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Quasilocal angular momentum and center
of mass in general relativity

Po-NiNG CHEN, Mu-TAO WANG, AND SHING-TUNG YAU

For a spacelike 2-surface in spacetime, we propose a new defini-
tion of quasi-local angular momentum and quasi-local center of
mass, as an element in the dual space of the Lie algebra of the
Lorentz group. Together with previous defined quasi-local energy-
momentum, this completes the definition of conserved quantities in
general relativity at the quasi-local level. We justify this definition
by showing the consistency with the theory of special relativity and
expectations on an axially symmetric spacetime. The limits at spa-
tial infinity provide new definitions for total conserved quantities of
an isolated system, which do not depend on any asymptotically flat
coordinate system or asymptotic Killing field. The new proposal is
free of ambiguities found in existing definitions and presents the
first definition that precisely describes the dynamics of the Einstein
equation.

1. Introduction

In [14], Penrose considered the question of how to define quasi-local energy-
momentum and quasi-local angular momentum to be important in classical
general relativity. In other words, given a space-like two dimensional surface
in a space-time, we would like to associate a four-vector that represents the
energy-momentum, and a quantity that measures the angular momentum
of the region enclosed by the surface. For the definition of quasi-local mass,
Penrose, Hawking, and others have made important contributions, see [17]
and the references therein. The work of Wang-Yau [18] on quasi-local energy-
momentum is the most satisfactory one. However, the definition of quasi-
local angular momentum is more complicated.
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In fact, for an asymptotically flat space-time, there was the definition
of total angular momentum due to Arnowitt-Deser-Misner, and studied by
Ashtekar-Hansen, Regge-Teitelboim, [1, 2, 16], etc. Closely related to angu-
lar momentum is the concept of center of mass. Assuming the space-time
is asymptotically flat, there were various definitions proposed by Huisken-
Yau, Regge-Teitelboim, Beig—()Murchadha, Christodoulou, and Schoen 3,
9, 12, 13, 16]. All these definitions depend heavily on the asymptotically
flat coordinate or asymptotic Killing field. In particular, there are issues of
finiteness, well-definedness, and physical validity among these definitions.
The definitions by various references are not completely consistent.

Following the approach given by Wang-Yau on quasi-local energy-
momentum, we propose a new definition of quasi-local angular momentum
and center of mass, which does not rely on special coordinates or Killing
fields. Based on this we manage to resolve the above-mentioned classical
problems in defining total angular momentum for asymptotically flat space-
times. At both the quasi-local and total level, the definitions satisfy many
highly desirable properties, and capture the dynamics of Einstein equations.

2. Review of quasi-local energy-momentum

In order to be consistent with our previous work, we first review the defi-
nition of quasi-local energy-momentum in [18]. Consider a spacetime region
M that is foliated by a family of spacelike hypersurface §2; for ¢ in the time
interval [t',#"]. The boundary of M consists of Q, Q, and 3B. Let u*
denote the future pointing timelike unit normal to ;. Assume u* is tan-
gent to 2B. Denote the boundary of €; by ¥, which is the intersection of
Q; and ®B. Let v* denote the outward pointing spacelike unit normal of ;
such that u,v* = 0. Denote by k the trace of the 2-dimensional extrinsic
curvature of ¥ in € in the direction of v*. Denote the Riemannian metric,
the extrinsic curvature, and the trace of the extrinsic curvature on 2; by
9wy K = Vyu,, and K = g" K, respectively. Let t# be a timelike vec-
tor field satisfying t#V ,t = 1. t* can be decomposed into the lapse function
and shift vector ¥ = Nu” + N”. Let S denote the action for M, then the
Hamiltonian at ¢” is given by $ = —22. The calculation in Brown-York [4]
(see also Hawking-Horowitz [11]) leads to

1 v
(1) ﬁ:—S—ﬂ_ g [Nk—N’uU (K/,LI/_Kg/LI/)]
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on a solution M of the Einstein equation. To define quasilocal energy, we
need to find a reference action Sy that corresponds to fixing the metric on
3B and compute the corresponding reference Hamiltonian £)o. The energy
is then E = —%(S —So) =9 — Ho. We defined quasi-local energy using
general isometric embeddings into R?! as reference configurations. In par-
ticular, ¥ is obtained by transplanting a Killing vector field in R*! to the
physical spacetime through the embedding.

Suppose ¥ is a spacelike surface in a time-orientable spacetime M, u”
is a future-pointing timelike unit normal, and v" is a spacelike unit normal
with u”v, = 0 along >. We assume v” is the outward normal of a spacelike
hypersurface {2 that is defined locally near 3. We recall the mean curvature
vector field h¥ = —kv” + pu" in [18] and its companion j” = ku” — pv”. Both
are normal vector fields along ¥ which are defined independent of the choice
of u¥ and v”.

Consider a reference isometric embedding i : ¥ < R>! of ¥. Fix a con-
stant timelike unit vector ¢ in R3!, and choose a preferred pair of normals
ug and vg along ¢(X) in the following way: Take a spacelike hypersurface Qg
with 99y = i(X2) and such that the outward pointing spacelike unit normal
vy of 0 satisfies (to),vg = 0. Let ug be the future pointing timelike unit
normal of )y along i(X). We can similarly form h{ and j§ in terms of the
corresponding geometric quantities on Qg and i(X). (up”, vo”) along i(3) in
R3! is the reference normal gauge we shall fix, and it depends on the choice
of the pair (7,tf).

When the mean curvature vector h” of ¥ in M is spacelike, a refer-
ence isometric embedding i : ¥ < R3! and #§ € R®! determine a canonical
future-pointing timelike normal vector field @ in M along Y. Indeed, there
is a unique u” that satisfies

(2) h,u” = (ho),uo”

where hY is the mean curvature vector of i(X) in R3!. Physically, (2) means
the expansions of ¥ C M and i(X) € R*! along the respective directions "
and wup” are the same. Take v” to be the spacelike normal vector that is
orthogonal to #” and satisfies ”h, < 0, and take a spacelike hypersurface
in M such that #” is the outward normal. We can similarly form K v and k
from the corresponding data on ). The trace of the 2-dimensional extrinsic
curvature k of ¥ with respect to #” is then given by k = —@"h, > 0.

4-vectors in R®! and M, along i(¥) and ¥ respectively, can be identified
through

(3) UOV — ﬂy, UOV — T)V,
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and the identification of tangent vectors on i(X) and ¥. t§ in R®! is identified
with Nou” + N§ in M. In terms of the lapse Ng and shift Ny, the quasi-local
energy with respect to (7,%) (equation (6) in [18]) is

1 — _ 1 T v
(4) g [, (ko = F)No = (vg (Ko) v — 0" Ky )NG -

(4) can be expressed in terms of the norm of the mean curvature vector
and an associated connection one-form. The norm of the mean curvature
vector is denoted by |H| = y/k? — p? > 0. h” and ;" also define a connection
one-form ay of the normal bundle of ¥ by

1

k2 _ pQ ﬂ-g(h’yvﬁ]l’)

(5) ap =

where ﬂg = 58 + uPuy — vPu, is the projection from the tangent bundle of

N onto the tangent bundle of 3. We choose local coordinates {u®},—1,2 on ¥
and express this one-form as (o), and the induced Riemannian metric on
¥ as a symmetric (0,2) tensor o,p. The definition of quasi-local conserved
quantities depends only on the data (o4, |H|, (afr)q)-

Suppose the mean curvature vector Hy of i(X) is also spacelike (this
unnecessary assumption makes the exposition easier), and denote the corre-
sponding data by |Hp| and (a,)q. Denote the components of the isometric
embedding i by (X%, X!, X2, X3), each as a smooth function on . Let un
be the Minkowski metric and 7 = —{7,, X" be the time function on X
with respect to a constant unit future timelike vector ¢;. The quasi-local
energy (4) can be written as

(6) 81/ { (cosh o] Ho| — cosh 6| H|) /1 + [V7]?
T Jx

— [Vae() — V.0 + (aHo)a — (aH)a]V“T}

—AT o —1 —AT
e and (9 = smh — AT — V“V T
| Ho|y/1+|V 72 |H|\/1+|V7[2 “

and |V7|? = 0%V ,7V?r, where V, is the covariant derivative of o,,. Ex-
pression (6) is the same as (4) with Ny = /1 + |V7|? and N} = —V°r.

where 6y = sinh™!
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3. Definition and properties of quasi-local
conserved quantities

In order to define quasi-local conserved quantities, we introduce a function
p and a one-form j, on Y defined as follows:

L E
(7) p:\/‘HO‘QJFHIVT?_\/‘HPJFHIW.

VU VAP

) du= pVar Y, {smhl (m"ﬁm)] ~ (m)a + (@)

Notice that 6y — 6 = sinh_l(mpfﬁ) by the addition formula of the sinh func-
tion. In terms of these, the quasi-local energy is S%F fz(p + 7. VOr).

We consider (i,tf) as a quasi-local observer and minimize quasi-local
energy among all such observers. A critical point of the quasi-local energy
satisfies the optimal isometric embedding equation :

Definition 1 [6, 7, 19] - An embedding i : ¥ — R>! satisfies the optimal
isometric embedding equation for (ou, |H|, (arr)q) if the components of i,
X0 X1 X2 X3, as functions on ¥, satisfy N VaXHPV XY = 04y and there

exists a future unit timelike constant vector tf such that T = —thn,, X" sat-
isfies
(9) V%, = 0.

Such an optimal isometric embedding may not be unique, but it is shown
in [7] that this is locally unique if p > 0.

The quasi-local mass and quasi-local energy-momentum 4-vector with
respect to (i,tf) are m = g [y, p and

14 - tl/7
p St EP 0
respectively. If ¥ bounds a spacelike domain in the flat spacetime, m is zero
and p” vanishes.
Let (20,2, 22, 2%) denote the standard coordinate system on R>!.
Definition 2 - Let K~ be an element of the Lie algebra of the Lorentz

group with Koy = —K,q. Let K = wan”ﬁxaa% be the corresponding Killing
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field in R3. The conserved quantity corresponding to (i,th, K) is Kqy®YY
where

(10) g (pXlol! 4+ joxloy, x),
81 Js
where j% = 0%,

For a spacelike 2-surface in R*!, p =0 and j, = 0, thus all quasi-local
conserved quantities vanish with respect to its own isometric embedding. By
the definition, p” and ®*7 transform equivariantly when the pair (4,t)) is
acted by a Lorentz transformation. When the optimal isometric embedding 4
is shifted by a translation in R*! such that X* — X* + b* for some constant
vector b*, ®*7 is changed by

N L %bap”/ + %bvpa.

For a surface of symmetry in an axially symmetric spacetime, the quasi-
local angular momentum is the same as the Komar angular momentum, and
the quasi-local center of mass lies on the axis of symmetry.

4. Conserved quantities at spatial infinity

On an asymptotically flat initial data set (M, g, k), we take the limit of
quasi-local conserved quantities on coordinate spheres to define total con-
served quantities. For each family of solutions (i,,t5(r)) of optimal isometric
embeddings for ¥, such that the isometric embedding 7, converges to the
standard embedding of a round sphere of radius 7 in R® when r — oo, we
define:

Definition 3 -Suppose lim, o t§(r) = t§ = Ly” for a Lorentz transfor-
mation L,”. Denote Ly = L,/n,~. The total center of mass of (M, g, k) is
defined to be

. 1 .
(11) C' = — lim [®7(r) Lo, + @Y (r)Ls], i=1,2,3

m r—oo

and the total angular momentum is defined to be
(12)  Ji = lim ep[®7(r) Ly — @ (1) Ly ), i,k = 1,2,3.

C" corresponds to the conserved quantity of a boost Killing field, while .J;
corresponds to that of a rotation Killing field with respect to the direction
of the energy-momentum 4-vector.
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5. Finiteness of total conserved quantities

In this section, we prove finiteness of the newly defined total conserved
quantities for vacuum asymptotically flat initial data sets of order one.
Definition 4 - (M, g,k) is asymptotically flat of order one if there is
a compact subset C' of M such that M\C' is diffeomorphic to R3\B, and
A -1
in terms of the coordinate system {x'}i—123 on M\C, gij = 0i; + g”} +
(=2) _ [t A _ ;
‘(]‘;72 +o(r~2) and kij = i + 5~ + o(r 3), where r = \/2?21(3”)2-
Transforming into spherical coordinates (r,6,¢) = (r,u',u?), on each
level set of r, 3,, we can use {u},=12 as coordinate system to express the

geometric data we need in order to define quasi-local conserved quantities:

Gap = 1250+ 105 + 00 +0(1)

2 a2 p(=3) 5
(13) |H| = - + 2 + 3 +o(r—)
(-2)

=zl -2
. + 2 +o(r—),

ol

ag =

where G, is the standard round metric on S?, and 01(1})), aég), h(=2) p(=3)
a(_l), and ag;Q) are all considered as geometric data on S2. It was proved in
[6] that for such an initial data set, there exists a unique family of optimal
isometric embeddings (i,,t5(r)) of ¥, such that the components of i, are

given
(14) (0,7‘5(1,1"5(2,1"5(3) + o(r),

where X% i = 1,2, 3 are sin 0 sin ¢, sin 6 cos ¢, and cos 0, respectively, in the
standard coordinates (6, ¢) on S2. Similar expansions for |Hy| and ay, can
be obtained.

We recall from [6, 20] that the total energy-momentum vector p” satisfies
lim, o th(r) = %p” with m = \/—p,p”, and the components are given by

LUl —ne?) and o= 1 [ XidiolY),

15 0=—
( ) p 8 92 8 S2

It is shown to be the same as the ADM energy-momentum vector on the
initial data set (M, g, k) in [20].

Unlike translating Killing fields which define energy and linear momen-
tum, the expression of boost and rotation Killing fields involves the coor-
dinate functions. Therefore existing definitions of total angular momentum
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and total center of mass are in general infinite and not well-defined unless
additional conditions [2, 10, 16] are imposed at spatial infinity.
Recall that a vacuum initial data set (M, g, k) satisfies

(16) R(g) + (trgk)2 — ]k\z =0 and Vg(k‘ij — (trgk)gij) =0

where R(g) is the scalar curvature of g;;.

Theorem 1 - The new total angular momentum and new center of mass
are always finite on any vacuum asymptotically flat initial data set of order
one.

Proof. By the expansions of geometric data (13) and (14), the optimal
isometric embedding equation (9) decomposes into linear equations on S2
which can be solved by spherical harmonics. The total center of mass and
total angular momentum are finite if

(17) Xi(h(()_2) —h2)=0 and /

; 5 X (gab@b(a(—l))a) -0,

where V is the covariant derivative of 6,5 and &4 is the area form on S2. The
proof of these two equalities makes use of the optimal isometric embedding
equation and the vacuum constraint equation and the details can be found
in [8]

The new total angular momentum vanishes on any hypersurface in R31:
a property that is rather unique among known definitions. Indeed, it is
shown in [5] that there exists asymptotically flat hypersurface in R3! with
finite non-zero ADM angular momentum. In [8], we show that the new total
angular momentum is the same on any strictly spacelike hypersurface in the
Kerr spacetime.

6. Conserved quantities and the vacuum Einstein equation

Let (M,g,k) be a vacuum initial data set. The vacuum Einstein equation
is formulated as an evolution equation of the pair (g(t), k(t)) that satisfies
9(0) =g, k(0) =k and

Orgij = —2Nkij + Viv; + Vv

18
( ) Otkij = —V,-VjN + N (Rij + (t’l“gk’)]{ij — Qkfilklj)
where N is the lapse function and + is the shift vector.

Theorem 2- Suppose (M, g, k) is a vacuum asymptotically flat initial data
set of order one. Let (M, g(t), k(t)) be the solution to the initial value problem
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9(0) = g and k(0) = k for the vacuum Einstein equation with lapse function
N =1+ 0(r~Y) and shift vector v = vDr=1 £ O(r=2). We have

(19) 0,0ty =2 and 9,7i(t) =0

S

fori=1,2,3 where p is the ADM energy momentum j-vector of (M, g,k).
Proof. Again, we solve the linearized optimal isometric embedding equa-
tion (9) by the expansions of geometric data (13). It suffices to show

Oy [1/ f(ip(_g’)(t)] = p—o and
S2

The first equality is proved using the vacuum constraint equation and the
Einstein evolution equation and the second one is proved using the conser-
vation law of quasi-local angular momentum. The details of these proofs can
be found in [§].

Remark. Assuming the total center of mass and angular momentum is fi-
nite initially, Theorem 2 holds under the weaker assumption g = 6 + O(r~!)
and k = O(r—2), see [8].

7. Properties of the new total conserved quantities
and conclusions

Our work not only gives the precise definitions of angular momentum and
center of mass at the quasi-local level, the limits of which also define new
total conserved quantities for any isolated gravitating system. The defini-
tions of total angular momentum and total center of mass are new and free
from the ambiguities and difficulties of known definitions. To the best of
our knowledge, the new total center of mass gives the unique definition that
satisfies the highly desirable equation (19). This is the first time when the
fundamental formula p = mwv is shown to be consistent with the Einstein
equation. Though we only consider the case of spatial infinity in the current
paper. The definition can be readily extended to the case of null infinity by
taking the corresponding limit of the quasi-local definition.



680 P.-N. Chen, M.-T. Wang, and S.-T. Yau

The quasi-local definition involves solving the nonlinear optimal isomet-
ric embedding equation. However, for an isolated system, the equation de-
composes into linear equations of the form

AA+2)f=g

for functions f and g on S? and A the Laplace operator on S?. The solu-
tions of these linear equations are completely understood and the calculation
only involves elementary spherical harmonics. Current numerical method
can easily handle these calculations and definitions at null infinity can be
in principle measured by gravitational wave detectors. We thus expect the
new definitions of total angular momentum and total center of mass will
have applications in the physical communities of numerical relativity and
astrophysics.

To summarize, the new total angular momentum and total center of
mass on an asymptotically flat initial data set (M, g, k) satisfy the following
properties:

1. The definition depends only on the geometric data (g,k) and the
foliation of surfaces at infinity, and in particular does not depend on an
asymptotically flat coordinate system or the existence of an asymptotically
Killing field.

2. All total conserved quantities vanish on any spacelike hypersurface in
the Minkowski spacetime, regardless of the asymptotic behavior.

3. The new total angular momentum and total center of mass are always
finite on any vacuum asymptotically flat initial data set of order one.

4. The total angular momentum satisfies the conservation law. In par-
ticular, the total angular momentum on any strictly spacelike hypersurface
of the Kerr spacetime is the same.

5. Under the vacuum Einstein evolution of initial data sets, the total
angular momentum is conserved and the total center of mass obeys the
dynamical formula 9;C%(t) = 1%; where p” is the ADM energy-momentum
four vector.
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