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Integrable representations of the quantum

affine special linear superalgebra
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The simple integrable modules with finite dimensional weight
spaces are classified for the quantum affine special linear super-
algebra U, (sl(M]|N)) at generic g. Any such module is shown to
be a highest weight or lowest weight module with respect to one of
the two natural triangular decompositions of the quantum affine
superalgebra depending on whether the level of the module is zero
or not. Furthermore, integrable U, (sI(M|N))-modules at nonzero
levels exist only if M or N is 1.
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1. Introduction

Quantum supergroups associated with simple Lie superalgebras and their
affine analogues were introduced [2, 31, 46] (see also [4, 11, 28]) in the early
90s, and their structure and representations have since been extensively de-
veloped (see, e.g., |1, 16, 17, 20, 22, 29, 33, 34, 36, 39, 42, 43, 47, 48]).
Quantum supergroups were applied to solve interesting problems in a vari-
ety of areas such as topology of knots and 3-manifolds [13, 37, 40|, quantum
supergeometry [43, 44|, and in particular, Yang-Baxter type integrable mod-
els [2, 10, 33, 45|, where the problem of constructing solutions of the spectral
parameter dependent Yang-Baxter equation was converted to the much eas-
ier linear problem of solving the Zs-graded Jimbo equations [2| by using the
representation theory of quantum supergroups.

The Zs-graded Jimbo equations determine the universal R-matrix [16]
of quantum affine superalgebras in loop representations. A basic problem in
studying the equations is to determine which finite dimensional irreducible
representation of a quantum supergroup can be lifted to a representation of
the corresponding quantum affine superalgebra. It was shown that the nat-
ural representations of quantum orthosymplectic supergroups can be lifted
[45], and more importantly, every finite dimensional irreducible representa-
tion of the quantum general linear supergroup Uy (gl(M|N)) [39] can be lifted
to an irreducible representation of the untwisted quantum affine general lin-
ear superalgebra Ug(gl(M|N)) [36].

In a very recent paper [35], Huafeng Zhang gave a classification of the
finite dimensional simple modules for Uy(sl(M|N)) (more precisely the sub-
algebra U;(sA[(M |N)) without the degree operator) at generic ¢, providing a
parametrisation of such simple modules in terms of highest weight polyno-
mials. This has much similarity to the classification [41] of finite dimensional
simple modules for the gl(M|N) super Yangian, as explained in [35].

The present paper generalises results of [26, 27, 30] on sI(M|N) to the
quantum setting to obtain a classification of the simple integrable modules
with finite dimensional weight spaces for Uy (sl(A/|N)) at generic ¢. This also
extends results on loop modules for quantum sl(n) [6] to that for the quan-
tum affine superalgebra. A module for a quantum affine superalgebra U, (g)
is integrable if it is integrable with respect to the subalgebra U, (gg), which
is the quantised universal enveloping algebra of the even subalgebra gg of
g. Thus the integrability of a Uy (sl(M|N))-module amounts to integrability



Integrable representations of quantum affine superalgebras 555

with respect to the subalgebras Uq(;[(M)) and Uq—l(ﬁA[(N)). The require-
ment of having finite dimensional weight spaces imposes further stringent
conditions on the module.

One result of this paper, Theorem 3.10, states that a zero-level simple
integrable module with finite dimensional weight spaces is necessarily of high-
est weight type with respect to the triangular decomposition of Ug(s((M|N))
induced by the distinguished triangular decomposition of s[((M|N) (cf. equa-
tion (2.3)). A classification of such modules is given in terms of their highest
weight polynomials (see Theorem 3.11). N

We show in Theorem 3.11 that any simple integrable Ug,(sl(M|N))-
module V of zero level with finite dimensional weight spaces can be embedded
in a quantum loop module (cf. (3.9)) as a direct summand. By setting the
loop parameter to 1, we obtain from the image of V' a finite dimensional eval-
uation Ug (sl(M|N))-module (cf. (3.10)). This way we recover all the finite
dimensional simple Uy, (s{(M|N))-modules, which were classified in [35].

We prove in Theorem 4.2 that only when M or N is equal to 1,
Ug(sl(M|N)) admits integrable modules with finite dimensional weight
spaces at nonzero levels. Such a simple integrable module is necessarily a
highest or lowest weight module with respect to the standard triangular de-
composition of Uy(s[(M|N)) given in Proposition 2.2. The necessary and
sufficient condition for a simple highest weight Uq(sA[(M |N))-module to be
integrable with finite dimensional weight spaces is that the highest weight
is integral and dominant [8, 18] with respect to the quantised universal en-
veloping algebra U, (sl(M|N)g) of the even subalgebra of sl(M|N).

We mention that the quantised universal enveloping superalgebras of
symmetrizable affine Lie superalgebras without isotropic odd simple roots
admit many more integrable highest weight modules at nonzero levels. A
classification of such simple modules was obtained in [42], where a “super
duality" was discovered (see also [38]) identifying such quantised univer-
sal enveloping superalgebras with certain classes of ordinary quantum affine
algebras. Such a super duality emerged as a strong-weak coupling duality be-
tween supergroup Chern-Simons theories on R? in quantum field theoretical
investigations on supergroup invariants of knots and 3-manifolds [13, 37, 40|
by Mikhaylov and Witten [19].
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2. Preliminaries

In order to study the integrable modules for the quantum affine special lin-
ear superalgebra Uy (s[(M|N)), we need its loop presentation [32], which we
discuss here.

2.1. Quantum affine special linear superalgebra

Let us start by discussing some basic structural properties of the special
linear superalgebra [14]. Fix positive integers M and N, and assume that at
least one of them is greater than 1. Let I be the set {1,2,...,M + N — 1}.
We choose the distinguished Borel subalgebra b for sI(M|N), which consists
of the upper triangular matrices. The Cartan subalgebra h C b consists of
the diagonal matrices in s[(M|N). Let n be the strictly upper triangular
matrices, then b = h ® n.
Equip the free Z-module @f\i TN Ze; with the following bilinear from

{1, if1<i< M,

(€i,€5) = lidij, li= . :

-1, #tM+1<i<M+N.

Then the roots of sl(M|N) can be expressed as €; —¢; for all i # j, and
the simple roots with respect to b are given by {a; := ¢; — €;41]i € I'}. The
even subalgebra sl((M|N)g of s[((M|N) is sl(M) & Cz @ sl(N), where Cz is
the center of s[(M|N)g. Let b1 (resp. ha) be the Cartan subalgebra of sl(M)
(resp. sI(N)), and denote by A} (resp. A2) the corresponding set of roots.
Denote by @ the root lattice of sl(M|N), and set QT = >~ Z>ow.

Let E,A[(M]N) =s5[(M|N)®CJt,t 1®Cec®Cd be the untwisted extended
affine Lie superalgebra associated with sl(M|N), where ¢ spans the center,
and d is the degree operator. We take the following Cartan subalgebra h =
h® 1@ Ced Cd for s[(M|N). Introduce the affine weight wy and null root
0 in h* such that wo(c) =1, 6(d) =1, and wo(h) = 6(h) =0, Vh € h. Then

(wo, ;) = (6,0t) =0, Vie I, (wo,wp)=(6,0)=0, (wp,d)=1.

Then wp, 6 and all the a; together form a basis of h*. Denote by Cj the Z-span
of the a; and 4, i.e., the root lattice of sl(M|N), and let ag =6 — > ;.
Recall that we have the following Borel subalgebras of sl(M|N),

(2.1) Ce® Cd® b @ sl(M|N) ® tCt],
CcoCdpbeClt,t™1],
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where (2.1) is the standard Borel subalgebra, while (2.2) is induced by
b C s[(M|N). Later we will make use of quantum universal enveloping su-
peralgebras of these Borel subalgebras.

Let us fix once for all a nonzero Complex number ¢ which is not a root of

1. For any m € Z, define [m|, = qq L Let ¢ = q\«<) for i € I, and set

A5 = (62‘ — €i41,€5 — €j+1), for all ’i,j el.

The quantum affine superalgebra [AJq =U, (sI(M|N)) is a Hopf superal-
gebra over C [2, 16, 32, 36, 46|, which has two presentations, a Serre presen-
tation in terms of Chevalley generators and Serre type relations, and loop
presentation. Its loop presentation was constructed in [32].

Definition 2.1. The loop presentation of IAJq =Uy, (;[(M|N)) is as follows.
The set of generators is

{Xijt(n),Kijﬂ,hi(s),Cd[lm,Dil |iel,n,seZ,s+#0},

where X]j\;(m) for all m € Z are odd, and the other elements are even.
The relations are

C*1/2 are central,
DD '=D7'D=1, Dhi(s)D7' =¢°hi(s), DX (s)D7! = ¢*XF5(s),
+ -1 _ _+a;; vt

Ki X5 (MK, =q X; (n),

ml;a;il, (C™ — C™™
hs(m) ()] = By i 2 C )

m(q; — q; )

[shitgly, cF s Xi(n + 5),
s
C(m*")/ngﬁf(m +n) — C=M=M2¢" (m 4 n)
(X" (m), X5 (n)] = — )

qi — 4q;

)

[XE(m), XE(m)] =0 for ay; =0,

[(XE(m + 1) X (n)]gtes + [X5 (04 1), X5 (m)] 2o, =0 for az; #0,

and

Sy My [ X (m), X5 (n), X ()]g2]g = 0 for aj; = +1,i # M,
Sym,, , [[X3;_ (m), X5 (n)]g-1, Xij 1 (B)lg: X37(w)] =0,  when M, N > 1,
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where (b;t(n) are given by the generating series

> 6 (n)e" = Kiflexp((q — q; ) Y hi(Es)z™) € Ugllz, 27,

nez SE€ZL>0

and the symbol Sym; ; means symmetrization with respect to k and I. We
have used the notation of g-brackets [X,Y], = XV — (=1)¥IVlyy X and
written [X, Y] for [X,Y]; for simplicity.

We denote by U/ (sl(M |N)) the subalgebra of ﬁq without the generators
D*!, By dropping the generators X 27 (n) for all n € Z, we obtain a subalge-
bra of Uq, which is the quantised universal enveloping algebra U (5[(]\/[ IN)g)
of the even subalgebra sl(M|N)g of s[(M|N). Note that this subalgebra con-
tains U (A( M)) and Ug-1(sl(IV)) as subalgebras.

The superalgebra Uq is Z-graded Uq = @keZ(U ) with homogeneous
components (IAJ e ={z € Uq | DxD~! = ¢F2}. Let us introduce the follow-
ing subalgebras of U

o ﬁj{(>>) (resp. IAJ;F(<<)) denotes the subalgebra generated by the ele-
ments X" (m) for all m > 0 and i € I (resp. X;" (m) for all m < 0 and
iel);

° ﬁ; (>) (resp. U (<)) denotes the subalgebra generated by the ele-
ments X, (m) for all m > 0and i € I (resp. X; (m) for all m < 0 and
iel);

. ﬁg(>>) (resp. ﬁ2(<<)) denotes the subalgebra generated by the elements
hi(r) for all » > 0 and ¢ € I (resp. h;(r) for all r < 0 and i € I);

. ﬁg denotes the subalgebra generated by K (i € I), D*! and C*1/2.

We have the following obvious result.
Proposition 2.2. Define the following subspaces of IAJq

Uy(+) = UF ()0, ()U00(>),  Uy(-) = UH ()T, (<)UY(<).

@)

Then B = ﬁq(—)ﬁq(O) and B = q(O)[AJq(—I—) are subalgebras, and

QC:>
0
=),

=}
)
2
X

U, =

Note that AB\ is the quantised universal enveloping algebra of the Borel
subalgebra of s[(M|N) given in (2.1). Thus this triangular decomposition of
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ﬁq is the quantum analogue of the triangular decomposition of U(;[(M |IN))
with respect to the Borel subalgebra (2.1).

2.2. Quantum loop superalgebra of sl(M|N)

Let Uy(L(sl(M|N))) be the extended quantum loop superalgebra, namely
the quotient of [AJq by the ideal generated by C*/2 —1. We write Uy =
Uy(L(sl(M|N))), and denote by Uy the C-subalgebra of U, without the
generators D!, Define the following subalgebras of Uy:

e U,(0) denotes the subalgebra generated by h;(r), KF', D*! for all
i€l and 0#1r € Z;

e U/ (resp. U, ) denotes the subalgebra generated by X;"(m) for all i € I
and m € Z (resp. X; (m) for all i € I and m € Z),

and let U} (0) = Uy(0) N Uy, which is a subalgebra of Uj. Then

(2.3) U, =U,Uy(0)US, U, =U_ U, (0)U}.

q Y

Define the following subalgebras of U, and Ufl respectively:

(2.4) B:=U,(0)Uf, B :=U,(0)U].
Then B can be considered as the quantised universal enveloping superalge-
bra of the Borel subalgebra of s[(M|N) given in (2.2) without the central
element, and B’ is the subalgebra of B without the generators D*'. Thus
the triangular decompositions (2.3) are quantum analogues of the triangular
decomposition of U(sl(M|N)) with respect to the Borel subalgebra (2.2) of
s[(M|N).

Set 6 = {fBij == a; + i1 + - + )i, j € 1,1 < j} with the following to-
tal ordering f; ; < By j ifi < ori =1',j < j'. For f5; j € 0 and n € Z, define

Xi5n) = [ (X7 (n), Xy (0)]gs Ko (0)]gias -, X5 (0)]g,
with the convention that X;CL(n) = X" (n).

Proposition 2.3. [35, Theorem 3.12] U} is spanned by vectors of the form

— Cab
H (H X;r,b(nab,i)> » Cab € L0, Nab,i € Z,

1<a<b<M+N-1 \i=1
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—
where [ is the ordered product positioning X1, (m) on the left of X, ,,(n) if
/Ba,b < ﬁa’,b’-

2.3. Weight modules

All the modules for ﬁq and ﬁg considered in this paper are assumed to be
Zs-graded. Given a Ug-module V', let

Veo={veV|Dv= g0y, CFL/2y = qi%(“"s)v, Kv = qZ(“’a"’)v, iel}

for any p € 6* If V,, # 0, we say that p is a weight of V', and denote by
P (V) the set of the weights. The module V' is said to be a weight module of

type 1 if
V= V.
preP(V)

From now on, all modules will be assumed to be of type 1. A ﬁq module V is
integrable if V=D ,cp(y) Vi, and the elements XE(m) (i €I, m € Z) act
locally nilpotently. If C=1/2 act by the identity, we say that V is a zero-level
module, or at level 0.

3. Zero-level integrable representations for Uq(sA[(M |IN))

In tllis section we classify the irreducible integrable modules for [AJq =
U,(sI(M|N)) with finite dimensional weight spaces such that C*'/2 act as
the identity. Such modules descend to modules for U, = U, (L(s[(M|N))).

3.1. Zero-level integrable representations

Let H (resp. H') be the subalgebra of U, generated by Kiil, D*! i € I (resp.
Kiil,i € I). A module V' of Uy (resp. Uyp) is called a highest weight module
if there exists a nonzero weight vector v € V' with respect to H (resp. H')
such that

1) U =V (resp. Upv = V),

2) X;f(m)v =0 for all i € I and m € Z, and

3) Ug(0)v (resp. Ug(0)v) is an irreducible U,(0)-module (resp. U (0)-

module).
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Call v a highest weight vector of V relative to B (resp. B’) as Bv = Cv
(resp. B'v = Cwv). These highest weight modules are defined relative to the
triangular decompositions for U, (resp. Uy) defined by (2.3).

Let ¢ : U (0) — C be any algebra homomorphism, and let U (0) act on
the one dimensional vector space Cy, = C by ¥. We extend Cy, to a module
over B’ (cf. (2.4)) by letting U/ act trivially. Construct the induced Uj-
module

M(’(/}) = U:] Kp C¢7
which has a unique simple quotient:

(3.1) V() = the simple quotient Uj-module of M (1)).

The following definition is taken from [35].

Definition 3.1. [35] Let Ry, v be the set consisting of elements (P, f, ¢, @),
where

1) f(2) =Y ,ez fnz" € C[[z,27!]] is a formal series and Q(z) € 1 + 2Cl[2]

is a polynomial such that

2) ¢ e C\ {0} with <=1 = fo;

q—q "
3) P = (Pl,.. . 7PM717PM+17~~7PM+N71) with P; € 1 +Z(C[Z].

With the help of results from [35], we can characterise the integrability
of V() as follows.

Theorem 3.2. The following are equivalent for the simple U;—module V()
(cf. (3.1)).

1) V(¢) is an integrable Uy -module with finite dimensional weight spaces.
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2) There exists (P, f,c,Q) € Ryr,n such that for any highest weight vector
v e V()

(32) X/ (n)v=0 foriel,neZ,
(o]
(33) (Z <z>f<n>z"> v=gst )y e e, ie it M,
nez v v
(3.4) (X (0)ttdesPiy =0, iel,i# M,

7

T(n) — ¢y, (n
(3.5)  Y(Kn)v = cv, 1/1(2 Par() gf)i\/[( )z”>v:f(z)v,

neZ a-a

d

d
(3.6) Zad,sXA_/[(s +r)v=0, VreZ, withQ(z)= Zaszs,
s=0 s=0

where (3.3) is understood as an equation of Laurent series expanded
about z =0 for gbj (resp. z = oo for ¢; ).
3) V(¢) is finite dimensional.

Proof. (1) = (2). When i # M, let U((;) be the Uy, (E:\[(Q)) subalgebra gener-
ated by

Xf(n),Kiﬂ,hi(r), n,r € Z,r # 0.
Then U((]i)v is an integrable highest weight U((f)—module. By [8, Theorem 3.4],

there exists a polynomial P; € 1 4 2Clz] satisfying (3.3) and (3.4).
When ¢ = M, there exist ¢ € C\ {0}, f, € C,n € Z such that

Kyv = cv,
¢L%tﬁ?m%—w<ﬂ%?;f?m»v—ﬁm N0,

+ - g1
¢Mflﬁym%:¢<KM §V>v:mu

Since X,,;(n)v for all n € Z belong to the same weight space of V(¢), and

all weight spaces are finite dimensional, there exist m € Z,d € Z>o and
ag, - - . ,aq € C satisfying ag # 0 and ag = 1 such that

d
Z ag—s X (s +m)v = 0.
s=0
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Applying hps—1(r) to the above equality, we obtain

d d
0= Z ad—slhar—1(r), X3, (s +m)v + Z ag—sX (s +m)har—1(r)v
s=0
d
—Zad s—q (s+m+r U—i—Zad s X (s +m)(har—1(r))v
5=0

ﬂq (Zads s+m+r)>.

Hence, Zgzo aqg—sX (s +m+r)v =0 and (3.6) holds.
Applying X,(0) to Zf:o ag—sX (s + m+r)v =0, we have

Zads (s+m+r)v

¢M(s+m+r)f¢i/[(s+m+r)
:Z“d—s -1 v
—0 q—4q

d
= Z aq—sfstmrv =0,

s=0

which implies that Q(2)(>_,,cz fnz") = 0, where Q(z) = Zgzo asz°.
(2) = (3). This was established in |35, Theorem 4.5|, which is a key result
in the classification of finite dimensional simple Ug-modules.

(3) = (1). Clear. O

Definition 3.3. We will denote by V (P, f, ¢, Q) the Uj-module V(1) cor-
responding to (P, f,¢,Q) € Rys,n in Theorem 3.2, and call P, f and @ the
highest weigh polynomials of V(P, f, ¢, Q).

Note that f is a formal Laurent series in general.
The following result is |6, Lemma 1.4].
Lemma 3.4. Let x : U, (0) — C[t,t!] be a nontrivial homomorphism of Z-

graded algebras. Then there exists a unique v > 0 such that the image of x
equals to C[t",t7"].

Let ¢ :U,(0) — L := CIt, t71] be a Z-graded algebra homomorphism
such that gp(Cil/Q) =1 and ¢(K') € C\ {0}. Then for any given b € C,
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we can turn L into a Uy(0)-module via ¢ defined for all f € L by

(3.7) Df =qwttf, af =¢@)f, e UN0).

We write ¢ = (¢, b) and denote by L, the image of ¢ regarded as a Z-graded
U,4(0)-submodule. Then L, is Lo := C or a Laurent subring L, := C[t",¢™"]
for some integer r > 0. This follows from Lemma 3.4.

Assume that L, is a simple Uy (0)-module. We extend L, to a module
over B (cf. (2.4)) with U] acting trivially, and construct the induced Ug-
module

(3.8) M(p) =Us ®p Ly.

This has a unique irreducible quotient, which we denote by V' (¢). Then every
irreducible highest weight Uj,-module is isomorphic to some V().

Given any simple Uj-module V'(¢) (cf. (3.1)), we form the vector space
V(v) ® L and denote w(s) = w @ t* for any w € V(¢) and s € Z. For any
b € C, we now turn V(¢) ® L into a U,-module by defining the action

CHY2uw(s) = w(s), Dw(s) = ¢ w(s),

(3.9)
zw(s) = (zw)(s +m), x € (Uy)m.

We denote this Ugz-module by L(V (v)); b) and call it the quantum loop module
associated to V(1)) and b. Then V(1) is an integrable Ug-module if and only
if L(V (¢);b) is an integrable Uz,-module.

Theorem 3.5. Let V(¢) be a [qu—module such that L, = L, is an irreducible
U (0)-module. Define ¢ = S o @ :Up(0) = C with S: L — C, t 1, being
the evaluation map. Let v be a highest weight vector of V(¢) and denote
v(i) =v @t for anyi € Z. Then

1) V(¥) ® L= @/_3U,v(i) as Ug-modules, where Ug-submodules Uqv(i)
are simple. Furthermore, Ugv(0) = V().

2) V(p) has finite dimensional weight spaces with respect to H if and only
if V(v) has finite dimensional weight spaces with respect to H'.

Proof. The proofs of |23, Theorem 1.8| and [24, Lemma 1.10| can be adopted
verbatim to prove this result. We refer the interested readers to the paper
[23, 24] for details. O

We note that Ugv(i) = V(@, b+ 4). In the case r = 0, the formula in part
(1) of the theorem should be understood as V(1)) ® L = @®;ezUqv (7).
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Given any nonzero simple Ug-submodule Ugv(i) € L(V (1), b), we define
the evaluation module for U; by setting ¢ = 1:

(3.10) Ugv(i) — V(¥), w(s)— w.
This is a Ufl—module homomorphism, which is surjective.

3.2. Classification theorem

Let V' be an irreducible integrable U,-module with finite dimensional weight
spaces. In this section we generalize the method developed in [30] to show
that V' has to be a highest weight module with respect to the triangular
decomposition of U, given in (2.3).

Introduce the set S ={(a,b)[1 <a <M <b< M+ N —1,a <b}, and
order the elements so that (a,b) > (a/,V') if and only if b—a > b —d’ or
b—a=b—-d,a<d.

We have the following lemmas, which play a key role in the remainder
of the section. Their proofs are relegated to Appendices B and C as they
involve very lengthy computations.

Lemma 3.6. Let v,_1 -1 be a weight vector in V.. For any ni,...,n, € Z
and p € Z~q, denote

Vg b = X;r’b(np) cee X;r’b(nl)va_Lb_l, if b—1# M+ N,
(resp. vy p_gq = Xffb_a(np) : "Xib_a(nl)va—l,b—la if b—1=M+ N).

IfX;r(m)va_Lb_l = X;’l(m)va_m_l =0,YVi#A#M,meZ, (kl)>(a—1,b—
1), then

X (m)vap = X,j’l(m)vmb =0 VmeZ (k1) > (a,b),i# M,
(resp. X, (m)v1p_q = X;l(m)vl,b_a =0 VmeZ (ki) >(1,b—a)).

Proof. See Appendix B . O
Lemma 3.7. For (a,b) € S, let vgy be a weight vector in V' such that

X+(m)(X;:b(n1) o 'X;:b(nT)va,b) =0, Vm,niy,...,n. €7Z, i 7é M,

7

3.11
(3:11) X;b(p)XIb(k:)va,b =0, Vp,k€Z withp=k (mod 2).

Then

(3]‘2) X;:b(p)X;b(i)X;:b(j)va,b = 05 prz’] S Z
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Furthermore, there exists k (0 < k < 2) and nq,...,ng € Z such that

Wap = Xy (1) - Xy (nk)vap # 0,

3.13
(8.13) XIb(m)wmb =0, VmeZ.

Proof. See Appendix C . U

Let V' be an irreducible zero-level integrable module for U, with finite
dimensional weight spaces. By definition, V is integrable over the even sub-
algebra of Uj. It follows from Chari’s work [6] that there is a non-zero weight
vector v € V such that

(3.14) XF(myw =0, YmeZ, i#M.

Denote by wt(v) the weight of v. Let X be the subspace of V' spanned by
the vectors X]'\Z(k:)X]\JC[(—k;)v for all k > 0, which is a subspace of Vi (y)1-24,, 5
thus is finite dimensional. Therefore, there exists a finite positive integer K
such that

X = span{ X, (k)X ;(—k)v |0 <k < K}.

Thus for any r € Z we have

(315) XX = Y o) XERXG(-Re, o eC
0<k<K

Note that the elements X;; (k) for all k € Z anti-commute among them-

selves and satisfy X (k)? = 0. Thus equation (3.16) below immediately fol-
lows from (3.15).

Lemma 3.8. Let V be a simple zero-level integrable Uy-module, and let v €
V' be a nonzero weight vector satisfying (3.14). Then the following relations

hold for large k:

(3.16) Xy, (ne) Xy (=ng) -+ X (n) X3 (—n)v =0, Vnq,...,ng € Z;

(3.17) leMJrN_l(mk) . '-Xf:M+N_1(m1)v =0, Vmy,...,mg€Z.
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Proof. Since (3.16) was proven already, we only need to consider (3.17). For
notational simplicity, we write E(m) = X, +n—1(m) for all m. Applying

(X1 (0))% - (X (00) (X ()2 (X5 (0)F -+ (X3 (0))*F
to (3.16) and then using (A.2), we can show that
(3.18) Em+ng)E(m —ng)---E(m+n1)E(m—n1)v=0.

Let { + 1 be the minimal integer such that (3.18) holds. Then there exist
r1,...,r such that

vV i=Em+r)E(m—r)---E(m+r)E(m—r)v#0,
E(p)E(k)v' =0 for all p,k € Z with p =k (mod 2).

By Lemma 3.6, we have

X (m)(E(ny) - E(ng)v') =0, i# M,na,...,ng € Z,k € Z>o.

()

Now (3.17) follows from (3.13). O
Using Lemma 3.8, we can prove the following result.
Proposition 3.9. Let V' be an irreducible zero-level integrable Ug-module

with finite dimensional weight spaces. Then there always exists a nonzero
weight vector w € V' such that

(3.19) X (rw=0, Vi#M, re,
(3.20) X p(rw=0, Y(a,b)eS, re,
(3.21) X)) X (n)w =0, Vn; € Z, large k.

Proof. By Lemma 3.8, one can find a non-zero weight vector v p/4n—1 such
that

X;_(m)ULMJrN,l = Xf:M+N—1(m)v17M+N*1 =0 1 75 M, m € Z.

We observe that (3.16) still holds if we replace v by vi ar+n—1, namely, for
large k,

X (i) X3 (=) -+ X3 () X (—na) v e n—1 = 0,

(3.22)
Yni,...,ng € Z.
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Applying
(X n—2(0)2F - (X7 (0))P(XT (m))PR (XS (0))%F -+ (X7, (0))%
to this equation, and then using (A.2), we obtain
QrmN—2(n1, ..., np)viv4N—1 = 0,
where Qpr+n—2(n1,...,n%) is given by

X1JCM+N72(m + nk)Xf:M+N—2(m —ng) -

e XfM+N_2(m + nl)XffMJrN_z(m —ny).

Clearly, m +n; =m —n; (mod 2),i=1,..., k. By using Lemma 3.6 and
Lemma 3.7, we can find a non-zero weight vector v1 ps4n—2 such that for all
m € Z,

X (m)vipgn—2 =0, i# M,

X1+,M+N—1(m)U1,M+N—2 = XffMJrN_Q(m)vLMJFN_Q =0.
Now (3.16) holds with v = vy pr4+n—2. Thus for large k,
X ) Xy (—ng) - X (n) X (—n1)vi g n—2 =0, Vnq,...,n; € Z.
Applying
(X1 02+ (X )2 (X (m) 2 (X (0)2 - (X, (0))*

to this equation, and then using Lemma 3.6 and Lemma 3.7, we can find a
non-zero weight vector v 4 ny—1 such that for all m € Z,

X (m)vapan—1=0, i# M,
XIJCM-i-N—l(m)UQ,M—&-N—l = XiM+N_2(m)v2’M+N_1
= X;M+N72(m)v2,M+N—1 =0.

Repeating the above process for v = vy pr4n—1 etc., and after a finite
number of iterations, we will find a nonzero weight vector w such that

(3.23) X (m)w = X;b(m)w =0, i#M, meZ, (a,b) €5,

where the set S is defined in the beginning of Section 3.2.
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Let p be the weight of w. Observe that V', being irreducible, must be
cyclically generated by w over U,. By using the PBW theorem for U, and
equation (3.23), we easily show that any weight of V' which is bigger than
o (relative to Bj; see also the Borel subalgebra of s{(M|N) defined by (2.2))
must be of the form

(3.24) n+ CL(EM — 6M+1) +b), a€ Zzo, beZ.

Now we prove (3.21). Suppose it is false, that is, for any positive integer
p, there always exist k > p and nq,...,n, € Z such that @ := XJ\J;[(nl) e
X (nk)w # 0. Then v := p + k(e — enrs1) + Zle n;0 is the weight of w.
But for large p, and hence large k, we have (v, epr—1 — €pr) < 0. Thus v +
(enr—1 — enr) is a weight of V' by considering the action of the U,(slz) subalge-
bra generated by X]“\—}fl(()) and K]j\}lfl However, the weight v + (epr—1 — €nr)
is not of the form (3.24), proving (3.21) by contradiction. O

The following theorem is now an easy consequence of Proposition 3.9.

Theorem 3.10. Let V' be an irreducible zero-level integrable U -module with
finite dimensional weight spaces. Then V' is a highest weight module with
respect to the triangular decomposition of U, given by (2.3).

Proof. Consider the weight vector w of Proposition 3.9, and let s be the
minimal integer such that (3.21) holds. Then there exist r1,...,75_1 € Z
such that

V= X]'\Z(rl) e X]'\Z(rs_l)w #0,
X (rv=0, Vrez.

It it not difficult to show that we also have X;"(m)v = 0 for all i # M and
m € Z. g

Theorem 3.11. Let W be an irreducible integrable Uy-module of type 1
with finite dimensional weight spaces. Then W is isomorphic to an irre-
ducible component of L(V,b) for some b€ C, where V.=V (P, f,¢,Q) (see
Definition 3.3) for some (P, f,c,Q) € RN

Proof. Tt follows from Theorem 3.10 that there exists a nonzero highest
weight vector v € W, and W = Uyv = U, U,y (0)v, where the second equal-
ity follows from (2.3). Clearly U,(0)v = U (0)v. Irreducibility of W requires
that U, (0)v be an irreducible Uy(0)-module, and hence an irreducible Uy (0)-
module. Since Up(0) is a Z-graded commutative algebra, Uy (0)v being an
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irreducible graded module must be the quotient of U;(O) by a maximal
graded ideal M of Uy, (0) which annihilates v. It follows from Lemma 3.4 that
U, (0)/M = L, := C[t",t7"]. Thus we have a natural Z-graded homomor-
phism ¢ : Up(0) — U, (0)/M = L, such that ¢(x)v = xv for all 2 € Ug(0).
There exists some b € C such that Dv = ¢®v. Set ¢ = ((,b) (see notation
immediately below (3.7)). Then W is isomorphic to V().

Set ¢ = S o ¢ and consider the irreducible module V' (¢). By Theorem 3.5,
V() is isomorphic to an irreducible component of L(V (1), b). Since V (¢) is
an integrable U ,-module with finite dimensional weight spaces, so is V().
Thus it follows from Theorem 3.2 that V' (v) is isomorphic to V (P, f,¢, Q)
(see Definition 3.3) for some (P, f,c,Q) € Ryr,n. This completes the proof.

O

4. Integrable representations of Uq(gl(M|N)) at
nonzero levels

In this section, highest and lowest weight modules for [AJq = Uq(;[(M IN))
are defined relative to the triangular decomposition of U, given in Proposi-
tion 2.2.

4.1. Integrable representations at nonzero levels

The subalgebra of [AJq generated by Xii(n),Kiﬂ,hi(r),Cﬂ/z, D (with
M+1<i<M+N-1, nreZ, r#0)is Uqfl(,;[(N)). Thus C acts on
any nontrivial simple integrable highest weight Uq—l(,‘g\[(N ))-module [8, 18]
by the multiplication by ¢—¢ for some fixed ¢ > 0.

We have the following result.

Proposition 4.1. 1) Let W be an integrable Uqfl(gl(N))—module with
finite dimensional weight spaces. Suppose that the center C' acts on W
by (¢~ 1) with r € Zsg. If X is a weight of W, then there exists K > 0
such that

A+ o+ k6 is not a weight of W for all k > K and o € A3 U {0}.

2) Let V' be an irreducible integrable module for [AJq with finite dimensional
weight spaces. Suppose that the center C acts on V by (¢~ 1" with
r € Zso. Then for any X € P(V) there exists K > 0 such that

At a+ké¢ P(V) foralk>K and for all a € A3 U{0}.
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Proof. Part (1) can be easily proved by adapting the proof of [25, Theo-
rem 1.10] to the present context. We omit the details.

To prove part (2), set T = (C[(KA]\}K]\A/[[jrll K3 N o Kven—1) T K|,
..., K. Observe that T commutes with Uq—l(;[(N)). Decompose V' into
the direct sum of T-invariant subspaces. Each T-invariant subspace is an
integrable U,-1(sl(N))-module with finite dimensional weight spaces. Now
part (1) implies part (2). O

Theorem 4.2. Assume that both M and N are greater than 1. Then there
exists no integrable Ug-module with finite dimensional weight spaces, where
C does not act by the identity.

Proof. Without lose of generality, we may assume that C' acts by ¢~" with
r > 0. Let Uy(sl(M)) be the subalgebra of IAJq generated by X:"(n), K,
hi(s), CF/2 with 1 <i< M —1, n,s € Z and s # 0. Regard V as an in-
tegrable ﬁq(ﬁl(M))—module. Note that C' acts on V by ¢~ with r > 0.
By [6, Theorem 5|, there exists a weight vector v € V' of weight A such
that X;"(n)v =0 and h;(n)v =0 for all n <0 and 1 <i < M — 1. Then
hi(n)v #0 for all n >0 and 1 <i< M —1. Thus A +nd € P(V) for all
n > 0. This contradicts Proposition 4.1, completing the proof. U

Remark 4.3. A similar result has long been known [12, 15] for affine Lie
superalgebras in the classical setting.

4.2. Integrable representations of Uq(£[(1|N))

From now on we assume that N > M = 1.
Lemma 4.4. Xfa(m)Xfa(n) = —Xfa(n)Xfa(m), 1<a<N —1,m,neZ.
Proof. The a =1 case is a defining relation of ﬁq. For a > 2, we have

(X a(m), X1 o (n)]g-2 = [[X{ (m), X5, (0)]g-1, [X{(n), X5, (0)]g-1]g-.
We can rewrite the right hand side as

(X" (m), [X5,(0), X7 o (n)]g=1]
+ ¢ XY (m), [X) (), X5, (0)]g=1]g—1, X5, (0)],
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where the first term vanishes by Lemma A.2. The second term can be ex-
pressed as

THIXT (m), X ()], X5,(0)]g-2, X5, (0)]
=g X (), [X7 (), X0 (0)]g-1]g-1, X3, (0)],

where the first term vanishes, as [X;"(m), X, (n)] = 0. By manipulating the
second term, we obtain

(X7 o (m), Xia(n)]g-2 = — ¢ [X] (n), [X7, (m), X3, (0)]lg-2
+aq([X{ (1), X0 (0)]g-1, [X{(m), X 4 (0)]g-1] g
- [Xia(n)va:a(m)]qu'

Hence, Xffa(m)Xfta(n) = —Xf’a(n)Xfia(m).
Similarly, one can show that X; ,(m)X; ,(n) = —X  ,(n)X{,(m). O

Theorem 4.5. Assume that N > M = 1. Let V' be an irreducible integrable
Ug-module with finite dimensional weight spaces. Suppose that C acts by
(1) for some non-zero r € Z. If r >0 (resp. r < 0), then V is a highest
(resp. lowest) weight module.

Proof. Without lose of generality, we may assume that r > 0.

Claim 1. For any weight vector v € V, the following vector space, spanned
by

1<ay < <ap<Nk>0,
{Xm ) X, (mi 1 }

m; > 0,m; < miy1 when a; = a1
18 finite-dimensional.

By Proposition 2.3, it is sufficient to prove that, for 1 < p < N, the vector
space S,f (v) spanned by {Xffp(ml) . -Xffp(mr)v | r € Z>0,m; > 0} is finite-
dimensional.

For S;(v), which is spanned by { X" (m1)--- X{"(m,)v [0 <my < -+ <
my,r € Z>o}, we consider

n(qg—qt Inl
Xf<n>v=q(qnqqn>c [ha(n), X§ (O]

_nle=a7) (h2(n)X{(0)v — X7 (0)ha(n)v)
B qg " —q" 2(N)Aq v 1 2(n)v) -
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From Proposition 4.1 there exists ng > 0 such that
hao(n)v =0 and ha(n)X; (0)v =0
for all n > ng. Now it is easy to see that S;"(v) is spanned by
{X;(my) - Xf(mpe)o | 1> 0,0 <my < ng,my #my,i # 5},

which is clearly finite-dimensional.
For any 7 > 1 and m; > 0, observe that

(4.1) X{(ma) - X (my)v =0,

if there exists j(1 < j <) such that m; > ng. From Proposition 4.1 there
exists K, >0 such that X;"(k)v =0 for all k> K,,2 <i < N. Applying
the element Q, := (X[ (K,))" -+ (X5 (Ky))" (p>2 and Qo = (X5 (K))
to (4.1), and using equations (A.2) and (A.4) repeatedly, we obtain

Xip(ma + (M = p)Ky) -+ X[ (my + (M — p)Ky)v =0,

if m; > ng for some j(1 < j <r). Combining this with Lemma 4.4, we con-
clude that the vector space S, (v) is spanned by

(X, (1) Xy (me)o | 0 Sy < oo < mp < (M = p) K, + 1m0, € Zinol,

which is finite-dimensional. This completes the proof of Claim 1.
In a similar way, one can prove

Claim 2. For any weight vector v € V', the vector space spanned by the
following set

_ - 1<a; <---<ap <N,k>0,

m; > 0,m; < myqq when a; = Q41
is finite-dimensional.

Let N* (resp. N7) be the subalgebra of IAJq generated by Xft .(0),
Xfa(n), n>0,1<a<N (resp. Xffa(O),Xfa(n),n <0,1<a<N). Com-
bining Proposition 2.3 with Claims 1 and 2, we obtain

Claim 3. For any weight vector v € V, the space N v is finite-dimensional.
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For any weight vector ve V, set W=C[K1, K| '|U (,-o Chi(n)) N*v.
From Proposition 4.1 and Claim 3, one can see that W' is finite-dimensional.
Define the following subalgebras of Uy:

° Uq_l(sA[(N)) is generated by XF(n), hi(r), K, C*Y/2 D nre,
r#0,2<i<N;

o U sy by {X;7(0), XF(n), hi(n) | n > 0,2 < i < N};
o U,y by {X;7(0), X5 (n), hi(n) | n < 0,2 <i < N}; and
o U0,y by {Kf',C*1/2 D |2 <i < N}.

Now consider W = [AJq__l’ N62_17 NIAJ;_17 W Clearly, W is an integrable
Uq—1(£:\[(N))—m0dule. Using Proposition 4.1, one can show that G;l,NW is
finite-dimensional. By [6, Proposition 1.7], we have W = @, m\V(\), where
V(A) are irreducible integrable Uq*l(f/!\[(N ))-modules with highest weight A
and multiplicities m) € Z>¢, which are nonzero for only finitely many .
Thus W has a maximal weight. Since V' is simple, V=N"U(,,.,Chi(n))W.
Thus this maximal weight of W is also the highest weight of V. O

Recall that for ordinary quantum affine algebras, a simple highest (resp.
lowest) weight module is integrable if and only if its highest (resp. lowest)
weight is integral dominant (resp. anti-dominant) [8, 18].

Corollary 4.6. Assumethat N > M = 1. A simple ﬁq—module V' at nonzero
level is integrable with finite dimensional weight spaces if and only if V is

1) a highest weight module with a highest weight which is integral dominant
with respect to Uy(sl(M|N)g), or

2) a lowest weight module with_a lowest weight which s integral anti-
dominant with respect to Ugy(sl(M|N)g).

Proof. As simple highest or lowest weight ﬁq—modules defined with respect
to the triangular decomposition of ﬁq given in Proposition 2.2 automatically
have finite dimensional weight spaces, the corollary immediately follows from
Theorem 4.5 and the preceding remarks on integrable highest weight modules
for ordinary quantum affine algebras. O
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Appendix A. Relations in U, (L(sl(M|N)))

We present some technical results which are used in the main body of the

paper.
The following identities are valid for the g-bracket.

Lemma A.1. For any homogeneous elements a,b,c of Uy, and nonzero
scalars u, v, x,

[a, bcly, = [a, b,c+ (—1)'“”“:1:1)[@,0]5,
ab, cl, = alb, ¢ —1)bllelzlq, ] »
apy =+ (0¥ dz
0,1 lulo = [[a,Blor s + (~1)TMafp, 3, ],
Ha7 ] ] [ 7[b7c]$]7 +(_1)|b|‘c‘x[[avc];vb]§'

We can derive from Definition 2.1 the following relations:

(A.2) (X (m), [XF (m), X5 (R)]g-1]

= [Xz—i_(m% [Xi—i_(m)vX;_(k)]Q]q*I = 07 7’7& M A, +1
(A3) (X (m), [X 3 (m), X5 (R)]g-2]g-»

= [Xpy(m), [X3; (m), XF (R)lglg = 0, anry = +1
(A4) (X321 (m), X5 (n)]g,

= g (X5 (m+ k), X (n = K],

(A.5) (X371 (m), X3 (n)]g,
= qi_k[Xitl(m — k), X (n+ k)],

—Zq‘s g2 — DX (n+ )X (m — s).

(A.6) (X (m), X371 (n)]g
k[Xz\—t[(m‘i‘k) XMH( k)]q

—l—qu X+(m+s)XM+1( —s).
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(A7) [XL( ), X (n)lg
[X?;l(m — k), X (n+ k)],
+qu 1 X+(n+s)Xz+1( —s), i>DM.
(A-8) [X:H( ), X (n)lg

[Xfil(m +k), X (n — k)l

—Zq THE - D)X (n—s) X (m+s), i> M.

Combining (A.4) with (A.5), (A.7) with (A.8), respectively, we have

(A.9) [X;7 1 (m), X" ()],
= ¢ X (m £ k), X (0 F Ry,
||
+ chXf(n F8)X;  (m*s) ¢s€eC,
s=0
(210 X1 ), X7 (),
I (mF k), X (n+ k)],
||
+ zchj(n + )X (mFs), i>MecseC.
s=0

=4q

We have the following result.

Lemma A.2.

1) [[1XG5, (m), X7 ()]g,, X1 (0)gosss Xj7(0)] = 0, i # M.

[
2) [X;7(0), X ()]:0, a<i<bmnel.
3) [X;37(0), X ,(n)]g1 =0, a<MneZ.
4) [X,7(0), X, ()] =0, b#M,neZ.

Proof. Part (1) can be found in [31, Lemma 6.1.1]. Part (2) follows from (1),
part (3) follows from (A.3), and part (4) follows from (A.2). O
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Appendix B. Proof of Lemma 3.6

Proof of Lemma 3.6. Set vc(fb_l) = X:b(nt,l) . -X:b(nl)va_l,b_l, t=1,...,
p + 1. We use induction on ¢ starting from the given case t = 1. Assume that

—1 1
(B.1) Xj<m)v§fb )= X (m) fjb ),
for all i # M, m € Z, (k,1) > (a,b).

We claim that both equalities hold at ¢, and we will prove this in the sections
below.

B.1. Proof of first equality

We first prove that X;r(m)vétz =0 for all ¢ # M.

o Ifi>b+ 1or i<a—1, then [X; (m), X, (n)]=0. Thus X; (m)v{} =0.
e Ifi=a— 1, we have

X m)ol) = X7 (m), X[y (n)]g, 0ty
-1
= [1X; 1 (m), X (1)) gus Xy (0)] a0y Y.

da+1"a,b

Using equation (A.9), we can rewrite the right hand side as

e 1
qe X (m 1)), X (0], Xy (O], 00y Y
[

t—1
+ 2 el F )X (m ), Xy Og el

7]

1
—q”thlb(m+nt —|—ZCS (e T 5) Xj 1(m=+s) C(Ltb )

=0.

o If i = b+ 1, we consider the case witha =M — 1 and b= M + 1 as an
example, and the proof for the general case is similar. By (A.7) and (A.8),
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we have

M+2(m)“M 1,M+1

(t-1)

M+2(m) M— 1M+1(”t Un—1,M+1

)

[X@( )X ar (00, X7y (O)]g=Jgviy Y

= (X gm0y (X (m), Xt O)]glg- ol 1

= X () X0 (0), Xt ()]l o)
e

t—1
+ Z Cs [XJ\—ZA,M(nt)v Xaro1 ()1 X o (m F 5)”5\4 1)M+17
5=0

where the second term on the right hand side vanishes by (B.1). We can
rewrite first term as

—g X (1), X300y Xy (M)]g, Xy (0087 s,

which, by (A.1), is equal to

— ¢TIy (), [X 3 (0), X,

M+1( )] —1]q>XJ\J;[+2(O)]q—1U1(\f[__11)7M+1
a1 (), [X 0 (1), X (0)]g)gs X (01087 .

Using (A.10), we can cast the right hand side into

Xy (), (X0 (0), X (m)]aas Ko (O)]g0S Y v
[m|

+ 3 X (o), X (m £ B) X7 (FR) g Xy (0)] g0
k=0

Un 1 M1

where the second term vanishes by (B.1), and the first term can be rewritten
as

2G4 () Xm0V X Ol
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y (A.9), this can be expressed as

m —1
- q1+3 [[[X]\—t[,l(nt +m), XJ—\F/[(O)}qv X]—\F4+1 (0)]q*17XJ\—'—JJFQ(O)]q*”)](\tJ—l),MJrl

||
t—1
+Zc [ (m £ DX (e F 0, X (0] X000 g
m t—1
= q1+3 Xy 1M+2(nt+m)vgw 1)M+1:0'

e For i =a (a # M), we obviously have

XFmpl) = XFm) Xy (n)oly Y = (X (m), X5y ()]0 00

a Qat1 @b

= ([ (), [X] (), Xy O]yt 5 Xy (0)]g0

1
9a+1

which can be rewitten as

g 1GHm), X (m), Xy (= m)lgu ] X (0)]g, 0

[ne—ml|

+ Z CS[HX;F(m)v a+1(i8)X (nt:FS)] + X;_—i-Q,b(O)]Qb C(Ltb 1)’

by using (A.9). The first term vanishes by (A.2), and the second terms is
equal to

|n:—m)|

Z Cs (X;(m) a+1, o(£8) XS (ne F 5)

B t—1
- QailXaJrl b(iS)X (ne F S)X+(m))UC(L,b )’

which obviously vanishes. Similarly, one can prove that X, (m )v(% =0.
e Fora<i< M,

X (m)ol) = [X;F (m), X (n)ul,
= [X} o (ne), [[X[ (m), [X;,(0), [Xf(O) X3 (0)]glgls X0, (0)g,Jgoly Y
= g (X (), (X (m), [XGE(0), [ (m), Xy (—m)glal. Xiha ()] g0

||

£ 37 el X () (X5 (m), [X]1(0), X7 (2£8) X5 (F9)]als Xify (0)]g, Jgv
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where the first term on the right hand side vanishes by lemma A.2 (1). Hence
by (B.1), we have

||

abizcs X+ 7 zzz 1( ) Xz—l—lb(j:S)X:_(:FS)] ] ((ltb !

:O7 fora<i< M.

e Similarly, one can prove that X" (m)v t% =0 for M <i<b.

Thus we have proved that X" (m)vat;) Vi# M, m € Z.

B.2. Proof of second equality

Now we prove that X;,(m)o') =0 for all m € Z, (k,1) > (a, b).
oFork:<a<Mandl<b
X mpl) = X m) X ()l = (X, (m), Xy (0, Xy (ne)]ol )
= [[X{,(m), [X,,(0), X;@(ntmqvﬁbl [1X}, (m), Xy (ne)], Xy ()0,

where the first term on the right hand side vanishes by Lemma A.2. It is not
difficult to show that [ X" (m), X:b(nt)]vc(fb_l) = 0. Hence we can rewrite the

right hand side as

a+1, l(o)vtg,tljl)
[[X;a 1 (m), X (0)]g, [X] (n0), X (0)]g] Xy, 000,V
=me;;ta_1<m> X5 0o X )1 X (0)]2 X, (000
g X (), [,y (m), X (0)]g, Xy, (0ol Xy (0)w 52, Y
X o (m), X (0)]g X (0)]gy XoF (me)]gs, Xy ()] 2 Xy (000 Y

X (), Xy (m)]e X, (000 Y,

— (X (m), Xy ()] X

where the second term on the right hand side vanishes, and the first term
can be rewritten as

X o (m), [1X,10), X0 (0)]gs X (n)]g 1]y X[y (O)] 2 XoE (000 ) =
— g IXG o (m), X (), X ()] g XoF ()] as Xy ()2 X, (000

|7

+ch X (m), (X, (£8) X, (F8), X ()] g1 ]g Xy ()] Xy (000, Y,
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The first term on the right hand side vanishes by (A.2), and the second term
can be expanded into

7]

—1
ch (£8) [ X5 oo (m), X, (F9)gs Xy (n)| X, (0)0 Y

72

+ @2 el X ()Xo (m), X (F9)]gs Xi (n0)]g-2 X5y, (000, Y
s=0

by using (A.1). We can show that the first term vanishes identically, and the
second can be rewritten as

[

¢ ch X, o (m)X, - (F) X () X (0)) Y
|n,|
= qQch X o (m)XF (F8) X ()0l Y
|n,|
_QQZCS kl(m:Fs+nt) ffb”zo.

e By modifying the above computations slightly, one can prove that
X]j,l(m)vc(:?):O for k<a=M,l<b. It is even easier to show that X,:fl(m)vc(f}7
=0 for k <a,l >0

e Now consider the cases k > a,l > b. For k < M, we have
-1
X (m)ol) = X5 m) Xy (ng)oly Y
5r1,6(0

Xk (m), [ ) b+1 l( )] ]qk+1X;fb(nt)U((jb_1)

—

+1,b
= X (m)[X k+1b<o> X1 (0)]g- Xy (ool Y
= (X (m) k+1 b(O) b+1l( )— _1X+( )leill(o)Xl:;l b(o))XIb(nt) L(ltb 1)’

which, by using Lemma A.2, can be expressed as

— X ()X ()X (), Xy (0 — X5 () Xy, (0)0ly )
a2 m)X (00X, () X, ()l

= —q X[ (m) X, 1, (0) X (n)o ) Y

+qX; (m)X +1,,<0>X:b<m> (0ol

— 72X (m) X, (00X, (n) X, (000,

b+1 l
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where the first two terms on the right hand side vanish by (B.1), and the
third can be manipulated to yield

_ t—1
—q QX]j_(m)[Xl;:-l,l(O)vXIb(nt”leil-l,b(o)vz(z,b :
t—1
+ X]:r(m)X;r,b(nt)XIj—f—l,l(O)v((z,b )
_ t—1 t—1
= g X (M)X 00X, (0008 + X (m) X () X, (0)0l,

t—1
= X]:r(m)X;r,b(nt)le-q—l,l(o)v((z,b g
We can further manipulate the right hand side to obtain

—1

X;j(m)XIb(”t)leﬂ,l(O)“gb )
—1
- [X’j_(m)’ [[X;k—l(nt)7 [le_(o)vX];‘r+1(0)]q;c+1]qmX]:_+2,b(0)]CIk+2]X]j+l,l(O)Ut(zt,b )
m —1
=4q [X,:'(m), [[X;kq(nt)v [le(m%X:+1(*m)]qk+1]qk»vle+2,b(0)]qk+z]X1:—+1,l(0)v¢(zt,b )

|m|

—1
+ Z cs[le(m)? [[X;:k_l(nt)?X]il,.l(:l:s)X]j(:Fs)]qk?X]::I,-Q,b(O)]QkJrz]Xl;:-l,l(O)U((lt,b )7
s=0

where the first term on the right hand side vanishes by (A.2). Hence we can
rewrite the right hand side as

m|

3 alXE(m), (X[ (), Xy o (£8) X5 (F8)]0 ) X000, Y
s=0
||

t—1
= Y e X m)X T () X (E9) X (F) X, (000
s=0

m|

t—1
=3 e X (m)X[ () X[ ()X (Fs)ol, Y
s=0

=0.

e Now we consider the case k = a = M, > b. Since

t t

XJ\+/[,l(m)vl(\/[),b = [XJT/[,b-i-l(m)’ XI;—Zl(O)]Q’IUJ(\/l),b
_ t

=—q 1X§271(0)X1\J2,b+1<m)05\4),b7

it is sufficient to show that XAJ;I,bH(m)v](\?,b =0.
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y (A.10) and X;"(m )J(\Jb) X (m )](\/[) 0 for i # M, we have

t—1
XJJ\r4,b+1(m)XJ\+4 b(”t)v§wb )

= [X315(0), Xy )]+ (X7, (00, 5 ()]0,

Hence,

Xifrpia (m)0h), = X700 (M) X5, ()0l

= [[X77,(0), X3y, (m )1q71,[XM,, 1(0), X5 ()] ]gvl7,
= [[1X37(0), X5y M)+, X375y (0)g X5 ()]0l
—q[X3 1 (0 >,[[Xx,,,b<> ,,+1< m)g-1, X (n)]lg-v,)
—al X1 (0, X570 (0), X574 (0), [3;7(0), X5y ()] )g g X5 () g0,

(X375 (0), (X, 0(0), [ (0), [X5 3 (m), X7 (0)] gl X5 ()]l g-+]g—=v}

= ¢ (X371 (00, (X3, (0), [ (0), [, (m = ), X5F (n)lglgr, X5 (m)llg—1 ],

[n

37 el X1 (0, [X 0 (0), XG5, (0), X, (£8) X5, (m T 9)lg-1, X5 (ne)]]g1]g-208,”

s=0
[72e
= ZCS[XMb 1 Xirp1(0), Xy (£8) X, (m F 8)]g-1, X, (ne)]]g *”’§ub1)
‘m‘ (t—1)
_ZCS[XMb 1 Mb 1(0), X5 (9)] ‘Xb+1(m¢S)vX;r(”t)”q*wM,b

\n,,\

= 3 aullX 1 (00, X5 (£8)]g Xy (m F 8), X ()] X7, (000,

e

= > el X1 (0, X5 (E8)lg s Xy (m F )X, () Xy (007

+ X () [X 71 0), X5 ()]0 Xy (m F 8) X5, (000},
72|

1
= ZCS[XMb 1 (is)} 1Xb+1(m + S)X;("t)xj\tf,bq(o)vg@b)

\m\

t—1
=Y X (00, X5 ()]0 Xy (m F 5 + )0l

=0.

This completes the proof of the second equality.
Thus Lemma 3.6 is proved. U
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Appendix C. Proof of Lemma 3.7

Proof of Lemma 3.7. Note that (3.13) directly follows from (3.12). Hence we
only need to prove (3.12).
We first show that

(C1) X ( )XJr (k)Xab(l)vab =0 forall p,k,l € Z with p =1 (mod 2).
For a < M, we have

X;‘b(p) X:b(p—i— 1)]

[X;'(p) a+1 b( )]qv [X;(p +1), X:+1 b(o)]q]

[X;'(p) a+1 b( )]qu+(p+ 1)]q* 7X:+1,b(0)]q2

+a XS (0 + 1), (X7, (9), X1, (0)]g)g

[[[Xa( )s X1 (0)lg Xa (0 + D1, X 04(0)] gy Xy (0)]
—a[[[X351(0), X5 (P)]g-1, Xa (P + Dlg-1, X0, 4(0)]gusas X1 (0)]

H[X+(p+ 1), Xo 1 (= Dlg1, Xd 0+ Dlg1, X0, (0)] g0 X (0)]

=0.

[
[
[

Similarly, one can show that [X]J\}b(p), X;Ib(p +1)]=0,0 > M.
From (3.11), we have

XX £ )X (Dvgp =0 forall p=1 (mod 2).

This establishes (C.1) for [p — k| = 1.
We now use induction on |p — k| to prove (C.1). By the induction hy-
pothesis, for all p, k,l € Z with p =1 (mod 2), |p — k| <2i —1,

(C.2) X (0) X (k)X (Dvay = 0.

We now consider X;r’b(p)Xafb(p +1+ 2i)Xa+7b(l)va7b.
For a < M, we have

[X;pr 7X (0 + 1+ 2i)]

)

(p) )
= [X5,(p), XHp+1+2i), X ai15(0)]q]
= [[X;:b(p), XSp+1+ 2i)]g-1, Xa+1 5(0)]g2
+q XS (p+ 1+ 2i0), [X;b( ), X, a+1 5(0)]glg
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where the second term on the right hand side vanishes by Lemma A.2, and
the first can be rewritten as

XS (), X1 (0)] gy X (0 + 14 20))g1, X7 g 1 (0)] g yas Xy 5 (0)]g2
= Qi[[[[X+(P + 2i), X;—&-l( Qi)]qv X;r(p +1+ Qi)]q* X;r+2 b(o)]qa+27 X;r+17b(0)]q2

+ ch d (=) X (p+9), X (p+ 14 20)]g-, X0 4 (0)]g s X1 (0)] g2,
We note that the first term on the right hand side vanishes:
[[Xﬂp +20), X701 (=20)]g, X (p+ 1+ 20) g1, X, (0

—q[[X 1 (=20), XJ (0 + 20)] g1, X (0 + 1+ 20)] g1, X5, (0)]g,
= Q[[X;r(p +2i + 1), X(;:—l( 2 — 1)]g-1, X (p+ 1+ 20)]g, Xa+2 5(0)] s

[ij(p) Xy (p+1+2i)]

—ch ()X (p+9), XS0+ 1+ 20)] -, X5, (0)]g, a0 X1 (0)]g2

= ch a+1 b 5 X;'(p +5), X;'(p +1+ Qi)}q‘le:H,b(O)]f

By (3.11),
XhX 50+ 1+20X5 Dvas = (X, (0), X, (0 + 1+ 201X, (Dva.
Hence

X+ »(p )X+ (p+1+ 22)X (Dvap

_ZCS ars ()X (04 8), X (p+ 1+ 20)] g1, Xy 1 (0)] 2 X (D va b
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We can rewrite the right hand side as

21
S o (X ()X 0+ )X (04 1+ 20)
s=1
— X (p+ L4 20X (o)X (0 + s))Xj+17b(0)X;fb(l)va7b
21
=Y e X ()X 0+ )X, (p+ 1+ 20) X (Dvap

s=1
21

— Z ¢ e X p+1+ Qi)X:H’b(—s)X (0 + s)X (Db
s=1

Note that the first term on the right hand side vanishes by (3.11), and by
using (3.11) and (A.9) we can rewrite the second term as

- Z g es[[X (0 + 14 20), X (=9)],, X;r+2,b(0)]qa+2X;r,b(p + S)Xj,b(l)va,b

21

=D dlIXT (p+ 1420 = ), X, (0)gs X[ o (0)]gu o X (0 + 8) X,y (Dvas
s=1
21 s—1

+ Z A X (s + )X+ 1+ 20— 1), X[, (0)]g, W X (0 + )X, (Dva-
s=1 r=0

The second term on the right hand side varnishes by (3.11). This leads to
X)X 0+ 1+20) X, (Dvap

= Z dsXIb(p +1+2i— s)X+ (p+ s)X (Db
s=1

We observe that |[(p+1+2i—s)—(p+s)|=|14+2i —2s| <2ifor 1 <s<
20 — 1. Thus X (p) X (p + 1+ 20) X (I)vap = 0 by (C.2).
For a = M, by using (A.6), we obtain

[X]T/[ »(P): Xj\—tLb(p + 1+ 2i)]

= [X{p, (), [Xh(p+ 1+ 20), Kiiiaa Ol
)
(0)])

= (X3 (), X3 (p + 1+ 20)]g-2, X M+1 »(0
_q_l[XJJ\}(p“‘l‘i'%)’[X]\t[,b( ), X M+1b
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where the second term on the right hand side varnishes by Lemma A.2. We
note that

(X370 Xir(p+ 1+ 22)]

X3 (p), M+1( )a- (P +1+ 2i)]q*1aXzJ\r4+2,b(0)]q*

X (0 + 1), M+1( Dlg, X371 + 14 20)]g-1, X375(0)]g
MIX G (0 + 14 20), X570 (=1 = 20)g, X5y (0 + 14 20)] g1, X515, (0)]g
2i—1

+ CSHX+ (p+1+ S)XM+1( 1—s), X]—\Z(p +1+ 2i)]q*1>XJ\t[+2,b(0)]q*

s=0
2i—1

= X+ T+ 8) X5 (—1 =), X (p+ 1+ 20)],-
s=0

q
q21

Hence

[X3(P), X g (0 + 1 4 2i)]

2i—1

= HX+ (p+1+ S)XM+1 b( —s), X]\—t[(p +1+ Qi)]q*HXJ\—t[-s-l,b(O)]-
s=0

Now we have

X)X (0 + 1+ 20X 1, (Doary
= [XM »(P), th[ p(p+1+ 22)]X1\+/17b(l)1’M.,b by (C.2)

= Z Al M p+1+ S)XM+1 p(—1—5), XzJ\ri(p +1+ 21’)]11‘1’XJ\+/I+1,(;(0)]XJJvFI,b(l)UM~,b
= Z CsX]\t[.H’b(O)XzJ\r/[(p +1+ S)X]tu.l,b(_l - )XM(p +1+ 21)XM p(Dvnp by (3.11)

—ZcXM+1b )X (0 + 1+ 8)[ X574 ,(—1 = 8), X5 (p+ 1+ 20)]g X5, (Dvary

We have

[XJJ\rul,b( —s), Xy (p+ 1+ 2i)] XM p(Dvarp
= [[X3741 (=1 =), X3 (p + 14 20)]gs X379, (0)]g1 X 37, (Donsp-
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By using (A.7), we can rewrite the right hand side as

2%i—1

Z ¢ [ X 1 (0), X (0 + 20 — 8)]g, XJJ\F/1+2,b(0)]q*1XJJ\F4,b<l)UM,b

s=0
2i—1 s

+ZZC7’ P12 —r) X5 (r—1—s), XJ\J;[+2b(O)]q*1XJ\J;1,b(l)”Mba
s=07r=0

and this can be simplified to

2i—1

> T X G (0), X (0 + 20 — 8)lgy X740 (0)]g X7, (Dvars
s=0

2i—1

= X0+ 2 — )X, (Duare. by (3.11)
s=0

Hence,

X]J\r/[,b(p)XJT/[,b(P +1+ 2i)X1J\r4,b(l)UM,b
21—1

= Z csq °X J\+/[+1 LO)X 3 (p+1+ S)X]\t[’b(p +2i — S)X]\t[,b(l)UM,b-

By using (3.11), we can rewrite the right hand side as
2i—1
Z csq_S[X]T/[-s-l,b(O)Xj\t[(p +1+ 5)]qu\+47b(p +2i - S)XJJ\},b(Z)UM,b
s=0
2i—1
== ed X0+ 1+ 9) X, (p+ 20 — )X, (Duare.
s=0

We observe that X, ,(p+2i)X},,(Dvame =0 by (3.11) since p+2i =
[(mod2), and |p+2i—s—(p+1+s) <2i—1 for 1 <s<2i—1. Hence,
from (C.2) and the above equality we have

X)X (0 + 1+ 20) X5, (Doary = 0.

Now we have prove that

(C.3) XH0)X (0 +1+20)X (v =0 (a,b) € 5.
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Similarly, one can prove that
(C.4) XX 0 —1-20) X (Dvap = 0.

This completes the proof of (C.1).
Using arguments similar to those in the proof of (C.1) one can show that

(C.5) X1, (p) X (k)X (Dvep =0 for all p,k,l € Z with p =k (mod 2).
Now (3.12) follows from (C.1), (C.5) and (3.11). O
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