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Proof of the mass-angular momentum
inequality for bi-axisymmetric black holes

with spherical topology

AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI

We show that extreme Myers-Perry initial data realize the unique
absolute minimum of the total mass in a physically relevant (Brill)
class of maximal, asymptotically flat, bi-axisymmetric initial data
for the Einstein equations with fixed angular momenta. As a conse-
quence, we prove the relevant mass-angular momentum inequality
in this setting for 5-dimensional spacetimes. That is, all data in
this class satisfy the inequality m® > 2T (|7;] + |J2|)?, where m
and J;, i = 1,2 are the total mass and angular momenta of the
spacetime. Moreover, equality holds if and only if the initial data
set is isometric to the canonical slice of an extreme Myers-Perry
black hole.

Introduction

Generalized Brill coordinates

The mass functional

Convexity and the global minimizer

Discussion

Appendix A Asymptotics

Appendix B The extreme Myers-Perry harmonic map

References

20

1398

1403

1407

1411

1432

1433

1434

1438

A. Alaee acknowledges the support of a PIMS Postdoctoral Fellowship and
NSERC Grant 261429-2013. M. Khuri acknowledges the support of NSF Grant
DMS-1308753. H. Kunduri acknowledges the support of NSERC Grant 418537-

12.

1397



1398 A. Alaee, M. Khuri, and H. Kunduri

1. Introduction

Based on the standard picture of gravitational collapse for 3 4+ 1 dimensional
asymptotically flat spacetimes [7], heuristic physical arguments [14] lead to
an inequality relating the total (ADM) mass and angular momentum

(1.1) m = /|T1,

if angular momentum is conserved during the evolution. In order to achieve
such a property for the angular momentum, axisymmetry is typically im-
posed along with other conditions on the matter fields. It turns out that it
is most natural to treat this inequality at the level of initial data (M3, g, k),
where ¢ is a Riemannian metric on the 3-manifold M3, and k represents the
extrinsic curvature of the embedding into spacetime. In this regard, Dain
[13] was the first to rigorously establish (1.1) for a general class of vacuum,
maximal initial data sets. In this result it was assumed that M3 =2 R3\ {0}
admits a global Brill (cylindrical) coordinate system (p, z, ¢) in which the
metric takes the form

(1.2) g = 2UT2(dp? + d2?) + p?e?V (do + Aydp + A.dz)?,

for some coefficients U, a, A,, and A, satisfying appropriate asymptotics.
This particularly simple form of the metric played an important role in the
proof. Namely with this, the scalar curvature may be integrated by parts
to arrive at a lower bound for the mass, in terms of a (reduced) harmonic
energy functional. The second step of the argument then entails showing
that the energy functional is minimized by an extreme Kerr harmonic map
with the same angular momentum. Later, Chrusciel [8] showed that the
class of initial data that Dain used was quite general. More precisely, he
showed that any simply connected, axisymmetric initial data set with certain
asymptotics, admits global Brill coordinates. Further progress was also made
with regards to the harmonic map part of the problem. In [33], Schoen and
Zhou used the convexity properties of harmonic map energies along geodesic
deformations in order to simplify the proof, achieve weaker hypotheses on
the asymptotics, and to obtain a gap lower bound between the energy of
the given data and that of the minimizer. A charged version of (1.1) has
also been established in [9, 12, 33]. Corresponding rigidity statements have
also been given [13, 26, 33] when these inequalities are saturated, that is
the initial data must be the canonical slice of an extreme Kerr or extreme
Kerr-Newman black hole. Furthermore, an extension of these inequalities to
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the case of multiple black holes has been given in [11, 26], although here the
lower bound for the mass is not known as an explicit quantity.

All of the results mentioned so far involve the maximal assumption,
which yields important positivity properties for the scalar curvature. In the
nonmaximal case, Zhou [35] has treated (1.1) for vacuum initial data with
small Try k, and Cha and the second author have reduced the general case,
for both the original inequality [6] and its charged version [5] to solving a
canonical system of elliptic equations.

As alluded to above, a closely related topic to the proof of the mass-
angular momentum and mass-angular momentum-charge inequality is the
uniqueness and existence of stationary, axisymmetric black hole solutions to
the vacuum and electrovacuum Einstein equations. This problem is equiva-
lent to showing uniqueness and existence of certain singular harmonic maps
from R? into 2-dimensional hyperbolic space H? and complex hyperbolic
space HZ, respectively. In particular, in the single black hole case, it is known
in this setting [10] that the Kerr(-Newman) family of black hole solutions
exhausts all possibilities. The extreme members of this family then provide
the minimizers for the mass lower bound.

The purpose of the present article is to establish a mass-angular momen-
tum inequality in five dimensions. The investigation of higher dimensional
black hole solutions has attracted a great deal of interest in recent years
[16, 22|, chiefly motivated by string theory and the gauge theory-gravity
correspondence. A central result in this area is the proof by Galloway and
Schoen [18, 19] that cross-sections H of the event horizon, and more gener-
ally marginally outer trapped surfaces, must be of positive Yamabe type if
the dominant energy condition is satisfied. This implies that H is diffeomor-
phic to the sphere S? (or its quotients), S* x S2, or connected sums thereof.
A second key result due to Hollands, Ishibashi, and Wald [23], and indepen-
dently by Isenberg and Moncrief [30], is a rigidity theorem which states that
in the analytic setting, a stationary, rotating black hole must admit an ad-
ditional U(1) isometry. Explicit vacuum solutions corresponding to H = S3
and H = S' x S? are known, these are respectively the Myers-Perry family
of solutions [31] and the ‘black ring’ solution of Emparan and Reall [15] (see
also [32]). More recently, the first example of a black hole with real projec-
tive space topology H = RP3 has been found as a solution to supergravity
[28]. All these solutions admit U(1)? isometries.

In order to establish geometric inequalities involving angular momentum
for black holes in 5-dimensions, it is natural to consider initial data admit-
ting a U(1)? action by isometries. As each such inequality is expected to be
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associated with a model spacetime, which saturates the inequality, it is use-
ful here to recall the basic uniqueness theorem for 5-dimensional stationary
vacuum black hole solutions, in order to determine which solutions may serve
as models. The first important fact to note is that in five dimensions, black
holes are not determined by their mass and charges alone. This is exhibited
dramatically by the existence of the black ring solution which can possess
the same mass and angular momenta as a Myers-Perry black hole, but with a
horizon of different topology. Furthermore, Hollands and Yzadjiev [24] have
shown that after fixing mass and angular momenta, nondegenerate station-
ary vacuum black holes with U(1)? isometries are uniquely determined by a
set of invariants which characterize the fixed points of the U(1)? action and
the surfaces on which the timelike Killing field is null; this is referred to as
the ‘orbit space’ data. This data encodes, in particular, the topology of the
horizon and the second homology group of the domain of outer communica-
tions. An analogous result holds for extreme (degenerate) black holes [17].
Interestingly, these results do not address the question of existence of black
hole solutions for a given orbit space. However, they indicate that the unique
solution (if it exists) associated with each orbit space has the potential to
serve as a model black hole for a geometric inequality.

In general, the orbit space is a 2-dimensional manifold with a boundary
consisting of 1-dimensional segments and corners. On such segments and
corners, respectively one and two linear combinations of the Killing fields
generating the U(1)? isometries have fixed points [1, 2, 24]. In the present
work we will restrict attention to initial data which have the same orbit
space structure as that of the Myers-Perry black holes. Here the orbit space
may be identified with a half plane minus the origin, in which the boundary
consists of two infinitely long rays, each of which serves as the fixed point
set for one of the two rotational Killing fields.

Consider an initial data set (M*%, g, k) for the 5-dimensional Einstein
equations. Again this consists of a 4-manifold M*, Riemannian metric g,
and symmetric 2-tensor k representing extrinsic curvature. The energy and
momentum density of the matter fields are given by

(1.3) 167 = R+ (Trg k) — [k|Z, 8nJ = div,(k — (Tr, k)g),

where R is the scalar curvature of g. It will be assumed throughout that the
data are bi-axially symmetric. This means that the group of isometries of
the Riemannian manifold (M, g) has a subgroup isomorphic to U(1)? with
no discrete isotropy subgroups, and that all quantities defining the initial
data are invariant under the U(1)? action. Thus if nay, L = 1,2 are the two
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Killing field generators associated with this symmetry, then
(1.4) Lo g = Lnok = Ly = Ly S = 0,

where £, denotes Lie differentiation. We will also postulate that M* has
two ends, with one designated end being asymptotically flat, and the other
being either asymptotically flat or asymptotically cylindrical. Recall that a
domain Mjnd C M* is an asymptotically flat end if it is diffeomorphic to

R*\ Ball, and in the coordinates given by the asymptotic diffeomorphism
the following fall-off conditions hold

Gab = Oap + O1(r 1 7F), kg = O(r~27"),
/LELl(M4nd)a JiELl(M4 )7

e end

(1.5)

for some k > 0. These asymptotics guarantee that the ADM energy and
linear momentum are well-defined, with the energy given by the following
limit

1

1. =—
(1.6) T Ter J

(gab,a - gaa,b>l/b7

where S, indicates the limit as r — oo of integrals over coordinate spheres
Sy, with unit outer normal v. Although the asymptotics (1.5) are not strong
enough to ensure that the linear momentum vanishes, and so the mass does
not coincide with the energy, we will throughout this paper refer to the
quantity (1.6) as the mass in order to reserve the use of the term ‘energy’ in
reference to harmonic maps. We note that the weaker hypothesis gup, pap €
L*(M é‘nd) may be used in place of the explicit asymptotics involving x, where
p =k — (Tryk)g is the momentum tensor, in order to achieve well-defined
ADM energy-momentum. Moreover, it is likely that the result of this paper
hold under these weaker conditions, but we will not pursue such questions
here. Now consider the ADM angular momenta

1

T8

(1.7) Ji / (Kab — (Trg k)gap)v iy, 1=1,2.

oo

A priori this may not yield a finite well-defined quantity solely under the
asymptotics (1.5), since the Killing fields grow like 2. However, under the
additional assumption that J(n) € L' (M2 ), 1= 1,2 we have that (1.7) is
finite. This may easily be seen by integrating the following expression over
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M4

end’

1
7<pa 2T](z)g> = 87TJ(77(Z))

(1.8) divg p(1g)) = (divg p) (@) + 5

Our main result is as follows.

Theorem 1.1. Let (M* g, k) be a smooth, complete, bi-azially symmetric,
mazximal initial data set for the 5-dimensional Finstein equations satisfying
w >0 and J(n(l)) =0, 1 =1,2 and with two ends, one designated asymptot-
ically flat and the other either asymptotically flat or asymptotically cylin-
drical. If M* is diffeomorphic to R*\ {0} and admits a global system of
generalized Brill coordinates then

27
(1.9) G N (NARAN A

Moreover if J; # 0, i = 1,2, then equality holds if and only if (M*,g,k) is
1sometric to the canonical slice of an extreme Myers-Perry spacetime.

This theorem may be considered as a direct generalization of Dain’s
result [13] to higher dimensions, as both assume the existence of a global
Brill coordinate system. It also generalizes the local versions of inequality
(1.9) established in [3, 4], for data which are sufficiently close to extreme
Myers-Perry. Moreover, this result may be interpreted as giving a variational
characterization of the extreme Myers-Perry initial data, as the mass mini-
mizers among all data with fixed angular momentum. Note that the horizon
geometries of 5-dimensional extreme vacuum black holes also arise as min-
imizers in the context of the area-angular momenta inequalities proved in
[21]; such minimizers have been completely classified [27].

The assumption of nonvanishing angular momenta is included since oth-
erwise there is no extreme Myers-Perry black hole to serve as a model;
the extreme Myers-Perry solutions with one or more vanishing angular mo-
menta do not contain a black hole. In particular, the inequality when J; = 0,
1 = 1,2 reduces to the positive mass theorem, and due to the topology of the
initial data the case of equality cannot be achieved. Let us now make a few
remarks concerning the other hypotheses. From the preceding discussion the
motivation for most of the hypotheses should be clear, except perhaps those
associated with the momentum density and Brill coordinates. The assump-
tion J (77(1)) =0,1=1,2is, as mentioned above, used to obtain well-defined
total angular momenta, but will also be used for the important purpose of
guaranteeing the existence of twist potentials, which encode the relevant
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information concerning angular momentum and help reduce the proof to a
harmonic map problem. The existence of a generalized Brill coordinate sys-
tem ensures that there is a global system of (cylindrical) coordinates such
that the metric takes a simple form analogous to (1.2) in the 3 + 1 dimen-
sional case; a precise description will be given in the next section. Although
this appears to be a restrictive assumption, let us recall that in the 341
setting, Chrusciel [8] has shown under general conditions that simply con-
nected axisymmetric initial data admit global Brill coordinates. Similarly,
we conjecture that under appropriate asymptotics, a simply connected bi-
axisymmetric initial data set with trivial second homology group admits a
desired set of generalized Brill coordinates.

A natural question to ask is whether the current theorem admits gener-
alizations to dimensions higher than 5. It turns out that this is not possible
if we require the data to be asymptotically flat with a 2-dimensional or-
bit space. To see this, suppose that a spacetime has dimension n with a
U(1)"=3 symmetry. Asymptotic flatness implies that the initial data will
have SO(n — 1) as the compact part of the asymptotic symmetry group,
however this special orthogonal group admits at most (n — 1)/2 mutually
commuting generators. Thus, the only dimensions for which U(1)"~3 C
SO(n —1) are n =4, 5.

This paper is organized as follows. In Section 2 we give a detailed descrip-
tion of generalized Brill coordinates. In Section 3 we derive a lower bound
for the mass in terms of a functional that will be related to the harmonic
energy of a map from R® — SL(3,R)/SO(3). Section 4 is then dedicated to
proving that the extreme Myers-Perry harmonic map achieves the absolute
minimum of this functional, and at the end of this section we then prove
Theorem 1.1. A discussion of future directions and generalizations of the re-
sults presented here is given in Section 5. Finally an appendix is included to
record, among other things, important properties of the Myers-Perry black
holes.

2. Generalized Brill coordinates

In this section we seek a certain type of cylindrical coordinate system for the
initial data, which are isothermal for the metric induced on the orbit space.
These generalized Brill coordinates are related to the well-known Weyl coor-
dinates familiar from the Ernst reduction of the stationary vacuum Einstein
equations. The primary difference between Brill and Weyl coordinates is that
the former applies to the region inside and outside of a black hole, while the
latter only covers the outer region. However, in the case of extreme black
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holes the two types of coordinates coincide. The following definition was
initially given in [1, 4] in a more general context, whereas here it is refined
for the particular problem at hand.

Definition 2.1. An initial data set (M*, g, k) with a U(1)? symmetry, and
M* = R4\ {0}, is said to admit a system of generalized Brill coordinates
(p, z, ¢, $?) if globally the metric takes the form

62U+2o¢

N

for some functions U, a, Af, and a symmetric positive definite matrix A =
(A\ij) with det A = p?, i, 5,0 = 1,2, (¥}, y?) = (p, 2), all independent of (¢*, $?)
and satisfying the asymptotics (2.4)—(2.11). Moreover, the coordinates should
take values in the following ranges p € [0,00), z € R, and ¢ € [0,27], i =
1,2.

(2.1) g= (dp? + d2?) + e\, (dgf)i + A;'dyl) (ddﬂ‘ + A{dyl) :

The similarity of the metric structure (2.1) above with that of tradi-
tional Brill coordinates in 3-dimensions (1.2) is evident, except perhaps
for the presence of \/p? + 22. This term is included so that like in the 3-
dimensional case, (2.1) reduces to the flat metric when U = a = A} =0, if
A\ = o := r? diag(sin? §, cos? §), where the appropriate polar coordinates are
given by

1 1
(2.2) p= 51"2 sin(20), z= 57"2 cos(26), 1% =2y/p? + 22,

with r € [0,00), 6 € [0,7/2]. Note that the coordinates (6, ¢!, ¢?) are Hopf
coordinates for the 3-sphere, which are naturally associated with the Hopf
fibration. In particular, the flat metric is given in these two coordinate sys-
tems by
2 2

(2.3) 04 = M + O','jd(bidqu

2y/p? + 22

= dr? +r2de* + r? (sim2 6(d¢p*)? + cos? 0(d¢2)2) .

We also note that without loss of generality the generators of the U(1)?
symmetry may be chosen such that 7)) = 0y, [ = 1,2.

Let us now record the appropriate asymptotics in three different regions,
namely at infinity, the origin, and near the axis. The particular decay rates
are motivated in general by the indicated asymptotically flat and asymp-
totically cylindrical geometries, and by the desire for certain coefficients,
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including A;; and Af, to not yield a direct contribution to the ADM mass.
In what follows a,b are constants, x > 0 is as in the previous section, and
o= &ijdqﬁidgbj is a Riemannian metric on the torus 72 depending only on
0. We begin with the designated asymptotically flat end characterized by
r — 00, and require

U=0:1(r"""), a=0,("""),

24 , .
CA 00,7, AL = 04,

Ni = (L4+ (=D'ar™ "+ 01(r2") 0it, - Mz = p?O1(r°7"),

2D k), = o).

Next consider the asymptotics as r — 0, where there are two types to ac-
count for. Namely, in the asymptotically flat case

U= —2logr+0(1), a=0(r"""),
A; — 01 (r17F), Al = 01 (3%),

Aig = (1 + (=D)%rt™ + 0y (T2+“)) Tiis
Mz = pP01 (173 H), - [kly = O(**),

(2.6)

(2.7)

and in the asymptotically cylindrical case

U= —logr+01:(1), a=0(1),
A= O, (), AL = 04(r),

(2.9) )\ij = 7“25'Z‘j + 01(7’2+N), ’k‘g = O(T’Q—i_n).

(2.8)

Lastly, let I' = 'y UT'_ denote the two axes 'y = {p =0, £z > 0}, then the
asymptotics as p — 0 are given by

U=01(1), a=01(1), A =O01(p),
A; - 01(1)7 ’k‘g = 0(1)7

)\11,)\12 = O(pQ), )\22 = O(l) on F+,
)\22,)\12 = O(pz), )\11 = O(l) on I'_.

(2.10)

(2.11)

It should be pointed out that regularity of the geometry along the axis
implies a compatibility condition between a and A. To see this, let 9 €
(—00, 2m) be the cone angle deficiency coming from the metric g at the axes
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of rotation, that is

27 . 27 - Radius
= j1im -——
2 — 19  p—0 Circumference
P .
2U+42a -
|+ A Al
= lim £°

p—0 /€2U)\Z.i

2(0,2) )

p
lim
\/2|Z’ p—0 4/ )\ii

(2.12)

where ¢ = 1,2 corresponds to 'y, I'_, respectively. The cone angle deficiency
should vanish 9 = 0, since (M*, g) is smooth across the axis, and thus

(2.13) a(0,z) = %log (|z|8§)\ii(0,z)) = as(z) on Ty

To close this section, we confirm here that the asymptotically flat asymp-
totics (2.4), (2.5) and (2.6), (2.7) used to define Brill coordinates are consis-
tent with those given in (1.5). First observe that the fall-off imposed on &
in (2.5) trivially implies that in (1.5). Consider now the cartesian coordinates

(2.14) ! =rcosfcosgt, a?=rcosfsinel,
. 3 =rsinfcos¢?, 2* = rsinfsin .

Upon expressing the metric in these coordinates it follows that

(2.15) g =22 (dr? 4 r26%) + 2N (do' + Ajdy') (do? + Ady)
=6+ (eQU“j —1) (dr? +vr2d92) + (€2 N\ij — o) dopidd’
01(7"717"") 01(1) Ol(r_l—’“) 01(7‘72)
+eUN; Al ddldy' +e*UN; Aldy' ((d + Aldy' )
M N T Y Y~ T N——
O1(1) Oy(r—3-r) O:(1) 01(r?) O1(r=2%) O1(r=1) O, (r—2-+)
=5+ 0.(r7 '),

where we have used dp = O(r) and dz = O(r). Similar computations yield
the same result for the asymptotics (2.6), (2.7).
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3. The mass functional

One of the advantages of Brill data is that it provides a particularly simple
expression for the scalar curvature. Namely, as shown in [4] we have

det VA
2p?

(31)  e2Uta2losTp — AU —2A, 0 — 6|VU|? +

I _ « ogr 7 % j j
- Ze 2a+2log )‘ij (Ap,z - Az,p)(Ai),z - AJz,p)?
where A and the norm | - | are with respect to the following flat metric
4 3n2 20
(3.2) o3 = r? (dr? + r?d6?) + ’"S’“Z()d& = dp?® + d2% + p*d¢?

on an auxiliary R? in which all quantities are independent of the new variable
¢ € [0,2n], and A, . is with respect to the flat metric d = dp® + dz? on the
orbit space. Moreover, the notation used for the last term on the first line
is shorthand for

Vi VA

(3.3) det VA = det <V)\12 Vg

) = 03(V 11, V) — [VA)?.

From (3.1) one may integrate by parts to obtain a closed form expression
[4] for the mass

1 2U+2a—2log r 5 det VA
(3.4) m=8/Rg (e ¢"R+6|VU|" — 27 dz
1 : . . ‘
+ @ s 672a+210g7"/\ij(A;72 — AlZ,p)(A‘;,Z — Ajz’p)dx
7'('
+ 3 Z/F acdz,

where the volume form dx is again with respect to ds.

The next goal is to relate the right-hand side of (3.4) to a reduced form of
a harmonic energy. In order to accomplish this, the scalar curvature will be
replaced by an expression involving potentials for the angular momentum.
Consider the 1-form

(3.5) Py = 2% (p(1@) A1y Az)) = 2€abeaPinly Ty ey de”

on M*, where €gp.q is the volume form for g, « is the Hodge star, and p is
the momentum tensor. A computation, utilizing the momentum constraint
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and the fact that 7 is a Killing field, then shows that
(36) dP(l) = —87TJ(7’](1))€abcd77€1)77?2)d.%'a A d.%'b.

Thus, under the the assumptions that J(nq)) = 0,1 = 1,2 and M* is simply
connected, twist potentials exist such that

(3.7) act =Py, =12

It is then clear from (3.5) that 0.¢!|r = 0, so that ¢! is constant on each axis
I'+. These constants in turn determine the ADM angular momenta

(3.8) Ji ! / p(nay,v)

= lim 1/ k(Op,v)dA
o 7‘1—)0 8 OB(r) ¢
1

m —
r—0 167 0B(1)

1
= lim — / dpCtdodet do?
dB(1)

k(9g1,v)e3U T sin(20)dOdp" dp*

= 7 = ¢le),

where B(r) is the coordinate ball of radius r centered at the origin. Further-
more, consider the frame

e =e VTR (9, — AT0, ), ey =e VT8 (9, — ALDy)

3.9
(3.9) eiva =€ U0y, i=1,2,

with dual co-frame

01 _ eUJraflogrdp’ 02 — 6U+ozflogrdz7

3.10 . e
(3.10) git? — U (dqb’ n A}dy’) L i=1,2,

so that the metric may be written as

(3.11) g = (62)1n0'0" + ;072072
and

e—4U—atlogr ) e—4U—atlogr )
(3.12) k(e1,eiy2) = —T@Cz, k(e2,ei42) = 2% 0p¢".
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Therefore, in light of the maximal condition Tr, k = 0 we have

(3.13) R =16mpu+ |k

678U72a+2 logr
22

+ k(er,e1)? 4 2k(er, e2)® + k(ez, e2)® + AN k(e;, e)k(ej, ),

=167 + \/&P A v/e

where
All )\12 1
(3.14) VEAIVC = (V¢ V) (Au )\22) @22)
= > MgV, V).
ij=1,2

It follows that by combining (3.4) and (3.13)

(3.15) m = M(U,XC)+ ;/

167T62U+2a_2 log TM
R3

1 —2a-+2logr % i ] ]
+ Ze & )\ij(Ap,z - Az,p)(Ajp,Z o Ai,p) dx

1
+ g / e2Ut2a—2logr (k:(el, 61)2 + 2]4:(61, 62)2 + k(eg, 62)2
R3

+ )\ij)\l”k(ei, e)k(ej, en)> dz,
B det VN e U

2p? + 22

vgtAlvc> dx

The mass functional M is to be related to a reduced harmonic en-
ergy. However, it is not even immediately apparent from the expression
in (3.16) that this quantity is nonnegative in general. It turns out that this
may be resolved with an appropriate transformation or change of variables
(A1, A22, A12) — (V, W); note that since det A = p? there are only two inde-
pendent functions contained in A. Define the new variables by

1 A1 cos? 0 1 [ A2
3.17 V=-1 —_— W = sinh —
( ) 2 8 < )\22 sin2 9) ’ S 1% ’
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and note the inverse transformation is then given by

A1 = (\/p2 + 22— z> e" cosh W,

(3.18)
Aog = ( P2+ 22 + z) eV cosh W, g = psinh W.

From the third equation in (3.18), and (2.11), we find that W =0 on T
Using this fact together with the first two equations in (3.18), and recalling
that there are no conical singularities (2.13), shows that

(3.19) V=2ay on I'y, V=-2a_ on T_.

Consider now the following harmonic functions on (R3\ T, d3) which are
naturally associated with the above transformation:

1 1 2 2 _
(3.20) = =logp, he—=log | VL2 "2
2 2 PP+ 224z

In particular a computation yields

det VA
etV = [VV]> + VW ]2

(3.21) i

+ sinh? W |V (V + hg)|? + 265(Vhy, VV),

and the last term may be integrated away to the boundary

1 1
(3.22) / (53(th, VV)dZ‘ = —lim - Vaphg
8 R3 e—0 8 p=¢

T T
= — Vdz — / de) = —— /a dz.

Notice that this boundary term cancels the one in (3.16), and so it follows
that

(323) MUV, W. (' ¢%)

1
= 12|VU? + |VV |2 + [VW|? + sinh? W|V(V + hy)|?dx
RB
2
+ 16 e 0 =b6UFh+V oosh W le ™2V tanh WV (¢! — V(3| dx
RS
1 —6h1—6U—h2—V
o V(s

16 Jps cosh W
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This version of the mass functional is clearly nonnegative, and together
with (3.15) it establishes the positive mass theorem for generalized Brill
initial data. In the next section we will relate this mass functional to a
harmonic energy, and establish the mass-angular momentum inequality.

4. Convexity and the global minimizer

Consider the symmetric space SL(3,R)/SO(3) =2 R® endowed ([20], [25],
[29]) with the nonpositively curved metric

—(6u+v)
(4.1) ds? = 12du® + cosh? w dv? + dw? + ———(d¢1)?
coshw

+ 75 cosh w (e_” tanhwd¢t — d(2)2 .

The harmonic energy of a map ¥ = (u, v, w, (", ¢?) : R® — SL(3,R)/SO(3),
on a domain Q C R3, is then given by

e—6u—

(4.2)  Eq(0) —/ 12|Vu|? + cosh? w|Vo|* + |Vu|* + ——— |V P da
Q cosh w

+ / e Ut coshw |e*“ tanh wV (¢ — VCQ‘Q dx.
Q

If 2 has a trivial intersection with the axes of rotation I' = {p = 0}, and we
write w = U + h1,v =V + hs, and w = W where hy and hy are the harmonic
functions defined in (3.20), then with an integration by parts the reduced
energy Tq of the map ¥ = (U, V, W, (!, (?) may be expressed in terms the
harmonic energy of U by

(4.3)  Io(V) = Eq(¥) — 12/

(h1 + 2U)8l,h1 — / (hg + QV)ath,
o0

o0

where v denotes the unit outer normal to the boundary 92 and

(4.4) Io(D) :/ <12|VU|2 + |[VV P + VW2 4 sinh®> W|V(V + hy)|?
Q
676h176U7h27V 11
- d
* cosh W Vel ) .

2
+/ e OMm=OUFh AV cosh W |e ™27V tanh WV ¢! — V2| da.
Q

Observe that 7 = Zgs = 16 M where M is the mass functional (3.23). The
reduced energy Z may be considered a regularization of E since the infinite
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terms [ |Vhi|? and [ cosh? W|Vhs|? have been removed. Furthermore, since
the two functionals only differ by boundary terms they have the same critical
points.

Let ¥ = (ug, vy, wo, (¢, ¢2) denote the extreme Myers-Perry harmonic
map (see Appendix B), and let Wo = (Up, Vo, Wy, (¢, ¢2) be the associated
renormalized map with ug = Uy + hq, vg = Vy + he, and wg = Wy. There-
fore, Wy is a critical point of Z. The purpose of this section to show that ¥
achieves the global minimum for Z.

Theorem 4.1. Suppose that ¥ = (U, V,W, (!, (?) is smooth and satisfies
the asymptotics (4.12)—(4.23) with (*r = (}|r and (3| = 3|, then there
exists a constant C > 0 such that

1

The primary idea behind this result is the fact that the harmonic energy,
of maps with a nonpositively curved target space, is convex along geodesic
deformations. This property was exploited in [33] to achieve a similar result
where the role of extreme Myers-Perry was played by extreme Kerr. In order
to apply this strategy it is necessary to show that the reduced energy inherits
convexity from the harmonic energy, and for this it is helpful to cut-off the
given map data in certain regimes and paste in an extreme Myers-Perry
map. More precisely, let §,e > 0 be small parameters and define sets {5, =
{0 <r<2/0;p>¢e} and Ase = Byjs \ Qs, where By s is the ball of radius
2/6 centered at the origin. Suppose that ¥ has already undergone the cut-
and-paste procedure, and thus satisfies

supp(U — Up) C Byys,

(4.6)
supp(V — Vo, W — Wo, ¢! — (3, ¢% — ¢3) € Qs

Let Wy, t € [0,1], be a geodesic in SL(3,R)/SO(3) which connects ¥; = ¥
and Ug. Then ¥, = U, outside By/s and (Ve, Wi, G, C2) = (Vo, W, ¢, GR)
in a neighborhood of As,, so that in particular U; = Uy + t(U — Up) and
Vi = Vp on these regions. This linear behavior of U; and constancy of V;
(in t) ensures that the boundary terms of (4.3) do not contribute when
implementing convexity of the harmonic energy. From this it follows that

2

d .
(4.7) @I(\I/t) > 9 . |V distgr,3.r)/50(3) (Vs Vo) [*da.
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Furthermore, since ¥ is a critical point

(4.8) LT = 0.

Therefore, the conclusion of Theorem 4.1 is achieved by integrating (4.7)
and using a Sobolev inequality. In what follows we will justify each of these
steps.

In order to proceed we will record the appropriate asymptotic behavior
of ¥ and Wy. In the statements below, it is important to keep in mind that
in the relevant coordinate system, the flat metric on R? is given by

4 sin?(20)

Ao’ = dp? + dz" + pde?,

(4.9) r? (dr2 + r2d92) +

with Euclidean volume form
1

(4.10) dx = 57“5 sin(260)dr A df A dp = pdp A dz A do,

where the transformation between polar and cylindrical coordinates is given
in (2.2). Thus, for example, the norms of vectors when expressed in these
polar coordinates appear to have extra fall-off as compared to the corre-
sponding expressions in traditional polar coordinates. The motivation for
using this nonstandard version of polar coordinates is related to the deriva-
tion of the mass functional (3.16). For later use, we note here that the
second harmonic function of (3.20) takes a simple form when expressed in
polar coordinates

1 / 12 2 _ 1 —
(4.11) hge = 5 log (W> = —log <1COS(20)> = log(tan@).

02+ 22 4 2 2 1+ cos(26)

When stating the asymptotics there are three regimes to analyze, namely
the designated asymptotically flat end (r — o), the nondesignated end (r —
0) which is either asymptotically flat or asymptotically cylindrical, and the
limit at the axis (p — 0 with 6 <r <2/§). A motivation for the choice of
asymptotics is to have the weakest conditions which guarantee finite reduced
energy, and include the decay rates of the Myers-Perry harmonic maps (both
extreme and non-extreme); these properties are easily shown to be satisfied
by the asymptotics below. In what follows, x > 0 is fixed parameter that
may take on arbitrarily small values. Let us consider the asymptotically flat
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end first. We require that as r — oo the following decay occurs

(4.12) U=0@"1"), Vv=0r1", W= \/EO(T*Q*“),
(4.13) [VU|=0@"%"%), WV =0("3"%), |VW|=p":0(r"2%),
(4.14) IV = pVsin0O(r=277),  |VC?| = pVeos O (r—>7F).
Next consider asymptotics in the nondesignated end, which are broken up
into two cases. As r — 0 we require in the asymptotically flat case that
(4.15) U=—2logr+0(1), V=0(1), W=.pOr1),
(416)  [VU|=0("%), [VV[=0("%), |[VW|=p:0("),
(4.17) V¢ = pVsinfO(r=8%),  |VC?| = pVeos 0O (r 877,

and in the asymptotically cylindrical case that

(4.18) U=—logr+0(1), V=0(Q1), W=po(r"),

(419)  [VU=0(73), |VV|=0("%), |[VW|=p":0(""),
(4.20) V¢ = pVsin0O(r=>t%),  |VC?| = pVeos 0O (r—>Tr).

Furthermore, the near axis asymptotics as p — 0, § < r < 2/ are required
to satisfy

(4.21) U=0(1), V=0(1), W=O0(p:),
(4.22) VU|=0(1), [VV|=0(1), [VW|=0(p2),
(4.23) (V¢ = Vsin00(p), |V = Veos0O(p).

We will also have need of precise asymptotics for the extreme Myers-
Perry data ¥y which are derived in Appendix B. In the designated asymp-
totically flat end as r — oo we have

(4.24) Uy=0"2), Vo=0("32), Wy=pOr°),
(4.25) VUo| = 0(r™),  [VVo| =007,  |[VWo| =0(™"),
(4.26) V| = psin?00(r™),  |VE| = pcos? 00(r—4).

In the nondesignated end as r — 0 the following asymptotics are present
(4.27) U= —logr+0(1), Vo=0(1), Wy=pO(r2),
(4.28) VUo| = O(r72),  |[VVo| =0(7?),  |[VWo| =0(?),
(4.29) V(S| = psin?00(r™),  |VEE| = pcos? 00(r™).
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Moreover, the near axis asymptotics as p — 0, 6 < r < 2/§ are given by

(4.30) Up=0(1), Vo=0(), Wo=0(p),
(4.31) [VUo| = 0O(1), [VW[=0(1), [VW|=0(),
(4.32) VG| =sin?00(p), |V = cos>00(p).

The first task needed to carry out the proof of Theorem 4.1 as outlined
above, is to first show that it is possible to approximate Z(W¥) by replacing
U with a map that satisfies (4.6). This may be achieved as in [33] with a
three step cut and paste argument. Define smooth cut-off functions, which
only take values in the interval [0, 1], by

1 ifr <3,
(4.33) s =4 [Vps| <262 if 3 <r <3,
0 if r > %,
0 if r <9,
(4.34) ps =14 [Vos| < & if 6 <r <20,
1 if r > 24,
and
0 if p<e,
_ ) loglp/e)
(4.35) e = Tog(ve/e) if e < p < /e,
1 if p > \/e.
Let
= _ —= = = =1 =2
(436) F&(‘I'):‘IJO"FSO&(‘IJ—‘I’O) = (U57V5aW57C67C5)7

so that Fis(¥) = ¥g on R?\ By s.
Lemma 4.2. lims_ o0 Z(Fs(¥)) = Z(¥).
Proof. Write

(437)  I(F5(0)) = Tocs (F5(D)) + Toyox (F5(0)) + Tz (Fs(T),

o |

and observe that I« (F5(¥)) — Z(¥) by the dominated convergence theo-

rem (DCT). Moreover, since ¥ has finite reduced energy Z>2 (Fs(0)) — 0.
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Now write

(438)  I..,.2(Fs(¥))

= [ evoee [ wvps [ v
T<r<? T<r<? 1<r<?

-~

11 12 I.}
cos e Ve~OUs __
+/ sinh? Ws|V(Vs + ha)|? + / S g —— | V(5|2
<r<2 lar<2 p°sint cosh W
I I
inf v 7 — - .
+/ ;Leevs_w‘s cosh W(;IVC? — ¢V cot f tanh W(;VC;\Q.
1 opcz picos
Is
We have
(4.39)

11<c/ / [VUP + VU + (U~ U0l [Vsf” | r*sin(26)drag
—_—— —— e ——
O(T—G 2y O(8)  O(r-2-2%)  O(8%)
— 0.

Moreover, a similar computation shows that Is — 0 and I3 — 0.
Next observe that since

(4.40) sinh W5 = /pO(r—27"),

we have

(4.41) I < / / pO(r=472%) | |[VV|? +|VVo|2 +|Vho|?
N—— N—— N~
O(r=5-2x)  O(r=%)  O(p~2)

+(V = Vo) |VBs|? | 75 sin(260)drdf — 0.
N—_—— ——
O(r7272m) 0(54)

In order to estimate the 5th integral, note that (4.14) and (4.26) com-
bined with the fact that (¢* — ¢})|r = 0, yields the following estimate for
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rel3 3andi=1,2

(442)  [(¢" = G)(p,2,9)| < /Op 10,(C = ) (5, 2, ¢)|dp = p*O(r™27F).

It follows that

5[5 cosf
(4.43) I5§C/ / — IV¢E + VG
o Ji1 psind —— ~——
o p20(r—4=2%)sin@  p20O(r—8)sin* 0
+ (¢ = 60)? |[VB,|° | 1° sin(26)drdd,
—— ——
prO(r=1=2%)  0(6%)

which converges to zero.
Lastly, consider the 6th integral. Use (4.40) and (4.42) to find

5 r% sind
(4.44) Iﬁgc/ / o VP + VG
0 1 p°Cos N——" SN——
o p2O(r—4=28)cos  p2O(r—8)cos* 0
+(C% = &) |V@s|* | r° sin(26)drdd
—_————
p*O(r=2=2%) O(6*)
5022 coeg
+c//TC°S VO o+ VG
0 ~——— ~—

1 p2sin 6
° p2O(r—4-2%)sin®  p20(r—8)sin* 6

+ (= )2 Vs | 70 sin(20)drdo.
N— e N —
p4O(r*4*2'”‘) 0(54)

This clearly also converges to zero. ]

Consider now small balls centered at the origin. Let

(4.45) F5() = (U, V5, W5, (3, C3),
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where

(4.46) Vs, W5, G5, G3) = (Vo, Wo, G5, &)
+os(V = Vo, W — Wy, ¢! — 5, ¢ = &),

so that F5(V) = ¥y on Bs.

Lemma 4.3. lims_,0Z(F5(V)) = Z(¥). This also holds if ¥V = U, outside
Of 32/5.

Proof. Write

(4.47)  I(F5(V)) = Lr<s(F5(¥)) + Ls<r<as(F5(¥)) + Zr>26 (F5(V)),
and observe that by the dominated convergence theorem

(4.48) Lr>05(F5(¥)) = Lr>25(¥) — Z(T).

Moreover

(4.49)  Toes(F3(0))
:/ 12[VU + [VVo[2 + [V W2
r<d
—6h,—6U—hy—V}

cosh Wy

+/ sinh? Wo|V (Vo + ho)|? + &
r<d

2
n / e~ =6U+hatVo cosh Wy [ V¢2 — eV tanh Wo V(R |
r<d

where the first term on the right-hand side converges to zero again by the
DCT. The remaining terms may be estimated by the reduced energy of ¥q
(and hence also converge to zero), since

(4.50) eV <Ce

near the origin.
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Now consider

(4.51)  Tsercas(F5(W))

:/ 12|VU|2+/ |VV5|2+/ VW2
0<r<29 6<r<20 6<r<20

I, I I3
4 e—Vs—GU
: h2 W v h 2 / CoS 12
" /5<r<25 - IV V+ ha)+ s<r<2s P> sin 6 cosh W; V6|
14 }Sr
sin 6 Vs —6U 2 —Vs 12
+ —€ cosh W5|V (5 —e™ " cot  tanh W5V (5 |*.
s<r<2s P> cos O
b
Notice that
T 28
(4.52) I} = 247 / / |VU|? 5 sin(26)drdf — 0.
0 5§ S=—
O(r—*)
Also
25

(4.53) I < 0/ / IVV? + |V |2

0 ) S~—~— Y——

O(r=% O~
+(V = Vo)? |[Vs|* | 7°sin(20)drdd — 0,
——
o(1)  O(54)

and

= 125
(454) Iy < 0/ / VWP 4 VW[
0 ) ~—— N——

p10(2) 00
+ (W = Wo)? |Vps|? | 70 sin(260)drdd — 0.
————— ——

o(1) O(6-4)

Now consider I4. Since

(4.55) sinh W5 = \/pO(r™),
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we have

28

(4.56) 1450/ / pr 2| |VV2 4 |VVo|? + |V |?
0 5 N N N —

O(r=%) O  O(p~?)

+(V = V)% Vs |* | r° sin(26)drdd — 0.
o) 0@

In order to estimate the 5th integral, note that (4.14) and (4.26) com-
bined with the fact that (¢* — ¢})|r = 0, yields the following estimate for
r € [0,20] and i = 1, 2:

i i ! A ~
@5 U =@l < [0 = @)zl

| p*O(r=8%) in the AF case,
"~ | p2O(r~5t%) in the AC case.

It follows that in the asymptotically flat case

2 112 cos 0 112 9
(4.58) I5<C/ / B V(' + VG
p sin N—— ——

p2O(r—16+2r)sinf  p2O0(r—8)sin* 0
+ (¢M =) Vs | 7P sin(20)drdo,
——— N —
p40(r716+2m) 0(574)
and in the asymptotically cylindrical case

206 cos 12 1)2
(459) I < C/ / V(Y + VGl
P p3sinf —_ —_

p2O(r=10+25)sin@  p20(r—8)sin* 0

(M= )? (Vs | PP sin(20)drdo.
—_——— ——

prO(r—10+2r) O(5-4)

These both converge to zero.
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Lastly consider the 6th integral. In the asymptotically flat case we have

20 p126in ¢ 212 212
o) <o [F [T wep 4w
p COSs N—— ~——

p2O(r=19+2) cosf  p20(r~) cos* 0

+ (C2 _ <§)2 ‘Vg05|2 r? sin(26)drde
N — N —
pO(r=16+2%) O(5-1)

26
r19cos
+0// L

psm@ —_—— —_—

p20(r—16+25)sin@  p2O(r—8)sin 6

+ (M=% Vsl | P sin(26)drde,
N N —~
p4o(r—16+2m) 0(6—4)

and in the asymptotically cylindrical case we have

3 (2 46ing 212 22
(4.61) Is < C/ / IV¢? + |Vl
0 p3cosd —_—— ——

p2O(r—10+2r)cos@  p20(r—3)cos* 0

+ (® =) |Ves|® | r°sin(20)drdd
N et
prO(r—10+28) O(5-4)

254
cos b
+c// VR + P
0 ) S—— N—~—

p?sinf
p20(r—10+2r)sinf  p20(r—8)sin 0

+ (= )2 [Ves|? | ¥ sin(20)drdd.
S— N——\—

p40(7-710+2r£) 0(574)
Again both of these converge to zero. O

Consider now cylindrical regions around the axis I' and away from the
origin given by

(4.62) Cse = {p<eyn{s<r<2/s},
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and

(4.63) Wse ={e <p<Vepn{d <r<2/6}.
Let

(4.64) G (V) = (U, Ve, We, 2, ()
where

(4.65) (Ve, We, ¢2,¢2) = (Vo, Wo, 65, 65)
+ (V= Vo, W — Wo, ¢! — (3, ¢% — &),

so that G.(¥) = ¥ on p < e.
Lemma 4.4. Fiz § > 0 and suppose that W = Wy on Bs, then
lim 7(G=(V)) = Z(V).
This also holds if ¥ = V¢ outside Byy;.
Proof. Write
(4.66) Z(G:(V)) = TIc, . (Ge(V)) + Dw;  (Ge(¥)) + Loy (¢ .oms ) (Ge(P)).
Since ¥ = ¥y on By, the DCT and finite energy of ¥y imply that
(4.67) Ty om) (G(W)) > T().
Moreover

(4.68) Te, (G:(¥))
:/ 12IVUR + [VVe[2 + [VIV 2
C&,s

—6h1—6U—ha—V)
cosh Wy

(&

Véol®

+ / sinh? Wo|V (Vo + ho)|? +
C&,E
2
N / e~ 6m=6U+hatVo cogh W |W(2 — e~he= Vo tanh Wy VR |,
c&,s

where the first term on the right-hand side converges to zero again by the
DCT. The remaining terms may be estimated by the reduced energy of ¥q
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(and hence also converge to zero), since
(4.69) eV <Ce W,
Now observe that

(4.70)  Iw, . (Ge(9))

:/ 12|VU\2+/ yvvg|2+/ |VIV.|?
Ws, e Ws Ws

,E €

-~

I 1, I3

g e V-—6U
inh? W, Vh2/ o0 12
+/W5,g St | V(Vetho)l" + W, p3sin 6 costh‘ |
I4 };
+ / ﬂe%_w cosh W.|V¢2 — e+ cot @ tanh W, V2|2
3 € 5 € 15 .
W P°cos O
Is
We have
3/6
(4.71) I < C/ / |VU\2pdpdz — 0,
3/8
(4.72) I < c/ / vazﬂvvoy?
0(1)
+(V=V0)? Vo> | pdpdz — 0,
— =
O(1)  O((ploge)~>)
and
3/6
(4.73) I3 < c/ / |VW|2+ va0|2
6/2

0(1)

+ (W =Wo)?  |Vée|* | pdpdz — 0,
—_————  ——

O(p) O((ploge)—2)



1424 A. Alaee, M. Khuri, and H. Kunduri
Now consider 1. Since

(4.74) sinh W, = O(p2),

we find that

3/6 prvE
(4.75) 14g0/ / p | IVVI?+ |VVo|? + |[Vhs|?
c N—— N N

5/2
o1) o) O(p)

+(V-V0)® Ve | pdpdz — 0.
— =

O(1)  O((ploge)~?)

In order to estimate the 5th integral, note that the following estimate
holds near the axis and away from the origin and for ¢ = 1, 2:

(4.76) (¢" = ) (p, 2, 0) </ 195(C" = €0 (B, 2, 9)|dp = O(p?).

It follows that

3/0 cos 0
wm n=cf / ol | mee - war
,0811’1 N——

O(p )sinf  O(p?)sin* 6

+ (¢ =) |V pdpdz — 0.
O(p*)  O((ploge)~2)

Lastly consider the 6th integral. We have

3/6 sin 6
(4.78) 16<C// S | TR+ v
5 p COS N——
O(p )cos®  O(p?)costo

(2= 60)° |Veel? | pdpdz
— =

O(p*)  O((ploge)—2)
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3/6 cos b
+ C/ / v 2+ VGl
N——

p p2sinf
O(p )sin®  O(p?)sin* 6

+(C =6 |[Velr | pdpdz,
—_——— >

O(p*)  O((ploge)=2)
which converges to zero. U

By composing the three cut and paste operations defined above, we
obtain the desired replacement for ¥ which satisfies (4.6). Namely, let

(4.79) V5. = G: (F5 (Fs(1))).

Proposition 4.5. Let ¢ < § < 1 and suppose that ¥ satisfies the hypothe-
ses of Theorem 4.1. Then Vs satisfies (4.6) and

(4.80) lim lim Z(¥;.) = Z(V).

6—0e—0

We are now in a position to establish the main result of this section.

Proof of Theorem 4.1. According to 4.5, W satisfies (4.6). It follows that if
\ijs . is the geodesic connecting T to \1155 as described at the beginning of
this section, then U5 = Uy + t(Use — Up) and V5 = Vp on As.. Now write

2, 2

d?
@I(‘l’a,e) 72 T4, (95.),

dt?
Il 12

(4.81) =L, (\I’ 2+

and observe that

d? ~
(482) L = @Eﬂa,s(\yg,s)
d2
— o3 12 [h1 4+ 2(Up + t(Us . — Up))] v b1
695,EQ8A5,€

d? /
- — (hg -+ Vg)ayhg
dt? Joq, .noas.

> 2/9 |V distsr,3r)/50(3) (Pser Po)l?
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where convexity of the harmonic energy was used in the last step, and

(4.83) I = / 24|V (Us.. — Up)|?

,E

o—6h1—6UL . —ha—Vy

cosh Wy

+/ 36(Us. — Up)* V2
Aé,s

+/ 36(Us . — Up)Ze—5—6Us+hartVy
-'45,6 7

x cosh Wole 270 tanh Wy V¢E — V|2

> 2/A |V distsza,r)/s03) (¥se, Yo)l?

since distgr(sr)/s0(3)(VYse, Vo) = 12|Us. — Ug| on Ajs. as the geodesic is
parametrized on the interval [0, 1].

It remains to show that passing % into the integral in (4.83) is valid.
For this it is sufficient to show that each term on the right-hand side of the
equality in (4.83) is uniformly integrable. There is no issue with the first term
since Us ., Uy € H L(R3). Consider now the second and third terms, and write
As e = C5. U B;. Uniform integrability will follow if (Us. — Uo)26_6t(U"Wf_U°)
is uniformly bounded, since then these terms may be estimated by the re-
duced energy of Wy. This is clearly the case on Cs, as U and Uy are bounded
on this region. On Bs, Us. — Uy ~ — logr in the asymptotically flat case and
Use — Uy ~ 1 in the an asymptotically cylindrical case. Therefore, the de-
sired conclusion follows if 7% (log 7)? is uniformly bounded, which occurs for
0 <ty <t<1. Since ty >0 is arbitrary, we conclude that (4.7) holds for
Us. when t € (0,1].

We will now use the Euler-Lagrange equations for ¥y (Appendix B) to
verify (4.8) for W5.. Choose ¢y < €, 6y < § and write

d d d
(484) %I(\Ijg,a) = %IQ{SU,EO (\I’g,a) + dtIA50,€O (\I’g,a) .
Ig }:

Observe that the justification for passing % into the integrals, for ¢ € (0, 1],
is similar to the arguments of the previous paragraph. Then integrating by
parts, using the Euler-Lagrange equations together with %\I/fi =0 = (Use —
Up)Ou, and noting that the relevant boundary integral over 05, ., N 0As, «,
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is equivalent to integrating over dBs, U OCs, -, vields

(4.85) Iy=O0(t) — / 24(Us.. — Up)d,Up — / 24(Us . — Up)d, Uy
0Bs, o

Csg.20

for small ¢, where v is the unit outer normal pointing towards the desig-

nated asymptotically 1ﬂat end.2Next, using that U('ia = Uy + t(Use — Up) and
it 4

%Vét,a = %Wg,e = %Cda = %C(s,a =0on "450750 produces

(4.86) Li=0() + / 24V - V(Us.. — Us)
oo o6l —6U% ~hs—Vp
S L O e e ALl
B / 6(Us.. — Up)eOm=6Uk+hat Vi
Asg .o

x cosh Wyle "2~ Vo tanh WV ¢} — V|2

Since Ug’g = Up + O(t), we are motivated to integrate by parts in (4.86) and
use the primary Euler-Lagrange equation for Uy to obtain only boundary
terms, which should then cancel with those in I3 as As, o, = Bs, UCs, ¢,- In
order to carry this out, it is sufficient to check that

(4.87) / (Use —U) 0,Ug | < Cllogdp|dg — 0 as  § — 0,
OBs, ~———~— v
O(|log &|) O(55)
and
(4.88) / (Use —U)0,Up| < Cep—0 as ey —0.
ACsqy .0 ~

o(1) o(1)
It follows that /3 4+ I; = 0 when ¢t = 0, and hence (4.8) holds for ¥s,.
Now integrating (4.7) twice and applying a Sobolev inequality produces

(4.89) I(\IJ&E) — I(\Ifo) > 2/ |V diStSL(?,,R)/,S’O(?))(\I’(S,e» \Ifo)’2d$
R3

>C </]RS distgL(:;,R)/sO(g)(\IJ&a, Q’Q)d:p)
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By Proposition 4.5 lims_, lim. 0 Z(Vs.) = Z(¥), and thus in order to com-
plete the proof it suffices to show that the limits may be passed under the
integral on the right-hand side. By the triangle inequality, this will follow if

(4.90) lim lim . disty, 3 py/s03) (Yo, ¥)da = 0.

In order to establish (4.90), observe that the triangle inequality, together
with the fact that the distance between two points in SL(3,RR)/SO(3) is not
greater than the length of a coordinate line connecting them, produces

(4.91)  distsrsr)/so@) (Yse, V)
< dlStSL 52)/503) (Us.e, Vs, Woe, G G5 2)s (U, Voo, Wae, G5 o G5 )
5.8)/50(3) (Us Vae, Woe, G.on GGo)s (U V, W, G o GG))
+ diStSL(3 ®)/50(3) (U, V, W, G50, GG, (U VW, G50, G5 L))
)50 (U, VW, (5., G50), (U, VW, ¢ G L)
%mwmmme@UUMﬁi&MMWWKE@D
SC(U = Use| + |V = Vel + W = W)

/SO(3

1 1 1 1
+ Ce—3U—3h1 <€2V2h2’<1 o C(%,g’ + e§V+§h2K~2 _ 2
Notice that

(4.92) / U — Us|%da < / U — Up|® dz = O(6°%) — 0
R3 R3\31/5 —

O(r—6+6r)

as 0 — 0. Next we have

(4.93) / IV —Vsl’dz < C / IV — V|6
R3 R3\B, s ~—~—"

Or=+=%)

N O
Cs. e T~ Bos ~—~——
O(1) as e—=0 0(1)
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which converges to zero if € — 0 before § — 0. Similarly

(4.94) / W — Ws.|%dx < C / W — Wy®
R3 R3\Bl/5ﬁf—’

(7.712 Gn)

+/ |W—Wg|6+/ W — Wpy|®
657\/5#4 Bys S—~—
O(p?) as e—=0 p2O(r=9)

The last two terms on the right-hand side of (4.91) may each be treated
in a similar fashion. Let us consider the first of these. Using the formu-
las (3.20) and (4.11) yields

(495) / —18U—18h1—3V—3hg‘Cl CJg‘Gd[B
/ / / o 18U—3V €08 ° 0 |C1—C51,g|6-
RS\ B, 5 Co.ue Bos p? sin®
Furthermore
30
(4.96) U P ¢S = 0(6%%) 0 as 60,
R3\B1/s —,—O(l) P Ssin 0 ———

p120(7«—1276n) SiHB 0

0 5
4.97 e 18U~ 3V& = =0(@2) =0 as e—0,
(4.97) Csve o) p° Sln39‘ Gl ()

p'2sin® @

and in the asymptotically flat and asymptotically cylindrical cases respec-

tively
6
(4.98) ¢~ 18U—3V & M= CL® =0 =0 as 50,
Bos “— pPosindg 2 227
O(r39) 120(T—48+65)Sin39
30
(4.99) U ¢ hS = 0(6%) 50 as 80,
st\w—/p sin” ¢ —
O( ) 120(7, 30+6K)Sln 2]
It follows that (4.90) holds. O

Proof of Theorem 1.1. By replacing ngy with —n) if necessary, we may
assume without loss of generality that J; > 0, [ = 1,2, so that J; = |7;|. If
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both 71 = Jo = 0, then inequality (1.9) reduces to the positive mass theorem
which holds under the current assumptions on the initial data. If only one
angular momentum vanishes, say J; = 0 and [J> # 0, then we may perturb
the initial data slightly to achieve J; # 0 and Jo # 0 while preserving all
other hypotheses of the theorem. The arguments below show that inequal-
ity (1.9) holds for the perturbed data, and hence also for the unperturbed
data by letting the perturbation go to zero.

It remains to consider the case when [J; > 0, [ = 1, 2. In this case there
is an extreme Myers-Perry black hole solution that can serve as the model
spacetime, giving rise to the harmonic map ¥, used in the convexity ar-
guments. The asymptotic assumptions on the initial data (M, g, k) imply
that (U, V, W, ¢!, (?) satisfy the asymptotics (4.12)—(4.23), see Appendix A.
Thus Theorem 4.1 applies, and the inequality (1.9) of Theorem 1.1 follows
from (3.15) and (4.5), after noting that

27w

(4.100) M(Tg) = (32

(J1 + 52)2>

Consider now the case of equality in (1.9) when J; >0, [ =1,2. As
alluded to above, only in this case of nonvanishing angular momenta do we
have a proper black hole spacetime arising from the Myers-Perry family. If
only one of the angular momenta vanish, the corresponding extreme Myers-
Perry solution has a naked singularity, and such data do not satisfy the
asymptotic hypotheses of the theorem. If both angular momenta vanish, then
the corresponding extreme Myers-Perry solution is isometric to Euclidean
space minus a point, and such data again do not satisfy the hypotheses.
Continuing with the proof in the case of nonvanishing angular momentum,
observe that equality in (1.9) together with (3.15) and (4.5) implies that

(4.101) w=0, AL =AL,  i=1.2,

(4.102) k:(ei, ej) = k(eg, 63) = k(eg, 64) = k(€4, 64) = O, i,j 7'5 3,4,
and
(4.103) MU, V, W, ¢, ¢ = M(Uo, Vo, Wo, ¢, ¢2).

Furthermore, according to the gap bound (4.5), a map which minimizes the
functional M must coincide with the harmonic map associated with the
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extreme Myers-Perry spacetime, that is
(4.104) (U, VW, ¢, ¢%) = (Uo, Vo, W, G, 65)-
Next notice that (3.13), (4.102), and (4.104) yield

(4.105) R =167 + |k|?
o—8U—2a+2logr
22
o—8Uo—2a+2logr
2p?

20— Ry,

= 16mp + VEEATIve

VA 'V

where ag and Ry are corresponding quantities for the extreme Myers-Perry
solution. On the other hand, using the scalar curvature formula (3.1), to-
gether with (4.101) and (4.104) implies that

det VA
(1106)  PUIR2RETR = GAT, — 24,0 — 6[VT[ + SV

= 2Uot200=2logr By L 9N, (ap — ).

It then follows from (4.104) and (4.105) that A, .(ag — ) = 0. In light of
the condition (2.13) on the axis to avoid conical singularities, we have (g —
a)|r = 0. Moreover (ap —a) — 0 as r — oo. Hence the maximum principle
shows that o = ayp.

We are now in a position to show that (M, g) is isometric to the canonical
slice of the extreme Myers-Perry black hole. By (4.101) the 1-forms Af)dp +
Aldz, i =1,2 are closed, and so there exist potentials such that d,f" = A4,
and 0,f' = AL, i =1,2. Then under the change of coordinates & = ¢+
fi(p, z), the metric takes the form

62U0+2ao
9= ——"F5—
2 /p2 + 22

which yields the desired result g = go. Lastly (3.12), (4.102), (4.104), and
« = o show that the tensor k coincides with the extrinsic curvature of
the canonical extreme Myers-Perry slice. Note that this also shows that the
linear momentum vanishes J = 0. U

(4.107) (dp? + dz?) + €2 (N\g)ijdd'dgy,
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5. Discussion

In this paper we have established the mass-angular momentum inequality for
4-dimensional initial data having horizons of spherical topology, and which
admit a Brill coordinate representation. There are many directions for pos-
sible generalizations. First, we strongly suspect that as in the 3-dimensional
case [8], the existence of Brill coordinates always occurs for data with simple
topology and appropriate asymptotics. Therefore Theorem 1.1 should hold
without the Brill coordinate hypothesis. Second, it is natural to consider
such inequalities for data with multiple horizons. In the 3-dimensional set-
ting such inequalities were obtain [11, 26] in both the charged and uncharged
cases, however the mass lower bound was not given explicitly. In order to
carry this out in the higher dimensional setting, one would first need to con-
struct a harmonic map to serve in the place of the Myers-Perry harmonic
map ¥o. Such an existence result for a harmonic map with ‘multiple hori-
zons’ should be possible through an application of Weinstein’s theory [34].
However, the convexity arguments would be much more difficult to carry
out, as such harmonic maps are not given explicitly.

Perhaps the most challenging and interesting generalization would be
to allow horizons with nontrivial topology. In this situation the orbit space
structure would change. In general, the 2-dimensional orbit space M*/U(1)?
is a simply connected manifold with boundaries and corners [4, 24]. The
boundary I' = {p = 0} is divided into rod intervals Iy = {p =0,a5 < z <
as+1}t, 1 <s <5+ 1 wherea; <ag <--- < ast+1, and on each such rod seg-
ment \ has rank 1 or 2. In particular, on each I, a certain integral linear
combination of the g, [ = 1,2 vanishes, that is, there Qxists a vector nlsn(l),
with n! € Z, which lies in the kernel of \, namely Aijnd = 0. One may then
give each rod a two component label (n},n?), indicating which linear com-
bination vanishes. Horizons carry the label (0,0), and all other rods have
the property that A is of rank 1 while at corner points A is of rank 0. More-
over, asymptotic flatness implies the existence of two semi-infinite intervals
I ={—00 < z<ag}and I; = {as < z < oo} with the labels (0,1) and (1,0)
respectively (after perhaps choosing an appropriate coordinate basis). The
collection of rod intervals I together with the associated labels is referred to
as the orbit space data. As we have seen in this paper, the orbit space data
for the extreme Myers-Perry solution consists only of the two semi-infinite
rods, and the same is true for a non-extreme Myers-Perry in Brill coordinates
while in Weyl coordinates it has an extra rod with label (0,0) in between
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that represents the horizon. Consider now the black ring solution. The ex-
treme version has three rods I, s = 1,2,3 with corresponding labels (0, 1),
(1,0), and (1,0). The point between I and I3 represents a cylindrical end
with cross-section having topology S! x S2. The non-extreme black ring has
an extra rod between Iy and I3 with label (0,0) to encode the horizon. When
trying to establish the mass-angular momentum inequality for black holes
with S1 x 2 topology, the main difficulty occurs from the fact that the orbit
space structure for the model (extreme black ring) is not compatible with
the orbit space structure for manifolds with two asymptotically flat ends.
Thus it is not clear if a Brill coordinate description is possible, on which ar-
bitrary initial data may be compared with the model. In particular, it is not
even clear if there is a single Brill coordinate description which is compatible
with both the extreme and non-extreme black ring data. On the other hand,
some positive results have been obtained in the direction of a mass-angular
momentum inequality for nontrivial topologies. Namely, a slight variation of
the the mass functional (3.16) may be derived for very general orbit space
data, and it is known to be nonnegative for special classes of rod structures
which include that of the extreme black ring [2]. Ultimately, however, for
nontrivial topologies it may be more appropriate to use Weyl coordinates
in which the horizon is represented as a rod, instead of Brill coordinates in
which the horizon is represented as a point.

Appendix A. Asymptotics

Here we compute the asymptotics of the harmonic map data (U, V, W, ¢!, ¢?)
which are implied by the asymptotics of the generalized Brill data in (2.4)—
(2.11), and observe that they are stronger than those (4.12)—(4.23) which
are needed to carry out the convexity arguments of Section 4. The asymp-
totics of U are given directly, and those of V and W may be derived from
the equations (3.17). Thus, it remains to compute the asymptotics for the
potentials ¢! and ¢2. Observe that (3.12) yields

< Crtpet" T (Jk(er, eira)| + |k(ea, eipa)]) -

Furthermore, asymptotics for k(e;, e;12), [ = 1,2 may be obtained from the
asymptotics of |k|, and A through the inequality

(A.2) 2 Nk(er, eiva)kler, ey2) < |Kl.
=1,2
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In conclusion, Brill asymptotics imply the following asymptotics for the
harmonic map data. In the designated asymptotically flat end as r — oo

(A3)  U=0("1""), V=0("""), W =p00"),
(Ad)  [VU[=0(7>7),  [VV]=007"),  [VW|=0("""),
(A5) V¢ = psinfOr=27),  |VE*| = peos#O(r>7)

As r — 0 in the asymptotically flat case

(A6)  U=-2logr+0(1), V=0, W=p0(r),
(A7) VU =007, [VV]=0("""),  [VW]= 0@ 1),
(A.8) (VY = psinfO(r=57%), V(3| = peos O (r= 1),

and in the asymptotically cylindrical case

(A.9) U=—logr+0(1), V=00, W=p0r?),
(A.10) VU =0(r?), |VV|=0@"""), |[VW|=0(r"?),
(A.11) V¢ = psin@O(r=2t%),  |VC?| = pcosHO(r—2r).

Lastly, as p — 0 with 6 <r < 2/§ we have

(A.12) U=0(1), V=0(1), W=O0(p:),
(A.13) VU =0(1), [VV|=0(1), [VW]=0(p"2),
(A.14) IV =sinf0(p), |V = cosO(p).

Appendix B. The extreme Myers-Perry harmonic map

The Myers-Perry black holes [31] are solutions to the vacuum Einstein equa-
tions in all dimensions greater than four, and have horizons of spherical
topology. They are considered to be the natural generalization to higher di-
mensions of the 4-dimensional Kerr black holes. In coordinates analogous to
those of Boyer-Lindquist used for the Kerr solution, the Myers-Perry metric
takes the form

2, m .2 1 2 2\ 2 7:272 )
(B.1) dt —1—2 (dt + asin® 0d¢' + beos” 6d¢*)” + A dr

+2d0? + (7 + a?) sin? 0(de")? + (7 + b?) cos® §(d¢?)?,
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where
(B2) S =#+bsin*0+a’cos’d, A= (F+ad?) (F+b*) — mi”.

This family of solutions is parameterized by (m,a,b) which give rise to the
mass and angular momenta through the formulae

3 2 2
B. = — _= — _— .
(B.3) m 87rm, Jh 37, T 3mb,

the black hole is referred to as extreme if m = (a + b)2. Note that this space-
time has the orthogonally transitive isometry group R x U(1)?, where R
gives the time translation symmetry and U(1)? is the rotational symmetry
generated by 04 and Og. Here (7,0) parameterize the 2-dimensional sur-
faces orthogonal to the orbits of the isometry group. The horizons of this
black hole are located at the roots of A, namely

m—a2—b2+\/(m—a2—b2)2—4a2b2
2 9y

(B.4) Fy=+

and the singularities of this metric for nonvanishing a and b with |a| # |b]
are located at the roots of 3. We will restrict attention to the exterior region
7 > 7, with the other variables having ranges 0 < # < 7/2 and 0 < ¢!, ¢ <
2.

Consider now the metric on a constant time slice. In the exterior region,
this may be put into Brill form by defining a new radial coordinate r:

1
(B.5) =1+ 5 (m— a? — b?)
m (m — 2a® — 2b?) + (a® — b%)? )
+ 162 , m # (a+b)7,
(B.6) P =r>4ab, m=(a+Db)>

Observe that the new coordinate is defined on the interval (0,00), and a
critical point for the right-hand side of (B.5) occurs at the horizon, so that
two isometric copies of the outer region are encoded on this interval. The
coordinates (7,0, ', $?) then give a (polar) Brill coordinate system, where
the spatial metric takes the form

Y o
(B.7) g= T—er2 + Xd6* + Ajjdp'dg’,
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with
a’m .y 2 2 2 abm . 2
A= Tsin 0+ (7 4+ a”)sin“ 0, Ay = Tsin 0 cos 0,
(B.8) 3

b
Aoy = Tm cos® 6 4 (72 + b%) cos? 6.

Cylindrical Brill coordinates may be obtained via the usual transformation
p = 3r?sin(20), z = 372 cos(26), so that the metric is given by

2U 2« ) )

(B.9) g= z\e/m(dpz +d2?) + e2U N dpide

where

(B.10) U VaetA e _ pE Aj = —L— A,
p r2v/det A’ T VdetA Y

From this we may compute the harmonic map data (U, V, W) with the help

of (3.17). Moreover, the twist potentials are given in the non-extreme case
by

[C? + 256r1%(a? — %) cos 0] (C1 — 162 (a® — b)) ma

1_
(B'll) ¢ = 1637“62(&2 _ b2)2
. CF =321y
25614 (a2 — b2)
2 [C1 (C1—32r% (a® — b?)) +256r*(a®—b?) (Z cos? 0 + (a*—b?))] Crmb

4096753 (a? —b?)?
C} —16r2Cy (a® — b?) + 32rCs
2561 (a2 — b2)2 s

where

(B.12) €y = 16r* + 8(m + a® — b?)r? ( —(a— ))(m—(a+b)2),
Cy = 3(a® — b%)* + m (3m — 6b* + 2a%)

B.13
(B13) C3 = (a® = b%)* + m (2a” + 2b* — 3m) ,
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and in the extreme case by

a(a® — b?)(r? + ab + b%) cos? 0 — r2a(2a® + 2ab + r?)

1
CO = (a*b)Q
a(r? + ab+ a?)?(r? + ab + b?)
2 )
(B.14) b2 22(a2 _b) 2 _ p2Y(,2 2\ ro2
o bri((a+b)% + %) —b(a® — b°)(r* + ab+ a®) cos” 0
CO - (a_b)Q
b(r? + ab + a?)(r? + ab + b?)?
a S(a —b)? '

The asymptotics of the non-extreme Myers-Perry data are then as follows.
In the designated asymptotically flat end as r — co we have

(B.15) U=0("2), V=02, W=por),
(B.16) VU =007, [VV[=0(0"Y, [VW[=0(""),
(B.17) IV = psin?00(r™),  |V¢% = pcos® 0(r™H).

In the nondesignated (asymptotically flat) end as » — 0 it holds that

(B.18) U= —2logr+0(1), V=0(0%, W=pOr?),
(B.19) VU =0(7?), [VV[=0(1), [VW|=0(?),
(B.20) IV = psin?00(r™),  |V¢% = pcos® 00(r™4).

Furthermore, the near axis asymptotics as p — 0, § < r < 2/4 are given by

(B.21) U=0(), V=0(1), W=0(),
(B.22) IVU| =0(1), |VV]=0(1), |[VW|=0(1),
(B.23) IV =sin?00(p), |V = cos?>00(p).

Asymptotics in the extreme case may be computed similarly, and are recorded
in (4.24)—-(4.32).

Lastly we note that the extreme Myers-Perry harmonic map Ty = (ug, vo,
wo, (3, ¢3) : R3\ T — SL(3,R)/SO(3) satisfies the Euler-Lagrange equations
arising from the energy (4.2), namely
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—6u—v
AAu + & - |VCH? + e 5F coshw ‘e_” tanh wV (¢! — VC2|2 =0,
cosh w
. 2 e bumv 1,2 —6utv 2|2
4 div (cosh? wVv) + ohw V(" —e coshw |[V¢*|" =0,
(B.24) 2Aw — sinh 2w|Vo|? — e % Vsinhw |VC1|2

+2e 5% cosh wdz (V¢ VE2) — e 5 sinhw |VC2 |2
div (676“*” coshwV (¢! — e % sinh wVCQ)
div (6_6” sinh wV¢h — e %%+ cosh wVCQ)

9

0
0,
0
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