is subman-
ifolds of the product M, x M;. Composition in this category should be de-
fined as a fiber product, given Lagrangian correspondences L1 — M, x M;
and Ly — M| x Ms, one considers the composition

L1 X M, LQ-)MO_ XMQ.

If this fiber product is transversal then this is again a Lagrangian correspon-
dence. Since we cannot guarantee transversality in general one is forced to
work with “categories” where the composition is only partially defined or to
consider strings of correspondences as is done by Wehrheim and Woodward
[32]. One then expects that symplectic invariants of symplectic manifolds
can be made functorial with respect to Lagrangian correspondences. We-
instein’s constructions were related to quantization where one associates
to each symplectic manifold a linear space and to each Lagrangian a linear
map. More recently Wehrheim and Woodward carried such a construction in
the context of Floer theory (under some technical restrictions) [32]. Namely,
they associated to each symplectic manifold its Donaldson—Fukaya category
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and to each Lagrangian correspondence a functor between those categories.
The Donaldson—Fukaya category is a category whose objects are Lagrangian
submanifolds and morphism spaces are the Floer cohomology groups. More-
over, they showed that this data can be assembled into a (weak) 2-category,
which they called the Weinstein—Floer 2-category.

In this paper we explore similar ideas in the context of derived sym-
plectic geometry recently introduced by Pantev, Toén, Vaquié and Vezzosi
in [25]. It turns out that all the basic constructions involving Lagrangian
correspondences have direct analogues in the derived world, with the advan-
tage that all fiber products (in the homotopy sense) exist and so we don’t
have to worry with transversality conditions. However there are two new
phenomena in the derived setting:

1) The intersection of two derived Lagrangians in a m-shifted symplec-
tic derived stack (or schemes) is naturally a (n — 1)-shifted symplectic
derived stack. This allows us to consider iterated Lagrangian corre-
spondences.

2) Each (oriented) (—1)-shifted symplectic derived stack carries a natural
perverse sheaf. Its hypercohomology will replace Floer cohomology in
our context.

The first phenomenon is the starting point of our first main result. Since
the (derived) intersection X NY of two n-shifted Lagrangians is (n — 1)-
shifted symplectic, one can think of Lagrangians in X NY as “relative”
Lagrangian correspondences between X and Y. It should be possible to it-
erate this construction and so define a symplectic k-category for each k.
More precisely since derived stacks form an oo-category one expects that
there will be an (oo, k)-category of “relative” Lagrangian correspondences.
This was already proposed by Calaque in [8] and is subject of ongoing work
by Haugseng [26, 27] , Li-Bland [18], and others. Schreiber has written ex-
tensively on higher Lagrangian correspondences and their quantization in
Sections 1.2.10, 3.9.14, and 6 of [29]. In this paper, we only consider the
case of k = 2 and work with weak 2-categories (also known as bicategories),
as this is all we need for our main goal of constructing an analogue, in de-
rived algebraic geometry of the Weinstein—Floer 2-category. We prove the
following

Theorem 1.1. Let S be an n-shifted symplectic derived stack. There is
a weak 2-category Lag(S) whose objects are (derived) Lagrangians in S, 1-
morphisms are “relative” Lagrangian correspondences and 2-morphisms are
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“relative” Lagrangian correspondences between “relative” Lagrangian corre-
spondences.

As observed by Calaque [8], the point is a (n + 1)-shifted symplectic
derived stack e,,; and a Lagrangian in e,;; is the same as a n-shifted
symplectic derived stack. Therefore as a corollary of the above we obtain a
2-category

Symp" = Lag(e,41),

with objects n-shifted derived symplectic stacks. Additionally, we show that
this 2-category is symmetric monoidal as defined in [28].

These categories are highly non-linear and so not very manageable, our
goal is to construct a linear version of the category Symp”, in the case of
n = 0. As a by-product we will also obtain a linearization of Lag(S) when S
is a 1-shifted symplectic derived stack. In order to do this, one first needs to
chose some extra data on the Lagrangians, which goes by the general name of
orientation data. This is closely related to Kontsevich—Soibelman orientation
data [17]. Our version is partially inspired by the notion of relatively spin
Lagrangian from Lagrangian Floer theory introduced in [11]. We describe in
Theorem 5.12 a symmetric monoidal weak 2-category

Symp¢”,

whose objects are 0-shifted symplectic derived stacks equipped with line bun-
dles, 1-morphisms are oriented 0-shifted Lagrangians correspondences and
2-morphisms are proper, oriented (—1)-shifted “relative” Lagrangian corre-
spondences. Also, there is a 2-functor of symmetric monoidal 2-categories
Symp?” — Symp” which forgets the orientation data.

Our second main result is a linearization of Symp?". This is related to
the second phenomenon mentioned above and can be thought as part of the
programme by Joyce and his collaborators [3, 4, 6, 13, 14], on the categorifi-
cation of Donaldson—Thomas invariants. One of the outcomes of this theory
is that a (—1)-shifted symplectic derived stack X, together with some orien-
tation data, carries a natural perverse sheaf Px. The idea of such perverse
sheaf was due to Behrend who suggested it as a sort of categorification of the
Behrend function, a function used to present Donaldson—Thomas invariants
as a weighted Euler characteristic on the moduli space of sheaves [7]. For
example in the case X is the moduli space of coherent sheaves on a Calabi—
Yau 3-fold, the Euler characteristic of the hypercohomology of Px is the
Donaldson—Thomas invariant of the 3-fold. In our setting we will be inter-
ested in the perverse sheaf in the intersection of two 0-shifted Lagrangians,
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which is (—1)-shifted symplectic as proved in [25]. In fact, the intersection of
any two Lagrangians carries such a perverse sheaf, even in the holomorphic
case as proved by Bussi in [5].

Joyce conjectured that Lagrangians in a (—1)-shifted symplectic derived
stack define sections of the sheaf Px. We reformulate this conjecture as a sort
of “quantization” of (—1)-shifted symplectic derived stacks. In other words,
a (—1)-shifted Lagrangian correspondence ¢ : M — X; x X7, together with
some orientation data, determines a map

par oo Px, [vdim M| — qb!lPXl,

in the derived category of constructible sheaves of M. We formulate a more

detailed version of this in Conjecture 5.22, namely we describe the behavior

of p under composition of Lagrangian correspondences. We also give the

local construction of the map ups in the case of derived schemes.
Assuming this conjecture we prove the following

Theorem 1.2. There exists a symmetric monoidal weak 2-category LSymp,
whose objects are 0-shifted symplectic derived stacks with line bundles, 1-
morphisms are oriented Lagrangian correspondences and the space of 2-
morphisms between X and Y is the hypercohomology

H* (Pxny [~ vdim X]),

where vdim X is the virtual dimension of X.
Moreover there is a 2-functor of symmetric monoidal 2-categories
Symp?” — LSymp.

Given two classical smooth algebraic Lagrangians (of complex dimension
n) in a smooth algebraic symplectic variety, these are examples of 0-shifted
Lagrangians, therefore their (derived) intersection X NY is (—1)-shifted
symplectic. If this intersection is clean one can show that the hypercoho-
mology H®(Pxny[— vdim X]) is isomorphic to the Floer cohomology of the
pair X, Y. In fact, this should hold in general and therefore we expect that a
version of the Weinstein—Floer 2-category for holomorphic symplectic man-
ifolds embeds in LSymp.

The method used to construct LSymp in fact applies to any 1-shifted
symplectic derived stack, not just to the point. Concretely let S be a 1-
shifted symplectic derived stack, in Theorem 6.13 we construct a 2-category
Lag?"(S) whose objects are Lagrangians in S equipped with line bundles.
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There is also a 2-functor
Lage"(S) — Lag(9),

that forgets the orientation data. Then assuming Conjecture 5.22, the above
construction gives the following

Theorem 1.3. For each 1-shifted symplectic derived stack S there is a
weak 2-category LLag(S) whose objects are Lagrangians in S equipped with
line bundles. The 1-morphisms are “relative” oriented Lagrangian correspon-
dences and the space of 2-morphisms between X and 'Y is the hypercohomol-
ogy H*(Pxny[— vdim X]). Also there is a 2-functor Lagl" (S) — LLag(.S).

It would be interesting to understand the information encoded by this
2-category for some specific examples of S, such as the loop space of the
classifying stack BG of a reductive smooth group scheme G; or the moduli
stack of perfect complexes in an elliptic curve.

The Rozansky—Witten topological sigma-model [15] predicts the exis-
tence of 2-category associated to each holomorphic symplectic manifold S
(in our context this is a 0-shifted symplectic derived scheme), with objects
holomorphic Lagrangians in S. The above theorem provides (at least for-
mally) an analogous 2-category in the 1-shifted case.

One of the main sources of examples of shifted symplectic derived stacks
is the following construction. Let S be a n-shifted symplectic derived Artin
stack and let X be a O-compact derived stack equipped with an O-orientation
of dimension d, as defined in [25]. Rather informally this can be thought of
as a volume form (of degree d) that allows us to “integrate functions” on X.
Then the mapping stack Map(X, S) inherits an (n — d)-shifted symplectic
structure by a theorem of [25].

There is also a relative version of Q-orientation that we call fillings (or
relative O-orientations) of an O-oriented derived stack (X, [X]). Heuristi-
cally, these are objects whose boundary is X. They were introduced by
Calaque in [8] that also proved that the mapping stack takes relative orien-
tations to Lagrangians.

We elaborate on this constructions and show that there is a weak 2-
category Fill(X) whose objects are fillings of (X,[X]). Moreover we show
that there is a 2-functor

My : Fillc(X) — Lag (Map(X, S)),

where Fillc(X) is an appropriate subcategory of Fill(X), dependent on S.
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As a particular case when X is the empty set thought of as a (d — 1)-
dimensional O-oriented, derived stack then the bicategory Org := Fill((l4_1)
is a symmetric monoidal weak 2-category of O-compact derived stacks with
O-orientations of dimension d. We then have a symmetric monoidal 2-functor

Mg : Ord — Symp
determined by a n-shifted symplectic derived Artin stack S.

Finally one can check that, similarly to [8], the Betti stack construction
gives a 2-functor from the 2-category CobJ" of cobordisms of d-dimensional
manifolds, defined in [28], to Oré. Therefore composing with Mg one obtains
a symmetric monoidal 2-functor

Zg: Coby — Symp" .

Thus providing examples of extended Topological Filed Theories (TFT) with
values in our symplectic 2-category. Just as the shifted symplectic geometry
of [25] can be thought of as a mathematically rigorous framework for under-
standing the AKSZ formalism [1], we hope this article will be used towards
the understanding of classical BV theory (including boundaries) as in the
article [10].

The above constructions, in the case that n = d, give rise to the following
(in our opinion) very interesting question. Consider the following diagram
of 2-categories

? ——— Symp?" —— LSymp

L]

Or% _Ms, Symp®

Is there a natural 2-category that completes the above diagram? This should
amount to finding, for each specific S, some geometric structure on O-
oriented (or relatively oriented) derived stacks that naturally induces orien-
tations on the symplectic (or Lagrangian) derived stack Map(—, S). There
is work, related to this question, in the case of the moduli of coherent sheaves
by Cao-Leung [9] and Hua [12]. We leave this problem for future work.
This paper is organized in the following way. In Section 2 we review
some basics of shifted symplectic geometry and provide various construc-
tions of symplectic and Lagrangian structures on derived intersections of
Lagrangians. In Section 3 we define and study equivalences between shifted
symplectic and Lagrangian derived stacks. In Section 4 we construct the
2-category Lag(S), using the results from the previous two sections. In
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Section 5 we study orientation data, define Symp®" and formulate Conjec-
ture 5.22. In Section 6 we construct LSymp and LLag(S) assuming Conjec-
ture 5.22. Finally, in Section 7 we construct the 2-category of fillings Fill(X)
and construct the 2-functors Mg and Zg.

2. Derived Lagrangian intersections
2.1. Review of shifted symplectic geometry

We will review some of the basics of shifted symplectic geometry following
the work of Pantev, Toén, Vaquié and Vezzosi [25]. We start by establish-
ing some notation and conventions. We work relative to a fixed field k£ of
characteristic zero which we suppress from the notation with it being under-
stood that everything is relative to this field. We often suppress pullbacks
of (relative) tangent or cotangent complexes in order to simplify notation.
Also, since all of our fiber products are homotopy fiber products, we denote
them simply in the form X xz Y without any special emphasis on the fact
that these are homotopy fiber products. The same goes for other derived
functors.

We assume that all the derived Artin stacks are locally of finite presenta-
tion. In particular given such a derived Artin stack F', its cotangent complex
L is dualizable and hence we define its tangent complex Tp := LY.. We call
a morphism of derived Artin stacks f: X — Y formally étale if the rela-
tive cotangent complex L, vanishes. All the morphisms in this article are
assumed to be homotopically finitely presentable and so we do not distin-
guish between formally étale morphisms and étale morphisms.

Let F be a derived stack. In [25], the authors define a space AP(F,n) of
n-shifted p-forms on F' and a space of n-shifted closed p-forms AP“'(F,n). In
order to define these one first considers the affine case. For a commutative
(non-positively graded) dg-algebra A one defines the simplicial sets

AP(A;n) = |[(A"Laln], d)],

AP (A ) = | [ [[APLal—i+n),d+dR ||,
i>0

where d is the differential induced by the differential in L4, dR is the
de Rham differential and | — | is the realization functor. These define oco-
functors on the oo-category of commutative dg-algebras that satisfies étale
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descent, which can be then extended to two oco-functors
AP(—,n), AP (= n):dSt? — S,

where dSt and S are the co-categories of derived stacks and simplicial sets.
The projection to the first component [];50 AP*'La[—i +n] — APLa[n]
then induces a morphism

APL(F ) —s AP(F,n).

Given a closed p-form w we call its image under this map the underlying
p-form and denote it by w’. We would like to recall from [25], that if F' is a
derived Artin stack we have the following description of the space of p-forms,
as the mapping space

AP(F,n) = Mapy,,,.,(r)(Op, N’Lp[n])
where Lgeon(F') is the co-category of quasi-coherent sheaves on F.

Definition 2.1. Let S be a derived Artin stack. An element w € A%“(S,n)
is called an n-shifted symplectic form if the underlying 2-form w° is non-
degenerate. Non-degeneracy is the condition that the map induced by w®:

@w : TS — Ls[n]

is a quasi-isomorphism. We will denote by Symp(S,n) the space of all sym-
plectic forms in S. We will call a pair (S,w) a n-symplectic derived stack.

Example 2.2. A smooth symplectic scheme is an example of a 0-symplectic
derived stack. The point Spec(k) admits an unique n-shifted symplectic form,
for every n. We will denote this n-symplectic stack simply by e,,.

Suppose that (S,w) is an n-symplectic derived stack and consider a
morphism of derived Artin stacks f: X — S. An isotropic structure on f
is an element h € Py f-,(A>?(X,n)), that is a path in A>(X, n) from 0 to
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f*w. This determines homotopy commutativity data for the diagram

(2.1) Tx

|

f*TS' 0
f*@wl 7

f*LS[n] E— LX [n]

Recall that we have an exact sequence L¢[n — 1] — f*Lg[n] — Lx|[n],
therefore h induces a map

@h Ty — Lf[n — 1].
We say h is non-degenerate, if this map is a quasi-isomorphism.

Definition 2.3. Let (S,w) be a n-symplectic derived stack. A Lagrangian
structure on a morphism f : X — S is a non-degenerate isotropic structure
h. We denote by Lag(f,w) the set of Lagrangian structures on f. A La-
grangian in (S,w) is a pair (f, h) consisting of a morphism f: X — S and
an element h € Lag(f,w). The collection of Lagrangians in (S,w) will be
written Lag(S,w).

A simple, but conceptually important observation from [8] is the follow-
ing description of Lagrangians in a point.

Example 2.4. Let o, 1 be the point equipped with the canonical (n 4 1)-
shifted symplectic structure, let X be a derived Artin stack and let X ——
e, 1 denote the canonical morphism of derived Artin stacks. A Lagrangian
structure on  is equivalent to a n-shifted form on X . To see this note that, by
definition, an isotropic structure h on 7 is a loop (based at 0) in A (X, n +
1), thus h determines a class in 7 (A>?(X,n +1)) ~ mo(A>?(X,n)). De-
note by w this closed 2-form. It follows easily from the isomorphism Lx ~ L
that non-degeneracy of h implies non-degeneracy of w. Hence w is a n-shifted
symplectic structure on X.

We end this subsection with the definition of the product and the oppo-
site for n-symplectic derived stacks. It is straightforward to check that they
are indeed n-symplectic derived stacks.
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Definition 2.5. The product of n-symplectic derived stacks (Sp,wp) and
(S1,w1) is given by (Sp x S1,wp Bwi 1= pjwo + pjwi) where pg,p1 are the
standard projections.

If (S,w) is a n-symplectic derived stack we define its opposite as the
n-symplectic stack (S, —w). Often we will denote (S,w) simply by S, in that
case we use the notation S~ for its opposite.

2.2. New Lagrangians out of old

In this subsection we will give several constructions of symplectic and La-
grangian structures obtained by considering various derived intersections of
Lagrangians. The first construction of this type that serves as inspiration
can be found in [25, Theorem 2.9]. Calaque in [8] proved that the classi-
cal result about composing Lagrangian correspondences holds in the shifted
setting.

Here we will show that all these constructions and a few new ones follow
from one basic result, Proposition 2.8, and two canonical Lagrangians: the
diagonal and the triple intersection of Lagrangians [2]. We start with an
elementary proposition.

Proposition 2.6. Let (Sp,wp) be an n-symplectic derived stack and f :
X — Sy be a map of derived stacks. There is a canonical bijection

£(Ig(f, WO) — ‘Cag(fv _WO)‘

Moreover given another n-symplectic derived stack (S1,w1) and a map
g:Y — Sy there is a canonical map

Lag(f,wo) x Lag(g,w1) — Lag(f X g,wo Bwy).

Next we show that, like in classical symplectic geometry, the diagonal
map is Lagrangian.

Proposition 2.7. Let (S,w) be an n-symplectic derived stack. Then the
diagonal morphism

A:S— S x8

has a canonical Lagrangian structure.

Proof. Denote by pg and p; the two natural projections S~ x .S — S. By
definition of A, pg o A and p; o A are homotopic to idg, therefore we have
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a natural path [ from (pg o A)*w to (p; o A)*w in A>(S,n). Translating
by (po o A)*w we obtain a path from 0 to —(pg o A)*w + (p1 0 A)*w which
we denote by h. Next we compute

A (—wo Buwr) = A%(py(—w) +pi(w)) = —=(po 0 A)'w + (p1 0 A)'w

and conclude that h is an isotropic structure on A.
Next we check non-degeneracy of h. First note that pg o A = idg gives
the exact triangle

A*]LPO — Lig — LA —.

This implies La[—1] >~ A*L,,, since L;q = 0. Therefore
La[-1] ~ A™L,, ~ A*piLg ~ Lg,

since p1 o A =idg and L,, ~ pjLg. Hence we obtain the following quasi-
isomorphism

ew
Ts ~ Lg[n] ~Laln — 1],
which we can easily see it is induced by h. (|

From now on we will call a Lagrangian f : X — §; x S, a Lagrangian
correspondence from Sy to S7.

The following proposition generalizes to the shifted setting a result in
classical symplectic geometry: (under appropriate transversality assump-
tions) a Lagrangian correspondence induces a map from the set of La-
grangians in one factor to the other. This result follows from Theorem 4.4
in [8], but we prove it here for the sake of completeness.

Proposition 2.8. Let (Sp,wo) and (S1,w1) be n-symplectic derived stacks,
let

f:f()Xfl:X—)SO_XSl

be a Lagrangian correspondence and let g : N — Sy be a morphism of de-
rived stacks. There is a map

Lag(g,wo) — Lag(cs(g),w1)

where Cf(g) = f1 oOTx : N X 4,50, /o X — 51.
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Proof. Let h be the Lagrangian structure in f, that is a path from 0 to

f*(=powo + piwi) = —(po o f)*wo + (p1 0 f) w1 = —fowo + fiwi.

As before, up to translations this is equivalent to a path from fjwo to f{wi
(which we will still denote by h). Consider the following (homotopy) com-
mutative diagram

N xg X 25X

b

N—2 5,

It gives us a path [ from 73,g"wo to 7% fiwo. Let e be a Lagrangian structure
on g. We define a path H to be the concatenation 7yec el e 3 h. This is a
path from 0 to 7% f{w1, in other words an isotropic structure on cy(g).

We now need to check non-degeneracy of H. First observe that the map
cf(g) is homotopic to the following composition

NXSOXM)SOXSO(SQXSl)gSOXS1i>Sl.

This gives the exact triangle
(g %50 f) Lp — L, () — Lig,p) —
which can be rewritten as
(fo o WX)*LSO — ]ch(g) — Lg H ]Lf —,

since L, ~ pgLs, and L, sy ~ L, B L;. Rotating and shifting, we get the
exact triangle

(2.2) Les9) [n —1] — Lg[n — 1]BLf[n — 1] — (fo o mx)"Lg, [n].

Next we recall that, since e and h are Lagrangian structures we have the
commutative squares

Ty ———¢'Ts,

@{ Jg*@ho

Lyln —1] —— g"Ls, [n]
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and

Tx — f*(Tg, B Ts,)

9{ Je_womeml

]Lf[n — 1] —_— f*(]LSO H Lgl)[n]

We can pull back both diagrams to N xg, X and assemble them into the
following homotopy commutative square

TyBTx ———— (foonx) Ts,

@eaaehi Jewo

(Lg BLy)[n — 1] —— (fo o mx)"Ls, [n]

and hence we get the commutative diagram

TN x s, X Ty BTy (foomx) Ts,

On 0.H0, Ouyg

~

ch(g)[n — 1] —>Lg[n — 1] EE]Lf[n — 1] - (fO o WX)*]LSO[n],

The top row is exact by general properties of homotopy fiber products and
the bottom row is exact by (2.2). Therefore we conclude that O is a quasi-
isomorphism, since O., O and O,,, are quasi-isomorphisms. This completes
the proof that H is a Lagrangian structure on c¢(g). O

Definition 2.9. Let (Sp,wo) and (S1,w;) be n-symplectic derived stacks
and let f = fo x f1 : X — §; x 51 be a Lagrangian correspondence. Given
g: N — Sp a map of derived stacks, we define the map

Cy: Lag(g,wy) — Eag(Cf(g)Ml)

given by Proposition 2.8, where cf(g) = fionx : N Xg45, 5 X — S1.

We will sometimes use the notation Cx instead of Cy. Also when the
map g and a particular Lagrangian structure h are fixed we write C'x(N)
for the Lagrangian Cf(h) on the map c¢(g).
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We will now use the map Cy (for several different Lagrangian structures
f) to give several constructions of new Lagrangians out of old ones, which
we will later use. The first one was already proved in [25, Theorem 2.9].

Corollary 2.10. Let (S,w) be a n-symplectic derived stack and let f :
X — Sandg:Y — S be maps of derived stacks. There is a map

Lag(f,w) x Lag(g,w) — Symp(X xgY,n —1)
Proof. 1t follows from Proposition 2.6 that there is a mapping
(2.3) Lag(f,w) x Lag(g,w) — Lag(f x g, —w Bw).

Proposition 2.7 determines a Lagrangian structure on the diagonal morphism
A : S — S7 x S which can be interpreted as a Lagrangian structure on the
map A: S — (57 x S)” x e,. Now by Proposition 2.8 we get a map

Ca: Lag(f x g,—wBw) — Lag(cal(f x g), on).

where ca(f x g) is the canonical map (X xY) Xfyg9x5A S — o,. Now
recall from Example 2.4, that a Lagrangian structure in the canonical map
to the point is equivalent to a (n — 1)-shifted symplectic structure on the
domain. Therefore composing the above two maps we obtain a map

Lag(f,w) x Lag(g,w) — Symp((X X Y) Xfxg.5x5A S,n—1),

which is the required map once we note that (X XY) Xjfyggxga S =
X XS Y. OJ

Remark 2.11. Given Lagrangian structures hy on f: X — S and hy on
g:Y — S, the symplectic form which is produced from Corollary 2.10 in
A% (X xgY,n —1) can be thought of as the loop at 0 given by the con-
catenation

(2.4) T ffw————myg*w
W;}\ /”/;hg
0

in A% (X xgY,n) where the top path is induced by the homotopy between
gomy and f omx. A Lagrangian structure on a morphism ¢ : N — X xgY
is then a homotopy between the constant loop at 0 in A*“(N,n) to the
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pullback of (2.4) by ¢ which is a loop at 0 in A% (N, n). This is equivalent
to, in the path space Po(A>(N,n)), to a path from ¢*7ihy to ¢*m5-hy:

¢*nxhy —— ¢ 3 hy

satisfying the following: when we evaluate at the endpoint we obtain the
path in A%¢(N) from 7% f*w to 7% g*w that is homotopic to the natural
path induced by gony = fomyx.

Remark 2.12. In the case that S is the point e, the map (2.3) takes the
pair (X,Y) of (n — 1)-shifted symplectic stacks to X~ x Y. Since in this
case we do not write anything below the product symbol, it should not cause
confusion that X x, Y = X~ x Y as shifted symplectic derived stacks.

In the next corollary we recover the result about composition of La-
grangian correspondences proved in [8, Theorem 4.4].

Corollary 2.13. Let (S;,w;) be n-symplectic derived stacks for i =0,1,2
and let f: X — Sg x S1 and g: Y — S1 X Sy be maps of derived stacks.
There is a map

[’ag(fﬂ —Wo EE'OUl) X ‘Ca’g(g7_w1 EHWQ) — ‘Cag(f XSI g, —wo HﬂwZ)v

where f xg, g: X Xg, Y — Sy x Sa. When Sy, S1, 52, f and g are clear, we
write this map as (X,Y)—Y ¢ X.

Proof. According to Proposition 2.7 the morphism
A5y x 51 xS — So xS x 51 x8; xS xS

has a canonical Lagrangian structure. Using Proposition 2.8 and arguing as
in the proof of Corollary 2.10 we construct the map

Ca : Lag(f, —wo Bwi) x Lag(g, —w1 Bwa) — Lag(ca(f x g), —wo Hwa),
where

ea(f x9) 1 (X XY) Xg,x8 x5 x5, S0 X S1 X Sg — Sg x Sy
is the natural map induced by f x g. To complete the proof simply note that

(X XY) Xg,x8, x5, x5, (S0 X S1 x S3) = Xg xg, Xi.
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Our next goal is to prove a relative version of the previous corollary.
In order to do that we need to use a theorem from [2]. We give a slightly
different proof here in order to match the spirit of the current article.

Theorem 2.14. Let (S,w) be a n-symplectic derived stack and let f;:
X; — S be Lagrangians, for i =0,1,2. Denote by X;; = (X; x5 Xj,wij)
the (n — 1)-symplectic derived stacks constructed in Corollary 2.10. Then
the natural morphism

(p:Z:XO XSXl XSX2 —)X()l X X192 XX20
has a canonical Lagrangian structure.
Proof. The construction of a natural isotropic structure on the morphism ¢
can be found in [2] or in Proposition 3.9. We denote this isotropic structure
by H and show it is non-degenerate as follows. Using the canonical equiva-
lence Z = Xy xx, X12, we let m: Z — X be the natural projection and
get an exact triangle
T, — TX(H H TX12 — W*Txl —
If we denote by ¢ the composition
Z 25 Xo1 x X12 X Xa9 2% Xao,

where mog is the obvious projection, we obtain the exact triangle

¢"L

— Ly, — L, —.

20

Next we observe that as the following square is Cartesian

X[) Xle XSX2L>XO XsXQ

d |

X4 i S

we have that L, = 7*Ly, . Also Lr,, = Ly, BHLy,,. Putting everything to-
gether we get the exact triangle

LX(Jl EEHLX12 — W*Lfl — ]L@ —
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or equivalently, the exact triangle
Lw[—l] — LXM EE‘ILX12 — W*Lfl — .

Now consider the following diagram

(2.5) Ty Ty, BTy, Ty,

on Oy BOLy, O,

~

Loln—2 — Ly, [n— 1] BLx,[n— 1] ——— > w*Ly, [n — 1],

where h; is the Lagrangian structure in fq. It follows from the construction
of w;j that both squares commute. Moreover the above discussion shows that
both rows are exact. Therefore we conclude that O is a quasi-isomorphism
since the other two vertical arrows in the diagram are also quasi-isomorphism.
One can see from the definition of H in Proposition 3.9 and a bit of diagram
chasing that the left vertical map is in fact ©y. O

As a corollary of this theorem we obtain a “relative” version of Corol-
lary 2.13 that will later be used to define the composition of 1-morphisms
(and vertical composition of 2-morphisms) in the 2-category we construct in
Section 4.

Corollary 2.15. Let (S,w) be a n-symplectic derived stack and f; : X; —
S be Lagrangians, for i =0,1,2. Denote by X;; = (X; x5 Xj,w;;) the (n —

1)-symplectic derived stack constructed in Corollary 2.10. Given morphisms
¢: N1 — Xo1 and v : Ny — X129, there is a map

Lag(¢,wo1) x Lag(,wi2) — Lag((¢, 1), woz)
where (¢,1) : N1 xx, No — Xo2 is the morphism induced by ¢ and 1.
Proof. Theorem 2.14 defines a Lagrangian structure on the morphism
0 Xo xs X1 x5 Xa — (Xo1 x X12)~ x Xoo.

Now we apply Proposition 2.8 to this Lagrangian structure and, as before,
obtain a map

Cy : Lag(p,wor) x Lag(y,wi2) — Lag(cy(P x ), woz)
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where
Co(d x )+ (N1 X N2) X x5, xx,, (Xo X5 X1 X5 X2) — Xog,

is the natural map induced by ¢ x 1. To complete the proof note that we
have the following equivalences of derived stacks

(N1 % Na) X x4, %X, (Xo xs X1 X5 X2)
= (N1 X N2) X(x,xsX,)x(Xy x5 X5) (Xo X5 X1 x5 X2)
= (N X No) xx,xx, X1
= Ny xx, No,

where we have used the universal property of homotopy fiber products. [J

Remark 2.16. As we saw in Remark 2.11, the isotropic structure hy, can
be interpreted as a path between ¢fhg and ¢ihy in Po(A>!(Ny)). Under this
interpretation, one can easily check that the isotropic structure constructed
above is given by the following concatenation
T P5ho —5— Ty —— YT hy —— T hy
T vy o Ny

Where the middle path is induced by the homotopy commutativity of the
following diagram:

(26) N1><X1N2
/ K
Ny N
VNN
XO X4 Xo

We need one more map between sets of Lagrangian structures, which
will be used later to define the horizontal composition in the 2-category
to be defined in Section 4. For this we need the appropriate Lagrangian
correspondence. The next proposition will provide such a correspondence
and also be useful to describe symplectomorphisms (which will be introduced
in Section 3).

Proposition 2.17. Let (S,w) be an n-symplectic derived stack and let
f: X — 5 and g:Y — S be Lagrangians, with isotropic structures hy
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and hgy. Consider a morphism of derived stacks A: W — X xgY and de-
note by u and v the compositions of A with the projections to X and Y,
respectively. Assume we are given a homotopy H between the paths u*hy and
v*hg, which when evaluating at one endpoint gives a path between u* f*w and
v*g*w homotopic to the path induced by fou = gow.

If uw and v are étale then H induces a Lagrangian structure on A with
respect to the symplectic structure on X xg 'Y constructed in Corollary 2.10.
On the other hand, if A has a Lagrangian structure then w is étale if and
only if v is étale.

Proof. Consider the (homotopy) commutative diagram

(2.7) W

x—1 s

Pulling back w and the Lagrangian structures along the maps in this diagram
gives rise to the following picture in A%< (W, n)

(2.8) 0
uthsY \
‘y*f*w > v*g*w
Armihy
Ay frw Aty gtw

The commutativity of the diagram (2.7) determines a 2-simplex that fills
the base of the diagram, i.e. it interpolates between the four ways of pulling
back w. By definition, the boundary of the front triangle is the pullback by A
of the loop that defines the (n — 1)-shifted symplectic structure on X xg Y.
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By assumption, H determines a 2-simplex that fills the back triangle. All
of the other faces of the pyramid are filled in by homotopies induced by
the commutativity of the two triangles in the diagram in Equation 2.7.
Therefore, the front triangle bounds a 2-simplex A%< (W,n). This defines
an isotropic structure ha on the morphism A.

In order to check the non-degeneracy of

Oa : Ty — La[n — 2]
notice that mx o A is homotopic to u which gives the exact triangle
ALy, — L, — LA —
Now, because u is étale, L, = 0 and so we get isomorphisms
La[-1] ~ A*L,, ~ A*nyLg >~ v*L,

where the middle isomorphism follows from the fact that the square in (2.7)
is Cartesian. By definition we have the exact triangle

T, — Ty — v*Ty — .

which implies that Ty ~ v*Ty, since v is étale. Putting together these equiv-
alences, we obtain

(2.9) La[n — 2] ~ v*Lg[n — 1] L v*Ty ~ Ty.

where O is an equivalence because g has a Lagrangian structure. One can see
by diagram chasing that this chain of equivalences is precisely © . Tracing
back the argument, if we start by assuming that A is Lagrangian and w is
étale then (2.9) gives an equivalence v*Ty ~ Ty and so v is étale. |

Remark 2.18. The reader may have wondered why u*©; and v*©, were
not both used in the proof, but because we are assuming the existence of
H, they do not really define different maps.

As a simple corollary of Proposition 2.17 we have
Corollary 2.19. Let (S,w) be a n-symplectic derived stack and f : X — S

a Lagrangian in S. Then the diagonal Ax : X — X xg X has a Lagrangian
structure where X xg X has the symplectic structure from Corollary 2.10.
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Proof. We take X =Y and A to be the diagonal and u and v the iden-
tity morphisms in Proposition 2.17. This gives an obvious choice for the
(constant) homotopy H. O

Proposition 2.20. Let (S,w) be a n-symplectic derived stack and Xo, X1
and X9 be Lagrangians in S. Consider the (n — 1)-symplectic derived stacks
X01 = X() Xs Xl, X12 = X1 Xg XQ, and X(]2 = X() Xg X2 determined by
Corollary 2.10 and let My and My be Lagrangians in Xo1 and Ny and
N1 be Lagrangians in Xio. Corollary 2.15 defines two mew Lagrangians
P() :MO X X, NO —)XOQ andP1 :Ml XX, N1 —)XOQ.

Given morphisms o : U — My x x,, M1 and : V — Ng X x,, N1 there
1S a map

Lag (o, wir,, ) x Lag(B,wn,,) — Lag(a xx, B,wp,, ),

where wpr,, ,WN,, and wp,, are the (n — 2)-shifted symplectic structures on
Moy x x,, M1, No Xx,, N1 and Py Xx,, Pi, respectively, determined by Corol-
lary 2.10 and o X x, B is the induced map

OéXXlﬁiUXle—>P0 XX02P1.

Proof. The proof is analogous to previous ones, first we claim that the nat-
ural map

® - PO X XoxsX1xs5Xz P1 — (MO X X Ml) X (NO X X1a Nl) X (Pl X Xoz PO)’

has a Lagrangian structure. To see this note that Corollary 2.13 implies that
My xx, My and Ny xx, Ny are Lagrangians in X; xg X;. Also the diago-
nal A: X; — X; xg X7 has a Lagrangian structure according to Corol-
lary 2.19. Applying Theorem 2.14 to these three Lagrangians we conclude
that the triple intersection:

(210) (MO XXO Ml) XX1><SX1 (NO XXz Nl) XX1><SX1 X1
= (Mo xx, No) X xoxsx, (M1 xx, N1) Xx,xsx, X1
= (MO XXl NO) Xnglexng (M]. XX1 N].)

= Py XxyxsXixsXs P1
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is Lagrangian in the product

(Mo xx, M71) xx,, X1) % (X1 xx,, (No xx, N1))
X ((No xx, N1) xx,, (Mo xx, My))

= (Mo xx,, M1) x (No xx,, N1)
X (M1 xx, XN1) Xx,xsx, (Mo Xx, No))

= (Mo xXx,, M1) x (No xx,, N1) x (P Xx,, Po).

This proves the claim once we establish that the above equivalences preserve
the symplectic structures, that is they are symplectomorphic, in next sec-
tion notation. We omit the details of this. In Lemma 3.11 we will give an
alternative description of this Lagrangian.

Now we apply Proposition 2.8 to this Lagrangian correspondence and
obtain a map

Cy : Lag(a,w, ) X Lag(B,wn,,) — Lag(cy(a X B),wp,, ).

To complete the proof we just need to check that c,(a x 3) = a x x, 3, for
this note:

(2.11) (U X V) X (Myxx, M) x(Noxxy, Ni) (F0 X X35 Xaxsxz P1)
= (U x V)x( (Mo x xg, M1 )X (No X x,, N1)
(Mo xx, No) X xoxsx,xsX, (M1 xx, N1))
~ (UxV) X (Mo xg, My) X (No X x,, N1) (Mo xx,, M1)xx, (Noxx,,N1))
Uxx, V.

112

O

Remark 2.21. We now explain the operation in Proposition 2.20 in a way
that will be helpful later. Consider the following commutative diagram

(2.12) My
AN
Xo U X4
k J Y1
My

determining a map a : U — Mpy;. Recall from Remark 2.11 that a Lagrangian
structure in ¢ is given by an appropriate path hg in Py(A> (Mg, n)). Using
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this interpretation, an isotropic structure on « : U — Mjy; is equivalent to a
filling Hy of the square

a;hMo % L%
(2.13) T L —. 07 )

o=

ajYpho ———=——— oY

athl

in the path space Py(A*(U,n)) satisfying an additional requirement. Eval-
uating at the endpoint Hy; determines a 2-simplex in A%< (U, n) interpolat-
ing between the four ways of pulling-back w to U, we require that this is
homotopic to the 2-simplex induced by the commutativity of (2.12).

If we also consider

(2.14) No
X4 |4 X
\ J{ﬁl
Ny

the isotropic structure on « x x, S constructed in Proposition 2.20 is the
concatenation of the three squares in the diagram

ok o g
Thashag ™ Bs R

(2.15) 7 agesho T p—— R BT hy

7, Hy wy, Hy

Traiiho — o —— mpaiYihy ————my fiRThy ———— m B k3he

x x g
mrarhar oy B hivy

where the filling of the middle square comes from the homotopy given by
pulling hy back to U xx, V in the four different ways from Xj.

3. Symplectomorphisms and Lagrangeomorphisms

In this section we will introduce the notions of equivalence of n-symplectic
derived stacks and Lagrangians, which we will call symplectomorphism and
Lagrangeomorphism respectively. We will then show that the Lagrangians
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constructed in Theorem 2.14 and Proposition 2.20 are unique up to La-
grangeomorphism and the operation defined in Corollary 2.15 is associative
up to Lagrangeomorphism.

Definition 3.1. Let Sy and S; be n-symplectic derived stacks. A symplec-
tomorphism is a pair consisting of an equivalence ¢ : Sy — 57 of derived
stacks and a Lagrangian structure on the graph of ¢,

F¢:So—)SoXS1.

Definition 3.2. Let (S,w) be an n-symplectic derived stack and let fy :
Xo — Sand f1 : X1 — S be Lagrangians. A Lagrangeomorphism consists
of an equivalence ¢ : Xg — X of derived stacks together with a homotopy
fio¢ = fy and a Lagrangian structure on the morphism

F¢:X0—>X0 Xle,

induced by the graph of ¢ and the homotopy. Here we are using the (n — 1)-
symplectic structure on Xy xg X7 from Corollary 2.10.

Remark 3.3. If we take S = e, in Definition 3.2 then Xy and X; are
(n — 1)-shifted symplectic derived Artin stacks and an isomorphism ¢ is a
Lagrangeomorphism of these Lagrangians in e, if and only if it is a sym-
plectomorphism.

We now give two corollaries of Proposition 2.17.

Corollary 3.4. Let Sy and Sy be n-symplectic derived stacks and let ¢ :
Sy — S1 be an equivalence of derived stacks. A path h in A>%(Sp,n) be-
tween ¢*w1 and wy determines a Lagrangian structure on I'y and so a sym-
plectomorphism. On the other hand, any symplectomorphism determines

such data (¢, h).
Proof. Take S to be a point in Proposition 2.17 and let A = I'y. O

Corollary 3.5. Let (S,w) be an n-symplectic derived stack and f : X —
S and g:Y — S be Lagrangians in S. Let ¢ : X — Y be an equiva-
lence of derived Artin stacks such that go ¢ = f. Let H be a homotopy in
Po(A%(Xo,n)) between hy and ¢*hy, which evaluates at the endpoint to
a path homotopic in A>“(Xg,n) to the path between f*w and (go ¢)*w in-
duced by go ¢ = f. Then H induces a Lagrangian structure on I'y : X —
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X xgY, that is, a Lagrangeomorphism. Moreover any Lagrangeomorphism
1s determined in this way.

Proof. In Proposition 2.17, take A =I'y, u = id and v = ¢. This immedi-
ately proves the statement. O

Lemma 3.6. Lagrangeomorphism is an equivalence relation for Lagrangians
in a n-symplectic derived stack (S,w).

Proof. Let f: X — S be a Lagrangian, Corollary 2.19 shows that the di-
agonal A : X — X xg X is a Lagrangian which implies reflexivity, since
g x = Ax.

Next we show symmetry, let g: Y — S be another Lagrangian and
suppose we have a Lagrangeomorphism (¢, Hg) from X to Y. By definition
¢: X — Y is an equivalence of derived stacks so we can choose an inverse
1Y — X. Then we have homotopies f o1y = g and ¢ o ¢ = id. This last
homotopy induces a path from ¢*¢*h, to hy which we concatenate with
1*hg to obtain a path from h, to 9*hy. Corollary 3.5 now shows that this
data determines a Lagrangeomorphism from Y to X.

Consider two Lagrangeomorphisms ¢g : Xog — X1 and ¢1 : X1 — X
over S given by Lagrangian structures on

F¢02X0—>X0 ><5X1 and F¢12X1—>X1 XSXQ.
Corollary 2.15 implies that
Xo X X, X1 i)_XQ XSX2

is Lagrangian where ¢ is induced by idx, X ¢1 : Xo x X1 — X x Xs. Be-
cause there is an equivalence between Xy Xy, X7 and Xy commuting up
to homotopy with the morphisms ¢ and I'g, o4, over Xg xg X2 we can pull-
back this Lagrangian structure to I'y, 04, : Xo — Xo X g Xo. This gives a La-
grangeomorphism Xy — X9 and hence proves transitivity. U

The next two propositions show that the operation defined in Corol-
lary 2.15 is associative up to Lagrangeomorphism. Moreover the diagonal
serves as a unity and Lagrangeomorphisms are invertible with respect to
this unit, again up to Lagrangeomorphism. From now on we refer to this
operation as composition of relative Lagrangian correspondences.

Proposition 3.7. Let X;, fori=0,1,2,3 be Lagrangians in a n-symplectic
derived stack S and consider Lagrangians N1 — Xo1, No — X12, N3 — Xos.
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Applying Corollary 2.15 we obtain Lagrangians Ny X x, (N3 X x, N3) and
(N1 xx, No) xXx, N3 in Xo3. There is a canonical Lagrangeomorphism be-
tween them.

Proof. Let

p2N1 XX, (NQ XXzNg)—>(N1 XX, Nz) XX2N3

be one of the canonical equivalences coming from the universality of homo-
topy limits. Then p (homotopy) commutes with the induced morphisms of
the two sides to Xy xg X3. According to Corollary 3.5 to determine a La-
grangeomorphism we need to construct a homotopy between the isotropic
structure on Ny Xx, (N2 xx, N3) and the pullback by p of the isotropic
structure on (N1 X x, N2) X x, N3. It will be clear from our construction that
our homotopy will satisfy the additional requirement stated in the corollary.
Consider the commutative diagram:

Applying Remark 2.16, and working in the path space Py(A>° (N X x,
(N2 xx, N3),n)) the Lagrangian structure on Ny X x, (N2 X x, N3) is given
by the top row of the following diagram while the bottom row is the pullback
by p of the Lagrangian structure on (N1 X x, Na) X x, Ns.
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771(23 Stho P (12)3*7r%2*¢8h0
O h, o
P gty ——— P r 2 gty
Wégg)*ﬂgg*%hl P 77%22)3 T Yt
T 1, P b,
7[';:(323)*7T%3*w*h2 ——p 7.‘.%;2)3 7712*w§h2
ﬂ';é%) 7723* Shy ———p 7r§12)3*72*h2
1 s P
ﬂ;ézs)*ﬂg3* 3hy ———p 7T§ )3*T§h3

The homotopy is given by patching together homotopies which fill in
the squares in this diagram. The top square is filled in using the homotopy
between 712 o 7rg2) o p and 7ri %) The next square to the down comes from
the fact that there are four homotopic maps in the diagram from N; X x,
(N2 xx, N3) to X;. The fourth one from the top is analogous to the second
one and third and the fifth squares from the top are analogous to the top

square. This completes the proof of the proposition. O

Proposition 3.8. Let Xy and X1 be Lagrangians in a n-symplectic de-
rived stack S and consider a Lagrangian ¢ : N — Xo1. Then the Lagrangians
N xx, Ax, and Ax, xx, N in Xo1 are Lagrangeomorphic to N by canonical
Lagrangeomorphisms.

If N =T, is a Lagrangeomorphism then M = 1"y, the graph of ¢ a ho-
motopy inverse of ¢, is a Lagrangeomorphism. Moreover N xx, M is La-
grangeomorphic to Ax, and M xx, N is Lagrangeomorphic to Ax,.
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Proof. By definition of fiber product we can choose an equivalence of derived
stacks p: N xx, Ax, — N. Now consider the following diagram

(3.1) N xx, Ax,

R
/\/\

In the path space Po(A*“(N xx, Ax,,n)) we have

(3.2)  p*égho S prpih ———— 7 b ———— 7 h1 .

IS

§Giho —5—— p"dihn

where the unlabeled edges are homotopies determined by the commutativity
of (3.1). Then it follows from the definitions that the top path is the La-
grangian structure on N X x, Ax, while the bottom path is the Lagrangian
structure on N. Again commutativity of the previous diagram provides ho-
motopies filling the square and the triangles. This homotopy, together with
p, determines the required Lagrangeomorphism. The proof for Ax, xx, NV
is similar.

For the second part of the statement we proceed as follows. The proof
of Lemma 3.6 shows that M is a Lagrangeomorphism. Then notice that
'y xx, I'y is equivalent as a derived stack over Xog to I'yos which is equiv-
alent to the diagonal Ax,. An argument analogous to the above shows that
their Lagrangian structures are homotopic via this equivalence and so we get
a Lagrangeomorphism between N xx, M and Ax,. Finally the Lagrangeo-
morphism between M X x, N and Ay, is constructed in the same way. [

The next few propositions characterize, up to Lagrangeomorphism, the
Lagrangians we constructed in Theorem 2.14 and in the proof of Proposi-
tion 2.20, as well as a few other Lagrangians that we construct using the
results from Section 2.
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Proposition 3.9. Let (S,w) be n-symplectic derived stack and let Xo, . ..,
X be Lagrangians in S. Denote by X;; be the (n — 1)-symplectic derived
stacks X; x5 X; and consider the (n — 1)-symplectic derived stack W =
Xo1 X X12 X -+ X X(gp_1)m X Xmo with the product (n — 1)-symplectic form
wyw . We have the following

(a) The canonical morphism
qb:X()l...m =XoXg X1 Xg-+Xg Xy, > W

has a Lagrangian structure

(b) The Lagrangian from (a) can be uniquely characterized as follows: any
Lagrangian ¢ : N — W satisfying conditions (1) and (2) below is La-
grangeomorphic to Xo1...m-

1) As a derived stack, N is a homotopy limit of the following diagram

(3'3) Xo1 X2 K(m-1) Xmo

i ~ S

Xo X1 Xy X
\S/

2) The isotropic structure on 1, considered as a 2-simplex in
A%(N,n) with boundary the pullback of the loop defining wyy, is
homotopic (relative to its boundary) to the 2-simpler Oy := O +
o ©i. Here O is defined as follows: each of the isotropic struc-
tures h; in X; pulls back in two different ways to N, by definition of
N there is homotopy between these which we call ©;. Note that since
h; is a path in A>(X;,n), ©; is a 2-simplex in A>?(N,n). Also,
because N is a homotopy limit, there is a 2-simplex © in A% (N, n)
providing a homotopy between the 2(m + 1) ways of pulling back w,
along all the morphisms in the diagram, from S to one of the X;
and then to one of the X;; and finally to N.

Proof. Part (a) was the main theorem in [2] and this general case is entirely
analogous to the special case discussed in Theorem 2.14. To prove (b) one
must first observe that Xo;...,, is a homotopy limit of the diagram (3.3) and
the isotropic structure on ¢ certainly satisfies these requirements as that is
how it was constructed in [2]. The existence of the required Lagrangeomor-
phism now follows from Corollary 3.5. O
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Corollary 3.10. Let Xo, X1, X9, X3 be Lagrangians in S. Then we have
the following Lagrangian correspondences

Xoi2 X Ax,, — (Xo1 x Xi2 x Xo3)™ x (X2 x Xa3)
Ax,, x X123 — (Xo1 x X12 x Xa3)” x (Xo1 X X13).

The following two Lagrangian correspondences (obtained by composition) are
Lagrangeomorphic

(3.4) Xo23 @ (Xo12 X Ax,,) = Xo13 @ (Ax,, x X123)
as Lagrangians in (Xo1 X X12 X Xo3)™ X Xos.

Proof. To prove this we apply Proposition 3.9 for m = 4. It follows from
general properties of fiber products that both sides of (3.4) are equivalent to
Xo123 as derived stacks. A long but straightforward check then shows that
the Lagrangian structures are homotopic to the one described in Proposi-
tion 3.9. Therefore we can apply Proposition 3.9 and prove the claim. [

We now give a characterization of the Lagrangian which appears in
the proof of Proposition 2.20. Recall the situation, we have Lagrangians
Xo, X1, Xo in S and Lagrangians My, My in Xg; and Ny, N1 in Xi5. We
denote by P; = M; xx, N; the Lagrangians in Xgy obtained by composition
of relative Lagrangian correspondences. In the proof of Proposition 2.20 we
constructed a Lagrangian:

(35) P() X Xo1a P — (M01 X N()l)i X P01
We will show this is unique in the appropriate sense. Consider the diagram:

(3.6) Mo, Po No1
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Let K be a homotopy limit of the above diagram. The universal property of
homotopy limit gives a map

(37) K — (M()l X NOI)_ X P01

We now construct directly an isotropic structure on the morphism (3.7).
Recall that the X; come with isotropic structures h;, the M; with isotropic
structures hps, and the NNV; with isotropic structures hy,. Let ©p4, be the 2-
simplex in Py(A>(K,n)) giving the homotopy between the two pullbacks
of hyr, along K — Py; — My and K — My, — My and similarly for Oy,
Oy, and O, . Additionally denote by ©; the homotopy between the four
different pullbacks of h; to K.

In the space Po(A>“(K,n)) (and suppressing pullbacks) we get the di-
agram

hoar, hvg

(3.8) ho hq hq hao
O, GNO

hg ————h hf——>——h

0 Tonrg 1 1 i 2

O G O,

hg —————— hf————h

0 hMl 1 1 th 2

9Ml @Nl [

h h h h

0 hMl 1 1 th 2

Note that, by definition, the boundary of the two unlabeled squares are
(the pullback of) the (n — 2)-shifted symplectic structures on My; and Noq,
respectively. Also (the pullback of) the (n — 2)-shifted symplectic structure
on Py; is the outside boundary of the diagram. The sum Oy + ©1 + ©9 +
O, + On, + Onr, + On, therefore gives a homotopy between wyy,, + wn,,
and wp,, (suppressing pullbacks to K), that is an isotropic structure on (3.7).
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Lemma 3.11. Up to Lagrangeomorphism, there is a unique Lagrangian
K whose underlying derived stack is the homotopy limit of (3.6) and whose
isotropic structure is homotopic to the one explained above. Furthermore, the
Lagrangian Py X x,,, P1 = (My1 X No1)~ X Po1 which appears in the proof of
Proposition 2.20 has these properties.

Proof. The uniqueness follows immediately from the definition of Lagrange-
omorphism. Tracing back through the construction in Proposition 2.20 we
can see that the Lagrangian structure defined there is homotopic to the one
just described above. As a result of this and Proposition 2.20 the isotropic
structure on K is in fact non-degenerate and so K is Lagrangian. ]

Consider now the same situation as described above but with extra La-
grangians M in Xy and Na in X12. We will now prove one more uniqueness
result for composition of the Lagrangians obtained in Lemma 3.11. Consider
the diagram

(3.9) Moy Mo Po2 No1 N1

A homotopy limit K of this diagram has a natural morphism
(310) K — (M()l X M12 X N01 X ng)_ X P02.

We now construct an isotropic structure on this morphism. This is very
similar to the discussion before Lemma 3.11. In the space Po(A>“(K,n))
we have 2-simplices Oy, for ¢ =0, 1,2, 2-simplices Oy, for ¢ =0,1,2 and
also 2-simplices ©; for i =0,1,2. A diagram similar to (3.8) and similar
considerations show that Z?:O(@Mi + Oy, + ©;) determines an isotropic
structure on the morphism (3.10).

Lemma 3.12. Up to Lagrangeomorphism, there is a unique Lagrangian K
whose underlying stack is the homotopy limit of (3.9) and whose isotropic
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structure is homotopic to the one explained above. One such Lagrangian K
can be constructed as the composition

(Po X x41, P2) ® (Mo12 x Noi2)

We end this section by describing the behavior of the operation C de-
fined in Proposition 2.8 under Lagrangeomorphism and composition of La-
grangian correspondences.

Proposition 3.13. Let Sy, S1 and Sy be n-symplectic derived stacks and let
f: X — 5y xS1,9:Y — S5 xSt andh:Z — S xSy be Lagrangian
correspondences and consider Lagrangians e : N — Sy and ¢’ : N' — Sy.
We have the following:

(a) If X is Lagrangeomorphic to Y and N is Lagrangeomorphic to N’ then
Cx(N) and Cy(N') are Lagrangeomorphic in S.

(b) We have a Lagrangeomorphism
Cz(Cx(N)) = Czex(N),
where Z o X is the Lagrangian constructed in Corollary 2.13.

Proof. The first part of the statement is easy and left to the reader. The
second part follows from Proposition 3.7 by taking S = e, 1, Xog = e,,, X1 =
S0, Xo = 51 and X3 = 5o, N = N, Ny = X and N3 = Z in that proposition.

O

Remark 3.14. A different but equivalent way to establish associativity,
that is to prove Proposition 3.7, would be to first prove Proposition 3.13
and use part (b) to show that

(Nl XX, Ng) X X, N3 = CX023.(X012XAX23)(N1 X Ny X Ng)

and
N X x, (N2 XX, Ng) = CX0130(AX01><X123)(N1 X Ny X Ng).
Then Corollary 3.10 and part (a) of Proposition 3.13 imply associativity.

4. A 2-category of Lagrangians

Fix a n-symplectic derived stack (S,w). In this section we will define a
bicategory (or weak 2-category) Lag(S,w), whose objects are Lagrangians
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in S. But first we review some basics of bicategories (following [28]) and set
up some notation.

4.1. Basics of 2-categories

We start by defining a weak 2-category, also called a bicategory. From now
on we adopt the name bicategory for simplicity.

Definition 4.1. A bicategory (or weak 2-category) C' consists of the fol-
lowing data:

1) a collection of objects Cp;
2) for each two objects X,Y a category C'(X,Y);

3) for any three objects X, X1, X2, composition functors
UXYZ : C(Y, Z) X C(X,Y) — C(X,Z),

4) for each object X, an object Ix € C(X, X);

5) for any four objects W, X, Y, Z, natural isomorphisms

a:pwxzo (pxyz X idew,x)) = pwyz o (idoy,z) xpwxy)  (associator)
l: HUXYY © (Iy X idC(X7Y)) — idC(X7Y) (left U.l’litOI')
r:pxxy © (dex,yy xIx) = idex,y) (right unitor)

and therefore 2-isomorphisms apg¢ : (hog)o f —ho(go f), ly:Iyo
f—fandry: folx — f.

These are required to satisfy the pentagon and triangle axioms which we
will write explicitly in Lemmas 4.8 and 4.10.

Given objects X,Y in C, the objects of C'(X,Y") are called 1-morphisms
of C, this collection is denoted C7(X,Y). For each object X in C' we call
Ix the identity 1-morphism. The morphisms of C'(X,Y’) are referred to
as 2-morphisms of C. Given f,g € C1(X,Y), we write Ca(f, g) for the set
of morphisms from f to ¢ in C(X,Y’). For any 1-morphism f we call 1 €
Co(f, f) the identity 2-morphism. We will use the notation puxyz(g, f) = g o
f for f an object of C(X,Y) and g an object of C(Y, Z). For  a morphism
in C'(X,Y) and 8 a morphism in C(Y, Z) we write uxyz(5,a) = B * «, this
is called the horizontal composition of o and . The composition in the
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categories C'(X,Y") is called vertical composition and for &,n composable
morphisms in C'(X,Y) we write their composition as n ® &.

Definition 4.2. Let C' and D be bicategories. A homomorphism of bicat-
egories (or weak 2-functor) F': C'— D consists of the following data

1) a function F': Cy — Dy;

2) for each two objects X, Y, a functor
3) for any three objects X, Y, Z, natural isomorphisms

Fxvz: M?(X)F(Y)F(Z) o(Fyz x Fxy) — Fxz O:“’?(YZ’
Fx: FxxolI{ = IPF(X).

and therefore 2-isomorphisms Fy ¢ : F'(g) o F(f) = F(go f) and Fy :
F(IS) = IR xy-

These must satisfy the following identities

Fg,foe © (]-F(g) * Ff,e) © aD
F(r§) ® Frre =125 © (Le() * Fx),
F(§) © Fr, ;= i) © (Fy * 1p(p)-

P r( e = Fagse) © Fyore © (Fyp* 1p),

One can also define bicategories enriched in some symmetric monoidal
category M. We require that, for each pair of objects X, Y in C| the category
C(X,Y) is enriched over M, the functors ug12 are functors of M-enriched
categories and finally a,r and [ are M-natural transformations.

In this article, we will construct bicategories enriched over two different
symmetric monoidal categories (other than the category of sets). First we
will take M to be the category gr-Vect of graded vector spaces (and degree
preserving homomorphisms), with the monoidal structure given by the ten-
sor product and symmetric structure given by a @ b — (—1)l%lb @ a, where
| - | stands for degree.

We will also consider a less common symmetric monoidal category, that
we will denote by gr-Inv. Objects are sets S equipped with an involu-
tion —1:S5 — S and a degree function |-|:S — Z, invariant under —1,
and whose morphism are maps that preserve both structures. The monoidal
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structure is defined as

ST =8SxT/~,

where we take the equivalence relation (—s,t) ~ (s, —t) and define the degree
in the product as the sum of the degrees on each factor. The symmetric
structure is defined as (s,t) — (—1)1sI1 (¢, s).

The most visible difference between a standard bicategory and a bicate-
gory enriched over one of the symmetric monoidal categories just described
is in the compatibility between the horizontal and vertical composition of 2-
morphisms. This is equivalent to the statement that pxy 7 is a functor, and
for 1-morphisms f; € C1(X,Y) and g; € C1(Y, Z) (for j = 0,1,2) it states

(2% &2) © (M *&1) = (N2 ©m) * (§2© &1)

for any 2-morphisms §; € Co(fi—1, fi) and n; € Ca(gi—1,¢;) for i = 1,2. While
in the enriched case it reads

(2 # &) © (m + &) = (=1)™M1&l g @ ny) « (& 0 &).

Similarly we can easily define homomorphism of bicategories enriched
over M. Or, if we are given a symmetric monoidal functor M; — Maj, we
can also consider homomorphisms from a Mj-enriched bicategory to a M-
enriched bicategory.

For us the relevant examples are the following functors. First we have
gr-Inv — Sets which sends (S, —1,| — |) to the quotient S/ — 1 and forgets
the grading. Secondly we have gr-Inv — gr-Vect which sends (S, —1,| — |)
to the graded vector space generated by the set S/ — 1.

Finally we will also need the definitions of a symmetric monoidal bicat-
egory and homomorphisms of these. We refer the reader to Chapter 2.2 of
[28] for these.

4.2. The 2-category Lag(S)

We now define the objects, morphisms and compositions in what will become
our bicategory of Lagrangians. We will denote the bicategory by Lag(S,w),
or Lag, when (S,w) is fixed.

Definition 4.3. Let (S,w) be an n-symplectic derived stack. The objects
of Lag(S,w) are Lagrangians in (S,w). Given two Lagrangians Xy and X3
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in .S the 1-morphisms are defined to be
Lag; (Xo, X1) = Lag(Xo x5 X1).

Given two Lagrangians Ny, N1 in Xg X g X1, we define the set of 2-morphisms
between them as

Lagy(No, N1) = Lag(No X (x,xsx,) N1)/ ~,

that is, Lagrangeomorphism equivalence classes of Lagrangians. In the def-
initions of 1-morphisms and 2-morphisms we chose a model for the ho-
motopy fiber products and use the (n — 1)-symplectic derived stack Xy =
(Xo x5 X1,wo1) and (n — 2)-symplectic derived stack No1 = (No X (x,xsx:)
Ni,wn,,) provided by Corollary 2.10.

The composition of 1-morphisms is defined by

(4.1) Lag; (X1, Xo) x Lag;(Xo, X1) — Lag;(Xo, X2)
(N1, No) — Nio Ny

where N7 o Ny is the pair consisting of the map Ng X x, N1 — X2 and the
Lagrangian structure discussed in Corollary 2.15. Using the notation from
Definition 2.9 Ny o Ny = Cx,,,(No x Np), where X2 is the Lagrangian con-
structed in Theorem 2.14. Again here we choose a representative for the
homotopy fiber product.

The vertical composition of 2-morphisms

(4.2) Lagy (N1, Na) x Lagy(No, N1) —2 Lagy(No, Na)

is defined as
(U1, Up) = UL © Ug

where Uy © Uy is the pair consisting of the natural morphism Uy xn, U; —
Nz along with the Lagrangian structure constructed in Corollary 2.15,
therefore Uy ® Uy = Cn,,, (Uo x Uy).

Denote Py = Ny o My and P; = Ny o My, we define horizontal composi-
tion of 2-morphisms as

(4.3) Lag,(No, N1) x Lagy (Mo, M) — Lagy(Ny o My, Ny o M)

by

(V,U)— VU = Cp, p,(UxV)

X X012
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where Py X x,,, P1 is the Lagrangian constructed in in Proposition 2.20. Re-
call that the underlying morphism of derived stacks of V * U is the induced
morphism U xx, V — Fy Xx,, P1.

For each object X define the identity 1-morphism Ix to be the diagonal
Ax : X = X xg X constructed in Corollary 2.19. The identity 2-morphisms
will be introduced in the proof of Lemma 4.4.

We will now prove a sequence of lemmas which show that the data

{07 *, O, Lag(s7w)1(_7 _)7 Lag(57w)2(_v _)}

along with the unitors and associators which we define in Definitions 4.6
and 4.9 define a bicategory.

Lemma 4.4. The vertical composition of 2-morphisms defined in (4.2) is
associative and has units.

Proof. Associativity follows immediately from Proposition 3.7. Given M €
Lag; (X0, X1), we define the identity 2-morphism 1,7 to be the Lagrangian
A: M — M xx, M constructed in Corollary 2.19. Finally Proposition 3.8
shows that this is indeed an identity for ©. O

Lemma 4.5. Vertical and horizontal composition of 2-morphism are com-
patible. This means that given objects Xo, X1 and Xa, 1-morphisms My, My,
M, € Lag;(Xo, X1) and Ny, N1, Ny € Lag (X1, X2), and 2-morphisms U; €
LagQ(Mg, Ml), Us e LagQ(Ml, Mg), Vie LagQ(No, Nl) and Vo € LagQ(Nl, NQ)
we have:

(VaxUz) © (Vi xUy) = (Vo © V1) % (U ® Uy).
Proof. From the definitions we have

(‘/2 * U2) © (‘/1 * Ul) = CP012 (CPOXX012P1(U1 X ‘/1) X CP1XX012P2(U2 X sz))
= CP012.((P0><X012P1)><(P1XX012P2)) (Ul X U2 X Vl X Vz)’
using Proposition 3.13(b). If we denote by p the symplectomorphism

p: Mo X Mio x Noi x Nig — Mo1 X No1 X Mg X Nia,

which interchanges the two middle factors, then we have the Lagrangeomor-
phism
Cr, (Ur x Uz x Vi x Vo) 2 Uy x Vi x Uz x Va.
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Therefore, by a similar argument we have

(4.4) (Va0 Vi) x (U2 © Uy)
C(PoXx012P2)O(Mo12><N012) (Ul x Vi x Uz x VQ)
C

12

12

(PoX x915 P2)#(Mo12x Nora)eT', (Ur x Uz x Vi x Va).

Hence, by Proposition 3.13(a), the proof will be complete once we establish
a Lagrangeomorphism

Poiz @ (P XXg1, P1) X (PL X X001, P2)) = (Po X x00, P2) @ (Mo12 X No12) o T'p.

In turn, the existence of such Lagrangeomorphism follows from Lemma 3.12.
For this note that both Lagrangians are homotopy limits of the diagram (3.9)
as derived stacks. Inspecting the constructions of the Lagrangian structures
in both cases one can see that they are homotopic to the one described in
Lemma 3.12. Hence we can apply the lemma to conclude the proof. O

Definition 4.6. Consider a sequence of 1-morphisms
Xo M xy Mo x, M x
We define the associator
W, n,N, € Lagy((N3 o Ny)o Ny, N3o (Nyo Ny))

as the Lagrangian constructed in Proposition 3.7. It follows from Proposi-
tion 3.8 that this is invertible and hence a 2-isomorphism.

Lemma 4.7. The associator is natural, meaning that given 2-morphisms
Ui € Lagy(M;, N;), fori=1,2,3, we have

(Ug * (U2 * Ul)) © V[/v]\/[3]\/[2]\/[1 = VVN3]\[2N1 © ((U3 * UQ) * Ul)
Proof. We will denote by L; = M; xx,_, , N; the (n — 2)-symplectic derived
stack and by Mja = M; X x, M> the Lagrangian in Xps. Recall from defini-

tion and the properties of C'_ we have

Us * (U2 * U1) = C(M 1293 x x5 Naaya)o(Mra X g1, Niz)x ALy ) (U1 X Uz X Us).
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Also, by the definition of ® and Proposition 3.9 we have

WoNon, @ (Us % Us) 5 Ur) © Wiy
= CJ(W]\}iMle X (UsxUy) xUp) X Wn,N,N, )

where J = M(12)3 X Xo3 M1(23) X Xos N1(23) X Xoa N(12)3. Now as above, (Ug *
Ug) * Ul = CK(Ul X U2 X Ug), with K = (M1(23) X X013 N1(23)) [] (ALI X
(Maz X x,,, Na3)). Next we observe that the associator Wy, n,n,, which was
defined as the graph of a Lagrangeomorphism I',, can equivalently be de-
scribed as Cr, (o) where we consider I';, as a Lagrangian correspondence
from a point to Ny(23) X x,, N(12)3. Therefore we have

Way,non, © (Uz x Up) % Up) © WMiMle

= Crer i xsixr,,) (U X Us X Us).

Hence the lemma will be a consequence of the following Lagrangeomor-
phism

(45) (M(12)3 X Xo23 N(12)3) i ((M12 X Xorz N12) X ALS)
=Je (Fp;; X K x szv)’

between Lagrangians in (L1 x Ly X L3)™ x (M(12)3 X x,, N(12)3)- The exis-
tence of such Lagrangeomorphism follows from a statement analogous to
Proposition 3.9 and Lemma 3.11, that is we can show that there is a unique
Lagrangian in (L1 X Lg x L3)™ x (M(12)3 X x,, N(12)3) satisfying a natural
condition that we will not spell out. Then one checks that both Lagrangians
in (4.5) satisfy this requirement. O

Lemma 4.8. The associator satisfies the pentagon axiom. This states that
given a sequence of 1-morphisms

Xo 2 x, 2 x, My xp My x
we have
Wiyz21) © Wiazyar = (In, * Wa21) © Wy © (Wagz * 1n,)
where we have simplified the notation so that W3y9 stands for W n,on,) NN, -

Proof. To prove the pentagon axiom, we first notice that the underlying

space of W3a1 is I'y,,, where p321 is the morphism p appearing in the proof of
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Proposition 3.7. Notice that the ®-composition of two graphs of morphisms
is the graph of the composition of these morphisms. Also, we can see that

Wiys2 * 1y, is Lagrangeomorphic to I'igy x ., pss,, Where

ile X x, paz2 : N1 Xx, (NQ XX, (NB XX N4))
— N1 Xx, (N2 xx, N3) Xx, Na).

Similarly 1y, * Wao1 is Lagrangeomorphic to 'y, x . idy,- Therefore the
equation we are trying to show, follows from establishing a Lagrangeomor-
phism between the graphs of py3(21) © ps)21 and (ps21 X x; idn,) © py(32)1 ©
(idn, XX, pa32)-

First we can choose a homotopy equivalence

(4.6) Pa3(21) © Paz)21 — (P321 X x, 9dN,) © pacazy © (idn, X x, pa32)-

This is because (1) both sides are equivalences between Ny xx, (N2 Xx,
(N3 xx, Ny)) and ((N1 xx, Na) xx, N3) X x, Ng which homotopy commute
with the system given by the projections to the N; and X; and (2) both
N1 XX, (NQ X X, (Ng XX, N4)) and ((Nl XX, NQ) XX, Ng) X X, N4 are ho-
motopy limits of the same system.

The equivalence of graphs induced by (4.6) homotopy commutes with
the projections of both graphs to (((Ng o N3) o Na) o N1))) Xx,, (Nyo (Nso
(N3 0 Np))). According to Corollary 3.5 what remains is to show that that
there is a homotopy between the two isotropic structures (one of which is
pulled back by this equivalence of graphs). We do not include the details
of the diagrams needed to establish this homotopy as similar proofs appear
throughout this article. O

Definition 4.9. Fix objects Xy and X; and consider M € Lag;(Xo, X1).
We define the unitors Iy € Lagy(Ix, o M, M) and rys € Lagy(M o Ix,, M)
to be the graphs of the Lagrangeomorphisms p; : M xx, Ax, — M and p, :

Ax, Xx, M — M constructed in Proposition 3.8.

We leave the proof of the following lemma to the reader as it can be
proved using the same techniques as the previous lemmas.

Lemma 4.10. The unitors are natural, which means given objects Xg and
X1 and 1-morphisms M, N € Lag,(Xo, X1) we have U ®ry =ry © (U *
lry,) and U © Iy = Iy © (11, * U), for any U € Lagy(M, N).
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Moreover they satisfy the triangle axiom which states that
(Ipxln) o Wpre v =1p * Ly,
for any 1-morphism P € Lag; (X1, X2).
Summarizing the results in this section, we have proven the following

Theorem 4.11. Let (S,w) be a n-symplectic derived stack. Then Lag(S,w)
as defined above is a bicategory.

In the case of S = e, ; we use the notation Symp” = Lag(e,+1,w). In
this case the theorem gives the following

Corollary 4.12. There exists a bicategory Symp™ whose objects are n-
symplectic derived stacks, the 1-morphisms are Lagrangian correspondences,
and the 2-morphisms are relative Lagrangian correspondences up to La-
grangeomorphism.

The bicategory Symp™ has an additional structure, namely that of a
symmetric monoidal bicategory (see Definition 2.1 [28]).

Theorem 4.13. The bicategory Symp™ is a symmetric monoidal bicategory.
The monoidal structure

Symp™ x Symp”™ — Symp”,

at the level of objects, sends ((Siwi), (S2,w2)) to (S1 % S2,wi Bws) and has
the point e, as the unit.

Proof. We define the monoidal structure on morphisms by product of La-
grangians, as defined in Proposition 2.6. Together with some natural isomor-
phisms which we do not write down, this defines a morphism of bicategories.
This morphism of bicategories along with several obvious compatibility nat-
ural transformations defines the structure of a symmetric monoidal bicate-
gory in the sense of Definition 2.1 of [28]. The details are straightforward
but tedious. O

5. Orientations and perverse sheaves
In this section we will discuss some facts about perverse sheaves that are

needed to linearize the bicategory Symp”. The starting point is the construc-
tion in [6] and [3] of a canonical perverse sheaf on oriented (—1)-symplectic
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derived stacks. The second ingredient is a conjecture by Joyce that an ori-
ented Lagrangian in a (—1)-symplectic derived stack determines a section
of the perverse sheaf. Here we give a more refined version of this conjecture
and provide a local construction of the section.

But for all of these constructions we need to impose some orientability
requirements, so we cannot linearize Symp? directly. We will rather linearize
an oriented version of it which we denote by Symp“".

5.1. Orientations on Lagrangians

We will define two distinct notions of orientations for Lagrangians. One for
Lagrangians in O-symplectic derived stacks and another for Lagrangians in
(—1)-symplectic derived stacks.

First we establish some notation. For a derived Artin stack @, we define
its canonical bundle K¢ as the line bundle det(LLg). If the derived Artin
stack @ has a 0-symplectic structure wg then this can be used to trivialize
Kg = det(Lg) and we always use this trivialization.

We start with the definition of (relatively) oriented Lagrangian in a
0-symplectic derived stack. It is inspired in the notion of relatively spin
Lagrangian introduced in Lagrangian Floer cohomology.

Definition 5.1. Let (S,w) be a 0-symplectic derived stack and let E be a
line bundle on S. An F-oriented Lagrangian in S is a triple consisting of a
Lagrangian f : L — S, a line bundle Ry, on L and an isomorphism

YL : R%2 — K ® f*E.
When S is a point, L is (—1)-symplectic and this recovers the notion

of orientation on a (—1)-symplectic derived stack X introduced in [3]. Con-
cretely it consists of line bundle Rx and an isomorphism

VX:R}G}2—>KX

Example 5.2. Given a smooth scheme U and a reqular function f € O(U)
consider the derived critical locus

Cm't(f) =U X df T=U,0 U —L> U,

which is a (—1)-symplectic derived scheme. Denoting by o : Crit(f) — T*U

1 ~

the induced morphism, we have Kcyiy(r) = L*K}%ﬁ Qa " Kp.; = *K%Q, since
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T*U is symplectic. This defines a canonical orientation on Crit(f), with
Revirp) = " Ky

Let X be a (—1)-symplectic derived stack and ¢: M — X be a La-
grangian. Then we have by definition a quasi-isomorphism Ty = Lg[—2].
Using the exact triangle ¢*Lx — Ly — Ly we get

det(Lps) ™" 22 det(T ) = det(Ly) = (det(Lpy)) ® ¢* det(Ly) .
Therefore, this determines a canonical isomorphism
(5.1) an : (detLpy)®? = ¢*(detLiy).

Definition 5.3. Consider a (—1)-symplectic derived stack X with an orien-
tation Rx. An oriented Lagrangian in X is a pair consisting of a Lagrangian
¢ : M — X and an isomorphism

Bu : Ky — ¢"Rx
such that yx o Bf@f = ayy.

Remark 5.4. Note that the space of orientations on a (—1)-Lagrangian
M has a Zy action, given by multiplying the orientation £y; by +1. If M
is a (—1)-Lagrangian with some orientation s, we will denote by —M the
same Lagrangian with orientation —pg;;, which we refer to as the reverse
orientation.

We now prove several lemmas establishing some properties of orienta-
tions.

Lemma 5.5. Let Sy and S1 be 0-symplectic derived stacks with line bundles
E; in S;, fori=0,1. Given an Ey-oriented Lagrangian Xo — S and an F1-
oriented Lagrangian X1 — S1, there is an induced Ey X Eq-orientation on
the product Lagrangian Xy x X1 — Sg x St discussed in Proposition 2.6.

Let Yy and Yy be oriented (—1)-symplectic derived stacks. Given oriented
Lagrangians Mgy — Yy and My — Yi, there is an induced orientation on the
product Lagrangian My x M; — Yy X Y7.
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Proof. The first statement easily follows from the fact that Kx, «x, = Kx, X
Kx,. For the second part note that the map o defined in 5.1 satisfies

AMyx M, = an, B an,,
for a product Lagrangian. This implies the result. O

Lemma 5.6. Let Sy, S1,59 be 0-symplectic derived stacks with line bundles
E; on S; fori=0,1,2. Given f : Nt = Sy x S1, a (EO_1 X Ey)-oriented La-
grangian and g: No — S] X S2, a (El_l X Es)-oriented Lagrangian. Then
the Lagrangian Ny ¢ N1 has a natural (EO_1 X Es)-orientation.

Proof. Let (Rn,,vn,) be the orientations of the N; for i = 1,2. Recall the
Lagrangian Ns e Ny is defined as a Lagrangian structure on the map h :
Ni xg, No = 8y x Sz, induced by fo and go. We define an (Ea1 X Es)-
orientation by taking RN1x51N2 = Ry, X Ry, and YNy x5, Na equal to the
composition

(52) R o, v, = RY BORYS
ng No * — * —
T (K, @ fH(By 'R E) R (Ky, © ¢° (B R Ey))
~ (Ky, K Ky,) ® h*(Ey' K Ey)
= KN1X31N2 ® h*(Eal X EQ)

Here we have use the fact that Kg, and f(F;) X gi(E;") have canonical
trivializations. O

Lemma 5.7. Let S be a 0-symplectic derived stack with line bundle E and
consider No, N1, No, E-oriented Lagrangians in S.

(a) The E-orientations on Ny, N1 induce an orientation on the (—1)-
symplectic derived stack Nog1 = Ny X g Ni.

(b) Using the orientations on Noi, N12, Nog from part (a) and the orien-
tation on their product discussed in Lemma 5.6, there is a natural
orientation on the Lagrangian

(p:NO Xle X5N2—>N01 XN12 XNQO
defined in Theorem 2.14.

Proof. Denote by f; : N; — S the Lagrangian morphisms and by (Ry,,Vn,)
the orientations. For part (a) we define Ry,, = (Rn, ® fiE~ ') X Ry,. The
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composition defining yy,, can be easily constructed using the isomorphism
Kn,, = Ky, X Ky, .

For part (b) we define the orientation on the triple fiber product as the
composition:

Ky, = Ky, XKy, K K,
> (RY®E YRRV RE YR(RY®E™)
~ (Ry, ® ET' @ Ry, )X (Ry, ® ET' @ Ry,) ¥ (Ry, ® E~' ® Ry,)

= 90*(RN01 ><N12><N20)7

where we have omitted the pullbacks from the notation. It’s easy to check
that this map satisfies the required property. [l

Lemma 5.8. Given Xo, X oriented (—1)-symplectic derived stacks and
oriented Lagrangians g: N — Xo and (fo, f1) : M — Xy x X1 the La-
grangian cg(g) : N xx, M — X1 from Proposition 2.8 has an induced ori-
entation

Proof. We have isomorphisms Sy : Kn— g*Rx, and Sy : Ky — (fiRx,) ®
(ffRx,) and vy, : R?}i — Kx, . Define fnx, m as the composition

Knxym = (KN ® g*K)}j) X Ky

(BN®id)IZ’5M * — * * ~ *

where in the last isomorphism we use vx,. It is easy to check that yx, o
®2 _
5NXX0M—O‘NXXOM- O

As in the unoriented case, we will use the notation Cjy/(N) for the ori-
ented Lagrangian constructed in the above lemma.

Definition 5.9. Let S be a O-symplectic derived stack with a line bun-
dle E. An oriented Lagrangeomorphism between FE-oriented Lagrangians
(Xo, Rx,,7vx,) and (X1, Rx,,7x,) is a pair consisting of a Lagrangeomor-
phism p: Xg — X and an isomorphism ¢ : p*Rx, — Rx,.

Let Y be an oriented (—1)-symplectic derived stack and (fo: Ng —
Y, Bn,), (f1 : Ni1 — Y, BN, ) be oriented (—1)-Lagrangians. An oriented La-
grangeomorphism between Ny and Nj consists of a Lagrangeomorphism
1 : No — Nj such that Sy, equals

¥ BN,y

Kn, =" (Kn,) —— ¢"(f{(Ry)) = fo(Ry).
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Remark 5.10. Notice that the condition of oriented Lagrangeomorphism
between 0-Lagrangians gives the following isomorphism of line bundles

Kx, = R ® f§(E™") = Rx, ® p*(Rx,) ® f§(E™") = T(Rx,,).

We can easily see that this determines an orientation on the Lagrangian
I') : Xo — Xo1, and in fact it is equivalent to it.

From now on we will use vdim M to denote the virtual dimension of a
derived Artin stack, that is the Euler characteristic of its tangent complex
Thas.

The operation Cj(-) satisfies similar properties to the unoriented one,
stated in Proposition 3.13. We collect the most important ones in the fol-
lowing lemma whose proof is elementary.

Lemma 5.11. Let Xy, X7 and Xy be oriented (—1)-symplectic derived
stacks and let Mo, My — X5 x Yo, M1 — X; x Y1 and Ng — Yy x Zy
be oriented Lagrangian correspondences and consider oriented Lagrangians
U, Ul — Xy and Uy — X1. We have the following:

(a) If My is oriented Lagrangeomorphic to Mj and Uy is oriented La-
grangeomorphic to Uy then Cyy,(Up) and Ch(U)) are oriented La-
grangeomorphic.

(b) We have an oriented Lagrangeomorphism

Cn, (Chr, (Up)) = Cyens, (Uo),

where Ny e My is the oriented Lagrangian constructed in Lemma 5.6.

(c) We have an oriented Lagrangeomorphism
CMOXMl (UO X Ul) = (_1)m0u10M0(U0) X CMl (Ul)?
where mg = vdim My and uq = vdim Uy .

Now we have the tools to carry out all the constructions of Section 4 in
the oriented setting. This gives the following

Theorem 5.12. There exists a symmetric monoidal bicategory Symp°®” en-
riched over gr-Inv. The objects are pairs consisting of a 0-symplectic derived
stack S and a line bundle E on S. The 1-morphisms in Symp{" ((So, Eo),
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(S1, E1)) consist of (Ey ' ® Ey)-oriented Lagrangians in Sy x Sy and the 2-
morphisms Symp$” (Xo, X1) are oriented Lagrangeomorphism classes of ori-
ented Lagrangians in Xg Xg X1.

Moreover there is a symmetric monoidal homomorphism Symp°” — Symp
which forgets the orientation data.

0

Proof. ~ We first discuss the enrichment over gr-Inv. Given M €
Symp9 (Xo, X1) we define its degree as |M|=n —vdim M, where n =
vdim X. The involution sends M to the same Lagrangian with the reverse
orientation.

The composition of 1-morphism is defined as Corollary 4.12, using
Lemma 5.6 to define the orientations. Using Lemmas 5.7 and 5.8 we de-
fine the compositions of 2-morphisms as follows. Consider Xy, X1, Xs €
Symp{"(Sp, S1) and Yy, Y7 € Symp{"(S1,S2). Given M € Symp$" (Xo, X1),
N € Symp9" (X1, X2) and P € Symps" (Yp, Y1) we take

N oM = (—1)vdmNrotn)o (M x N)  and
PxM = (_1)(n0+n1)(n1+n2)czoXsoxslx5221(M X P)v

where n; = (vdim S;)/2. Recall that the Lagrangian Zy X g, xs,xs, Z1 can
be described as a triple intersection of oriented 0-Lagrangians and hence
Lemma 5.7 (b) assigns it an orientation.

Using Lemma 5.11 we can easily show that we have

My ® (M, ® M) = (_1)vdimMl(no+n1)CX023.(X012XAXZS)(MO X My x My)
and
(MQ © Ml) O] MO = (—1)VdimM1+n0+n1CX013.(AX01XX123)(M0 X M1 X Mg)

Now following our conventions for orientations we can easily check that there
is an oriented Lagrangeomorphism Xgo3 @ (Xo12 X Ax,,) = (—=1)""™ X413 @
(Ax,, x Xi23). Putting these facts together we conclude that © is associa-

tive. We proceed similarly and compute

(53) (NQ * Mg) ® (N1 * Ml)
(_1)(n0+n2)(vdim Ms>+vdim N»)

02012.((ZQX5012Z1)><(Z1XSQ]QZZ)) (My x N1 x M x N).
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Next using the symplectomorphism p as in the proof of Lemma 4.5 and using
our conventions for orientations we have the oriented Lagrangeomorphism

Cpp(Ml X M2 X N1 X NQ) = (_1)vdilevdimM2M1 X N1 X M2 X Ng.
Therefore we have

(5.4) (No ® Ny) * (My ® M)
= (=1)°ClZyx sy, Z2)e(Xora x Yorz)ol', (M1 X N1 x Mo x Na),

where € = (ng + n1)(n1 + ng + vdim Ny 4+ vdim Na) + (ng + ne)(vdim Ms +
vdim Ny) + vdim N; vdim M,. Tracing back through our conventions for ori-
entations we can check that the Lagrangeomorphism

Zo12 ® ((Zo XS4, Z1) X (Z1 X Sor Z2)) = (Zo X 5415 Z2) ® (X012 X Yo12) @ '),

constructed in Lemma 4.5 is in fact an oriented Lagrangeomorphism. There-
fore we conclude that (5.3) and (5.4) differ by

(_1)(n0+n1)(n1+n2)+vdim Ms(ni+mn2)+vdim Ny (ni+n2)+vdim Ny vdim Mo

= (_1)|M2|\N1\7

which finishes the proof of the compatibility of vertical and horizontal com-
position of 2-morphisms.

The rest of the proof of the theorem doesn’t differ from Corollary 4.12.
Recall that the identity 1-morphisms in Symp® are given by A : S — S~ x
S. This has the canonical orientation Rg = Og since there is a canoni-
cal isomorphism Kg ®0, A*(E~' XK F) = 0Og @0, Os = Og. The identity 2-
morphisms, associators and unitors in Symp® were all described as the graphs
of certain Lagrangeomorphisms. To assign them orientations in the sense of
Definition 5.9 is simply a matter of choosing the obvious (-morphisms needed
in that definition.

The monoidal structure can be constructed as in Corollary 4.12 using
Lemma 5.5 to define the necessary orientations. Finally the existence of the
forgetful homomorphism is obvious. OJ

5.2. Constructible sheaves

In the remainder of this chapter and in the next one, we take the ground
field k£ to be C for simplicity. We will work in the context of algebraically



Perversely categorified Lagrangian correspondences 339

constructible sheaves of F-vector spaces on higher algebraic Artin stacks
over C. This theory itself has two approaches. The first is the theory of
constructible sheaves on the lisse-étale topos of an algebraic Artin stack
for which F can be taken to be Z/IZ, for some prime [ or closely related
categories using [-adic coefficients of various types with some slight technical
difficulties (for example restriction on the values of [). The second (see for
instance [30]) is the theory of constructible sheaves on the Lisse-analytic
topos of the analytification of an Artin stack over C. In this case, we can
take F = 7Z/IZ again but now also Q or C or any Noetherian ring is fine. Rigid
(or Berkovich or Huber) geometry allows us to consider analytifications of
stacks defined over fields other than C if the field is equipped with a valuation
and there are also theories of algebraically constructible sheaves on those
analytifications but we do not pursue this here. For a derived algebraic
Artin stack X over C we use the notation D.(X), D} (X), D7 (X), Di(X)
to denote the (triangulated) categories of algebraically constructible sheaves
of F-modules on the underlying Artin stack of X, and its bounded below,
above, and bounded versions. Categories of constructible sheaves on stacks
in the (algebraic) étale topology are defined in the work [21] of Y. Liu and
W. Zheng, following Lurie and the work of Laszlo and Olsson [19], [20].
Categories of algebraically constructible sheaves on analytic stacks in the
classical analytic topology are discussed in [30] (see also [24]). In the case
of rings F where both theories make sense, such as F = Z/IZ there is no
ambiguity in this notation as shown in the comparison theorem proven in
[30].

We consider only morphisms between derived Artin stacks which are lo-
cally of finite type, quasi-compact and quasi-separated. For all types of pull-
back and pushforward functors for morphisms of derived Artin stacks, we
work with the associated morphisms on the reduced Artin stacks. For a mor-
phism f: X — Y of derived Artin stacks we have a functor f, : DI (X) —
D (Y) with left adjoint the restriction of a functor f*: D.(Y) — D.(X)
to DF(X). There is also a duality functor Dx : D.(X) — D.(X). We also
sometimes use the pushforward with proper support, fi = Dy o fy 0o Dx :
D7 (X)— D_(Y), which is used in the definition of the perverse sheaf of
vanishing cycles. We denote by f': DS (Y) — D; (X) the right adjoint of fi
which is actually the restriction of a functor D.(Y) — D.(X). See Lemma
6.3.3 and Proposition 6.3.4 of [21] for the existence of these functors and
their adjointness properties.
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We define the graded vector space

(S, 7) = € Homp:x)(S, Tli)),

1=—00

graded by i. We will denote by H*(X,S) the graded vector space I'*(Fx, S)
and call it the hypercohomology of S.

Consider derived Artin stacks X,Y together with morphisms 7x from
X to a point and 7y from Y to a point. Then for any S € D.(X) and
T € D.(Y) we know by the Kiinneth Formula (Proposition 6.1.3 of [21]) and
by the compatibility of the duality functor with the derived box-product (see
Proposition 5.6.4 of [19]) that

(7TX X Wy)!(DXXy(Sg T)) = (7TX X Wy)!(DXS X DyT))
= (rx1DxS) ® (my1DyT)

and therefore,
(mx X my )« (SKT) = (rx:S) @ (wyT)
and so we have
(5.5) H*(X xY,SXT)=H*(X,S)H*(Y,T).
Lemma 5.13. If f: X — Y is a proper morphism of derived Artin stacks

then f. = fi as a functor D%(X) — DY(Y). If f is a closed embedding of
derived schemes then f*f, = id= f'fi. Given any Cartesian diagram,

(5.6) XxgY Xy

WS

XTS

of derived Artin stacks there are base change natural isomorphisms

~

[fg = (mx)hmy and g*fi = (my )iy,

Additionally there is a natural transformation

Clg: W}f! = 7T!yg*
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Proof. The first statement is trivial. The second can be found on page 12 of
[22] in the complex analytic context. The third statement can be found in
Proposition 3.2 of [23] in the complex analytic context or in Proposition 6.1.1
of [21] in the algebraic étale context. For the last statement see Proposition
3.1.9 of [16] in the complex analytic context or in either context simply
notice that

Hom(7% f'S, m,9*S) = Hom(my 1% f'S, g*S) = Hom(g* fif'S, g*S)

and the right hand side has a canonical element corresponding to the pull-
back by ¢ of the canonical morphism fif'S — S. ]

We will now review the construction, and some properties, of the per-
verse sheaf of vanishing cycles of a regular function. Recall that given a
regular function f on a variety U over C, we can define a sheaf of nearby
cycles of F € DY(U) in DY(U®) where U = f71(0). Tt is defined using the
commutative diagram

(5.7) Uy——U+—T(Up)\Up+——F

J
|4 |
{0} —— C+—— D\ {0} «+—— D,
where D, is a disk of radius € at 0 in C, D, the universal cover of D, \ {0},

T(Up) = f~(D.) and each square is Cartesian. Then the sheaf of nearby
cycles of F € D5(U) is defined as

PpF =1 (jom)u(jom) F.

The sheaf of vanishing cycles of F € DY(U) is defined as the object ¢;F
making

(5.8) UF = i/Jf]: — qbf]-" —

into an exact triangle where we have used the natural morphism F — (j o
)« (jom)*F.

We will be interested on the sheaf of vanishing cycles not only of f but
also all translations f — ¢ where ¢ is a critical value of f, so we introduce
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the following perverse sheaf

(5.9) Pur= B  br—cFuldim Ul
c € f(Crit(f))

on the critical locus of f which we will simply call the sheaf of vanishing
cycles of f.

Suppose now that we are given a morphism ® : V' — U. We can consider
the morphism

(5.10) Vo~ Ve T(Vo) \ Vo - By

T
Up 2 U+ T(Up) \ Up % Eyy
of diagrams living over the bottom row of (5.7). Each square in this diagram
is Cartesian. Then we have natural equivalences ®(jy o 7y )* = (juy o ) * Py
and @iy, = if; P using base change. Also there is natural morphism Dy (jy o
v )« — (Ju o )« Py (which is a natural equivalence if ® is proper). This
morphism is constructed in (2.5.7) of Proposition 2.5.11 of [16]. Let g =
f o ®. Putting these all together we get for any F € D%(V) morphisms

o F = Poiy (Jv o my )« (v o my )* F
= ip®i(jv o mv)«(Jv o v )*F — iy (ju o mv )« ®1(Jv o v ) F

and

(5.11) if;(ju o 7w )« P1(jv o mv)*F = i (Jju o v )« (Ju o my ) OLF = ) F.
So for any F € D%(V) we have a canonical morphism
Qo1 (Vo F) = Y (P1F)
and hence by (5.8) we also have a canonical morphism
(5.12) Doy (proaF) — ¢r(P1F).
If @ is proper these are isomorphisms.

In the next lemma, we construct a “pull-push” map between the hyper-
cohomology of sheaves and prove some useful properties.
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Lemma 5.14. Consider a diagram

‘bo ¢1

Xo 14 Xl

of Artin stacks and suppose that ®1 is proper and we have objects Sy €
D%(Xy), and Si € D%(X1). The following holds:

a) A morphism p € Homps iy (P5So, @ S1) induces a map
(W) \Fo 1
s : H.(Xo,SO) — ]I-]I‘(Xl,Sl).

(b) Given another diagram

To Tl

Xo U X1

and an equivalence © : W — U such that T; o © s equivalent to ®;,
along with morphisms p : @68()%(1)!181 andn : TE‘)SOAT!ISl such that
O'n = u then p. = ..

(c) The maps ps compose correctly: given a diagram

(5.13) W xx, V
W \v
YN TN
Xo X1 Xo

with ®1 and Vo proper and morphisms p : @3S0 — <I>!181 andn: V1S —
UL,Sy then

(5.14) (s () © ¢ 0 i (1)) = s 0 s

where ¢ comes from the natural transformation 7T;;V¢!1 = ﬂ{/\IF{ dis-
cussed in Lemma 5.135.

(d) When Xo=X = X1 and W s the diagonal X — X x X and Sy =
S =381 and @9 = idxy = @1 we have ;S =S = @!18, u=idg and us-
ing these identifications, p. = idye(x.s)-
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(e) Given another diagram

\I}O \Ill

Vv

Yo Yy

morphisms p : ®5Sy — <I>!181 and n: V§Ty — \IJ!ITl, consider
pRn (Do x Uo)*(So K Tg) = (®1 x ¥1)'(S1 K T7).

Then we have (u X 1)y = pus @ 1x via the natural isomorphism H®(X; x
Y, Si K T;) 2 H(X;,S;) @ H* (Y, T;) fori=0,1 from equation (5.5).

Proof. We define the morphism p, : I'*(Fx,,Sp) — I'*(Fx,,S1) to be the
following composition:

(5.15) P'(FXO,S()) — P.(]Fw, (I)SSO)
— D*(Fyy, ®481) = (9. Fw, S1) — *(Fy,, S1)

Here the first map is simply ® and the second is post-composition with
p. The isomorphism is adjunction plus the fact that (®1). = (®1);, since
®; is proper, and the last is pre-composition with the canonical morphism
F X, —7 (I)l*Fw.

In order to prove (b) consider the commutative diagram

®3 1] * L] = L ] L]
F'(FXO,S()) — T (FW,@OS()) — T (IE‘W7(I)'151) —T (q>1*]Fw,Sl) — T (IFXUS1)

T d | _—

I (Fy, U5Sy) —— I (Fy, ¥} S;) —— (U1, Fy, Sp)

where the map from I'*(®q.Fy,S1) to I'*(V.Fy,S1) is given by pre-
composing by the pushforward by Wi by the canonical map Fy, — O,Fy .
Since each square and triangle commutes the two paths from I'*(Fx,, Sp) to
I'*(Fx,,S1) agree.

We now prove (c). Let U =W xx, V. A straightforward but tedious
check shows that every sub-diagram of the following three diagrams com-
mutes. Each arrow is some combination of a canonical adjunction, base
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change, pullback, and the morphisms ¢, @ and n.
(5.16)  re(Fy,,S0) — = [*(Fyy, 85S)) — > T*(Fyy, 8181) — T*(@1,Fyy, S1)
I (Ui, Fyy, U1S))

I*(myv.Fy, ¥181)

I*(Fy, 7y ®5S1) —— I*(Fy, 7y, @4 S1) ——— [*(Fyr, 7, U1S1)

(5.17) (@1, Fy,S)) — T*(Fy,, 81) — T*(Fy, U1S,) — T*(Fy, UhSs)
Do (010, Fyy, U3S)1)

F.(TI'V*FU, \I/TS1) 1—‘.(ﬂ—V*FU? \II'ZSQ)

*(Fy, 7, UiS)) * (Fy,m, ¥5S2)

(5.18) I*(Fy, U,Sy) ———— T (Uo,Fy, Sp) ——— I'*(Fy,, S2)

I (my.Fr, UhSs)

I'*(Fy, 7}, UhSs) —— (Vs 0 7y ) Frs, Sa)

Putting together the above three diagrams we have the proof of (c). Item
(d) is obvious since in this situation, all the maps in equation (5.15) are the
identity.
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In order to prove (e), notice that (u X 7). can be decomposed into tensor
product morphisms

I'*(Fx,,So) @ I'*(Fy,, To) — I'*(Fw, ®;S0) @ I'*(Fy, U57T0)
— I*(Fyy, ®1So) @ I*(Fy, U Tp)

followed by

I*(Fyy, ®1So) @ T*(Fy, U, T) — T*(®1,.Fw, So) @ I (U, Fyr, To)
= I*(Fx,,S1) @ I'*(Fy,, Th).

5.3. Joyce’s conjecture

The starting point for the linearization comes from the fact that on an ori-
ented (—1)-symplectic derived stack (X, w) there is ([3], [6]) a perverse sheaf
P(x,w) on its underlying reduced Artin stack which is locally modeled on the
perverse sheaf of vanishing cycles of a certain algebraic function appearing
in the local Darboux model [4]. As usual, we continue to assume that X is
defined over C for simplicity, but as emphasized in [6], this perverse sheaf
can be constructed in other contexts including the algebraic étale context
when X is defined over a general field k. For simplicity however, we stick
to the complex analytic context where techniques of classical topology are
used. The following theorem is a rephrasing of a theorem which appeared in

[6].

Theorem 5.15. Let (X,w) be a (—1)-symplectic derived stack with orien-
tation (Sx, pux). Then we may define a perverse sheaf Px, on X uniquely
up to canonical isomorphism. It is characterized in the following way. The
Darboux theorem implies the existence of local models

v 5 orit(f) x X

where U is a smooth scheme, f € O(U), and V is a derived scheme, ¢ is
smooth of dimension n, and the morphism (i,¢) is an oriented Lagrangian.
Here we use the canonical orientation on Crit(f) and the product orientation
on Crit(f)~ x X. The perverse sheaf Px ., satisfies the following condition:
©*(Pxw)[nl, is canonically isomorphic to i*(Py, ) where Py, 5 is the perverse
sheaf of vanishing cycles of f.
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Remark 5.16. In [6] it was written that V' is coisotropic but the fact
that it is an oriented Lagrangian was not mentioned. Instead, two other
properties were given. For the reader familiar with [6] we now explain why
our statement is equivalent to the one in [6]. The Lagrangian condition is
equivalent! to the fact that Ly oy = Ty x[2]. This is the first of two
conditions on V' given in [6]. Indeed we have a pair of exact triangles and a
morphism between them

(5.19) Ty,x Ty Tx

J |

Ly /crie() 2] — Lip)[—2] — Lx[-1].

Since the rightmost and center downward arrows give isomorphisms in the
homotopy category we can conclude that the leftmost downward arrow is
also an isomorphism in the homotopy category. The orientation is a isomor-
phism

det(Lv) — (4,9)"Scrit(f)- xx

inducing the canonical isomorphism det(Ly)®? &= det (e f)- x x). How-
ever, we can rewrite this as an isomorphism

Ky/x @ 9" Kx = i"Scrin(p) @ ¢"Sx 2 i"Ky ® ¢*Sx
or using S§2 >~ Kx an isomorphism

or *(Sx)=i"(Ky)®@A"Ty,x which is the second condition of the two
conditions given in [6].

The theorem we are citing from [6] was shown in the case of derived
schemes in [4], [3]. In that case, one can take ¢ to be smooth of dimension 0
(in fact a Zariski open) and i to be an isomorphism, which gives the following

Corollary 5.17. Let (X,w) be a (—1)-symplectic derived scheme with ori-
entation (Sx,ux). For each closed point p in X, there is an open neigh-
borhood W symplectomorphic to Crit(f) where f is a reqular function on a
smooth scheme U. Then the restriction of Px., to W is isomorphic to the
pullback of the sheaf of vanishing cycles Py, ;.

!'Thank you to Chris Brav for verifying this suspicion.
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Joyce conjectured that there should exist a natural way to assign cycles
in the cohomology of the perverse sheaf Px to Lagrangians in X. He made
the following conjecture.

Conjecture 5.18. Let (X,w) be an oriented (—1)-symplectic derived stack
and i : L — X a proper oriented Lagrangian. Let P(x .y be the perverse
sheaf described in Theorem 5.15. Then there is a morphism

wur, : Frlvdim L] — i!P(X,w)
of constructible sheaves on L with given local models in the Darboux charts.

In order to give some evidence for this conjecture, we first explain the
construction of the map p in a simple local model.

Example 5.19. Let U be a smooth variety over C equipped with a reqular
function f. Consider the derived critical locus X = Crit(f). It is equipped
with the shifted symplectic structure coming from writing Crit(f) = U Xp-y
U given by the pair of Lagrangians df and 0. Let ¥ : W — U be a smooth
subvariety such that f oW = 0. Consider the total space N*(W/U) C T*U
of the conormal bundle, the dual of Ny ;. Then df oW can be thought of
as a section of N*(W/U) — W. Let M be the derived zero locus of df o W.
Notice that vdim(L) = dim W — (dimU — dim W) = 2dim W — dim U.

Let us apply Corollary 2.15 taking S = T*U, the three Lagrangians Xo =
UYL 1U and Xo=USTU and X, = N*(W/U) 51U and Ny =
W LYY g v N*(WJU) and Ny = W 2% N*(W/U) st o0 U
These are simply graphs of df o W and O interpreted as sections of the shifted
cotangent bundle T*[—1]W. We conclude that natural morphism ¢ from the
derived zero locus

L= (df o %) (0)
=W deo\Il,N*(W/U),O W —U Xdf, T+U,0 U= C’I‘Zt(f) =X

1s Lagrangian.
Consider the morphism

j:Crit(f) = f~10)
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induced by (j1,j2). Let Uy = f~(0). We have the diagram

(5.20) x—25u, v-_L.c
«J \PT/
) v
L——W

Given a smooth algebraic variety Z, over C, we let ovz = Fz[2dim Z] denote
the orientation complex of its underlying topological space . For simplicity
we assume that Crit(f) is contained in f~1(0). In this case the perverse
sheaf Px s the pullback of the sheaf of vanishing cycles

Px = PVy = j*¢f(FU[dimU])

where j: Crit(f) — f71(0) = Uy is the inclusion. In the general case we
would sum PV;_. over all the critical values c of f.

We now construct the desired map, for this consider the canonical map
oy € Hom(Wovy, ory). Applying the functor ¢y and pulling back by j we
obtain a morphism

7 or(0w) : jR o Wotyy — @ rory.

Noticing that j*¢rory = Px[dim U] and using Theorem 2.10 of [3] we have
since ¥ is proper that

drWory = Vg pou (ot ) = Wigg(oty) = Yoty .

Hence, we can consider j*¢(0w) as a morphism j*Wory — Px[dim U].
Since the square (5.20) is Cartesian, we have

j*\l’p(otw) = gO;i*(Otw) = QOQ(FL[Q dim W])

So we get a morphism o(Fr)[2dim W — dimU]) — Px or, by adjunction,
a morphism

(5.21) pr : Frlvdim L] — o'Px.

The preceding was a kind of warm-up to the general situation of (—1)-
Lagrangians which we now consider. We will restrict ourselves to the case
of derived schemes, that is both X and L will be derived schemes. In this
situation the paper [14] provides a local description for L.
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Proposition 5.20. Assume we have a Darbouzx chart (U, f) for the (—1)-
symplectic derived scheme X, that is, X s locally equivalent to Crit(f).
Then [14, Example 3.6] shows that any (—1)-Lagrangian L in Crit(f) is
locally determined by the following data: a submersion V : V. — U of smooth
varieties, a (trivial) vector bundle E on V' equipped with an algebraic quad-
ratic form q which is non-degenerate on each fiber and a section s of F
such that go s = foW. The classical truncation of L is locally isomorphic
to s~1(0).

An orientation on L determines a trivialization det E = Oy and a mor-
phism

wur : Frlvdim L] — SD!PX

Proof. Recall from Example 3.6 in [14] that the cotangent complex of L has
the form

IL;L = [TV/U — Ev — T‘\///U &) T[\]/”L

living in degrees —2, —1,0. In particular the virtual dimension of L is
vdim(L) = 2dimV — dimU — rkE.
The cotangent complex of the derived critical locus X of f looks like
[Tv — Tyl x

in degrees —1, 0.

These cotangent complexes give us natural isomorphisms det(LLy)
det(Ty)|r ® det(E)|, and det(Lx) = det(7})®?|x. The morphism o« :
det(L)®? — (det Lx)|. determined by the the Lagrangian structure can be
thought of therefore as a morphism det(7,Y)®2|, ® (det E)|$* — det(T}Y) %2,
the orientation f3 is therefore a trivialization of det(E) along L which comes
from restricting the given isomorphism det(E) = Oy to L.

Now we construct the morphism p. As in the example we will assume,
for notational simplicity, that Crit(f) is contained in f~1(0). We have the

following diagram
X
d
L

>~

—— f7(0) N

. K

—(gos) 1 (0) —V—5E

(5.22)

%
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Let so denote the composition (g o s)™1(0) = V — E. Since L = s~(0) and
1 is a proper closed embedding we get the following chain of isomorphisms

oFp 2 i*npFL =2V 5FL 2 i UosiFo,,

(using Lemma 5.13) where Fy_ is the pushforward of F from the zero sec-
tion of £ to E. Now the well known description of the sheaf of vanishing
cycles of a non-degenerate quadratic function tells us that Fo,, = ¢,Fg[rkE].
Composing this with the previous chain of isomorphisms we obtain:

(5.23) o F[—rkE] = i"Vgs50,FE

Now recall there is a canonical map Frg — s,[Fy,. Applying the functor
i*Wo150¢4 to this map we get a morphism

(5.24) i*\Ifogsggf)qFE — Z'*\If()!SS(qu*FV = i*\I’O!SSSO*QZ)qOS]FV = i*\1’0!¢qost.

Here we have used (5.12) and the fact that sg is proper.

As in the previous example, there is a canonical morphism Jy :
U\ Fy [2dim V] 2 Yoty — ory = Fy[2dim U]. We will apply the functor ¢,
to this morphism and then pull back to X via i. Then precomposing this
map with (5.12) we get the map

(5.25) i*\IloggbqosFV = Z'*\Ilggd)fo\va — i*¢f\I/1FV
— i*¢;Fy[2dim U — 2dim V],

where the equality follows from the assumption gos = fo W. Finally we
compose (5.23), (5.24) and (5.25) and get

o Fr[—rkE] — i"¢Fy[2dim U — 2dim V] = Px[dim U — 2dim V],

and the equality follows from the definition of Px. By adjunction, this cor-
responds to a morphism pz, : Fr[vdim L] — ¢'Px. O

Remark 5.21. The previous proposition proves Joyce’s conjecture locally
(for derived schemes). The main difficulty in giving a complete proof of the
conjecture is to glue these maps along a cover of L by Darboux charts. Note
that these are general maps in D2(X), not necessarily perverse and hence
do not glue like sheaves.

We now formulate a more detailed version of Joyce’s conjecture which
implies the phrasing in Conjecture 5.18 and includes the behavior of the map



352

L. Amorim and O. Ben-Bassat

1 under composition of Lagrangian correspondences. In the next section we
will use this conjecture to construct a bicategory which is a linear version
of Symp".

Conjecture 5.22. Let (Xg,wp) and (X1,w1) be oriented (—1)-symplectic
derwed stacks. Let ¢ = g X o1 : M — X x Xy be an oriented Lagrangian,
in the sense of Definition 5.8 such that w1 is proper. Then

(a)

(b)

(c)

(d)

There is a map of constructible sheaves
par = 25 P, [v] — 1 Px,
where v = vdim(M) with given local models in Darbouz charts. More-

over, if we reverse the orientation of M we change the map by —1.

Consider oriented Lagrangians ¢ : M — X5 x X1 and : N — X5 X
X1 and let p: M — N be an oriented Lagrangeomorphism. Then the
morphism

PoPx, 0] = p* i Px, [v] 255 p* i Py, = p'YiPx, = 01 Px,

agrees with pyy in DY(M).

Given oriented Lagrangians ¢ : M — X5 x Xy andvy : N — X x Xo
with vy = vdim(M) and vy = vdim(N) equip the Lagrangian N e M
with the orientation constructed in Lemma 5.6. Then the maps

pnens : (90 0 Tar)*Px, [unr + vn] — (2 0 Tn)' Py,
and the following composition,

* Tk [UN] !
T PoPx, [vm + vN] ———— 701 Px, [un]
Coq iy

| T o
—1 N Py, [on] —— TysPx,

agree in DY(M xx, N). Note that this statement makes sense because
vdim(X;) = 0 and so vdim(M xx, N) = vdim(M) + vdim(V).

If ¢ is the diagonal A : X — X~ x X then since vdim X = 0 the re-
sulting morphism px : Px — Px s the identity.
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(e) If we are given Lagrangians ¢ : M — Xy x X1 and¢y : N =Y, xY;
the morphism

Pxoxrsloar + on] = (P, [oar]) B (Py, [on]) L2285 Py K Py, 2 P,y
agrees with the morphism pprxn corresponding to the Lagrangian
dpxp: MxN— (Xgx Yy x (X xY).
where vy = vdim M and vy = vdim N.

Remark 5.23. We observe that the statements of Conjecture 5.18 and
Conjecture 5.22(a) are equivalent using the fact that for a product of oriented
(—1)-symplectic derived stacks we have Px, «x, = Px, X Px, when we take
the product orientation on Xy x Xj.

To check this is true first note the isomorphism can be checked locally
as they are perverse sheaves. Examining the Darboux theorem in [6] we can
see that if, using the notation from Theorem 5.15, X; has local Darboux
data V;, U;, f; then for the product X; x X5 we can take V =V x Vo —
Crit(fi B fa)~ x X1 x Xy, with product morphisms. Then the claim follows
from the Thom-Sebastiani isomorphism (see Theorem 2.1.3 of [3]) for the
perverse sheaf of vanishing cycles of fi H fo.

6. A linearization of Symp® and Lag(S)

In this section, we will first construct a bicategory LSymp, whose objects
and l-morphisms agree with those of Symp®”, but it is linear at the level
of 2-morphisms. We will also construct a homomorphism of bicategories
Symp?"” — LSymp. In both cases we will use Conjecture 5.22. In the last
subsection we will see how the same construction gives, for any 1-symplectic
derived stack S, an oriented version Lag®(S) and a linearization LLag(S) of

Lag(S).
6.1. A linearized 2-category of 0-symplectic derived stacks

Here we will define the bicategory LSymp. Before we define the objects and
morphism in this bicategory we make some useful observations. If S is a
0-symplectic derived stack then it has even virtual dimension and if X is a
Lagrangian in S, it follows from the definition of Lagrangian that vdim(X) =
2 vdim(S).
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Definition 6.1. The objects of LSymp are the same as the objects of
Symp®”, namely 0-symplectic derived stacks (S,w) together with a line bun-
dle £ on S. The 1-morphisms are the same as in Symp®", so we have
LSymp, (So, S1) := Symp{"(Sop, S1)-

If X and X; are 1-morphisms, then by Lemma 5.7, the (—1)-symplectic
derived stack Xo; = Xo Xg,xs5, X1 has an induced orientation. Theorem 5.15
then constructs a perverse sheaf Px,,. We define the graded vector space of
2-morphisms as

LSympz(Xo, Xl) = H.(X()l, PXOl [*no — nl]),
where n; = 1 vdim(S;).
We now define the different compositions and identities in LSymp.

Definition 6.2. Composition of 1-morphisms in LSymp is defined in the
same way as in Symp®”. Similarly, the identity 1-morphisms idx are defined
to be same as the ones in Symp?".

Let S; be objects in LSymp with vdim(S;) = 2n,. Given Xy, X1, Xo €
LSymp, (S0, S1), Lemma 5.7 implies that the inclusion

@ Xoiz — (X12 x Xo1)™ x X2
is a (—1)-Lagrangian of virtual dimension —ng — n; equipped with an in-
duced orientation. Here we reverse the order of the first two factors to re-

spect the usual convention for compositions in a category. Since ¢ is proper,
Conjecture 5.22(a) combined with Lemma 5.14(a) gives a morphism

(/’LX012)* : H.(lez x Xo1 [—TZO - 77,1]) — H.(Pon)‘
Applying the shift [-ng — n1] and using the isomorphism Px,,x x,, = Px,, ¥

Px,,, explained in Remark 5.23, and the Kiinneth isomorphism we obtain a
map

(11X 015 )+[—n0 — n1] - H*(Px,,[—no — n1]) @ H*(Px,, [-no — na1])
— H*(Px,,[—no — n1]).

We define the vertical composition of 2-morphisms as

az © ay = (—1){lalmromm)totnd () [—no — (a2 @ ay).
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Consider Yy, Y7 € LSymp, (S, S2) and denote
Z; =Y; 0 X, € LSymp,(Sp, S2).
By Lemma 3.11 there is a natural Lagrangian
Zo X Syx 8,8, Z1 — (Yo1 x Xo1)™ X Zo1.
As explained in the proof of Proposition 2.20 this Lagrangian can be de-
scribed as a triple intersection of oriented 0-Lagrangians and hence
Lemma 5.7 (b) assigns it an orientation. As above, since this Lagrangian

is proper, we obtain a map

(lu’ZOXSOxsl ><52Z1)* : H® (PY01 x Xo1 [U]) — H.(sz)

where v = vdim(Zy Xg,x8, xS, Z1) = —2n1. If we apply the shift [—ng — ng]
we obtain a map

(W Zox sy w5y x5, 20 )+ =10 — n2] : H* (Py,, [=n1 — na]) @ H*(Px,, [-no — n1])
— H* (P, [=10 — n2]).

We define the horizontal composition of 2-morphisms as
bia=(—1)otm)tn (o210 — na] (b ® a)

In order to define the identity 2-morphisms, associators and unitors we
need the following

Lemma 6.3. Let Xg, X1 be 1-morphisms. An oriented Lagrangeomorphism
p: Xo — X1 determines a 2-morphism

ep € LSympy(Xo, X1) = H*(Px,, [-10 — n1]),

sometimes we denote it by epr, with M =1T,.
If p = idx then e, is an identity for the operation ©. Moreover for any
p, the 2-morphism e, is invertible with respect to ©.

Proof. By the definition of Lagrangeomorphism, its graph I', : Xo — Xq1
is an oriented (—1)-Lagrangian of virtual dimension ng + ni. This can be
thought of as a Lagrangian correspondence from a point to Xp;, that is a
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Lagrangian Xo — (e(_1))~ X Xo1. Since it is proper, we can apply Conjec-
ture 5.22(a) and Lemma 5.14 (a) to this Lagrangian and obtain a map

(pr,)s : H*(Po_,, [0 + n1]) = H*(Px,,)-

Applying the shift [-ng —n1] and using the fact that H*(P,_, ) = F, we
obtain the map

(MFP)*[_nO — nl] F— H.(PXM[—TLO — nﬂ) = LSyme(Xo,Xl).

We define e, = (ur,)«[—no — n1](1) € LSympy(Xo, X1).

Let p1 : Xg — X1 and po : X1 — X5 be Lagrangeomorphisms, recall from
the proof of Proposition 3.8 that ps o p; is also a Lagrangeomorphism. More-
over we have an oriented Lagrangeomorphism I',, © ', = T',,,,, where ®
is the vertical composition in the category Symp®". We claim that

(61) €p, ©) €p, = €pyop,

In order to prove this, we compute

(62) €ps © €py = _1)n0+n1 (Msz)*[_nO - nl]
((ur,,)s[=no = na](1) @ (ur,, )«[—no — n1](1))

1) (ax0). [0 = ]

(
X
(
x ((pr,, xr,, )«[—2n0 — 2n1](1))
(=)™ (pxy,p0(r,, <1, ))<[—10 = 11](1)
(

(

pr,,or,, )«[—no —n1](1)

Mszopl)*[_nO - nl](l) = €pyOpy-

Here the first, fourth and last equalities follow from the definitions, the
second from Conjecture 5.22(e) combined with Lemma 5.14(e), the third
equality follows from combining Conjecture 5.22(c) with Lemma 5.14(c) and
finally the fifth equality follows Conjecture 5.22(b) and Lemma 5.14(b).

Now equation (6.1) together with Proposition 3.8 immediately implies
the second half of the statement, namely:

€p © Cidy, = €p = Cidy, ©€p

and
epOe; = €idy,s €p ©e,= €idy,

where p is a homotopy inverse of p. U
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The previous lemma allows us to make the following definition

Definition 6.4. Let Sp, 51,5 and S3 be objects in LSymp and consider
X; € LSymp,(S;_1,.5;) for i =1,2,3. The identity 2-morphism of X; is de-
fined as 1x, = ey, . Let Wx,x,x, be the associator in Symp®, we define
the associator in LSymp, still denoted Wx, x,x,, as ewy, «, «, -

Next, we define the unitors in LSymp,(Is, o X1, X1) and LSympy(X; o
Is,, X1) as ey, and e, where lx, and rx, are the unitors in Symp“".

By Lemma 6.3 all of these 2-morphisms are 2-isomorphisms as required.

We now have all the data needed to define a bicategory, we will now
check the axioms.

Lemma 6.5. The vertical composition ® is associative and the 2-morphisms
1x are identities.

Proof.  Consider Xy, Xj, X3, X3 € LSymp,(Sp,S1) and take a; €
LSymp, (X;—1, X;). We denote n = vdim X; and compute

(6.3) as ® (a2 ® ay)
- (_1)(‘a2|+‘a3|)n(MX023)*[_n]((lu’ﬂxm)*(a3) ® (:u’Xlza)*[_n](az ® al))
= (_1)|a2‘n+n(:uons)*[_n]((MAX% ><X123)*[_n] (a“3 ®az @ (11))
= (—1)|a2\n+n (/'LX023.(AX23 XX012))* [—n] (a3 ® a & al))
where the first equality follows from the definitions, together with Con-
jecture 5.22(d) and Lemma 5.14(d); the second one follows from Conjec-
ture 5.22(e) and Lemma 5.14(e) and the fact that (px,,,)« has degree n. Fi-

nally the third equality follows from Conjecture 5.22(c) and Lemma 5.14(c).
Similarly,

(a3 © a’2) ©ar = (_1)“12‘” (:u‘Xola‘(Xlz?,XAXm))*[_n] (a3 ®az ® al)’

hence associativity follows from applying Conjecture 5.22(b) to the La-
grangeomorphism

Xo23 @ (Ax,, x Xo12) = (—1)"Xo13 @ (X123 X Ax,,)

proven in Corollary 3.10, without considering the orientations, but that is
elementary. The statement about the identity 2-morphisms follows from the
second part of Lemma 6.3. O
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Lemma 6.6. Consider X; € LSymp,(Sy, S1) and Y; € LSymp,(S1,S2) for
i=0,1,2 and denote Z; =Y;o0X;. For a; € LSympy(X;_1,X;) and b; €
LSympy(Yi_1,Y;) fori= 1,2, we have

(b * az) ® (by x a1) = (—1)1192l (by © b1) * (a2 © a1)

Proof. The proof follows the proof of the same statement for the bicategory
Symp®" in Theorem 5.12, using Conjecture 5.22 and Lemma 5.14, instead of
properties C_. We have

(b2 * a2) (bl * CL1) = ( 1) (HZ012‘(Z1><5012Z2><ZO><5012Z1))
X [=ng —n2|(b2 ® az ® by ® ay)

(bg ® bl) * (CLQ ® al) ( 1) ( Z0><3012Z2) (Yo12xXo12)eT, )*
X

[—n0 — n2)(ba ® ag ® b1 ® a)
where

€1 = (|b2| + |ag| + no + n2)(ng +n2) and
€ = (no + nl)(m + TLQ) + (‘bg‘ +n1+ ng)(nl + ng)
+ (laz2] + no + n1)(no + n1) + (|b1] + n1 + n2)(Jaz| + n1 + n2).

Here we have used the fact that

(i) (b2 @b ®az ® ar) = (_1)(\1)1\+m+n2)(|a2\+m+n2)bz ® as ® by @ ay,
where the sign corresponds to the unshifted degrees in H®(Px,,) and
H* (Py,,)-

Note that €1 + €2 = |b1||az| (mod 2), therefore the statement follows from
the existence of the following oriented Lagrangeomorphism

Z012 @ (Z1 X Sy, Z2 X 2 X 515 Z1) = (2o X So1, Z2) ® (Y012 X Xo12) @ T,
which is analogous to the one constructed in the proof of Theorem 5.12. [J

Lemma 6.7. The associator satisfies the pentagon axiom and the unitors
satisfy the triangle axiom.
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Proof. Consider X; € LSymp,(S;_1, Si) = Symp? (Si_1, Si), for i = 1,...,4,
the pentagon axiom in Symp“" states that the following oriented (—1)-
Lagrangians are Lagrangeomorphic

Wis(o1) © Wiazyar = (1x, * Waz1) © Wyzay © (Wagz + 1x,)
By definition and Lemma 6.3 , we have

W43(21) © W(43)21 = €Wz (1) © CWiazy21 — EWiz(21)OWiaz)21 -
Similarly we have
(6.4) (Ix, * Waa1) © Wyzz)1 © (Waza * 1x,)

= €1X4*W321 © €W4(32)1 © €W432*1x1

= 6(1)(4 *W321)®W4(32)1®(W432*1X1 )»

an therefore the pentagon axiom in LSymp follows from the pentagon axiom
in Symp?" combined with Conjecture 5.22(b) and Lemma 5.14(b). By an
analogous argument we can see that the triangle axiom in Symp®" implies
the triangle axiom in LSymp. O

The proof of the next lemma is very similar to others in this section so
we omit it.

Lemma 6.8. The associator and the unitors are natural, meaning that
given 2-morphisms b; € LSympy(X;,Y;), fori=1,2,3, we have

(bg * (b 01)) © Wx,x,x, = Wyyvay, © ((b3 * b2) * by),
and
bo©Orx, =7y, ® (bo* 17, ) and by ®lx, =ly, ® (11, *bp).
Summarizing the results from this subsection we have the following
Theorem 6.9. The definitions and lemmas above define a bicategory LSymp
enriched over graded vector spaces. Moreover it has a symmetric monoidal

structure.

Proof. The only point left to discuss is the symmetric monoidal structure.
At the level of objects and 1-morphisms it is the same as Symp®”. In order to
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define the monoidal structure on 2-morphisms we use the following canonical
isomorphisms

(6.5) LSymp,(Xo x Yy, X1 X Y7)
= H® (P %) % 59 x5, xmy ey (X1 x¥1) [=1x — 1y ])
= H* (Pxy, xvo, [—1x — ny])
= H* (Px,, [-nx]) ® H*(Py,, ) [-ny]),

where nx = vdim Xy x X; and ny = vdim Yy X Y;. The structure of sym-
metric monoidal structure can then be constructed in a straightforward
way. O

6.2. The linearization functor

In the previous subsection we used Conjecture 5.22 to construct the 2-
category LSymp. In this subsection, again using Conjecture 5.22 we would
like to construct a linearization functor, that is a (symmetric monoidal) ho-
momorphism of bicategories Symp®" — LSymp. This is not possible since in
order to apply Conjecture 5.22 we need proper (—1)-Lagrangians. Because
of this we will introduce a slightly modified version of Symp°".

Proposition 6.10. There is a symmetric monoidal bicategory Symp?" de-
fined as the subcategory of Symp®" with the same objects and 1-morphisms
and 2-morphisms (Symp?")2(Xo, X1) are (equivalence classes) of oriented
Lagrangians v : M — Xo1, such that v is a proper map.

Proof. 1t easily follows from the definitions that being proper is preserved
by both horizontal and vertical composition in Symp®". All the other data
required in the definition of a symmetric monoidal bicategory (identities, as-
sociators, unitors,. . .) are defined as the graph of some Lagrangeomorphism
which is necessarily proper. O

We can now state the main result of this subsection.

Theorem 6.11. There is a symmetric monoidal homomorphism of bicate-
gories, in the sense of Definition 2.2 of [28],

F : Symp?" — LSymp

which is the identity on objects and 1-morphisms.
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Proof. By definition we have that F(Y o X)=F(Y)o(X) and F(Ig) =
Ip(s) for any object S and l-morphisms X,Y. Hence we take the 2-
isomorphisms Fj ; and Fg, in Definition 4.2, to be the identity.

Now consider a 2-morphism N € (Symp?")2(Xo, X1), this is a proper ori-
ented (—1)-Lagrangian N — (e(_1))” x Xo1. Applying Conjecture 5.22(a)
and Lemma 5.14(a) to this Lagrangian and shifting we obtain a map

(un)«[—no — n1] - H*(Po_, [vdim N — ng — n1]) — H*(Px,,[—no — n1)).
Since F = H*(P,_,), we define
F(N) = (un)«[=no — n1](1) € LSymp(Xo, X1).
This well defined since, by Conjecture 5.22 (b) together with Lemma 5.14

(b), if N is Lagrangeomorphic to N then (uy)s« = (Un7)«-
We observe that, by definition we have

F(lx) =1px), FWx,x.x,) = Wr(x,)F(Xa)F(X))»
TF(X) and F(ZX) = lF(X)

o
-
=

Il

The only conditions left to check are the following
FINOM)=F(N)oF(M), F(Nx*xM)=F(N)xF(M).

Since both can be proved in the same way, we check only the first one. We
denote € = vdim N (ng + n1) and compute

F(NoM)
= (unom)«[—no —n1](1)
= (H(=1) Xors0(Mx N)) [0 — 11](1)
= (1) ((1x012)% © ((parx N )< [0 — 1)) [0 — n1)(1)
= (=1) (X012 )[—n0 — na]((arx v )+ [—2n0 — 2n1](1))
= (=1) (kxor)«[—10 — na] () «[=10 — n1](1) @ (par)«[—n0 — na](1))
= (=1)(tx012)«[—n0 = m|[(F(N) ® F(M)) = F(N) © F(M),

where the third equality follows from Conjecture 5.22(c) combined with
Lemma 5.14(c), the fifth equality follows from Conjecture 5.22(e) together
with Lemma 5.14(e) and the other follow from the definitions. Finally, in
the last equality, we used the fact that |F(N)| = ng +n; — vdim N. O
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6.3. A linearization of Lag(.S)

In this subsection we will see that the constructions in Sections 5 and 6
can be adapted, almost with no change, to linearize the bicategory Lag(.S)
whenever S is a 1-symplectic derived stack. The previous constructions will
then be the special case when S is a point.

For the rest of the section fix a 1-symplectic derived stack S. We start by
first introducing Lag® (5), the oriented version of Lag(.S). Its objects will be
pairs consisting of a Lagrangian f : X — S in S and a line bundle F on X. A
1-morphism in Lag® (5)1((Xo, Eo), (X1, E1)) is defined to be a Lagrangian
@ : N — Xp1 in the O-symplectic derived stack Xg; := Xo xg X1 together
with a (Kx, ® Eo)~! X Ej orientation. One can easily prove the following

Lemma 6.12. For i =0,1,2, consider Lagrangians f; : X; — S equipped
with line bundles E;. If o : Nog — Xo1 is a (Kx, ® Eg)~' X Ej-oriented La-
grangian and @1 : N1 — X12 is a (Kx, ® Ey)~' X Ey-oriented Lagrangian,
then the Lagrangian No X x, N1 — X2, constructed in Corollary 2.15, has
an induced (K x, ® Eo)~' X Ey orientation.

The diagonal Lagrangian Ax, — Xoo has a natural (K x, @ Eg) ™! K Ey
orientation.

This lemma defines the composition of 1-morphisms and also gives the
identity 1-morphisms in Lag® ().

The rest of the construction of Lag® (S) is the same as Symp”". Note
that as in Lemma 5.7, given Ny and N in Lag” (S)1((Xo, Eo), (X1, E1)),
the (—1)-symplectic derived stack Ny; = Np X x,, N1 is naturally oriented.
So we define Lag® (S)2(No, N1) as the set of oriented Lagrangeomorphism
classes of oriented Lagrangians in Ng;. Now we can proceed as in Section 5.1
and obtain the following theorem which is analogous to Theorem 5.12.

Theorem 6.13. Let S be a 1-symplectic derived stack. There exists a bi-
category Lag® (S) enriched over gr-Inv. The objects are pairs consisting
of a Lagrangian f: X — S and a line bundle E on X. The 1-morphisms
Lag” (S)1((Xo, Eo), (X1, E1)) are (Kx, ® Eo)~! X Ej-oriented Lagrangians
and the 2-morphisms Lag® (S)2(No, N1) are oriented Lagrangeomorphism
classes of oriented Lagrangians in Ng Xg N7.

Moreover there is a homomorphism Lag® (S) — Lag(S) which forgets the
orientation data.
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Next we linearize Lag®"(S) using Conjecture 5.22 and the results in Sec-
tions 5.2, 6.1 and 6.2. Since the details are no different from the case of
LSymp we do not repeat them and simply state the end result.

Theorem 6.14. Let S be a 1-symplectic derived stack. There exists a bi-
category LLag(S) enriched over graded vector spaces, whose objects and 1-
morphisms are the same as Lag® (S). The space of two morphisms
LLag(S)2(No, N1) is the hypercohomology H® (P, [— vdim Ny)).

Consider Lag?" (S), the subcategory of Lag® (S) where the 2-morphisms
are (equivalence classes of ) proper (—1)-Lagrangians. Then there is a homo-
morphism

Lag."(5) — LLag(95),

which is the identity on objects and 1-morphisms.
7. Categories of fillings and mapping stacks

One of the main results in [25] states that under certain conditions, the
mapping stack Map(X, S) is a symplectic derived stack if S is also sym-
plectic. The main condition is that the stack X possess a d-orientation,
rather informally this can be thought of as a volume form that allows us to
“integrate functions” on X. Calaque [8] defined a relative version of orien-
tation and proved that the functor Map(—, S) sends relative orientations
to Lagrangians. In this section we will build a bicategory of derived stacks
with relative orientations, in analogous but dual way to how we constructed
Lag. Then we will show that under certain conditions, Map(—,.S) can be
promoted to a homomorphism of bicategories. We end by showing that this
functor gives extended topological field theories with values in Symp™.

7.1. Categories of fillings

In this section, contrary to the rest of the paper, we will not assume that
our derived stacks are Artin or locally of finite presentation. Instead we will
require that the derived stacks be O-compact.

A derived stack is X is O-compact according to [25, Definition 2.1]
when for any affine derived scheme Spec(A) we have that Oy Spec(A) 18
a compact object of Dycon(X % Spec(A)) and for any perfect complex E
on X x Spec(A), the A-dg-module RHom(Ox y spec(a), F) is perfect. For a
derived stack X and an affine derived scheme Spec A, we use X 4 to denote
X x Spec A.
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Lemma 7.1. Given a diagram
Wy X 2w,

of O-compact derived stacks, a homotopy pushout, in the category of derived
stacks, is O-compact.

Proof. Let us denote the homotopy pushout by Y. Then Y4 is a homotopy
pushout of

(Wi)a &2 X4 2225 (Wa) a.

Consider the resulting canonical maps i1 4 : (W1)a — Ya, i24: (Wa2)a —
Y4, and ig : X4 — Ya. We can write the (stable oo-) categories of quasi-
coherent sheaves and perfect complexes on Y4 as a homotopy limit of the
corresponding categories on (W7)4, (W2)4, and X 4. This means that given
an object on Yy it is determined by objects on (W7) 4, (W2) 4, and X 4 related
by the appropriate pullbacks. Since homotopy colimits and finite homotopy
limits commute in the stable context, this correspondence is preserved by
homotopy filtered colimits. In particular, working in the derived categories
of quasi-coherent sheaves, for any E € Dyeon(Ya) the set Hom(Oy,, E) is
the limit of the diagram

Ji,a J5. a4
Hom (O, Elwy),) — Hom(Ox,, E|x,) < Hom(Ow,).,, Elw,),)-

Notice that these pullbacks commute with homotopy filtered colimits in the
E variable, that (1) 4, (W2) 4, and X 4 are O-compact and that finite limits
and filtered colimits in the category of sets commute. Putting this all to-
gether, this diagram commutes with homotopy colimits in the F variable and
so Oy, is compact. In a similar way, considering the functor RHom(Oy,, —)
we obtain the exact triangle

RHom(Oy,, E) = RHom(Ow,)., Elwy).) © RHom(Ow,) s Elws) )
— RHOTQ(OXA, E’XA)-

Since the restrictions of E are perfect, and because (W7)a, (W2)a, and
X4 are O-compact we can conclude that RHom(Oww,),,Elw,),);
RHom(Ow,) ., Elw,),) and RHom(Ox,, E|x,) are all perfect. This im-
plies that RHom(Oy,, E) is perfect, which completes the proof. O

We now review the definition of orientation following [25]. From now on
we use the notation C(X, F) = RHom(Ox, E), for a complex E on X. Let
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n:C(X,0x) — k|—d] be a morphism in the derived category D(k), this
defines, for any perfect complex E on X 4, a morphism

(7.1) (=N C(Xa,E) » C(Xa, EY)'[d]
corresponding to the composition

C(XA,E)®C(XA,EV) — C(XA,E®EV)
— C(X4,0x,)2C(X,0x)® A — Al—d]

where the first map is the cup product, the second is the trace and the last
isn®idy.

Definition 7.2. Let X be a O-compact derived stack, an O-orientation of
degree d (usually abbreviated to d-orientation) consists of a morphism [X] :
C(X,Ox) — k[—d] such that for any A € cdga,fo and any perfect complex
FE on X4, the morphism

(7.2) (—N[X])4:C(Xa,E) = C(Xa,EV)V[-d
is a quasi-isomorphism of A-dg-modules.

From now on, however, we will suppress this notation from our calcula-
tions, and just use the notation

-N[X]: C(X,E) = C(X,E")"[~d]
for the entire family of morphisms in (7.2) for all possible choices of A and E.

Remark 7.3. If X is equipped with an orientation [X | which is understood,
we sometimes use X to denote (X, —[X]).

We now recall the definitions of boundary structure and relative orien-
tation (which we will call a filling) from [8]. Let X be a d-oriented derived
stack and f : X — W be a morphism of derived stacks. Denote by f.[X] be
the composition

C(W,0w) — C(X,0x) 2 k[—d),

where the first morphism is pullback. Note that we can rewrite — N f.[X]
as the composition

(73) CW,E) = CO(X, f'E) = C(X, f*EY)Y|—d] — C(W, EY)"[~d]
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given by pullback, cap with [X] and finally the shifted dual of pullback.

Definition 7.4. Let (X,[X]) be a O-compact derived stack with a d-
orientation. A boundary structure [8] on a morphism f: X — W is a path
v from f,[X] to 0 in the space Map(C(W, Ow ), k[—d]).

Suppose we have a morphism f : X — Y of derived stacks and an object
E € Perf(Y'). We define C(f, E) by the exact triangle

C\Y,E) — C(X,f'E) — C(f,E) — .

Notice that for a pair of morphisms of derived stacks X Ty 9.4 ,C(f, E)
and C(g, E) are related by the following exact triangle

C(g,E) — C(go f,E) — C(f,g"E) —,

in the derived category D(k).
A boundary structure « induces the following diagram
(7.4)
C(W,E)

e

C(X, f*E) 0

ﬂ[X]J( 7
Cf BY) [=d] — C(X, f*EY)V[~d) — C(W, E")V[~d

This is because v determines a homotopy between 0 and the composi-
tion (7.3) which, since the bottom row is exact, determines the lift ©,.
A boundary structure  is called non-degenerate if the associated morphism
©, is a quasi-isomorphism.

Definition 7.5. Consider a O-compact derived stack X with a d-orientation
[X]. If ~ is a non-degenerate boundary structure on f : X — W, we call the
pair (f,7) a filling of X. Denote the set of fillings for a fixed morphism f
by Fill(f, [X]).

We will see that fillings have many of the same formal properties as
Lagrangians, just dualized. The following is the analogue of Example 2.4
and Proposition 2.6.
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Proposition 7.6. Let X and W be O-compact derived stacks and f : X —
W a morphism of derived stacks. We have the following:

(a) Consider the empty set as a d-oriented derived stack. A d-filling of
the morphism ) — X is equivalent to a (d + 1)-orientation on X.

(b) If (X, [X]) is d-oriented, there is a bijection between Fill(f,[X]) and
Fill(f,—[X]).

(c) Let X; and X5 be d-oriented derived stacks and suppose we have fillings
fi: X1 — Wy and fo: Xo — Wy, Then X[ X2 has an induced
d-orientation and the morphism fi[] fo: X1 [[Xe — Wi [[Ws is a
filling.

Proof. In order to prove (a), notice that a boundary structure on i : ) — X

is just a loop 7 at 0 in Map(C(X,Ox), k[—d]). This is the same as a point

in Map(C(X,Ox), k[—(d+ 1)]). The associated morphism
-N[X]:C(X,E) = C(X,EY)Y[-(d+1)]

is equivalent to

C(X,E) 2% (i, V)V [—d] = O(X, EV)[-1]V[-d] = C(X, EV)V[—(d + 1)]

and so each is non-degenerate if and only if the other is. Points (b) and (c)
are obvious. g

The following is an analogue of Proposition 2.8

Proposition 7.7. Suppose that Xg and Xy are d-oriented derived stacks
and we are given a filling f = (fo, f1) : Xo [[ X1 — W. For a morphism of
derived stacks g : Xo — U, consider the associated morphism bs(g) : X1 —
Ullx, W. Then there is a map

By« Fill(g, [Xo]) = Fill(bs(g), [X1])-

Proof. First note that Lemma 7.1 guarantees that U [ x, W is O-compact.
Let us denote by v the boundary structure for the map f, that is a path from
— fo«[X0] + f1:[X1] to 0 in the mapping space Map((C(W, Ow ), k|—d]), or
equivalently, a path v from f1.[X1] to fo«[Xo]. Let § be a filling of ¢, that is
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a path from g,[Xo] to 0. Consider the homotopy commutative diagram

(7.5) . Ullx, W

ZW

W

e
\ AN

The fact that the square on the left is homotopy commutative determines a
path ¢ from iy, fox[Xo] to i+g«[Xo]. Consider the concatenation

X1

B;(8) = (iwy) » c o (iv49).
It is a path from (iw f1)«[X1] to 0. Since iw f1 = bs(g) we have produced a
boundary structure on by(g). We will now prove that it is non-degenerate if

d is non-degenerate. Let T'= U [ [, W. Given F' € Perf(U [ [y, W) we have
an exact triangle

F — iy i F @ iwsiy F — (iw o fo)«(iw o fo) F — .

applying this to £ and EV and taking derived global sections over T' we get
a commutative diagram

(7.6) CT,E)—— C(U,i5,E) & C(W, i}y E) — O(Xy, f1ity E)
J(esm J(—)nm

Cliw o f1,EV)V[=d] —— C(g, i, EV)Y[—d] & C(f, i}, EV)V[—d] —— C (X1, f§i}y EV)Y[—d]

Consider
X1LX0HX1 XOH XOHX1 UHW

because (g, f) 0 jo = iz 0 f1 we get an exact triangle

C(j27 (ga f)*E\/)V — C(ZQ © flvEV)v — C((ga f)aEv)v — -
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We also have

C(X1,J1F) ® C(Xa, j3 F)
= (X1 [[ X2, F) — C(Xa, j5F) — C(ja, F) —,

and therefore, C'(j2, F') = C(X1,j1 F)[+1]. And so we conclude

(7.7) C(X1, 41 F)"[-1] = C(jo, F)’
and
(7.8) C((g, ), EY) = Clg,ip EY) @ O(f, i EY).

Putting these together we obtain the exact triangle

C(Xo, foiw EY)Y[-1] — Cliw o fo, EV)Y
— C(g,i*UEv)v @ C(f, i}k/VEv)v —.

Shifting and rotating it we have the exact triangle

Cliw o fo, BY)"[=d] — C(g,ipE")"[=d] & C(f, iy EV)" [~d]
— O(Xy, fgiw EY)"[—d] — .

Therefore, the bottom row in (7.6) is an exact triangle. The top row is
an exact triangle as well. Therefore the left vertical arrow in (7.6) is an
equivalence in the homotopy category. This agrees with the morphism O (4)
which is induced by the path Bf(d) by the mechanism explained in (7.4). O

The following lemma is the analogue of Proposition 2.7 and Corol-
lary 2.10.

Lemma 7.8. Suppose that X is a d-oriented derived stack. The natural
morphism V : X [[ X — X has a canonical filling. Moreover, given fillings
f1: X = Wy and fa : X — Wy of X then the (homotopy) pushout Wi [ [y Wa
has an induced (d + 1)-orientation.

Proof. The pushforward of [X] to X is of course —[X] and so we can use
that to find a path to zero from the pushforward of [X [ X] to X. It induces
a morphism C(X, E) — C(V, EY)"[—d] which we want to show is a quasi-
isomorphism. If we consider the inclusion of the first factor X % X[ X,
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then V o j is the identity and the exact triangle
C(X,EY) = C (YHX, V*EV) ~ O(X, EY)

shows that C(V, EV) 2 C(X, EV) and in fact C(X, E) — C(V,EY)"[—d] ac-
tually agrees with the original morphism (—)N[X] : C(X, F)—C(X, EY)"[d]
itself so it is a quasi-isomorphism.

The second statement is an immediate corollary of the first and Proposi-
tion 7.7. Indeed by Proposition 7.6 (3) we have a filling X [[ X — Wy ][] Wa.
By the first statement, we have the filling V : (X [[X) ][0 — X. By apply-
ing Proposition 7.7 we see that § — (W1 [[W2) [Ty x X is a d-illing and
so Proposition 7.6 (1) corresponds to a (d + 1)-orientation on

W J]wa) [T x =wiJ]we.
XIIx X O

The following proposition is an analogue of Theorem 2.14.

Proposition 7.9. Let X be a d-oriented derived stack. Suppose that we are
given three fillings X — W; for i =0,1,2. The natural morphism

b (WOHW1> 11 <W1HW2) 1T (WQHWO> = Wo [Tw [
X X X X X
has a canonical filling.

Proof. The derived stack Wy [[y Wi ][]y W2 is O-compact by Lemma 7.1.
The construction of the natural boundary structure is analogous to the con-
struction of the isotropic structure in Theorem 2.14 and Proposition 3.9 and
so is omitted. We will prove that this boundary structure is non-degenerate.

Denote by W;; = W;[[y W; the (d+ 1)-oriented derived stacks con-
structed in Lemma 7.8. Let T'= Wy [y Wi ][y W2 and denote by f;; :
Wi; — T the induced maps. Notice that T"= Wy, HW1 W1g. Consider E €
Perf(T), there is an exact triangle

C(T, E) — C(W()l, ff]klE) ) C(Wu, fisz) — C(Wl, fl*E) — .
Denote by g the composition

W20 L> W()l H W12 H W02 i) T.
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This gives an exact triangle
C(i,¢p*E)Y — C(q, E)Y — C(¢,E)Y — .

Notice also that C(i,¢*E) = C(Wpy [[ Wi2,¢*E)[l] and we have a co-
Cartesian square

(79) X— W20

d

WlT}T

and therefore C(q, E) = C(f1,7*T) for all E € Perf(T'). Combining the above
we get an exact triangle

C(Wor, 1 B)Y [-1] @ C(Wha, f12B)[-1] — C(f1, E) — C(¢,E)" —
and by shifting and rotating, an exact triangle

C(¢, E)'[-d — 1] — C(Wor, f51 E)"[~d — 1] & C(Wha, floE)"[—d — 1]
— C(f1,B)"[~d].

In conclusion, we get a diagram with exact triangles as rows

C(TE) —————— C(Wor, [ B) @ C(Whp, [ ) ————————— C(W, flE) ——
Or012 J((*)ﬁ[Wm],(*)ﬁ[Wrz]) Je”
Cle, BY)Y[~d = 1] —— C(Wor, [, EY)"[~d = 1] & C(Wia, f1,BY)V[~d = 1] —— C(f1, EY)Y[~d] —

Because the middle and final vertical arrow are quasi-isomorphisms, the first
is as well. O

Definition 7.10. Let X be a d-oriented derived stack and let i : X — W)
and i1 : X — Wy be fillings of X. A filleomorphism between Wy and Wy
is a triple consisting of an equivalence of derived stacks g: Wy — Wi, a
homotopy between g o ig and i; and a filling of the induced morphism

g]_‘[idm/1 :W()HW1 — Wi
X X

Using Proposition 7.6, Proposition 7.7 and Proposition 7.9 we can redo
the entirety of sections 2, 3, 4 of this article in this “dual” picture where
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symplectic structures are replaced with O-orientations, Lagrangians are re-
placed by fillings, Lagrangeomorphisms are replaced by filleomorphisms and
all the morphisms go in the opposite direction. For example composition of
1-morphisms and vertical composition of 2-morphisms are defined using the
morphisms

Fill <W1 1T W2> x Fill (W2 1T W3> — Fill (Wl 1T W3> :
X

X X

constructed by combining Proposition7.6 and Proposition 7.9, as in Corol-
lary 2.15.
We spare the reader the details and summarize the result in the following;:

Theorem 7.11. Let (X,[X]) be a d-oriented stack. There exists a bicat-
egory Fill(X,[X]) whose objects are fillings (f : X — W,~), 1-morphisms
between two fillings (f1 : X — Wi,v1) and (fo: X — Wa,v2) are the fill-
ings of Wi [lx Wa, equipped with the orientation defined in Lemma 7.8.
The 2-morphisms between two such fillings (W1[[x Wa — Q1,71) and

(Wi 1 x Wa = Q2,2) are fillings of Q1 H(W1 L Wa) Q2 up to fillecomorphism.

Definition 7.12. In the special case of the (d — 1)-oriented derived stack
X = (), this theorem constructs a bicategory Fill(())4_1, which we denote by
Or?, whose objects are d-oriented derived stacks. Analogous to the symplec-
tic case, it has a symmetric monoidal structure.

Theorem 7.13. The bicategory Or? is a symmetric monoidal bicategory.
The monoidal structure

or? x Or? — Or,
at the level of objects, sends ((X1,[X1]), (Xo, [X2])) to (X1 [] X2, [X1]] X2])
and has the empty set () as the unit.

Proof. We define the monoidal structure on morphisms by the coproduct
of fillings, as defined in Proposition 7.6(c). Together with some natural iso-
morphisms which we do not write down, this defines a symmetric monoidal
bicategory. O

7.2. From fillings to Lagrangians
Let X be a d-oriented derived stack and S be a n-symplectic derived stack.

Consider a subcategory of Fill(X,[X]), such that the restriction of the func-
tor Map(—, S) has image in the category of derived Artin stacks. We will
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see that the functor Map(—, S) defines a homomorphism of bicategories to
Lag(Map(X,S)). The material here is a modest elaboration on the ideas
in [8]. We start by reviewing how an orientation determines an “integral”.
Recall from [25] that for if X is O-compact, then for any derived stack Z
there is a natural map

DR(X x Z) — C(X,0x) ® DR(Z).

If we are given a morphism 71 : C(X, Ox) — k[—d], we can compose it with
the previous map and get a map

DR(X x Z) — DR(Z)[d],

which, in particular, induces a map
/ c APNX x Z,n) — AP Z,n — d).
n

We collect a few useful properties of this construction.

Lemma 7.14. The assignment n — fn(_)’ determines a conlinuous map
Map(C(X,Ox), k[—d]) — Map(A>(X x Z,n), A>NZ,n - d)).

Let f: X =Y and g: Zy — Z1 be morphisms of O-compact derived
stacks. Given [X]: C(X,Ox) — k[—d], the following holds:

/J’*[X}(_) - /[X](f ) end g </[X](_)> - /[x}(id x9)"(=).

Theorem 7.15 ([25], Theorem 2.6). Let (X, [X]) be a d-oriented derived
stack, (S,w) be a n-symplectic derived stack and assume that Map(X, S)
is a derived Artin stack. Denote by ev: X x Map(X,S) — S the evalu-
ation map. Then f[X] ev*w is an (n — d)-shifted symplectic structure on
Map(X, 5)

Theorem 7.16 ([8], Theorem 2.11). Let f: X — W be a filling and
assume that Map(W,S) and Map(X, S) are derived Artin stacks. The in-
duced morphism Map(f, S) : Map(W, S) — Map(X, S) has an induced La-
grangian structure.
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Proof. We will explain how a boundary structure in f determines an isotropic
structure on Map(f, S) and refer the reader to [8] for a proof that this as-
signment preserves non-degeneracy.

For simplicity of notation, we denote Mg(X) = Map(X,S) and
Mg(W) =Map(W,S) and Mg(f) for the morphism Map(W,S) —
Map(X,S) the morphism induced by f: X — W. A boundary structure
on f:X — W consists of a path from f.[X] to 0. By the first part of
Lemma 7.14, this induces a path from ff*[X] m™w to 0. Again using
Lemma 7.14 we have

Ms(f) /[X]ﬂw:/[x](idst(f)) Ww:/f*[X]ﬂw

so we have a path from Mg(f)* f[X} 7w to 0, in other words an isotropic
structure on Mg(f). O

This proof points the way to some helpful notation. If f : X — W has a
boundary structure, that is a path v from 0 to f,[X] then we define Mg(vy)
to be the corresponding path in the space of closed 2-forms on Map (W, S)
from Mg(f)* f[X] m™*w to 0.

Proposition 7.17. Let Xy, X1 be d-oriented derived stacks, let f=(fo, f1) :
Xoll X1 =W and g: Xo — U be fillings and consider the filling bs(g) :
X — UHXO W, constructed in Proposition 7.7. Assuming that the following
mapping stacks are Artin, then an equivalence (determined by the universal

property)

Map <UH W, S) = Map(U7 S) X Map(Xo,5) Map(W7 S)
Xo

can be upgraded to a Lagrangeomorphism of Lagrangians in Map(X1,S).
Here the Lagrangian structure on the right side is constructed by applying
Proposition 2.8 and the Lagrangian structure on the left hand side comes
from applying Theorem 7.16 to by(g).

Proof. Let v be the path from fo.[Xo] to fi.[X1]. It gives rise to a path
from Mg(f1)* f[Xl} miw to Mg(fo)* f[Xo] myw in the space of closed 2-forms
on Map(W, S). Similarly, we have Mg(v4), a path from Mg(g)* f[Xo] Tow
to 0 in the space of closed 2-forms on Map(U,S). The canonical path
connecting the pullbacks of Mg(fo)* f[Xo] myw and Mg(g)* f[XU] myw in the
space of forms on the right hand side is induced using from the canonical
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path from the two different pushforwards of [Xy] to the space
Map(C(U [y, W), k[—d]). Therefore Ms((iw+7) ® c ® (ir+7g)) is homotopy
equivalent to the path made by connecting the pullbacks of
M (iw)*(Ms(7)) and Mg(iy)*(Ms(vg)). We can now complete the proof
by appealing to Corollary 3.5. O

By taking X; to be a point, we obtain the following corollary, which can
be found in [8]

Corollary 7.18. Given two fillings X — Wy and X — Wy, the equivalence
of derived stacks

Map <W1 H Wa, S> — Map(W1, S) XMap(x,s) Map(W2, S)
X

is a symplectomorphism, assuming these are derived Artin stacks.

We now have all the ingredients necessary to show that Map(—, S) de-
fines a homomorphism from Fill(X) to Lag(Map(X,S)), modulo the ques-
tion of the required mapping stacks being derived Artin stacks. We fix this
problem by restricting the domain of the homomorphism.

Definition 7.19. Let S be a derived Artin stack. Fix a subcategory C
of the category of O-compact derived stacks, closed under pushouts, and
containing the initial object () such that for any X in C, the mapping stack
Map(X, S) is a derived Artin stack.

Let (X, [X]) be a d-oriented derived stack, such that X is an object of
C. We define the bicategory Fillc(X) as the subcategory of Fill(X'), where all
the fillings are objects and morphisms in C. Note this defines a subcategory
since C is closed under pushouts. Let Ord = Fillc(f4). As with Or, this is a
symmetric monoidal bicategory.

We are aware of two examples of categories C which fulfill the conditions
of Definition 7.19. It would be interesting to identify other examples.

Example 7.20. Let S be an arbitrary derived Artin stack. We can take C
to be the category of “constant stacks”, that is to say, stacks whose value
on any cdga is the same topological space (which has the homotopy type of
a finite CW complex) and whose value on any morphism is the identity.
The homotopy pushout of a diagram of such constant stacks is just the con-
stant stack with value the homotopy pushout of the corresponding topological
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spaces. Moreover, as explained in [25], for any such stack X, Map(X,S)
18 a derived Artin stack. We discuss this example in more detail in Subsec-
tion 7.5.

Example 7.21. Assume that S is a smooth quasi-projective variety, or a
classifying stack BG. Take C to be the category whose objects are finite homo-
topy colimits (in the category of derived stacks) of diagrams of smooth proper
Deligne-Mumford stacks with morphisms closed immersions. As explained in
[25], if X is a smooth proper Deligne-Mumford stack then Map(X,S) is a
derived Artin stack. Therefore for any object Y in C, then Map(Y,S) is a
derived Artin stack since it is a finite homotopy limit of derived Artin stacks.

Theorem 7.22. Let S be an n-symplectic derived stack and C a category
as in Definition 7.19. If (X, [X]) is a d-oriented derived stack belonging to
C then there is a homomorphism of bicategories

Mg : Fillc(X) — Lag(Map(X, S))

where Map(X,S) is equipped with (n — d)-shifted symplectic structure
f[X] m*wg discussed above.

Proof. The definition of this homomorphism on objects was explained in the
proof of Lemma 7.16 . Recall that the 1-morphisms and 2-morphisms in the
category Fillc(X) are given by fillings, and similarly the 1-morphisms and 2-
morphisms in the category Lag(Map(X,S)) are given by Lagrangians. The
definition of this homomorphism on 1-morphisms and 2-morphisms looks the
same as the definition on objects, it is again given by taking the mapping
stack into S and using the Lagrangian structure we have explained. The
main thing to check is the compatibility of this assignment with the compo-
sition of 1-morphisms and with the composition of 2-morphisms. This works
because compositions in Fillc(X) are given by pushouts and compositions
in Lag(Map(X,S)) are given by fiber products. Therefore, checking that
this is a homomorphism boils down to a repeated use of Proposition 7.17
and Corollary 7.18, for which it is shown that the relevant structures on the
pushouts correspond to the correct structures on fiber products. O

As a special case of this, taking X = () we have the following

Corollary 7.23. Let S be a n-symplectic derived stack and C be a category
satisfying the conditions of Definition 7.19. There is a homomorphism of
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symmetric monotidal bicategories
Mg : Or% — Symp™ ¢

which at the level of object sends a d-oriented derived stack X to the (n — d)-
symplectic derived Artin stack Map(X,5).

The claim that this respects the monoidal structure is an easy conse-
quence of the fact that Map(—, S) sends coproducts to products.

7.3. Extended topological field theories

We now sketch the existence of (symmetric monoidal) homomorphism of bi-
categories from the oriented cobordism category of d-dimensional manifolds
to the category Orccl discussed in 7.19 where C is the category of constant
stacks from Example 7.20. First we explain what we mean by the oriented
cobordism bicategory Cobj" following the constructions in [28]. Our index-
ing is shifted from that in [28], what we are describing here is the oriented
version of what in his notation is Cobgyo

Definition 7.24. The objects in Coby" are pairs (M, p) where M is a closed
d-dimensional manifold and g is an orientation on M. The 1-morphisms in
Cob?" between two objects (Mo, po) and (My, 1) are triples (N, v, f) where
N is a compact (d + 1)-dimensional manifold with boundary, v is an orien-
tation on N and f is an isomorphism of oriented manifolds f : (ON,v|y) —
(Mo, —po) [T(Mi, pe1). The 2-morphisms between triples (No,vp, fo) and
(N1,v1, f1) are equivalence classes of quadruples (P, p,a,b) where P is a
compact (d 4 2)-dimensional manifold (with corners) with orientation p and
boundary components (0y P, p|s,p) and (01 P, pla, p),

a: (0P, pla,r) — (No, —v0) [ [ (N1, 1)
is an orientation preserving diffeomorphism and
b: (OLP,pla,p) = (Mo x I, —po) [ [(M1 x I, 1)
is an orientation preserving diffeomorphism such that
boa oy, : ONo — (Mo x {0}) [J (A1 x {0})

and
boa oy, 1 ON1 — (Mo x {1}) [J(M: x {1})
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agree with fo and f1. Two such quadruples ( Py, po, ao, bo) and (Py, p1,a1,b1)
are equivalent if there is an orientation preserving diffeomorphism (P, po) —
(P, p1) which takes ay *(No) to a;*(Np) and ag '(N1) to ay *(Ny), by H (Mo x
I) to by H(My x I) and by ' (My x I) to by (My x T).

This is a symmetric monoidal bicategory where the monoidal structure
is given by disjoint union (along with the induced orientation). We end this
section by explaining that the Betti stack construction gives a symmetric
monoidal homomorphism

Coby — Ord

where C is the category of constant stacks discussed in Example 7.20. The
interest in such a homomorphism is that given an n-symplectic derived Artin
stack S, we can postcompose such a homomorphism with the homomorphism
Mg described in Corollary 7.23 to get a symmetric monoidal homomorphism

Zg : Coby — Symp" ¢
given by Zg(—) = Mg((—)B).

Proposition 7.25. Let C be the category of constant stacks discussed in
Ezxample 7.20. Then the Betti stack construction gives a symmetric monoidal
homomorphism of bicategories

Cob%" — OrL.

Proof. To each compact oriented manifold with corners (7,0) we assign
to the (constant) Betti stack Tp (which is O-compact). In the case that
S has no boundary, it has a O-orientation [T5] = ocp. We will sometimes
use the notation (7,0)p = (ITp,0op). The functor (—)p preserves finite ho-
motopy pushouts and homotopy equivalences. If (M, o) and (M, py) are
closed oriented manifolds such that My [ [ M, is the boundary of a manifold
with boundary (N,7), then the inclusion My ][ M7 — N induces a filling
(Mo, —po)B [1(M1, 1) — (N,m) of (Mo, —pio)B [1(M1, 1), which is a
1-morphism in Or? from (Mo, pio)p to (My, u1)p. Given two such oriented
manifolds with boundary (Ny, 1o, fo) and (N1, 1, f1) a cobordism (P, p, a, b)
between them (a 2-morphism in Cob¥") is homotopy equivalent to an ori-
ented topological space whose boundary is the pushout Ny H( Mo 1 M:) Ny.
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Applying the Betti stack construction, one gets a filling of

(No.m0) B 1T (N1,m)B.
(Mo,—po) IT(M1,—p1)

Any equivalence of cobordisms, gives an orientation preserving homeomor-
phism of the two topological spaces whose boundary is the pushout above
and therefore induces an filleomorphism (see Definition 7.10) of the two
corresponding fillings. O
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