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BPS spectrum, wall crossing and
quantum dilogarithm identity

DaN XIE

BPS spectrum with finite number of states are found for higher
rank four dimensional N' = 2 theory engineered from six dimen-
sional Ay_; (2,0) theory on a Riemann surface with various kinds
of defects. The wall crossing formula is interpreted as the quantum
dilogarithm identity. Various methods including quiver representa-
tion theory, maximal green mutation, and cluster algebra are used
extensively. The spectral generator and its refined version for the
higher rank theory are written down using the explicit spectrum
information. The finite chamber has an interesting N3 behavior in
the large N limit.
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1. Introduction

Understanding the BPS spectrum of the quantum field theory with extended
supersymmetry always provides important information about the dynamics
of the theory. Such objects gave the key insights to the discovery of the
electric-magnetic duality of 4d N' = 4 super Yang-Mills theory [1], and the
exact solution of the Coulomb branch of 4d N = 2 theory (2, 3], etc.

The BPS spectrum for four dimensional N' = 2 theory has the interesting
wall crossing behavior, i.e. the spectrum is not smooth in crossing some
marginal stability walls on the Coulomb branch. Such wall crossing behavior
is very important for the consistency of the solution [2, 3]. The Seiberg-
Witten solution gives us the mass formula for the BPS particle, but it does
not teach us explicitly the BPS spectrum at a given point on the Coulomb
branch. Therefore, the BPS spectrum is only found for very few examples
in the early days, say SU(2) with Ny <4 and SU(2) with massive adjoint
[4-7].

Quite recently, Mathematician proposed a remarkable wall crossing for-
mula which constructed an invariant quantity from the BPS spectrum [8-10].
Physical understandings of the wall crossing formula using the Hyperkahler
metric of the Coulomb branch of the corresponding three dimensional theory
are given in [11]. However, the formula itself does not give us the answer of
the BPS spectrum of a given N' = 2 theory, and finding the BPS spectrum
is still a very difficult problem even with lots of exciting development in the
past few years [12-23], in particular, very few information is known for the
higher rank theory. The main purpose of this paper is to find the explicit
BPS spectrum for a large class of higher rank theories.

We are going to focus on a particular class of theory called theory of class
S which can be engineered by compactifying six dimensional (2,0) theory
Apn_1 theory on a Riemann surface with regular and irregular singularities
[13, 24, 25]. This class is very huge, for example, it includes generalized
superconformal quiver gauge theory[24, 26], general Argyres-Douglas type
theories [25, 27, 28], and lots of new asymptotical free theories [25]. Most of
theories in this class are strongly coupled, but the remarkable geometrical
construction can tell us many properties of them including superconformal
index [29], 3d mirror [30], etc, and this class is a golden arena for studying
the dynamics of the quantum field theory.

In this paper, we would like to study the BPS spectrum of all kinds of
theories from class S. Previous studies of BPS spectrum and wall crossing
mainly focused on the A; theory, and the geometrical approach using the
flow lines on the Riemann surface [13] and the equivalent quiver approach
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[20, 21, 31] have the tremendous success in understanding the BPS spectrum
of these theories, however very little is known for the higher rank cases !. It
seems that these higher rank theories are much more difficult than the A;
theory since the underlying combinatorics is much harder.

Our results presented in this paper show that the finite chamber of the
higher rank theory in this class can be easily worked out by combining the
geometric construction and the quiver approach: we can find explicitly the
charges and the order of phases of these particles. To achieve this goal, we
have the following two main assumptions:

1. The triangulation and the network from the corresponding Riemann
surface constructed in [33-35] give the BPS quiver of the theory, and the
potential of the quiver is also given, see Figure 1.

2. The Donadson-Thomas invariant from the quiver with potential en-
codes the BPS spectrum, and the factorization depends on the 6 stability
condition of the quiver representation theory [36].

Figure 1: The triangulation of fourth punctured disc of A3 theory which
represents the (As, A3) Argyres-Douglas theory. The quiver is shown on the
right.

The Donadson-Thomas invariant is in fact very complicated for the gen-
eral quivers, and it is hard to extract the spectrum even the invariant is
found. However, for the finite chamber, the BPS spectrum can be found
using a remarkable combinatorial method called maximal green mutation

LOne chamber for T3 theory and one single gauge group with various fundamen-
tals are worked out in [21], and some weakly coupled chambers of pure SU(N)
theory are studied in [32]; Two chambers for the sphere with one type of irregular
singularity is worked out in [16], and this class is also considered in [23].
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introduced by Keller [37] (which is equivalent to the mutation method pro-
posed in [21] and is used implicitly in [13]). Basically, green mutation is
defined by first extending the quivers by adding an extra frozen quiver node
to each node, see Figure 2a. Now each node is defined as green (red) if it is
the source (sink) of the frozen node. The green mutation sequence is defined
as mutating only the green nodes, and the maximal green mutation is
defined as the green mutation sequences such that no green node is left, see
Figure 2b. The road map for finding the finite chamber is

Step 1. FEztend the BPS quiver by adding a frozen node to each original
quiver node.

Step 2. Define a charge vector y; for the frozen nodes satisfying (vi, ;) =
€;j with €;; the antisymmetric matriz for the quiver, then each green mutation
on a node k probes a BPS hypermultiplet with charge o =), nyy; where n;
18 the number of arrows from node k to the ith frozen node.

Step 3. Find the mazimal green mutation sequences such that no green

node is left.

The green mutation sequences give the phase order and the charge vector
automatically. In practice, the Java program in [38] developed by Keller is
extremely useful for us to find the maximal green mutation sequences for
the complicated quiver.

Now for each maximal green mutation sequences k = (kq,...,ks), one
can associate a quantum dilogarithm product [37]

(1) E(k) = E(X)--- E(X®),

here E(z) is the familiar quantum dilogarithm function and X is operator
satisfying the noncommutative relation

(2) XoxB — q1/2(017/5>Xa+ﬁ?

with (a, 8) the familiar Dirac product of two charges. If there is another

sequences k' = (kl, ..., k,) which represents the spectrum in another cham-

ber, then the wall crossing formula is the following quantum dilogarithm
identity F(k) = E(k). From two chambers shown in Figure 2, we have
(3) B(X1)E(X2) = E(X2)B(q™ 2 X1.X) E(X1),

which is the basic quantum dilogarithm identity found in [39].
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Figure 2: A: The extended quiver derived by adding extra frozen node. B: A
maximal green mutation sequence and the charge is indicated for each green
mutation. C: A different maximal green mutation sequence.

The above combinatorial method is very useful and in principle one could
try all possible green mutations, but in practice it has very limited uses if one
does not know the mutation structure of the quiver. The geometric picture
of the triangulation of the bordered Riemann surface from which the quiver
is derived turns out to be very useful in finding maximal green mutation
sequence. We are going to give many concrete examples showing explicitly
the mutation sequences. In some cases, the result is very elegant, for example,
we find that the minimal chamber of T theory has the following number
of states

(4) Nonin = 2N (N — 1),

when N = 5, the minimal chamber has 160 states, and we can find the charge
vectors and the phase order explicitly which is very hard to derive without
knowing some structures of the quivers!

Another use of our result is that we can write down the spectral generator
[13] pretty easily for the higher rank theory since the final cluster coordinates
(identified with the spectral generator) associated with the quiver nodes can
be derived given the mutation sequence. A remarkable feature of maximal
green mutation sequence is that it tracks the permutation of the quiver
nodes, so we can identify the final cluster coordinates of the original quiver
node, which do not depend on the specific chamber.
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This paper is organized as follows: Section 2 reviews some backgrounds
about the BPS particles, quivers, and cluster algebra; Section 3 discusses
how to use the quiver representation theory and the 6 stability condition
to find the BPS spectrum; Section 4 discusses using the combinatorial tools
called maximal green mutation to find the finite chamber; Section 5 and
section 6 discuss the finite chamber of the A; theory and Ax_; theory with
many examples; Section 7 shows how to write the spectrum generator for
the higher rank theory; Section 8 discusses briefly the chamber with vector
multiplets; We give a short conclusion in section 9.

2. Review
2.1. Generality about wall crossing

The exact solution of Coulomb branch of four dimensional N' = 2 theory is
solved by Seiberg and Witten in [2, 3]. Let’s take pure SU(2) theory as an
example in which the gauge group is broken to U(1) at a generic point of
Coulomb branch, and there are singularities on the Coulomb branch where
extra monopoles or dyons become massless.

The N = 2 supersymmetry algebra allows a central charge extension,
and the central charge of a BPS particle with charge vector v = (ne, ny,) is
described by

(5) Zy(u) = nea(u) + npmap(u),

where a is the scalar component in the vector multiplet and ap is the dual
variable, and the central charge depends on the coordinate u of the Coulomb
branch. The BPS particle with charge v has mass M(y) = |Z(7)|. As dis-
cussed in Seiberg and Witten’s original paper, the wall crossing behavior of
these BPS particles is important for the consistency of the solution. Basi-
cally, a BPS particle with charge v can decay to other BPS particles, say
~1 and 79, in crossing the marginal stability wall. Due to the BPS condition
and charge conservation, this is only possible if their central charges have
the same phases:

Y =71+ 72,
(6) arg Z(7y) = arg Z(71) = arg Z(72)-

For pure SU(2) theory, there is only one marginal stability wall for all the
particles, see Figure 3. There are only two chambers: one has finite number
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of hypermultiplets and the other chamber has a W boson and an infinite
number of dyons. All of the particles but two from chamber 1 become un-
stable in crossing the wall. The above wall crossing behavior for pure SU(2)

chamber 5
,1’
'
chamber
Y1V,
YZ s 900 /g8 Y1 Yz
Yy
-,
chamber . chamber 2

Figure 3: Top: The marginal stability wall of pure SU(2) theory. Bottom:
The BPS spectrum in two chambers, and there are infinite number of states
in one chamber and finite states in another chamber.

theory happens in the strongly coupled region. However, wall crossing be-
havior is not tied to the strongly coupled effect, and it can also happen in
the weakly coupled region as discussed in [3].

The BPS particle for a general N’ =2 theory has charge vector v =
(ni,nl ,sf), here n! and the n! are the electric and magnetic charge of the
ith U(1) gauge group, and s/ is the flavor charge. Therefore the rank of the
charge lattice is R = 2n, + ny, where n, is the rank of the gauge group and
ny is the number of mass parameters. Two charge vectors have a natural
antisymmetric Dirac product

(7) (71,72) = nLph, — nb,p;

Note that the product does not depend on the flavor charge, so the rank of a
matrix formed by an independent basis of BPS particles is 2n,.. The central
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charge for a BPS particle with charge ~ is
(8) Z(y)(u) = nga' (u) + ny,ap () + spmy.

This formula does not tell us which charge vectors are allowed as a possible
BPS particles, and it also does not tell us which BPS particle is stable, so one
need extra analysis to find the BPS spectrum. By finding the BPS spectrum
of a given N/ = 2 theory, we mean to find the charge vectors and their order
of phases of all the stable BPS particles. All BPS states in 3+1 dimensions
have at least a half-hypermultiplet (i.e. a hypermultiplet without its CPT
conjugate) of spin degrees of freedom. The CPT conjugate has opposite
phase and same masses, so we will only consider half of the BPS particles
in all later study.

To count the number of BPS states, one can define a helicity supertrace
for a charge vector v ( see [40] for details):

1 .
) Q,w) = —5 Trag, (1P (2J5)° = (~1)¥(2j + 1),
This index receives contributions from BPS particles (short representation
of the SUSY algebra), and () = 1 for the hypermultiplet, and Q(y) = —2

for the vector mulitplet. To track the spin content, a refined index can be
defined [18]:

(10) (v, y,u) = Tryg (—1)2Poy2lst2s,

The hypermultiplet contributes Q(v,y) =1 and the value for the vector
multiplet is Q(v,y) =y + y~!. Since the BPS spectrum is only piece-wise
constant across the Coulomb branch, the above index is not an invariant.
Konsetvich and Soilbeman (KS) came up with a remarkable wall crossing
formula which basically constructed a Donaldson-Thomas (DT) invariant
from the BPS spectrum. They first associate a quantum torus algebra e, on
the charge lattice

(11> <6’Yl7€’72> = <_1)<71’72><71772>€’71+’72;

and then define a group element for a BPS particle with charge ~:

1
(12) Uy, =exp <n26m> ,
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and the invariant from the BPS spectrum are given by an ordered product:

(13) A=Y U,
Y

The ordered product is taken over the particles with decreasing phases. The
KS wall crossing formula states that this product is independent of the BPS
chamber!

The KS wall crossing formula is very beautiful. However, it is still not
enough to find the BPS spectrum for a given N’ = 2 quantum field theory.
To apply the wall crossing formula, one need to know at least the spectrum
of one chamber and then apply the known wall crossing formula. In practice,
usually nothing is known for the BPS spectrum of a given theory, and even if
we know the spectrum of one chamber, it seems hard to find other chambers
using the wall crossing formula.

The quiver approach, on the other hand, provides hope of solving the
BPS spectrum in practice. The idea is to attach a unique quiver to a given
N = 2 theory, and then use various tools attached to the quiver to study the
BPS spectrum, since there are many wonderful properties about the quivers,
the BPS counting problem is actually much easier. The factorization of the
DT invariant for a quiver with potential is an important class studied by
Kontesvich and Soilbman [8]. and the quiver approach to study the BPS
spectrum has been used successfully in the early study of the wall crossing in
the physics literature [41-43]. In this paper, we will start with a quiver with
potential for a large class of N' = 2 theory, and since the BPS information
is encoded in this quiver, it is called BPS quiver.

2.2. BPS quiver for N/ = 2 theory

Let’s review some background on BPS quiver which could be understood
directly from the spectrum at a given point on the Coulomb branch [21].
Given a UV complete N' = 2 field theory, let’s assume that we know explic-
itly the central charges and the stable BPS spectrum in one chamber, and
each BPS particle can be represented by a ray in the complex plan. Since
there is always an antiparticle whose phase is opposite to it, we only need
to focus on a half plane. However, such choice is arbitrary which leads to
many equivalent descriptions.

Let’s take a half-plane Sy and all the BPS particles fall into this region.
A canonical basis for these BPS states is defined as follows: the basis is
chosen such that the charge of any BPS state in this half plane is expressed



414 Dan Xie

as a sum of this basis with positive integer coefficient

(14) V= Zni%

where n; is a non-negative integer. It is easy to show that such basis is unique
(again using the positivity property). Now a BPS quiver can be formed by
taking the Dirac product of this basis and forming an antisymmetric matrix

(15) €ij = (Vi> Vi)

which defines a quiver. From this definition, it is easy to see that the left
and right-most of states should be included into this basis, since they can
not be written as the sum of other charges with the positive coefficient. This
basis is not always possible, and usually one need to turn on all the mass
deformations of the theory and it turns out that a BPS quiver can be found
for a large class of theories considered in this paper, which will be discussed
in more detail later.

The basis would be different if we choose a different half-plane S;. If
we slightly rotate the region Sy clockwise and choose S such that only the
left-most particle v, drops out, then the charge vector —vyr which is in the
right-most of S7 has to be included in the new basis, see Figure 4, and the
charge v is dropped out. Moreover, other charge vectors should also be
changed, and the new basis is assumed to take the following form (see a
proof in [21]):

VL = —L,
(16) v = i + [e&iL]+L,

here [¢;,]+ = maz0, ;7). Now the new antisymmetric tensor built from the
canonical basis is different and we have a new quiver, which is equally good
to capture the BPS spectrum. So the BPS quiver is not just a single quiver
but a family of quivers related by the above transformation on basis called
quiver mutations (we will explain this term later), and by BPS quiver we
really mean its mutation class.

The above definition of the BPS quiver is conceptually good but not
useful for finding the BPS quiver since usually the BPS spectrum is not
known for any chamber. Other approaches are needed to attach a quiver to
a given N = 2 theory. For a large class of N/ = 2 theory engineered from
compactifying six dimensional higher rank > Ay_; theory on a Riemann

2The BPS quiver for A; theory is discussed in [13, 31].
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Figure 4: By rotating the half plane, the canonical basis is changed.

surface > with defects, one could associate a quiver from the combinatorial
data of the Riemann surface. Our main conjecture in this paper is that

Conjecture 1. BPS quiver for these theories is the one found from the
triangulation of a bordered Riemann surface as described in [33-35].

There are many compelling evidence that this conjecture is true, i.e. the
rank of the quiver is always equal to twice of the Coulomb branch dimen-
sions, and the results are in agreement with the quiver found using other
approaches like 2d-4d correspondence.

2.3. Quiver mutation and cluster algebra

After finding a quiver, there are many tools one could use to study the BPS
spectrum like the quiver representation theory, stability and quiver moduli
space [42], etc, which we will review in detail in next section. One could also
attach new combinatorial structure called cluster algebra [44] on the quiver
which proves to be very powerful in BPS counting. There is a huge amount
of literature on cluster algebra, here we only review some basic definitions
which is sufficient for our purpose. The first element of the cluster algebra
is the quiver mutations, which is a combinatorial operation acting on quiver
in following way:

(17) ' €ij ifi=korj=k
(SR ra—
Eij Sg’I’L(EZ‘k) [eik Ek]] + OtheI‘WiSe

Notice that this definition is the same as the change of the canonical basis
shown in last subsection. The quiver mutations can be represented beauti-
fully using the quiver diagram: A quiver is a directed graph where multiple
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arrows between two vertices are allowed, which is derived using ¢;; as fol-
lows: attach a quiver node for ¢ = 1,...,n, and there are ¢;; arrows between
node ¢ and node j 3. The quiver mutation for a quiver without one and two
cycles (such quiver is called 2-acyclic) is defined as the following: Let Q be
a quiver and k a vertex of Q. The mutation pu(Q) is the quiver obtained
from Q as follows, see Figure 5:

1) for each sub quiver i — k — j, create a new arrow between ij starting
from ¢;

2) we reverse all arrows with source or target k;

3) we remove the arrows in a maximal set of pairwise disjoint 2-cycles.

Figure 5: The quiver mutation.

Formally, the quiver mutation is exactly like the Seiberg duality [45] for
four dimensional N' =1 quiver gauge theory: the quarks are transformed
to antiquarks and vice versa, and there is a new singlet for each meson
field in the original quiver; Finally the potential term is used to integrate
out the massive fields. There are several obvious features about the quiver
mutations: a. py is invertible and ,uz = 1. b. If there are no quiver arrows
between two quiver nodes ¢ and j, then p; and p; commute.

2.3.1. Quiver with potential. If there are oriented cycles in the quiver,
one can define a potential term W as familiar from the quiver gauge theory
(a gauge invariant operator). The quiver mutation acting on the quiver itself
is the same form as the Seiberg duality, similarly, the mutation action on the
potential [46] is also the same as what is happening in the context of Seiberg
duality. If there is an oriented path ---i —% k —# j ... passing through the
node k under mutation, and the potential involving this piece has the form

(18) W=-aB -+

In doing the Seiberg duality, the bi-fundamental fields o and 8 change the
orientations, which are denoted as o™ and £* in the new quiver, and there is

31f €,; is positive, the quiver arrows are pointing from node i to node j; otherwise,
they are pointing from node j to node 1.
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a new singlet bifundamental field [a(] between node i and j. The potential
changes in the following way: the o5 term in the original potential is replaced
by the new field [«f], and there is an extra cubic potential term for the new
quarks and the singlet:

(19) W =--[af] -+ B*a*[aB] + - ;

Now there might be a quadratic term in W' which means that there are
two cycles in the new quiver, and the existence of the potential can be used
to integrate out these fields, and we get a reduced quiver Qcquced and a
reduced potential W, .cqyuced, see Figure 6. The quiver and potential after the
mutation are always the reduced one!

mutation . . reduction

% [oB]

W=aBy W=[aBly+B "o [aB] w=0

Figure 6: The quiver mutation for the quiver with potential, and the final
quiver is the reduced one.

2.3.2. Cluster X variable and cluster A variable. A complex vari-
able X; can be defined on each quiver nod 4, and its transformation behavior
under the quiver mutation acting on node k is

—1 op .
(20) x, = fy=*k
T X (14 X ey i £k,

namely, only the X wvariable of the quiver nodes connected to node k is
changed.

4In cluster algebra literature, this X variable is called coefficient and denoted
as y, and the cluster A variable is denoted as x, here we follow the convention of
Fock-Goncharov [33]
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Similarly, another set of A variable isdefined on each quiver node, and
the transformation behavior of the A; under the quiver mutations are

leirn]+ [—ein)+
Ay,

where [€;x]+ = maz]e;x, 0], and other A variables are not changed. There is
an interesting duality between the X and A variables

(22) Xi=> A%
j

Therefore cluster algebra is formed by a lot of seeds, and each seed comprises
of quadruple (¢;;, W, X;A;), and the seeds are related by the quiver mutation
formula (17, 19, 20, 21). A degenerate two form can be defined on A space

(23) w = €;jdlog A; A dlog Aj;
and a poisson structure can be defined on the X space:
(24) {Xi, X} = €; Xi X;.

These structures are compatible with the cluster transformation, i.e. if you
express (X;,€;;) in terms of (X, e;j) using the cluster transformation rule,
and you will get the same form expressed in terms of (X, e;j).

3. Quiver representation theory
3.1. Acyclic quiver and BPS spectrum

We review the idea of using quiver representation theory and 6 stability
condition to find the BPS spectrum, and this subsection is mainly following
[36]. The quiver considered in this section is assumed to be acyclic, i.e. there
is no closed oriented path in the quiver.

Let’s first discuss some backgrounds on the quiver representation theory
and its moduli space. The content reviewed below is quite standard and more
details could be found in many mathematical literature, i.e. the review by
Reneke [47]. Let’s denote the quiver as @, and Qg as the set of quiver nodes,
(1 as the set of quiver arrows. A representation V of () consists of complex
vector spaces V; for i € Qg of dimension d;, and of linear maps V,, : V; — V;
for every arrow « :i — j in Q. Physically, a quiver representation can be
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thought of as assigning a U(d;) gauge group on each vertex and the linear
map is the expectation value of the scalar in the bifundamental matter.
The homomorphism ¢ between two quiver representations are a set of linear
maps

(25) bi Vi = V2,

which preserves the structure of the quiver representation, i.e V, = d)ZVO:qS;l
Again, when the dimension vectors of two representations are same, this is
the familiar gauge transformation acting on the bi-fundamental fields. The
endomorphism of a quiver representation is the morphism between itself,
and the set of all endomorphism of a representation is denoted as End(V).
The automorphism is the the endomorphism which is also invertible, and
the set of all the automorphism of a representation is denoted as Aut(V).

A representation N is a subrepresentation of M if N; C M; for all
the quiver nodes and the map M, satisfies the condition M, (N;) C N; for
all the arrows. A simple representation is the one whose sub represen-
tations are the zero and itself. The quiver representation with dimension
vector (0,...,1,0,...,0) is a simple representation, here all the linear maps
associated with the quiver arrows are trivial. The direct sum of two rep-
resentations M @ N consists of the vector space M; @ N; on each node,
and the new linear maps associated with the arrows are M, @ N, . The
indecomposable representation is the one which can not be written as the
direct sum of two representations. By definition, the simple representation
is an indecomposable representation.

Every representations can be decomposed as a direct sum of the inde-
composable representations, and indecomposable representations are very
important for the BPS counting problem. It is a very difficult problem to
find all the indecomposable representations for a given quiver. However, it
is possible to find the dimension vectors explicitly due to the Gabriel (Kac)
theorem.

Quiver can be classified using the property of the indecomposable rep-
resentations of the quiver. A quiver is of finite type if and only if the
underlying undirect graph is of the ADE Dynkin type, and there are only
finite number of indecomposable representations. For a Dynkin quiver Q,
the dimension vectors of indecomposable representations do not depend on
the orientation of the arrows in Q. A quiver Q is of tame type if and only
if the underlying directed graph is an extended Dynkin graphs of type A,
15, E. The indecomposable representations of finite and tame quiver are
in one-to-one correspondence with the positive roots of the corresponding
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root system. All other quivers are called "wild” and the indecomposable
representations are related to the roots of the quiver.

Let’s review the Gabriel-Kac theorem in some detail. One can define a
Euler form on the positive lattice A = Z_CEO:

(26) x(a, B) = Z i — Z @if3;.
1€Qo pi—]

The Tits form is defined as T'(a) = x(«, ). The antisymmetric form from
the Euler form is defined as

(27) <Oé,ﬂ> :X(ﬂaa) _X(aaﬁ)

Notice that (e;, ej) count the number of arrows from ¢ to j minus the number
of arrows from j to i if e; = (0,...,1,0,...,0) with one on the ith quiver
node.

The roots could be found explicitly just from the structure of the quivers.
Let’s denote e; = (0,...,1,0,...,0) as the simple roots and I as the set of
all the simple roots, and define the reflection s; on lattice Z%°:

(28) Sl(d) = d — <6i, Cl>€l

The Weyl group W(Q) is defined as the subgroup generated by s;. The
fundamental domain F(Q) is defined as the set of all non-zero dimension
vector d with connected support, i.e. the full sub quiver with nonzero d; is
connected, such that (e;,d) < 0 for all ¢ € I. The set of real roots are

(29) A™(Q) =W(Q)I
and the set of imaginary roots are
(30) AT™(Q) = W(Q)F(Q).

There exists an indecomposable representation of () of dimension vector
d if and only if d is a positive root d,

(31) d= Z diei, di > 0.

In case d € A™(Q), there exists a unique indecomposable (up to isomor-
phism) of dimension vector d. In case d € A’ (Q), the number of param-
eters of the set of indecomposable representations is 1 — x(d,d). For the
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real roots d, we have x(d,d) = 1. Alternatively, the positive real roots are
the positive integer solution of the following equation x(d,d) = 1, and the
positive imaginary roots are the positive integer solutions of the quadratic
equation T'(d,d) < n with n < 0.

From physics’ perspective, the number of parameters of an indecom-
posable representation is equal to the dimension of the Higgs branch of the
quiver gauge theory with gauge group U (d;): each arrow contributes d;d; and
the dimension of the gauge group is d%, and an overall U(1) is decoupled, so
the dimension of the Higgs branch (assume that all the gauge symmetry is
broken) is

(32) Dim(d) = " did; =Y dj +1=1—x(d,d).

Let’s now give the identification between the possible BPS particles and
the indecomposable representations:

Statement 1. FEach indecomposable representation > (up to isomorphism)
with dimension vector d represents a possible BPS particle, and the charge
vector v of this state is the following

(33) Y= Zdzez

Here e; is the dimension vector for the simple representation associated with
the quiver node, which represent the elementary BPS particle.

Statement 2. The spin of the BPS particle is equal to 1 — x(d,d). The
real Toots give the hypermultiplet and the imaginary roots give the higher
spin states.

3.1.1. Stability condition and stable BPS particle. After identify-
ing the possible BPS states with the indecomposable representation, it is
time to study the stability condition from which one can judge whether an
indecomposable representation is stable or not. The 6 stability condition
on quiver representation is the one which we are going to use. Let’s briefly
review those concepts below.

®More precisely it is the Shur representation whose endmorphism is End(V) = C.
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Let’s fix the dimension vector d; and denote the complex vector space
at each quiver node as M;. Consider the following space

(34) Ry = P Hom(M;, M),

obviously each point of R; parametrizes a representation. The linear group
G4 =11, GL(M;) acts on Ry via the following gauge transformation on an
element M, € Hom(M;, M;):

(35) M, — ngagi_l

Therefore each G4 orbit parametrizes an isomorphism class of the quiver rep-
resentation with dimension vector d. Physically each orbit of G4 parametrizes
all the gauge equivalent scalar field configuration (the gauge group action
is the complex one). The moduli space R;/G, parameterizes all the repre-
sentations with dimension vector d, however, this space is very complicated.
The space is much more simpler if we concentrate on a subspace which cov-
ers almost all the quiver representation, this is the place where the stability
condition plays an important role.

The stability condition (central charge) Z(d) for the quiver representa-
tion is a linear functional acting on the lattice of dimension vectors which is
generated by Z(e;) defined on each vertex. Then for a representation with
nonnegative dimension vectors d, the central charge is

(36) Z(d) = Zdiz(ei).

The slop of a representation is defined as u(d) = arg Z(d) %, and the def-
inition of the slop depends only on the dimension vector but not on the
quiver arrows. The quiver information enters into the characterization of
the stability condition though. We say a representation semistable (reps. sta-
ble) if for any proper subrepresentation © N, we have u(N) > pu(M) (resp.
(u(N) > p(M)). All the simple representations are stable since it has no
proper subrepresentation, and all the stable representations are indecom-
posable, which can be seen as follows: if a representation P is decomposable

6Usually the slop for a representation is defined as jug(d where 0; is de-
fined on each quiver node, and this gives the name for the staghty Our definition
is slightly different but actually equivalent.

"The zero representation and the representation itself is not included into the
proper subrepresentation.
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as P =), M, in which M; is the subrepresentation of M, and the dimen-
sion vector is decomposed as d = dj + da + - -- 4+ ds, then there is at least
one of representation say M whose slop is bigger than P, which implies the
representation P is unstable.

We denote MJ*(Q,d) (resp M;(Q,d)) as the moduli space of semistable
(reps. stable) representations. It was shown in [48] that each point in
Mg (Q,d) parametrizes a solution to the D term equations modulo complex
gauge group transformation of the quiver gauge theory:

(37) ot = > 9™ =0il,,

a:t—r* a:x—i

here 0; is related to the stability condition, so 8; is just the Fayet-Iliopolous
(FI) term for the quiver gauge theory defined using the dimension vector d.
M;(Q,d) simply parameterizes the moduli space of the gauge theory with
FI terms turned on.

Now we are coming to the third identification of the BPS spectrum and
quiver representation from the 6 stability condition:

Statement 3. The 6 stability condition is the stability condition & for the

BPS particles: the stable indecomposable representation represents the stable
BPS particle.

One can immediately derive some general features about the BPS spec-
trum: first, there are at least n stable BPS particle since every simple repre-
sentation associated with the quiver node is stable regardless of the chosen
stability condition; second, if there is a BPS particle with charge ~, then kv
with & > 2 can not be the charge vectors for the BPS particle.

If we change the stability condition, and some of the stable represen-
tations would become unstable, which leads to the wall crossing behavior.
The following two examples are very suggestive to us. Consider the Ay quiver
which is the BPS quiver for (A1, A2) Argyres-Douglas theory:

(38) P

The simple representations S7 and Sy corresponding to two quiver nodes are
indecomposable. The only other indecomposable representation P is

(39) 151

8More precisely, we only consider the discrete stability condition in this paper,
which means that only one BPS particle is allowed for each slop.
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whose only subrepresentation is Sy. If the stability condition is chosen such
that arg(Z(S1)) > arg(Z(S2)), then P is not stable, and there are only two
stable BPS particles correspond to S; and Ss. If the stability condition is
taken such that arg(Z(S1)) < arg(Z(S3)), then P is stable and we have
three stable BPS particles. This exhausts the two possible chambers for this
theory.

Figure 7: The two chambers for Ay quiver depending on different choices of
the stability condition.

Let’s consider the following affine A; quiver which is the BPS quiver for
pure SU(2) SYM:

(40) °=e,

The real roots for this quiver are e and eg, f,, = (n,n+ 1) and d,, = (n,n —
1). Unlike the previous examples, this quiver has an imaginary root @ =
(1,1) which represents the W boson. These are all possible indecomposable
representations for this quiver, and es is the subrepresentation of d,, f,
and Q.

If the stability conditions are taken such that arg(Z(S1)) > arg(Z(S2)),
then 57 and Ss corresponding to roots e; and eg are the only stable repre-
sentations. If arg(Z(51)) < arg(Z(S2)), then all the indecomposable repre-
sentations are stable! These two chambers also successfully recover the BPS
spectrum of the two chambers of the pure SU(2) theory.

This method can be generalized to the other simple ADE quivers, how-
ever, it would be a formidable problem for very complicated BPS quiver
of general N/ = 2 theory. In next section, we are going to use other combi-
natorial methods to deal with the BPS counting problem, but the quiver
representation theory is always conceptually useful.

3.1.2. Quantum dilogarithm identity. If there are two stability con-
ditions and two different BPS chamber, then what is the invariant con-
structed from them? Kontestvich-Soilbeman wall crossing formula provides
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Figure 8.

an invariant, and Reneke derived the similar formula using the Hall algebra
and Harder-Narasimhan filtration [47], see also the exploration of the quiver
invariant and the BPS spectrum in physics literature [49-53].

Reneke’s construction starts with a quantum algebra on the lattice Zf"
for the quiver: one associate a quantum operator to each dimension vector,
and they satisfy the condition:

(41) yoy® = gz leByoth,

here (o, 8) is the antisymmetric form we defined earlier.

The construction of the invariant uses the Hall algebra and Harder-
Narasimhan filtration in an essential way. Let’s first review the Harder-
Narasimhan filtration: a filtration 0 = Xo C X7 C --- C X5 = X of a repre-
sentation is called Harder-Narasimhan (HN) if all the sub quotients X;/X;_1
is semistable and p(X1/Xo) > u(Xo/X1) > -+ > u(Xs/Xs-1). Every repre-
sentation X poses a unique HN filtration.

A Hall algebra can be defined on the isomorphic classes of quiver repre-
sentations

(42) [M].IN] =) Fij n-[X]
(X]

where Fﬁ n denotes the number of sub representations U of X which are
isomorphic to N, with the quotient X /U isomorphic to M. This coefficient
is finite and the sum is also finite, and he dimension of [X] is equal to the
sum of dimension [M] and [N]. Let’s consider the following special elements
in the Hall algebra

M semistable

(43) = Y M, = Y M,

dimM=d dimM=d
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here ey contains all the quiver representation isomorphism class with dimen-
sion vector d, and eZSt contains all the semi-stable isomorphism class with
dimension vector d. Now because of the uniqueness of HN filtration, [M]

appears with coefficient 1 in the product

sst sst _sst
(44) H eds s €d2 edl .
and we have
_ sst sst
(45) €d = E €q, "~ Cd, >
*

where the sum is running over all decompositions d; + - - - + ds = d such that
w(dy) > -+ > p(ds). In particular, we have the following identity

(46) Z €q — H 1ZSt
d

—

where the right rand side is the ordered product on the semistable quiver
representations, and lfft =1+ ef’ft. The left-hand side does not depend on
the stability condition, so this identify shows that there is an invariant for
each stability condition.

Now use the evaluation map which maps an element from the Hall alge-
bra to the power series in torus algebra

(q)l/Qx(a,a) N

" S | (FR N

where (g7, = [T/ (1 — ¢77).

Let’s consider the case where all the stable representation correspond
to the real roots, which implies (o, a) = —1. If M is semistable, then all
the power M™ would be also semistable and the charge vectors of M" is na
whose Tits form is y(na, na) = —n?. Therefore, for a single stable represen-
tation, we have the following series in the torus algebra

. g2 L
(48) [1+Z€M]:1+my +"'+my + -

Let’s consider « as the simple representation associated with a quiver node,

then = (0,...,1,...,0) and y* = y;; the above series becomes

g: " Pyp
49 Ey.:1_|_7y,+..._|_ 2 4+
WO B = I e e g g @ - D
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which is the famous quantum dilogarithm function. In general for an stable
indecomposable representation from the real root «, one can associate a
quantum dilogarithm function F(y®), and the identity (46) implies that

(50) E(y™)---E(y*) =E@y"™) - E(y"),

and the product is taken over the stable representation with the decreas-
ing order of the slop, here (aq,...,as) are the stable representations of on
stability condition, and (f1,...,[,) are the stable representations of the
other stability condition. One could write a similar formula for the stability
condition involving higher spin states.

3.2. Quiver with potential

Remember that the BPS quiver for a theory is really a class of quivers re-
lated by the quiver mutations. The quiver representation theory is definitely
very different for the quivers related by the quiver mutations. For instance,
consider the Az quiver and the affine A(B,O) quiver which are related by
quiver mutations, see Figure 9. There are only finite number of indecompos-
able representations for the As quiver, but there are infinite many for affine

a b mutation
.—»—@—»—Q

A(3,0) quiver.
1 2 3 1 2 3

Figure 9: As quiver and affine Ay quiver which are related by quiver muta-
tions.

To solve this problem , one need to add constraints to the affine quiver
to kill many representations. In the original context of Seiberg duality, to
match the moduli space, Seiberg introduced a new superpotential term to
the quiver. In the same spirit, the addition of the potential will kill these
extra representations. In fact, it is possible to add a unique superpotential
W term to the affine 121(3, 0) quiver. Now a representation of the quiver with
potential should satisfy the extra condition

ow

(51 96

0,
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for all the fields ¢; appearing in the potential. The general analysis of the
indecomposable representations of the quiver with potential is quite compli-
cated, and we would like to introduce an algebraic approach.

To deal with this case, let’s first introduce the path algebra associated
with a quiver. The path algebra C'Q) is generated by the quiver arrows,
moreover we need to add the length zero generator e; attached on the quiver
node, so the elements for the path algebra are

e Path ¢;; in the quiver going from i to j.

e The length zero element e;.

The product between two elements in the path algebra is very simple:
the only nonzero products are ¢;;;i, €;pij = ¢ij, e? = ¢;. For example, for
the quiver in left of Figure 9, the path algebra has elements

(52) [617 €2,€3,a, bv (Ib]

The path algebra is finite if and only if there is no oriented cycle in the
quiver. The nice thing about the path algebra is that the category of quiver
representation is the same as the category of CQ left modules . One could
also define the direct sum of two modules, submodule, and the indecompos-
able modules in a similar way as we did for the quiver representation theory.
Similarly, one can define the stability conditions, etc. The special module
P; attached to a vertex plays an important role, here P, = (CQ)e; consists
all the paths ending at node 7. The nice thing about the P; module is that:
the P; are projective modules, and every projective module is a direct sum
of P;. The dimension of the homomorphism Hom(F;, Pj) are the number of
independent paths from node i to node j. P; is the left-module representing
the indecomposable representation corresponding to the simple root.

Now if we add a potential to the quiver, the path algebra is modified
and becomes the so-called Jacobi algebra. The potential will give zero re-
lations which will kill some of the generators in the original path algebra.
For example, consider the quiver on the right of Figure 9 in which there is a

9 A left CQ-modulue consists an an abelian group (M, +) and operation CQ x
M — M such that for all r, s in CQ and z,y in M, we have following condition

lL.r(x4+y)=re+ry

2. (r+s)zr=rr+sx

3. (rs)x = r(sz)

(53) 4.1.s=s
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potential term W = abe, and the F' term equation from the potential would
be

(54) ab=0, bc=0, ca=0.
Now the Jacobi algebra is generated by
(55) [ela €2,€3,a, bv 6]7

and it is finite dimensional. The rule for the product in the algebra is the
same as the one defined for the path algebra, and they should satisfy the
relation in doing the product (54), say ab =0, etc. Notice that although
the two quivers in Figure 9 are related by quiver mutation, the two Jacobi
algebra is not equivalent, which is natural since the quiver representation
theory is not the same even with the inclusion of the potential. They however
define the same quiver invariant which is formed from the BPS spectrum.

After defining the Jacobi algebra, one can similarly define the modules,
direct sum of modules, and indecomposable modules, etc; Now the possible
BPS states are represented by the indecomposable module of the Jacobi
algebra, and the stability conditions can be similarly defined, everything is
kind of similar. The mathematical results about the representation theory
of quiver with potential is fruitful and they play an important role in the
studying of the BPS spectrum and wall crossing, see [8, 10, 54, 55]. However,
the mathematical descriptions are quite complicated and we do not really
use these descriptions in our later description, so we will not discuss them
in details and leave it to other occasions in the future.

4. Hypermultiplets: Maximal green mutation
4.1. Maximal green mutation: Definition

The detailed analysis of the quiver representation theory is rather compli-
cated, especially when the nontrivial potential exists. There is a remarkable
combinatorial method called green mutation [37] which will make the task
of finding the finite chamber much easier.

Let’s first modify the quiver as follows: introduce an extra frozen node!”
for each quiver node, and there is a quiver arrow pointing into the frozen

10A frozen node can never be mutated, which could be though of as the flavor
group.
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node, see Figure 10A. The original quiver and the extended quiver are de-
noted as @ and Q respectively. A non frozen node is called green if it is
the source to the frozen nodes, and called red if it is the sink to the frozen
nodes. A green mutation sequence is the one where only green nodes can be
mutated, and the mutation rule for the extended quiver is the same as the
ordinary one. Several features of the green mutation is immediately clear
from the definition:

frozen

A L¥
1 2
¥ ¥ Hy H,
B . (1,0) I By (0,1) i > I
1 2 1 2 1 2
Hy Hy Hy
o LI — D<= X
(0,1) (1,1) (1,0)
1 2 1 2 1 2 1 2

Figure 10: A: The extended quiver derived by adding extra frozen nodes. B:
A maximal green mutation sequences. C: Another maximal green mutation
sequences of the same quiver.

o If we assign the charge vector ~; on each quiver node, and the Dirac
product of these charges satisfies the condition

(56) (Vis V) = €ijs

(this can be done explicitly by taking v; = (0,...,1,...,0)). The charge
vector of the quiver node during the quiver mutation is determined by the
quiver arrows connected with the frozen nodes, i.e. the charge vector is

(57) A= mik,

where m; is positive (resp. negative) if the quiver node is the source (resp.
sink) for the frozen nodes. For the green node, the subquiver formed by
positive m; is connected. Let’s denote the charge vector as «, then after the
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mutation on node k, the new charge vector is changed as follows:

(58) a; = o; + (g, ap)ag  if (a4, a)0,
this formula can be checked by looking at the green mutation. The new
quiver is formed by doing the Dirac product using o

e Each node is either green or red at any step of the green mutation. This
can be seen as follows: let’s mutate a green node k, by the rule of mutation,
all the quiver arrows including the arrows to the frozen node are reversed,
then it becomes red after the mutation. The color of the other quiver nodes
1 would not change if there is no quiver arrow to node k or ¢ is the sink of
the arrows between ¢ and k. If ¢ is the source of the arrows between i and k,
then we have two choices to consider: A. i is green, then i is also green after
the mutation; B. ¢ is red, this case is a little bit complicated, but it can be
proven that it is either green or red after we identify the charge vector as
the ¢ vector appearing in the study of the cluster algebra. So we have the
following conclusion: The green node is still green after a green mutation on
other nodes, and the red node can become either red or green.

e If one green node with charge vector m; is mutated, the quiver mod-
uli space with the assignment of dimensions m; has dimension zero, and
therefore this corresponds to a hypermultiplet!

Now let’s introduce the definition of maximal green mutation sequence:

Definition 1. A maximal green mutation sequence is the finite green mu-
tation sequence such that all the nodes are red at the end. It is not hard to
see that the final quiver has basis —7y;, =72, ..., and the quiver (non frozen
part) is isomorphic to the original quiver.

Now each maximal green mutation sequence represents a chamber with
finite number of (hypermultiplets) states! This method is essentially equiv-
alent to that proposed in [21] !' | but the combinatorial way presented here
make the calculation much easier. An example of maximal green mutations
is shown in Figure 10B, and this chamber has two BPS particles with charge

71 and 2.

1Tn that paper, one only mutate the quiver nodes with positive coefficient of the
original charges, which means only mutating the green node in our language, more-
over, each mutation corresponds to rotating the half-plane of the central charges,
and when the plane is rotated by 180 degree, the canonical basis is —;, which
essentially means that no green node is left.
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In the above procedure, we have fixed a quiver from the very beginning,
now according to our previous discussion on the BPS quiver, all the quivers
appearing in this sequence are equally good for describing this particular
BPS chamber, see the illustration in Figure 11. Let’s denote this subset as
[Q]c, apparently only a subset of the quivers in the mutation equivalence
class would appear, and this subset depends on a particular maximal green
mutation sequence. Different green mutation sequence defines different sub-
sets. If a quiver appears in [Q]¢, then there will be a maximal green mutation
sequence with length |G|.

Q, Q, ——_

Figure 11: The quivers connected by the green mutation.

There are several observations about the feature of maximal green mu-
tations:

1. The length of the maximal green mutations is at least |Q|, where |Q)|
is the number of quiver nodes, and each node is mutated at least once. If
there is a BPS particle with charge a; in the spectrum, then the charge
vector kay, k > 2 will not appear. Notice that this is consistent with the
quiver representation theory by taking discrete stability condition.

2. The final quiver is isomorphic to the original quiver, and each red
node is only connected to one frozen node.

Special quiver. Let’s consider a bipartite quiver which has only two types
of quiver nodes: source and sink (see Figure 12), and the following two special
mutation sequences

M = M, - M, , Gk is the source node

(59) P = ftj, -+ [y, Jk is the sink node

The order of mutations in p4 and pu— does not matter since there are no
arrows between the source nodes (the same is true for the sink nodes). Due
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to the special structure of the quiver, there is no cycle in the quiver and
therefore no potential is allowed. The mutation sequences 7 = ,u,i is a max-

imal green mutation sequence as can be easily checked from the definition.

source sink

Figure 12: The bipartite quiver has two types of quiver nodes: sink and
source nodes.

The above observation can be generalized to an acyclic quiver which
always has at least a source node. Let’s do the green mutation on this source
node, and the new quiver is still acyclic and there is again a source node.
Continuing mutating the source node, we are going to find the maximal
mutation sequence with |Q] steps.

The above mutation method only gives us the hypermultiplet. The vec-
tor multiplet does not correspond to the quiver mutation, but it can be
taken as limit of a infinite number quiver mutation sequence. If there is only
one vector multiplet, one might be able to probe the existence of the vector
multiplet by doing the maximal red mutation: one add a frozen node and
quiver arrow for each quiver node, but the arrow is pointing into the quiver
node. The red mutation sequence is the one which only red node is mutated.
The interested reader can check that the red mutation has quite similar prop-
erty as green mutations. This red mutation sequence corresponds to rotating
the half plane in counterclockwise direction. The infinite chamber with one
vector multiplet can found as follows: first do the maximal green mutation
and then do the red mutation carefully to make everything consistent. If
these two sequences has a common limit, then we conclude that there is a
vector multiplet.
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4.2. Finding maximal green mutation sequence: a clue

There is one serious question about the use of the maximal green muta-
tion: there is no information on the order of green mutations and random
green mutations usually would not stop at finite steps. The quiver represen-
tation theory and 6 stability do tell us something about the green mutation
sequences, we have the following conjecture:

Conjecture 2. There are infinite number of BPS states if there are stable
higher spin states.

According to this conjecture, the stability condition should be chosen
such that no higher spin stable state exists. For simplicity let’s assume that
the vector multiplet is the possible higher spin states, and denote the cor-
responding representation as Vj, and its subrepresentation as Vi, Vo, ..., Vs.
According to the @ stability, V; is stable if and only if its slop is smaller than
all of its sub representations:

(60) M(‘/;) > M(Vd)a for all i,

So to have a finite chamber, we must ensure that such situation will not
happen in our mutation process.

Let’s look at an example to see how to use the stability condition to de-
termine maximal green mutation sequences. The BPS quiver is the one rep-
resenting SU (2) theory with one flavor, see Figure 13. The gauge boson cor-
responds to the representation d = (1,1,1), and S = (0,1,0), P = (1,1,0)
are the sub representations of it. Now, let’s start doing mutation on node 2
in step 1, and probe a BPS particle with charge Sy on the far left. The node
one and node three are green nodes now. In this second step, if mutate node
1 which has charge v; + 2 and probe the BPS particle P, then the vector
multiplet is definitely stable since it would have smaller slop than Sy and P.
So to find a finite chamber, we can only mutate node 1. In step 3, similar
analysis forces us to mutate node 2, etc. At the end, we find the following
maximal mutation sequences

(61) M2, 13y 2, 1, 13-

Similar analysis can be done on the mutation sequences starting from other
nodes. A simple but useful fact is that if in the mutated quiver Q1, and there
are two green nodes connected by double arrows, then we can not mutate the
sink nodes of this subquiver which follows directly from the representation
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theory of affine A; quiver. This follows from the fact the mutated quiver is
equally good for describing this particular chamber. Use this observation, it
is easy to see that in step 3, we can only mutate quiver node 2.

1 2
’ 1 Hy 1 He
3 2

Y, Y, Y,
7/
Yoty y /
37 V2 3 p Y, Y,
Y, /
/
7 / Ve

Figure 13: Up: the maximal green mutation sequences. Bottom: the charge
vector for the various BPS particle, the dash line represent the vector boson
which is not stable, since the slop of its subrepresentation ~; + 72 is smaller
than it.

4.3. Wall crossing: Quantum dilogarithm identity

Usually there are more than one maximal green mutation sequences for a
given quiver. It would be nice to have an invariant built from the BPS
spectrum, which can be written down using the quiver representation theory.
For the finite chamber, it is actually very easy to write the invariant using the
maximal green mutation data as shown in [37]. Let’s fix a quiver and consider
the quantum algebra on charge lattice, and the commutation relation is

(62) xoxh — qé(a,@XaJrﬁ,

where (a, 3) is the familiar Dirac product.
Assume that we find a maximal green mutation sequence k = (k1, ko, . . .,
ks) and the charge vector in step i is «;, we can form a quantum dilogarithm
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function for ¢th mutation:
(63) E(X%).

Given a maximal green mutation sequences, we can form a quantum dilog-
arithm product

(64) E(k) = E(X®)E(X®) - BE(X®),

If there is another maximal green mutation sequences k& whose length is r,
then this represents another chamber and we can form another quantum
dilogarithm product E(k), then these two quantum dilogarithm products
are the same

(65) E(k)=E(k).
which could be interpreted as the wall crossing formula, which has been

proved using quiver representation theory.

Example. Let’s consider our familiar As AD theory. There are two maximal
green mutation as shown in Figure 10. The first chamber has two BPS
hypermultiplets with charges 71,72, and the other chamber has three BPS
hypermultiplets with charge 72,71 + 72,71 (the charges are listed in the
order of decreasing phase angle). The quantum dilogarithm identity from
this theory is

(66) BE(X"™ME(X") = B(X"?)E(X" ) E(XM).
The above identity has the familiar form if we use the generator X; = X7
(67) E(X1)E(X2) = B(X2)E(q™2 X1X2) E(X1).
4.4. Quantum dilogarithm identity from quantum cluster algebra

In this part, a proof of the quantum dilogarithm identity is given using the
quantum cluster algebra.

4.4.1. Charge vector as c vector. The charge vector appeared in pre-
vious section has a nice interpretation from the cluster algebra. Let’s first
introduce some background on tropical semi-field. Assume the semi field
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is generated by generators y;,7 = 1,...,n, and each element has the form
[Ty}, where a; is an integer. The tropical sum is defined as

(68) H Yo+ H yf _ H yimin(a,i,b,i)'

Given a quiver and consider the mutation rule of the cluster X coordi-
nates,

X, =X
(69) X; = X;(1 4 X, *onlen)y e,

If we replace the ordinary sum in the new X variables with the tropical sum,
then the cluster coordinates has the following form

(70) ) =TT x5

where ¢; is an integer vector whose entries are all nonpositive or nonnegative
[56], and X; is the original cluster variable. These ¢ vectors are not the
new stuff, and they are just the charge vector appearing in the study of
green mutation. The initial ¢ vector has only one entry 1 with all the other
entries zero, and the final ¢ vector has only one entry —1, see an example in
Figure 14.

Hy H,
cluster X variable: X X _
u vari 1 2 X7 X(14X,) X,H XXX, X (1X,)

cvector:  (1,0) (0,1) (=1,0) (0,1) (-1,0) (0,-1)

Figure 14: The X variable and ¢ vectors of the mutations.

The ¢ vector has the following simple transformation rule from the def-
inition if a mutation is done on the vertex k:

=c¢ if €pep <0

,
Ck = —Ck
’
=

’

(71) ¢ =ci+excr  if €rer >0
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Since we always mutate on green nodes which means the sign(cy) is always
positive, the above formula simplifies as

C;c: —Ck
c;:ci if € <0
(72) c; =citeper if € >0

Let’s now use the ¢ vector analysis to prove the maximal green sequences
for the bipartite quiver. Let’s consider one of the source node whose initial ¢
vector is (1,0, ...,0), after the mutation yuy, ¢ = (—1,0,...,0). The ¢ vector
of the sink nodes is not changed. After mutation p_ on the sink node, all the
¢ vector of the sink nodes becomes ¢ = (0,...,—1,0), and the final quiver
is a quiver whose nodes are all red.

4.4.2. Quantum cluster algebra. We have actually seen the deforma-
tions in defining a quantum torus algebra on the charge lattice, and the
cluster algebra has a quantum deformation too [57, 58], here we only use
the quantum version of the cluster X variable, and keep the A variable as
classical. There is a quantum X variable associated with each vertex and
the noncommutative relations are

(73) XiXj = q XX,

and the transformation rules for the quantum cluster variables under the
mutation on node k are

X — X, *

|€ir]

—sgn(eix)
(74) Xi = X; ( [Ta+ q“‘l/QX,;sg”(“’”)) :

a=1

this transformation preserves the form of the commutation relation X ;Xﬁ =

qﬁ;ﬁ X/ﬁX;. The mutation can be decomposed into two steps pp = ,u}c * Th 4
where 7 1 is defined as the transformation

X, = X!

(75) X, = g'Peleads x xfwle g g2k,
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Here [€;]+ = max(0, €;;), and the transformation ,u}v is given by the adjoint
action Ad(¥,(Xg)):

(76) X; = Ad(Vy(X3))Xi = Ug( X)X, Uy (X))~
= X0, (g% Xp) Wy(Xp) "

‘Eik‘ €ik
- X, ( H(l + q—Sgn(Qk)(a—l/?)Xk)) )

a=1

here W, is the familiar quantum dilogarithm function. What is important
is that there are another kind of decomposition using M;@_ and 75, _, where
Tr,— is defined by replacing €;, by —e€;, and “;m— is defined by using the
adjoint action

(77)  Ad(Ty(X; )X = U (X ) T XX

|€ik] e
=X < H(l + qsgn(eik)(a—1/2)Xk1)> ‘

a=1

It can be checked that u}%_ * T = M}CH- * Th 4
Here comes the crucial point: if there is a sequence of mutations (1, u2,
.., its) such that the final cluster coordinates are the same to the original
one up to the permutation, there is a quantum dilogarithm identity associ-

ated with this sequence. If the ¢ vector is (aq, o, . . ., a5) and denote the sign
of the ¢ vector as (€1, €a,...,¢€s) 2, then the quantum dilogarithm identity
is

(78) W (XO) P (X*) =1,

The proof is the following [59]: since the cluster coordinates come back
to itself up to permutation, we have the following identity

(79) Ad(V o (XT) ) T1e, -+ Ad(Wg (X5 ) ) Ts e, v = 1
Now move all the 7; ., to the far left, and we get
(80) Ad(Wg(X 7)) Ad(Wg (X)) Tre, + Toe, v =1

Using the relation 71, -+ 75, v = 1, we get the quantum dilogarithm iden-
tity in the desired form.

12Fach ¢ vector is either all nonnegative or nonpositive, € is the sign of the c.
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The relation to the wall crossing formula is the following: the sign of the
¢ vector are assembled into two groups, say ai, o, ..., a, has positive sign
and the remaining ones has negative sign, we have

(81) \qu(XOél) cee ‘l’q(Xar) = \IJq(X*arH) - \Ilq(X*Ols)v

which gives the wall crossing formula for the Ao quiver.

5. BPS spectrum for A; theory

Although the above mutation method is remarkably powerful, this approach
has severe limitations without further knowledge of the quiver mutation
structure. Without such knowledge, the above method is also kind of largely
constrained to the ADE quiver class or its special generalization. The reason
for the difficulty is due to the following two necessary conditions for doing
green mutations:

1. A quiver with 2n, 4+ ns quiver nodes for a given N = 2 theory, here
n, is the rank of the gauge group at the generic point of Coulomb branch
and ny is the number of mass deformations.

2. A mutation sequence whose final quiver is isomorphic to the original
one.

The first condition is by itself already highly non-trivial since usually
there is no information about the BPS spectrum for most of theories. Our
first claim is that the quivers and potential constructed in [34, 35] are the
BPS quiver for the corresponding field theory. The second condition is even
more difficult since the quiver for higher rank theory is of mutation infinite
class, and it is very difficult to find a mutation sequence whose final quiver
is isomorphic to the original one. Luckily, the construction given in [34, 35]
also gives us the above very needed mutation sequence, which we will review
in more detail in later sections.

In this section, we will mainly study the theory engineered using six
dimensional A; theory which has been discussed in [18, 20, 21, 31, 60]. The
study will be very useful for our later applications to the higher rank theory.
Moreover, Using our method, it is pretty easy to recover the results in the
literature, and in fact we can get a lot more finite BPS spectrums starting
with arbitrary quivers, which is new.
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5.1. Definition of the theory and BPS geometry

In this section, we will consider four dimensional N' = 2 theories derived by
compactifying six dimensional (2,0) A; theory on a Riemann surface with
regular singularity and irregular singularity. To study the BPS spectrum,
each irregular singularity is replaced by a disc with marked points, and
the number of marked points depend on the specific form of the irregular
singularity, and the regular singularity is interpreted as puncture in the bulk.
There is only one type of marked point since there is only one type of Young
Tableaux of Ay group. The BPS geometry is therefore a bordered Riemann
surface with marked points on the boundary and punctures in the bulk.

5.1.1. Ideal triangulation. The BPS quiver is derived from the ideal
triangulation of the corresponding bordered Riemann surface. Let us begin
with a Riemann surface with boundaries and specify a finite set of points
My oundary, called boundary marked points, on the boundary circles of X.
Each connected component of 0% has at least one boundary marked point;
The bulk puncture is not blown up and remained as a point in the in-
terior of the Riemann surface. The defining data of our theory is a triple
(X, Mpoundary, p)- For notational convenience we sometimes denote this triple
simply by . In other words, ¥ is defined by following data:

a. the genus g of the Riemann surface;

b: the number of bulk punctures p.

d. the number b of boundary components;

d. the number of marked points h; on each boundary.

Each puncture represents the regular singularity while the boundary
with marked points means an irregular singularity, all the marked points
have a Young Tableaux label. The punctures and the marked points are
all called marked points for simplicity in the following, and one should be
careful about whether it is in the bulk or one the boundary. One can define
a combinatorial object called ideal triangulation on above Riemann surface.
An ideal triangulation is defined using arcs [61]. A simple arc v in ¥ is a
curve such that

1. the endpoints of v are marked points;

2. v does not intersect itself, except at the endpoints;

3. v is disjoint from the marked points and the boundary.

We also require the arc ~ is not contractible into the marked points
or onto the boundary. Each arc is considered up to isotopy. Two arcs are
called compatible if they do not intersect in the interior of >. A maximal
collection of distinct pairwise arcs is called an ideal triangulation. An edge
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is called external if it is isotopic to a segment of the boundary, otherwise it
is called internal. It is not hard to get the following formula for the number
of internal edges:

(82> 69 + 3b + 3p + # ‘Mboundary‘ -6 5

where as defined previously ¢ (b) is the genus (the number of boundary
components) of ¥, respectively. There are a total of # |Myoundary| €xternal
edges. Several examples for the ideal triangulations for various bordered
Riemann surface are shown in Figure 16

O <8

R SN

Figure 15: The triangulation of various BPS geometry. A: Disc with five
punctures which represents As Argyres-Douglas theory. B: Annulus with
one marked point on each boundary, this is pure SU(2) theory. C: Sphere
with four punctures which is SU(2) theory with four fundamental flavors.
D: Disc with three marked points and a bulk puncture, which is the Dj
Argyres-Douglas theory.

We always start with an ideal triangulation without self-folded triangles,
and the BPS quiver can be read from the triangulation in the following way:

1. Assign a quiver node to each internal edge of the triangulation.

2. There is a quiver arrow for two nodes if the two corresponding edges
are in the same triangle. The total quiver arrows are the signed sum of the
quiver arrows if the two nodes are in more than one triangles.

There are two special features for the quivers from the triangulated
surface: first the maximal number of arrows are two for any two quiver
nodes, second the quiver is in finite mutation class, namely the quiver will
come back to itself after a finite number of mutations.
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The quantum field theory is formed by gauging two kinds of matter to-
gether 13: trifundamental of SU(2) which is represented by the three punc-
tured sphere and the D type AD theory represented by a sphere with one
irregular singularity and one regular singularity. Each bulk puncture con-
tributes 3 to the charge lattice (one electric, one magnetic and one fla-
vor charge), and each boundary with n; marked points contributes (n; + 3)
(when n is even, there is a mass parameter), so the total dimension of the
charge lattice is

(83) 3p + 3b + # | Myoundary| — 6 + 69,

which is equal to the number of the internal edges of the triangulation, so
the BPS quiver from the triangulation has the right dimensions, and it can
be checked that the rank of the quiver matrix is equal to 2n,..

5.1.2. Potential. The potential for the quiver arising from the triangula-
tion of the bordered Riemann surface is given in [62]. There is one potential
term for the quiver arrows in each triangle and one term for each puncture.
If there is a quadratic term in the potential, then the two quiver arrows
are massive and can be integrated out and one get a reduced quiver and

N
VAN

W=aBy

W=aByno

Figure 16: There is a potential term for each triangle, and a potential term
for each internal puncture.

Mathematically, the above integrating out process corresponds to re-
moving two cycles in the quiver. The quiver defined in previous paragraph
is actually the reduced one. In this paper, the quiver with potential (Q, W)
for a triangulation is always the reduced one.

3The one disc with marked points represents the A, type Argyres-Douglas the-
ory.
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The triangulation of the BPS quiver is not unique and two different
of triangulations are related by a sequence local moves called flips. It can
be checked that the two quivers are related by mutations, and the reduced
potential of two triangulations are also related exactly by the mutation rules,
see Figure 17.

flip

W=abc+def W=oBn+pyo

Figure 17: The flip which relates two triangulations of the quadrilateral. The
quivers are related by quiver mutation, and the potentials are also related
by the mutation rule.

5.2. Indecomposable objects: a geometric representation

As we discussed earlier, the indecomposable representations of the quiver
with potential are the possible BPS states. One could find them either from
the indecomposable modules of the Jacobi algebra, or from the representa-
tion theory of (@, W). In this subsection, we are going to provide a geometric
representation for these objects.

Let’s consider the Riemann surface without the punctures, the Jacobi
algebra defined from the triangulation is the so-called string algebra. As
discovered in [63], the indecomposable modules of a string algebra are rep-
resented by the strings and bands. Let’s fist give a definition of the strings
and bands. Given an arrow (3, and let S(3) be its starting point and e(f) its
ending point. We denote 3~ as the formal inverse of 8 with s(87!) = e(3)
and e(B871) = s(), notice that (37)~ = 3. A sequence of the quiver arrows
(and their formal inverses) w = ajae - - -, is called a string if they satisfy
the following two conditions

1. The ending point of «; is the starting point of a;y.
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2. The quiver arrows and its formal inverse are not appearing in sequel,
ie. a; #a; .

Thus a string w for the Jacobi algebra is defined as a walk in the quiver
avoid the zero relations from the potential:

[e%1 Q2 QO —1 Qn
(84) W:TL — Ty — Tyl — Ty — Tpil-

Namely, there is no subsequence in w which appears in the ideal I defined
by the potential. A string is called cyclic if 1 = x,4+1. A band is a simple
cyclic string (the starting point and the ending point are the same for the
string), i,e, it is not a power of any string. The dimensional vector of the
string or band module is defined as

(85) di = Oua,,

TEW

namely, the ith component of the dimension vector is equal to the number
of times the quiver nodes x; appears in the w.

The string and band module have a very nice geometric interpretation
as the curves on the Riemann surface. The curve is required to be not ho-
motopy to the curve of the triangulation and boundary component. The end
points of open curve v without self-intersection are either on the puncture or
on the boundary, such curves are representing the string module. A simple
closed curve [ represents the band module. For two curves v and 4 in ¥,
we denote by I(v,7') as the minimal intersection number of two representa-
tives of the homotopic classes of 4" and ~. Now the dimension vector of the
module associated with a curve has the dimension vector associated with a
triangulation

(86) d= 1(v,7).

vy er

It is not hard to see that for the quiver from triangulated surface, the
module from the open curve has no parameters and therefore represent the
hypermultiplet, and the module from the closed curve has 1 parameter which
then represents the W boson. These curves then represent the possible BPS
states, and our result is in perfect agreement with that found in [13]. The
association of the vector multiplet from the closed curve is actually natural
from the M theory point of view, i.e the self-dual string wrapping on the
closed curve gives the W boson.
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Finally, let’s give a simple application of the above example. The BPS
geometry is a annulus with one marked points on each boundary, the trian-
gulation and one closed curve is shown in Figure 18. The dimension vector
for this curve is (1, 1) from the intersection number. The other string module
has dimension (n,n 4+ 1) as seen from the open curves. These results match
the result from the quiver representation theory.

Figure 18: The red closed curve represents the vector boson, and the green
curve represents the hypermultiplet.

The situation is more complicated for the Riemann surface with punc-
tures, and the Jacobi algebra in that cases usually is not a string algebra.
But we will make the following conjecture: the indecomposable modules as-
sociated with the W boson is still represented by the closed curve, and one
can read the subquiver from the intersection pattern. That is actually all we
need for the later analysis.

5.3. Finite cases: Disc and Disc with one puncture

Let’s consider a disc or a disc with one puncture in the bulk. When the
BPS geometry is just a disc with n 4+ 3 marked points, it represents the A,
Argyres-Douglas theory. The quiver from one of the ideal triangulation is of
the A, shape which gives the name, see the left of Figure 19. The orientation
of the quiver arrows is not important since they are all in the same quiver
mutation class. These quivers have special property that there are finite
number of indecomposable representations, and all of them represents the
hypermultiplet. This fact means that all the chambers have finite number
of hypermultiplets.

We are going to use the maximal green mutation to find the BPS spec-
trum of these theories by starting with the corresponding Dynkin diagram,
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Figure 19: Two ideal triangulations of a disc with 6 marked points, which
represents As Argyres-Douglas theory. The BPS quiver is given too.

since there is only finite number of indecomposable object, one can do ran-
dom green mutations and would definitely find a maximal green mutation
at the end. The minimal chamber has r BPS states, where r is the number
of simple roots of the corresponding lie algebra, and the number of BPS
states in the maximal chamber is equal to the number of positive roots. The
BPS states and charges are in one to one correspondence with the positive
roots of lie algebra. The minimal chamber and maximal chamber is easy to
find. Since the A type quiver is acyclic, there is always a source node and
sink node, the minimal chamber is found by always mutating the source
node in each step, and the maximal chamber is found by mutating sink
node only in each step, see Table 2. Moreover, for every integer [ satisfy-
ing lmin <1 < lmnae, there is a finite chamber with [ states. The interested
reader can work out the charge vectors and the corresponding ordering of
phase using the green mutations. The results of the minimal and maximal
chamber of the ADE quiver are summarized in Table 1.

A, D,, Eeg | E7| Eg
Minimal n n 6 7 8
Maximal | ") [ nm-1) | 36 | 63 | 120

Table 1: The number of BPS states in the minimal and maximal chamber
for the ADE quiver.

Example 1. Let’s consider the A3 quiver with orientation 1 — 2 < 3. We
could easily list the chamber with three, four, five, and six BPS states, see
Table 2.
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Maximal green mutation charge vectors
3 1y 13y H2 V15 V352
4 1y 42, [43 [42 V1,72:72 T V3,73
) 2, 13, 2, [, [13 2,72+ 73,793,711 2,
6 25 435 1, [42, 13, [ 2,72 + 93,71+ 72,7 + Y2 + V3,71, 73

Table 2: The maximal green mutation sequences and charge vectors for As
quiver.

If we start with a quiver which is mutation equivalent to the A,, quiver,
one can do random green mutations too. This fact is rather interesting since
the maximal green mutations actually knows about the potential, although
we did not specify the potential in the definition of green mutations. In
fact, the green mutation is desired for the generic potential of the quiver,
namely, one can mutate the quiver and always get a 2-acyclic quiver due to
the potential.

The new issue is that the number of BPS states in the minimal chamber
and the maximal chamber do not necessarily equal to the number given
by the Dynkin diagram. For example, consider the quiver in Figure 20, the
minimal chamber has 4 BPS states instead of 3. The mutation sequence
corresponding to the minimal chamber is

(87) [ H2, 13, 1.

The maximal chamber of this quiver has 5 states. So the number of states
in minimal chamber and maximal chamber is not an quiver invariant. This
is natural from the green mutation subset point of view: the quiver subset
of the minimal and maximal chamber of A, quiver is always acyclic and
so it would not include the above cyclic quiver, so the minimal chamber or
maximal chamber is not realized in the cyclic quiver.

1

3 2

Figure 20: Quiver which is mutation equivalent to the A3 quiver, and there
is a potential term for the cyclic path in the quiver.
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The BPS geometry of D type AD theory is realized as a disc with one
puncture on the bulk. The BPS quiver can be found easily from the trian-
gulation and it is indeed of the D shape in one triangulation, see Figure 21.
This is of the finite type and one could easily find the finite chamber and
the charge vectors by doing random green mutations.

Figure 21: The triangulation of the disc with one puncture in the bulk. The
quiver is of the D shape.

The E type AD theory can be found using A, theory compactified on
a sphere with one specific irregular singularity as shown in [25]. The BPS
spectrum can be similarly found using random green mutations, and the
minimal and maximal chamber is listed in Table 1.

5.4. Riemann surface without punctures

In this subsection, we are going to study theory whose BPS geometry is a
bordered Riemann surface without bulk punctures, and the Jacobi algebra
of this class of theories are string algebra, and in particular the vector boson
and its corresponding quiver representation can be easily found from the
closed curves on the BPS geometry. By inspection, the subquiver for the
vector boson is always acyclic and there are definitely a source node and a
sink node. Let’s denote the charge vectors of the source node as vsource and
the sink node as Ygnk. We now argue that the sufficient condition for the
W boson to be unstable is that the source node has larger slop than the the
sink node.

(88) p(Ysource) > H(Vsink)-

Let’s prove the above statement using the quiver representation theory. The
W boson representation P has the following two special subrepresentations

(89) Py = veink, Po= Z Yi-

i—source
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The condition for P to be stable is that the slop of P should be smaller than
all of its subrepresentation, namely P; and P» should be on the left of P on
the half plane:

(90) uw(P) < p(Pr) & p(P) > p(rz).

If P is stable, since dim(P) = dim(P,) + dim(Psource) and Py is on the left
of P, then Pjyyyce is definitely on the right of P, this implies that

(91) 1(Psource) < u(P) < p(Psink)s

In another word, as long as the slop of the source node is larger than the
sink node, the W boson is definitely unstable. Notice that this is not the
necessary condition to find the finite spectrum. In practice, this means that
if the source charge appears before the sink charge in the green mutation
sequence, then this W boson would be killed.

For simple BPS geometry, one can find all possible finite chambers using
the random mutations without worrying about the W boson. Some simple
BPS geometry of this sort and the minimal plus maximal chamber are listed
in Table 3. There is a finite chamber for all the integers l;,;n < I < lnaz. The
minimal chamber is easy to find: there is a source node in the quiver, and
one mutate the source node in each step.

Quiver theory minimal | maximal
A(1,1) SU(2) 2 2
A(2,1) SU(2) with Ny =1 3 )
A(2,2) SU(2) with Ny =2 4 10
Dy SU(Q) with Nf =3 5 22
Figure 26A | SU(2) with Ny =4 12 46

Table 3: The minimal and maximal chamber for SU(2) with Ny < 4.

For more complicated geometry, one can either find the finite chamber
using the random green mutations, or use the following steps:

a. Identify the subquiver corresponding to the W boson which is repre-
sented by the closed curve in the Riemann surface, and identify the source
node and sink node of this subquiver.

b. Do the green mutation such that the charge of the source node appear
before the charge of the sink node. The easiest thing you can do is to mutate
source node first.
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Let’s consider an annulus with n; marked points and ns marked points
on each boundary. The BPS quiver from one specific triangulation has the
form of affine A(ny,ns) shape where there are n; arrows in one direction,
and n9 arrows in another direction, see Figure 22. There is only one closed
curve and so only one W boson whose corresponding quiver representation
P has dimension vector (1,1,...,1). Since node 1 is the source node of
this subquiver, W boson is definitely unstable if node 1 is mutated first,
and we will always find a finite chamber by doing random green mutation

o L

Figure 22: The triangulation of an annulus with 4 points on one boundary
and 8 points on another boundary; The quiver is shown on the left which is
of the affine Dynkin diagram A(4,8).

Example 2. Here is another theory whose BPS geometry is a sphere with
three boundary each with a marked point, and the four dimensional theory
is three SU(2) gauge groups coupled through a trifundamental, so the BPS
quiver should have six quiver nodes. The triangulation and quiver are shown
in Figure 23, and there are three closed curves which represent three W
bosons. The sink-source analysis of these bands are listed in Table 4. So
if we mutate node 1 and node 3 first, then the three W bosons would be
unstable, and random green mutations can be done later. A maximal green
mutation sequence is

(92) K1y 35 25 oy 165 55 135 o4

5.5. Riemann surface with punctures

5.5.1. Asymptotical free theory. The BPS geometry for SU(2) with
Ny = 3 requires the bulk puncture: it is a disc with two marked points
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Figure 23: The triangulation of a sphere with three boundaries each with one
marked point, and the quiver gauge theory underlying this BPS geometry
is shown too. The three closed curves representing the W bosons are drawn
from which one can read the subquiver for them. The BPS quiver is shown
on the right.

Band | quiver nodes | source | sink
By (1,2,4,6) 1 2
By (1,2,3,5,6) 1 6
Bs (3,4,5) 3 5

Table 4: The source and sink nodes for the three bands from the quiver in
Figure (23).

and two bulk punctures. One triangulation and the BPS quiver is shown
in Figure 24. This quiver has the affine D, shape, and more generally the
quiver is En+2 in one of the triangulation if there is two bulk punctures
and n marked point on boundary of the disc. There is one closed curve
representing the W boson for the gauge group, and its dimension vector
is (1,1,2,1,1). Since the affine Dy quiver is acyclic, the number of BPS
states in minimal chamber has 5 states and can be found using the source
sequences. The maximal chamber has 22 states as found by doing all possible
green mutations.
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Figure 24: An ideal triangulation of twice punctured disc and the corre-
sponding quiver.

Let’s now give a conjecture on the number of states in the maximal
chamber from the the following assumption: the number of states is a con-
tinuous function of the parameters of the BPS geometry. Consider affine D,
quiver, we further conjecture that it is of the order of n?:

(93) f(n;2) = an® 4+ bn + ¢,

when n = 0, the geometry becomes a three puncture sphere, but only the
mass deformations corresponding to bulk punctures are allowed, therefore
there are only two BPS states. When n = 1, the underlying theory is a SU(2)
with two flavors, so f(1) = 10, finally f(2) =22 as from the experimental
study. Using these initial data, we conjecture the maximal chamber has the
following number of states:

(94) f(n;2) = 2n* + 6n + 2.

which is in agreement with the result found from computer scanning in [64].

The above analysis can actually be generalized to other type of BPS
geometry. Let’s an annulus with 1 and n marked points on each boundary,
and the BPS quiver in one particular triangulation is the affine A(n,1)
quiver. The minimal chamber has n + 1 states, let’s use f(n, 1) to represent
the number of states in maximal chamber and again assume the number of
states is a quadratic function of n. Using the initial data f(0,1) =0 (since
this is a trivial theory), f(1,1) =2 for pure SU(2) theory, and f(2,1) =5
for SU(2) with one flavor, we find

9 1) = 30
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BPS geometry Quiver theory minimal maximal
Annulus: By, B, | A(n,1) SU((2)—AD n+1 w
B, two punctures | Dy.2 | 2—SU2)—AD | n+3 |2n?+6n+2

Table 5: The minimal chamber and maximal chamber for two class of BPS
geometry.

More generally, consider an annulus with n; and ns marked points on
each boundary, and the BPS quiver is the affine quiver A(nl, ny) from one
particular triangulation. The number of states in maximal chamber should
be invariant under exchange of n; and ne, so

(96) f(n1,n2) = f(n1 + n2,ning),

and it should be a quadratic polynomial from our assumption. Denote x =
n1 + na,y = nine, then the general expression reads

(97) f(n1,n9) = ax® + by* + cxy + dx + ey + f.

Using the result for f(n,1), f(2,2) = 10, f(3,0) = 5, and f(4,0) =9, 1* the
number of states in maximal chamber is

1 1 1 1 1
(98) f(na,ne) = §$2+1y2—13§y+§x+1y—1.

Immediately, we make the prediction that the maximal chamber of the quiver

A(n,0) has states
(99) f(n,0) =1/2(=2 +n +n?).

It would be interesting to prove our this conjecture using computer scanning,
etc.

Now let’s give an example showing how to use the generalized source-
sink sequence to find the finite chamber for the theory defined using the
bulk puncture.

Example 3. Consider a Riemann surface with two boundaries with a sin-
gle marked point and a bulk puncture. The N' = 2 theory is SU(2) x SU(2)

4 Notice that disc with one bulk puncture is representing D type Argyres-Douglas
theory, but the quiver is of the cyclic affine type, so the maximal number of states is
different from the one derived from the D type Dynkin diagram as listed in Table 1.
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asymptotical quiver gauge theory. One triangulation and the quiver are
shown in Figure 25.

Figure 25: The quiver of two boundaries with a single marked point plus a
bulk puncture, the W boson is represented by closed curve.

There are two closed curves representing W bosons for two SU(2) gauge
groups. The subquvier corresponding to these two bands and the source-
sink nodes are shown in Table 6. Since 2 and 1 are the source nodes for

Band | quiver nodes | source | sink
B (2,3,5) 2 3
By (1,2,3,4) 1 4

Table 6: The source and sink nodes for the two bands of the quiver shown
in Figure (25).

two bands, and if we mutate node 1 and node 2 first, then the W bosons
will be disabled and a finite chamber can be found by doing random green
mutations. We just list one chamber below

(100) M1y (2, 5, 1, U3y L4y U1 -

There are many other possibilities which could be easily found from the
green mutations.

5.5.2. Fourth punctured sphere.

Example 4. Consider the fourth punctured sphere which represents SU(2)
theory with four flavors. The BPS quiver from one triangulation is shown
in Figure 26A. Now there are three closed curves and we list the source and
sink nodes in Table 7.
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Band | quiver nodes | source | sink
Bap (2,5,4,6) 5 6
By (1,5,3,6) 6 5
B, q (5,1,2,3,4) (1,3) | (2,4)

Table 7: Source and sink nodes for three bands of the quiver of SU(2) with
four flavors, see Figure (26)A.

We want charge vectors s, 76,71 to appear first in doing green muta-
tions '° , which can be done by doing the mutation sequences g, (1, ji5,
which will ensure all the W bosons are unstable. Then we can do green
mutation in a random way. One sequence is the following

M6 015 (55 02y (435 f4y 43, 1,
(101) [ty 16y [0 (43 [h5 5 Hay (42 [13 5 15

and this chamber has 17 states. There are many other possibilities for the
maximal green mutations, and this example has been studied extensively in
[64]. The result is that the maximal chamber has 46 states and the mini-
mal chamber has 12 states. The minimal chamber can be found using the
following mutation sequences

(102) (55 p16), (p1s p2, o3, pra), (ps, e6)s (o1, pos (13, fla).

If we start with another triangulation as shown in Figure 26B, then there
are also three subquivers for W bosons and the source, sink nodes are shown
in Table 8. We found the following special beginning sequences which will

Band | quiver nodes | source | sink
B q (4,6,2,5) (5,6) | (2,4)
B,y (3,6,1,5) (1,3) | (6,5)
B, (1,2,4,3) (2,4) | (1,3)

Table 8: The source and sink analysis for the bands of another quiver from
SU(2) with four flavors.

5Equivalently, we can do the green mutation such that charge 75,7 and 73
appear first.



BPS spectrum 457
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Figure 26: A: one triangulation of fourth punctured sphere and the quiver.
B: another triangulation of fourth punctured sphere and the quiver.

make W boson unstable:

(103) M57(/’L27,u1)7,u57

because this sequence will produce the following charge vectors,

(104) Y5, Y2, Y1+ Y5, M-

which will ensure the source charges of each band appear before that of the
sink node. After these steps, one can do random green mutations, i.e. the
following mutation sequences are the maximal one:

(105) [55 J125 FU1y (455 [16 5 HL3 5 1065 [y 116 > 1125 [11 5 [125 U5, [h2-

The evidence for S duality. Notice there are three closed curves and
therefore three possible W boson, which indicate that there are three duality
frames and each W boson represents a duality frame. However, a natural
question for the consistency is whether they can appear in a single chamber.
We will prove that this can not happen by studying the quiver representation
of quiver in Figure 26A. Let’s first list all the sub representations of the three
bands, see Table 9.
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First of all, band B, and B, . can not be coexisting since the necessary
condition for the stability of the bands is that the slop of the source node
is smaller than the sink node, this is can not be satisfied simultaneously for
two bands since node 5 and node 6 exchange the role of source and sink
in two bands. Next consider the pair of bands B, 4 and By, they share a
comment subquiver 2 <~ 5 — 4, now to make B, 4 stable, we need to mutate
this subquiver first such that all the charge vectors v, V4, 75 appear, but his
automatically will make B, unstable since p(vs5) > 11(76) (the slop of the
source charge is bigger than the sink charge)! Similar analysis applies to the
bands B, 4 and Bg .

Band | quiver nodes Subrepresentation

Bap (2,5,4,6) Y2 4 Y4 + Y6, 72 + V6, V4 + V6,76

Ba. | (1,5,3,6) Y1+ + 5,71 + 9593 + 5,5

Boa | (5,1,2,3,4) | v2+v3+7a+ 5,72 + 75 + Y4, Y2, V4,71 + V2 + 75 + Y4

Table 9: Subrepresentations of various bands of SU(2) with four fundamen-
tals.

It is possible to generalize the above consideration to other theories
defined from the bordered Riemann surface. Our conjecture is that there
are only a maximal set of non-intersected closed curves whose W boson can
become simultaneously stable.

5.5.3. Sphere with five punctures.

Example 5. Let’s consider a sphere with five punctures, which represents
the conformal quiver gauge theory 2 — SU(2) — SU(2) — 2. A triangulation
and the corresponding quiver are shown in Figure 27. The subquiver and

source-sink analysis of various bands are listed in the following Table 10.

Now let’s take two disjoint triangles, say Ajss and Argg, and do the
mutation sequences

Stepl : pa, (p2, p13), p11,
(106) Step2 : 7, (s, p9), p17-

This mutation will create the charge vectors

(107) YY1 2,725 V35 Y75 V7 F V85 V85 Y9,
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Figure 27: A triangulation and quiver of the sphere with five punctures.

Band | quiver nodes | source | sink
By (1,5,8,6,2) (2,5) | (1,6)
B,. | (7,8,5,3,2,4) | (3,7) | (8,2)
B, (5,3,6,7,9) (6,9) | (7,5)
B,e |(9,8,6,3,1,4) | (8,1) | (3,9)
By . (7,6,3,1,4) (6,1) | (3,4)
By, (9,5,3,2,4) (3,4) | (2,5)
B.q (2,4,9,8,6) (4,8) | (6,9)
B.. | (7,6,2,1,5,9) | (2,9) | (1,7)
B, (1,4,7,8,5) (5,7) | (4,8)

Table 10: The source and sink analysis of the bands of the sphere with five
punctures.

and they will kill all the W boson! For example, for the band By, the
source charge vector o appears before the sink ~g, so it is unstable. After
the above step, we will always find the finite chamber by doing random
mutation sequences. A maximal green mutation sequences are

s (2, 13)5 11, fors (185 19)5 17, [165 135 1485 155 118,
(108) 2y 65 T 4y 035 [065 T 5 o4y [035 015 U8y 09, [4, [L3-

One can do similar analysis for sphere with more punctures, although
the analysis would become very tedious. In next section, we are going to
describe another simpler method to find the finite chamber using the higher
rank realization of the same theory.
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6. BPS spectrum for An_; theory

A large class of four dimensional N' = 2 field theory can be engineered by
compactifying six dimensional Ay _; (2,0) theory on a Riemann surface with
regular singularity and irregular singularity 6. The geometric data defining
the theory is:

1. A Riemann surface Mgy, » , where g is the genus, p; is the regular
singularity, and b; is the irregular singularity.

2. p; is classified by the Young Tableaux 1724, 65], and b; is classified
by a Newton Polygon [25] 8.

Let’s describe a little bit about the the four dimensional theory de-
fined by various geometries. The Riemann surface M, p, o defines a four di-
mensional superconformal field theory whose gauge coupling constants are
identified by the complex structure moduli of M. Different duality frames
are realized as different degeneration limits of the same Riemann surface.
Weakly coupled gauge theory description in each duality frame is completely
determined by the genus and the Young Tableaux type, and generically the
theory is formed by gauging the flavor symmetries of the strongly coupled
isolated SCF'T defined by the three punctured sphere. Many properties of
these theories including S duality [24, 66], Seiberg-Witten curve, 3d mirrors
[30], central charges, and superconformal index [29] can be understood from
this beautiful geometric construction.

The Riemann surface My ;1 (one regular and one irregular singularity on
the sphere) and M, (only one irregular singularity on the sphere) define
another type of SCFT called Argyres-Douglas theory, which is typically an
isolated theory (without marginal deformations) and has fractional scaling
dimension for the operator spectrum. Lots of properties regarding these type
of theories are studied in detail in [35].

In general, My, 5, defines a four dimensional A = 2 theory which in each
duality frame is formed by gauging the flavor symmetries of the following two
types of matters: AD type theory represented by a sphere with one irregular
singularity and one regular singularity, and the isolated SCFT represented
by a sphere with three regular singularities.

The BPS geometry of the underlying field theory can be derived by blow-
ing up the irregular singularity, and each irregular singularity is replaced by

16Roughly speaking, regular singularity means first order pole while the irregular
singularity means the higher order pole.

1"We call a puncture full if the Young Tableaux has the form [1,1,...,1], and
simple if the Young Tableaux is [V — 1, 1].

8The degenerating case needs further data, i.e. a sequence of Young Tableaux.
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a boundary with marked points labeled also by Young Tableaux. The de-
tailed map between the irregular singularity and the corresponding marked
boundary is worked out in [35]. The bordered Riemann surface relevant for
the construction of ideal triangulation is depicted in the Figure 28. Once
an ideal triangulation is given, the BPS quiver can be found from this ge-
ometric data by introducing more structures into each triangle of the ideal
triangulations. In next subsection, we will describe the construction of the
BPS quiver in more detail.

Figure 28: Left: The Riemann surface with regular and irregular singular-
ity defines a four dimensional UV complete N' = 2 theory; Right: The BPS
geometry for the corresponding 4d theory is derived by replacing each ir-
regular singularity with a boundary with marked points labeled by Young
Tableaux.

6.1. Dot diagram, network and quiver

Let’s review the results presented in [34] which discussed how to find the BPS
quiver for the higher rank A = 2 theory defined by M, 5. The construction
starts with an ideal triangulation of the bordered Riemann surface and a
choice of cyclic path connecting all the punctures in the triangulation. The
difference from the A; case is that more structures are needed to put on the
edges and inside each triangle: there are more than one quiver node on each
edge and there are quiver nodes inside each triangle.

The basic ingredient is attach a quiver to a single triangle with different
Young Tableaux at the vertex, and the full quiver is derived by gluing the
triangle quivers together. Given a triangle labeled by three Young Tableaux
(Y1,Y2,Y3) in a cyclic order, one could find a dot diagram and a tessellation
of the triangle using the brane construction proposed in [67]. Let’s put the
triangle inside a two dimensional lattice with unit spacing, and put the three
vertices at positions (N, 0), (0,0), and (0, N). The dot diagram for the lattice
points bounded by the triangle (including the points on the boundary) is
found as follows:
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a. Decorating the boundary edge of the triangle with black dots and
white dots using Y vertex right ahead of it in the clockwise direction: If the
Young Tableaux Y has partition [ny, no, ..., ns], then first put ny — 1 white
dots and a black dots to represent the n; column, and the second step is
done by putting ns — 1 white dots and 1 black dot, and continue this way
until the whole Young Tableaux is represented by the black-white pattern
on this boundary edge.

b. Constructing the dot diagram inside the triangle using only following
two types of polygons whose edge is formed by lines ' connecting two black
dots. 1: Triangles whose edges have the same lengths. 2: Trapeziums whose
parallel sides have lengths ni,no and the other two sides have length n; —
ng 2.

There are two types of polygons in the dot diagram: The type A polygon
is the one whose triangle completion has the same orientation as the big
triangle, and the type B polygon has opposite orientation. A bipartite 2!
network and the quiver can be constructed directly from the dot diagram 22:
we put a colored vertex inside each polygon using the following rule (see
Figure 29):

a: Assign a white vertex to each type A polygon.

b: Assign a black vertex to each type B polygon.

EN

Figure 29: Left: The orientation of the big triangle. Middle: Put a white
vertex to each polygon whose triangle completion has the same orientation
as the big triangle. Right: Put a black vertex to each polygon whose triangle
completion has opposite orientation.

9The lines should be parallel with the boundary edges.

20This constraint is from the supersymmetric condition on the brane configura-
tion.

21 A bipartite network has vertices colored with the black or white, and there are
no edges connecting the vertices with the same color.

22Roughly speaking, the network is the (p,q) five brane web with two types of
decoration on brane junctions.
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A bipartite network is formed by connecting the white vertex and black
vertex if there is a common edge between two corresponding polygons (ver-
tices with the same color are never connected). Moreover, an extra line
is coming out of the boundaries for the boundary polygon. The network
formed in this way is always bipartite but there may be vertices with only
two edges. We can use the following moves to get rid of degree two vertices
and get another bipartite network: Remove degree two vertices and then
use the contraction to merge the line connecting the vertices with the same
color. After this reduction, one can find a quiver from the network using
the following rule: Assign a quiver node to each surface and the quiver ar-
rows are determined by the black vertices, namely there is a clockwise closed
circles around it, see Figure 30 3.

a T

B AN
i

Figure 30: Left: The dot diagram and the bipartite network. Right: The
quiver from the network: the black dot is the gauged node while the white
one is the flavor node.

When there are more than three punctures, we start with a regular ideal
triangulation and take a closed loop connecting all the punctures, and the
boundary edges on this closed loop are decorated using the information of
the Young Tableaux of the punctures in the same way as the triangle. The
decoration of the other internal edges are automatically determined by the
S duality property which is studied in detail in [26]. After the decorations on
the edges of all the triangles in the triangulation, one can do the tessellations
on each triangle using the minimal polygon and find the network, quiver,
etc. Many examples would be given in following sections..

Remember that we have taken a clockwise convention in doing the dec-
oration of the boundary edges and the quiver arrows. One can take the

23The quiver diagram is very much like the dot diagram itself, however, usually
more than one black dot represent a single quiver nodes. It is easy to read the quiver
directly from the dot diagram without drawing the network after some practices.
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anti-clockwise orientation for the decoration and the choice of the quiver
arrows, and they will give the equivalent result.

6.1.1. Quiver with potential and mutation. The BPS quiver of the
N = 2 theory is derived from the bipartite network as described in some de-
tail above. The potential W can also be read pretty easily from the network,
see Figure 31:

1. There is a potential term for each vertex of the network.

2. Each edge attached to this vertex represents a quiver arrow, and
the potential term is a cyclic product of all the edges (the quiver arrows)
attached on the vertex.

o (0.4
B
B 14
n
W=aByn WeaBy

Figure 31: The rules for defining the potential for the quiver from bipartite
network.

This assignment of the potential for the quiver is exactly like the rule
for the corresponding AN =1 quiver gauge theory from the network. The
BPS quiver is actually a pair (Q,W) and the above rule makes sure that
under the square move, the two quivers with potentials (Q, W) and (Q", W)
are related by the mutation rules. This can be checked easily if the quiver
mutations are represented by the square moves.

Now a major difference with the A; case is that not all of our quivers
are acyclic, namely, there are two cycles in the quiver. To eliminate these 2-
cycles, one need the quadratic superpotential term associated with them, but
these super potentials are sometimes missing. This fact is actually important
for the consistency of our construction. Such quiver is not suitable for our
later study of the spectrum using the quiver mutations which require the
absence of 2-cycles, and one need to use the quiver representation theory
directly to study them.

The BPS quiver (Q, W) constructed above have the following features:

a. The total number of quiver nodes are equal to 2n, + ny, where n, is
the rank of the gauge group and ny is the number of the mass deformations.
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b. The rank of the quiver is equal to 2n,, this has been checked in many
cases, it would be nice to have a general proof though.
c. The maximal number of arrows between two quiver nodes are two.

6.1.2. Two flips. Different triangulations of the same bordered Riemann
surface are related by a sequence of local move called flip which relate two
triangulations of the quadrilateral. In [34] we proved that if the dot diagram
for the quadrilateral does not have the “bad” configuration shown in Fig-
ure 32, the corresponding quivers of two triangulations (include the flavor
nodes) are related by quiver mutation (or equivalently the two networks are
related by square moves). Even for the “bad” corner, if we consider only the
quiver nodes represented by the closed surfaces, the quivers from different
triangulations are still related by quiver mutations. This is good enough
for us, since only the quiver nodes associated with the closed surfaces are
included into the BPS quiver.

Moreover, a sequence of quiver mutations acting only on the quiver nodes
inside the triangle is also very useful for our later study of the BPS states
counting. We call such quiver mutation sequences as “triangle” flip. In the
following, we will provide some details on these two types of flips.

r—O——o——

Figure 32: The network would be non-minimal if the boundary of the dot
diagram has this form at any vertex.

Quadrilateral flip. This sequence of quiver mutations representing the
quadrilateral flip are first discovered by Fock-Goncharov (FG) for the full
puncture case in [33], and it is later generalized to general cases in [34]. The
FG rules is best described using the dot diagram on the quadrilateral in
which black dots are the quiver nodes. The quiver mutations representing
flip can be done in N — 1 steps: in step i, we inscribe a rectangle with lengths
i x (N — i) ** along with the diagonal edge, i.e. inside the quadrilateral (the

24We ignore an irrelevant normalization factor here.



466 Dan Xie

sides with length (N — 7) is in parallel with the diagonal edge), then further
decompose the rectangle into unit squares and we mutate the quiver nodes at
the center of each little square at this step, see Figure 33 for the description
of As theory. The quiver after these sequence is the same as the quiver from
the quadrilateral derived by flipping the diagonal edge of the original one.
Notice that in each step the mutated quiver node has four quiver arrows.
The total number of quiver mutations for one flip is

(109) Ny =Y ik —i) = é(NS’ —N).

Step 1 Step 2 Step 3

Figure 33: Three steps for quiver mutations representing the flip for the
quadrilateral with full punctures.

The quiver mutation sequences for the flip are found for the non-full
puncture case if the glued network is minimal. In this case, usually a quiver
node is represented by more than one black dots in the dot diagram. One
still have the same rectangle and unit square decomposition for each step,
but we only do the quiver mutations for the quiver nodes with four arrows.
See Figure 34 for the quiver mutation sequences representing the flip of the
quadrilateral with a non-full puncture puncture.

The number of quiver mutations realizing the flip in the case of the non-
full puncture can be counted explicitly if there is only one non-full puncture
with partitions [ng,ng, ..., n,], and the total number of flips would be

1
(110) Nm—zg(n?—ni).
i=1
One can count the number of quiver mutations representing the flips case
by case for more general quadrilaterals.
There is a very nice heuristic way of explaining why mutating the quiver

nodes with four quiver arrows in each step. Let’s regard the quiver from
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Figure 34: Three steps for quiver mutations representing the flip with non-
full puncture, and the two red nodes are identified as a single quiver node.
In first step, the quiver nodes represented by the red dot has six arrows on
it, so we do not mutate it; In second step, the quiver node represented by
the red node has four arrows, and we mutate it.

the bipartite network as a four dimensional A’ = 1 quiver gauge theory by
assigning SU(N) to each quiver nodes (including the nodes associated with
the open surfaces, which are the flavor groups.). Then the theory is anomaly
free, and the flavors for each gauge group are Ny = 2N, 3N, etc for the min-
imal network we considered thus far. Only for Ny = 2N or the quiver nodes
with four arrows, the gauge group is in conformal window, and one could
do Seiberg duality (or quiver mutations) on it!

If the glued network for the quadrilateral is not minimal (there is a
“bad” corner for the dot diagram and there are quiver nodes with only two
quiver arrows on it.), the two networks associated with two triangulations
of the quadrilateral are not related by square moves. We now state that the
quivers associated with the closed surfaces (consider only the gauged quiver
nodes) are still related by the quiver mutations.

One need special treatment for the quiver nodes with two arrows, namely
those quiver nodes with Ny = N. By analogy with the Seiberg duality, one
can still do the Seiberg duality on the quiver nodes with Ny = N if we
assign the rank N to all the quiver nodes, but the rank of the gauge group
becomes 0 after the Seiberg duality, so this quiver . node is frozen after the
mutation. Then some other nodes may have five arrows where one arrow
is connected with this zero rank gauge group, and we count the effective
arrows of the quiver nodes by ignoring such type of arrows. The mutations
sequences for the quadrilateral flip are found in the following steps: still use
the inscribed rectangular in each step, and mutate the non-frozen quiver
nodes with effective number of flavors Ny = N or Ny = 2N. For example,
the quiver mutations representing the flip of quadrilateral in Figure 35 are:

(111) (a), (25 p13), (pe1, ps)-
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Figure 35: The quiver mutation sequences representing the flip for the
quadrilateral with a “bad” corner.

Triangle flip. There are another flip called “triangle” flip acting only on
the quiver nodes inside each triangle, which turns out to be very impor-
tant for our later study of BPS states counting. Let’s first study a triangle
with three full punctures and we will describe the mutation sequences rep-
resenting the triangle flip. To describe the sequences, it is useful to label the
quiver nodes inside each triangle with three non-negative integers (a, b, c)
such that the distances to the sides A, B, C' satisfying the following relation
(see Figure 36):

(112) a+b+c=N.

Let’s take side C' as a reference side, and the mutation sequences for the
triangle flip could be described in (N — 2) steps: in each step 1 <i < N — 2,
there are N — 1 — ¢ ordered sub steps: in each substep (1 < j < N —1—1)
starting with j = 1, we mutate quiver nodes with label (a,b, N — j — 1). The
total number of quiver mutations is

N—-2N—-i—1

1
(113) Ne=> ) j:a(N3—3N2+2N).
i=1 j=1

The triangle flip for the non-full puncture can be defined in a similar
way. Let’s start with the simplest case where the only non-full puncture
has partition [n1,1,1,...,1], see Figure 37. The only difference from the full
puncture case is that some of the inside nodes are missing (the boundary
node are filling inside though which we will not count as the inside node.).
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(112 y \ 1)

Figure 36: Each quiver node inside the triangle can be labeled by three
integer numbers (a, b, ¢) satisfying the relation a + b+ ¢ = N, here a is the
distance to the sides labeled by A, etc.

a a

A AN

C

Figure 37: Left: A triangle with a non-full puncture for As theory. Right: A
triangle with two non-full punctures for A4 theory.

There are two edges (ab and be) representing full punctures which could
be used to glue other triangles, and we would like to describe the triangle
flip relative to these two edges. The labeling of the remaining quiver nodes
inside the triangle are the same as the full puncture case: they are labeled
by (a,b,c) with 1 <¢ < N —nj — 1. The triangle flip with respect to edge
B = ab is represented by the following mutation sequences:

Step 1: Mutate quiver nodes with label (a, i, c) starting from i = N — 2
and ending with 7 = 1.

Step 2: Mutate quiver nodes with label (a,i,c) staring from i = N — 2
and ending with ¢ = 2, here only the quiver nodes with coordinate ¢ < N —
n1 — 2 are mutated.
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Step j: Mutate quiver nodes with label (a,i,c) staring from i = N — 2
and ending with ¢ = j, moreover, we only mutate quiver nodes with ¢ <
N — ny — j

The above steps stop for ¢ = 1. According to above procedure, the “tri-
angle” flip for the quiver on the left of Figure 37 has the following mutation
sequences:

(114) [i1, {3

If there is another non-full puncture b with partition [mq,1,1,...,1],
then some of the inner quiver nodes around puncture b will be missing as
shown in Figure 37. The “triangle” flip is implemented using the similar
quiver mutation sequences:

Step j: Mutate quiver nodes with label (a,i,c) staring from i = N — 2
and ending with ¢ = j, moreover, we only mutate quiver nodes with ¢ <
N — ny — j

So the mutation sequences implementing the “triangle” flip of the right
triangle is

(115) 11, (2, p3), pral, (15 ps).

For more general configurations, one can also find similar mutation se-
quences for the triangle flip, since it seems that there is not a uniform for-
mula, we choose not to present the details here.

6.2. One boundary

In this subsection, we are going to use maximal green mutation to find the
finite spectrum of a theory whose BPS geometry has only one boundary, i.e.
a disc with several marked points. The underlying N' = 2 theory is a general
Argyres-Douglas theory as discussed in detail in [25].

6.2.1. Disc with full punctures. Let’s consider the higher rank gener-
alization of a disc with n marked points whose Young Tableaux are all full.
The corresponding irregular singularities are identified in [35] and many
other properties of these theories are studied in [25]. In particular, if there
are 2(k + 1) marked points, the theory is the so-called (Ay_1, Axn—_1) the-
ory 2.

25The meaning of this label is that the BPS quiver is a direct product of the two
corresponding Dynkin diagrams.
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We are going to use the quadrilateral flip and the triangle flip to find the
finite BPS chamber of this class of theories. Let’s define an internal edge as
green if the quiver nodes on this edge are all green in the green mutation.
The idea for finding the BPS spectrum is the following: Do the quadrilateral
flips on the green edge in a random way, and stops if no internal green edge is
left; finally the triangle flip are done for the quiver nodes inside each triangle.
One could also do the triangle flip first and then do the quadrilateral flip,
which is actually equivalent to the previous prescriptions. In the following,
we are going to do the quadrilateral first, and let’s discuss several simple
examples in the following part of this subsection.

Example 6. Consider a disc with three full punctures, and the triangula-
tion is just a triangle and the quiver is given in Figure 38. Since there is
no quadrilateral here, we only need to do the triangle flip, and the maximal
green mutation sequence is the same as the triangle flip. The number of BPS
states in this chamber is

1
(116) Npps = Ny = 6(N3 — 3N? +2N).

We conjecture that this is the minimal chamber, and there might be
other chambers which could be found using random green mutations. The
quiver shown in Figure 38 has N = 5, and the maximal mutation sequences
are

s (p2, 13), (fas f15, 16),
M, (M?) /1’3)7
(117) -

The mutation orders in each bracket is irrelevant.

The number of BPS states in the minimal chamber might be derived
in the following simple way. Assume that the number of BPS states is a
smooth function of N, and it scales as N3. Since for N < 2, the theory is
trivial and the number of BPS states is zero, the number of states in the
minimal chamber takes the following form

(118) F(N) = aN(N — 1)(N — 2).

There is only one quiver node for N = 3 and the number of BPS states for
this theory is one. Using the simple data f(3) =1, we find a = % which is
exactly the answer derived from the mutations. Amazingly, we could get the
right number of the BPS states by using this simple assumptions.
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N AN

5 6
5 6

Figure 38: Top: The BPS quiver from the triangulation of a disc with three
full punctures. Bottom: The initial and final configuration of the maximal
green mutation.

Example 7. Consider a disc with four full punctures which is the BPS ge-
ometry for the (An_1, Ay_1) theory. The maximal green mutation sequences
involves one quadrilateral flip and two triangle flips, and the number of BPS
states in this chamber is

1 1
(119) Nips = Ny + 2N; = 6(N3 —N)+ g(N3 —3N?% 4+ 2N)
1
=_-N(N-1>2
5 VI )

The charge vector of the BPS states can be easily found from the green
mutation sequences.

Let’s write explicitly the mutation sequences for N = 4. It is important
to track the position of the quiver nodes, i.e. whether it is inside the triangle
or on the diagonal edge, since we need to do the triangle flip at the end. In
the example, the quiver nodes 1,4,6 are grouped inside one triangle after
the flip, and 3,5, 7 is put inside another triangle. So the mutation sequences
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are
quadrilateral flip : (p11, p1a, p13) (b4, p5, H65 pi7) (piss Hos H2),
triangle flip 1: pu1, (p14, p6), p1,
(120) triangle flip 2 : ps, (15, 7)), 13-

6 9 1 6 9
flip
7
.
p 4 7
81N\5 8 5 3

Figure 39: Left: The BPS quiver from a disc with four full punctures. Right:
The position of the original quiver nodes after the quadrilateral flip.

Example 8. Consider a disc with five full punctures which is either a type
I AD theory if N is even, or type II AD theory if N is odd [35]. One chamber
involves two quadrilateral flips and three triangle flips, so the number of
states are

(121) Ny = 2N,, + 3N, = 1/6N(N — 1)(5N — 4).

In another chamber, there are three big flips and also three triangles, and
the number of the states are

(122) Ny = 3Ny, + 3N, = 1/2N(N — 1)(2N — 1).

Let’s give the mutation sequences for these two chambers for N =3
(higher rank cases are exactly the same). The mutation sequences involving
two quadrilateral flips are (see Figure 40):

Fl : (/1’27M3>7 (Mluuﬁ)a
F2 : (,LL47//J5)7 (H25M7)5
(123) triangle flip : (us, pa, ps).
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The mutation sequences for the chamber involving three quadrilateral flips
are (see Figure 41)

Fy:
Fy:
Fy:
(124) triangle flip :

fa, p15), (pes i),
o, p3), (H, pa),
16, fo7)s (13 i5),
142, 165 7))

~~ I~

Although the final quivers for two flip sequences are the same, the positioning
of the original quiver nodes are quite different. For example, quiver nodes
(3,4,5) are inside the triangle in first chamber, but quiver nodes (2,6, 7) are
playing this role in another chamber.

For a disc with n 4 3 full punctures, the minimal flip number are n and

the maximal number of flips are n(n;l), so we find the following chambers:

fmin = nN,, + (n + 1)N57

(125) fmax — M

5 Ny + (n+1)Ns.

Notice that fi,42 is not necessarily the number of BPS states in the maximal
chamber.

e

Figure 40: The flip sequences and the quiver positions for chamber found
using two quadrilateral flips.
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Figure 41: The flip sequences and the quiver positions for chamber involving
three quadrilateral flips.

Generalized pentagon identity I. The pentagon identify for the A;
theory is nicely represented by the five flip sequences of the pentagon which
actually implies the basic quantum dilogarithm identify. As we show earlier
using the maximal green mutation, this quantum dilogarithm identity is the
wall crossing formula for the Ay Argyres-Douglas theory: The product on
one side of the identify corresponds to the chamber involving two flips F1, F5
while the product on the right is derived from the flip sequences Fy, F1, F>.

Now similar quantum dilogarithm identity can be found using wall cross-
ing formula for the higher rank theory which is also represented by a pen-
tagon. Now each quadrilateral flip is represented by a sequence of quiver
mutations. However, unlike the A; case, the triangle flips are also impor-
tant for finding the BPS spectrum. We need to list the charge vectors of
two chambers for NV = 3, which are crucial for writing down the quantum
dilogarithm identity. Let’s call the chamber involving 2 flips (resp. 3 flips)
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as chamber I (chamber IT), and the charge vectors for chamber I are

Fr: (v2,73), (71 +73,72 + %)
Fy s (va,75)s (95 + 6,74 +7),
(126) triangle flip : (71,76, 77);

Similarly, the charge vectors for chamber II are

By (4,75), (96 + Y5574 +7),
Fro (249178 + % +7): (1 +93+% + %72 + 74+ 1),
By (v3,72) (1 + 793,72 +76),

(127) triangle flip : (71, v6,77)-

A quantum dilogarithm function E(y?) is associated for each BPS parti-
cle with charge ~ and all the BPS particle from one chamber form a ordered
product. The wall crossing formula means that the two products from two
chambers are the same. Using the mutation sequences and the charge vec-
tors, we have

(128) E(?)E(y ) E(y" ) E(y? ) E(y") E(y" ) E(y" )

(y” VE(

E(y ) E™)E(y™)E(y™)

= E(y™)E(y") By ) By ) E(y ) E(y )
( E
(

tij

y71+%+%+76 ( 72+74+77)E(y73)E(y72)E(y71+73)
E(y" ) E(y")E(y™)E(y™).

It is interesting to note that the charge vectors from the triangle flip are the
same for two chambers and they are living at the far left of the quantum
dilogarithm product, so they do not participate in the wall crossing process
and they can be cancelled out in the quantum dilogarithm identity 26

(120)  E(y™) BBy By ) By B ) By ) By )
— E(y%)E(y“/s)E(yvs-ws) ( 74+77)E( 72+’Y4)E(y73+75+76)
(1) B (0w B0 E(y) E(y™ D0 ().

In fact, the cancellation of the BPS states from triangle flip in the quan-
tum dilogarithm identity is true for any IV by explicitly checking the charge
vectors. This is not so surprising from the quantum cluster algebra point

26We thank A.Neitzke for the helpful discussion on this point.
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of view, since the five quadrilateral flips would bring the coordinates back
to their original values up to a permutation, so the quantum dilogarithm
identity should only involve the mutations from the quadrilateral flips, see
Figure 42. The mutation sequences and ¢ vector is shown in Table 11 for the
five flips, and we can write the quantum dilogarithm identity

(130) E(y)E(y” )E(y”“”a)E(y”""”“)E(y“)E(y%)E(y%*”’G)E(y%”?)
By te) LBy ) " E(y2) L E(y ) 7! (’Yz+’74+’77)
E(y%-i—%—i_%—'—%) 1E( 7”'%'*‘76) E(gﬂﬁ'%) E(y ’Y4+’Y7)—1

(

By o) By ) T By T =1,

which is the same quantum dilogarithm identity derived from the wall cross-
ing formula.

Flips Mutation ¢ vector sign
Fi | (p2, p3), (1, o) (12,73), (11 + 73,72 + 76) (+:+4), (+,+)
Fy | (4, p5), (p2, p7) (74,75): (95 + 76,74 +7) (+4)s (++)
Fy | (pe, ), (115, 13) (=72 =76, =7 = 1), (=72, =) (= =) (=)
Fy | (pr,p2), (p1,p4) | (2= —vm 71— =% —76), (=13 =% — 76— — ) | (= =), (=, —)
Fs | (ps,13), (16, fi7) (=4 =77 =76 — ¥5), (=75, —74) (=) (=)

Table 11: The mutation data for the five flips of the pentagon.

There is no need to calculate the cluster coordinates following the de-
tailed mutation sequences, which would be a really tedious calculation. The
easy way is to use the extended quiver introduced for the purpose of green
mutation: we do green mutations for the first two flips and then red muta-
tion for the next three flips, and every node is green again after five flips.
There is a general theorem for the mutation sequence of an extended quiver:
if the final quiver nodes are all green, then the final cluster coordinate is
identical to the initial one up to a permutation. Using this theorem, we can
easily verify that the cluster coordinates are back to themselves after five
flips.

6.2.2. General (An_1, ApnN—14;) theory. Other punctures are needed
for the general Argyres-Douglas theory considered in [35]. Let’s now consider
general (An_1, Apn—14;) theory with 0 < j < N, and the Stokes matrices
analysis suggests that there are j more marked points which are labeled by
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Figure 42: The pentagon identity for higher rank pentagon.

simple Young Tableaux. The number of marked points and their labels are
(131) full: 2(n +1); simple: j

The cyclic distribution of the marked points on the boundary of the disc is
the following: there are 2(n 4 1) full punctures followed by j simple punc-
tures.

We will try to find the finite chamber using the following idea: do the
quadrilateral flip sequences on the green edge and do the triangle flips at
the end. Again, it is important to track the position of the quiver nodes, i.e.
whether it is on the edge or inside the triangle, etc. The story is pretty the
same as the full puncture cases, so we just give a simple example and the
interested reader can do the similar exercises for the other BPS geometry.

Example 9. Let’s consider a five punctured disc with four full punctures
and one simple puncture of N = 4. The triangulations and the quiver are
shown in Figure 43. Using the two quadrilateral flips and triangle flips, one
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get the following maximal green mutation sequences:

Fy: (ps, pa3s p9), (2, f10, (8, f12), (fo115 1135 17)
Fy : (4, s, p16), (135 p12), pi2
triangle flip 1 : pug, (ps, f110), 119
(132) triangle flip 2 : (ue, (p5, t12), p6

For another chamber involving three quadrilateral flips (see Figure 44),
the mutations sequences are,

Fy : (pa, s, p6), (p7, ph12), s,

Fy oz (ps, po, pas), (2, o), pat,

By : (pas piss p12), (ps, 47, 19, 1113), (K6 #2125 110),
triangle flip 1 : g, (15, p13), pa,

(133) triangle flip 2 : s, (17, f19), s,
2 3 2 3
11, 4 ", 4
F, 1
10 > 95 10 5
9 8 7 ¢ ? 8 7 6
simple simple
e
2
11
3
10 4

simple

Figure 43: The chamber involving two quadrilateral flips for the theory de-
fined by a disc with four full punctures and one simple puncture. The quiver
positions in each step are indicated.
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8 ' N simp

simp simp

Figure 44: The chamber involving three quadrilateral flips for the theory
defined by a disc with four full punctures and one simple puncture. The
quiver positions in each step are indicated.

Generalized pentagon identity II. The pentagon identity can be gen-
eralized to the case where there are several full punctures and simple punc-
tures. Similarly, one chamber comes from doing two quadrilateral flips while
the other one is derived using three flips. The triangulation and quiver for
the pentagon with only one simple puncture are shown in Figure 45 for
N = 3. The mutation sequences and the charge vectors for two chambers is
shown in Table 12, and it is straightforward to write the following pentagon
identity (again the terms from the triangle flip can be dropped out):

(134) E(y?)E(y")E(y" ) E(> ) E(y®) E(y™) E(y™ )
VY E(y ) E(y =) By s e Byttt

Vs )E(y’72+75 )E(y%'w‘“’).

I
&
—
<
=2
w
~—r
&
—
ASIISS

&
—~
<

=2
N
~—

&
—~
<

The interested reader can work out the pentagon identity for other com-
binations of full punctures and simple punctures.

Sink-source sequences. The BPS quiver for (Ay_1, Ax_1) from our net-
work construction is mutation equivalent to the quiver formed by a product
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Figure 45: The quiver from pentagon with four full punctures and one
simple puncture, here N = 3.

Chamber I
Mutations Fr oz (p2, pe, pors o), Fo = (s, pras 12), Triip = (6 114)
Charges (2,76, 71 + 76,72 + 7¥5), (13574574 + 75), (91, 75)
Chamber IT
Mutations Fy (3, pa, i), Fi 2 (b2, s 1), B2 = (3, s, 4, 1), Truap = (15, 13)
Charges | (73,7474 +75), (2 + 73,75 + %671 + 74 + 95 +76), (72,75, 72 + 75,71 + %6), (11, 75)

Table 12: The mutation data for two chambers of a pentagon with one
simple puncture.

of Axy_1 and Ai_1 Dynkin diagram which gives the name for the theory in
[16]. The quiver mutation sequences for relating our quiver and the square
(An—1, Ag—1) quivercan be readily found. Let’s give an example for N =5
and k =5 whose quiver is derived from a disc with four full punctures.
The quiver mutations transforming the quiver from the triangulation to the
(Ay, Ayg) form are:

(135) pas (p2, 113), pa, (15, 116)-

Let’s now focus on the (Ax_1, Ax_1) quiver and choose a convention that
the horizon direction is (Aj_1) quiver. The special feature of the subquiver in
the horizontal direction and the vertical direction are that they are bipartite,
and the quiver arrows form cyclic squares, see the left quiver in Figure 46.
Moreover, if a quiver node is a sink node in the horizontal direction, it would
be a source node in the vertical direction. Let’s denote the signature of a
quiver node as (—, +) if it is a sink in the horizontal direction and source in
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Figure 46: The mutations transforming the quiver from the triangulation to
the (A4, A4) quiver.

the vertical direction. Define the quiver mutation sequences

1 = f—,
(136) .

here p—4 (resp. py—) is the quiver mutation on all the quiver nodes/with
signature (—, +) (resp. (+,—)). It can be checked explicitly that (7)" and
(19)" give two maximal green mutation sequences, where h' (resp. h) is
the Coxeter number for group Aip_1 (An_1). Such sequences are found in
[16], here the charge vectors can be easily found using the maximal green
mutations. When N = 2, the quiver is just the bipartite quiver of Aj_;
Dynkin diagram. The Coxeter number of A; group and Ax_; group are two
and k, and 73 is the source green mutation sequence and gives a total of k — 1
states which is actually the minimal chamber; 7§ is the sink green mutation
sequence and gives a total of @ states which is the maximal chamber.
In general, one of the green mutation sequence is the minimal chamber, but
the other one might not be the maximal chamber.

6.2.3. Other AD theories from the disc. The (A, A) type AD theories
involve only the full and simple punctures, and more general punctures ap-
pear for other type of AD theories considered in detail in [35]. There are two
more general classes whose BPS geometry involves a single disc. The type 11
AD theory which also has only full punctures and the simple punctures, but
the boundary nodes of the simple puncture are gauged (we include the node
on the edge of the simple puncture into our BPS quiver). The strategy of
finding the BPS spectrum is the following: doing the quadrilateral flips and
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triangle flips as we did for the (A, A) theory, and then do arbitrary green
mutation sequences involving the boundary nodes!

The BPS geometry of type IIT AD theory also involves a single disc, and
the Young Tableaux for the marked points are more fruitful. The definition
of type III AD theory includes a sequences of Young Tableaux which satisfies
the following condition

(137) Y, CY,_1---CYy,

where Y] is taken to be the full Young Tableaux so that the BPS quiver has
the simple description [35], and Y;_; is derived by further decomposing the
columns of Y;. The BPS geometry is a disc with 2(n — 1) Young Tableaux:
Yo, Y o1,..., Y2, Y, ..., Yy are arranged in cyclic order. The strategy for
finding the finite states chamber for type III AD theory is the following:
do the mutation sequences corresponding to flips; and then do the green
mutations on the edge nodes and internal nodes repeatedly. This mutation
sequences are very useful since many superconformal field theory engineered
using Riemann surface and regular punctures has an realization as type I11
AD theory.

Example 10. Let’s take Y3 =[2,4], Yo =1(2,1,1,1,1], and Y; = [1,1,1,
1,1,1], and the dot diagram and quiver are shown in Figure 47. This theory
is in fact equivalent to the one engineered using A; theory on a sphere with
five punctures. After doing the flip sequences, one need to do green muta-
tions on the edge nodes and internal nodes repeatedly. One maximal green
mutation sequences are

(138) (2, 113, pea), (6, f7, 1485 119), (f11,5 s, 143),
(:u?: M7y 6,5 Jody U8y 9, [d s 65 17, :UQ)

For the theory engineered using six dimensional A; theory compactified
on a sphere with k punctures , there is a higher rank realization using type
III AD theory with the following Young tableaux

(139) Vs=[2,k—1], Yo=[2,1,1,...,1], Y1 =[1,1,1,...,1].
The BPS geometry is a fourth punctured disc with marked points Y3, Y5, Y3,

Y5. It is not hard to find the finite chamber using the mutation sequences
representing the flips of this quadrilateral.
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3

Figure 47: The triangulation of the fourth punctured disc with ordered
puncture (Y3,Y2,Y3,Y5). The bottom part shows the triangulation of A;
theory on a sphere with 5 punctures whose quiver is equivalent to the disc
configuration.

6.3. Riemann surface without punctures

6.3.1. Annulus with one marked point on boundary. The next sim-
plest BPS geometry is the annulus with one marked point on each boundary;,
which represents a gauge group coupled with two matter sectors. To find the
finite spectrum, one can not not do random quadrilateral flips on the green
edges. This is the case where the flip sequences found in A; theory plays an
important role here: we do the flip sequences found from the finite spectrum
of the corresponding A; theory with the same type of BPS geometry, and
finally do the green mutations on the quiver nodes inside each triangle.

Example 11. The BPS geometry is an annulus with a simple puncture
on each boundary from which a quiver can be found from the dot diagram
on the triangulation, see Figure 48B. We do the flip sequences found from
the A; version: first mutate edge 1 and then mutate edge 2. Here some new
features appear: one need to do more rounds of mutations. The flip one edge
1 is realized by the quiver mutations on node 1, 2, 3, etc. The maximal green
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Figure 48: A: The triangulation and quiver for the annulus with one marked
point on each boundary, here N = 2. B: The quiver for annulus where each
boundary has a simple puncture, here N = 4. C: The quiver with two full
punctures on each boundary of the annulus, here N = 4.

mutation sequences for the pure SU(4) theory is

(140) (s pr2s p3)s (s sy e ), (p1s p2, p3), (pas s, e ).-
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The order of mutations in each bracket is not important since the corre-
sponding quiver nodes are disconnected. There are 12 total BPS states, and
in general this chamber for pure SU(N) theory has the following number of
BPS states

(141) Nips = N(N = 1),
In fact, the BPS quiver is a sink-source product of affine A; diagram and

Apn_1 Dynkin diagram, and the mutation sequence is just a generalization
of the bipartite quiver. The result is the same as found in [21, 68].

3 c
y 3 , 1ol ol o 1 3 1
& Ay Ko a b
2 2 2 2 a) yd
4 1 f4¢ f
257y
W=acdf+abde W=acdf+abde

Figure 49: The triangulation, BPS quiver and the superpotential of the pure
SU(3) theory.

Unique finite chamber for pure SU(N) theory:. Let’s now argue
that the finite chamber for SU(N) theory is unique: the above chamber is
the only finite chamber. Let’s do the analysis for the SU(3) theory, and the
BPS quiver and the superpotential can be easily found from the network
construction, see Figure 49. The potential is shown in Figure ??, and the F'
term equations from the quiver are

(142) cdf + bde =0, fac+eab =0 dea =0, dfa=0, acd=0, abd=0
The maximal green mutation sequences are

(143) (135 pa), (p11, p2), (1135 fa)-

Let’s now give a proof that this is the unique sequences for finding a finite
chamber using the quiver representation theory. The dimension vector for
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two indecomposable representations representing vector bosons are
(144) P, =(1,0,1,0), P,=1(0,1,0,1),

The two corresponding subquivers are the affine A; quiver and the sink
nodes are 1 and 2, therefore we have to mutate node 3 or node 4 in the first
step (the analysis of the quiver representation theory is the same as the BPS
quiver of the pure SU(2) theory.). If we mutate node 3 first, and the node
1 and node 2 would form an affine A; quiver (both of them are green), with
node 1 as the sink node, and they represent the vector boson too. So we can
not mutate on node 2 and node 1 in this second step, and we have to mutate
node 4 in second step. Similar analysis can be done for the following quiver
mutation sequences 27 , and the above mutation sequences are the unique
one to find a finite spectrum. The proof can be easily generalized to higher
rank pure SU(N) theory, and our conclusion is that there is only one finite
chamber.

Example 12. The BPS quiver for SU(N) with Ny < 2N theory is shown in
Figure 50. The quiver has a main body formed by the quiver of pure SU(N)
theory, and each additional flavor adds a new vertex and new triangle to
the quiver. The strategy of finding the finite spectrum is very simple: doing
the quiver mutation sequences for the pure SYM and then do random green
mutations on the extra flavor nodes.

Let’s list one maximal green mutation sequences for the SU(4) gauge
theory with Ny =1 (the BPS quiver is shown in Figure 50B):

(s pr2,s p3)s (s sy pi6 ), (po1s pio, 13), (phas ps, 6 ),
(145) K7, [4y o1, 155 12, 6,5 (L3 -

Similarly, for SU(4) gauge theory with Ny = 2 (the BPS quiver is shown in
Figure 50C), a maximal green mutation sequence is

(1, py p3), (e, pis, pi6)s (11, p2, 143), (fhas 155 16),
M7y Joay 15 155 025 165 13,
(146) M8y U2, U6, 1, 5, 7, 4.

In general, each extra flavor would need 2N — 1 extra green mutations
(one need to mutate the extra node once and all the other quiver nodes

2TThe crucial point is the following: if there are two green quiver nodes connected
by two arrows, the sink node can not be mutated.
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Figure 50: The BPS quiver for SU(4) theory with n; 4+ no fundamental
flavors.

for the pure SU(N) theory once), and the finite chamber has the following
number of states

(147) N(N —1)+ (2N — 1)N;

This is in agreement with the result presented in [21]. Notice that there are
other finite chambers if we start mutating the extra quiver nodes first, and
the above number is not necessarily the minimal chamber for SU(N) with
Ny flavors, since the number might be smaller if we start with a quiver which
is mutation equivalent to the above one.

Example 13. If there is one simple puncture on one boundary and one
full puncture on another boundary. When N is even, the underlying N' = 2
theory is actually a linear quiver:

(148) SU(N)—-SU(N —2)—---—SU(2),

and it is the following linear quiver

(149) SU(N) — SU(N —2) — -~ — SU(3) — 1,

when N is odd.
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Figure 51: The dot diagram for the annulus with one simple and one full
puncture on each boundary, and the quiver is shown on the right.

Let’s look at the example shown in Figure 51 with N = 3, which ge-
ometry actually represents SU(3) gauge theory with Ny = 1. The maximal
green mutation sequence from our prescriptions are

Fl : (M17M27u5)7
F2 : (/’L37/J'47,U/1)7
(150) Triangle : (us, ps)-

The first two steps are the mutation sequences for the quadrilateral flips,
and the last step is some kind of generalized triangle flip.

In general, there are are two quadrilateral flips and each flip involves
%N (N — 1) steps. Finally one need to do the triangle flip on one triangle with
three full punctures which gives N (N — 1)(N — 2) mutations, moreover,
one need to do green mutations on the quiver nodes on the edges which
involve 2(N — 2) mutations.

Example 14. Let’s now consider an annulus with two full punctures on
each boundary. The underlying N’ = 2 theory is actually a linear quiver

(151)  SU(2)— SU4) — -+ — SU(N —2) — SU(N) — SU(N — 2)
— .~ SUM4) - SU(2),

when N is even, and it is the linear quiver

(152) 1- SU3)— - SU(N —2) — SU(N) — SU(N — 2)
— - SU®3) - 1.
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when N is odd. The BPS geometry and the quiver is shown in Figure 48.
There are quiver nodes inside each triangle, so we need to do triangle flip
first, and then do two flips, so the total number of BPS states in this chamber
is

(153) Nips = 2N, + 2N,y = %N(N ~ 12N - 1),

Some funny numerology. We have found some sequences of numbers
which seems to have the following pattern on dependence of rank N if all
the punctures are simple or full:

a. The number of BPS states is at most cubic in N.

b. The number has factor N(N —1).

The first fact might be related to N* behavior of six dimensional (2, 0)
theory; the latter fact is a manifestation that when N = 0 and N = 1, there
is no BPS states. These two facts suggest that the dependence on N has
very fewer parameters and elegant form. For example, if the number of BPS
states with a fixed BPS geometry has N2 behavior, then the number of BPS
states has only one free parameter and it must take the following form

(154) fi(N) = aN(N —1).

If there is a N3 behavior for the number of BPS states, then the formula
has a maximal three parameters and take the following simple form

(155) f2o(N) = N(N = 1)(aN +b).

So it is easy to determine those parameters using the result of the lower rank
theory. For instance, when there are two simple punctures, the number of
BPS states under large N has only one parameter a which can be fixed as 1
by substituting the result f1(2) = 2. Similarly, if there are two full punctures,
using the result fo(2) =2 and f(3) = 10, we find a = % and b = —% which
reproduce the results from explicit counting.

6.3.2. More marked points and more boundaries. The situation is
quite similar for the Riemann surface with more marked points and more
boundaries. One simply recalled the flip sequences from the maximal green
mutations of the corresponding A; theory which is described in detail in
previous section, and then use the same flip sequences to the higher rank
theory.

Example 15. Let’s consider an annulus with one full puncture on one
boundary, and two simple punctures on the other boundary. The triangula-
tion and the quiver is shown in Figure 52. The minimal flip sequences for
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the A; theory is Fi, Fo, I3, and one maximal green mutation sequences for
N = 3 are

Byt (Has s fe)
Fy: (,uf,,ug,,ua,
F3 : (}uda:uenuf)a
(156) triangle flip : (pa, fie)-
fu”o
f“”o d 2, full
d sim sim,
full 2 ’
d e
a
T g
¢ b

Figure 52: The triangulation and dot diagram of annulus with two simple
punctures on one boundary and one full puncture on another boundary. The
quiver is also shown.

6.4. Once punctured disc

This is the case where the geometric knowledge of the A; theory can not
be generalized since the quiver mutation will create self-folded triangle, and
furthermore one need to do mutation on quiver nodes corresponding to an
edge of the self-folded triangle. The mutation on this special edge does not
have a good meaning in the higher rank case, i.e. we do not know the muta-
tion sequences for such flip. So one need some new clues about the mutation
sequences. The irregular realization is crucial in providing the clues about
the mutation sequences.
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Let’s consider the simplest BPS geometry of this type: a once punctured
digon and all punctures are full. The experimental rule we find is the follow-
ing: first mutate the quiver nodes inside each triangle and use the mutation
sequences corresponding to the triangle flip; then mutate the quiver nodes
on two edges; and then do the quiver mutations on the inside nodes again,
etc. This strategy is pretty successful in finding the maximal green mutation
sequences.

Example 16. The BPS geometry is the once punctured digon which rep-
resents an AD theory, and we take all the puncture as full. This type of AD
theory is actually isomorphic to the An_o theory compactified on a sphere
with N simple punctures and a full puncture. The theory in one duality
frame has the Lagrangian description and is given by

(157) 1-SU@2)—SU@B)—---—SUN —1) -~ N

The theory is isomorphic to SU(2) with four flavors when N = 3. We con-
jecture that the minimal chamber has the following number of BPS states:

(158) Npps = N(N — 1)

The method for finding the spectrum is the following: first do the triangle
flips for all the quiver nodes inside two triangles, and then do the quiver
mutations on the quiver nodes on the edge. One need to mutate multiple
times in this fashion, and the shape of the quivers inside the quiver nodes
might change, however, the triangle flips can be done for each connected
subquiver inside the triangle. The maximal green mutation sequences for
N =4is

(159) (7, 1185 49 175 4105 J115 112, 110), (fo1,5 42, 143, [as 145, 116),
(110, J11, 1125 475 1185 119) 5 (J25 1435 1455 1465
(10105 4115 11125 75 185 149)5 (1125 1135 [55 46 -

This type of sequences can be seen from the irregular realization of the
same theory, i.e. it can be realized by a rank 2N — 1 theory compactified on
a sphere with an order three irregular singularity with the type

(160) Ys=[N,N-1], Yo=[N-1,1,1,...,1], Ys=[1,1,...,1].

The BPS geometry is a fourth punctured disc with cyclic ordered marked
points (Y3, Y2, Y3, Y3), and we draw the dot diagram and the quiver for N = 4
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1 4 back 4
front !
2 AN B 1 5
3 8. \l9 6 3 TNTA, 6

Figure 53: The triangulation and quiver for the once punctured digon, all
the punctures are full. There are two triangles and the quiver is derived by
identifying the quiver nodes on the edges of the triangulation.

in Figure 54, which is the same as the quiver using the Ax_1 representation.
In the irregular realization, all the mass nodes are put on the diagonal edge,
and one can start doing triangle flip first, and then do the quadrilateral flip,
which gives the above sequences.

.'.'.
OO
N-1

Figure 54: Top: The irregular realization can be seen from the 3d mirror of
this theory, and we draw the dot diagram. Bottom: The quiver from this
realization, which is the same as in Figure (53).

For other type of theories, one do random quadrilateral flips and if we
encounter the above once punctured digon , we do the above specific mu-
tation sequences and then keep going until there is no green edge left, as
usual, we would need to do triangle flip at the end. In this way, we can find
many maximal mutation sequences.
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6.5. Closed Riemann surface

We consider four dimensional superconformal field theory derived by com-
pactifying six dimensional Ax_1 theory on a Riemann surface with regular
punctures. The scaling dimensions of Coulomb branch operators are integer
and usually there are marginal coupling constants. We are going to find the
maximal mutation sequences for these class of theories.

TN theory. : The Ty theory is realized as the sphere with three full
punctures. The BPS quiver is derived from the triangulation of the three
punctures sphere: there are two triangles with the same boundaries. We
conjecture that the minimal chamber has the following number of states:

(161) Nips = 2N(N —1)%

The reasoning is still based on our conjecture that the BPS states is of the
order N3, and the BPS states is zero for N =0 and N = 1, so the BPS
states has the following form

(162) f(N)=N(N —1)(aN +b),

Using the result for N = 2 and N = 3 found in [21], we get the conjectured
form. There are 72 states for N = 4, 160 states for N = 5 which we have
checked explicitly. The charge vectors and the phase order can be found from
the maximal green mutations. Interestingly, this formula gives the correct
answer for N = 2 even if the mutation method can not be applied to that
quiver.

Example 17. The triangulations and dot diagram for 73 and 74 theory
is shown in Figure 55. The maximal green mutations for 73 theory is

(163) (p7, pg), (p1s p2, (3, fa, fs, 1)
(164) (7, pg), (1, po, 113, pia, f5, [16)
(165) (17, 1)y (11, 2, 13, Has 15, H6)
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Front Back
2 3 2 3
T3 NN 4 N1\ 4
N> y <
7\ Y 81\ A
6 5 6 °
4
3 o> 3 < 4
Y A
T 2 > 70' 5 2 < 13‘ 5
4 w : 6 | \
1 &» > > 1 < < < b
11 12 14 15
Y Y A A A A A
9 8 7 9 8 7

Figure 55: The triangulation and the quivers for 7'3 and T4 theory.

The Green mutation sequences for the T4 theory is

[0, (111, 12), o), [kass (s pas), 1]

Ky 25 (35 a5 55 165 75 K85 19

H105 H115 4125 H135 145 115

Ky 2, 3y a5 55 165 175 K85 19

p10, (P11, #12), 10, H13, (14, f415), 113

K1y 2, 135 4y 55 6 Ty 485 149

H105 115 125 H135 145 115

K2, K5, 18

p10, (P11, #12), 0, H13, (14, f415), 113
(166) H1s 435 fdy 6, 75 [h9

The basic rule is to mutate the internal nodes using the triangle flip
such that no green nodes left, then mutate all the boundary nodes. One
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need to do such sequences in several rounds. The motivation is coming from
the irregular realization of the T theory. For example, the T'4 theory has
another realization using rank 9 theory compactified on a sphere with the
following order three type III irregular singularity

(167) Y3 =1[6,4], Yo=14,3,3], Y1 =[1,1,1,...,1]

and the quiver for this irregular singularity is a fourth punctured sphere
with cyclic ordered punctures [Y3,Ys,Ys, Y], the BPS quiver is shown in
Figure 56. It is easy to check that the two quivers from different realization
are the same. Now all the mass nodes in Aj realization are living on the

Figure 56: The irregular realization of T4 theory.

single diagonal edges of the irregular realization, and the quiver nodes inside
triangles are living inside the triangles in the irregular realization too. The
mutation sequences for the flip is mutating the quiver nodes on the boundary
nodes first, and then mutating the quiver nodes inside two triangles. We need
to do more than one rounds following our early study on this type of AD
theories. That is how we find the above mutation sequences.

Example 18. SU(N) with Ny = 2N: This is represented by a sphere with
two full punctures and two simple punctures. The triangulation and the
quiver is shown in Figure 57. We find a finite chamber with following number
of states:

(168) Nips = 2N (2N —1).
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The mutation sequences for SU(3) with 6 flavor is the following

K1, 2, 3, 4 5, U6
s 185 9,5 410
K1, 2, 3, 4 5, U6
s 185 9, 10
K1y 2, 3, 4 5, U6
s 185 19, 10
In general, one first mutate the 2N quiver nodes on the boundary, and
then (2N — 2) quiver nodes on the internal edges. The number of mutations

for one cycle is 4N — 2, and one need to do N cycles, so the total number
of states are N(4N — 2).

simple 2 3 full simple 2 3  full

4 Back 4
Front

full simple full simple
6 5 6 2

Figure 57: The triangulation and quivers for the theory defined by sphere
with two full punctures and two simple punctures.

For more general theory defined by a sphere with punctures, it is pos-
sible to find a realization using the irregular singularity. Such realization is
always possible if all the Young Tableaux has the form [nq,1,1,1,...,1], in
particular, it is possible if all the punctures are full. The irregular realization
uses a even higher rank six dimensional group and a type III irregular sin-
gularity with an order 3 pole, see [35] for the exact map. The BPS geometry
is a disc with four punctures. One can use the mutation sequences for the
flip to find the maximal green mutations.

Example 19. Let’s consider the theory defined by As theory compactified
on a sphere with four full punctures. This is a superconformal gauge theory
with a SU(3) group coupled to two T3 theory. The three dimensional mirror
for this theory is shown in Figure 58 from which we can read an irregular
realizations, and we take the following rank 8 realization.

(169) Y3=[6,3, Y2=103.222, vi=[1,1,1,1,11111].
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The BPS quiver is shown in Figure 58. This quiver is the same as the
quiver derived from the triangulations of the fourth puncture sphere, we
indicate the specific triangulations on Figure 58. The interested reader can
check that the two quivers are indeed the same. Basically, the flavor nodes of
the theory lives on the diagonal edge of the triangulation of fourth punctured
disc. One of the maximal green mutation sequences which has 60 states is
the following

(170) Hay Bbs foes fdy Hes o5 g, Mh)a (/-Lma Koy ooy iy [g s luk’)’ (:upv /-Ll)a

Has by Hey Uds Hes Mf? /Lg, /’Lh)a (,U’p7 Hns Hms Hoy ,u’pv Nn)a
Iy s Fis B s 1 )5 (Has s Fes s ey 1f s Fgs )y (Bps s B 1)
Has lds Hes ,U’h)a (Nm7 Moy Ui, /’Lk)7 (/’Lpa My N]7 Ml)

(
(
(
(

Triangulation, Triangulation,

P p i h J

Quiver

Figure 58: The quiver for the theory defined by a As theory compactified
on a sphere with four full punctures.

For general N, based on the assumption that the number of BPS states
in minimal chamber is a polynomial function of N and the scaling behavior
is N3, we conjecture that the function is

(171) F(N) =2N(N — 1)(2N — 1).

Using this method, one can find finite chambers for any theory defined on a
sphere with regular punctures.
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7. Spectral generator

Let’s first review the meaning of the spectral generator of A; case introduced
in [13], and we will rephrase it in terms of the language of cluster algebra.
The Seiberg-Witten curve of the theory is

(172) 2% = ®(2),

where z is the coordinate on the Riemann surface, = is the coordinate on the
cotangent bundle, and ¢(z) is a quadratic differential defined on the Riemann
surface. The Seiberg-Witten differential is A = xdz = \/®(z)dz and one can
use it to define a foliation on the Riemann surface from the following flow
equation

dz i0
(173) AE =e",
here 0 is a fixed angle and in fact is the slop of the BPS hypermultiplet
for some critical value 6. For more details on the structure of the foliation,
please see [13, 69, 70]. What we want to point out is that the topology of the
foliation is exactly equivalent to the bipartite network introduced earlier and
therefore also equivalent to the triangulation, see [71]. The branch points
of the Seiberg-Witten differential is the vertex for the foliation which is
identified with the black vertices of our network, see Figure 59.

When 6 is changed, the foliation is also changed smoothly. However,
when @ arrives at a critical value, then the topology of the foliation is changed
due to the appearance of a hypermultiplet which is represented by the flow
lines connected by two branch points. Locally, this change of topology is
just the square move for the network which then corresponds to the quiver
mutations. The 6 actually parameterizes one half plane of the central charge,
therefore by rotating 8 angle 180 degree, one can probe all the BPS particles
by tracking the change of the topology of the network. This is essentially
the same as finding a maximal green mutation of the original quiver (for the
chamber with finite number of states).

Now for each face of the network, one can associate a cluster X co-
ordinate which parameterizes the framed moduli space of flat connections
defined on the Riemann surface. The appearance of the hypermultiplet acts
like a square move on the network and therefore acts like a cluster transfor-
mation on the coordinate. When the 6 angle is rotated by 180 degrees, the
cluster coordinates for each face are changed to a certain value. Moreover,
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/ 2 K 2
1 3
\ / 1 ¢ s
4 4
flow lines bipartite network

e

flow lines after the appearance of a hypermultiplet New network which is the actually the square move

/AN
Wa

Figure 59: Top: The local picture of the flow lines and the equivalent bipar-
tite network. Bottom: The new flow line after an appearance of the hyper-
mulitplet and the new bipartite network, which is actually the square move
of the original network.

the final cluster coordinates do not depend on the chamber one probe as
long as long as initial foliation is given.

However, it is usually difficult to track the change of the network and
therefore hard to find the BPS spectrum. There is an easy way of getting the
final cluster coordinate without knowing the detailed spectrum information.
The method uses the definition of the cluster coordinates from the cross
ratio of the flags [33] attached on each marked points. The rotation by
180 degree acts like a Z5 action on the attached flag, and the change of
the cluster coordinates can be worked out explicitly using the definition
of the cross ratio. The final cluster coordinates is the spectral generator
from which one could find sensible factorization and therefore the explicit
spectrum information.

In this paper, we are not pursing a similar geometric derivation of the
spectral generator for the higher rank theory, which we will discuss in an-
other occasion. However, we will give a derivation using the information of
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the BPS spectrum though, in particular, the maximal green mutation is very
useful.

One of the remarkable feature of the maximal green mutation is that it
keeps track of the position of the quiver nodes. Let’s label the frozen nodes
as (1,2,...,n) which is the same labeling of the original quiver. Then after
doing the maximal green mutations, the cluster X coordinate for nth quiver
node is equal to the coordinate of the quiver nodes connected to the nth
frozen node. Let’s check this explicitly using the simple pentagon geometry
of the Ay theory. The two chambers and the final cluster coordinates are
shown in Figure 60. The final coordinates from chamber 1 is

(174) X{ = Xi = xfl(l + x9 + x217), Xg = Xé = x;l(l +x1)_1.

and the results are the same from chamber 2 due to the permutation of
the quiver nodes! This expression is clearly the same as the one given in
[13], see formula 11.27 and 11.28 (with a slightly different convention for the
definition of the coordinate.).

/ 2 1 2 1 2

1 2 1 2 1 2
X, =x, 1 (1+x,4x,%x,) X, =x,71(1+x,77)

1 2 1 2 1 2 1 2

Ho Hy Ho
B

1 2 1 2 1 2 1 2

X, =x,"(1+x,77) X, =x,(1+x,+x,%Xx )

Figure 60: Top: The triangulation for the five punctured disc which gives
the BPS quiver for Ay AD theory. Bottom: Two BPS chambers from the
maximal green mutations and the final cluster coordinates.

Exact similar consideration can be generalized to higher rank theories:
the spectral generator can be written down using the explicit maximal green
mutation sequences. Let’s consider a disc with four full punctures, and the
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initial configuration and the final configuration of the maximal green muta-
tion is listed in Figure 61. The mutation sequences are

(17 57 9)7 (2747 67 8)7 (37 57 7)7
(1,2,4,1),(9,6,8,9),

and the final coordinates or the spectral generator can be written down using
the mutation formula for the X coordinate and the permutation:

x{=x;, x{ = x,, x{ =X,
x{=xq, X{ = x;, x] = x,

(175) X! =Xy, X{ = Xg, X! = X,.

1 2 3 1 2 3 1 2 3

4 5 6 9 ®

7 8 9

14 e 6 4oy o 6
\, 5 5

® L
7 8 9 7 8 9

Figure 61: The initial configuration and the final configuration of the max-
imal green mutation of the quiver from the disc with four full punctures.

The expression is rather long and the interested reader can find the
expression in the appendix A. One can write down the spectral generator
for all the theories whose BPS spectrum is discovered in this paper, many
examples are given in the appendix A. It would be interesting to find other
factorizations of the spectral generator which will give the BPS spectrum in
other chamber.

Since there is a quantum cluster algebra, then one could also define
a refined version of the spectral generator, which would then tell us the
spin information of the BPS particles. The refined spectral generator can be
easily found using the explicit mutation sequences, let’s consider the example
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shown in Figure 60, the noncommutative commutation relation is
(176) XoXpg=q“"X3X,
and the quantum cluster transformation is

X=X,

|€ir] —sgn(eir)
(177) Xz/ = X; ( H(l + qa—l/QXk—sgn(eik))> .

a=1

Using the above quantum cluster transformation, the refined spectral gen-
erator can be written down using the mutation sequences from chamber 1

1
Xo+q 2 XX

(178) X = X'+ XX+ Xy, X =

In the limit ¢ — 1, the refined spectral generator is the same as the classical
one given in [174]. A more complicated example of refined spectral generator
is given in appendix B.

8. Vector multiplets

8.1. Wall crossing between chamber with Infinite
number of states

Previous sections focused on the finite chambers and their wall crossing
behavior. In this section, we would like to say something about the chamber
with higher spin states using the quiver representation theory. Our treatment
is very elementary and we hope to do a more thorough analysis in the future.

There are also wall crossing behavior between two chambers with infinite
states, as discovered in original paper of Seiberg-Witten [3]. We can actually
see this type of wall crossing behavior using the quiver representation theory
for some simple examples. Consider SU(2) theory with one flavor whose BPS
quiver is of the type A(2,1) shown in Figure 62, the possible BPS states are
represented by the curves on the triangulated Riemann surface, which are
listed in Table 13.
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Figure 62: The triangulation and BPS quiver for SU(2) theory with one
flavor, and the curve corresponding to the W boson is drawn as the red
curve.

charge
Hypermultiplet | (vi +5,@ # j), (nyi + 17 + (0 £ Dy, i #j # k)
Vector multiplet Y1+ 72+ 73

Table 13: The indecomposable representation of the quiver A(2,1).

Name Indecomposable subrepresentation
A Mty +73 B, Sy
B T+ 72 So
C 71+ 73 S1
D Y2 + 73 So
E, |nyi+ny+(n+1)ys A, B,Sy, D
E, | ny+ny+n—1) A, B, S,
Gn | nyi+nys+(n+ 1)y B, S,
Hy | ny+nys+ (n— 1)y A, B, Sy
Ly | nyp+ny+(+Dm A, B, S,
Jn | nyetnys+(n—1)m A,B,S>, D

Table 14: The subrepresentations of the indecomposable representation of
the quiver A(2,1).

Representation A is the W boson whose subrepresentations are va,v1 +

72 28, s0 it is stable if the slop of its subrepresentations are smaller than 79

28Let’s give a little bit explanation of the sub-representation listed in Table For
example, D is a subrepresentation of series F; because one can select a one dimen-
sional subspace of V3 =2 such that it maps to zero of V3 =1, etc, and therefore
the representation D = (0,1, 1) is a subrepresentation of Ej.
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and 71 + 2. There are two choices of the stability conditions on the simple
representations which will make the W boson stable, one of them is shown
in Figure 63 (another is given by exchanging S; and Ss.). There are more
choices depending on the relative slop of other representations. Let’s explain
this using the results shown in Figure 63. f In chamber one, representations
F,, and I, are unstable since their subrepresentation A is on their right. The
reason is the following: consider representations F), whose charge vector can
be decomposed as:

(179) ny+nye+(n—1)y=mn—1)(n+72+73) +71+ 7
=(n—1)A+ B,

so F), is lying in between A and B, and A as its subrepresentation is on
its right, so it is unstable! Similarly J,, is also unstable since its subrepre-
sentation D is always on its right. C, D, Gy, H,, are always stable since all
their proper sub representations have higher slops. Finally the stability of
FE, depends on on the relative position of C' and D, since E, series lie in
between the charge vector C and A, all F,, are unstable if D is on the right
of C' as shown in chamber 1 of Figure 63, On the other hand, if D is on the
left of C', then some of the representations of FE,, series are lying in between
C and D and they are stable, the truncation of the FE,, series depend on the
relative position of C' and D, so we have an infinite number of chambers!

If the relative order of S7 and Sy are interchanged, then B = v + 79 are
stable and the analysis of other stable particles are the same, the results are
shown in Table 15.

Chamber Chamber ,

Figure 63: Two choices of stability condition which will make W boson
stable.
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Stable particles
Chamber 1 S1,89,Gn, A, Hy,, C, D, Ss
Chamber 2 Sl,SQ,Gn,A,Hn,D,En<N,C, 53
Chamber 3 Sy, B, 511G, A, H,,C,D,Ss
Chamber 2 | So, BS1,Gn, A, Hy, D, E,on,C, S3

Table 15: The BPS spectrum with infinite number of states of SU(2) with
one flavor.

The above infinite chambers can be found using the green mutation
and red mutation method. Let’s consider chamber 1, we can do the green
mutations

(180) [0 5 112, 13, 425 [135 12 - - -

The charge vectors for the infinite mutation sequences are exactly the states
on the left of the W boson:

(181) S1, 52, G,

see the top of Figure 64. The green mutation only probes this part of the
spectrum. To probe the other part of the spectrum, one need to use the red
mutations. Since v, and 5 are already probed, one can only start mutating
node 3; After first step, one can mutate either node 2 or node 1, we choose to
mutate node 2. In third step, there are still two choices: either mutate node
3 or node 1, however, the charge vector for node 3 is v; which has already
found by doing green mutation, therefore we can only mutate node 1 in this
step, there is no ambiguity in the later mutations, the red mutations are

(182) 13, 112, [11, [13, (41, 135 (15 - - -

and the charge vectors for this part are

(183) S3, D, C, Hy.

Combining the green mutation and red mutation, we find W boson as the

common limit and recover the BPS states in chamber one. It is very easy to
recover the other chambers using the mutation method.
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Green mutation R — —
/3/_,_\2\ S, 3 \2\ B 3 2 G, 62
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Figure 64: Top: The green mutation with infinite number of steps. Bottom:
The red mutation with infinite number of steps which approach to the same
limit as the green mutation at the top.

8.2. Theory without finite chamber

The SU(2) N = 2* theory has no finite chamber [21]. Here let’s give a very
simple proof using the quiver representation theory. The BPS (Q, W) for
this theory is shown in Figure 65. The three W boson are represented by
the subquiver of pure SU(2) theory, and each node is a sink for the W boson,
so if we start mutating any of the quiver nodes, one of the W boson would
be stable, and there is no way we can find a finite chamber.

W=abc+def+abcdef

Figure 65: The BPS quiver for SU(2) with one massive adjoint, the super-
potential is also given.

It is easy to generalize the above analysis to N'=2* SU(N) theory.
The BPS quiver for SU(3) with one massive adjoint is given in [34]. The
triangulation, dot diagram and the quiver is shown in Figure 66 for N = 3.

The subquivers representing the W bosons are listed in Table 16. Let’s
now look at the green mutation sequences. Because of the existence of the
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W=abc+dfge+lhm+afcmel+ghdb

Figure 66: The BPS quiver for SU(3) with one massive adjoint, and the
superpotential is also given.

vector boson represented by W1 and W2, one could not mutate node 3 and
4 in first step. If we mutate node 2 and 1 in first step, then in second step we
can only mutate nodes 3 and 4, since mutating node 5 would make W3 and
W4 stable. Similarly, one can only mutate nodes 1 and 2 in third step to
avoid activating W3 or W4, but this will finally make W5 stable! Therefore
there is no finite chamber for SU(3) with a massive adjoint. Similar analysis
can be done to the general SU(N) theory and the conclusion is that there
is no finite chamber for SU(N) theory with a massive adjoint!

Name | Quiver nodes | Source | Sink
W1 (1,3) 1 3
W2 (2,4) 2 4
W3 (2,3,5) 3 2
W4 (1,4,5) 4 1
W5 (1,3,5,4) 4 5

Table 16: The subquiver of vector bosons and the source-sink analysis for
the BPS quiver of SU(3) with one adjoint.

9. Conclusion

Finite BPS chambers are found for a large class of 4d N' = 2 theories engi-
neered from six dimensional Ay_; (2,0) theory on a Riemann surface with
regular and irregular singularity. Our results greatly extend the knowledge
of the BPS spectrum of various kinds of higher rank A/ = 2 quantum field



BPS spectrum 509

theories, and should be a first step towards a full understanding of the BPS
spectrum of these theories. There are many open questions which deserve
further study:

a. It is interesting to find all the finite chambers for a given BPS quiver
of a given theory. Since an explicit combinatorial algorithm is given, it may
be possible to do it using computer scanning. It is also interesting to do
the similar scanning for all the BPS quivers of a given theory, and try to
answer the following questions: what is the minimal chamber and what is the
maximal chamber? whether any length between the minimal and maximal
length is realized as the length of a BPS chamber, etc.

b. In fact, the spectrum we found should be called potential chamber
of the theory, and it would be interesting to see if such spectrum is truly
realized on the Coulomb branch. It seems to us that all the finite chamber
can be realized on the moduli space, but this definitely needs further study.
Although the detailed factorization might not be realized physically, the
spectral generator is the correct one regardless of the chamber, and it is
interesting to explore how to find the sensible factorizations of the given
spectral generator and therefore find new chambers.

c¢. We have not found any efficient way to deal with chamber with higher
spin states. It would be nice to find new methods to deal with this problem.

d. The BPS counting in the supergravity context is studied in [51, 72-80],
can we apply our combinatorial method to that context?

With the BPS spectrum on hand, there are many physical questions one
could ask:

a. Why the spectrum of a given theory has the specific structure? Can we
learn about the UV theory from the BPS data? Recently, it is proposed that
the BPS spectrum can be used to calculate the index of the superconformal
field theory [81], it would be interesting to carry out this explicitly. Further-
more, the finite spectrum usually happens in the strongly coupled region of
the Lagrangian theory, and the massless BPS particles at the singularity of
the Coulomb branch should be included into the stable BPS spectrum. Since
the BPS particles at the singularity is very important in understanding the
IR physics, can we learn something deep about the quantum dynamics like
the exact solutions and confinement from the explicit BPS spectrum?

b. The quantum dilogarithm identify has important implications for mir-
ror symmetry of 3d N = 2 theory [82, 83]. We have found a huge number of
new quantum dilogarithm identities, can we use them to find new 3d Mirror
pairs? The quantum dilogarithm identity is closed related to the integrable
system [84], it would be interesting to find the detailed connection.
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c: The finite spectrum has an interesting N? scaling behavior in the
large N limit, which is in agreement with the degree of freedom of N M5
branes. Since the BPS states can be thought of as self-dual string wrapping
on various one cycles on the punctured Riemann surface, it is natural to
think this N3 scaling should be related to M5 brane dynamics.

d. The BPS spectrum is important for finding the Coulomb branch met-
ric of the corresponding 3d theory derived by compactifying 4d theory on
a circle, and it would be interesting to find out the Hyperkahler metric
explicitly this using the BPS spectrum [85].
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Appendix A. Explicit spectral generator
A.1. A3 quiver

In this section, we give some explicit expression for the spectral generator
using the cluster transformation rule for the X coordinates under mutation
on node k,

’ -1
(A1) X; = X;(1+ X, 2ol

For the A3 quiver shown in Figure A1A, the maximal green mutation se-
quences are

(A2) M1y (2, (3, f1 -

The final cluster coordinates are: 29

29We only show the cluster coordinates due to the mutation, the permutation
can be found using the green mutation as we show in Figure A1A, the spectral
generator is derived by combining the permutation and the cluster transformation.
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&[1] = 1+t 2y
z2(1+xs+x123)

2 _— _14z3txx

$[2] - xlli 1Fa+zaxs)’
A — +xotxo3 .
:1:[3] - Il+m1+x1a:2§:ca’

1
1
1
A:
1 3
1
2 3 2
1 2 3 1 2 3
1 2 3

Figure Al: Two quivers in A3 mutation class, we show the initial configu-
ration and final configuration of the maximal green mutation.

If we use another quiver in the same mutation class as the above quiver,
say the quiver in Figure A1B, then one maximal green mutation sequences
are

(A3) /~'L17/'1/27/'[/37

and the final cluster coordinates would be:

X[l] — ldzotazo

& ’
_ 14zstas2342, 20
X[2] - (1+$1 imz ’
_ 1
X[3] — (A+zatziz)Ts

Notice that the final coordinates depend on the initial quiver, but the
quantum dilogarithm identity is independent of the quiver, they are all equal
by changing the basis of the quantum torus from one quiver to another
quiver.

A.2. Disc with three Axn_; full punctures

Let’s consider a disc with three full punctures and N =5 , the BPS quiver
is shown in Figure A2, and the maximal mutation sequence is

(A.4) L4105 425 [35 [y [155 [165 [T 112, F43, 01
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We find the spectral generator (final cluster coordinates) as following

X[ =
X2 =
X[ =
X[4) =
X5 =
X[6] =

14+23+To23+23T6+ T2 T3+ To2T3T5T6
(I+zstrszs+razs+r3ras+2223T425) 26 *
(14+za+z1 2242225+ 212225+ 21 222325) (1 +Te+T5T6+TaZ5T6)
(I+zatzozs+212204) 25 (4T3 +T223+ 36+ T2T326+T2TaT5T6) *
(14+z5+2325+TaTs+T3TaTs+T2T3T4T5) (1421 +T1T3+T1 T3T6)
T3(1tzotz1 224225+ L1 Z2T5+ T 1222375 ) (1+Te+T526+2aT526) ?
142542325 4+-T4 T+ T3 T4 X5+ T2 232425
24 (1+@2+21 T2 +2225+21 L2 25 +T1 T2 T35 )
(14za+Z2Za+T12224) (14+-23+T2Z3+T3T6+T2T3T6+T2T3T5T6)
To(1tzs+xszs+Tars+T324T5+T2232475) (1421 + 2123+ 2123%6) ?
142042 Tot 20542 XoX5 4T ToZ32s
1 (14 s+ z223+23T6+L223T6+T22325T6)

Here x; is the initial cluster variable. This result is the same as the for-
mula [7.13 — 7.15] in [23] if we identify the initial coordinates in the following

way

(A-5) r1 =T200, X2 =T110 L3 =T011, L4 =T7020, L5 =T101, L6 = T002-

5 6

Figure A2: The quiver from disc with three full punctures and N = 5. The
initial and final configuration of the maximal green mutation are indicated.
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A.3. Disc with four Apn_; full punctures

The quiver is shown in Figure A3, and the green mutation sequence is

(1,5,9),(2,4,6,8),(3,5,7),
(17 2? 47 1)7 (97 6? 8? 9)7

UBNESNE] 1 2 3 1 2 3
L ] ®
4 \J5\]6
7 8 9
44 e 6 4ay ¢ 6
\,5 5
L ] L ]
7 8 9 7 8 9

Figure A3: The initial configuration and the final configuration of the max-
imal green mutation of the quiver from the disc with four full punctures.

We take N = 4 and the spectral generator is

X[]] — _ltmptrarytmrst + + + + 2576+ + +
Z3(1+xe+2aZe+ero+ : } } t t + + )?
A
X[3] — _Atagtewgtarozgta xoxsa +z4mg+x.a:4zn+z. 25t Z4Te+T 2o, +z 202 +a, 2
z; (1 +ZaF22za+ a5+ + c + + : )
A
X[7] — __14+xe42ox6+TeTo+ + =+ + 42 T7LaXo+ +. +xa7.
N (1+Ia+35Zs+355653+I738+$53738+24353735+21"‘ + + + s +21 2. )zo?
X[9]= 1+xg t +2728 4+ 25T Ta+ 24 5T+ 2, + + +a,2 TatTy 2o,
37(1+34+3134+5112$4+$l5223I4+IAZA+313438+3132$4$s+313253$A$e+" T, +T1 2252, +z1 )*
X[2] A2xB2
C2xD2

A2 = (14 21 + 2122 + 212223 + T122T5 + T1T2T3T5 + T1T2TIT5T6
+$1£L‘2.’I}3.’I}5x6$9),
B2 = (1 + z6 + 2226 + TeTg + T2TeTg + TeT3Tg + T2TETITY + T2T5TETITY
+XeT7T8T9 + ToTgL7TITY + T2L5LeL7TITY + .’13211:4(175.’176.’1:71178.’179),
C2 = (1 + x5 + 24%5 + T124T5 + T5T6 + T4T5T6 + T1T4T5T6 + T1T2T4T5T6
+2T5T6T9 + TA4T5L6L9 + L1T4T5T6L9 + L1L2L4T5T6L9 + T4L5LeLITY
+T104T5L628L9 + T1XL2X4T5L6TILg + :171:32:1;4:1:%:1:6:1:8:1:9),
D2 = x5 (1 + 23 + z376 + T3T6T9 + T3TeT3T9 + TITELTLITY),

% A4xB4
X[4] = C4xD4
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A4 = (1 + x5 + 24%5 + T124T5 + T5T6 + TaT526 + T1T4T526 + T1T2T4T5T6
FL5L6T9 + L4T5L6L9 + L1X4X5X629 + T1X2L4L5L629 + T4T5L62L8T9
+21T4T5T6L8T9 + L1 L2T4T5L6LILY + 121.’132.’124:1,‘%(176.’178.’1,‘9),

B4 = (1 + z3 + x376 + T3T6T9 + T3TeT3TY + T3TETTTTY) ,

C4 = z6(1 + x2 + T2x3 + ToT5 + T2T3T5 + ToT4T5 + T2TITAT5 + T2TIT5T6
+29X3T4T5L6 +T2LIT5LETY + T2L3LAT5LET + .’1:2111311:42751136:1:3379) R

D4 = (1 + xg + xsT9 + T5T8T9 + T7TT9 + T5T7TSTY + TAT5L7LSTY
+:1:13:4:1:5z7:c8:1:9),

15 = 8583

A5 = (1 + 23 + 528 + T5T6x8 + T7T8 + T5T7Ts + TaT5T7TS + T1T4T5T7TS
+25T6L728 + TT5TELTLE + T1T4T5TELTLR + T1T2X4T5L6TTL),

B5 = (1 4 2 + 2223 + Zoxs + T2T325 + ToTaXs + ToT3T4T5 + T2T3T5T6
+ZoT3T4T5T6 + T2TIT5T6TY + T2LIT4T5TEL + TTIT4T5ETELLTY),

C5 = x5(1 + x4 + 124 + T1T2T4 + T1T2T3T4 + T4Tg + T1T4T8 + T1T2T4TS
+2T12223T4T8 + T1X2T4T5L8 + T1T2L3T4T5T8 + x1x2w3x4x5x6x8),

D5 = (1 + z¢ + z2T6 + T6Tg + T2TeT9 + TeTITg + T2TeTYT9 + T2T5TETITY
+I6T7X3T + TaTETTTITY + T2T5TELTLITY + T2TAT5TELTLSLY),

X[6] = &858

A6 = (1 + 27 + 47 + T1T4T7 + T1T2TATT + T1T2TITATT)

B6 = (1 + x5 + 145 + T124T5 + T5T6 + T4T5T6 + T1T4T5T6 + T1T2T4T5T6
+T5T629 + TaT5L629 + L1T4T52L6L9 + T1T2T4L5L6T9 + T4L5L6L8TY
+T1T4T5T6T8Ty + T1T2TAT5T6T8T + T1T2TATETETTY)

C6 = x4 (1 + x5 + w528 + T5T6Ls + T728 + T5T7X8 + T4T5T728 + T1T4T5T7XS
+I5TeT7LY + T4L5TeL 7T + T1T4T5LeL 7T + .’131.’132.'1:41:5.’136.’177:1:8) R

D6 =1+ z1 + 2129 + 21T223 + 12225 + T1222325 + L1 X2T3T5L6
+(II1.'172.’173(I}5:I:6.'179),

X1 = 4

A8 = (14 z4 + 2124 + 12224 + T1T223%4 + T4Ts + T12428 + T1X22428
+21T2T3X4T + T1T2TAT5TR + T1T2X3T4T5T + T1T2TIT4T5T6L)

B8 = (1 + X9 + r3x9 + T5T8T9 + T7LIT9 + T5L7LILY + L4T5L7LITLY
+T12425T72829),

C8 = (1 + z7 + T4x7 + T1Z4T7 + T1T2T4T7 + T1T2TITATT) T8,

D8 = (1 + =5 + z4%5 + T124%5 + T5T6 + T4T5T6 + T1T4T5T6 + T1T2T4T5T6
+Z5T6X9 + T4T5T6T9 + T1T4T5L6T9 + T1T2X4T5T6L9 + T4L5L6L8T9
+T1Z4T5T6T8Ty + T1T2T4T5T6T8T9 + T1T2TATETETSTY) 5
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A.4. A, pentagon
The quiver is shown in Figure A4, and the maximal mutation sequence is

(A7) (s poas i1y p15), (13, e, pi2, por)s (143, 114, fi6)-

So the final cluster coordinates are

j[l] — 142542325424 2542) Ty T5+ T T4 T5+T) T3 T X5+ T) XT3 T4 T5+T3 T X7+ T3TT5T7+T) T3T4T5X74T) ToT3T4T5T
z4(14z1+21 224212225
T [2] 1+@74 2627+ 2507 +T4T5TaX7+T) z,xﬁzgz-,
xc(1+$5+Z:41‘5+ﬂ=41‘5+ﬂ=11‘4¢5+23341‘5+31$334$s+31“" TaZaTs+TaLs27+ +21232. +212223T4T527) )
2 1423420234 T327 42023274 23X L7+ T2 T3 T X7+ ToX3T5 LT+ T2 T3 T4 X5 LT
(1+$e+-’t5$6+$3$5£6+$4$5$e+$1$4$s$6+$3$4£5£6+$1$3$4$5$e+x1$2$3$4$5$e)$7
#[4] = 1t@a+@) 2+ T2y
1 (14 zatz2x5+x2zs5)?
ﬁ — (1421421 2o +21 2225 ) (1 423+ L2205+ T3 27+ T2 2327+ T3 T2 7 7+ 7+
iz(1+$5+xats+¢4¢5+h$4t5+$334$5+313334$s+m1“" T3X4T5+Taxs27+ 7+ w.¢32¢¢537+¢1$2¢32¢¢537)’
"[ ] (I4zotzozs+zawsazs) (1426 +2sT6+T3TsT6+T1T5T +1‘1"""' Te+T3TAT5T +1‘1-’5324$5zc+~’5122$324$526)
(I+zsa+21Z4+21T224 )25 (1+T3+T2T3+TaT7 4 7+ 7+ Z2T3T6 T +TITITETT7+T2T3TATET6T7)
£[7] 142542305+ T4 X5+ 0 Ty T+ T3 T4 T5+T) X3 Ty T5+T) ToX3 T T5+TaT5T7+TaTy T T a:zxa::l: L) TIT3TH4T5T
Z3(1+xotT225+222425) (1 427+ 2627+ 256 X7+ AT T L7 +T1 T4T5T6ZT *

DL

Figure A4: The quiver for Ay pentagon with all punctures full.

A.5. SU(2) with four flavors

The quiver is shown in Figure A5. The maximal green mutation sequences
are

(A.8) [A1s [h25 [35 [y [55 J16 5 FU15 1425 FL3 Fldy U5 [6 -

So the spectral generator is

A~ _ Al

2] = g1

Al = (14 z6 + z1Z6 + T4T6 + T1T4T6 + T1T5T6 + TaT5T6 + 2T1X4X5%6
+T1T2T4T5T6 + T1T3TAT5T6 + T1T4TETG + T1T2T4T2T6

+:1:1:1:3:1:4a:§a:6 + :1:1:1:21:31:433%:1:6 + :1:1:1:21:33:4:1:%1:%),
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Figure A5: The quiver for SU(2) with four flavors.

Bl = 24(1 + x5 + 225 + T3T5 + T2x3T5 + T2X5T6 + T3T5T6 + 2T2T3T5T6
+21T2T3T5T6 + TaT3TAT5T6 + ToTIT5TE + T1T2T3T5TE + T2TITAT5T
+:1:1x2:1:3:1:4a:5x% + x1x2x3x4x§x§),

2[2] = 53

A2 = (14 x5 + zox5 + T3T5 + T2T3T5 + ToT5T6 + T3T5T6 + 2T2X3T5T6
+21T2T3T5T6 + TaT3TAT5T6 + ToTIT5TE + T1T2T3T5TE + T2TITAT5T
+x1:1:2x3x4:1:5x§ + :1:1:1:2:1:3:1:4:1:%:1:(2;),

B2 = z3(1 4+ z6 + 2126 + T4%6 + T124T6 + T1T5T6 + T4T5T6 + 2T1T4T5T6
+21T224T526 + X1T3T4T526 + x1$4$§$6 + $1x2$4$§$6 + $1x3$4$§$6
+z1m2m3x4x§m6 + :1:1:1:2:1:3:1:4:1:%:1:%),

23] = 3

A3 = (14 =5 + zox5 + 2375 + T2x3T5 + ToaT5T6 + T3T5T6 + 2T2T3T5T6
+T1T2T3T5T6 + T2TITAT5T6 + T2T3T5T2 + T1T2T3T5T2 + T2T3TAT5T2
+T1T9T3T4T5TE + T1T2T3T4T2T2),

B3 = z2(1 + z6 + £1Z6 + T4T6 + T1T4T6 + T1T5T6 + T4T5T6 + 2T1T4T5T6
+T1T9TAT5T6 + T1T3TAT5T6 + T1T4T2T6 + T1T2T4T2T6 + T1T3TATET6
+z1x2:1:3:1:4x§:1:6 + x1m2m3m4:1:§m§),

£4] = 83

Ad = (14 z6 + z126 + T4%6 + T1T4T6 + T1T5T6 + TaT5T6 + 221X425T6
+212024T5T6 + T1T3L4X526 + $1-’B493§$6 + $1$2$493§$6 + 931$3$493§$6
+z1x2x3x4x§x6 + x1z2x3x4x§$§),

B4 = z1(1 + 25 + Zox5 + T3%5 + T2x3T5 + TaX5T6 + T3T5Te + 2X2T3T5T6
+Z1T2T3T5T6 + ToTITAT5T6 + ToTIT5TE + T1T2TIT5TE + T2TITAT5T
+a:1:1:2x3x4x5x% + :1:1:132:1:3:1:4:1:%:1:%),

. A
[5] = Bg:gg
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A5 = (14 21 + 2125 + 12225 + T123T5 + T1T2T3T5 + T1T2TIT5T6
+.’II%$2$3.’I}5$6),

C5 = (1 + x4 + T4T5 + T2T4T5 + TIT4T5 + T2TITAT5 + T2TITAT5T6
+T273732526),

B5 = z5(1 + 2 + 2226 + T1T2%6 + T2T4T6 + T1T2T4T6 + T1T2T4T5T6
+T173742526),

D5 = (1 + z3 + 2376 + £123%6 + T3T4%6 + T1T3T4T6 + T1T3T4T5X6
+x173T07576),

o= 3

A6 = (1 + T2 + T2xg + T1X2T6 + T2X4ZTe + T1T2XT4T6 + T1T2XT4T5T¢

+T173742526),

C6 = (1 + x3 + T376 + T123T6 + T3T4T6 + T1X3T4T6 + T1T3T4T5T6
+x123T47576),

B6 = z¢(1 + 1 + 125 + T122%5 + T1T3T5 + T1T2T3T5 + T1T2T3T5T6
+a3ToT325T6),

D6 = (1 + x4 + 2475 + T224T5 + T3T4T5 + T2T3TAT5 + T2TIT4T5T6
+m2x3xix5w6).

Appendix B. Refined spectral generator

Let’s describe a simple way of finding the refined spectral generator from
the classical spectral generator. The ¢ deformation of the cluster algebra is

(Bg) XZX] = qeinZ‘Xj,

where ¢;; is the antisymmetric tensor read from the quiver, and the cluster
transformation on quantum cluster algebra is

X, =X 1,

l€ix] —sgn(€ir)
(B.lO) XZ/ = X; ( H (1 + qa—l/QXk—sgn(e,;k,))> .

a=1

Given the mutation sequences, one could find the final quantum cluster
coordinates.

In practice, there is a way of reading the quantum cluster algebra from
the classical one using the * invariance. One could define a * action on the
quantum cluster algebra

(B.11) ¥ () =q b (X)) =Xi, *(XiX;) = #(X;)* (X)) = X; X5,
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and any monomial appearing in the quantum cluster algebra should be in-
variant under this * action, this would uniquely fix the ¢ factor before each
monomial. So we will first find the classical spectral generator and then find
the quantum version by adding the ¢ factor before each monomial to make
it * invariant.

Figure B1: The quiver and maximal green mutation for a quiver from a disc
with four As full punctures.

Let’s look at an example which is represented by a Ao theory on a disc
with four full punctures. The quiver and the initial and final configuration of
the maximal green mutation sequences is shown in Figure B1. The maximal
green mutation sequences are

(B.12) 2, [3, [ 5[4 42, 13-

and the final cluster coordinates are

X'[l] — 1tz troxstaiToxy
To(14+x+123+T1T3T4) ?

X*[2] — _ltxotxzotm 2075
Ty (14+@s+r3rstTozazs)’

X[3] — __Itzstaarst@ozazy
(I+zatz1Z2+T1T223) T4

X[4] — @ ta 2343 Tazy
r3(1tzstzozs+z12224) "

Using the x invariance, we can easily find the refined spectral generator:
X[1] = ! !

932+q_1/2:{1124-21?321?34—11121324 + q1/2m2x4—11+x1mzm4—1+zlmza:3m4‘1+x1xzxs
+$4'1+$1$4'1+$1$3$4'1+ql/2$1$3
1

+
X[2] =

R e T N R L Y Yol
1

+

zl+q‘/’z1f3+qx1a:aa:4+zlzﬂ3:c4 q”’zla:z‘1-i-qxlzz“‘za+q2z1zz‘1z3w4+qz1waa:4

—|:"’2_1+12_1m3+¢1!'32_1139341-*-q1/2-"33-"34 + R T R E SR ¥ At Pt
X [3] = a:4+q‘1/2m2a:4+q—1a:11a:29:4+m1m2:t3:t4
+

q v %a‘1Z4+q‘ia:2za‘1Z4+q‘2x1zzza‘1z4+q‘1a:1z2:ti

—':a:3—1+a:2m3—1+q—1x1x2$s_1+$1$2 + x~lxz~l4az~l4q~ 22237 4y
X[4] = 1 + !

z3+q1/ 2ms:i:4+$2$3x4+m1mzmsm4 q~12g, —lxs-{ml “1g3x4+21 1oL Ta+T2T3Ts
+ +

B T TS i T e £ B A TR e v
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