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Functorial quantum field theory in the
Riemannian setting

SANTOSH KANDEL

We construct examples of functorial quantum field theories in the
Riemannian setting by quantizing free massive bosons.

1. Introduction

There are a number of mathematical approaches to rigorously define Quan-
tum Field Theory. As suggested by the path integral quantization, in the
framework pioneered by Atiyah, Kontsevich, Segal and many others, roughly
a d-dimensional Riemannian QFT is a rule F that assigns to a d-dimensional
closed oriented Riemannian manifold ¥ a number E(X), which depends only
on the isomorphism class of ¥. More generally, E assigns to a d-dimensional
compact oriented Riemannian manifold ¥ with 0% = Y, L' Y; Hilbert spaces
E(Yy) and E(Y1) together with a bounded operator E(X) : E(Yy) — E(Y7).
The main requirement is that F is local. Here, by local we mean if ¥ is
obtained by gluing >»; and X5 along the common boundary Y, then the
contributions from ¥; and X9 are sufficient to compute E(X).

More precisely, let d-RBord be the d-dimensional Riemannian bordism
“category” whose objects are oriented closed d —1 dimensional Rieman-
nian manifolds. We use Y's to denote objects of this category. A morphism
¥ :Yy— Y) in d-RBord is a d-dimensional compact oriented Riemannian
manifold with orientation preserving isometry Yy L Y; — 0. Here, Yy means
the intrinsic orientation on Y{ is reversed. We require a morphism ¥ in
d-RBord to have a product metric near the boundary so that we have a well
defined composition of morphisms by gluing. We remark that d-RBord is
just a semicategory not a category as it does not have identity morphisms.

Let Hilb be the category whose objects are separable Hilbert spaces and
morphisms are continuous linear operators. We note Hilb is a symmetric
monoidal category with the monoidal structure given by the Hilbert space
tensor product.

Following Atiyah[1] and Segal [20], the discussion above can be summa-
rized as
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Definition 1.1. A (d,d — 1) Riemannian Functorial QFT is a functor E :
d-RBord — Hilb that maps disjoint unions into tensor products.

We will also consider a more general bordism category in Subsection 3.5,
namely objects and morphisms come with a fixed vector bundle with a metric
and a compatible connection.

Our main goal here is to construct a class of examples of (d,d — 1) Rie-
mannian FQFTs. Naively, one can try to do path integral quantization to
construct such examples. Path integral quantization heuristically means con-
struction of “measures” on the space of fields given by a classical field theory.

A classical field theory on a d-dimensional compact oriented Rieman-
nian manifold ¥ consists of two pieces of data: space of fields §(X) and an
action functional S which is a real valued function on §(X). Furthermore,
one requires S to be local which means S depends only on fields and their
derivatives.

The space of fields F(X) is space of sections of a fiber bundle P over
Y. An example of space of fields is C*°(X), the space of real valued smooth
functions on ¥ and an example of action functional is the energy functional

(1.1) S(¢p) = ;/zdgb/\*dgb—l—mQ*ng

where * is the Hodge star operator associated to the Riemannian metric and
m is a positive real number.

The idea behind path integral quantization is to make sense of the inte-
grals

E(X) = L(E) e 5 D¢

where D¢ is a ¢ volume measure” on §(X) and it is very difficult to achieve
in general. Fortunately, using ideas from constructive quantum field theory
[8], it is possible to construct “measures” in some linear o-models. How-
ever, these measures, which are required to define path integrals, live on the
space of distributions not on the space of fields. This does not create serious
problems in some nice cases. In [15], Douglas Pickrell follows this point of
view to construct a class of examples of 2-dimensional FQFTs called P(¢)a-
interaction theories. We use ideas from Pickrell[15] and Segal [19] to show

Theorem 1.2. There is a projective representation of d-RBord in Hilb.

Our main result is to promote this projective representation to get a
FQFT when d is even. More precisely, we prove
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Theorem 1.3. There exists d-dimensional Riemannian FQFT when d is
even.

In fact, Theorem 1.3 can be used to construct FQFT in all dimensions
as follows. A closed oriented Riemannian 1-manifold S induces a functor
d-RBord — (d 4+ 1)-RBord by taking product with S. When d is odd, com-
posing this functor with the one given by Theorem 1.3 gives a FQFT. This
shows that:

Corollary 1.4. There are FQFTs for d odd as well.
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2. Background
2.1. Dirichlet-to-Neumann operator

Let ¥ be a d-dimensional compact oriented Riemannian manifold, C*°(X)
the space of real valued smooth functions on 3, Ay, the nonnegative Lapla-
cian on ¥ and m > 0.

Assume Y = 0% # @. Let i : Y — X be the inclusion and let v denote
the outward unit normal to Y. We recall a classical fact that the Dirichlet
problem

(As +m*)¢ =0 with ¢y =17

has a unique solution ¢, in C*°(X) for all n € C*°(Y") ([17], p. 193). We call
the unique solution ¢, to the Dirichlet problem the Helmholtz extension
of 7.
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Definition 2.1. The operator on Y defined by

Dyn=—"'
=7 o
is called the Dirichlet-to-Neumann operator associated to the Helmholtz
operator Ay, +m?.

It is well known that Dy is a positive elliptic pseudo differential oper-
ator of order one as an operator on Y ([21], Chapter 7, Section 11) and it
has the same principal as the operator (Ay +m?2)z ([12], Theorem 2.1). In
particular, Dy is symmetric.

Let Helm(X) denote the space of Helmholtz solutions on ¥ and ®(Y")
denote C*°(Y) & C*>°(Y). There is a map Helm(X) — ®(Y) given by ¥ —
(Tly, %—\fly). We also note that ®(Y) can be given a canonical symplec-
tic structure wg(y), which is the hyperbolic form induced by the L?-inner
product on C*°(Y).

Remark 2.2. The image of Helm(X) under the map above can be identi-
fied with the graph of Dy, : C*(Y) — C*°(Y') inside ®(Y) and hence is a
Lagrangian subspace of ®(Y').

2.1.1. Gluing Dirichlet-to-Neumann operators. Let X; be a d di-
mensional oriented compact Riemannian manifold with 9¥; = Y5 U Y] where
Y7 means Y; with the induced orientation which is opposite of the intrinsic
orientation on Y;. We say Y] is an incoming boundary and Ys an outgoing
boundary. Let 5 be another d dimensional oriented compact Riemannian
manifold with 9%, = Y3 LU Y5 and let Helm(X2) o Helm(31) be the fiber prod-
uct Helm(¥2) X g(y,) Helm(¥1). More precisely Helm(Xz) o Helm(X;) con-
tains pairs (¢2, ¢1) where ¢2(¢1) is a Helmholtz solution on 32(X;) such
that their values and normal derivatives agree on Ys. Let Yo o 31 denote the
Riemannian manifold glued along Y5. It is easy to see that there is a canoni-
cal isomorphism between Helm(Xs) o Helm(X5) and Helm (39 o 7). We can
rephrase this discussion in terms of Dirichlet-to-Neumann operators.
We can write

Dy, = [ B] : C®(Ya) & C®(Y1) — C®(Ya) & C™(V))
where

A:C™(Ys) = C™(Y2), B : C™(Y1) — C™=(Ya),
D: C%(Y1) = C=(Y1) and Bt : C(Ya) — C=(Y)).
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Now, let us describe the operators A, B, B! and D. Given ¢o in C*(Y>),
calculate the Helmholtz solution on ¥; with boundary value ¢s on Yo and
vanishing boundary value on Ys; then A(¢s) is the outward normal deriva-
tive of the Helmholtz solution along Ys. Given ¢; in C°°(Y7), calculate
the Helmholtz solution on ¥; with boundary value ¢; on Y; and vanish-
ing boundary value on Y7; then D(¢1) is the inward normal derivative of the
Helmholtz solution along Y;. Similarly we define B and B!. The notation
B! is used to remind us that Dy, is a symmetric operator.
We write

Dy, = [KE L]:C®(Ys) ® C™(Y2) = C™(Y3) & C®(Ya).

Lemma 2.3.

D _ [K-L(A+M)~'L' —L(A+M)~'B
22081 T | _Bt(A+M)~'L! D—Bt(A+M)"'B

as an operator from C*°(0(Xq 0 X1)) to itself.

Proof. We will only sketch the proof. For simplicity, we assume Y; = &. We
need to show

Ds,ox,%) = K — L(Dyg, + M)~ L%
for all ¢ € C*°(Y3). Let ¥ be the Helmholtz solution on X3 o 31 such that
Uly, =1 and let WUy be the Helmholtz solution on Yo such that Wsly, =

¢ and VUly, = 0. Then, ¥ — ¥y is the Helmholtz solution on 33 such that
U — Wsly, =0 and ¥ — Wsly, = ¢ where ¢ = U|y,. This implies

B¢ = Dy,ox, — K¢ and By = —(Dyg, + M)¢.

Now, the fact that (Dx, + M) is invertible (Theorem 2.1, [4]) proves the
lemma. |

Let Y be a closed oriented Riemannian manifold, m > 0 and s € R. The
bilinear form on C*°(Y') given by

< f,g>= /Yf(Ay +m?)%g dvol (Y)

defines an inner product on C*°(Y'). We define the Sobolev space W*(Y') as
the completion of C*°(Y’) with respect to this inner product.
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Lemma 2.4. Let Y be a compact oriented Riemannian manifold and 0% =
Y. Then

_1
2

ay, = Dz(Ay + mQ)
defines a unique continuous positive operator on W%(Y)
Proof. Recall that Dy, and (Ay + m?) are both positive pseudo differential
operators of order one and both have same principal symbol. This means

Ds(Ay +m?®) "2 =I+R

where R is a pseudo differential operator of order at most —1. This shows
(Ay + m2)7%DE is a pseudo differential operator of order zero and, hence, it
has a unique extension to a continuous linear operator on We (Y). Positivity
of ay; is obvious. O

Let ¥; and X2 be as above. Recall that ax,, ax, and as,oxn, are con-
tinuous positive operators on W2 (Y3) & W2 (Ya), W2 (Ya) ® W2 (Y;) and
Wz (Y3) & Wé(Yl) respectively. We want to show ayx,, ax, and ax,.xn, are
related in the similar fashion as Dy, Dx, and Ds,ox,. The following defi-
nition is useful to describe this relation.

Definition 2.5. Let Hy, Hy and Hg be Hilbert spaces,
Ar:Ho® Hy — Ho® Hyand Ay : H3 & Hy — Hs @ Ho
positive continuous operators with continuous inverses. We write
Ar=[48] andAs = [K 1],
and define

_ [K-L(A+M)'L' —L(A+M)"'B
(2.1) Az oAy = [ —B'(A+M)~' L D—Bf(A+M)’lB} '

As a corollary of Lemma 2.4, we have
Corollary 2.6. ayx, oay, = ay,ox,-

Next, we describe the idea behind the Definition 2.5. We will consider the
finite dimensional situation. Informally, we can use A; and As to construct
Lagrangian subspaces in some symplectic vector spaces and the definition
of Ag o Aj is just a consequence of “composing” Lagrangian subspaces. We
refer to Lemma 2.11 for a precise statement.
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Definition 2.7. Let V and W be two vector spaces. A linear relation P :
V — W is a subspace of W @ V.

Let P: V — W and @ : W — U be two linear relations. The composition
Q@ o P of linear relations is the fiber product @ Xy P which is defined by

Qo P ={(u,v)|Fw € W with (u,w) e U®d W, (w,v) e Wa V}.

Definition 2.8. Let (V,Qy ) be a finite dimensional symplectic vector space
and V¢ be the complexification of V' and abusing the notation, 2y, be the
complex bilinear extension of Q. A subspace L of V¢ is said to be a positive
Lagrangian if L is a Lagrangian subspace and the Hermitian form defined
by

< v,w >= —iQy (7, w)

is positive definite on L.

Let (V, ) be as above. We use the notation V to denote the symplectic
vector space (V, —Qy).

Lemma 2.9. Let U, V, W be finite dimensional symplectic vector spaces.
Let P be a positive Lagrangian subspace of Vo @ Uc and Q be a positive La-
grangian subspace of We @ V. Then Q o P is a positive Lagrangian subspace
of We @ Uc.

Proof. Using the well known fact the composition of Lagrangian linear rela-
tions is again a Lagrangian linear relation ([13], Theorem 8.3) we see ) o P
is a Lagrangian linear relation. To complete the proof we have to show
Q o P is positive Lagrangian subspace which is a simple computation. Let
(w,u) € Qo P, then there is v € V¢ such that (w,v) € Q and (v,u) € P.
Now,

ZQWL@UiL ((@, ﬁ)v (w> u)) = ZQWL@VC ((W, W)v (w> U)) + ZQVQEBUi(L ((§7 ﬂ)? (Uv u))
implies —i€y, 7= (W, w), (w,u)) is positive definite. O

Let H be a finite dimensional real Hilbert space and define V =V* &
V= where V* =V~ = H. Then (V,Qy) is a symplectic vector space with
the symplectic form the hyperbolic form defined by

Qv ,v7), (07 ,v7)) =< v, vy > — <vg, vy >.

Let V¢ be the complexification of V. Let A : H — H be a positive operator.
Proof of the following lemma is obvious.
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Lemma 2.10. The graph of iA is a positive Lagrangian subspace of V.

More generally, let Hy, Ho and Hj be finite dimensional real Hilbert
spaces. Let Ay : Ho @ Hy — Ho @ Hy and Ay : H3 & Hy — Hg @& Hy be pos-
itive operators. We write

Define
Av=[ % 5] andA; = [ K, 5]

It is easy to check the following lemma.

Lemma 2.11. (i) The subspace Ly which is the graph of z.;[vl 1S a positive
Lagrangian subspace of

(Hy ® Ho)c & ((Hy & Hy)c.

(i) The subspace Lo which is the graph of zﬁ; is a positive Lagrangian
subspace of

(H3 @ H3)c & (H2 ® Ha)c.
(i4i) Lo o Ly is the graph of iﬂml where

_ [K-L(A+M)~'L' —L(A+M)~'B
AzoAr = | " pid vy 1Lt popi(A+an B | -

2.2. Gaussian measures and Bosonic Fock spaces

Here, we recall a few facts about Gaussian measures on a real nuclear vector
space V which we use in this paper. Our main reference for Gaussian measure
related facts is reference [2]. A well known fundamental fact is that there
is a canonical bijection between the set of nondegenerate centered Gaussian
measures on V'V and the set of inner products on V. Given a nondegenerate
centered Gaussian measure p on V' the corresponding inner product on V'
is given by

< v,w >:/V(U,F)-(w,F)du(F).

where (v, F') and (w, F') are the natural pairings between elements of V' and
V'V respectively. Conversely, given an inner product on V' we can use Milnos
theorem to construct the corresponding Gaussian measure.



Functorial quantum field theory 1451

We follow the slogan that “almost all” features of a nondegenerate Gaus-
sian measure p on V'V are controlled by a subspace H (p1) of V'V where H(p)
carries a Hilbert space structure. This Hilbert space is called the Cameron-
Martin space of the pair (VV, u) (See [2], page 44 for precise definition of
the Cameron-Martin space). We can think of the Cameron-Martin space as
the dual of the Hilbert space which is the completion of the V' with respect
to the inner product that defines the given Gaussian measure.

Example 2.12. Let Y be an object in d-RBord which means Y a closed
oriented d — 1 Riemanninan manifold. Consider the inner product on C*°(Y")
given by

< f.g >wi )= /Y F(Ay +m?)zgdvol(Y)

Let uy be the corresponding Gaussian measure on D'(Y') the space of distri-
butions on Y. Then the Sobolev space Wz (Y') is the Cameron-Martin space
of My -

One key feature of the Cameron-Martin space is that it can be used to
detect whether two Gaussian measures are mutually absolutely continuous
or not. Let (V' i) be as before and let H (1) be its Cameron-Martin space.
Let v be another Gaussian measure on V'V with the Cameron-Martin space
H(v), then p and v are mutually absolutely continuous if and only if H (1) =
H(v) as vector spaces and there is a symmetric Hilbert-Schmidt operator
S: H(pu) — H(p) such that

< UV ZH)T< UV >H() + < Su,v > H(p)

for all w,v € H(u). See chapter 9 in [2] for details.

Another feature which interests us is that it completely characterizes the
square integrable functions in the sense we explain below.

Let V be a nuclear space, u a Gaussian measure on V" and H(u) the
Cameron-Martin space of p. Then there is an isomorphism of Hilbert spaces

S L*(VY, p) — Sym* H(p)"

which is known as Segal-Ito isomorphism (][9], Chapter 3). Here Sym™* H (u)"
is the Bosonic Fock space (See 4.1) of H (). If V is a finite dimensional real
Hilbert space then S is essentially the forward heat operator. Hence we may
think of S as the infinite dimensional version of the forward heat operator.
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Remark 2.13. The upshot of the previous paragraph is that we do not
really need Gaussian measure to describe the space of square integrable
functions. It is enough to have the Cameron-Martin space at hand.

We use remark 2.13 frequently explicitly or implicitly, to turn measure
theoretic constructions into constructions in Bosonic Fock spaces.

3. Construction of free theories

3.1. Heuristic computation of path integrals and gluing formula
for the zeta regularized determinants

We describe a heuristic path integral quantization of a free massive scalar
field theory to motivate the construction of the FQFTs in this paper. We
recall that we want to make sense of the integrals of the form

(3.1) E(%) = /3(2) e59) D¢

where S(¢) is given by (1.1).

. is closed: First, we assume 3 is closed. Then, using integration by parts,
we can write

S(¢) = ;/E¢(Ag + m?) ¢ dvol (X)

This shows E(X) is a Gaussian. If §(X) were a finite dimensional vector
space, then F(X) would be simply det(Asy + m2)7§. Hence, we need a gen-
eralization of determinant for the infinite dimensional case and zeta regu-
larized determinant [6] is one such generalization. This suggests

E(Z) = detc(Az + m2)_§.

Y. has nonempty boundary: Assume that 0¥ =Y. Let n € C*°(Y) and
we want to heuristically make sense of integral

(3.2) E(2)(n) = e %@ D¢

/{¢€3(2)1¢>Y=77}

First, we need the following lemma
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Lemma 3.1. If vy is a Helmholtz solution, then
/ dé A sdi) +m?  pip = / ¢Dxly dvol(Y').
by Y

Proof. Using d(¢ * dp) = d¢p A xdip + ¢d * dip, we have

/dqb/\*dv,b+m2*¢w
)
:/ (¢*d¢)|y+/ b(—d x dip +m? )
Y b
- / (¢ *dip) |y
Y
Now,
[ @xdv)ly = [ oDsuly duol(y)
Y Y
follows from the proof of Proposition 4.1.54 of [14]. O

Now, we go back to heuristic computation of E(X)(n). Let ¢ € §(X) such
that ¢|y =n. Let us write ¢ = ¢, + qg, where ¢, is the Helmholtz solution
with boundary value n and qg vanishes on the boundary. Using Lemma 3.1
and integration by parts, we see that

1 1 [, .
5(6) = S(60) + 5(0) = 5 [ aDsndvol(Y) + 5 [ (s + m)dool(5)
Hence, heuristically,
E()(n) = e 5@ detc (As,p +m?) "2

where Ay, p is the Laplacian with the Dirichlet boundary condition.

Gluing: Now assume that ¥ = ¥y 0 ¥ in d-RBord where ¥; : @ — Y and
Y9 :Y — @. In particular, ¥ is closed. Then,

E(EQ) @] E(El)

|-

= det((AEl,D + m2)_%detc(A227D + m2)_ / e_%<(D>32+D21)77777> Dn
neC>=(y)
= det((AEl,D + m2)_%det4(A227D + m2)_%detc(Dg2 + Dgl)_é.

In order to have a FQFT, we want F(X) = E(32) o E(31). Hence, we
expect to have a gluing formula for the zeta regularized determinants. In
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other words, if we compute path integrals heuristically and expect a FQFT,
then it predicts the gluing formula for the zeta regularized determinants.

Fortunately, there is a gluing formula for the zeta regularized determi-
nants ([3], Theorem A or [12], Corollary 1.3) when d is even. Hence, heuristic
computation of path integrals leads to E(X) = E(X2) o E(X4).

In summary, heuristic computations of path integrals together with the
gluing formula for the zeta regularized determinants suggests the existence
of functorial quantum field theories. In the rest of the paper we show this
is indeed the case. In particular, when 0¥ =Y, we want to give a precise
mathematical meaning to F(X) from above. We want to think of F(X) as a
vector in a Hilbert space associated to Y, and we will see in our approach,
that we must modify F(X) from above.

3.2. A strategy for construction of free theories

In [20], Segal suggests free theories can be constructed composing two func-
tors d-RBord — T}, and T, — Hilb. We heuristically follow this path.
Here T}, is the “category” of “polarized” symplectic vector spaces whose
objects are polarized symplectic vector spaces (V,J), where V' is a symplec-
tic vector space and J is a polarization. A morphism (Vg, Jo) — (Vi,J1) is
a polarization of V4 @ Vp which is “close” to J; — Jy. For an object Y in
d-RBord the datum (®(Y), /Ay + m?), can thought of as a “polarized”
symplectic vector space. The functor d-RBord — T, assigns to an object
Y the polarized symplectic vector space (®(Y),\/Ay +m?). If ¥ : & — Y is
a morphism in d-RBord, then the operator Dy, can be interpreted as a mor-
phism in 7,,. The other functor 7}, — Hilb can be thought of as passing
to the quantum theory.

3.3. Comnstruction of Hilbert space of states

Let Y be an object in d-RBord. There are at least two equivalent ways to
construct the Hilbert space associated to Y.

We recall, to Y, one can assign the symplectic vector space (®(Y), wa(v))
where ®(Y) = C*(Y) & C*°(Y) and wgy) is the hyperbolic form induced
by the L? inner product on C*°(Y). The underlying vector space of ®(Y)
can be thought of as the Cauchy data for the classical solutions associated
to the action functional (1.1) on a very thin cylinder around Y. We need an
extra data namely a polarization so that we can use geometric quantization
to construct a Hilbert space. We may think of graph of i\/Ay +m?2 as a
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positive polarization (see Section 9.5 in [16]) on ®(Y). Now, we can assign
to Y the Hilbert space given by geometric quantization.

Since we are interested in explicit computations, we use the ideas from
constructive quantum field theory ([8], [15]) to construct the Hilbert space
of states.

To an object Y of d-RBord, we assign the Hilbert space of states

E(Y) =Sym* W= (Y)".

Recall from Section 2.2 that E(Y)) is the L? space of the Gaussian measure
on D'(Y) whose Cameron-Martin space is Wz (Y).

It is clear from the construction E(¢) =R, E(Y) = E(Y)Y, and E(Y; LU
Ys) = E(Y1) ® E(Ys) where ® is the Hilbert space tensor product.

Remark 3.2. Following [15], E(Y) can be defined as the the space of half
densities of the measure class the Gaussian measure p on D'(Y) with the
Cameron-Martin space Wz (Y).

Remark 3.3. The complexification of E(Y') is essentially an irreducible
unitary representation of the“standard” Heisengberg group of ®(Y) as ex-
plained in Section 9.5 in [16] or Section 5.4 in [7].

3.4. Construction of operators

Let ¥ : @ — Y be a morphism in d-RBord. We want to construct a vector
E(¥) € E(Y). Let us first explain the measure theoretic idea behind the
construction. We note there is a Gaussian measure py on the space of dis-
tributions D/(Y) on Y whose Cameron-Martin space is the Sobolev space
Wé(Y). Recall that Dy is a positive operator on Y and hence it defines an
inner product on C*°(Y') given by

< f,g>1= /Ynggdvol(Y).

Let vy be the Gaussian measure on D'(Y") corresponding to the inner prod-
uct <, >1 .

By our assumption Y has product metric near Y. In this case, it turns
out that Dy — (Ay + m2)é is a smoothing operator (Theorem 2.1, [12]). As
a consequence of this fact we observe the measures py and vy are mutually
absolutely continuous. Now the idea is to define the vector E(X) is a suitable
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multiple of the square root of the Radon-Nikodym derivative vy with respect
to py. We will give this construction in the Fock space setting.

We recall ay, = Dy(Ay + m2)_% and ax is a continuous positive oper-
ator on W%(Y). Moreover,

Lemma 3.4. ax — I is trace class operator on W%(Y).

Proof. Theorem 2.1 in [12] implies Dy, — (Ay 4+ m2)? is a smoothing oper-
ator on Y. This means

ax=I1+R

where R is a smoothing operator. Since R is smoothing the unique extension
1
of R on Wz2(Y) is trace class. O

Let C(ax) = (I —ax)(I +ax)~! be the Cayley Transform of ayx (see
Definition 4.6). We observe C(ax) is Hilbert-Schmidt symmetric operator
on Wz (Y) and ||C(ax)|| < 1. From 4.1, we have

&(C(ax)) = Exp <;C(ag)> € Sym* Wz (Y)V.
We will use E(C(ax)) to define E(X).

Remark 3.5. The vector % is the image of the square root of the
Radon-Nikodym derivative of vy with respect to uy under the Segal-Ito
isomorphism ([11], Theorem 3.2.24).

More generally if 31 : Y] — Y5 is a morphism in d-RBord, then we in-
terpret X as a morphism from ¢ to Y5 LIY7. Then

8(0(0&21» S E(Yl)v ® E(Yg)

We can identify €(C(ay,)) with a Hilbert-Schmidt operator E(Y1) — E(Y2)
which will be again denoted by £(C(ay,)).

Proposition 3.6. Let Hi, Ho and Hs be real separable Hilbert spaces. Let
A1 and Ay be continuous positive operators respectively on Ho & Hi and
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Hs ® Hy such that A1 — I and Ao — I are trace class operators. Then,
(3.3) E(C(Az)) 0 E(C(A1)) = ¢(Ag, A1)E(C (A2 0 Aq))

where

det(A1)7 - det(A2)T  |[E(C(AL)| - IE(C(A2))]]
det(AEM)s det(Az 0 Ay)s |[E(C(Az 0 Ad))]

C(Ag,ﬂl) =

and the norms are taken in the Fock spaces. Here,

_ _  [K—L(A+M)'L' —L(A+M)"'B
Ar=[g Bl Ae=[1s 17] and AzoAr= —BY(A+M)"'L' D—B'*(A+M)"'B |

Proof. First of all we note that A; — I and Ay — I trace class implies
det(A*TM) and det(Az 0 Ay) exist. Also, we note €, C' and the composi-
tion map o are continuous. Hence, it is sufficient to show the equation (3.3)
holds for A; and A, such that Ay — I and Ao — I are finite rank operators.
This case is done in the Proposition 4.8. O

Definition 3.7. A projective representation T of a category € in Hilb
assigns to an object C' in € a Hilbert Space T(C), and to a morphism
P :C — D a continuous linear operator T'(P) such that for any pair of
morphisms P: C — D and @ : D — E we have

T(QoP)=XNQ,P)T(Q)oT(P)
where A\(Q, P) is a nonzero complex number.

Theorem 3.8. The assignment, Y — E(Y) whereY is an object in d-RBord
and ¥ — E(C(ax)) where ¥ : @ —'Y is a morphism in d-RBord, defines a
projective representation of d-RBord in Hilb.

Proof. Let X1 : Y7 — Y5 and X5 : Y5 — Y3 be morphisms in d-RBord. From
corollary, 2.6 we recall

aZQ o a21 - aZQOzl'

Now applying Proposition 3.6 to ayx,, ax, and ax,.x,, we get

&(Clax,)) 0 &(Clax,)) = clax,, ax,)E(C(as,ox, ),



1458 Santosh Kandel
where

(3.4) clas,,ayx,)

_ det(ay,)? - det(ap,) [€(C(as,)|| - [1E(C(as,)]]
det(AHMBrAm) 25 qote(Clag,er,))t 1EC@mm)
which is nonzero. O

Next, the idea is to “deprojectivize” the projective representation con-
structed above to construct Free Scalar Theory.

Let ¥ : 2 — Y be a morphism in d-RBord. In order to deprojective
the projective representation of Theorem 3.8, we must rescale &(C(ay))
properly. Hence, we define

) 1  &(Cloz)
det¢(Ax, p + m?)s - detC(QDz)% IE(C(ax))||

E(%)

Here the notation Ay; p means the operator Ay, with the Dirichlet boundary
condition and det, is for the zeta regularized determinant ([6]).
More generally, if

YY1 =Y

is a morphism in d-RBord, we think of
Y90 — ?1 Y,

and then define E(X) as before. This means E(X) € E(Y7)Y ® E(Y2), and
consequently we get a Hilbert-Schmidt operator

E(S): E(Y1) — E(Ys).

In fact, E(X) will be a trace class operator as a consequence of 3.10, because
we can always write 3 as a composition of two morphisms in d-RBord. Also,
by construction we have

Lemma 3.9. LetY : @ — Y then

detc(QDE)
det¢(2(Ay + m2)z)

det(ay) =
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Proof. We note
Q(Ay + m2)%ag = 2Ds.

Recall that det(asx) exists as as; — I is trace class operator. Using a well
known fact ( If A — I is trace class then det¢(AB) = det(A) - det¢ B Propo-
sition 2.20 [18]), we get

detc(Q(Ay + mZ)%ag) = detc(Q(Ay + mQ)%) det(ax).

detc (2D2) D

This gives the desired result det(ay) = ot b )
ete y+m=)2

Now, we prove the gluing law for the operators.

Theorem 3.10. Let X1 : Y] — Yo and X9 : Yo — Y3 be two morphisms in
d-RBord.

(i) There exists a non zero constant C(X9,%1) such that
E(Eg) o E(El) = C(EQ, El)E(ZQ o 21).

(ii) When d is even, C'(3g,%1) = 1.

Proof. For %1 : Y] — Y5, we write

Dy, = [ B] where Dy, : C™°(Y3) @ C™°(Y1) — C™(Y2) ® C™°(Y7).

1

Similarly for s : Yo — Y3, we write

Dy, = [f% 3] where Dy, : C(Y3) @ O%(Y2) = C=(Y3) @ C%(Y2).

2

We note
1
E(ZQ)OE(Zl) = T T
detg(AZl,D + mz) 2 detC(QDgl) 4
1
detc(Azz,D -+ m2)% detc(Ql)zz)i
1 1

TEClan )l TEClag - ¢z o G )
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By proof of Theorem 3.8, we have
! L e(Clan) 0 e(Cloxy))
: ays, asysy
[e(Clas ) [E(Clas))] . .

_ det(agl)idet(a&)i . 8(0(0&22021))
det(agzogl)idet(%(AYQ + m2)_§Dgl’22)% [E(C(as,ox,))

where DEl,Eg = A+ M.
Let us recall from the Lemma 3.9

det (2D
det(ay,) = ¢ Cl( 21 .
detc(2(By, +m?)?) detc(2(Ay, +m?)})
2D
det(ay,) = detf( £2) —,
det¢(2(Ay, +m?)z) - det¢(2(Ay, +m?)?)
2Dy
det(azzoEl) — det((l > El) 1
det¢(2(Ay, +m?)2) det¢ (2(Ay, +m?)z)

and using the argument of the same lemma

1 1 detq (D
det(=(Ay, +m2)*5D21722) = et¢(Ds, ) —.
2 det¢(2(Ay, +m?)z)

Using these relations, we see

det(agl)i . det(agz)i B detg(QDzl)i . detc(QZDZQ)i
det(3(Ay, +m2) 72Dy, x,)7 - det(ap,ex, )t dete(Ds, x,)? - det(2Ds,)7
This gives
. L _¢(Clas,)) 0 E(Clas,))
. as,)) o as,
[E(C(as ) E(C(as,))]l
_ det¢(2Dy, )4 - det¢(2Dy,)7  E(Clag,ox,))
detC(Dghzz)% -det<(21923>i ”8(0(0422021))”
Hence,

E(3s) 0 E(3)
1

 det¢(Ax, p+m?)? - det¢(Ag, p +m?2)s - det(Dy, 5,)* - det(2Ds, )+
. 8(0(0&22021))
1E(C (er,0m,)
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Using the gluing formula for the zeta regularized determinants ([3], Theo-
rem A or [12], Corollary 1.3), we have

det((AEQOEl,D + m2) =K%, EQ)thc(AEl,D + mQ)
. det((AEhD + m2) : detg(DEl,EQ)

for some nonzero constant K (31, ¥9). Hence,

B(S) 0 E(Sy) = K(;&)E(z2 o).

Furthermore, when d is even K (X1,%3) =1 ([12], Remark 1 after Corol-
lary 1.3). O

Corollary 3.11. Suppose that % is a closed d-dimensional oriented Rie-
mannian manifold and d is even. Assume that X = Y50y in d-RBord
where X1 : @ — Y and X9 : Y — &. Then

E(X) = det¢(Ax +m?) 2.

As suggested by the previous corollary, we complete the construction of
the functorial free field theory by assigning to a closed oriented Riemannian
manifold ¥ the number

E(X) = det¢(Ax +m?) s,
3.5. More examples of free theory

We describe an immediate generalization of previous examples which is to
quantize a more general classical field theory. We take F(X) to be sections
of a real finite dimensional vector bundle F' on Y. Assume that F' comes
with a metric gf" and a compatible connection V. Let dyr : Q*(M, F) —
Q*TL(M, F) be the twisted deRham operator acting on F-valued forms. We
are interested in Q°(M, F) where the action functional is defined as

() = /E (dyr A sdyrd) o +m2(6 A 56)gr

2
where x is the Hodge star operator.
We denote the Hodge Laplacian acting on sections of F' by Ay i.e. Ay =
dgr o dye where dyr is the formal adjoint of dyr.
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We consider the semicategory €, which is a straightforward generaliza-
tion of d-RBord. An object in Cg is a quadruple (Y, F, g, V). Here Y is a
d — 1 dimensional closed oriented Riemannian manifold, F' is a real vector
bundle over Y of finite rank, ¢*" a metric on F' and V¥ is a flat metric con-
nection. Let (Y;, F}, g%, V), i = 1,2 be two objects of C4. A morphism
from (Y1, Fy, g™, Vi) to (Ya, F, g2, V!2) is a quadruple (3, F,¢"", V)
where ¥ : Y] — Y5 is a bordism in d-RBord, F is a vector bundle on X
with Fly, = F;, ¥ is a metric on F with g¥'|r, = ¢/ and V¥ is a flat met-
ric connection compatible with the connections V¥ on F;. We assume the
geometry of all the metrics and the connection V¥ is of product type near
Y;. We define the composition of morphisms to be the one given by gluing.

Let (Y, F,g"", V) be an object of C;. We define Wé(Y, F) to be com-
pletion of the space of smooth sections C*°(Y, F') with respect to the inner
product

(60 = [ (60 (@r+ )50y duol(Y)
Let (X, F, g, VF) be a morphism in €4 from ¢ to (Y, F,g", V). We

define Dy, ay and E(C(ay)) as before (see Section 2 and Section 3).
To an object (Y, F, g¥", VF') in @4, assign the Hilbert space

E((Y,F,g", V")) = Sym" Wi (Y, F)"
and to a morphism (X, F, g©', V) from ¢ to (Y, F, g¥', VF) assign the vector

I  &(Clay)
det¢(Ax, p + m2)% : detC(QDg)i [[E(C(ax))]

€ E((Y,F,g",V")).

This assignment defines a projective Functorial QFT for all d and Functorial
QFT when d is even as above.

In particular, if we take the trivial vector bundle RY, then we get a
Functorial QFT with target RY.

4. Appendix
4.1. Bosonic Fock space

Note 4.1. In what follows we assume the Hilbert spaces in consideration
are separable.
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Definition 4.2. The Bosonic Fock space of a Hilbert space H is the
Hilbert space direct sum

@Symn(H) = {(an)%oo : oy, € Sym" H with Z l|own? < oo}
n=0

n=0

where Sym®(H) is the closed subspace of H®" that is invariant under the
action of permutation group S,. We note Sym"(H) is the closure of the
subspace spanned by vectors of the form

1
h®s“'®shn:7/ﬁ ho) ® -+ @ ho(n).-
1 ”!ags: v .

We use Sym*(H) to denote the Bosonic Fock space of H. We also use the
notation hy - hg -+ - hy, for b1 Qg - -+ Qg .

Let H be a real Hilbert space and let A : H — H be a symmetric Hilbert
Schmidt linear operator. Define a map S(A): H x H — R by

S(A)(u®v) =< Au,v > .

Since A is symmetric and Hilbert Schmidt, we see S(A) € Sym?(H"). More-
over, if O : H — H is an orthogonal operator then S(OAO~1) = S(A). By
abuse of notation we write A for S(A).

Definition 4.3. Let H be a finite dimensional real Hilbert space and A :
H — H be a symmetric linear operator. We define

E(A) = Exp <;S(A)>

where
o

«
Exp(a) = Z o
n=0

for all o € Sym* H".

Proposition 4.4. Assume that H is finite dimensional and A: H — H a
symmetric linear operator. Then E(A) € Sym™(H") if and only if ||All < 1.
If |Al| < 1, then

1

Vdet(I — A?)

lE(A)|* =
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Proposition 4.4 is a direct consequence of the following elementary
lemma.

Lemma 4.5. Assume that H is one dimensional and x € HY such that
|z|| = 1. Let a € R. Then Exp(3az?) € Sym*(H") if and only if |a| < 1. If
la| <1 then || Exp(3az?)||> = —=2

1—a?’

Proof. We note ||2"||> = n!. Hence,

1 oo = a?(2n)
I EXP(?” == Z W
n=0
We know that the series » % converges if and only if |a| < 1 and
when it converges the sum is \/11_7 O

Assume that H is finite dimension real Hilbert space and let A and B
be symmetric linear operators on H of norm smaller than one. A direct
computation shows

< &(A),&(B) >= det(1 — AB) "=
and
|E(A) — &(B)||% = det(1 — A2)"% + det(1 — B%) "3 — 2(det(1 — AB)™3).

As an immediate consequence of this calculation, we get the assignment
A E(A) is continuous on the space of symmetric operators in H which
have norm smaller than one.

Now we move on to the infinite dimensional case. Let Z(H) denote the
space of symmetric Hilbert-Schmidt linear operators on A : H — H such
that the operator norm of A is smaller than one. We note Z(H) is an open
subset of the space of Hilbert-Schmidt operators on H. Now, using a well
known fact that the space of finite rank operators is dense in the space
of Hilbert Schmidt operators [7], we have a continuous map &€ : Z(H) —
Sym* HY given by

1
E(A) = Exp (QS(A)> .
It also follows that
< &(A),&(B) >=det(1 — AB)™=

for all A, B € Z(H).
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Consider the map C : (0,00) — (—1,1) given by z + (1 —x)(1 + )L
It is easy to see that C' is a homeomorphism. Now we use C' to define the
Cayley transform of an operator.

Definition 4.6. Let H be a real Hilbert space and let A: H — H be a
continuous positive operator. The Cayley transform of A is defined by
C(A) = (I — A)(I + A)~L. We note C(A) € Z(H) whenever A is a positive
operator on H where Z(H) is the set of symmetric operators on H with
norm smaller than 1.

Let H be a real Hilbert space. The set S(H ) denotes the set of continuous
positive linear operators on H such that A — I is Hilbert-Schmidt. We note
each A € S(H) has a bounded inverse.

There is an obvious map from S(H) to the Hilbert space of Hilbert-
Schmidt operators on H given by A+— A — 1. We give S(H) the weakest
topology such that the map A — A — [ is a continuous map. In other words,
A,, converges to A in S(H) if and only if A, — I converges to A — I with
respect to the Hilbert Schmidt norm. The proof of the following lemma is
obvious.

Lemma 4.7. C:S(H) — Z(H) is a homeomorphism.

Assume that Hy, Ho and Hy are finite dimensional real Hilbert spaces.
Let Ay € S(Ho & Hy) and Ay € S(Hs ® Hs). We write

Ar=[AB] and Ay = [£ L]

and define

_ [K-L(A+M)'L* —L(A+M)"'B
(4.1) Agofy = [ —B'(A+M)~1Lt D—B‘(A—I—M)—lB} :
In fact Az oAy € S(Hs @ Hp) and the operation o is associative and
continuous (Lemma 3.2.11 in [11]).
Now using the Cayley transform we can define o : Z(Hs® Ha) X Z(Ho®
Hy) — Z(Hs @ H;) that makes the following diagram commutative:

S(Hs @ Hy) x S(Hy ® Hy) —— S(Hs @ H,)

| |

Z(Hg D HQ) X Z(H2 D Hl) E— Z(Hg D Hl)
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Let Ay € S(H2 ® Hy) then &(C(A4)) € Sym*(Hy & H)'). Note that
E(C(Aq)) can be canonically identified with a Hilbert-Schmidt operator

Sym* HY — Sym* Hy .

We use E(C(A1)) to denote this Hilbert-Schmidt operator by abusing the
notation. Similarly Ay € S(Hs @ Hs) induces a Hilbert-Schmidt operator

&(C(Ag)) : Sym* Hy — Sym* Hy.
Now, we are ready for a key proposition which was used in Proposition 3.2.

Proposition 4.8. Let Ay and Az as above. Then E(C(Ag)) 0 E(C(A1)) =
c(Ag, A1)E(C(Az 0 Ar)) where

det(A) 7 - det(Az)t  [|E(C(AL))|| - ||E(C(A2))]]
det(AEM)3 det(Az 0 Ay)i |IE(C(Az 0 A1)

C(.Ag,.Al) =

and the norms are taken in the Fock spaces.
Proof. Using Proposition 4.10 we observe

¢(C(A))

o — det(A) Qo L, 0 Q7
Oy ~ dettA) Qo La o

and
LA2 o Lfll = C/(A27\A1)LA20A1
where C(Ag, A1) = det(3(A + M))~>. Now,

E(A) 0 E(A1) = det(A1)1 - det(A) 7 - [|E(C(A))] - [E(C(A))]
Qo(Lg,oLy )o@t
 det(Ay) 7. det(Aq)3
det((LA+ M)z
Qo (Layon,)oQ!
= ¢(As, A1)E(C(Az 0 Ar)).

E(C(A)L[EC (A

4.2. Segal-Ito isomorphism finite dimensional case

Let o be a standard Gaussian measure on R. We recall it defines an inner
product on RY. There is a unique isomorphism @ : Sym*(RY) — L*(R, dpu)



Functorial quantum field theory 1467

which on Sym®(R") is given by

where z € RY is dual to 1 € R and h,, is the degree n Hermite polynomial.
We recall the following which we will use later.

Fact 4.9. ¢ 3% = S0 o Aal by,

Proof. We note

1,2 12 1/, )2
P L (z—a)
_ e%xze—l(x—a)z
Now we write
X n gn
*l(:rfa)2 o a d 71(33704)2
e 2 - — € 2 |a:0
n! da™
n=0

which is the Maclaurin series expansion in the variable a. We note

_1.2
—e 2 -0 = —1)"—e 2"
da™ la (=1) dx™
This gives us
oo n o0
a d 1
o SO apee & e S L,
n! dxm n!
n=0 n=0 0

Hence,
Q(Exp(az)) = 130

1,2, ) .
where e** 2% is considered as a function on R. It also follows

Q(Exp h) = "2 P

for all h € RY implying @ is unique.

We denote the complex valued L? functions by L?*(R,u,C). Then Q
induces a unitary map @ : Sym*(CY) — L?(R, u, C).

Let H be a finite dimensional real vector space and puy a centered Gaus-
sian measure on H. The Gaussian measure induces an inner product on H.
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Then the discussion above for the one dimensional case can be generalized
in a routine way to construct the unique isomorphism

Q:Sym*(H") — L*(H, pp)

with the property
Q(Exph) = eh=zlnl’,

As in the one dimensional case, () induces a unitary map
Q : Sym*(H¢) — L*(H, pup, C)

where Hc is the complexification of H and L?(H, ug,C) is the L? space of
complex valued functions. This map @) can be thought of as a “backward
heat” operator which maps polynomials to L? functions. Next, we attempt
to justify this assertion.

Let us identify H with R™ such that ugy corresponds to the standard
Gaussian measure u, on R"™. Let v, denote the measure on C" with the
density 7"~ I#I” with respect to the standard Lebesgue measure on C" =
R?". We use H(C") to denote the space of holomorphic functions on C" and
HL?(C", vy,) to denote the space of L? holomorphic functions on C™.

There is a well known unitary map [10, Theorem 2.3] S: L%(R", du,C) —
HL?(C", uc) defined by

89 =4 [ f@e= > dun(u) = [ Bl () din(u)
.

n

where
Bn(z u) _ 67%<z,z>+<z,u>
, .

Here <, > is the complex bilinear extension of the standard inner product
on R™. The map S takes Hermite polynomials to the z“s. Note that
(4.2) Sf(z)=(2m)" 2 (z — u)e™ 2<% g,
Rn
Identifying HL?(C", uc) with Sym*((C™)V) using the tautological uni-
tary map 1" called the T'aylor map
T : HL*(C", puc) — Sym*((C™)Y)

and identifying S with 7 0.5, it can be easily checked that () and S are
inverse of each other. In fact, Q from HL?(C",v,,) to L3(R™, ju,, C) is given
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QF(x) = / B(z,2)F(2) dvy(z).
We also observe that the following diagram is commutative.

L2(R™, d) —— Sym*((R")")

l |

L*(R", du, C) < Sym*((C™)")

Let k(y,z) € L>(R™ x R™, jt,, ® j,). Then k induces a Hilbert Schmidt
operator

Ly« L*(R", ptn) = L*(R™, fim)

given by
Lif ) = | k) f(@) dpn(z).
Furthermore Lj induces a Hilbert-Schmidt operator
Q loLroQ: HL*C" v,) — HL*(C™, vp)
where Q : HL?(C", v,,) — L2(R™, ju,) and Q71 2 L2(R™, 1) — HL2(C™, vy,).
We are interested in computing the kernel of the operator Q' o Lj o Q ex-
plicitly. Let K(w,z) denote the image of k(y,z) under the isomorphism
Q7L L2(R™ X R, fiy, @ pin) — HL2(C™ ™ Ui
Proposition 4.10. Q' o L 0 QF(w) = [, K(w,z)F(2)vn(z).
Proof. We note
(4.3) Q 'oLioQF(w)
= [ ] ) Bt )k a) P ) (2 dp @) ().

Interchanging the order of integration (See for example Proposition 1.81 [5])
and using the fact

Bm+n(wv Z)v (y,x) = Bm(w?y)Bn(Zv .%'),
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we observe
Q™' o Ly, 0 QF (w)
- / . / . / Bnin(w,2), (y, 2)h(y, ) dpin () dppm () F(2)don (2)

when F' is a polynomial. Now we can conclude

Q 'oLyoQF(w)= K(w,2)F(2) dv,(2).
(Cn
Since all the maps in the consideration are continuous it is sufficient to check
when F' is a polynomial. O
References

[1] M. Atiyah, Topological quantum field theories, Inst. Hautes Etudes Sci.
Publ. Math. 68 (1989), 175-186.

[2] V. Bogachev, Gaussian Measures, American Mathematical Society, 62,
1998.

[3] D. Burghelea, L. Friedlander, and T. Kappeler, Meyer-Vietoris type for-
mula for determinants of elliptic differential operators, J. Funct. Anal.,
107 (1992), no. 1, 34-65.

[4] G. Carron, Déterminant relatif et function Xi, Amer. J. Math. 124
(2002), 307-352.

[5] G. Folland, Harmonic analysis in phase space, Annals of Mathematics
Series 122, Princeton University Press, 1989.

[6] L. Friedlander, Determinants of elliptic operators, PhD thesis, MIT,
Cambridge, Massachusetts, 1989.

[7] I. M. Gel'fand and N. Ya. Vilenkin, Generalized functions, Vol. 4,
Academic Press [Harcourt Brace Jovanovich, Publishers|, New York-
London, 1964[1977].

[8] J. Glimm and A. Jaffe, Quantum physics, A functional integral point of
view, Springer-Verlag, New York, 1987.

[9] A. Guichardet, Symmetric Hilbert spaces and related topics, Springer-
Verlag, Berlin—-New York, 1972.

[10] L. Gross and P. Malliavin, Hall’s transform and the Segal-Bargmann
map, Springer, Tokyo, 73-116, 1996.



Functorial quantum field theory 1471

[11] S. Kandel, Ezamples of functorial field theory in the Riemannian set-
ting, PhD thesis, University of Notre Dame, Notre Dame, Indiana, 2014.

[12] Y. Lee, Burghelea-Friedlander-Kappeler’s gluing formula for the zeta-
determinant and its applications to the adiabatic decompositions of
the zeta-determinant and the analytic torsion, Trans. Amer. Soc. 355
(2003), no. 10.

[13] Y. A. Neretin, Lectures on Gaussian integral operators and classical
groups, European Mathematical Society (EMS), Ziirich, EMS Series of
Lectures in Mathematics, 2011.

[14] Liviu L. Nicolaescu, Lectures on the geometry of manifolds, World Sci-
entific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007.

[15] D. Pickrell, P(¢)2 quantum field theories and Segal’s axioms, Comm.
Math. Phys. 280 (2008), no. 2.

[16] A. Pressley and G. Segal, Loop Groups, The Clarendon Press, Oxford
University Press, New York, Oxford Mathematical Monographs, 1986.

[17] M. Salo, The Calderén problem on Riemannian manifolds, Math. Sci.
Res. Inst. Publ., Inverse problems and applications: inside out. II, Cam-
bridge Univ. Press, Cambridge, 167-247, 2013.

[18] S. Scott, Zeta determinants on manifolds with boundary, J. Funct. Anal.
194 (2002), no. 1, 112-185.

[19] G. Segal, Lectures at Stanford University.

[20] G. Segal, The definition of conformal field theory, London Math. Soc.
Lecture Note Ser., Topology, geometry and quantum field theory, Cam-
bridge Univ. Press, Cambridge, 308 (2004), 421-577.

[21] M. Taylor, Partial differential equations II. Qualitative studies of linear
equations, Applied Mathematical Sciences, Springer, New York 116,
2011.

MAX PLANCK INSTITUTE FOR MATHEMATICS, BONN, GERMANY
FE-mail address: skandel1@alumni.nd.edu






